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PREFACE

The work described in this report was performed by the Guidance

and Control Division of the Jet Propulsion Laboratory.
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ABSTRACT:
Procedures for the practical implementation of the hybrid coordinate
methods of dynamic analysis of flexible spacecraft in application to

vehicles of realistic complexily are briefly documented, with supporting

exXamples,
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INTRCDUCTION

Reference 1 provides a detailed derivation of equations representing
the dynamic behavior of spacecraft idealized as collections of rigid bodies
and flexible appendages; these equations employ a hybrid system of co-
ordinates, including discrete coordinates for rigid bodies and distribubted
or modal coordinates for elastic appendages. The objective of Reference 1
is the development and dissemination of a body of theory, with only minimal

consideration being given to the ways in which this material might be used,
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In the period following the preparation of Reference 1, serious
attention has been given at JPL to the development of the practical
utility of the hybrid coordinate method by exploration of the various
ways in which it can be used in the practical design of attitude control
systems for flexible spacecraft, The application of hybrid coordinate
design procedures to specific spacecraft has been described in separate
papers as these methods have evolved (References 2,3); the present report 1s a
compilation and documentation of the present status of this continuing
process of developing and refining design tools vwhich have become available
only with the introduction of the hybrid coordinate method of Reference 1,

It may be remarked that the hybrid coordinate method has been widely
adopted outside of JPL, and in project applications design procedures have
evolved in olher organizations, This Memorandum is however largely con-
fined to those design methods developed and applied within JPL.

Detailed technical material is reserved in this Memorandum for three
appendices, each treating a specific example. The emphasis in the bedy
of this report is on the qualitative description of design procedures
and the comprehensive strategy of approaching the task of attitude control

system design for spacecraft with large flexible components.

DESIGN PROCEDURES :

A feature of the hybrid coordinate formulation of equations of motion
which distinguishes them from those obtained by the wehicle normal mode
method is the retention in the former of explicit atiitude variables for
that rigid portion of the vehicle for which attitude control must be

maintained, Because these variables (perhaps a2 set of three attitude
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angles) remain explicitly in the equations, it is a simple matter-when

the equations are linearized to obtain a transfer function relating the
trapsforms of these attitude variables to transformed control system torques,
autopilot gimbal angles, or whatever measure of control system actuation

is most convenient. The influence of vehicle flexibility, as reflected

in the response of any number of flexible appendage modal ccordinates, is
manifested in the transfer functions for the attitude variables. Thus the
hybrid coordinate method is particularly well~adapted to the many control
system design procedures which employ transfer functions.*

At JPL, transfex functions have in the past been used primarily in
the form of scalar (single-axis) transfer functions for the generation of
root locus plots, A computer program developed by E, Kopf and R. Mankovitz
permits rapid and inexpensive construction of root locus plots, which have
proven to be extremely useful for preliminary design of flexible vehicle
control systems (see Appendices A, B, C).

'Other organizations (e.g., Hughes Aircraft Company) have used Reference 1
to obtain transfer functions which they have emplcoyed in generating phase-
gain plots, and any of the other conventional alternatives to root-locus
plots can equally well be utilized.

For 2 rigid body, the assumption of uncoupled single-axis response is

*This is not to say that transfer functions cannot be cobtained from equaticns
employing either exclusively discrete coordinates or exclusively modal co-
ordinates, since any linear set of equations will suffice, If one requires
transfer functions only for the vehicle attitude variables however, with
deformation variables occupying a secondary importance, then transfer
Tunctions obtained from hybrid coordinate equations are both conceptually
simpler and easier to calculate,
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Jeoperdized only by Llhe existence of products of inertia for the control
axes or the presence of stored angular momentum normal to the control axis,
For a flexible S/C, one must add to these considerations the likelihood
that any given mode of vibration of a flexible appendage will alsc cause
cross-axis coupling, ExXcept for the simplest of idealized S/C (such as
that in Appendix A), it must be expected that single-axis response studies
for flexible §/C will be less valid in predicting vehicle response than
has been the case with the nominally rigid S/C of the past, Whereas it
has been a common past practice in S/C control system design to proceed
directly from linearized, single-axis response studies using root locus
plots to digital simulation of coupled, nonlinear eguations, it is recom-
mended that an intermediate step be inserted when wehicle flexibility is
expected to introduce cross-axis coupling, This step involves the analysis
of coupled equations for which the approximations of linearization have
been retained.

The use of transfer functions does not preclude the incorporation of
cross-axis coupling, but such coupling does complicate their use as a
design tool. One can select oneof the three axes (say axis 1), and
establish a contreol law for the torque Tl about this axis to maintain
control of the corresponding attitude angle Ql; and then proceed to the
second axis and devise a control law for T2 with the recognition that
92 is influenced not only by T2 but also by Tl’ which is introduced ac-

cording to the control law as a consequence of the 6, induced by T,. By

1 2
the time one faces the prospect of choosing a control law for T3 to control
93, the influences on 93 of Ty (available as a function of Ql) and T,

JPL Technical Memorandum 33-493



(available as a function of 92) greatly complicate the design task, and
the designer may wonder if his job would have been easier had he started
with the 3-axis; but there are no conceptual obstacles to this approach.

At JPL the problem of analyzing coupled linear equations has been
confronted directly with a digital compuber program Tor the determination
of eigenvalues and eigenvectors, eschewing coupled-axis transfer functions,
ATter the investment of some effort in cbtaining a suitable eigenvalue-
eigenvector program and acgquiring the necessary skills in its use*, this
has become a useful design tool for flexible vehicle attitude control
systems, In Appendix C the results of eigenvalue studies for the TOPS
vehicle are presented, and compared with preliminary conclusions based on
single-axis response root locus studies,

The final analytical and computational step in control system design
is a computer simulation of the system of coupled, nonlinear equations of
motion; at JPL this step has been taken via digital computer numerigal
integration (see Appendices B and Q).

Thus at JPL the design of attitude control systems for complex flexible
spacecraft has evolved into a three-stage process: (1) Linearized single~
axis response studies using computer-generated root locus plots, (2) Linear-
ized coupled system equation studies using an eigenvalue-eigenvector
computer program, and (3) Nonlinear coupled system simulations via digital

computber.

* A .
The program EVPEVT with error bound print-out was finally adopted, with
the pracrice of normalizing variables fo improve the conditioning of the
input matrix until acceptable error-bounds were attained.
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In each stage of analysis, appendage flexibility is represented in
the hybrid coordinate approach by means of modal coordinates, and this
would appear to require an extensive modal analysis of all flexible
structure, This is a substantial mathematical modeling and computing
task, involving the personnel and computer programs of a structures group.
In the early phases of control system design, the structural design is
generally also in a preliminary phase, and detailed modeling is unwarranted.
This obstacle to efficient system design has been neatly circumvented by
the development of an appreciation of the physical significance of certain
matrices which embody the influence of appendage flexibility on control
system design., ©Specifically, it has been noted that the influence of a
flexible appendage in a given mode of vibration on control system operation
can be characterized by a frequency o, a damping ratio {, and the contribution
of the mode Lo a matrix defined in Reference 1 at 6T6. This matrix has
the units of moment of inertia, and represents (in a certain sense) the
contribution of the flexible appendage to the vehicle inertia matrix,
Although one must have a rough appreciation of the mode shape for a
particular mode of vibration in order to estimate the contribution of that
mode to 5T5, this estimate can be made in many cases without actually
performing the modal analysis., For preliminary design pruposes it is there-

Tore often possible simply Lo guess values of g, {, and 5T5 for an

hypothesized mode of appendage vibration., While such a guess will often
require substantial revision as the wvehicle design firms up and digital
computer modal analysis becomes appropriate, this alternative is apt to

be far preferable to the old practice of basing preliminary design on the
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idealization of the vehicle as a rigid body.

