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ABSTRACT

A linear combination of modified Bessel functions is defined,
discussed briefly, and tabulated; namely,

¥, (a0 = 1 0w K O) - DR 1 0m) K )

This combination was found to recur in the analysis of various heat
transfer problems and in the analysis of the thermal behavior of liv-
ing tissue when modeled by cylindrical shells.
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1. INTRODUCTION

Many physics and engineering problems are amenable to solutions
in terms of Bessel functions; These functions have been extensively
studied and tabulated. A hitherto undefined linear combination of
modified Bessel functions was found to recur in the analysis of nu-
merous engineering problems dealing with diffusion phenomena. Some
examples in heat transfer are: steady heat flow in thin rods, taper-
ing fins and thin fins around cylinders, electrical transmission lines,
Laplace transforms applied to flow of heat in cylinders, and the model-
ing of living tissue by the "bio-heat" equation. This combination of

Bessel functions is defined, discussed, and tabulated in this paper.



2. ANALYSIS

Consideration of a steady state energy balance in a heat
generating material whose heat source is linearly dependent on the

temperature leads to the following equation:
VAT - A’T =0 (1)

where T is the temperature of the medium and A? is the ratio of the
strength of the source per unit time, degree and unit volume to the
conductivity of the medium. In many cases, and for cylindrical

geometries in particular, Eq. (1) may yield the following equation [1,2]%

Yo+ %-Y' - (A2 +Vv¥/x )Y =0 (2)

Equation (2) is referred to as the modified Bessel equation of order v.
If v is an integer, the following linear combination of modified

Bessel functions is found to recur in the solution of Eq. (2):

o0 2 I 0w KOk - U 1 Osg) Kk O (3a)
or
T Ox) (1R K Ow)
K %
1 —
\PRQ(AX) = (3b)
I, (%) Kz(Axl) .

This shorthand definition of the linear combination of modified Bessel
functions simplifies the analysis of the problems considerably. TFurther-

more, it was observed that the function defined in Egs. (3a) or (3b)

#Numbers in brackets refer to entries in REFERENCES.



exhibits a few interesting characteristics that render the above defi-
nition even more useful. These characteristics are:
(a) By definition, the function Wiz(kx) satisfies the modified

Bessel equation of order k,

avl (ax)~ 2
%%; xE%&__}-<A2—E;>%&Qx)=O (4)
X

(b) This function obeys the same differentiation rule as does

the modified Bessel function of the first kind.
x Ly x| = k¥ Ox) + Ax ¥l (Ax) (5)
dx k2 k2 (k+1)2

Therefore, it is not a so-called cylinder function.
(¢) TFor two consecutive indices the following identity is ob-

tained [3 (p. 375)].

1 =1 .
‘yk(k+l)(>\xl) " Xx) (6)

(d) When the indices are reversed in order, the following ex-

pression is obtained:

1 _ (1 Kt
Wkl(kxj) = (-1)

J
Wzk(lxi) (7)
(e) TFor identical indices the following result is obtained

Wﬁk(kxl) =0 (8)

The above list of characteristics is not an exhaustive one.



When plotted on semi-log coordinates,.the function Wi(k+l)(lx)
appears to behave as two straight lines as shown in Figs. 1 and 2.
Also, the absolute magnitudes of the slopes of these lines seem to
be identical. These characteristics suggest the approximation of

the function by an exponential expression of the kind

Wﬁ<k+l)(kx) = exp U(Axl) + SAx (9)

for

VG < Ax < X,
and

Ax > X,

where X, < A X and X3 > A X . The branches are symmetrical with re-
spect to Ax = Axl with slopes of S = -0.43 and S = 0.43, respectively.
For the right-hand branch, Z.e., Ax > Xy s U is about —O.SXxl, whereas
for the left-hand branch U is of the order of O.HAxl.

Figures 3 and 4 show the function for repeated subscripts 0 and 1.

