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FOREWORD

This report presents the results of work performed by Computer Sciences
Corporation while under contract to the Aero-Astrodynamics Laboratory of the
George C. Marshall Space Flight Center, Contract NAS 8-26113. The program
described herein evolved as a supplemental application package when developing
techniques of orbital decay and long-term satellite ephemeris prediction (see

Ref. 1).

The author is grateful to Mr. F. C. Boles (formerly with CSC) for his important

contributions in the initial phase of the program development.
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SUMMARY

The symbolic manipulation capabilities of the FORMAC (FORmula MAnipulation

Compiler) language are employed to expand and analytically evaluate integrals
of the form

. P
I=k smxcosqx dx o<exl

(1 + e cos x)n

where p, q are non~-negative integers and n is an arbitrary integer. Basically,
the program integration is effected by expanding the integral(s) into a series of
subintegrals and then substituting a pre-derived and pre-coded solution for that
particular subintegral. Derivation of the integral solutions necessary for pre-
coding is included, as is a discussion of the FORMAC system limitations en-

countered in the programming effort.



SECTION 1 - THEORY

1.1 TECHNICAL DESCRIPTION

Differential equations involving integrands of the type

k sinpx cosqx
o<ec<l

n
(1 + e cos x)

(where k does not depend on x, p and q are non-negative integers, and n is an
Ainteger) arise in several areas of general perturbation theory. By properly
utilizing the algebraic and analytic capabilities of a symbolic manipulation lan-
guage such as FORMAC, these integrals can be analytically evaluated. The

program described herein is designed for just that purpose.

The program consists of a FORMAC driver and a set of subroutines which
effect the required integrations, The driver performs all required manipula-
tions of each input integrand, determines the integration parameters p, ¢, n
and the "constant" k, and transmits these quantities to the driver routine of

the integration package (the set of routines which perform the required integra-
tions). The integration package driver then identifies the integrand involved,
makes any necessary variable transformations, and calls upon the proper sub-

routine to carry out the integration.

The complete solution of an integrand usually requires solving several sub-
integrals (special cases), and each integration package subroutine is designed
to integrate a given type of subintegral. These integrated results are then
transmitted back to the integration package driver where inverse transforms
are performed (if necessary), and the results passed on to the FORMAC driver

for simplification and output.

A detailed analysis of the required integrations is provided in the appendices,
and the individual integration subroutines are structured according to this

development.
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1.2 EQUATIONS (OMITTING THE INTEGRATION CONSTANT)

If n<o0

m

i .
! i
/sinpx cosk (1 + e cos x)n dx = _m-e /sinpx cosk’ dx

(m - i)!i!
i=0

where m.= -n and

. a+l b-1
SIAX COSX b-1 /sinax cosbxz dx b#0

a+b a+b
-1 b+1
. a b sinax coS X a-1 . a=2 b
sinxcosxdx= | - +— sinx cosxdx a#£o0
a+b ~a+b .
X a+b=20

by backward recursion.

If n>0and p is odd, set p=2K+ 1 and x = cos x to obtain

K a?1

. P qx .
sin'x cos i K! a (£-1)! 14
SRS 4= - D6 o Y

-1
(1 + e cos x)n i~0 @ +a-1) de?

where a=2(K-i)+q<n
£=n-a

and

(/e @ - nj@a+ e'z)_l 1o

Iu B

1/e log (1 + ez) £=1

1-2

(1-1)

(1_13,),' |

(1-2)

(1-2a)

(1-2b)



or,

K

. P | qx i
sin'x cos B -j
——_'de“"E(—:l (K—l)lll E:]/ dz

(1 + e cos x)

i=0
(1-3)
- i@ -1 deu
+ZB__ =1) = ! i
.—n] (2 + K- 1) de)
where b=a-n+1 a>n
L£=n-j
1 1fn+j-2 .
== == 2< b
% T Y e( j- 1 )“j—l sls (1-3a)
nle _l b-4
= - <£j<n-1, =
Z(n-JHl)'(K pr Osisnoliag=0
. . 2 2 .
If n>0and p is even, set p= 2K anduse sinx=1- cos'x to obtain
K a_ ,
smpx cos%c a (2~ 1! d 12.2
1)m =1) Q+ra-1)! _a (1=4)
(1 +ecos x) =0 © de
where a=2(K-i)+q<n
(1-4a)
f=n-a
and
dx RE) +Blyy 1~ Chys
(1+ecosx)2 :
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sin x

with R(x) = 7=
(1 + e cos x)
2
l1-e
A=-(A - 1)( 2 )
e
_2n-3
T e
.- (- 2) (1-4c)
e
I = 2 tan” " 1'61/2“15
21 1/2 l+e 2
2
1-&%)
I = 1 I e Sin x
= 51 ™
22 a- e2) (1 - ez) (1 + e cos x)
or,

P q K
sikoosh o Ry KL Z Joos ax
(1+ecosx)n (K-l) .

i=0

(1-5)
n-1 j
+Z - i (- 1)! d122
Bn—j (L+K-1)! _j

. d

=0
where b, £, o Ot.l , Otj , B _. are defined as before.



SECTION 2 - PROGRAMMING

2.1 GENERAL

The deck consists of: (1) a main program that determines the integration param-
eters (p , g, n) for the various integrals appearing in the differential equation(s);
(2) an integration module driver that executes the proper logic to call the re-
quired integration routines and accumulates their results; and (3) several

integration rOufines that actually perform the required integrations.
2.2 PROGRAM CHARACTERISTICS

The program is coded in the FORMAC language and runs on the IBM 7094 under
IBSYS (Version 13) control. Program input is internal (no card or tape reads)
and consists 6f the differential equation(s), along with parameters which indicate
the initial eQuation set and how many equations to evaluate per set (provision is |
. made for up to six sets of three equationé each). Program output (print only)
cbnsists of the analytical integration results and certain parameters which

provide a trace of the integration flow.

