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ON THE TIDAL EFFECTS IN THE MOTION
OF ARTIFICIAL SATELLITES
Peter Musen

Ronald Estes
Goddard Space Flight Center, Greenk=lt, Maryland

ABSTRACT
The general perturbations in the elliptic and vectorial elements of a satel-
lite as caused by the tidal deformations of the non-spherical Earth are developed
into trigonometric series in the standard ecliptical arguments of dill-Brown

lunar theory and in the equatorial elements «w and () of the satellite.

The integration of the differential equations for variation of elements of the
satellite inthis theory is easy because all arguments are linear or nearly linear

in time.

The trigonometrical expansion permits a judgment about the relative sig-
nificance of the amplitudes and periods of different tidal ""waves' over a long

period of time.

Graphs are presented of the tidal perturbations in the elliptic elements of
the BE-C satellite which illustrate long term periodic behavior. The tidal effects
are clearly noticeable in the observations and their comparison with the theory

permits improvement of the '"global" Love numbers for the Earth.
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BASIC NOTATIONS

4,4', F,Dand" - the arguments of the lunar theory,
G - the gravitational constant,

M - the mass of the Earth,

m’ - the mass of the Moon,

m" - the mass of the Sun,

T - the geocentric position vector of the satellite,

- the unit vector in the direction of T,

- the geocentric position vector of the Moon,

= 1=t}
r'—lrlg

r'® - the unit vector in the direction of 7',

T" - the geocentric position vector of the Sun,

r - !?” ;»
r"® - the unit vector in the direction of T,
a' - the mean distance of the Moon from the Earth.

Its numerical value is defined in such a manner

that the constant part in the expansion of the

v 7

parallax a’ /r’ is equal to one.

a" - the mean geocentric distance of the Sun,
S’ -'the angle hetween T and T’ ,
S" - the angle between T and 7",
e

A ooy, N o', v, A", w0 - the components of T°, T'° and respectively

in the equatorial system,
e - the eccentricity of the orbit of the satellite,

i - the orbital inclination of the satellite,
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In the beginning of the exposition these symbols designate the osculating
elements. Toward the end they designate the mean elements.

Q1 - the longitude of the ascending node of the satellite,
w - the argument of perigee of the satellite,
n - the longitude of the perigee of the satellite, « + 0,

c =cos 1/2,

= gin i/2,

7]

3M - the perturbations in the mean anomaly of the
satellite caused by tides,

8Q - the perturbations in Q caused by tides,
8 m - the perturbations in7,
8 i - the perturbations in §i caused by tides,
n - the mean motion of the satellite,
a - the semi-major axis of the satellite's orbit,

R - unit vector normal to the orbital plane of the
satellite,

u;, u,, u; - components of R in the equatorial system,

du,, 8u,, du, = perturbations inu,,u, ,u, respectively caused
by tides,

- the obliquity of the ecliptic,

m

™

- the eccentricity of the Earth's meridian,

k - Love numbers,

3 ~

R - the equatorial radius of the Earth,

2!

a =R/a

a' =R/a'

viii



INTRODUCTION

The precision of observations of artificial satellites has now reached the
stage where consideration must be given to the effects in their motion as caused
by the tidal deformations of the Earth. The comparison of tidal theory with ob-
servations will permit us to determine the ""global" Love numbers for the Earth.
They appear as coefficients in the expansion of the tidal potential and describe
the average elastic properties of the Earth as '""seen' from outer space. In
connection with this topic the works by (Kozai, 1965), (Fisher and Felsentreger,
1966) and (Newton, 1967) must be mentioned. The tidal effects in the motion of
satellites are very small, a few seconds of arc, and their computation, as well
as the determination of Love numbers, requires a great care in the expansion

of the tidal disturbing potential and in the numerical computations.

We discard the usual trigonometric expansion of the tidal potential with the
angular equatorial elements of the Moon as arguments. This type of expansion
is very simple in form, but the analytical integration of the resulting differential
equations is difficult because the mean equatorial node of the lunar orbit does

not change linearly with time, but oscillates between twe fixed limits.

We suggest instead the expansion of perturbations into trigonometric series
with the ecliptical arguments 4, ', F, D and[" of the lunar theory and with the

equatorial elements w and () of the satellite.

The arguments £, £', F, D and " are very nearly linear with respect to
time and, as a consequence, the integration becomes much simpler and will be

valid for a longer interval of time.



We expand the tidal potential into a sum of products of two harmonic functions,
the first depending on the position of the satellite and the second on the position
of the Moon (Sun).