A simple computer program was written for the purpose of computing
thé function Wﬁg(kx) = Wﬁz(X). Results for the first four combinations
of indices are given in the tables. Values of the arguments,

X as well as X1, in the tables are for the range 0.01 to 100.
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TABLES OF THE FUNCTION

L

1 — K+
¥ () = L(X) K (XL) - (-1)7 7 I (X1) K (X)

10
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0.281689E 08

0.236626E 08
0.549851E 07
0.157866E 07
0.490761E 06
0.159005€ 06
0.528332E 05
0.178552E 05
0.610799E 04
0.210862E 04

0.733134E 03
0. 500000€E-01
0.486445€ 03
0.930911E 07
0.1837S1E 12
0.369946E 16
0. 755098E 20
0.155685E 25
0.323478E 29
0.676229€ 33
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best aval

K=u,L=0

=04369046E 13
-0+4243430E 13

~0elb9717E 13
-0.137u04t 13
-U0.107281E 13
-0.871194t 12
=0.72¢591E le
-0.6077606t 12
~Ue51l0309L 12
-0e44l915c 12
~Ue3buao3c 12

-0.329104c 12
-0.890274t 11
~0.271548E 11
~0.87¢319¢ 1v
-0.2885¢2E 1v
=0.972394E u3
=0.3320U50E 9
=0.114492E 09
-0.3G97 124 0B

~0el30931E Ul
—Jed4u 176t U3
Jel
UedlTbelt 03
Veb25300L VT
Usldbo9dt 12
Oe250c36k lo
Ded2T0l0b 2v
Ueludbvic 5
Ue220915E 29
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lable copY.

X1l= 30.00

K=0,L=] K=lel=1
0.362843E 13 -0.768331E
0.239339€ 13 -0.153012€
U.186528E 13 -0.757300€
0.134701E 13 ~0.36T049E
C.105478E 13 -0.234863E
U.856550E 12 -0.1678T74E
0.71C445E 12 -0.127303¢
0.597550E 12 -0.10C127¢E
0.507630E 12 -0.80T175E
0.434487€ 12 -0.662307E
G.3740068F 12 -0.550679E
Ge323571E 12 -0.462585E
0.875310E 11 -0.107491E
0.266984E 11 -0.308615E
0.857657€ 1C -0.959396E
0.283673E 10 -0.31084l1E
0.956049E 09 -0.103285E
0.326469E 09 -0.349053E-
0.112567€E 09 -0.119406E
0.391039E 08 -0.412217F
U.136045E U8 -0.143322¢
Ue4412328 03 -0.452132E
0.333333£-01 0.0
0.322878E 03 V.318817€
0.635098E 07 V.029310E
0.127768E 12 0.126699E
Ce26U4T2E lo 0.258605E
0.536552E 20 0.533189¢€
0.111405E 25 0.110784E
0.232760E 29 0.231594¢E

K=1lylL=2

0.730246E 14
0.145427€ 14

0.719761E 13
0.348855E 13
0.223221E 13
0.159553E 13
0.120992E 13
0.951638E 12
0.767164E 12
0.62947T7TE 12
0.523382E 12

0439655 12
0.102163E 12
0.293317€ 11
0.911840€ 10
0.295433E 10
0.981648E 09
0.331751E 09
O.l13487€ 09
0.391784E 08

0.136217€E 08
0.429720E 03
0.333333€E-01
0.3348B86E 03
0.661029E 07
0.133085€E 12
0.271639E 16
0.560063E 20
0.116368E 25
0.243267E 29

K=0,L=0

-0.703218E
-0.46385TE

-0.361506E
-J0.261061E
=0.204424E
-0.166006E
-0.137690E
=0.115810E
-0.983827¢
-0.842070E
-0.724973E

~0.627105E
-0.169642E
-0.517436E
=0.166221¢€
-0.549780E
-0.185290E
~0.632722E
-0.218164E
~0.757864E

-0.264829E

-0.855143E

=0.317627E
0.0
0.246125E
0.494681E
0.10CB48E
0.207738E
0.431329€
V.901184€E

Xl= 40.00

K=0y L=1

0.694372E 17
0.458022€ 17

0.356958E 17
0.257777€ 17
0.201853¢€ 17
0.163918E 17
0.135958E 17
0.114353€E 17
0.971451E L6
0.831478E 16
0.715853€ 16

0.619217€E Lo
0.167508E 16
0.510927€ 15
0.164130F 15
0.542864E 14
0.182959E 14
0.624763E 13
0.215420E 13
0.748331€E 12

0.261498E 12
0.844386E 07
0.313632E 03
0.250000E~01
0.249183E 03
0.500827€ 07
0.102100E 12
0.210319E 16
0.436688€ 20
0.912380E 24