Program run-time varies from 3 to 20 minutes, depending on the number of
equations and their individual complexity. Normal output is 0 to 5000 lines and
is in FORMAC notatioﬁ (as is the input). One non-system diagnostic appears
in subroutine MNDVIG, This diagnostic indicates an improperly dimensioned
array, terminates the currenf integration, and returns control to the main

program for continued execution, An A5 work tape is required.
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2.3 BLOCK DIAGRAM/FLOWCHART

Block diagrams and flowcharts for the FORMAC main program and its sub-

routines are presented in Figures 2-1 through 2-6. The blocks depicted in the

subroutine figures are defined as follows (see Subsection 2.4 for a complete

description of the subroutines):

IM1

M2

IM3

IM4

T1

T2
T3

R12

IR1

IR2

IR3

Denotes integration by SPCQ routine,
Denotes integration by DUIS routine.
Denotes integration by MNDVIG routine.
Denotes integration by XN routine,
Denotes transformation given by

(sin x)P= 1- cos2 x)K K = 22
Denotes transformation given by x = cos X

Denotes transformation given by x =1+ e cos x

Denotes recursion relation 1 or 2 (depending on ITY PE)

of subroutine DUIS.

Denotes integration by recursion relation 1 of subroutine

SPCQ.

Denotes integration by recursion relation 2 of subroutine

SPCQ.

Denotes integration by recursion relation 3 of subroutine

SPCQ.
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START

EXPAND
DIFFERENTIAL
EQUATION

SELECT
SINGLE-TERM
INTEGRAND

INTEGRATE
AND SUM
SOLUTION

|

SIMPLIFY,
OBTAIN
SECULAR
PART OF
SOLUTION

°)

OUTPUT
SOLUTION
AND SECU-
LAR PART

COMPLETED

ALL SETS
?

Figure 2-1, Main Program
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SUBROUTINE
IDIGTE
P,Q,N,ANS

1M1

SR 4 RETURN

M2

‘ RETURN

sS4

" 83

S2

Figure 2-2, Subroutine IDIGTE (Sheet 1 of 2)
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Ma = Q+2i
NO . YES
- T3 - 1<i<P1 M3
2
YES \ NO
- M2 RETURN
s2
ves| 12=2| YES
T - 1<1<? M3
=122
NO - NO
{
T2 - IM4 RETURN
s3
YES
Q>N IM2
?
NO
IM3 = RETURN
-S4
Figure 2-2, Subroutine IDIGTE (Sheet 2 of 2)
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SUBROUTINE
MNDVIG
ITYPE, M,N,
ANS

Rl

COMPUTE

AB
COEFFICIENT
ARRAYS

ARE
ARRAY DIMENSIONS

TOO SMALL
?

YES

M4

IM1

M2

RETURN

Figure 2-3. Subroutine MNDVIG
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YES

SUBROUTINE
DUIS
ITYPE,M,N,ANS

L, NO

SET UP’
BASIC
SOLUTIONS

NEED

YES
RECURSIONS
?

R12

NEED TO
DIFFERENTIATE
?

DIFFERENTIATE

RETURN

SET UP
BASIC

SOLUTIONS

Figure 2-4. Subroutine DUIS
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SUBROUTINE
sPCQ
M,N,ANS

ANS = X RETURN

IR1 ‘ " RETURN

IR2 RETURN

IR3

[

RETURN

Figure 2-5, Subroutine SPCQ
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SUBROUTINE
XN
N,ANS

NO

"

Figure 2-6. Subroutine XN
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2.4 PROGRAM SUBROUTINES
All program subroutines are FORMAC routines.

2,4.1 Subroutine IDIGTE

This routine uses the integration parameters P, q, n toselect the proper
logic for the type integral being considered and calls the various integration

routines required to effect the actual integration.

Argument List Variable Type
M1 - m (input) FORTRAN
M2 ~ n (input) FORTRAN
ANS - I (output answer) - FORMAC

2.4.2 Subroutine MNDVIG

This routine performs a multinominal division to decompose the integrand into
a quotient and remainder and then effects a termwise integration of each. (Two

basic types of integrals are considered.)

Argument List Variable Type

ITYPE - selects integral type (input) FORTRAN
values 1 or 2

M - exponent of numerator (input) FORTRAN

N - exponent of denominator (input) FORTRAN

ANS - integration answer (output) FORMAC

2.4.3 Subroutine DUIS

This routine integrates by differentiating (parametrically) under the integral

sign. (Two basic integral types are considered.)

Argument List Variable Type
ITYPE - selects integral type (input) FORTRAN

' values 1 or 2
M - exponent of numerator (input) FORTRAN
N - exponent of denominator (input) FORTRAN
ANS - integration result (output) FORMAC
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2.4.,4 Subroutine SPCQ

This routine integrates various products of sin x cos x.

Argument List

M - exponent of sin x (input)
N - exponent of cos x (input)
ANS - integration result (output)

2.4,5 Subroutine XN

This routine integrates powers of x .

Argument List

N - exponent of x (input)
ANS - integration result

2.5 MAIN PROGRAM MNEMONICS

Symbol

dl/dx

(1 + e cos X)

Mnemonics Type
NTERM FORTRAN
IFLAG FORTRAN
DIDT FORMAC
PBYR FORMAC
SOL FORMAC
SEC FORMAC
NT FORTRAN
X FORMAC
CF FORMAC
P FORTRAN
Q FORTRAN
N FORTRAN
QQ FORTRAN

Variable Type

FORTRAN
FORTRAN
FORMAC

Variablé Type

FORTRAN
FORMAC

Purpose

Number of differential equations per set

Specifies initial set of differential
equations

Differential equations to be integrated
Represents expression (1 + e cos x)
Solution to differential equation

Secular component of solution

Number of terms in differential equation
Integration variable

Coefficient of integrand

Exponent of sin x

Exponent of cos x

Exponent of (l+e cos x)

Flag used during expression output to
signal output termination

2-11



2.6 PROGRAM LISTING

The following is a sample of the program listing.
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$J0% €113 MEYFR  RIN 406,310030,10,12s14(CF

$PAUSF RFSET ALL cONSOLE KFYS
SEXECUTE 1RJOR
$10 JNR FORMAC 3FINrSMAP

$IRFM(C NRIVE MO4 /2
INTEGFR QUTPUT (20)
INTEGER DUMMYOD
INTEGER DFELDT 59X s ANSSANSCK W s DUMMYO s DUMMYF
INTEGFR PsQsDINXT ynIIMMY
INTEGFR FRYR
SYMARG
ATOMIC M
ATOMIC PRYR
ATOMIC FoeXsWs

