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ABSTRACT OF THE DISSERTATION
Electromagnetic Plasma Wave Propagation
Along a Magnetic Field
by
Craig Lee Olson
Doctor of Philosophy in Physics
University of California, Los Angeles, 1970

Professor Burton D. Fried, Chairman

Part 1: Steady-state excitation of transverse plasma waves along a

magnetic field.

The linearized response of a Vlasov plasma to the steady-state
excitation of transverse plasma waves along an external magnetic field
is examined. Previous research is reviewed. Assuming a delta-function
excitation mechanism, and performing a detailed Vlasov-Maxwell equation
analysis using Fourier-Laplace transforms, the plasma response is found
to consist of three terms: a branch-cut term, a free-streaming term,
and a dielectric-pole term(s). These terms are examined analytically,
and numerically evaluated for a case in which the driving frequency
(wl) is slightly below the electron cyclotron frequency (wce). In addi-
tion to the least-damped pole term, it is shown that the free-streaming
term is always significant and the branch-cut term is significant when
W = Weet The infinite sequence of pole terms (that result from the
infinite number of roots of the appropriate transverse dispersion rela-

tion) is shown to be negligible except at positions very close to the

place of excitation. Effects of Krook model collisions are investigated,

xiii
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as well as effects of a finite-width excitation mechanism.

Part 1I: Steady-state transverse plasma wave echoes.

The phenomenon of plasma wave echoes, introduced by Gould, Malm-
berg, O'Neil, and Wharton for the case of longitudinal electrostatic
waves, is extended to the case of transverse plasma waves that propagate
along an external magnetic field. It is shown that a transverse echo
results in lowest order only when one excitation is transverse and the
other is longitudinal. For this case, the second-order (nonlinear)
plasma echo response is computed from the Vlasov-Maxwell equations up
to an integral over the velocity variable v,- Transverse echo charac-
teristics are discussed and several experiments are suggested. The
integral over vz'is evaluated by the method of steepest descent; the
results are explained physically and also evaluated numerically for some
specific cases. Several extensions are considered: (1) effects of
Fokker-Planck collisions and finite-width excitation mechanisms,

(2) effects of temperature anisotropy (T, # Tz)’ and (3) effects of
propagation just off-axis (kJ_ # 0). Lastly, transverse echoes for the

case of no external magnetic field are examined.

In addition, several appendices concerning Part I and Part II are
presented, the most important of these being (1) a thorough investiga-
tion of the roots of the transverse dispersion relation (§_|| §0) for
real w and complex k, and (2) the method of steepest descent as used
in evaluating the branch-cut and phase-mixing integrals that occur in

Part I and Part II.



I. STEADY-STATE EXCITATION OF TRANSVERSE PLASMA WAVES

ALONG AN EXTERNAL MAGNETIC FIELD

1. Introduction

A sizable portion of the plasma physics research done to date
involves the theory of waves in plasmas. Of fundamental interest are
calculations or experiments concerning the damping (or growth) of the:
basic types of wave motion a plasma can support. Two types of problems
are readily discernible: (1) the initial-value problem in which a wave
is imposed on the plasma at some specific time, and it is desired to
know how the plasma response decays (or grows) in time; and (2) the
steady-state problem in which a wave is continuously excited at some
point in a plasma, and it is desired to know how the plasma response
decays (or grows) in distance. We will be concerned with the steady-
state problem since it should be more readily realizable experimentally.

Purely longitudinal waves which experience spatial Landau damping
have been examined in theory extensively (since Landau's original

(3) et al.(4’5)

papercl)) by Gould(z) and by Johnston, and in experiment
by Wong, D'Angelo, and Motley, et al.(6) However, the corresponding
work for purely transverse waves that propagate along an external mag-
netic field (and therefore experience cyclotron damping when the driving
frequency is near the cyclotron frequency) has received relatively little
attention to date.

Thus the problem to which we address ourselves is that of determin-

'ing the response of a Vlasov plasma (a hot correlationless plasma) to a

localized steady-state excitation of transverse electromagnetic waves



that propagate along an external magnetic field. We are specifically
interested in obtaining the form of the response when the excitation
frequency is just below the electron cyclotron frequency, i.e., when
electron cyclotron damping is significant. One primary objective of
this theoretical calculation is to obtain the cyclotron-damped response
and see if it is adequately represented by consideration of just the
"least-damped root' of an appropriate transverse dispersion relation.
We will find in general that it is not.

Another métivation for this work is that the response of a single
transverse excitation should be well understood before embarking on
studies of the nonlinear response of two spatially separated excita-
tions, such as occur in Part II of this dissertation where we shall
investigate transverse plasma wave echoes. The production of an echo
(as will be explained in Part II) depends on the free-streaming term of
the first-order distribution function produced by the first of the two
excitations. Thus in computing the response of a single transverse
excitation now, we will pay particular attention to the transverse
free-streaming waves that are produced.

We present a brief summary of previous research. First we review
work on the related problem of the steady-state excitation of longitu-
dinal plasma waves. Experimental verification of spatial Landau damping
was reported by Wong, D'Angelo, and Motley(6) who compared their exper-
imental results with a simple theory that involved just the least-damped
root of the appropriate longitudinal dispersion relation. Use of just
the least-damped root in this case was questioned by Gould(z) who rigor-

ously investigated the first-order (linear) response for the problem
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assuming an idealized dipole-grid excitation mechanism. Gould's results
showed that the true response was indeed more complicated than that
obtained from considering just the least-damped root and that the
response was approximately exponentially damped only over a restricted
region in space. Further theoretical work including the effects of
finite spacing of the pair of excitation grids and also a calculation
of the second-order (nonlinear) response was performed by Johnston.(s)

The longitudinal dispersion relation mentioned above has an infinite
number of roots. Fried and Gould(7) have examined in detail the loci of
the roots of this dispersion relation for real k and complex w .
Their results are pertinent to initial value problems in which a fixed
real k 1is imposed at a specific time and then the initial perturbation
decays (or grows) in time. Similarly, Kuehl, Stewart, and Yeh(s) and
Derfler and Simonen(g) have examined the roots of the longitudinal dis-
persion relation for real w and complex k . Their results are perti-
nent to steady-state problems (as discussed above) in which a fixed real
w 1is continuously excited and the resultant spatial perturbation; decay
(or grow) in distance. We shall comment more on their results in
Appendix D.

We now consider the transverse excitation problem which we find
has only been partially investigated in the past. The principal paper

(10) who considered a related problem, the half-space

is that of Shafranov
problem. (The full-space problem that we shall consider is different
than the half-space problem in that, in addition to other effects, free-
streaming waves are produced by those particles that pass through the

excitation region. In the half-space problem particles never pass



through the excitation region but are reflected at the half-space
boundary where the excitation is applied.) Shafranov obtained a branch-
cut term and a pole term for the response (as we shall find also).
However, we note the following errors and inadequacies in his work:

(i) The saddle-point contours for the k (actually kc/w ) inver-
sion integral are drawn to the wrong asymptotes. Also the primitive
contour was closed in some unexplained manner whereas it should really
be deformed away from its initial position. In addition the resultant
saddle point contributions contain phase factors that do not occur in
usual saddle point theory.

(ii) Only one root of the appropriate transverse dispersion rela-
tion is considered whereas in fact there are an infinite number of them.

(iii) Useful values of the cyclotron damped root are not given. A
cubic equation is given, which if solved, gives the value of the cyclo-
tron-damped root at w = Weo (wce is the electron cyclotron frequency).
The only other expression given for the value of the cyclotron-damped
root is an asymptotic result which cannot be derived rigorously as we
shall show in Appendix C.