As the design process converges, and fairly accurate characteristics
of control system and structure can be ascertained, it becomes increasingly
important that simulations incorporate those modes of appendage vibration
which influence the control system. At the same time, there is ample
motivation to exclude as many modes of vibration as possible from the
simnlation, due- in general to the cost in computer running time of each
additional coordinate, and in particular to the inordinately high cost in
running time and computer accuracy of retaining high frequency rodes of
vibration.

In addition to the usual procedure of truncating modal coordinates
by means of a freqguency criterion, retaining only those modes with frequencies
in the control system band-widih, two more techniques have been developed
at JPL for guiding truncation.

As noted previously, lhe contribution of a given mode to 5T5 is a
measure of its influence on the atiitude control system. This matrix
should therefore be computed and printed out as part of the modal analysis
task undertaken by the struetural mechanics experts. It then hecomes
possible simply by inspection of the elemenis of a 3 x 3 matrix for each
mode to determine the extent of its influence on control about a given
control axis, and the degree to which 1t causes cross-axis coupling.

The final criterion for modal coordinate truncation in advance of
digitél computer numerical integration is the influence of an individual
mode on system eigenvalnes. It is much cheaper to explore the consequences

-

of various alternative ccordinate truncations with an eigenvalue program

JPL Technical Memorandum 33-493 7



than with a numerical integration routine,

It should be noted explicitly in this Memorandum that the hybrid
coordinate method relies heavily upon ihe éooperative interaction of
personnel in control systems and structural mechanics organizations. Not
only are the structures people and their computer programs essential to
the detailed task of appendage modal analysis, they also are invaluable
in helping to formulate the rough estimates of ¢, {, and aTa that go into
preliminary control system design. "At JPL there is a strong emphasis on
promoting technical communication at the working level between individusals
in Structural Mechanies (Division 35) and Guidance and Control {Division 3k)
and it is very important that this kind of joint effort be encouraged else-
where. Larger aerospace organizations have on occasion been handicapped
in their atiempts to exploit the advantages of hybrid coordinate analysis
by apparent difficulties in fostering continuing cooperative technical

interaction between structures and controls groups.

APPENDIX A -- AN IDEALIZED TEST VEHICIE:

In order that the development of methods of control system design not
be obscured by the mechanical complexity of the object being contrclled,
a simple, idealized test vehicle (Figure 1) has been devised to permit
physically meaningful interpretation of all phases of the analysis. TFigure 1
shous four elastic members attached to a rigid body B which may also con-
tain a rigid, symmetric rotor. The elastic bodies are massless eXcept
for a tip mass on each, normalized to unity (weight .454Kg) The central
body B (including its rotor) weighsﬂiﬁ%),so the vehicle mass is distributed

equally between the rigid part and the four flexible attachments, which
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Figure 1. Idealized test vehicle

together comprise what will be called a single appendage., The tip masses
are particles, and the ceniral body is inertially spherical, with weight
moment of inertia (.758 Kz-b%) and dimensions small relative to beam
lengths L and £, chosen as(1.2m) and (.6m), respectively. Beam stiffnesses
are chosen %o make the long beams have natural frequencies of 0,90 and 1,81 Hz,
respectively, in the 1-2 and 1-3 planes of the vehicle when attacked to
2 stationary base B, The corresponding "cantilever mode" natural frequencies
of the short beams are 2.71 and 4.52 Hz in the 1-2 and 2-3 planes, re-
spectively. For the investigations reported in this appendix, all beams
are assumed longitudinally inextensible,

The modal coordinates in the matrix T of Egs. (224) apd (216) of

Réference 1 are not the cantilever modal coordinates of the individual

beams, nor are they normal-mode coordinates of the total vehicle. (The

JPIL, Technical Memorandum 33-493 9
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presence of the rotor makes the vehicle normal-modes compleX, and these
modes are not used here in order to confine the analysis to real numbers.)
The coordinates. in T establish the response of the appendage in modes in
which they would vibrate freely 1f ihe rigid body was free in translation
but constrained against rotation. With this interpretation, it becomes
evident that there musi be eight coordinates in the column matrix T, and
for i1his simple sysvem one can abmost‘guess the mode shapes,

Using esitablished digital computer eigenvalue-eigenvector routines,
one can determine the eight natural frequencies and mode shapes quite
accurately.% Resulis are presented schematically in Figure 2, and gquantita-
iively in Table 1. In the latier, node numbers and numbers associated
with "d.o.f." (degree of freedom) are to be obbained from the first diagram
of Figure 2,

¥or purposes of preliminary design, it may be desirable to make
exploratory transfer function caleulalions before the appendage is fully
defined and subjected to modal analysis. Examination of the matrix transfer
function in Eq. (292) of Reference 1 reveals that of the appendage
properties only the matrices g, {, and § are required, The autopilol
lransfer funchbion does involve other appendage properties (see Reference 3),
but in the first approximation Equation (292) will suffice for autopilot
control also. Since E'is actually assigned and not calculated, only -
and § must be calculated for application of the transfer function in

this eguation.

%
Appreciation is expressed to Mr, John Garba of JPL, Division 35, who
actually performed these computer operations, using the SAMIS program,
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Figure 2, Mode shapes for test vehicle
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Table 1. Mode shapes and frequencies
Mode
Node /d. o. f. =
M1 M2 M3 M4 M8
1/2 0.707 -0.817 0 0 0
1/3 0 0 0.707- -0.799 0.335
1/5 0 0 0. 022 -0. 025 0.010
1/6 -0 022 0.026 0 0 0
2/2 -0. 707 -0. 817 0 0 0
2/3 0 0 -0.707 -0.799 0.335
2/5 0 0 0.022 0.025 -0 010
2/6 -0.022 -0.026 0 0 0
. M4 M5 Mb M7 M8
3/1 0 -0.707 0. 817 0 0
3/3 0. 050 0 0 0.707 0. 865
3/4 0. 003 0 0 0. 044 0. 054
3/6 0 0. 044 0. 051 0 0
4/1 0 0.707 -0. 817 0 0
4/3 0. 050 0 0 -0.707 0. 865
4/4 -0.003 0 0 0. 044 -0. 054
4/6 0 0. 044 -0. 051 0’ 0
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For this simple system one can readily estimate o = 0.9 HZ, since
1his is the input cantilever mode natural frequency of the longest beams,
Furthermore, one can utilize the- physical interpretation of §T§ offered
in the previous section, and guess that in the fivst mode only the long
3
by 2(,h5th)(1.an)2'25(1.35Kg—m2), since this figure represents the con-

beams will participate (as in Figure 2); 5 should thereflore be given

tribution to 13 of the two long beams, One might for this simple system
easlly guess as well the third, fifth, and seventh mode freguencies and
contributions to ETE, since these are asymmetric modes which have
frequencies corresponding to the known cantilever mode frequencies., The
physical interpretation of ETE tells us that the symmetric modes (modes
2, b, 6, and 8 in Figure 2) contribute nothing to this matrix, so they can
be completely ignored.

Confirmation of these estimates for frequencies and 6JTGJ contributions
comes fram the computer-generated value of E; using the definition in
Eq. (287) of Reference 1, The results for § and 555 (with no truncation)

are given by

0
0 0 % = 0 W o0
0 2a 0 0 0 5b
0 0 0 - )
5§ = © 4] )
0 0 0
a 0 0
0 0 0

JTPI, Technical Memorandum 33-493 13



vhere a = (.01 Kg—ma); b = (.3h Kg—m2)3 and computer generated numbers

L

below K109have been replaced by zeros. (For unit consistency it must be
noted that 5T6 15 actually ETE'la, with E a unit inertia matrix.) For this
simple system, the estimated values are entirely correct., (The predicted
5;6; = (1.35 Kg-m2) checks (-1.16) squared, and the calculated 5T5 is
precisely the contribution of the appendage masses to the vehicle inertia
matrix, Furthermore, the even~-numbered rows of § are null, so these modes
do not coniribute to 6T6.)