LaL PARAM (X sM) s (FMCSIN(X )} oFMCSINIMING(FMCCOS(X) 4FMCCOG (M) )

LFT ANS=0
NN:] )

1 LET NUMMYQO=8/2%#F%¥eMrSIN(WIHEMOCOS(T Y ¥*%)
LET NFLAT=NUMMYO*EMASIN(X ) #¥ 0% EMCcOS (X)) ¥ #3%PRyR¥ %>
LET nUMMYO=nUMMYQ
GO TO 1001

10 CALL INDTIGTF(2539293ANSsLRL)
LFT ANS=DUMMY(QO*ANS
LFT ANS=FXPAND ANS
WRITF(6sRr0)
WRTT:(6,101)
OQ=O. ,

104 LFT QQ=acncON ANS,OUTPUT,19

: WRITF(69101) (OUTPULITI{KK)sKK=2s10ND
IF(QQNFL.0,) GO TO 104
LET ANS=SURST ANSs (FMCSINIX)sFMCSIN(M))
LeT ANS=SURST ANSs(FMercOS(X)ysFMCcOS(My)
LET ANS=SURST ANS» (FMCrOSIM)¥%2,U1-FMCSIN(My*¥*5y,
GO TO 98

2 WRITF(g5R0)
LET NUMMYQO={1+F#*#2y%#%(1/2) .
LET NELNT=DUMMYGC*EMASIN(X ) %% %eMCrOS( Xy ¥ %3 /PgyYR#%%)
LET NnUMMYO=DUMMYO

GO TO 10M
20 cAaLL IDIGTF(DFLnT,2,3,—2oANs.DUMMYO)
GO TO a8
2 WRITF(6+50)

LFT NUMMYO=1 ]
LET DFLNT=NUMMYO*EM-STIN( X ) ¥ %3 ¥eMccOS( Xy #%) /PrYR##1

LFT NDUMMYO=DUMMYO

GO TO 100}

30 CALL IDIGTE(DELNT»34529=3+ANS,DUMMYO)
GO TO 98

4 WRITF(&+50)

LET NUMMYO=)
LET NELNT=FMCSIN(X)%%¥)/PRYR#*#3
LFT NUMMYO=DUMMYOD
. GO TO 1001
40 CALL IDIGTEIUDFLDT92409-35ANSsDUMMYO)
GO TO 98 .
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501

60
98
50

102

101
100

1001

WRITE(6950)

LET NUMMYO=}

LFT NELNT=FMCSIN(Xy*%2/PRYR#%)
LET PUMMYQ=PUMMYOD

GO TO 1001

CALL IDIGTEI(DELDTs2,09-29sANSsDUMMYC)
GO TO 98

WRITF(6+580)

LET PUMMYO =1

LET NFLNT=FMCCOSIX)*%*3/PBYR#®%12
LET AUMMYOQ=nUMMYOD

GO TO 10M

CALL IDIATE(DNFLDT 304535=33ANSsDUMMY D)
G0 TO 98

QQ=0,

WRITF(6950)

FORMAT(1HY s/ /7))

WRITE(K6+102)

FORMATI(///13H COFFFICTFENT/)

LFT QQ=8CNCON NUMMYO sOUTPUT 1
WRITF(69101) {OUTPUTI(TITI)sI1=2519P
IF(QQNF .04y GO TO 09

OO=OO

WRITE(65103)

FORMAT(///8H ANS/)

LET QQ=RECNDCON ANSLOUTPUT 916

WRTITE(6s101) (QUTPUTI(TT)s1T1=2s12D

IF{QNNF .0,y GO TO 100
00200

NN=NN+1

NN=7 :

GO TO(1923s394959697) sNN
CONTINUFE

THFE FCLLOWING LOGIC IS DESIGNED TO ACCEPT A GIVEN INTEFGRAND OF THF
FORM "

ISOLATE KsAND DETFRMINF P,QsN FO—~ PURPOSES OF

NINX=KESTN(X)¥#P*COS (X)**¥Q¥* (14+F¥COS (X)) **¥N

ION,
START LOGIC

804

1026

C
C
c
C WHFRE K IS INDEPENNFENT OF X,
C
C
C

LFT DINXT=PFLDT

LET PUMMY=COFFF NINXT,FMCSINIX)¥MO,V1,V2

P=v>

LFT PUMMY=COFFF DINPXT4FMCCOS(X)*¥0,V],V2

Q=V?
LFT NUMMY=COFFF NINXT,PRYR#*#04V14V?2
N=V?

INTEGRAL IDENTIFICAT

LFT PUMMY=DIDXT/(FMCSIN(X)#¥P¥FMCCOS (X ) ¥¥Q*¥PRYR®#N)

LET NnUMMY=FXPAND NHUMMY
WRITF(64804)
FORMAT (1HO s SHNUMMY 4 /7 /)

nNe=0,

LFT QQ=RCNDCON NUMMY ,OUTPUT 19
WRITE(69101) (OUTPUTI(KK)sKK=2919D
TF(QQ.,NE.O,) GO TO 1026.
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WRTTF(691OG) P,O’N
105 FORMATUIHO s IX92HP=312s1Xs2H0=sI2T1Xs2HN=412/)

C ENP LNGTIC
GO TO (10s20430+40,501+6097) ¢NN

101 FORMAT(1RHU»19A6K/)

7 STOP

END
31EDTIT SYSCK1
$18FTr NRIVE Mo4 /2
SIENTIT

$IRFMC 1PMO0 Mag />
C  SUBROUTINE IDIGTE 1S NFSIGNED TO INTEGRATE THE FOLLOWING NIFFERFNT

TAL FORM .
NI/DX=SIN{X)¥*PRCOS X)) *¥¥~¥ (1 4F*COS( X)) *%N
PysQsN INTEGRALsPsQ NONNFGATIVF .
THE SOLUTION METHOD SELFCTFND NEPFNNS ON P4Q,N
THF INTEGRATION 1S DONF VIA INTFARATION SHIRROUTINFS AS RFQUIREN
THF TNTFGRATION 1S PNONF V1A INTFGRATION SUSROUTINFS A8 RQIIIRFED
CALLIMG SEQUENCE DEFINITINNS
INPUT VARIARLF
M) #**¥FEXPONENT OF SIN(X)
M2 ##%kFXPONFNT OF COS(X)
Ma##3*EXPONENT OF (1+F*COS(X))
OUTPUT VARIARLE
ANS*#*¥#INTEGRAL SOLUTTON