K=1'L=l

-0.147035E
-0.292819E

-0. 144924¢E
-0.702421E
~0.449457E
=-0.321261E
~0.243619E
-0.191613E
-0.154469E
~0. 126746F
-0.105383¢E

-0.885248E
=0.205706E
~0.590596E
=~0.183600E
~0.594857E
~0. 197655E
~0.667984E
-0.228508E
~-0.788861E

=0.274275E

-0.865244E

-0.318817E
0.0
0.246678E
0.496636E
0.101369E
0.209001E
0.434255E
0.907808E

K=1,L=2

0.141557€ 19
0.281909€E 18

0.139525€ 18
0.676249€ 17
0.432710€ 17
0.309291E 17
0.234542E 17
0. 184474 17
0.148714E 17
0.122023E 17
0.101457€ 17

0.852264E 16
0.198042€E 16
0.568591E 15
0.176759E 15
0.572692E 14
0.190291€ 14
0.643095E 13
0.,219993€ 13
0.759468c 12

0.264055€ 12
0. 833005 07
0.306938E 03
0.250000€-01
0.259985€ 03
0.515373E 07
0.105193E 12
0.216886E 16
0.450639€ 20
0.942057E 24
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BU.Ju
E2VPRVN]

LODeuy
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-0.1l304b3¢t
-0.913264E
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—Jelluulli
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-Ueluc ot
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-Je335999¢E
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—Je3271203k
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~Jek245173E
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-J.l4aJ212c
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X1l= 50.00

K=0,L=1

Ue137061E 22
0.904086C 21

U, TO459TE 21
GeDuon23t 21
Ue390435F 21
0s3239%5%0t 21
Ce20n500E 21
Ue22b121E 21
Cel9l 754k 21
Celoal2bt 21
Uelal3320 21

Cel22c21E 21
0.330042F 20
C.10Ub51E 20
0.323974E 19
0.107155E 15
Ce36llelE 14
Ce123321t 18
Cet252168 17
Coala7712€ 17

LeSlblovE lo
Celboobl3t 12
Ce0lCC 758 07
Ce2a2CH1E U3
Co2lLedut=-01
CelueS98E U3
C.4l2b39E 07
(e8b2476E 11
ueLITLULE b
Ge3698610F 20

K=1'L=1

-0.290232E
-J3.51799LE

-0.286€065E
-0.138650C¢
~0.887176E
~J.634134E
-J.48C8T7E
-0.378223¢E
-U.3C4905E
-U.250182E
-u«208015E

=0.1747356¢E
=0.406041E
-0.116577E
-0.36240¢E
-J.117418E
-0.39015CE

-C.131853¢E -

-0.451049¢
~D.15571Z2¢E

~U.54138b6E
-0.170790k
-~U.02931CE
~0.24667LE
Je0
0.201299E
0.410872E
0.84T132E
0.176015¢
Ue367957E

K=1,yLl=2

0.281570E 23
0.560741k 22

0.277527TE 22
0.134512E 22
0. 860699E 21
U« 6152C0TE 21
0.460525E 21
04366934E 21
0.295804E 21
0.,242715E 21
Ve 20180UTE 21

0.169523€ 21
0.393922E 20
0.113098E 20
0.351589%E 19
0.113914€ 19
0.378506E 13
0.127917€ 18
0.437587E 17
0.151065E 17

0.525229t 16
0.165092E 12
0.610927E 07
0.239316E 03
V.2C0000E-01
0.207368E 03
0.423259E 07
0.872670& 11
0.,181321E 16
0.379050E 20