Having obtained, by estimation or calculation, the necessary param-
eters of the flexible vehicle, the control system designer can begin the
seguence of response analyses required for selection of a control system.
In general, the first step might be the rapid coﬂ;truction of a number of
root-locus plots for single-axis response, the second step might then be
a series of eigenvalue studies for a smaller range of preliminary control
system designs, and the fipal step would be a numerical integration of the
most general system of eguations of motion, to confirm the final conirol
system design. For the simple test vehicle treated in this section, how-
ever, each appendage modal vibration contributes to the vehicle response
about one axis only, so the three scalar equations of vehicle motion
(Eq. 224 of Reference 1) are coupled only by the "gyroscopic coupling” of

.y

the rotor. Furthermore, response 6, about the 23 axis (See Figure 1)

is completely uncoupled from responses Ql and 92 about axes El and Ee,
so root locus plots for this axis must indicate precisely the same response
that would be obtained from eigenvalue calculetions or numerical integrations.

The purposes of this paper are best served by restricting the test wvehicle
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analysis results to the presentation of root locus plots for,93. In the

next two appendices eigenvalue analyses -and integration results are
presented for space vehicles of realistic complexity.

Figures 3-6 portray root-locus plots for €, response of the test vehicle,

3
under various assumptions, The dashed-lipe loci on Figures 3-5 are based
on the assumption that the vehicle is rigid, so they provide for three
simple control systems a basis for evaluating the influence of flexibility.

Figures 3-6 introduce flexibility in the first mode of vibration (see

Figure 2 and Table 1), In this mode the normalized reduced inertia

1
3

frequency o

R-is 1l - (5%‘5%/13) =L - [1.35/( .76 +1.68)] = 0.45. The natural

1 is 0.90 Hz, although in the plots this value is normalized
to unity. The damping ratio gl is assumed to be 0,05 (a relatively high
figure is chosen to improve the visual mmpact of the root locus plot).
From Eq. (298) of Reference 1, the poles and zeros of the open-loop

transfer function G3(s) may be obtained., With o, normalized to unity,

1
these roots become

2= 0,0 2) p=0.0541

Pg,u = 0,111 #+ i 1,45

For Figure 3 the controller (feedback) transfer function H3(s) has a
pair of complex poles, a real zero and a real pole of larger magnitude
(so it might be called a lead-lag system with complex poles). The influence
of flexibility on the locus is not surprising, but the "crossover gain"
which marks the transition to instability is drastically reduced by the
flexible appendage. Whereas a rigid vehicle would become unstable when

the gain reaches 0.13, Figure 3 shows instability to result when the gain

JPL Technical Merorandum 33-493 . 15
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becomes 0.05. This is a reduction for the flexible vehicle to 38% of
the cross-over gain for the rigid vehicle.

Parenthetically, it may be noted that the gain K employed in these
root locus plots is related to the gain K’ which appears as a factor in
the feedback transfer function by a factor which is uninfluenced by the
flexibality of a single mode, Thus changes in root locus plot gain K
due to flexibility can be interpreted directly as changes in the actual
feedback controller gain X'.

Figure 4 is, like Figure 3, based on a lead-lag control system with
a pair of complex poles, The poles of ﬁy(s) in Figure 4 are somewhat
closer to the original than in the previous example. The cross-over gain
for the flexible vehicle appears to be 20% higher than for the rigid
vehicle, whereas this gain is 62% lower when the complex pole of @m(s)
matches the structural frequency, as in Figure 3. Thus generalizations
regarding the influence of appendage flexibility on conbrol system
stability would appear to be dangercus, and superficial physical interpreta-
tions unwise,

Figure 5 portrays the rigid vehicle response to a "lead-lag-lag" con-
troller, with a negative real zero and twc more remote negative poles {one
of which is off the plot at -2.0). The cross—over gain is K = 0,31,
Figure 5 illustrates the influence of the first mode flexibility of the
appendage, which reduces the cross-over gain to 0.13, 429 of its original
value. Figure 6 indicates the influence of the first and second modes of
appendage vibration in combination.

For a "pure gain" direct feedback control, root-locus plots (not shown)

can be deduced by inspection. It can be established by use of the Routhian
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array that such control systems cannot be destabilized by appendage
flexibility. (See Ref. 1, pp. 72-T4 for details,)

For this idealized test vehicle there were generated 35 root locus
plots, of which those preceding are typical. With a standardized program
(written by E. H. Kopf and R. Mankovitz), each plot required only 10 to
40 sec of IBM 7094 time, depending on the number of plots requested in
a given run. For the single-axis linear response of a vehicle as simple
as this test vehicle, the conclusions are quantitatively precise., For a
vehicle of realistic complexity (as treated in subsequent appendices), root
locus plots may lose quantitative validity, while preserving the qualitative

significance normally sought in preliminary design studies,

APPENDIX B -- THE TOPS AUTOPILOT:

The Thermoelectric Quter Planet Spacecraft (TOPS) configuration (Figure
7) is dominated by a(4.27m) diam parabolic communications antenna and a
bank of radioisotope thermoelectric generators (RICs). In addition, a
pair of telescoping booms are required to provide separation for sensitive
instruments (magnetometers, plasma wave detector, etc.). Much of the
remaining scigntific instrumentation has been provided viewing area (around
the antenna) and separation from RTG radiation by mounting it on a large
foldout structure opposite the RTG foldout boom. Finally, central to the
craft is an electronic equipment compartment carrying the autopilot's
attitude sensors (high-gain gyros) and actuator (gimbaled engine)., It is
this portion of the vehicle that will be considered the rigid body to which
the flexible appendages (RTG, science, and magnetometer booms; antenna)

are attached.

JPIL, Technical Memorandum 33-493 : 21




e

PLASMA WAVE
DETECTOR

MAGNETOMETER

LOW GAIN
ANTENNA

C6F-CE WNPUBIOWIN [BIIUYDS L TJl

TRAJECTORY

CORRECTION

MOTOR

MICROMETEOROID
DETECTOR

LOW GAIN
ANTENNA

SUN SENSORS

CANOPUS
TRACKER

SCAN PLATFORM

MEDIUM GAIN
ANTENNA

HIGH GAIN
ANTENNA
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While the hybrid coordinate formulation is also the ideal approach
for the TOPS cruise attitude control system because of the use of momentom
wheels, the discussion here is limited to initial investigations of the
autopilot which maintains vehicle attitudgrduring the trajectory correction
motor's thrusting periods. The gimbaled engine provides attitude control
about the pitch and yaw axes, while roll control is maintainéd by the
roll gas Jjets, which, in the cruise control mode, are normally used to
desaturate the roll wheels. Pitch, yaw, and roll momentum wheels are
switched out during the trajectory correction phase along with their respective
cruise optical sensors. Rate and position sensing is provided in all
three axes by high-gain, rate-integrating gyros.

Preliminary efforts have attempted to determine the feasibility of
using an autopilot control loop originally designed for a Mars orbital
vehicle on TOPRS as well, A linearized and simplified version of the pro-
posed autopilot yaw axis (or pitch) loop is shown in Figure 8. Among the
assumptions made to develop the simple, single-axis system model was that
gimbaled engine reaction torques on the craft would not be considered, i.e.,
the engine 15 assumed massless. Also, as discussed previously, ithe influence
on @ (pitch or yaw) of constant_£hrust along the vehiecle roll axis is ignored;
only the effects of the torgue applied by the gimbaled motor and the resulting
rigid-flexible body iqﬁeractions are included.