Iale e Ne Na W e e Wa We We WFe N W

SURROUTINF INTGTF (M1 aM24M343ANSsLRLY
INTEGER ANSsANSI sANSTITsANSITIsEsPsQseQT1 X

SYMARG ANS
ATOMIC EoX
AUTSIM QINT
LET ANS=0
P=m1

Q=M>

N=M2

C TEST N FOR INTEGRAND TYPF
IF(N,LTL0) GO TO 2

C START LOGIC RLOCK FOR N,GF,.0
CALL SPCQ(PsQsANS) '
IFINGEQ.0) GO TO 10
LFT ANSI=0
DO 1 I=1,N
Q1=0+1
LFT ANSI11=0
CALL SPCG(PIQIANSTT)
LFT ANSI=FMCFAC(N)/(FMCFAC(TI)®*FMCFACIN=T ) ) ®F*%I#ANSTT+aNS]

1 CONTINUE
LFT ANS = ANS+ANSI

10 LFT ANS=FXPAND ANS
LET ANS=SURST ANS,LAaL
RFTURN

C FEND LOGIC BLOCK FOR N.GF.0

C START LOGIC BLOCK FOR N,LT,O

2 N=-=N

¢ PARTIrULAR ATTENTION MUST RE Patn TO aLL POSSIRLE rASFES FOR THIS TYPF
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C INTFGRAND AS THESE CASES RFEQUIRE DIFFFRFNT TNTFGRATTON MFTHONS
IF{(PeFQL0)ANDL(Q,FQRN)) GO TO &
IF(P,FQ.0) GO TO 4 '
[FIQ.FQ.0) GO TO 2
DETFRMINF IF P IS FVFN
IF((MOD(Ps2)1)14FQ,0) GO TO 24
SINCF P 1S ODD TRANSFORM THE [NTEGRANPN 8Y X=cO0S(Xx) TO
NT/NX=—(1=X*%D ) R*KAXIXG /LT $FRY ) ¥%N K=(P=-11/>
EACH TFRM IN THE FXPANSTON OF THF INTEGRAND 1S ORTAINEN,
THEN INTEGRATED FITHER RY DIFFFRIENTATION UNDER AN
INTFGRAL SIGN OR RY MULTINOMIAL MIVISION
K=(P=1y)/2
LET ANSI=0
MQ=0
IF(MQ,GF N} GO TO 73
CALL NDUTIS(2sMQyNsANST)
GO TO 2>
21 cal.L MNDVIG(?2sMQsNyANST)Y
22 LFT ANS=-ANST
IF(K.EQLOY GO TQ 222
LFT ANSI=0
NO 22 I=z=1sK
LFT ANSTI=0
MQ=2%1+Q
TEIMOLGELN) GO TO 220
CALL DUTS{2sMQINsANSTT)
GO TO 271
230 CALL MNNVIG(2sMQsNyANSTIT)
231 LET ANSI = =(=1)**¥[#FMCFAC(K)/{FMCFAC(I)}*FMCFAC(K=-T))*ANSTT+ANSI
23 CONTINUE
LFT ANS=ANS+ANSI
2132 LFT ANS=FXPAND ANS
LFT ANS=DUMMY3#ANS _
LFT ANS=FXPAND ANS

A

e Nakala¥a

RETURN
24 CONT INUFE
C P 1S FVFN, USF SIN(X)*#P = (1-COS(X)M#*))%%¥K+K=P />
C TO GFT DI/DX = (1-COS(X)y¥#*p ) ¥¥K*¥COS(X)*¥¥Q/(1+E#COS(X) ) #H#N
K=P/> .
MQ=Q
LET ANS1=0

IF(MN,GFN)Y GO TN »=
CALL NDUIS(T19MQsINsANST)

GO TO 26
25 CALL MNNVIG(1sMQsNsANST)
26 LET ANS=ANSI

IF(K.EQ,0) GO TO 27>

LFT ANST=0

NO 27 1=1.K

LET ANSTT=0

12=0#1

MQ=12+0

IFI{MQ.GF.N) GO TO 270
CALL DUTIS(1sMQsNsANSTT)
GO TO >N
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270 caLl MNNDVIG(1sMQeNyANSTIT)
2N LET ANSI=(=1)}##[#FMCFAC(K)/(FMCFAC(T ) #FMCFAC(K=1))*ANSTT+ANST
27 CONTINUE
LFT ANS=ANS+ANST
272 LFT aANS=FXPAND ANS
LET ANS=DUMMY*ANS
LFT ANS=FXPAND ANS

RETURN
3 CONT INUF
C INTEARANN IS FORM SINIX ) ##P/ (1 4+F*#COS(X )y ) ##N
C DFTERMINF IF P 15 FVEN
IFLIMODIP2))14FR.0y GO TO 72
C SINCF P 1S OnDD TRANSFORM THF INTFGRAND RY X=14£%*COS(X)
C TO DI/NX = (=1 /E**P )R (FH¥o-(X—1)¥#2 ) MIK/X¥EN
C WHFRF K=(P-1)/2
C FACH TFRM IN THF FXPANSTON OF THF INTEGRAND IS OBTAINEN
C THEN INTFGRATED AS AN INTFGRAL POWFR OF X,
K=(P=-1y/>
LFT ANS1=0