K=0sL=0

-0.278273E
-0.183555E

-0.143053E
-2.103305E
~J.808937E
-0.656910E
~0e¢544859E
-De4582T6F
-J+3B89314E
~-0.333219E
~0.286882E

-Je248155E
-J.6T129¢EE
~0.204757E
-0.657759E
-0.217556E
=0.733218E
~-0.250377E
-0.863308E
-0.299898E

-J.104797E
~0.338392E
-0.12569Ct
-0.494681E
~0.20CY98E
0.0
0.169892E
0+34G965E
J.726635E
0.151817E

X1l=

K=0,L=1

0.275945€E 26
0.182019E 26

0.141856E 26
0.102441E 26
0.802168E 25
0.051413E 25
0.540300E 25
Q.454442E 25
0.386057E 25
0+330431E 25
0.284482E 25

0.246078E 25
0.665681E 24
0.203044E 24
0.6522558 23
0.215735€ 23
0.727083E 22
0.248282E 22
0.856084E 21
0.297388E 21

0.103920E 21
0.335561E 16
0.124638E 12
0.4905428 07
0.139316E 03
0.166666E-01
0.171302E 03
0.352869€ 07
0.732666E 11
0.153077E 16

60.00

K=lyL=1

-0.584322E
~0.116367€

=0.575932E
=0.279144E
-0.178615E
-0.127670E
~0.968148E
-0 T614T4E
-C.613863E
=0. 5030690t
~0.418796E

-0.351800¢
—0.8174B1E
~0.234704E
-0.729629E
-0.236397E
-0.785487E
-0.265458E
-0.,908094E
-0.313495¢E

~0.108997TE
—0.343850E
-0.126699E
~0.496636E
-0.201299E
0.0
0e 1700 74E
0.350657E
C.728584E
0.152310E

K=1,L=2

0.569776E 27
0.113470€ 27

0.561595E 26
0.272195E 26
0.174169E 26
0.124492E 26
0.944046E 25
0.742518E 25
0.598582€ 25
0.491151€ 25
0. 4C8370E 25

0.343042E 25
0.797130E 24
0.228861E 24
O.711466E 23
0.230512E 23
0.765933€ 22
0.258850E 22
0.885488E 21
0.305691E 21

0.106284E 21
0.335290€ 16
0.123544E 12
0.484273E 07
0.196288E 03
0.166667E-01
0.174343E 03
0.359459€ 07
0.746873E 11
0.156133E 16
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Xl= 70.00
K=04L=0 K=0yl=] K3l,t=1
-0.507299E 30 0.563232E 30 -0.119266E
-0.374202t 30 0.371520€ 30 -0.2371517F
-0s.29k033L 3v 0.289543E 30 <-0.117554E
-JU.21luou3k 30  (.205093E 30 -0.569761F
~0.164913E 30  0.163731FE 30 -0.364572E
-0.,1339¢UE 3vu Ge 132950t 30 -u.260588E
~0.111u77t 3u 0.110281FE 30 ~0.197609EF
—Us934260E 27  0.,927563F 29 =-0.155425E
—ULT930TLE 29 Q.TBT982E 29 -~0.125296E
-J.0793l4t 29  0.674444F 29 =-0,1C2808E
-0.584049E 29  0.580657E 29 -0.854805E
~0.5008Y8E 29  C.502271E 29 =~0.718060E
-Jel136853E 29 04135872 29 -0.160856F
-0.417425E 28 0e414433E 28 -0.479056E
-0e134093E 20 0.,133132E 28 =-0.148925E
~0.443518E 27  0.440338E 27 -0.482511€
~0414947T7E 27  0.148405E 27 -0.160326E
~0«510U429E 206 0.5C67T70E 26 ~-0.541828¢E
~0.172997t 2o 0.174736E 26 =-U,185351F
-0.0l1383F 25  0.6070J1E 25 =0,639875E
=0 2l2043E 25 0.2121L1E 25 ~0.222415E
—Us0BY30UE Ju  C.684914F 20 -0.7JL1833E
=0e25%0c30k L0 0e294399F 16 =U.258605E
—Celuvoadt 12 0.1uL 1258 12 -u.1C1369E
~ceaUv 7028 o1 Coa0bB24E 07 -U.41CB72€E
~Uslo0Y92F U3 CelovoT4t 03 -0.17C074E