0f course, the three-stage design process to be executed for the TOPS
autopilot system must be based on the existence of a detailed hybrid coordi-’
nate structural model of the craft pictured in Figure 7. Such a model was

*
developed relatively quickly (2 weeks) using 20 discrete sub-bodies to

¥*
Thanks must go to Messrs. Robert Bamford and Craig Helberg of Dbivision 35
who modeled the structure and performed the necessary computer calculations,.
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gpproximate the flexible members. The result of computer caleculations to
transform the discretized structural medel into hybrid coordinate modal
data is summarized, in part, in Table 2. Shown are the first ten modal
frequencies obtained and corresponding elements of the matrices § and
¢TMEEO. Approximately 30 modes were available in all from the computer
generated data,

It is at this stage that one must begin to weigh the importance of
the modes and, tentatively at least, truncate the modal data. The first
five modes, gr&uped near 1 Hz may be traced to the antenna and magnetometer
booms, One can see from the size of coefficients in § that pitch and yaw
axes are predominantly affected by modes' 1 and Y4 while roll largely sees
modes 2, 3, and 5. Based on very simple modeling of the craft as a rigid
body hinged to two rigid booms, natural frequencies of vibration above
4 Hz were shown to have little effect on autopilot stability. Therefore
modes beyond 5 were removed from the dynamic model for all phases of the
analysis including the detailed compu%er simulation, An additional excuse
for deleting the significantly higher frequency modes is the dramatic
improvement in numerical integration speed if digital simulation is employed.

Equation (298) of Reference 1 can now be of use in examining the
linearized, single-axis control loop. For both pitch and yaw, modes 1 and
4 appear to dominate in the § ﬁatrix, so that Qy and Qx could be approximated

by equations of the form

1.1 b4
e _(s) 575 5.8, -1
_(_).TYS =[I 52_511- vy -sh' S y:y 2]

JPI, Technical Memorandum 33-493 25



9¢

C6F-CE WINPUBIOWIA TBOIWYDIS T, T[S

Table 2. TOPS hybrid-coordinate structural model data
c.
1 L}
Mode i QTMZEO (kg-m) 5 (kg-mz)
i Hz
X y z X y
1 0.74 0.2839 E-3 0.3557 E-3 0.1820 EOL ~0,9479 E 1 -0.1559 EO2 0.5230 E-2
2 0.75 0.1392 EO1 0.1565 EO1 {-0,6839 E-3 -0.5334 EQO 0.4858 EOO 0.1802 EO02
3 0.76 0.1319 EQO1 ! -0.1610 EOl | -0.4712 E-4 0.5523 E0O 0.4553 EQO 0.1700 EO02
4 0.76 ~0.1766 E-3 | -0.2151 E-3 0.2348 EO1 -0.1216 EO2 0.1172 E02} -0.1933 E-3
5 1.16 0.1235 E0O 0.5553 E-2 0.6532 E-2 -0.2891 E-1 0.1992 E-1 0.6242 EO1
6 3.85 -0.1216 EO2 -0.13365 EOOQ | -0.6915 E-2 0.2269 EOQO 0.8294 EQQ ~-0.3575 EO2
7 5.02 0.1782 EOL 0.1965 EOO 0.1679 E0O -0.8941 EQC 0.5455 EO1 0.1501 EO1
8 5.66 -0.2009 E-1 { -0.1075 E-1 {-0.8343 EOO 0.1163 EC1 0.2636 EOL| -0.9897 E-1
9 5.606 0.9229 EGO 0.7903 EOO | -0.3320 E-1 -0,1688 EQO 0.3133 EOQO 0.3625 EOL
10 5.69 -0.7921 E-1 0.4353 E~1 0.1075 E01 -0.1492 EQ1 0.2003 EO1 | -0,2894 EOO
1544.9 - 2,29 - 2,76
: - 2.29 471.9 - 34.9 kg - m° , M= 562.6 ke
- 2-76 - 34.9 1714:4




(The equation for Qx(s)/Tx(s) is identical in form).
1.1 kL
With the substitutions I, I . ay, 8> 5y, 5y =(154),9, 471.9, -15.6,
2 :
-0.479,11.722, and - 12.16 ¥g-M ), respectively, and gy, 0) = L.65 and
4,76 rad/sec, respectively, and Cl’ gu = 0,005, the resulting transfer

functions for yaw and pitch are

58 (s + 0.0465s + 21.62)(s° + 0.0476s + 22.8)
TY(S) ll39sg[o.h055h + 0.066s3 + 31.152 + 2,095 + 4937
QX(S) = (S2 + 0.0465s + 21.62)(32 + 0,0476s + 22,8)

T, (s) ~ 13.3952[0.88%1‘l + 0.089s° + h1.9s° + 2.09s + 493]

The open-loop poles and Zeros of the linearized, single-axis autopilot
system of Figure T may now be plotted as shown i1n Figures 9 and 10, The
dashed lines on Figures 9 and 10 indicate the closed-loop root locations

under the ideal, totally rigid spacecraft condition where the control

parameters are nominally specified as: o © 1.77 sec, Ty = (0,111 sec,
(o = 0.35, Kp = 2.2, 0 = 88.0 rad/sec, ¢, = 3.47, T = 20.0 sec, and
w, = 138.2 rad/sec; gimbal servo poles: -938.66, -20.35; gyro poles:

-30.8 £82.4 i; autopilot poles: -9.12, +0.059; gyro zero: -0.565; and
path guidance zero: -0,05,

Loop gain (DC or Bode gain) &t the point of marginal stability is
lO.Q. On the other hand, in Figure 9 the yaw axis loop with approximated
flexible spacecraft dynamics shows a drastically changed root locus with

a critical gain reduced to 2.9, While the pitch~axis root locus for the

JPL-Technical Memorandum 33-493
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Tlexible case also departs significantly from the rigid case, critical

_gain reduction is only to 8.5. The fact that the total pitch axis moment

of inertia is about 3.3 times as great as yaw's obviously was responsible
for the difference in location of the flexible appendage pole-zero contri-
butions to each axis and the effect on critical loop gain values,

An examination of the rigid-body autopilot system reveals closed-loop
bandwidths of about 0.3 and 0,8 Hz corresponding to DC ioop gains of
1.0 (0 dB) and 3.16 (10 8B), respectively. It is clear that the first
four appendage modes have already entered the control bandwidth at the
latter gain level and, in the case of yaw, caused instability.

One might expect that, if additional medes are used in the initial
single-axis root locus analyses, critical gain values would decrease even
more. Further, the fact that interaxis coupling might require even more
subgtantial loop gain reductions to maintain stability suggesis an
eigenvalue analysis of the complete system. The TOPS autopilot may be
arranged into state variable form to give a 30 x 30 system state matrix
including pitch, yaw, and roll angles, five flexible appendage modes, and
the wvariocus control dynamics. Figure 11 shows that when the detailed,
coupled case is considered, yaw loop stability deteriorates further and
essentially controls the stability of ihe entire system.

A digital simulation was programmed and included nonlinearities due
to (1) gimbal servo drive amplifier saturation, (2) the saturation
characteristic bualt into the compensation block to prevent reaching
mechanical gimbal stops, and (3} the roll axis bang-bang control loop.

(It did not include gimbal actuator stiction.) The level of detail was

JPL Technical Memorandum 33-493
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such a8 to include effects of gimbal mounting errors and center-of-mass
displacements due to appendage deformations, and the hybrid coordinate
formulation represented by Egs. (224) and (216) of Reference 1 was
implemented in detail. Yaw-axis response is shown for three cases in
Figures 12 and 13 to illustrate the computer simulation results. In each
case, the autopilot controller and spacecraft are responding to the engine
turn-on transient ( Lhs5 ® )} under the conditions of an ipitial pitch
axis center-of-mass offset of (.05 an) Five flexible modes are used in
each case in Figure 13; for gains of 2.2 the flexible vehicle proves

to be unstable (Figure 13a)} as the eigenvalue analysis predicted. Reduction
of X, - to 1.0 results in a stable response (Figure 13b), which also

H

agrees with eigenvalue predictions,

APPENDIX C -- THE ATTITUDE CONTROL OF A FLEXIBLIE SOLAR ELECTRIC SPACECRAFT:

Introduction:

During the cruise-~low thrust phase of the mission of the solar electric
spacecraft illustrated in Figure 1l, one means of providing three axis at-
titude control is the combination of translation and gimballing of the
electric propulsion engines, This concept will be analyzed in the sequel.
Inclusion of the elastic effects of the flexible solar arrays was ac-
complished by utilization of the hybrid ccordinate procedures described
in Reference 1.