CALL XN(-NsANST)
LFT ANS=(-1/F)*ANS]
IFIK,FQR,0) GO TO 3210
LFT ANSI=0
PO 31 I=1,K
LFT ANSI1=0
12=0%1]
MM=12-~N
CALL XNIMMyANSTIT)
DO 20 J=1s12
MM=12~J-N
LFT ANSIII=0
cALL XN(MM,aNSTIT)
LET ANSII-(—l)**J*FMCFAC(I?)/(FMQFA((J)*FMFFAC(12 Jry#
#*ANSTITI+ANSTT
20 CONTINUE
LET ANST=(—-1)%*#(1—- 1)*F**(-1-12)*FM(FAC<K)/(FMCFAC(r)*FMrFAC(K Ty %
*ANSTT+ANST
31 CONT INUE
LET ANS=ANS+ANSI
310 LET ANS=FXPAND ANS
LFT ANS=NUMMY*ANS
LFT ANS=FXPANND ANS
RETURN
27 CONT INUE .
C P 1S FVEN, USF SIN{X)*%*P=(1-cOS(X)¥*¥*2)**¥K ,WHFRE
C K=P/2 TO GET NI/DX = (1-COS(X)y*#2)#¥K/( 14+F#COS(X) ) #%N
LET ANSI=0
K=P/»
CALL NUTS(1+0aNsANST)
LFT ANS=ANST
IFIKL,EQ.0) GO TO 135>
LET ANSI=0
DO 35 [=1sK
LET ANSII=0
12=0%1
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1F(12.GF.N) GO TO 2%0
CALL DUTIS(1+12sNsANSIT)
GO TO 13851
350 CALL MNDVIG(1s72sNsANSIT)
351 LET ANSI=(=1)**I#FMCFACI(K)/(FMCFAC(T)*¥FMCFAC(K~-1))#ANSTTI+ANS]I
35 CONTINUE
LFET ANS=ANS+ANS1
‘352 LFT ANS=FXPAND ANS
LET ANS=DUMMY#ANS
LET ANS=FXPAND ANS
RETURN
CONTINUE
c INTFGRANN 1S FORM NI/DX = CI1S(X)**Q/U1+F*COS(X))*N
LET ANSI=0
IF(Q.GF N} GO TO 40
CALL NDUIS(1+QsNyANST)

. GO TO 41
40 CALL MNNDVIG({1sQsNsANST)
41 LFT ANS=ANST

LET ANS=EXPAND ANS
LET ANS=NUMMY*ANS
LET ANS=EXPAND ANS

RFETURN

5 CONTINUE

¢ INTEGRANN IS FORM NT/DX = 1/ (1+F*COS(X) ) #*N
LET 'ANS1=0

CALL DUTS(1+0sNsANST)
LFT ANS=FXPAND ANST
LET ANS=DUMMY#*ANS

LFT ANS=EXPAND ANS

RETURN
C FND LOARIC FOR N,LT.0
END
SIENIT SYSCKD
$18FTc 1PMOO M94/2
$SIEDIT

$1BFMC 1PMO] Mo4 /2

SURROUTINE MNDVIG INTEGRATES TWO DIFFFERENT INTEGRAND

FORMS prY MULTINOMIAL DIVISIONs FOLLOWFED BY TERM

WISE INTEGRATION OF A FINITE SUM OF BASIC INTEGRAND

THF INTFGRAND FORMS ARF
DI/NX==COS(X)*¥%¥M/ (1 +F*¥COS(X))*MN M, GF,N
NT/DX = X¥EM/ (1, +F*X) % %N M.GECN

THE DIVISION YIELDS A QUOTIENT WH+CH IS A

SUM OF (M—=N+1) BASIC INTEGRANDS OF T+E FCRM
A(J)¥COS (X)) ##(M=N4+1-J)

OR A(J)y#XFE®#(M=N+1-J)

WITH THE A(J) CONSTANT AND 1,LF.Jo LFC(M=N4+1),

AND A REMAINDER WHICH 1S A SUM OF N BASIC

INTFGRANNS OF THF FORM
RIN=K)*¥COSIXy¥%K/ {1 ,+FRCOS(X))*MN

OR QIN=K)#XHEK/ (J,+E#X)#*N

WITH THE B(N-K) CONSTANT AND O LF.KeLEs{N-1)

CALLING SEQUENCE DFFTNITIONS

INPUT VARIABLES

aNaNaNaYaVaValaNalaNaNalelalaXaXaXa)
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ITYPF #%% TNDICATFS INTFGRAND TYPF,

C

C 1TYPELFQ.l FOR TYPF 1s 2 FOR TYPE2,
C M *#3# FXPONENT OF NUMERATOR

C N *#% FXPONENT OF DENOMINATOR

C - ANS ®# INTEGRAL SOLUTION

C

SURROUTINF MNDVIG(ITYPFEsMsN,sANS)
INTEGER A’ANS’ANSIQANSIIQRQRSUM!F9X
SYMARG ANS
ATOMIC FsX
NDIMENSION A(20)sRI(20)
AUTSTIM QINT
LET ANS=0
MM=M
NN=N
MAXA=MM=NN+1
1TYP=ITYPE
C ARE AsB COEFFICIENT ARRAYS LARGEF ENOUGH
1FIMAXA,GT.20) GO TO &6
IF(NNJGT.20) GO TO 7
C SET UP- A COEFFICIENT ARRAY
LET Al1)=1/E*%NN
IF(MAXA,FQ.,1) GO TO 10
DO 1 1=2sMAXA
LET AlI)y=(=1/F)y*¥(NN+T1=-2)/(T1=1)%AUT~-1)
1 CONTINUE
10 CONTINUE
C SET Up B COEFFICIENT ARRAY
LET R(NN)==-A(MAXA)
N1=NN-1
DO 2 K=1sNj
LFT RSUM=FMCFAr(NN) / (FMCEAC (NN-KN¥FMCEAC (Ky y*E®%¥K¥* A {MAXA)
N0 3 L=1+K
IF{MAXALFE,LY GO TO 3
LET RSUM=RSUM+FMCFAC(NN) /(FMCFACUNN=K+L ) #FMCFAC(K=L)y*e*® (K= )y *A (M
#AXA~L)
3 CONTINUE
NNK=NN-K
LFT R(NNK )=-BSUM
LFT RSUM=0
2 CONTINUE
C INTFEGRATF QUOTIENT TFRMWIS:
LFT ANST=0
N 4 [=1sMAXA
MAXATI=MAXA-I
IF(ITYP,FQ,2) GO TO 40
CcALL SPCQ(O4MAXATSANST)
GO TO 41
40 cALL XN{MAXAT»ANSI)
41 LET ANS=ANS+A(1)*ANSI
LET ANS1=0
CONTINUE-
C INTFGQATF REMAINDER TERMWISE
LET ANSI=0
CALL DUIS({TITYP4OsNNLANSTY
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LFT ANS=ANS+B(NN)*aANST
IFIN1,FQ.0) RETURN