NIAN) 04142 B5TE-01 VU
Jelallait us Colab 138 03 0.147259E
Jeduuoloe U7 Ce3Uf0B5E O7  0.305971E
Os030308t 1l Us642851E 11 0.63963GE

d from =
Reproducv.‘eab‘e copy-

best avai

K=1lyL=2

0.116720E 32
0.232446E 31

0.115044E 31
04557596k 30
0.356748E 30
04255024 30
0.193390E 30
0.152106E 30
0.122621E 30
0.100613E 30
0«830555E 29

0.702729E 29
O0.103294E 29
Q.468823E 28
0.145745E 28
0.472209E 27
0.156903€E 27
0.530259€ 26
0.181394E 26
0.626214E 25

0.217725E 25
0.686549E 20
0.253083c 16
0.992043E 11
0.4C2100E 07
0.166443E 03
C.142857£~01
0. 150426E 03
0.312550€ 07
0.653384E 11

K=01L=0

-0.116859E
-0.770828E

-0.600742E
-0.433825E
-0.339708¢t
-0.2758065E
-0.228810E
=0.192450E
~0.163490¢E
-0+ 139933E
=0.12C474E

~-0.104211E
-N.281907E
~0.859864E
=0.276222E
-0.913612¢E
-0.307911E
=-0.,105144E
~0.362541E
-0.125940E

-0.44C038¢E
~0.142106E
-0.527826E
-0.207738E
=0.844077E
-0.349965E
=0.147141E
J.0
Q.129772¢
0.271135¢E

X1l= 80.00

K=0,L=1 K=1,L=1
0.116127€ 35 ~-0.245902E
0.765995E 34 -0.489710F
0.596976E 34 —0.242371E
0.431105E 34 -0.117473E
0.337578E 34 -0.751670F
0.274136€ 34 =-0.537276F
0.227376E 34 -0.407428E
0.191244E 34 ~0.320453F
0.162465E 34 —0.258334E
0.139056FE 34 -0.211969E
0.119719E 34 ~0.176243E
0.103558E 34 =0.148049E
0.280140FE 33 =~0.,344022E
0.8544T4F 32 ~0.987712E
0.274490E 32 ~0.307051E
0.907885E 31 =+0.994837E
0.305980E 31 -0.330559E
0.104485E 31 ~-0.111713€
0.360268E 30 =0.382156F
0.125151F 30 ~0.131929E
0.437329€ 29 ~0.458696EF
0.141215€ 25 —0.144703E
0.524517E 20 ~0.533189E
0.206436FE 16 ~0.209001€
0.838785E 11 -0.8647132F
0.347771E 07 ~0.350057E
0.146218E 03 -0.147259E
0.125000E-01 0.0
0.130580€ 03 0.129853E
0.272824E 07 0.271457E

K=1,1=2

0.241306E 36
0.480557E 35

0.237841E 35
0.115277€ 35
0.737621E 34
0.527234E 34
0.399813E 34
0. 314464E 34
0.253505€E 34
0.208007€ 34
0. 172949 34

0.145282E 34
0.337592¢€ 33
0.969251E 32
0.301312€E 32
0.976243E 31
0.324380€ 31
0.109625€ 31
0.375013E 30
0.129463E 30

0.450123E 29
0.141999€ 25
0.523223€ 20
0.205094E 16
0.831299E 11
0.344103E 07
0.144507E 03
0. 125000E-01
0.132295€ 03
0.276562E 07



S¢

l.00
2.00
3.00
44,00
5.00
6.00
7.00
8,00
Geuu

Ly Cu
20,00
30490
4J.0u
Sueuy
6Jeuu
70.9v
BJ.uu
9U.00
10C.u0

K=0yL=0

-04242636E
~-0.160048E

-0.124733¢
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-U.399587E
~0+339%94500E
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~0.25ul42L
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-0.170534¢t
-0.573522¢
-J.18%094E
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K=04L=1