(iv) No estimates are given for the range of validity of the branch-
cut term. In addition it is stated that the branch-cut term is the most
important term at large distances from the place of excitation for
Wee < W < wp (mR is the right-hand cutoff frequency); we shall find
that the branch-cut term is significant only very close to the place of
excitation.

Thus Shafranov's work represents only a first attempt at solving

the problem.



(11)

Other research on the half-space problem includes Sach's work
on the effects of collisions on ion cyclotron waves. In this work two
least-damped roots were obtained by keeping two terms in the asymptotic
expansion (of the plasma dispersion function that occurs in the disper-
sion relation) with the result that the roots are not valid unless the
collision frequency is appropriately high. Another related work is that

(12) on the reflection and transmission of

of Platzman and Buchsbaum
transverse waves into a semi-infinite plasma. In this work a Lorentzian
zero-order distribution function was used (to simplify numerical calcula-
tions) and attention was focused on determining the effects of collisions
on the reflection and transmission coefficients. Lastly we note that in
an experiment directly related to our problem, Crawford et al.(ls) have
attempted to measure spatial electron cyclotron damping but were unsuc-
cessful because of high collision rates. The results they did obtain
were compared with a simple, least-damped root theory. Clearly a thor-
ough rigorous theoretical investigation of the steady-state transverse
excitation problem is still needed, and that is what we shall present
shortly.

The transverse dispersion relation mentioned above has previously
been only partially examined. (We state explicitly that, as used hence-
forth, the transverse dispersion relation refers to wave propagation
exactly along the exfernal magnetic field.) Many authors(14'lg) have
derived the transverse dispersion relation but all of them considered
real k and complex w and then, at most, obtained an asymptotic

expression for the value of the least-damped root. Recently Kamimura

and Hasegawa(zo) have presented numerical results concerning the value



of the least-damped root (for real k and complex w ) for several
choices of the pertinent parameters. At present, however, there exists
no work that classifies and examines the infinite number of roots of
the transverse dispersion relation for real k and complex w .
Previous work on the roots of the transverse dispersion relation
for real w and complex k is even scarcer. Only isolated instances
may be found such as in Stix(17) and in Shafranov(lo) (as mentioned
above); in both of these the value of the cyclotron-damped root is given
exactly at w = Wee * Also, in Shafranov an asymptotic result is given
for w far from We » 2 result which, as we shall show in Appendix C,
cannot be derivéd rigorously and is therefore incorrect. Crawford et
al.(ls) have presented some numerical results for the cyclotron-damped

root (for w;e/wz = 40 where wpe is the electron plasma frequency)

e
but no detailed study of the behavior of this root was made. Thus a
classification and thorough investigation of the infinite number of roots
of the transverse dispersion relation for real w and complex k is
still needed and that is what we will present in Appendix C.

We have performed a detailed theoretical investigation of the

steady-state transverse excitation problem assuming an external excita-

tion of the form

E (2,¢) = E}(Z)[’e\x cos (v, t) + €Y5/1v (a/,t)] a.1n

“exr

E (2) = éé(z) (1.2)

Before commencing with our presentation we summarize the most important



results that will be obtained:

(1) From a rigorous derivation starting with the Vlasov-Maxwell
equations we find that the first-order (linear) current response consists
of three terms as given in Eq. (2.85); a branch-cut term, a free-stream-
ing term, and a dielectric-pole term.

(2) Numerical evaluation of these terms for a specific case in
which w

is slightly below w (with wp /w__=0.4, c/a= 1120 ;

1 e’ ce

these being typical values for the UCLA Q machine) shows that, in addi-

ce

tion to the pole term, the branch-cut and free-streaming terms have sig-
nificant amplitudes and penetration distances (see Figs. 7a-f). Thus
the plasma response is not correctly given by consideration of just a
"least-damped root."

(3) An analytical investigation of the three terms shows that the
penetration lengths of both the branch-cut and free-streaming terms
would approach infinity as Wy approached w.e Were it not for the
fact that certain dielectric functions are present (in these terms)
which effectively shield these terms and actually cause their penetra-
tion lengths to go to zero as W, approaches Wea » provided
(m;e/wie)(c/a) > 1. If (wie/mie)(c/a) << 1 then no such shielding
effect occurs. In addition we show that the infinite number of residue
terms (that occur because the transverse dispersion relation has an
infinite number of roots) is negligible except at distances extremely
close to z = 0.

(4) The physical nature of transverse free-streaming waves and of
the free-streaming term in (2.85) is discussed. Explanations are given

for (i) why transverse free-streaming waves have negative phase



velocities, (ii) why transverse free-streaming waves experience no cyclo-
tron damping, (iii) why the free-streaming term in (2.85) has an

accompanying pole contribution for w, <0 or w, > w but not for
P 1 1 ce —_—

0 < w, < Wee » and (iv) why the free-streaming term in (2.85) always

diverges at z = 0 and how this divergence can be removed.

(5) Effects of collisions on the three terms in (2.85) are examined
using the Krook model. It is shown that previous work by Crawford et
al.(ls) (concerning the locus of points where cyclotron damping equals

collisional damping on a Te Vs, wllwc plotj is in error (see Fig.

e
10). The correct loci are then computed (see Fig. 11). From the results

\

it is shown that cyclotron damping measurements (with negligible colli-

sion interference) are just barely feasible on the UCLA Q machine (for

n, = 1010 cm-s). In general, cyclotron-damping measurements would be

more feasible at higher energies (Te > 0.2 eV) and lower densities

10 cm_s).

(6) Effects of a finite-width excitation mechanism on the three

(ne < 10

terms in (2.85) are examined. In place of (1.2), we consider two choices
of El(z) [square-shaped in (7.3) and Gaussian-shaped in (7.11)]. Both
choices yield qualitatively the same results which are: (i) the diver-
gence of the free-streaming term at z = 0 is removed, and (ii) that when
the width of the excitation region is greater than the characteristic
length of a specific term in (2.85), then that term is reduced in ampli-
tude. Thus, under certain conditions it is possible to diminish the

size of the branch-cut and free-streaming terms while leaving the
dielectric-pole term essentially unchanged.

In the course of obtaining the above results we shall refer to



Appendices A, B, C, E. Appendix A contains the solution of the linear-
ized Vlasov equation and Appendix B examines symmetry properties of the
transverse dispersion relation. A thorough investigation of the roots
of the transverse dispersion relation for real w and complex k is
given in Appendix C, as mentioned earlier. Lastly, Appendix E contains
an explanation of the method of steepest descent and a detailed account
of the paths of steepest descent used in evaluating branch-cut and
phase-mixing integrals. Material relegated to the appendices is
actually text material in the usual sense and it contains many results,
both analytical and numerical, that should be of general interest. This
material was placed in the appendices because it must be referred to
both now in Part I (the single transverse excitation problem) and later
in Part II (the transverse echo problem).

We proceed to give the results of our investigation of the single

transverse excitation problem.



2. Derivation of the Linear Response from the Vlasov-Maxwell Equations

2.1 Formulation of the problem and method of solution using

Fourier-Laplace transforms.

We wish to compute the response of a hot correlationless plasma in
an external magnetic field to the spatial excitation of transverse elec-
tromagnetic waves that propagate along the direction of the external
magnetic field. The plasma is described by Maxwell's equations, and
the Vlasov equation which for a plasma in external magnetic and electric

fields is

2F
—_\:/'_ = QO (2.1)

%f, —Zf + Z [ 4—-€%l£x
Z(_ e d

-é ]
7OTAL 7o74¢L

where f = f(x,v,t) is the distribution function (normalized to unity)
of the species whose particles have charge q and mass m , ¢ is the

speed of light, and the subscripts on E and B are used to emphasize
that these are the total fields (plasma fields plus external fields).