DO 5 K=1sN1
LFT ANSI1=0
Ki=K
CALL DUIS(ITYPSKIsNNsANST)
NNK =NN-=-K
LFT ANS=ANS+R (NNK)#ANST
5 CONTINUE
RFTURN
6 WRTITF(6960)
60 FORMAT(///17H A ARRAY TO SMaLL)
RETURN
7 WRITF(6s70)
70 FORMAT(//7/17H B ARRAY TO SMALL)
RETURN
END
31en1T SYSCK1
$IRFTC [PMO1 Mo4 /2
SIEDIT

$18FMC 1PMO?2 M94 /2 _
C SUBROUTINE nUIS INTEGRATES THE FOLLOWING FORMS
DI/DX= COSUX)Y¥¥M/ (1 4+E*COS (X)) **N MoLToN
NT/NX= X¥#M/ (14E#X ) ¥%N MeL TN
THE INTEGRAL FVALUATIONS REQUIRF THE USE OF RFCURSIVFE
RFLATIONS AND/OR DTFFFRENTIAT+0ON UNNFR AN INTFGRAL
SIGN,
CALLING SEQUENCFE DFFINITIONS
INPUT VARIARLES
ITYPE %% SELFCTS INTFGRAND TYPE
M #H ¥ EXPONENT OF NUMERATOR
N *¥ 3% EXPONENT Of DENOMINATOR
OUTPUT VARIARLF
ANS #3#3%  _INTFGRAL SOLUTION

aNaNaRalNe NalalNa¥aWalaWaWay

SURRQUTINE NDUIS(TTYPFE+sMsNsANS) )
INTFGFR A9sARGSANS114,ANS1I29ANSIITTANSI2TsANS129ANSZsRsCsFoX
INTEGER ANS
SYMARG ANS
ATOMIC EsX
AUTSIM QINT
LET ANS=0
LFT ANS111=0
LFT ANS121=0
LET ANS2=0
MM=M
NN=N
ITYP=ITYPE
K =NN=MM
C DETFRMINF INTFGRANND TYPF
IF(ITYP.EQ.2) GO TO 2
¢ SFT UP PASIC SOLUTIONS FOR TYPE 1
. LET ARG=U{1=F)Y/(14F) ) ®#(1/2)*FMCSIN(X/2)/FMcCOS(X/2)
LET ANS11=2/(1~F*%> ) ¥%(1/2 ) *FMCATN(ARG)
LET ANS12=1/(1-F¥¥3y¥ANS11-FHFMCSIN(X)/((1—F*%2 ) ¥ (1 4+F*¥rMrcOSIXY )
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10

11

12

13

14

2

IF(K,GT.2) GC TO 1?7
IF(K,FQR.?) GO TO 10

1F(MM,GT,0) GO TO 1

LFT aNS=ANS11

RFETURN

LET ANS=(=1)#%*MM*FEMCFACIK=1)/FMOCFACIK4MM=1)%¥FMCPIF(ANS]T1 9F sMM)
RETURN

IF(MM,GT,0) GO TO 11

LFT ANS=ANS1?

RETURN

LET ANS= (=1} ##MM®FMCFAC(K~1)/FMCFAC(K4MM=1)*FMCNTF({ANS]12,F sMM)
RFTURN

LET A=—(NN=1)*(1-E#*2y/F

LET R=(2*NN~3)/F

LET Cc=—(NN=-2)/E

LET ANS111=ANS11

LFT ANS121=ANS12

LFT ANS13=0

NO 12 1=35K

LFT ANS13=ANS134FMOSINIX)/ (1+EHEMCCOSIX) y %% (NN=-1)
#—-R#ANS121-C*¥ANST1!

LET ANS13=ANS13/A

"LFT ANS111=ANS121

LET ANS121=aNS113

- CONTINUF

IF(MM,FQ.0) GO TO 14
LET ANS=(—1)%*MM¥EMCFAC(K=11 /EMCEAC(K+MM=~1 ) ¥EMCNTE (ANS135F sMM)
RETURN _

LET ANS=ANS1A3

RETURN

CONTINUE .

C CHFCK FOR KoFQa1

IF(K4FQWs1) GO TO 21

LET ANS2=1/((1-Ky*¥e)#(14E*X)¥**(1-K)

IFIMM.EQ.D0) GO TO 20

LET ANS=(-1)%¥MMXEMCFACIK=1)/FMCFACIK4MM=1 ) #EMENTF(ANSD? 4 F 4MM)y
LET ANS=SURST ANSs(XsFMCCOS(X}))

RETURN

20 LET ANS=ANS?
LFT ANS=SURST ANSs (X sFMCCOS(X))
RETURN
21 LFT ANS2=1/F*FMCLOG(1+F#X)
TIF(MM,EQ.0) GO TO- 22
LET ANS={-1)¥*MM*FMCFACIK=1)/FMCFAC{KIMM=1)*FMCNTIF{ANS2 sF sMM)y
LeT ANS=SUBST ANS» (XsFMCCOSIXY)
RETURN
22 LFT ANS=ANS>
LET ANS=SURST ANS» (X sFMCCOS(X))
RFETURN
FND
SIFEDTT SYScK1
$IRFTC IPMO2 M94 /2
$1EDIT

$SIBEMC 1PMO3  MO4/2
C SUBROUTINF SPcQ [NTEGRATES THF FOLLOWING FORM
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a¥eNaNaYaYaNaNate}

NT/NX = SINIX)**EMRAOSIX)*%¥N  MyN,GF,0 (INTFGFR)
STANDARD RECURSIVE RELATIONS ARF USED IN THE EVALUATION
CALLING SEQUFNCE DFFINTTIONS
INPUT VARIABLFE

M *#% EXPONENT OF SIN(X)

N *### FXPONENT OF COS(X)
OUTPUT VARIARLE

ANS ##% INTEGRAL SOLUTION

SURROUTINE SPCQ(MsNyANS)H
INTEGFR AsANSsANST 4R yRSAVE o X

SYMARG ANS

ATOMIC X

MM =M

NN=N

LET ANS=0

TF{{MM,FQ,0) dANNDL{NNLJFQ,0Y) RO TO 4
IF(MM,FQ.0) GO TO »

IF(NNL,EQ.0) GO TO 2

LFT R=1

LFT ANS=ANS+8/ (MM4NN)Y*FMCSINIX)¥M MM+ 1y ¥EMCCOS (X ) %% (NN=1)
LET A=(NN-1)/ (MM+NN)

LFT R=R*A

NN=NN=-?