Figure 1b shows the spacecraft to be analyzed. It is composed of a
rigid central body Bl 4o which are attached two flexible roll out solar
arrays A, and an engine cluster E. Unit vectors El’ b, and b, are fixed

—2 3

in Bl' Figure 15 shows E in more detail, The engine cluster consists
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of a large plate to which are attached three electric propulsion engines
and a unit containing translating mechanisms. Two of the engines, B3 and

Bh’ can rotate about the diagonal passing through the El - 22 quadrant.

The plate and the remaining engine are denoted B E can translate

20

parallel to the El direction and B, can translate parallel to the 22

direction. Figure 15b shows the cluster in an arbitrary configuration.
Point O is the mass center of the entire spacecraft for the case of no
engine translation or gimballing.

During the cruise low-thrust phase, when E translates parallel to El’

a control moment parallel to 92 is exerted on the spacecraft. Translation

of B2 parallel to 22’ will produce a moment parallel to El' Third axas

control is provided by the gimballing of engines B3 and Bho This generates

a moment parallel to 23.

Figure 16 shows E in even greater detail., In addition to B,, By, and

3

Bh’ bodies BS’ B6 and B, are shown. These are asgociated with the mechanisms

7

which translate E, B5 and B6 are drums with axes fixed in the translating

mechanism unit. Two tapes are wrapped about B Each has one end attached

5
to B_. The remaining ends are Tixed in Bl' Hence, when B

2 5
tape winds up'on the drum while the other unwinds, Consequently, E

rotates, one

translates along the shafts parallel %o 21' A second assembly consisting
of B6 and. two tapes accounts for translation parallel to 92 except that
the tapes are attached to BQ, instead of Bl' B7 is the unit containing
B5’ B6 and the motors which drive them.
Differential equations of motion for the entire vehicle, the appendages

A, and the rigid bodies BE’ +eos B, wWill be stated,

7
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Vehicle Equations:

For the assembly of bodies shown in Figures 1L and 16 the vehicle

equation is, from Reference 1,

T - 1-htexI-o+i-oar [r2exd
Jd 2
+px@xe)+dxelxec+—p [ pxpdn (1)
Where

T - torque applied to vehicle.

I - vehicle inertia dyadic.

w - angular velocity of B, in inertial space.

- total wvehicle mass.
¢ - mass center shift vector.

J - an inertial reference frame,
p - position vector of a generic point of the vehicle with respect
to 0.
dm - differential element of mass,
(*) - derivative of a vector or dyadic in b, or the derivative of a
scalar,
(°) - derivative of a vector or dyadic in b, a reference frame in which
the unit vectors El’ 22, 23 are fixed.
In more debtail, the matrix form of the vehicle eguation is
T = [I* +.; (-M;S
X

ke i 4 .
_pl - TlTI Tl)]w
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T - T
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o 2OEM§ et °{2EM(‘EOR +p)}q
T T T T ruadt T + +T
- RAH T - T MORT - p (M) T - (Ma) o Jw

T T T

Tl . -
(oM R + 00178 - REM 3 - o MR

+

t, &7 ToFT
p (M) ~ - (MA) o Tlw (2)
where

T - applied torgue matrix.
*

I - Inertia matrix for By and A in the undeformed state.
M., - mass of B,.
i i
*4i *
P - position vector of Pi’ the mass center of Bi’ with respect o O,
T - transformation matrix from principal axes of Bi to principal
axes of By.
Il ~ inertia matrix for Bi'

@ - angular velocity of Bl in up.
M - the nxn mass matrix for 4 where n is the number of sub-hodies
comprising the model which approximates A.

R ~ position vector of a point Q on the appendage - 3, interface

with respect to O.
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o - position vector of the mass center of a sub-body of A with
respect to Q.
q - deformation-coordinate vector for A.
Tgo - the matrix [EOEO...EO]" of size 6nx3 where E is the 3x3 identity
matrix,
$* - the matrix [OE...OE]T.
c - mass center shift vector.

- wWhen applied to 2 3 x 1 vector, v = [vlv2v3]T, v means

0 —-v3 v2
v3 0 -vl
Vo v:L O

when applied 1o the 3 x 6n matrix v = [v10v20...vn0], where v- is a 3 x 1

vector, ¥ means

e

,v,n

0
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( )T - the transpose of a matrix.

2

-i-
() - if v = [viovoo...v"0]T, then

+ 2

vt = pvlovPo. . .v0].

An expression for c is
B (3)
ST Veot TN

where 51 is the displacement vector for Bi’
If engines Bos B3 » and Bh are thrusting at the constant magnitude F,
and there are no disturbance torques exerted on the vehicle other than from

the thrust, then

* -
T = {pe O+,—),—3'L— f(m - m)rl +(m - m)r2

0

3%0

T ~ 1 1
E’EOMQJ} of +{p o [M - m)r

F
B F.s3
+ (M E)r2 - EEOM‘&]} YeR “FS3
‘fchh.
+ {ph*o +"1?J;1." [(Mm - wr™ + (M - mr°
Fsh
- sgall - | Py ()
_faFch—J
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where

pi*o ~ position vector of Pi, the mass center of Bi’ with respect
to O for the nominal state,
7 x
m -izgl'fii.
m - M, + My o+ M.
o [-—ra5 0 O]T.
- [O ~Tog O]T.
oy - the angle through which Bi turns relative to Bl'
S; - sin o i=2,...,7.

c. - CcoS @ s i=2,....7.
r - the rodzus of Bo cx 36.

Appendage Equations:

The appendage equation is taken directly from Eqs. (94) and (95) of

Reference 1,

M(E - rEOngM/m ya + {omMl (onm)N - rEogvgom/m 1

~ ~ ~ rRRE]
M)+ (Sgpw) M- [Mpgw] +D71g

+ {M(EOELB)N - (mOEJ:)~ - (20Ew)~(m:0Ew)~

+ (z:OEw)~M(EOEw)~ + M[onu'a)N - onangM/m]
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M[(EEOw) (ﬂ:EOw) = Sl m}i‘EOM/m ] +K'}g

it

- Mo - (S0) M(Syw) - M{s, [6x

BR+%)p +8 - R +T IR +e)]

- B Ty - (xEow)N(onw)Np} + A (5)

where the new symbols mean

D! - damping matrix.

K' - stiffness malrix,
6% - acceleration of Op, in J expressed in terms of {b} = [_1112223]‘1‘
A =~ forces and torques, other than from structural interactions which

are applied to the sub-bodies.
e -~ Llhe mass center shif't vector associated with Bi’ 1=2,,4.57. This

is the second term in the expression in Eq. (3) for c.

Rigid Body B, (i=2,...7) Equations;:

The units BE"'BT constilute the irapnslator., Equations for the co-

crdinates associated with its translation and the gimballing of B, and Bh

3
are required. It appears as if use of lagrange's equations provides the
most convenient means of determining these equations., The standard form

for ihese equations is
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D

where I is the lagrangian for the spacecraft, Yi» is & generalized coordinate,

and Qi is the generalized force corresponding to Vyo L is
L=K-P (7)

where K and P are the kinetic and potential energies, respectively, of the
spacecraft. Equations (2) and (3) govern the behavior of w and ¢. In
using Eq. (6), then, we will restrict atteation to coordinates other than
w and g.