In order to facilitate the programming we represent the harmonic functions

in Maxwellian form as polynomials in equatorial components of unit vectors.

We obtain the trigonometric expansione of the functions A\’, n', »' and
(a'/r"y® which appear in the tidal potential by making use of the standard devel-
opments of the lunar parallax a'/r', latitude S and §), related to the lunar

longitude A . by

}\c:'ﬁ' +D+l"'+8)\‘t

into Fourier series (Brown, 1919), (Eckert, 1966), (Eckert et al., 1969), (Siry,
1970), (Amer. Eph., 1972). The accuracy of these series presently is sufficient

to treat the tidal effects even for a relatively long period of time.
The equatorial components of the Iunar unit vector are

] P
A" = cos Ag COS [g

’

n

sin A, cos B, cos € -sin 8, sin ¢
v' =sin B, cos € + sin A, cos B, sin ¢

where ¢ is the obliquity of the ecliptic. Expressions for sin Agr COSA, , gin Be

and cos /3, are obtained from

sin 3A, = [,;\c..%(g)\c)s PR

1

cos 8Ay = 1 -%(57\,)2 * 5

(BAg)? = oo



cos Ag=cos (' +D +") cos 8Ay -sin(£' + D + ") sin 8ig
sinAg=sin(' +D +) cos 8A\g + cos (4’ +D + ) sin §Ag

sinﬂczﬁ‘-%ﬁ:+...
-1.1m .
°°sﬁc’l‘5:3e+"

Ii is sufficient to retain in SAer B and a'/r' only the terms with amplitudes
larger than 0.5 X 10~° so that the resulting accuracy of the expansion of the
harmonic functions depending on the Moon's position will be 1 X 10™*, The ac-
curacy of the expansion of the tidal potential is then 6 x 10"'? and the formal

accuracy of perturbations is about 6 X 10-? or 0.001,

The expansion of the tidal potential is obtained on the machine. PL/I was

used by one of us (R. E.) to program the operations with Fourier series.

The Fourier series depending on the moon's position have purely numerical
coefficients and the decision concerning the relative importance of terms is
handled by programming logic. All terms with amplitudes too small to be observed
are rejected automatically. The machine calculations, in addition to standard
checks for numerical accuracy, are subject to other checks on procedure and

accuracy hy the formal properties of the expressions.

Only the long period tidal effects can be easily observed and, consequently,
we suppress all the terms with periods nearly equal to or less than the period
of revolution of the satellite by averaging the force function over the satellite's
orbit. The coefficients of the averaged expansion are simple rational functions

in e, Y1 - e?, cos 1/2, and sin 1/2.



To analytically continue the tidal potential into extraterrestrial space we

need a suitable approximation to the Earth's surface.

Rather then assumming sphericity, as is usually done, we select an ellipsoid
of rotation as this approximation. It is of interest to note that oblateness will
produce near resonance effects in the neighborhood of some critical angles,

like 4604, 5891, 6394, 6990 and 73°1.

In observations these resonances cannot be separated from the similar
resonances caused by the direct lunar attraction. In addition, they are hardly
noticeable when the eccentricity is small. It is also of some interest to note
that the oblateness causes a term of the form

ﬂs’
r

T,

to appear in the extraterrestrial tidal potential, where e designates the eccen-
tricity of the meridian and T is a harmonic function of the Moon's position.
The term is very small, but it can gain importance as the requirements put

on the accuracy of the determination of GM gra:lually increase.

The aggregate of terms associated with k, and not containing 7 =w +Q in
the arguments constitutes the largest and the most important portion of the ex-
terior tidal potential. 1t defines the so-called '"'main problem' in the theory of

tidal effects. Obviously the main problem in the present exposition is not associated

with the spherical approximation to the Earth surface, as the oblateness enters into




the coefficients of the expansion. The semi-major axis and the eccentricity
remain invariant under the influence of the tidal forces defined by the main
problem (Kozai, 1965).

The lag of tides in time can be determined from the shift in phase of the

equatorial node (' of the lunar orbit (Kozai, 1965).

However, in the process of expansion into Fourier series this shift can be
associated with the element (), because (' always appears in combination ) - ',

A similar shift exists in the arguments 4, F and D.