IFI(NNSGTL,0) GO TO 1

IF(NN,LTLO0) RFETURN

LFT RSAVF=RB

LFT r=1

LFT ANS1=0

LFT ANST=ANST-R/MM#*eMCSIN(X)#**¥ (MM—1)*¥FMCCOS(X)
LFT A=(MM=1)/(MM)

LFT a=R#A

MM=MM=->

IF(MM,GT,0) GO TO 10

IF(MM,LT,.0)Y GO TO 11

LFT ANST=ANST+R*X

LFT ANS=ANS+RSAVE*¥ANST

RFTURN

LFT R=1

LFT ANS=ANS+R/NN¥FMrASIN(X)*¥FMCCOSIX)** (NN=7)
LFT A={(NN=1)/(NN)

LFT R=R#A

NN=NN=2

IF{NN.GT 0} GO TO 20

IF(NN,LT,0) RETURN

LET ANS=ANS+B¥*X

RFTURN

LET R=)

LFT ANS=ANS=-R/MM¥FMASTN{X ) %# (MM=1)*EMCCOSIX ),
LFT A=(MM=-1}/MM

LFT R=B#A

MM:MM“? .

IF(IMM,LT,0) RETURN

LFT ANS=ANS+B*X
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RFTURN

4 LeT ANS=ANS+X
RFTURN
END
$IFENIT SYscKa
$1RFTC 1PMO3 Mo4 /2
$SIENTT

$1RFMc TPMN4 Mog4 />
SURROUTINF XN INTFARATES ALk INTFGRAL POWFRS OF X

CALLING SEQUFNCE DFEFINITIONS
TNPUT VARIARLE
N3 % # EXPONENT CF X

QUTPUT VARIARLE
ANS*¥#¥—--~=TNTEGRAL SOLUTION

aNaNaNaEaNa¥e)

SURROUTINF XNINsANS)
INTEAFR ANS o XsF
SYMARG ANS
ATOMIC X»sF
LET ANS=0
NNEN
IFIINN+1)FQ.0y GO 7O 1
NP1 =NN+1 :
LFT ANS=X3#¥NP1 /NPy
LeT ANS=SUBRST ANSs (X (1+F¥FEMcCOSUX) Y
RETURN
] LFT ANS=FMCLOG(X)
LFET ANS=SURST ANSs (Xs (1+F*FMCCOS(X)))
RFTURN
END
SIFEDIT SYSsSCK
318FTC 1PMO4 Mos4 /2
STIFNIT
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2.7 DECK SETUP

Figure 2-7 represents the deck setup of the program and Figure 2-8 is a

sample instruction card.
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( siEoIT

L

( SUBROUTINE MNDVIG
( $1BFMC 1PMOT
( siEDIT

$IBFTC IPM0O

((siEDIT
ﬁgmomme IDIGTE
~ ( s18EMC 1PMOO

( siEDIT
(’ $IBFTC DRIVE

( SieoIT
yd

(' MAIN PROGRAM DRIVER

( $IBFMC DRIVE

{ $1BJOB FORMAC
SEXECUTE IBJOB

{ $PAUSE

Figure 2-7. Deck (Sheet 1 of 2)
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($|BFTC 1PMO4

{$IEDIT

/

{ SUBROUTINE XN

(_ $1BFMC 1PMO4

(slson
( S1BFTC 1PMO3
/steoit
(

_(suBROUTINE SPcQ
{$IBFMC IPMO3
(siEDIT
ﬁIBFTc IPM02
( SIEDIT
(s/uanounms DUIS
( $1BFMC 1PMO2

r$IEDIT

$IBFTC IPMO01

Figure 2-7. Deck (Sheet 2 of 2)
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7094 -

INSTRUCTIONS

NAME
op cooe: 12 [stack™
M d Loc: so8:* 310030
IF EXCEEDS MAX: FAST TAPES'ABCD
QSTR_OSTZ DO OMP ORETSY
INPUT TAPES | wonx
LOGIC | REEL NO. | DEN | LOSIC
X18svs ‘COMPL /ASSMBL
o spoox XECUTE A5
OQTHER  [OPUNCH{BCO BIN)
XaFTRN  |OMar
O2FTRN  |DFAP
DAPT Oscar
OPERT

Xgmsn

LINES OF OUTPUT (10005S)

ggz-; =k l; 1i5-30 DQVER

2ROGRAMMER COMMENTS:

MAXIMUM TIME:

HOURS — MINUTES 10

FORMAC

NUMBER OF CASES
(TyPicAL) '

OVER:

[J SEE ON-LINE
O SEE TECHNIQUE:
O MAX EXCEEDED

OPERATOR COMMENTS:

O RETURN TO SYS

O LINE MAX
OPER INIT:
OVER:

OUTPUT TAPES ONLY 4020

REEL NO. | Lo6ic |OEN.|umiT [NoOF cPys| save | Tape

B-1 8
NOFILES (N0 FRAMES| copes | pensiTY| copv-fro [MALVAR
PlE|ls[8| P F

MSFC - Form 533 (Rev February 1966)

Figure 2-8.

Sample Instruction Card
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2.8 LIMITATIONS ENCOUNTERED

The application of FORMAC, as described herein, revealed several system
limitations., The first, and most severe, of these limitations was the lack of
sufficient free list storage. On a number of occasions, program execution was
terminated while expression manipulation was being carried out. This required
breaking down sequences of analytical computations to obtain partial solutions

and, on some occasions, running the program ''piecemeal."

Problems were also encountered in communicating between the various program
elements, i.e., between the main program and a subroutine, or between two
subroutines. For example, a result obtained in a subroutine could be communi-

cated to the main program for I/O purposes, but could not be differentiated.