The following assumptions are made for the translator assembly (refer
to Figures 15 and 16):

1, TFor the translator assemblies, shafits connecting either B5 or
B6 to the motors driving them have non-infinite stiffness.

2. HNon-infinite stiffness is associated only with the drive shafts
which cause B3 and Bh to gimbal.

3. All drive shaft bearings are not smooth,

4, The mass centers of By and B), lie on their gimbal axes.

5. The translation shaft bearings are not smooth,

The nonlinear eguations of motion for o. and s are

5

3res

e, + 75 @) +8,)] - (13 - I o5y - wy)

l —
- s3w3]g7§~ 53(wl - we) + 03w3]- k3(aGl - a3) = -d3a3 (8)
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B + Aoy 61 - 3

Ii)[ﬁ_ oy - wp)

L
= asllza s leg - wp) +oyeld -k (g, - ) = e, (9)
o B -
(mr~ + Ig)qs - e ey - prd, + 12’3
e TR - (@2 + 0 )mr?
366 3%6 (Dg UJ3 mr Q’s
T W o, ~ T - Tirw.d
Vg 7 By - T 00
2 .
- mr(E3Tw2 -E Tw3)9x - 1{2(0!T2 - ces)
3 2 2
2-. * - ..,
+ TTL_E T A +§L-—r§1‘2‘cr6 + —,ﬂrpi-l—rElT(Qx + exX) - mrci
m2 2 mru,. ! 2r...A

TEa T s T Trrm@f6+%%)+ﬁ*i

A .
+ mrp &) - mmy é + (m m/m)r wadrg
. A A . A A mm 2

- ar(dacy +wyly - dady - wak)) + T L (@goy * aghy)

m2r A LA A A
+ -m—(w2c3 + w2é3- 3c2 u)3c2)

m2r 2T .a 37
+ ) (- 3E 0% + w, ek) + —— oz6w3
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+mrw(ch-ch)—mru) (ch-uc)
3V37L 173 2172 271

2 o~ 2
2m 2 2 r mm_2 2m 2 2
e + 9:".11, - — 4
", T C{5lﬂ3 m ]w3 ] T S e m T a5w2

_mm?2 mgrg,ﬂ,,_, + .._rfr-ﬂm I
- T T i S Wc S~ B I s M A B
+ mar(.ﬂ A CA )-’ - —----~—-2!n3]{‘2 N, - .&'_131-2 2
L W% T BB M T T Fgl3 T D X5

% (10)

Wy = 7—(3 + sl!-) - dyr 5

— 2 6 D _ 2T .o ™ . 6.
(mr~ + 13)0:6 - mrET6X +punh, + I3u)3

- 2 - 2 - 2 - 2 - 2
+ mr (w3oz5 + W a ) (wl + 33)mr g + Ty
- urw2w3 - mr(E wy - 3T )Oﬂc + mr2t,030"5
- 2
mm 2. m m_2.
- kl(ole - cz6) + —--m 5T g + Tﬁr ca5
20 m 2T(9x + ex) - mrcA - iz1'2" - Em—m'
m - o " Mm% Tm™
mm 2 mm.A = LA = LA
mrw35‘35)+mrc2-m3l+‘ml3
mm 2 — . A A « A A
- T wyds - mr(u3cl +w3ly +, 5 - u;lés)

- '_r ("’5‘"3 + aghs) 7 r("’3 y tegly - By
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éA m mr

1T 3T ..
- wl 3 + —m——-——(m3E g - mlE QX)
m m

I vy - Fowg(0,Ch - mych) + g, (wych - 0,c0)
m 7573 32’3 372 1712 271

Ehx' 2 2 @ma>2
--—--—ra"": w2w3+n1rm 3+ﬁ—r-ul
m m A E A nnr, A A
+ Trtiog - et + grals - w3d)
mmr, A A om mre. 2 fmme. 2
-5 (Jl o = WC )y - —3ﬁ7——a6p3 - S e]
2,
= - 7;—{(33 +8),) - dyxé, (11)
Where
Ié - moment of inertia of Bi for the axis parallel to pg

Wy - Hi cw, 1=1,2,3.

k. - spring constant associated with the translating or gimbaling

h e
mechanisms.
di - damping constant associated with the translating or gimbaling
e chanisms.
2 5% 53T _ 1001, [01 0], [0 0 1].

cAi - measure number of mass center shift due to flexibility.
TR ZMip;', where p; is the 23 component of pl O, the value of pl
for the nominal state.

T; - torque applied to Bi'
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.. ~- gimbal drive shaft input angle,

Gi

I

&py - translating drive shaft input angle.

Linearized Equations of Motion:

It can be shown by substitution that

X=x,0=0 (12)

@=4q,=-K lMEEOgoKo

is a solution to Eas. (2), (5), (8)-{11)., Determination of the lirearized
variational equations associated with this solution and introduction of +the
active control eguations establishes the base for a stability analysis by
means of root locus procedures or eigenvalue analyses,

The variational equations are obtained by substitution of

w = W

i i
o4 = ¥

qa = g +¢ (13)
[+ = Q” [0 =Ct',

i~ %gi? %pi T %py
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into Egs. (2), (5), (8)-(11) and linearizing in the primed variables.
A is set equal to zero.

The appendage equation takes the form
Lon ! rad o = T + T + -~ ¢
Mg +D'4" + K'qg 11(20E zER s )8

~ T v
2, ¢ M 1,
N

where

/
M = ME - zEOyEOM/'m, )

In all of the following discussion, the primes will be omitted from the
linearized system variables. If the modal coordinates T are defired by

¢ = ¢N, vhere ¢ 15 the matrix of eigenvectors for

M4+ K'e=0
and if $ and T denote N x N iruncated versions of @ and 1 where N < n, and
if § and A {hereafter referred to as the rigid-elastic coupling terms) are

defined by

o
I

- E;TM,(EOE - EEOE - ;EEO)

3

]

Py,

then the appendage equation becomes

ET + 2
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where E is the N x N unit matrix, ¢ is the N x ¥ diagonal matrix of eigen-
values or mode frequencies, E is the N x ¥ diagonal matrix of damping ratios,
F2 is the thrust vector for the center engine, and rl and r2 are vectors
describing the E} and E? migrations of the translator from its nominal

position

1

r = [-rv 2

T T
0, 01, »r* = [o, ~To 0]

55
It will be assumed that o), = -a3. Then, the appendage equation becomes

B + o€ o N + o0 = 39 + —T-r%-(m%l + e (1)

The torgue T exerted on the vehicle may be expressed as
homl

- gipt

1=2

T

o

where F- is the thrust force supplied by Bi’ i=2, 3, 4, and s is the position
vector of the point of application of F with respect to the vehicle mass

center, It can be shown that a more explicit non-linear expression for

mis _
0
2%0 M=-m 1 . M-m?2 iy ~
O e e <L
| F
i Fs
3  m-ml M-m2 1 T . ~1
+ —— r - 5 -Fs
2Fc
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b0 M-ml L Mm- m2,
+ fp +—'WL—‘I‘ m T m EOMCI] 7— "FSJ_[_

f21i‘cLP

Linearization of this expression and of the right hand side of Eq. (2)
about the solution of Eqs: (12) produces tne following linearized vehicle

equation

” ~ ‘- =i
19 + Krl + }CI‘2 + Isa: + I6cz6 - 6111

. (93*0 u*o)** '1:2 s

- SFm - wrt (M- R - B (15)

New symbols are defined as follows

T - vehicle inertia dyadic for the nominal statle

. T .
* *
Pl 0 _ oy, Pl 0
i=2
— 7%
K - Y:M pJ 0: j = 2,3,!‘5'
3 dJ

Truncation of all but the first six modes will be adhered to in the
sequel, Thus 5 and A are 6 x 3 malrices. A structural analysis of the
entire vehicle reveals that onity three of the elements of § and two of the

elements of E are non-zero. In particular, '5 and E have the forms

6 =10 612 0 5 A =0 O 0
0 0 623 0 G 0
0 0 0 ) o A33
Q 0 o 0 AHE 0
551 0 O o 0 0]
O 0 0 0 0 0
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Substitution of these expressions and of those for rl and r2 into Eg. (1k)

produces the following six scalar equations of motion for the modal

coordinates
. . » .
Ny +20) ogTy +09My = 8558,
(1] . 2 (1]
Mo + 2P0, +ooll, = 8550,
:fi + 2001 +02ﬂ = 0
3 333 33

(16)

- }d 2 "
Ty + 2oy, oyl =—hTeg
N5 *+ 2ol +°§“5 = 859
" . 2
T +2geN *oglg = O

where o, and gi are the frequency and damping ratio respectively for the
ith mode.