THE EXTERIOR TIDAL POTENTIAL

The expansion of the lunar tidal force function on the surface of the Earth is:

[ ' r2 3 ' 1
V' =Gm kzrl_a(icoszs -5)
(1)
3
+Gf“'k3r_ (ECOS"" S' _gcos S‘)+--..
4 \2 2

Similarly for the Sun we have:

(1"

3
+Gm" k, r‘ (§COS3S'-%COS S') TR

Making use of the expansion of the disturbing function for the direct pertur-

bations in the motion of an artificial satellite into a series of products of spherical




harmonics (Musen, Bailie and Upton, 1961) we can re-write (1) in the form:

(2]

' m’ . 1]
Vi = — k, {25 Gy + (ay, €y +byy S51) + (85, Cyy + by, S35) )

+— k, {("31 Cy1 +byy Sél) + by, Sy,

4 (lx oy # boy BELY & (0 Chy # Dy BLOY & »ovwne '

where we let

I
n

- +-:-r2(l - 3.2)

3 3
a“ = +Zr2 (}\.2 -“2), b21 = Er2 K/J-)
a,, =+3rd uy b,, = +3r2 A
22 © KV, gg SRS B,
au=+%r3)\(l-5v2). b31=+%l‘3#(1-51’2)v

b32=+4lr3u(3-5112).

5 3,2 2 5 3 2 _ 2
a33=+§r A (A% = 3u%), b33=+§r LA =u®),
a“=+%r3>\pl/. b34:+%5- r3v()\2-p2).

and

(2



r

NEY
C;“:(i'.) A (}\:2_3#12)’ 833:<a—'

C'. =2 a’ ‘}\::a ' _
34, 7 5 o B, 34 ~
r

The extensions Aij , B.. of the harmonic functions a .

ij ij?

b, into extraterrestrial

space are respectively

5 RS R’
Ay = (1 = ﬁez) ;Azno * 62;A211

3 3
Apno=+7 (é\ (A% = p?)



a S

= 1 =22 ¢2 R 2
A22 + ( I e) 3A22°+€ —5A22l
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The correctness of these extensions can be checked directly.

Replacing a,; , b,; in (2) by the corresponding A, , B;; and taking
n? a3 = GM

into consideration we obtain the following decomposition of the tidal potential
acting on the satellite:

_m' 2 .13 GM
\'A == e a k,w;,oT

’
2m 2 3 '
+n aTaa kz'zo

’
2,2M 4 3.2 .
+n a—“—a. a'l e kzwn

’
2.2M 3 .4 '
+n a_"-a. a kswso,

where

' 1 1]
Woo = + gczo

' 55 '
W20 (l ‘—262) Az00 C20

+
—~
ot
I

|<n

1a 62) (A10Cay + Byyo S21)

- (1 13 32) (A320 Caz + Bayo S22
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w;1 =A)0 C;o + (Ayyy Céx + By, S;l)

+ (Ayyy G5 + Byyy S35),

w;o = (A3 Céu +B310 S:n) + By S:'u

+ (Ay30 Ca + Byze S33) + (Agyq Caq + Bygo S3a)-

It is of interest to note the presence of the factor GM/r in the first term,
The expansion of the factor associated with GM/r consists of a constant term
and a set of long period terms depending upon the argumente £, 4', F, Dand I
of the lunar theory. Consequently, the contiribution of the oblateness to the tidal
potential is a term which may influence the accurate determination of the basic

quantity GM.

The main part of V associated with the "main problem" of the determination
of tidal effects is, of course, W;o . Because of the additional parallactic factor
in W3, we have used only the spherical approximation to the Earth's surface to

obtain the extension of terms depending upon k3 into extra-terrestrial space.

We have:

' 1 P
[wzo] = [+-4— (l -4—262) (l - 652 Cz) c200

2 2.2
e)scho

-+
| w
TN
ju—y
1
—
.A|"‘

+3 (l - % e’) sc (c? - s?) C;vzo] = ez)-s/z'

11




where

200 'C;o'
Cf“o cos 2Q+S;l sin 2 Q,

C’ b _C22 cos - S,‘,2 sin Q,

are the trigonometrical series in4,4', F, D, "andQ,

and the brackets designate the averaged values, Similarly,

W, = [ 2 (1 +5e) (3 -60s2c? 4+ 28054 c*) C,

= 2010
+2_g4e2 (60s?c? - 280s*c?) Gy,
24254 e?c*(1-14s? +28s%)C),
24254 ‘(15 -42s? + 2854 C),,,
+%_2_ (1 +%ez) c2(9 - 4252 +425%) C),
+15—365-ezsc (l-7s +238 ‘) Caa11
‘;5 e?s3c (10 - 3552 + 285%) C},,,
+ﬁl‘.§. (1 +%e ) sc(l-9s? 4+21s*-145%) szlS](l e