A

Taking the zero-order external magnetic field to be B, = Boez and
using cylindrical coordinates for the velocity v (as shown in Fig. 1)

we find

(B8 +2 )] 2 o (2.2)

oF °of 7
— +ZLlEevE
J't’+v JZ- Qa¢ - * P Texc

/
| =p exr C

where Q = qBO/mc (a signed quantity) is the cyclotron frequency, and
the subscripts (p) and (ext) refer to (plasma) and (external),

respectively.

10
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FIGURE 1.

CYLINDRICAL COORINATES USED
FOR THE VELOCITY VECTOR V.
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We assume a perturbation expansion of f , Ep , and Ep with

Flxve) = £+ £ Ove) + £ (xv,e) + -

(2.3)
£, (x,7)

i

£ (x,r) + £

n

B, (X, %) B (x,e) + B (X,%) +---
where 0, 1, 2, refer to terms of zero, first, second order. We take

Eext and gext to be first order. Then in zeroth order, (2.3) is

SA(Y)
- - = O
0 5

(2.4)
which means the zero-order velocity distribution is
(V) = £ (Vz,\)

Z{-— Zg z2 4 (2.5)
In first order (2.3) is
3£ > f of of
/B VRG/ b £ 2o . (2.6)
e Tk @5 P Bt Eee t C‘-’x(—gz“—?&?] v = °

To obtain the first-order (linear) response we must solve (2.6) together

with the appropriate Maxwell equations,

- - L2
vx(§/+§ext) - - at(§,+§exr) (2.72)
“nr

vx(8+ 8 = 12 L 2

( Vi "ext) C (""7,4-!6_}!:) + < JT (§,+§exr) (2.7b)
where
3

g_]/' = /)727/7/( _\/_dv (2.8)

12



and n is the density of the species under consideration. To handle

all means of excitation we have kept Ee (all first-

xt ’ Eext ’ iext
order terms) in (2.7) but will later consider their effects individually.
We shall use Fourier-Laplace transforms to solve (2.6) - (2.8).

For an arbitrary function F(z) the Fourier transform and its inversion

are defined by

+0o _
~ikz
F(4) = ///;(z F@@) e

+ oo

F(z) = -;%f-’ et

- 0o

kz (2.9)

Similarly for an arbitrary function F(t) , the Laplace transform and

its inversion are defined by

> +ewl
F (¢ :—:/dr F(t) e S > 0O
+w+2<§ i
F(2) —‘-—-—‘/i":’_ F () C—zwt (2.10)
27w
—oot &

where in the former we have assumed Im w > 0 initially to insure

. +iwt . .
causality (then e + 0 for t -+ <) and in the latter we require
§ to be such that the w contour is above all singularities of F(w)

The combined Fourier-Laplace transform pair and its inversion may be

written

13



A _i(kz-wr)
F(k,CU) =/0{2—/d3 F(Z,t) € DA"Q/>O (2.11)
o ~ 0o

+o+id te
F(z¢) = j—‘;/zif_ F (£, @) eﬂ(éz “r) 4 (2.12)
-0 +id ~
Using (2.11) we shall transform Eqs. (2.6), (2.7) to k, w space,
solve these equations in k, w space (a relatively easy task), and then
use (2.12) to transform back to z, t space (a relatively difficult

task).

2.2 Solution in transform space (k,w)

Taking Fourier-Laplace transforms of (2.7a,b) gives

£x(g+E,,) = (8 +E8;) (2.13a)

‘/77'1 I
'_@X(§/+§exr) = (v )+ —(E+£ R (2.13b)

where we have assumed Im w > 0 and

E/(t=0) Lexe (z=0) =0

(2.14)

I

§/(f=o) _eeXt<t=O) =0

In (2.13a,b) B, E, and J are all now functions of k, w . Combining

(2.13a,b) we obtain

14



(2.15)
Since we are dealing with transverse sources, k*J = k*E =0
-~ Zext = — —ext
which implies 5}54 = Ejgd = 0 . Thus (2.15) is
< 2
(é/*é‘ext_)(/écz—w)= vricw (Z, + T exz) (2.16)

Equations (2.13a) and (2.16) summarize Maxwell's equations for our
problem.

We now solve (2.5) for f1 which will be used later in computing

ll . Taking Fourier-Laplace transforms of (2.6) gives
2F
; Ly - - 7 - - (2.17)
(@ Ly x & 2%
j )__~ (E/ Eexz-) +C:;_¥x—x(E,+-er) .E (2.18)
where we have used (2.13a) to eliminate .§1 +'§ext . Expanding the

triple vector product in (2.18) we obtain

A Vg £
;(¢) = g[(/" —a—J—)(_E./’f'é—ext)- v + a/"l/ . (§/+§Ext-) JVZ (2.19)
where we have explicitly used

£ = k8 (2.20)

15



In Appendix A it is shown that (2.17) has the solution [taking into
account the necessary periodicity in ¢ , f1(¢+2n) = f1(¢) , and the

fact that k, = 0 ]

A4
Ffo) - 2;.1), /c‘¢’y(¢+¢’) e”? (2.21)
7 e _, 8
where
) w—kvz
V=% (2.22)

To perform the integral in (2.21) we need expressions for E-v and

E G [which occur in (2.19)] in terms of ¢ . To this end it is

3

useful to change to rotating coordinates.

In terms of the unit vectors
~ L .5
e, = V—;—(extze,) (2.23)

the velocity vector v is

A ~
Vv = @+v_ + e V+ “+ ez-vz (2.24)
where
/
=T/z (vicosd ti Vismg) (2.25)
+i¢
- 7/ -
e
Also

16



A2 A 9 AR
— + —— —
< AT (2.26)

where

e —
Zv o¢ (2.27)

Now writing E = s-oEo with summation over 0 = + ] implied, and

noting that

A A
2 s Ly (2.28)
+- €.
we obtain
D g Wt
g.l - Ea—ﬁ
2 = L log jJo .o 9 (2.30)
5'9_\_/_ ’Eo-vze {a\ﬁ_ ‘\a_aa!}
~N
Thus g(¢) in (2.19) becomes

7— ~io# (—Vz = ]
7(¢)=;7VI“(E o Eexes) € [(/ | )3‘1 @ o (2.31)

There is no af0/3¢ term because of (2.4). Performing the ¢' inte-
gration in (2.21) we find
fior - LGzt 7 )k 0
(@) = =i (@ kv-on) T @] e

17



We may now compute il as given by (2.8),
J=n9f/7fzo(3\/ (2.8)
< .