0.241284E
0.159156E

U 1240U3BE
0O.895738k
0.701410E
0.509591¢t
U4 72434E
0.3973061¢E
G.337565¢
0.288927t
0.248749¢E

Ue215169E :

0.582066E
0.177540E
0.570327€
0.188638E
0.635757E
G 2L7T096E
0.748554¢E
0.260034E

0 .908669E
0e293412E
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C.a26926E
Uel74280E
GeT2258TE
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K=1'L=1

~0.510927E
~0.1C175C€

=J.5C3591E
-0.244081¢E
-0.15618GE
=0.111634E
-U.846541E
~0.665827E
-0.536758t
-0.440423E
-04366192E

-0.307011E
-0.T14799¢
-0.205224E
-0.637982E
=0.2C6704E
-0.686824E
-0.232115E
~0.794031E
=0.274118E

=0.953065E
-0.300660E
-0. 110784E
~0.434255E
~0.176015E
=J.728584¢
-0.305971¢
-0.129853E
0.0

0.116133E

K=1lyL=2

0.502436E
0.100059¢E

0e495222¢E °

04240025E
0. 153584¢E
U« 109778E
0.832472E
Oe054T762E
0.527837E
04433103E
0.36U100E

0.302499E
0.702919E
0.201813E
0.627379E
0.203269¢
0.675410E
0.228257E
0.780834E
0.269562E

0.937225E
0.295663E
0.108943¢
04 427038E
0.173089E
0.7l0475E
0.3004885E
0.127695E

Oe.111111E-

0.118074E

0l
03

K=0,L=0

-0.506944E
-0.334391E

=J.260606E
-0.188196E
-0.147368E
“0.119072E
-0.992595F
-0.834804E
=0.7C9233E
=-0.607042E
=0.522627E

—0.452075E
=J.122293E
~0.373015¢
~-0.119827E
-0.396332E
-0.133574E
=J.456124E
-0.157273E
-0.54C338E

-0, 19C913E
-J.616465E
=0.22B975E
~0.901184E
-0.366167E
-0.1518L7E
-0.63b306E
~J.271135E
-0.116075E
0.0

X1=100.00
K=0,L=1 K=1,L=1
0.504403E 43 -0.106809E
0.332715€ 43 ~0.212709¢
" 0.259300€ 43 -0.105275E
0.187253E 43 -0.510250€F
0.146629€ 43 -0.326493F
0.119073E 43 —~0.233369F
0.987621E 42 -~0.176969¢E
0.830680E 42 -0.139191F
0.705678E 42- =0.112209E
- 0.604000E 42 -0.920701E
0.520008E 42 ~0.765522E
0.449810F 42 -0.643059E
0.121681E 42 =~0.149428E
0.371146E 41 ~0.429019EF
0.119227E 41 ~0.133370E
0.394346E 40 =-0.432114E
0.132904E 40 —0.143580E
0.453839F 39 =-0.485234E
0.156485€ 39 =0.165992E
0.543600E 38 ~0.573041E
0.189957€ 38 -0.19923b6E
0.613376E 33 -0,628528F
0.227827E 29 .=0.231594E
0.896668F 24 ~0.907B08E
0.364332E 20 -0.367957E
0.151056E 16 =~0.152310E
0+635109E 11 =-0.639630E
0.269776E 07 ~-0.271457¢
0.115493E 03 -~0.116133E
0.999998E~02 0.0

K=11L=2

0.105211€
0.209526E

0.103700€E
0.502616E
0.321608E
0.229878E
0.174321E
0.137108E
0.110530€
0.906926E
0. 754068E

0.633438E
0. 147193€
0.422600E
0.131374E
0.425649E
0.141432€
0.477974E
0.163508E
0.56446TE

0.196257E
0.619124E
0.228129E
0.894225E
0.362452E
0.150031€
0.630060E
0.267395E
0.114396E

0.999999E~

03
02