Figure 17 shows the mode shapes and lists the frequencies corresponding
to the first six modes.*

The vehicle matrix equation (15) is then equivalent to the three scalar

equations

*
Provided by Dr. E. Weiner of Division 35, who modeled the structure and
made the necessary computer calculations.

JPIL, Technical Memorandum 33-493



£6F-¢¢ WNpUBRIOWRW Te2TUY2S], T4l

95

b
_b.3 i
AL A— - MODE 1 7 RiniEN —e==""} MODE 4
/(“-- S ,7/ o = 0.02129 hertz %“‘--— _.—-——""V 04 = 0.02376 hertz
- -~
by
o= <=y MODE 2 /F"“"'—-— —-—-"""7? MODE 5
e _ o5 = 0.02141 hert 4 — —_— =0,
._._____‘y/ 2 z e == o5 = 0,02838 hertz
o~ —
kP e = ™ o3 = 0,023589 hertz / S— ————T O = 0.028315 hertz

—

Figure 17, Solar Array Mode Shapes
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I

= 3FA
= e e (m -m) . o
19y F K3 = 05T PP - (17)

an . .. _ (m-m)
I8, - Koty - 51211% = 3 T (18)
. 5yes — B
I,8, (cr + I3)a5 ~ (Klr - 13)oz6
. %0,

where Ii is the moment of inertia of the vehicle for Ri and for the nominal
state, Ki and Ei are the _131 measure numbers of K and K, and F is the
magnitude of the lhrust force exerted by any of the three electric propulsion
engines,
The assumption that oy = g implies that the egquation of motion for
), may be ignored. The linearized forms of the remainder of Egs. (8)-(11)
are:
13[& +—i—('é +6)]+d&-1c(a ~a,) = 0 (20)
13 J2 Ml 2 373 376l 73
2 m3 2

5 r
(I3+mr +ﬁ{-§r-2m—m)5

- pr)8, + 126, = O (21)
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mm 2. 1 ,mm = e :
R el PL AR S)

) -~ = G _
(—E-m wr)e, + 1393 0 (22)

Control:
The linear approximation to the control system block diagram for each

axis is shown in Figure 18. A celestial sensor detects the value of Qi.

The transfer function for the sensor is Kéi/(TSiS+l)' A constant KVi

is the transfer function for a voltage controlled oscillator while the linear
approximation to a stepper motor has the transfer function Kﬁi/s. The
remaining part of the control system is the compensation network, The
output Tfrom the stepper motor is the desired translation Ty OT To

T2°

or the desired gimbal angle A e The sign associated with Véi is determined

by the sign associated with the translating or gimballing controlling term.
A block diagram of the dynamics and control of the entire wvehicle

is shown in Figore 19, Coupling between ihe three axes is indicated,

Differentizl equations associated with the control system are obtainable

Trom Figure 19, They are

TaiVgs * gy = Ko1% 1=2,2,3 (23)
= KK ( VgV )
o = KoKeo (Voo Vi) (24)
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S
VFi
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Ka;
-
T2is + 1

Figure 18, Linear approximation to the control system block diagram
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Figure 19,

Coupled Three Axis Block Diagram
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= Ksky3(Vg3Vp3)
. T )
i = g1 11K1«11Kv1,. 21 o, + (14K 21)v
TIIT1 TSy f51°1 217 rgy° 81
- G Tt T21 o
21 " ¥k lKlilKV}_ Fl
-1 +K,, + L Wy
Kp1 K11 K05
. T .
i, K 121%12}{\!2r 22, o, + (4%, - Tezy,
T1oTop  Tgp SR 2 2 Ty’ 82
T1p" Ton o S (255
+ (150 *
Kpo 1213121%2
+(l+K22+ Kl )\}2]
KpoKy ooty F
v T3 l3KM3KV3rTl3V s (Lt K- 23
F3 — K339 ALY
13'23 Ta3 353
- (7 113" Te3 W
23 " ¥ 131343Kv3 'r3
- (1 + K + F3]
KF3K13KM3KV3

Stability Analysis:

If the coupling and translator--gimbal dynamics are ignored in Figure 19,
then the block diagrams shown in Figures 20-22 result. The drawings at
the bottom of each figure indicate the mode or modes which are excited by

rotation of the spacecraft about the axis to which the block diagram cor-
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Figure 20, b, Axis Block Diagram
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92 Ksz V‘sz
TgoS + 1
3(ca-m)rF P
— Kal's
1 ra; 1
! 1 - S T Kuz Ky
_b.z L '
K
by b b, 1 .,
4 T,8 %1
o~ K22
< —~—>~" IN PLANE T228 + 1
MODE 1

Figure 21, _’gz Axis Block Diagram
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responds. As indicated by Egs. (16), the third and sixth modes of
structural vibration decouple from the remaining equations and consequently
have no effect on attitude motion, at least in the linear sense. Uncoupling
of the equations transforms the attitude control problem into one that is
amenable to root locus analysis.

The open loop transfer functions for the three axes are

5-1-‘ Nhsh+ N s3+ I 52

- >
Gy = - By KoKy (87 + Ngs 3 2

+Ns + N )(s + L/ry))(s + I/ )/(1y

7

83(SL}+D s> +0.s% +D

3 5 8 +DO)(s +

551)751

1/751){S *'“"“"[T (L Ky K K Ky Ipp 18

To1T1y
1 Ky 155
Ttat | tatm Fl " )} (26}
o, = KéhseKMDKvet 2" 3 )F](Se
' (Ie 512)752 f3m

2s oq% ci)(s + 1/1-22) (s + 1/712)/53(32 +

2L, Lo,
A ':'[“""'"“—'—'é- glc'ls + ;:———--6-—2-—')(8 4+ l/TS2){S +
2 iz 2 12

JPI, Technical Memorandum 33-493



e, + (L + X )t ]s
722719 12 21" vz 72/ 22

1 KlEKﬂEKVZK?E,l .-

+ )} (27)
TopTio TopT1o 22
ﬁp3F%¥mﬁ3 2
Gy = (s + 20,T,8 +ce)(s +
21 gec I 0‘2
2 1O
1/1-23)(3 + l/TlS)/S?)(SE b3 ~Zs 4 3 5 )
T3-8o3 37803

(5 + 1/rgg)ls” ?;g';gﬁ * (BgfpyFaghys * Hragls

4+

SR Tk T

(28)
723713 T23713

K,3)]
where G, is the forward loop transfer function and Hi is the feedback loop
transfer function. Expreassions for Ni, i=0,...,5 and for DJ, J7=0,444,3

are

=
i

5 2(¢yoy, + C505)