The isolation of the integration parameters P, 9, n was unduly complicated
since there was no convenient way to separate the numerator of a fraction from
its denominator. In conjunction with this, it was discovered that the automatic
simplification transformations did not work as expected. For example, one

such transformation is stated as
logx-y)=logx+logy
Since expressions are stored in internal Polish delimeter form (Ref. 2), it was
expected that application of the t;‘ansformation to a product expression such as
log [sin3x/ (1 + e cos x)z]
would yield
3 log sin x - 2 log (1 + e cos x)

However, it did not; in fact, no transformation was made at all. The only
explanation for this is that X and y must be separate expressions before the

transformation can be applied.
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These limitations, while not entirely prohibitive, were an inconvenience and
were circumvented only by special programming efforts. Such efforts required
additional programming time and detracted slightly from the overall program

efficiency.
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APPENDIX A ~ INTEGRAL SOLUTION FORMULATION

This appendix contains the formulation of the solution for integrals of the form

sinpx coscg( dx

. (A-1)
(1 + e cos x)

where P, 4, n areintegers (p, q20) and 0<e<1l. Two basic cases -

arise, depending on whether n is negative or non-negative.

Case 1 (n negative). If n is negative the integral becomes

/;inpx cosk (1 + e cos x)_n dx (A-2)
and application of the binomial expansion transforms this integral to

m

i .
—ﬁm!—e——-‘/-sinpx cosq};:H dx m=-n ' (1-1)

A (m - i)11i!
i=0’

Each integral appearing in this summation can be evaluated by repeatéd applica-

tion (backward recursion) of

..a b sinaﬁLl cosb_1 b-(2K-1) ..a b-2K .
sinX cos X dx = + sinx cosx  dx (1-1a)
a+b a+b

K=1, 2, ... , until b-2K=1 or 0.

Case 2 (n non-negative). If n is non-negative, two subcases arise as p is
even or odd. If p is odd, transform the integrand by z = cos x and employ

‘the binomial expansion to yield

K Z2 (K-i)+q

_2(:.1)i ® _Kll)' = dz-  (p=2K+1) (A-3)
=0 e (1 +ez) -




If p is even, the binomial expansion (using coszx =1- sinzx ) will yield

K .
2 : i__ Kl cosHK-1+a
(1) (K-i)li! dx (p = 2K) (A-4)
i=0

(1 + e cos x)n

In either case, the required integrals can be obtained (see Appendix B) by
parametrically differentiating (Ref. 3) one or the other of two fundamental
integrals, or by a multinomial division followed by a termwise integration of
the quotient (integrating powers of z or cos x ) and a termwise integration of

the remainder by parametric differentiation of these same fundamental integrals.



APPENDIX B -~ DERIVATION OF THE FUNDAMENTAL INTEGRALS

This appendix contains the derivations of the solutions for the two integrals

a
v z dz
I1 = _— (z = cos Xx)
(1 + ez)
and
[ = cosax dx
o=

(1 + e cos x)n

required in Case 2 of Appendix A. The solution procedures are essentially the

same in both instances.

Solution for I 1 If a< n, define the fundamental integral I 10 by

dz
I = f—————— fg=n-a (B-1)
12 ,/;1 + ez)‘a

and differentiate I 1 a times with respect to the parameter e to obtain

d?1
af (2-1! 14
1. = (—1) [ _ '] : (B-z)
1 (£+a-1)! de?
I1 9 is easily obtained as
1 -2+1
_e(l—l)(1+ez) 241
-élog(l+ez) =1

If a>n, expand the denominator and divide to obtain

a a-n+l
Z a-n+1—]
—_— = a. Z B (B-3)
1+ ez)n le Z K (1 + ez)



where

1 1fn+j- 2) .
= - = - < < -
a, e’ 9 e(j-l %1 2<jfa-n+1
(1-3a)
K n'eK-Ra
a-n+1-0
= - : 0<K<n- =
Bk Z(K-l)!(n—K+.¢)! n-1,a =0
2=0 )
Then
a-n+1 n-1 K ,
a-n+1-j - z dz
I = . Z dz + —_—
1 j n-K n
=1 K=0 1+ ez)
a-n+1
ol. .
_ R B a-n+2-j _
= E a—n+2—jz - (B-4)
=1

1

n-1
- K| -1 14
+Z§n—K 1) 2+K-1! dK
K=0 ©

where £ =n - K and I12 is given above.

Solution for 12 . The solution procedure here is entirely analagous to that

employed for I1 , but slightly more complicated. If a < n define the funda-

mental integral

dx
12‘2.—/.—--—-—2 L=n-a (B~5)

(1 + e cos Xx)

and differentiate 12 P a times with respect to the parameter e to obtain

a1
a2 -1! 24 _ -
L= (-1) [(2_+a - 1)!] = (B-6)
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Hé’_re, the solution for 12 2 is not quite as easily obtained as for I T In de-
riving this solution define
R(x) = sin x -
(1 + e cos x)
Then
dR(x) A+B (l+ecosx)+C (1+ecosx)2
dx (1 + e cos x)‘e
where
2
l1-e
e
e
2n - 3 : _
B =22 - (1-4c)
e _
c--@-2)
e
Hence
R(x) = AIZE + B12£—1 + C12£-2 (B-7)
from which
Lo R(x) - Blyp 17 Clhgop ab)
yielding I2 ’ by forward recursion.
By elementary means
I, = 2 tann1 (1 — /2 tan < (1-4c)
21 1/2 l+e 2
-2
1-e



and °

I

SO that‘_lzz

If a>n |

where aj , B

T2 21”
227 22 ]

.
4

n-K

1 I e sin x
ez (1 + e cos x)

)

- is known for all 2.

a-n+1

n-1
. : K
a-n+1-j cos x dx
I = o, fcos'x dx+ ) B _—
2 ) K 1+ e cos x)"
j=1 K=0

a-n+1

dl

K
24

n-1
a-n+1l-j Kl _(2-1!
E’jfwsx dx+Zﬂn—K(1) 2r K-
j=1 _ K=0 :

are defined as before and

m

A m 1 m-K . m-K m-2K
/cosxdx=acosx sin x + cos X dx

by backward recursion until m - 2K=1 or 0,

K

de

(1-4c)

(1-5)

(B-8)
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