Noting that

2 ~ /7 - 5 L ] v
y_‘,(v=.|:e EV.LC + € V—2~V.L€ + e \/3 V_Lds?fdvzc(J_ (2.33)

we see that since f,(¢) v e2%% the only term of v e 106 43y that
survives the ¢ integration in (2.8) equals e_.(v, /v2) 2w . There-

fore writing J, = e_JJ,, we obtain

toe e kva ’7[+iV;LJ_)_5]
JV w v,
-Z—J—(E t boce ) '/1"// - . (2.34)

(Ww-kv, o)

where we have explicitly indicated a sum over species (e = electron,
i = ion). We assume the zero-order distribution function is an

anisotropic Maxwellian

Vg Ve
-5 , o
L) = £ £ = | 5a poy A2 .55
(a = [VZZ]I/Z - [2»<Tz/m]1/2, b= [v 2]1/2 [2kT /m]1/2 ¢ =
Boltzmann's constant). Then (2.34) reduces to
too k\/z _ A
o er_y| frneid S E)
{0_=§ — (f:;a—+Eexta-) o (kvz~uJ+a-_Q) (2.36)

18



s 1 . N s . . A
Returning to Maxwell's equations and writing gext =8&_, Jext s

we find (2.16) is

(£ + Eexc o) (K- @) = 97: 0 (T0 + Zxr ) (2.37)

We must now decide whether to consider (1) an external field source or

(2) an external current source:

(1) External field source (§ext #0, -gext = 0)

Using Maxwell's equations for just the plasma fields, (2.37) is

E_(KF-w®) = yriw, | (2.38)
and since Etotal g = E10 + Eext c Ve find using (2.36) that
E (k)
E(kew) _ exz o (2.39)
Tor4¢c o
Er (A,CU, G')

where eT(k,w,o) , the transverse dielectric function, is

- 4x0-3]

GT(Awg-) -, /a/Vz
j e . wz) (:(‘V ~CU+O’.CL) (2.40)

2

(wp = 4ﬂnq2/m is the plasma frequency).

(2) External current source (gext #0, Eext = 0)

Using Maxwell's equations for the total fields, (2.37) is
E_(k7-®) = yriw( o+ Jexr o) (2.41)

and using (2.36) we find
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Y7icw
[m]nf“ «)

=3 (k,w) = E/a'-(k’co) = ext o

ToTAL &

€ (K e) (2.42)
where e;(k,0,0) is still given by (2.40). Had we considered
Jeotal 0 = 10 * Jext ¢ Ve would have found
(k, @)
exz'
J (k) = - | (2.43)
T7o74L O er(k, w, )

where again eT(k,w,o) is given by (2.40).

Noting the similarity of the results for an external field source
or an external current source, we arbitrarily choose to consider the
former and will therefore continue with (2.39) and (2.40). Then
specializing to the case of isotropic temperature (T, =T ) and per-

L z
forming the integral over v, in (2.40), we obtain

w o w+<rw<e) “; w-O'wcz)

where Wper Wee = IQBO/mcl , a all refer to the electrons; Wyy» Ui =

IQBO/Mcl , A all refer to the ions; and Z is the plasma dispersion

function(ZI) defined by

100 ~r°
Z (Z')"'_/ f_t_f. (2.45)

for Im £Z0 and its analytic continuation for Im r,fo . The % signs

20



refer to different branches of the Z function; the choice of which
branch to use will be discussed shortly.
To complete the solution of our problem in k, w space we

explicitly specify the external field source to be.

-E‘ext (z,0) = E/(Z)[é\x cos (w,T) +€y SIv (CU,T)] (2.46)
so w; > 0 corresponds to a right-hand excitation while Wy < 0 corre-
sponds to a left-hand excitation. Writing E_ . = 8_0 Eoye o “e find

£ (z,2) = E,(z)e“rw’t (2.47)
ext o

Taking Fourier-Laplace transforms of (2.47) gives

(A ) = .__figigfl_
ext o (w-;— o—a//) (2.48)

We have now solved our problem in k, w space since we now have

expressions for fl(k,w) , eT+(k,m,o) , and Eext o (k,w) . Equations
(2.32), (2.39), and (2.48) combine to give
[ge %% 2% &, (A) (2.49)
j/f(k’\—/’w) Tl vz M | (w+ow) (w-ky-on) % (Awo) .

We proceed to perform the inverse Fourier-Laplace transform to obtain
fl(z,l,t) to be used in calculating il(z,t) , the final (current)

response.
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2.3 Inversion of solution to position space (z,t)

The inverse transform of (2.49) is

rorid to s kz -0z

p ) /,{w <t E (ke
(Z,¥,00 = B)%7 |2
/ wow) g [¥-01
~oo+id ~@ ( ’ (é [ Vz D ég(k’w’o)

fe"ém JE ] (2.50)
2 (~¥g) !

B =

where & > 0 is chosen so the primitive w contour, as shown in Fig.
2a, is above all singularities of the integrand of (2.50). The primi-
tive k contour lies along the real k axis, as shown in Fig. 3a.

The proper manipulation of these contours will show us whether to use

€ (k,w,0) or €r (k,w,0) in (2.50).
+ -

Branch-cut considerations

We reconsider the Z function of (2.45). As defined, the real
axis of the ¢ plane is a branch cut of Z(g) . If initially Img >0
then Z+(c) should be used and its analytic continuation for Im g < O.
If instead Im £ < 0 initially, then Z_(g) should be used and its
analytic continuation for Img > 0. Regions where Zi(C) are
originally defined are shown in Fig. 4a. Note that Z:(C) must be
analytically continued across the branch cut (the real ¢ axis) into
the region where Z_(g) 1is originally defined. [A convenient represen-

+
tation of Z+(c) that illustrates these points is
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5 (a)
(I)I
Ay (b)
|
’f' (c)

FIGURE 2,

CONTOUR IN THE w PLANE,

(a) Primitive contour (Im w = §>0),.
(b) Contour lowered (6+0) and deformed around pole
at w=w) (only the pole at w=w, is shown).

(c) Contour lowered below the real axis (so on
horizontal part exp(-iwt)™ exp(-|Im w|t) =+ 0
as t + =),
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FIGURE 3.

CONTOUR IN THE K PLANE.

(a) Primitive contour,
(b) Primitive contour with €Ty specified, Also shown, for

Re w > w ., are the branch cuts, the pole at k°=(w-m )/
vz (for vz>0), and the least-damped roots of ET+(k1,w)=0.

(c) Contour pulled above for z>0, The path of steepest
descent has been chosen for the branch-cut integral.
(d) Net result: branch-cut integral plus two residue terms.
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sy
(
Zig;))lone M .

c)

k| plane
use Z_() | use Z,(L)
_._.-_;._f.-__T A (d)

FIGURE 4. BRANCH CUTS IN THE g AND K PLANES.

(a) Branch cut in the  plane,
(b) Mapping of the branch cut in the Lo plane to the k
plane, k=(w-wce)/cea , for Re w > Qoo Also shown

is the pole at k =(w~w_)/v_ for v_>0,
o ce z z
(c) Branch cut in the k plane for Re w < w
(d) Resultant choice of Z,(g) along the primitive contour

in the k plane.
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+ 0o Z»2 2

e e : -
(7 =—/,;:/D ZE- 4+ T ()¢
2. 0) V—_OO - 2 (2.51)

where 0+(C) =0 and 0_(g) = -2 for ImZ >0
1 -1 = 0
2 0 <0

and P stands for principal part.]
We set O = -1 for now. Then the arguments of the Z functions

that occur in Er (k,w,0) in (2.44) are
+

[ = e _ wies
e  fa /= £A (2.52)
where e, i, refer to electron, ion. Consider Ee . The branch cut in

the Ce plane (the real Ce axis) maps onto the k plane according to

= e

K= L= (2.53)

Recalling that initially Imw =6 > 0 and considering a single point
on the primitive w contour (i.e., an w of the form Re w + id ) we
find the branch cut in the k plane for Re w > w_, to be as shown in
Fig. 4b. Note that the points e = + o when mapped onto the k plane
pinch the origin. If instead we have Re w < Wee then the branch cut
in the k plane would be as shown in Fig. 4c. The variable gy gives
similar branch cuts (i.e., like Fig. 4b for Re w > Wy and like Fig.

4c for Re w < —wci). In any case note that along the primitive
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contour in the k plane (the real k axis in Fig. 3a) we now know

that for both Ce and Ci we should use Z_ (and therefore ET )
+

ﬁpr k>0 and Z_ (and therefore ET ) for k < 0 . This result is

shown both in Figs. 4c and 3b where for clarity we have drawn a dashed
line for that part of the contour where €r is to be used and left a

solid line for that part of the contour where € is to be used.
+
We may now calculate the integrals over k and w that occur in
(2.50). We shall perform the k integration and then the ®w integra-

tion since we have found this ordering to present fewer complications

than the reverse ordering.