12



where
’ =% '
C2010 =+ Gy

Clho1r = +Cyp cos (27 =20,

C;“l = +C;1 cos 27 + 8, sin 27,

Cj112 = +C3 cos (27 -40) - §), sin(27 - 40Q),
C;ua = +C;, cos 20 4 S;, sin 24,

Cyayy =-Cjycos (27 -0Q) + 8, sin (27 - Q),
Caa12 = +Cyy cos (27 -3Q) +S,, sin(27 - 30),
C;na =+C,, cos - S;z sin Q,

and
' 3 '
[(W3,] = [+§c2 (1 =10s% £155%C,,,,

_352 (6 - 2052 + 155%) C!

3102

3 .
t5sc(l-5s?+5s%)Chyy,

Pt Cison

yot st ot C3302

R 14—ssc3 (1 - 352) Clyp

+ 14—Ss3c (2 - 3s?) c;m] s{i=atyr-t,

13



where

C.:nox = Cél COS 7 + S:'u sin 7,
Cl10p = C3y coOs (7 = 20Q) = 83, sin (7 - 20),
Cia01 = 83y sin (7 - 0),

Cis01 = Cag cO8 (7 + 20) + 834 sin (7 + 20),
Cls02 = C33 cos (7 - 400) = 8§, sin (7 - 40),
Ciaor =C3q cOs (m + Q) = 83, sin(7m +Q),

CI

3402 = C34 €OS (7 = 380) + 83, sin (7 - 30}).

(W},] and (W} ] are trigonometric series in the arguments of the lunar
theory and in7 and(l, The presence of 7 can be a source of resonances at the

orbital inclinations previously mentioned.

These resonances are of the same type as in the direct lunar effects and

both effects cannot be separated from each other by means of harmomic analysis.

We propose that in future planning the close neighborhood of the resonance

zones be avoided,

THE MAIN PROBLEM

Making use of Lagrange equations:

dSi__ 1 3_V
dt na?v1l -e?sini 9

dSQ=+ _1 oV
dt na?v/1-e?sini 9i

14



(1877__+ 1-cosi _a_!+ 1-e? 3y
91 2, oe

e e
dt na?v1l-e?sini na‘le

dt nale ° na

A5  I=at3Y 3 ( av>
e > —— | A ——
e da

and setting
Vet A e, (0
snfa’— atalk, x
8 o)
+.§. (1 - .1% Ez) sin? i C
+% (l - %;-ez) sinicos i C;”:] '
we obtain

9C;
[:+-:— (1 -%e’) sini * ago

+2 (1 —l—SFz) cos i * 2Caso
2 = 20l :

15

(3)

3%



3 55 : '
[‘-T (l -4—252) cos 1 Czoo

+% (l -ie"') cos i C,,

3 15 cos 21i
= H ! ==
= ( 1 E) sin i Cm]

@31

{+% (1 "%52) (-1-2cosi +5cos?i)C),

(3!")

= (1 = %e’) (1-cosi) (3 +5cosi)Cly,

+; (l-l_se’) (-1+3cosi+5cos?i) tg%qzo}'

3"

. . . '
sinicosi szo}
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It is of interest to know the variation of the vector

c=/1-e?R,
and of the Laplace vector
e=eP,

where R is the unit vector normal to the osculating orbital plane, P the unit
vector along the line of apsides directed toward the perigee, and @ = R x P

completes the right-handed system.

The differential equations of Milankovic (1939) for the variation of vectorial

elements in our case become:

o
o
0]
"
|...
/\
0|

X

IQJ
-
>

o]

X
0)'0)
o<

S’

be=0, —=0
Jde
the last system becomes:
dir. 1 ex Y 4
dt nai /1 = e2 oc
déP__1 5 2V (5)
dat 2 Jc



The mean values of the elements can be substituted into the right hand sides of
these equations. Taking into account

u|=+sinisin9
u,:-ainicosﬂ

Ua=+COSl

2 2 2=
ul+u,+u,-l

we obtain from (3):

3 x
a k2

1 55
{1»3 (I-He’) (i -u}-ud

3 5 '
+3 (l En e’) (Cy, (3 -u}) - 28}, u, u,]

3 lS '
-7 (1 13 ) (€ v :"szz"n)“s}°

(6)

Making use of
Ezi, 3_R=l(1-i")
9c 9¢ ¢

where I is the idemfactor, we have
il RR)--RV
a¢ c© 23R

18
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and, because

3V . %= 42v,
3R

we have finally:

V.13V _sgv).
3¢ < \3R

Inserting this decomposition into (4) and (5), we obtain

ds®_ 1 (ml_) V. o
dt a2/ _e? 9R
dsf__ 1 (ﬁx-§= v.sav|. ®)
dt 1 ,2/1 _e? oR
Substituting into (7)
u, 3/3u3-u3 3/3u2
= 9
Rxa—§= U3 3/3ul-ul 3/3u3
u, 3/3u2-u2 9/9u,
and taking (6) into account we deduce:
d8u1= n . m' R

dt a- e2)? [



3 5 ' '
{+? (l - l—z 82) [2C21 Ul |.‘|2 + S2l (Ug - Uf)]
3 15 ' '
2 (1 14 82) (Ca3 Uy =Sy, uy) “3} '

or, in a form more convenient for integration,

d8u1

'
m
=4+ '—a.za.':’kzx

dt {I- e2)2
{_T (1 -74—252) Cho0 COS sin i cos i

+-§ (l - ie’) sinicos i (-C) cos Q+5) sin(])

3 15 , 3 .2 ‘
+2 (l 146) |:+(1-2sxn 1) C22

l . * ' ' 2
«r;sm2 i (-C)j, cos 20 +8), sin 20)]}.

20



tial, eq. (3), whose coefficients exceed 10~4.

d8u2

=4+ -
dt (1 = e2)2

{-% (1 —i—gez) sin i cos iC;oosinQ

'

m
«— a? a.'3k2><

M

+% <l -%e’) sinicosi (-C)j sinQ+S) cos )

—

—

-% (1 - &e’) [+ %sin2 i (+Cy, sin 20+ 8, cos 20)

+S;, (l -%sinz i)]}.

a? a'3k2><
3 (1.5 ¢2) sin?i (-C,, sin 20 + 5, cos 20)
2 13 =gy 814 + 9

-% ( -.i—ze’) sinicosi(+c;2sin0+s;2cosn)}.

Tables I-IV dispiay the terms of the Fourier expansions of the tidal poten-

of the obliquity, which-must be taken into account for accurate long term pre-

diction, manifests itself in the sixth decimal cigit of the expansion coefficients.

The effect of the time dependence

To obtain the total effect of the earth tides on an artificial satellite the

differential equations of the Main Problem (3!) - (31V) must be supplemented

by the indirect effect of the tides in the oblateness perturbations (Kozai, 1965)

21
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TAELE IV.

SRMTRITS T e I L Ve

Development of C''zp0
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do

T:—Q tan l(bi)‘

d_dbt1= (5sini - tan i) Q(8i),

%Lsf’zsini(sn.

where §1i is the tidal perturbation given by equation (3') and (Brouwer, 1959)

: R?cos i
P e o
282(1 - e?)?

3J]2R%cos i

+ [4-9e2+12v/1-e2—(40-5e2+36\/1-e2) cos? i
32a% (1-e2)*

15J,R* (2+3e?)cos i
- . (3-7cos2i)p.
32 a* (1 -e?)*

We have integrated the resulting set of differential equations with mean
elements obtained for the BE-C satellite at the epoch, 1970 June 19.22547, and
predictions for the tidal perturbations, neglecting the secular terms, are pre-
sented in Figures I-IV, While an accurate determination of tidal parameters
will require a longer span of data, comparison with available inclination resid-

uals over a three month interval show k, to be in the neighborhood of .31.

CONCLUSION
The theory and the Fourier expansion of the tidal effects in the motion of

an artificial satellite presented in this article permit a deeper insight into the
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nature of the tidal perturbations and allow a judgment about the relative signifi-

cance of the amplitudes and periods of the terms in the series.

The tidal effects are clearly noticeable in the observations and their com-
parison with the theory will permit improvement of the ""global" Love numbers
for the Earth.

In our work we found inspiration in works by Kozai (1965) and Newton
(1968) and also in work by D. Smith and R. Kolenkiewicz*, but we changed the

method of expansion by resorting to the standard form of the lunar theory. In
the present expansion all arguments are nearly linear in time. Thus the
integration is easy and prediction for a longer interval of time is

possible.

We made use of the existing standard lunar theory because it is, presently,
sufficient for our purposes. Any change in the coefficients, however, can be

easily incorporated.

The future addition to theory as the accumulation of observations and ex-
perience proceed can go along several lines: more Love numbers can be in-
cluded into the theory and the dependence of Love numbers on the longitude and

latitude (Kaula, 1969) can be incorporated.
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