2, 2 3(M-m)F
M, = oy +05 + h§h§5ah0'5 +|'(‘ mm
’ 3
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FiA,
i
3
i, 05(6gs + o) + é—L(gm (o)
_ 2
SFmA) 0505
T a2
rc3m
N, = chc +J%l(c +o' +h(ug5cho')
3
2 2
3mh2 5
-
rc3m
6(M - n)Fo,c
N, = = (€u05 + C5crh)
3
3(m - E)Foicé
N = — 29
0 rc3m (29}

and
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- 52 2
_ 1,2 2 _ 7517,
D‘2 = ~ 52 (cl} +c;5 + J‘Lchc5°'h°5 Il )
1 51
2I.c0
_ YHS
D, = 'I-'"—"E;é-‘ (C1F5 + CBO'L})
1" 51
22
I.o.o
DO - X )-}25 (30)
11765y

The values selected for the parameters in these eXpressions as well

as for the parameters in Ejs. (26)-(28) are

Ky = {328 volt seconds/meter) i = 1,2, 3
Ky; = .5 i =1,2,3
KFi = 80 i =1,2,3
Kg = Kp = (6.7 % 107 meter /pulse

Kg = 107 radian/pulse i = 1,2,3
K;y = %0 pulses/volt second i = 1,2,3

6,5 = [(128.2 Kg m<)

61 = (128.3 kg n°)
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%51 = (9.609 Rg m)
B42 = (13.69 Kg w)
5 = (.006 Kg® m) i=1,2,4,5
% = (.02479 x 2w Kg% m/second)
9 = (.02493 x 2n‘KgJﬁ m/second)
% ~ (.02767 % 27 Keg? m/second)
5 = (.03305 x 271 Kg? m/second)
11 = 103 seconds
To1 = 5 x 102 seconds
T3 = 1 second
T = (.09 Newton)
I, = (442.7%Kg n%)
I, = (12777.0 kg m)
13 = {12408,0 Kg m?)
= (600.0 Kg)
m = (54.41 Kg)
w = (45.35 Kg)
K, = (-41.47 Rg m)
k3 = (-34.55 Kg m)

The sensor gains K ; have not been specified and will serve as variable

g3
parameters gpon which the attitude stability depends.

The root locus for the El axis is shown in Figure 23. Open loop
poles and zeros corresponding to the @1 axis case are listed. The poles and

zeros having non-zero imaginary parts are associated with the fourth and fifth

flexibility modes. A real zero at 0.084324 is due to the so-called "tail-
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Figure 23. b; Axis Root Locus, Fourth and Fifth Mode Flexibility
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wags-Gug effect” or the term K3

exerted on the vehicle when ihe engine cluster unit translates in the b,

ra6 in Eq. (17). This 1s an inertia torque

directién. Such translation activates fourth mode oscillations. Figure

2Lk is an enlarged versiocn of Figure 23 and shows detail near the origin.
For very small gain, i.e., very small K. s the locus emanating from the
multiple pole at zero initially passes into the right half-plane. Thus,
instability is implied. As Ksl is increased, the locus crosses back into
the left{ half-plane and finally returns to the right half-plane for suf-
ficiently large Kél' That part of the locus which corresponds to flexibiliky
traces a path from the left half-plane into the right and then back to the
left half-plane, The range of KS.'L for which all parts of the locus lie

in the left half-plane is 0.50 < Kqy < 23.0. For the case when flexibility
is ignored and the vehicle is assumed tb be rigid, the stability range for
KSl is 0.52 < KSl < 23.52.

Figure 25 shows the root locus for the axis parallel %o 92. As before,
the poles and zeros not on the real axes are flexibility poles and zeros.
Also, for very small gain, thé locus traced from the multiple pole at zero
passes into the right hall-plane. As Kas is increased, the locus moves
into the left half-plane, then to the right and fihally to the lefi of the
imaginary axis, A part of the locus associated with the flexibility pole

begins in the left half-plane and soon moves to the right half-plane.

Stability for the b

b, axis is guaranteed for 15 < KSE < 201, For comparison,

Figure 26 shows a root locus Ffor the 22 axis when the vehicle is assumed
to be rigid. The character of the locus in Figure 26 differs considerably

from that in Figure 27, Tt was determined for the rigid model that the
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Figure 25. b, Axis Root Locus, First Mode Flexibility
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range of K., vhich will ensure stability is 16 < S 276. Thus, the
flexible pnature of the solar array is detrimental to the attitude stabilily

of the 22 axis,

The final root locus corresponds to the axXis parallel to b,. There

3

is no "tail-wags-dog" term for this axis, and this is reflected in the

.

absence of a zero on the positive real axis. As in the case of the 22

axis, there is only one flexibility pole and one flexibility zero., Values
of KEB for which stable attitude motions are guaranteed are 11 < KéB < 221
for both the flexible spacecraft model and for the rigid model,

Time histories of the attitude angles Ql, o
28-33. The CSS5L simulation language, developed through the suppori of the

0,, and 93 appear in Figures

Guidance and Control Branch of the 0ffice of Advanced Research and Technology,

was used in programming the linear eguations for the UNIVAC 1108 digital
computer, For the axis parallel to Ei’ the initial attitude angle rate
él is ."LO"LL radian per second, This rate is considerably larger ihan those
expected to be encountered from disturbance torgues Ffor a deep space

mission., All other variables, 1.e., 0,, V, ,» ete., have an initial value

i’ ’s

of zero, Figures 28-30 show the attitude behavior for cases when L

i =1, 2, 3 is in the stable range stated earlier. In particular,

Kgp = 20, K, = 100, Kyo = 100,

At approximately 100 seconds, ©, reaches its maximum amplitude of 6.k
-3

x 10 - radisn., For a time of 2800 seconds, the amplitude has diminished

to nearly 7 x _‘l.O"br radian or one-tenth the maximum aplitude. For 92 and
93, the response curves are of a lower frequency than for Ol. This is
probably a reflection of the small inertia I

1 in comparison with I, or

13.
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Values for KSl’ KSQ’ and KS3 in Figures 31-33 are 50, 350, and 350
respecﬁivel&. These fall outside of the stable ranges. The Qi responses
are then expected to be unstable. This is seen to be the case. However,
the curves are not reliable as true indicators of the behavior of Gi since
the linear equations are not really valid for large Qi. Gi is indeed
unstable, but 1ts time history probably departs markedly {rom the curves

of Figures 31-33.

Conclusions:
The work presented here has demonstrated the feasibility of using electric
propulsion engines for attitude control as well as for propulsion during
the low=~thrust cruise phase of a deep space mission. In addition, it has
been shown that flexibility associated with large roll-out solar arrays
poses no great threat to the success of such missions. Furthermore, the
detrimental effects from torgues due to "tail-wags-dog'" terms can be offset,
Structural frequencies of the order of 0,025 cycles per second were
encountered for the solar arrays. Only for the axis of maXimum inertia,
the one parallel to 22, did the structural influence have a pronounced
influence on the rigid body stability characteristics. There, the permis-
sable operating_range for KS2 was reduced from 16 < KSE < 276 to 15 < KS2 < 201,
Little or no change in the rigid spacecraft stability ranges for KSl and
KS3 was encountered from structural effects. This was the case despite
the fact that for the El axis, two modes of flexible motion were activated,
For the unstable cases, the 92 response seemed to have a growth rate
far in excess of the 6, or O, responses, A possible explanation for this

1 3

is greater than either I. or I, and consequently, the control

is that I 1 3

2
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system is attempting to handle a large inertia torgue -126 Actually,

2.

I. is very nearly the same as IE' However, in addition tc the inertia

3

torque, the 22

which is absent in the 23 dynamics, The El axis unstable response seems

to be intermediate to the b, and b, axes responses. Even though Il is gquite

2 3
there is a "tail-wags-dog" effect for this

control system must contend with the "tail-wags-dog' effect

small when compared to I2 or 13 »

axis. Thus, it appears that outside of the stable operating ranges, the

"tail-wags-deg" influence is felt very strongly.
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