The k integration

In Fig. 3b we show the primitive k contour with the choice of

€ OF & specified according to the above discussion. For a
ty;ical poi;t on the w contour (we have chosen Re w > Wee and
Imw = § << Re w for this figure) the branch cut is shown as well as
the pole at

L -Lee

Vz (2.54)

for v, > 0 and also the poles at kl’ where
67; ( £ jcu) =0 (2.55)

Only the least-damped roots of (2.55) in the Ge plane are considered
now. [The roots of eT+(k,w) = 0 are discussed in Appendix C.]

In Fig. 3c we have-pulled the contour above for Z > 0 being
careful to deform the € side of the contour around the poles at ko

+
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and k Only the ¢ side of the contour ''sees'" the poles where

1
+
Er (kl,w) = 0 . Note that if Re w < W.q then the €r side of the
+ -

contour would deform around the pole at ko for v, >0 . (If v, < 0,
the pole at ko lies in the lower-half plane and is missed altogether.)

We have chosen to deform the Er and €r paths to meet along a

+ -
curved path that will presently be shown to be the path of steepest

descent (P.S.D.) for this portion of the integral. This integral will
be called the branch-cut integral but note it is not evaluated along
the branch cut. As we move the outer part of the contour (the semi-
circle in Fig. 3c) out to infinity, the contribution to the integral
from this section of the contour becomes negligibly small (since the
integrand goes as eikz/k ).

Thus we are left with the three contributions shown in Fig. 3d; the

branch-cut integral and the residues from the poles at ko and k1 .

We assume the latter to be a simple first-order pole, i.e., we assume

€, (K «,) (2.56)

2K k‘=A§

Explicitly the results of the k integration are then

/a’é £ (k) e _
27 (/é_[w—o:tz])ért(,é’w)a-)

-0

Vz
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/‘Z& e[,
" e e

© =
PS.D.

[w-a0
, -0 z(—"—"‘vz )Z-
i H (V) = Vaz ) e

Cw- o
67.( v ;aﬁcr)
o Z

e N7

Q%_{:ai;ﬂlf}> aéi;(k3u¢a)
2 K k=4

(2.57)

+

for z > 0 , and where H(vz) is the Heaviside function

H(Ve) = 7 gor V, 20
O for <O

and
= son (R w- o)

&
B = son~v (L /i,)

Equation (2.57) is valid for o =t 1 (not just o0 = -1 as used in
the preceding discussion).
The branch-cut integral in (2.57) may be evaluated as follows.

From (2.44) and (2.51) we find
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oo
@]
S. D,

ps.D 2

> wq-q—wcez Cd-d'éuci)
v efol S5 Fa AR

oo KE|7 22 2V,
v e |(Fakal|© K
? w-oR
J B (|2 (ke ) € () (2.58)
PS.D. z
(xTe = %-maz, le = %-MAZ). We evaluate this integral by the method

of steepest descent discussed in Appendix E. For z > 0 the electron

term of the integrand (i.e., the first term within { }) has a saddle

point at
2L (7 z
[2{(CU+°'wce) q/e} J 3CZ(2 es3
se Za?
' (2.59)
o, = Sen (e w+ Oer,)
and the ion term has a saddle point at
295 (7 _x. T
- 2{(“)’0'wci)°((‘} ]3 ‘(2 0(19)
o = Son (Race = Ter;) (2.60)

The correct choice of the P.S.D. and graphs of it are given in Appendix
E. Computing the first term of the asymptotic expansion about the

saddle point we obtain
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oo
/ Q’ -
o

D,

f.s.0.

P
(wtow o2, .
-3 p—— [E—[‘x 2

e
ié}(£%e)0ﬁi koo €

B (LS ) w-o0) (4 | @v—:ﬂj ) & (e €2 ()

(2.61)
%
7 B | |
[o £ (4 >
im - (&) Q?efééza)e
V7 (12 2 , 2 _ fw-acn
(Aé,c - New 011)6%”'[_—2;—-]) E;;(Xiy,a;oo €, (% %)
which is a good approximation for
?(“J'c‘/ce) >
—— | */ (2.62)

(as discussed in Appendix E). In using the method of steepest descent
we have implicitly assumed that the integrand of (2.58) had no poles

near the P.S.D. For ®w near w, the poles at k0 and k; lie near

1 1

the real axis. Thus, ignoring possible interference of poles at kl's

caused by roots of €r (kl,w,o) = 0 other than the least-damped ones,
+

we conclude that use of the method of steepest descent is justified.

The w integration

We now perform the w integration in (2.50), which from (2.57)

and (2.61) is
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+eo+i5 .
%A
7{( N 2 otee € ] Result of branch-cut
ZV £) =
72 27 (wtow) integral, i.e., (2.61)
00+ (8

AR
-0 ‘( v ) Z
) e

: z
+ ’H(VE)E/(
w-o2
5;(( v, )°">") (2.63)
' ik, 7
tE (k) e
N @ o]\ 3€, (4w ) [
- (%4
(’(:-[ Vv ])—ui
z Fya L=k
/ Py

In Fig. 2a the primitive w contour lies above all singularities of the
integrand of (2.63). We let & + 0 deforming the contour around any
poles. In Fig. 2b we have lowered the contour until & = 0 and

deformed it around the pole at w = -ow, (this is the only pole shown

1

in the figure). In Fig. 2c¢ we have lowered the contour into the lower-

half plane. Since for t > 0 the contribution from the horizontal part

of the contour vanishes (e *“t e—IIm w|t

+0 as |Imw| or t+=),

we are left with just a residue term at w = -0w, . Before writing down

this term we consider contributions from poles other than the one at

W= -ow, . '
The remaining poles of the integrand of (2.63) occur in the w

plane where |

(i) (2.61) has poles
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(i) € @) =0

Ww-o0
2

Ve

(iii) W = é,vz +o0

(iv) gerﬁ(k,w,a-) = O
I L L=L

/

In general none of these poles will occur at w = -0w, so none of them
will interfere with the response at frequency wy - However, we shall
investigate all four of the above cases to determine if there is any

response at frequencies other than W, -

CASE (i): Consider just the first (electron) term of (2.51) which

has poles where any of the following are satisfied:
kioc-w? =0

co- KgeV, + T2 = O (2.64)

ea(kSQ =(U)°-) =0

[Note from (2.59) that kse v (w+oQ)2/3 so none of (2.64) would pro-
duce simple poles.] By the following argument we show that roots of
(2.64) in the ww plane cannot produce any legitimate pole terms.

First note that the position of the P.S.D. for the branch-cut integral
in the k plane depended on the value of w ([see (2.59)]. Now any

w that solves (2.64) represents a pole in the k plane exactly on the
P.S.D. that corresponds to that w . Recéll that in obtaining (2.61)
we assumed the integrand of (2.58) contained no poles on or neér the
P.S.D. Thus if we could find an w that solved (2.64) we would have

to evaluate the branch-cut integral (2.58) by a different method (only
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for that w ) say by integrating along the real axis in the k plane.
But then the factors in (2.64) would never even occur in the calculation
and thus no pole term would result from the w that solved (2.64). We
conclude that any roots of (2.64) in the ® plane can be ignored and
that (2.61) is a valid representation of the branch-cut integral only

for w evaluated at w = -owl .

CASES (ii) AND (iii): For definiteness we set o0 = -1 and

consider electron waves so ) = -wce . Then the residue term that

results from case (ii) is

(2.65)

where

&\I*wc A - ~ -
€ (——_Q-w) =0 o = son(Rels “Ue) (2.66)

and the residue term that results from case (iii) is

V) E/(z) eékz ~i{Fvte )t

(Fv, teg @) 367, (K, kva+ore) (2.67)
Ry A‘=Z>

where because of (2.55) we must require
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PANEA ~
€ (£ kv, +e)=0 B = Sen o k)
7; 3 F Qe ( (2.68)
By making a change of variable in (2.65) from & to kvz W s i.e.,
A N
w = Ayt @
(2.69)
b} _ 9
VZ 32; Ak A

w=b A=k

we see that the two residue terms, (2.65) and (2.67), cancel identically
with the following considerations.

For reference, the roots of €r [(m-wce/vz),w] = 0 in the complex
w plane are shown for a typical cas; in Fig. C-17b in Appendix C. Note
there are branches which have Im w > 0 (corresponding to growing
waves) which would be included in the ® integration. The correspond-
ing roots of €r (k,kvz+wce) = 0 in the complex k plane are shown
in Fig. C-17a. ;ote there are branches which have Im k < 0 (corre-
sponding to spatially growing waves) but it seems these branches would
be excluded in the k integration since the primitive Kk contour runs
along the real axis. In fact, however, if we review the lowering of
the w contour, and follow the pole at k = w—wce/vz {the equivalent
"k" in €r (k,kvz+wce)], we would see that since initially Imw > 0
(and v, >+0 always for z >0 ), as Imw goes to zero and then

becomes negative, the pole approaches the k contour from above and

then indents it so it would be included in the final result even though
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it ends uﬁ in the lower-half k plane. (If v, < 0 the pole would
start beneath the primitive Kk contour and would therefore never make
a contribution.)

We conclude that the pole terms produced by cases (ii) and (iii)

cancel identically.

CASE (iv): This case is not allowed in that we assumed a simple
first-order pole occurred at k1 in performing the k integration
[see (2.54)]. Even if a simple pole of higher order occurred in the
k integration, the term corresponding to case (iv) would be the first
non-zero derivative and would therefore not produce a pole in the
integrand of (2.63).

Thus in (2.63) the only pole we have to consider is the one at

W = 0w, , which gives

]/((Z,_v_,t) = B4 -1 [(2.61) evaluated at w = -owl:]

,(.c(w,m) 2 it
-0‘(‘”,‘“1 4 . +(’ LU/
/f(vz)E,%\,z )e z
+
€, _—M‘Q_)-‘o-w”c‘
-0 V? ? (2.70)
ik/z-f'zo'cu,t ]
w
(,4,_,. P-_(_\_/{if.’_'l) 967:“, (£,-ow,, o)
F4
ok A=A
for z > 0 and where € (kl,-cwl,o) = 0 . Equation (2.70) is valid

-oB
for 0=+%1 (not just 0 = -1 as used mainly in the preceding

discussion).
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Final expression for fl(z,xjt)

Using the symmetry properties (B.6) and (B.8) from Appendix B,

* *
[ea(—ﬁk’—O’Cg,O’)] = 67’_ <_°'"é> -O‘Cu/,o")
= ¥

2.71
267 (0,79, 0) 1% 365 CokY-r,0) e
Y2 - 5 (k%)
and the symmetry property
# ¥
[E/(k)] = £(-47) (2.72)

[which follows from the fact that El(z) is real], and then summing
over O = * 1 [which has been implied since (2.28)], we find fl(z,l,t)
equals twice the real part of either the 0 = +1 term or the 0 = -1

term. We shall use the latter. Then specializing to electron waves

« = -wce), and dropping the ion term in (2.61), we obtain

2

) 3
— .. 3l:((“//—a/ce D‘Zjl [_é/_ _.z-o(g]_l-a?z_
- 2

2
£, (/%9 “oe kSeC‘f e

N7 ( A-;ecz— o N@-) ( Koo [ “ ”“’ce] ) €7+ (’ése A (’és‘e,(”/)
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£(2,,2) = Ra|B'S

L L

. C‘//'wce) -
“’f“"*) Z( b (2.73)
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E(k)e
+
-y, o€ (
(’éf[ vy ]) 3
=k,
for 2z > 0 and where
- +i®
&= —ﬁye
L /m\/Z
W
¢ RESE w)et 13 (Z-=F)
se” | ze® < (2.74)

x = SGN (“’,"wce)

€ (4}’07) =0
+

Equation (2.73) gives the first-order perturbation to the electron's
zero-order distribution function. Note that although fl(z,xjt) in
(2.73) is for electrons, both ions and electrons enter into the
dielectric functions [see (2.44)]. The first term of (2.73) will be
called the branch-cut term (since it came from the branch-cut integral),
the second term will be called the free-streaming term (for reasons to
be discussed shortly), and the last term will be called the dielectric-
pole term (since it comes from the root(s) of the transverse dielectric

function).
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2.4 Calculation of gd(z,t)

The first-order current response is

J(BT) = ’”2’/75(2"‘—’,1“) v oL (2.75)

/

From earlier considerations [(2.33), etc.] the integration over ¢ and

v leave
1 2,
_ £
~3 (“7 ‘”ce)“ff] / _.«ﬁ]_lw[
E(kJuiwe L T 2 v 04
~ /’e / Vz.
- + e ’\fg(k:fz“c";z)(af"‘ée)e (Kse- )€ kse ) \,?_[“i__‘_”c_e]
e % - -0 se
» w,_, z(———-wv w‘e)z—é@t
5 ————“"”V;"“,%)
S emeiwt + oo ] (2.76)
Ek)e Ly % (%)
w, -,
k, 9671((""") e vz-[__z_ﬁj
ok !
A=k =

/

for z > 0 . Note that only particles with v, > 0 contribute to the
free-streaming term but that all particles contribute to the branch-cut
and dielectric pole terms.

To facilitate computation of the free-streaming term integral in
(2.76) and because at present we have no other preferences, we assume

an idealized delta-function source with

E(z) =F (D (2.77)
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E (kK =2 (2.78)

where ¢1 is a constant with units of electric potential. Recall that

fo(vz) was assumed to be Maxwellian in (2.35). Then the integrals in

the branch-cut term and the dielectric-pole term in (2.76) are of the

form
+00
AV 1§(yg) _ =z (fﬁl:ffﬁf%>
[w,-wce * ke (2.79)
e V27T x ]

where Z is the plasma dispersion function defined earlier in (2.45).

The free-streaming term phase-mixing integral

The free-streaming term integral in (2.76) is

2 -
©o —Y'Z'" Z'(a//\/a/ce>Z
2
y; / vz € ¢ ¢ z
V7 e Vv, €, e 4,
(] Z o VZ y /

(2.80)

X = SGN (‘U/“wce)

and we shall perform this integral in the complex vz/a plane-by the
method of steepest descent described in Appendix E. The appropriate

saddle point of the integrand of (2.80) is

/ . 77
Vs I:(c%-a/ce) az] §€~LO<Z

= == (2.81)

<

and the first term of the asymptotic expansion about this saddle point

is
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e
- (2.82)
N3 Vg €, (_/__se_ w/)
4 v 1
S
which is a good approximation for
Z (¢~ pe
. 2 .12 (2.83)

A complete account of the paths of steepest descent associated with
(2.80) and an error discussion concluding with (2.83) are given in
Appendix E.

The primitive contour of (2.80) in the complex vz/a plane is
shown in Fig., 5a. In Figs. Sb, c, d, the primitive contour has been
deformed to the appropriate P.S.D. depending on the value of wy - The
saddle point vs/a {defined by (2.81)] is shown as well as the

dielectric pole at

= (2.84)

where

67;( ('é/, C(J/) = O

Note that there is a pole contribution for w < 0 or wy > W.e but

not for 0 < Wy < Wee Thus the free-streaming term (2.80) has the
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FIGURE 5, CONTOURS IN THE vz/a PLANE USED IN EVALUATING (2.80).

The primitive contour in (a) is deformed to the appropriate
path of steepest descent in (b),(c),(d) according to the

value of W . The saddle points (vs/a) and poles (vl/a)

are defined by (2.81),(2.84) respectively,
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saddle point contribution (2.82) for all values of w and a residue
contribution only for wy <0 or W, > Wee These results, including
the absence of a residue term for 0 < wy < Wee s will be discussed

further in a special section on transverse free-streaming waves.

Final expression for gl(z,t)

Combining the results of the above saddle point integration with
(2.79) and (2.76) we arrive at our final result for the current

J,(z,t)

g(z,t7 =

R e “e 7e% € ( ’ <€>
+ « 2 2 £
tﬁ( se€ —a}z)(af_a/ce) Ga( Se,a//) €7_( se;CJ/) A Tse
%4
(Qf—ﬁ/cc)o(z 3 Vi . ﬁ -
5T = | |2 TF 79T
+ vV,
Nz = )~ Lee
1 (2.85)
i _ 2
Lk Z =T e -F%iE%
- a
+ < Z (‘jéﬁce) +2miS(w)e
+ [~ 4
£ €7 (kW) ’
2
& Lok A

for z > 0 and where
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5€= ZQe <
/ .«77'
— -t —

R e k)

@ 2=

X = QGN(“J/"(""@)

(0] =
S@= 17 for «~<o), > g (2.86)
for
O O < ¢, < e

In (2.85) the terms remain in their original order, i.e., branch-cut
term, free-streaming term, and then dielectric-pole term except that
the S(w) portion of the last term is the residue contribution from
the free-streaming term for wy < 0 or W) > w g -

Before discussing the behavior of the terms in (2.85) in general,

we shall present the results of a numerical evaluation of these terms

for a specific case.
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3. Numerical Evaluation of (2.85) for Response with Electron Cyclotron

Damping

We present the results of a numerical evaluation of (2.85) for
values of the excitation frequency Wy just slightly below W This
choice of frequencies was made in the interest of studying electron
cyclotron damping but in addition this choice clearly illustrates the
various sizes and types of terms that comprise (2.85).

First we must consider the effects of all the roots of the trans-
verse dispersién relation. We have drawn the equivalent of Fig. 3d for
0 <w, < Wee in Fig. 6, in which we display the positions of all roots

1

of € (k,wl) = 0 , not just the least-damped ones. (The roots of the
+

transverse dispersion relation are discussed in Appendix C and are
summarized in Fig. C-15.) Also shown in Fig. 6 is the branch-cut P.S.D.
contour as chosen in Appendix E (see the discussion concerning Figs.

E-1 - E-3 for details). As used earlier in Figs. 3 and 4, €r (eT )

is to be used on the dashed (solid) line contours in Fig. 6. i '

We see from Fig. 6 that in addition to the least-damped root
(marked k1 ) we must consider the effects of the infinite sequence of
roots and also the pure imaginary root. In the next section we shall
show that the infinite sum of residues produced by the infinite sequence
of roots is negligible except at positions extremely close to the place
of excitation. Accordingly we shall neglect the infinite sequence of
roots for now. Note that the pure imaginary root in the upper-half k
plane in Fig. 6 is missed by the deformed contour altogether so it never
enters the calculation for 0 < W <w, . - Thus the only root we have

to consider is the least-damped (cyclotron-damped) root.
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FIGURE 6. FINAL CONTOUR IN THE K PLANE FOR 0 < w, < w o

1 ce
Roots of eT+(k’“1)=0 are shown by dots and roots of

eT_(k,u1)=0 are shown by crosses. Also shown are the
branch-cut P,S.D. contour (which differs from that of
Fig. 3d because now w < uce) and the contours that
encircle the various poles ( e;_ [£T+] is to be used

on the dashed [solid] line contours) for z>0,
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We comment on some characteristic lengths. The branch-cut and

free-streaming terms in (2.85) have the characteristic length

@
(3.1)

A=
° ‘Cu/—aéel

while the pole term has the wavelength

_ 27 ZL._ <
2= Rk [&é, C} “ee (3.2)
wce

For our example we shall find Al = c/wce Thus we have chosen to

normalize all distances to the basic length c/wce , i.e., we define
~ z
2= 7
(“/ce)
~ _ Do
‘)o-— <
(wce) (3-3)

~ A, _ 27
RGN

For reference, if fce = wce/Zn = 2.25 GHz

(a typical value), then

c/wée * 2 cm.
In evaluating (2.85) we selected values of the plasma parameters

attainable on the UCLA Q machine, i.e., c¢/a = 1120 and wpe/wce = 0.4.
Then writing
2
e &, [ A A
_LZ- = —a exk];< +6y\]}: (3.4)
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28

with 14 given by (2.85) we numerically calculated Jx vs. z for
several values of w,/w . in the range 0.985 i_wl/wce <0.999 . The

results are presented in Figs. 7a-f. The actual values of wl/wce and

the corresponding values of the parameter I defined by

&

<
</
wce

M= = (3.5)

are given in the caption of Fig. 7. All of Figs. 7a-f are drawn to the
same vertical and horizontal scales to aid in comparing the wavelengths
and amplitudes of the various terms. And in each of these figures the
length ;o is indicated explicitly while the length ;1 (which is
simply one wavelength of the pole term) is easily discernible.

We briefly note the following features in Figs. 7a-f.

Figure 7a: The branch-cut term is negligible, the free-streaming

-~

term is significant for 0 <z < SAO and the pole term is significant

from z = 0 or to large values of Z since it is only weakly damped.

-~ ~

Note that Ao << Al . All of these features hold for smaller values of

wl/wce .

Figures 7a-f: As wl/wce increases, the branch-cut term grows in

amplitude and penetrates further into the plasma, reaching peak penetra-
tion at about wllwce = 0.996 (I = 4.5) . The dashed branch-cut curves
computed by setting 1 (kse,ml) equal to one in (2.85) show that if
the dielectric function+ €T+(kse’“1) were not present, the branch-cut
term's penetration length would continue to grow with ;o approaching
infinity as w

1 approached Wee The free-streaming term always
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FIGURES 7a-f

In Figures 7a-f we present plots of Jx [defined in (3.4)] vs.

e/%ce , ¢/a = 1120 ) All

figures are drawn to the same vertical and horizontal scales, which

Z [=Z/(c/mce)] for the branch-cut, free-streaming, and cyclotron-
damped pole terms of (2.85). ( wp Jw_ = .4

are fully labelled only in Figure 7a. In Figures 7b-f, ET+(kse’”1)
was set equal to one in (2.85) to produce the dashed branch-cut
curves, and eT_(wl-mce/vs,ml) was set equal to one in (2.85) to
produce the dashed free-streaming curves. Values of wllwce s
r=|(w1/wce)-1|c/a » Xg=A/(e/w )=1/T , and kjc/w_, are as follows

(values of klc/wce were obtained from Figure C-5):

Figure ml/wce T Xo klc/mce
7a .985 16.8 .06 3.64 + 10,02
7b .990 11.2 .09 4,28 + i0,145
7c .994 6.7 .15 5.39 + i0.91
7d .996 4.5 .22 5.76 + il.68
Te .9975 2.8 .36 5.89 + 12,32
7f .999 1.1 .89 5.95 + i2.96
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diverges at z =0 . As wl/wce increases, the free-streaming term
penetrates more as its amplitude decreases; roughly, maximum penetra-
tion occurs for wl/wce % 0,994 (I = 6) . The dashed free-streaming

curves, computed by setting €r [(wl—wce/vs),wl] equal to one in

(2.85), show that if the dielectric function eT_[(wl—mce/vs),wl] were

not present, the free-streaming term's penetration length would also

~

continue to grow with Ao , approaching infinity as W, approached

Wee * The cyclotron-damped pole term shows increased damping and a

smaller wavelength as wl/mce increases.
Figure 7f: The branch-cut and free-streaming terms are significant
only for 0 <z << A %1 while the pole term is significant for

0 j_i < 2 , the later limit being due to the heavy cyclotron damping.

~

Note that A = Al . For still larger value of wl/wc (i.e., 0.999 <

e

wl/wC <1, or equivalently 1>T >0), the branch-cut and free-

~

e

streaming terms' penetration lengths go to zero while Ao + o ; at the

~

same time Al decreases (but not to zero) and the pole terms' penetra-
tion length decreases (but not to zero).

We conclude that the branch-cut and free-streaming terms attain
sizable magnitudes and penetration lengths for wllwce within a certain
range of values. More specifically, for the present parameter values,
we shall find in a following section that collisional damping dominates
cyclotron damping for wl/wce < 0.99 . Thus, for the present parameter
values, cyclotron damping measurements would be feasible only in the
range 0.99 < wl/wce_i 1 . And we see from Figs. 7a-f that within this

range, both the branch-cut and free-streaming terms are quite signifi-

cant. In fact, for 0.996 < w; /g < 0.998 approximately the first
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1/3 or 1/4 of the distance over which the pole term (and therefore
cyclotron damping) could be measured has dominant intzrference from

the branch-cut and free-streaming terms.
With the above specific results at our disposal, we return to

(2.85) to discuss the general behavior of the three terms that comprise

that equation.
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4, Analytical Investigation of (2.85)

In this section we shall examine the general behavior of the three
terms in (2.85) for all values of wy We shall find that the branch-
cut and free-streaming terms have definite characteristics in each of
the regions I'>> 1, T'=1, T << 1, where, as given earlier,

r = I(wl/mce)-ll %—. [For reference, note that (1) T >> 1 for all
values of wy except those very near Wee and (2) the T regions

are symmetrically located about W = W .] The shielding effect that
occurs in the branch-cut and free-streaming terms, as noted in Fig. 7,
will be discussed further. Lastly, in considering the pole term, we
shall investigate the infinite number of residues that occur (because
there are an infinite number of roots to the transverse dispersion rela-
tion) and show that their effects are negligible in general, except at

positions very near z =0 (the place of excitation).

The branch-cut term in (2.85).

This term has the characteristic length A = a/|w;-w | -

Observe that

\UI\

‘A%;e\ =~ -;? <£§2) (4.1)

[o]

Thus at z = 0 (and for any Wy except W) = Wee ), the factor

2 2,

2 2 2
(ksec - W ) N ksec

o and therefore the branch-cut terms' amplitude
+0 . For z # 0 the behavior of this term depends predominantly on
the value of the parameter T :

' >> 1. In this region Ao is a very small distance and the

branch-cut term effectively damps out in a distance of a few Ao
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because of the exponential factor which goes as exp[-(z/Ao)z/s] .

Even for 0 <z < Ao the branch-cut term is essentially negligible

because, although €, (kse,wl) 1, we find that

ri
2
2 2 2 /3
w/’e 2 e CUPQ
— = 1= z = < /
kzcz—‘l/,z L2 2 wcc )OP (4.2)
se se

(for w;e/wze not too large). Thus in this region the branch-cut term
is negligible in general.

=1, As W approaches W.e the branch-cut terms' amplitude
increases (because of the lﬂpl-wce] factor) and the term penetrates
farther into the plasma (because Ao increases). If there were no
dielectric functions in the denominator of the branch-cut term, then
both the amplitude and penetration length of this term would go to
infinity at w; = Wee However, the dielectric functions are present
and their shielding effect is strong enough (for T <1 ) to damp out
the branch-cut term a significant distance before the exponential factor
does, i.e., before z = Xo . (This effect was noted earlier in Fig. 7.)
A result of this effect is that the branch-cut term attains a maximum

penetration distance for some value of T larger than one. [In Fig. 7

(for wge/wie = 0.4, ¢/a = 1120) maximum penetration occurred at
I~ 4.5 .]

[ << 1. In this region the shielding effect described above domi-

nates, which may be seen as follows. At z = Ao we find Iksel i 1/)\o

and
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Gr‘t(éseiccjl) \ k’ r‘l (4.3)

Thus at 2z = Ao , the branch-cut term goes as

. < R
“fe N
2 w? c
e 6’;( sex) €7 (Ko@) T e (4.4)
wcf <

which, for w;e/wie not too small, is << 1 and therefore negligible.
In this case, the branch-cut term attains a sizable magnitude only for
lz| << Ao . However, for |z| << Ao the branch-cut term is not truly
valid since then the saddle point asymptotic expansion breaks down (as
shown in Appendix E). Thus, although the peak behavior near z = 0 of
the branch-cut term in Figs. 7e,f can be explained analytically, we
shall refrain from doing so because this term is not truly valid there
anyway.

The above results hoid for (wie/wie)(c/a) >> 1 . If on the other
hadn (w;e/wie)(c/a) << 1 , then (4.4) indicates that the branch-cut
term would have a sizable magnitude at z = Ao and therefore a sizable
penetration length (since Ao + o for [ << 1 ). In this case the
branch-cut term's penetration length would simply approach infinity as
wy approached Wee Thus effectively, in this case of extremely low
densities and/or extremely high magnetic fields, the plasma does not

exhibit the collective shielding effect that occurred above.
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The free-streaming term in (2.85).

This term also has a characteristic length Ao . Note that
' A
Vsl __ (2. \3
2z |~ \ 2 (4.5)

A significant feature of the free-streaming term is that it alQays
diverges at z = 0 due to the factor l/vs . Physical reasons for the
presence of this divergence and conditions under which it is removed
will be discussed in a following section on transverse free-streaming
waves. For z # 0 , the behavior of the free-streaming term depends
predominantly on the value of T :

I >> 1. In this region Ao is a very small distance and the free-
streaming term effectively damps out in a distance of a few Ao . The
dielectric function € [(wl—wce/vs),wl] 2 1 so the free-streaming

o

term is approximately
2

-(—i—)/?( /-2V7)
BE

which depends only on the ratio z/)\o . It follows that the amplitudes

of this term's peaks remain approximately constant but the peaks shift

to larger values of z as w, approaches W.e {(because then Ao

increases). Thus we find in this region that the free-streaming term
is always significant for 0 <z $ 3x, say.

'~ 1. As w, approaches w the free-streaming term penetrates

1 ce

further into the plasma but at the same time, its amplitude decreases

as the dielectric function begins to exhibit a shielding effect. This
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effect dominates as I = 0 and the effective penetration length
recedes back to zero. From Fig. 7 we note that an "effective penetra-
tion length" is not a clearly definable @uantity but that for some
value of T 1larger than one (e.g., I = 6 in Fig. 7), the free-
streaming term does in some sense exhibit maximum penetration.

I << 1. In this region the shielding effect described above domi-

nates, which may be seen as follows. For |z| < Ay s Ivs/al z Iz/Aol

£1 and we find
2
“e <
- e z)| % =2
7 v, ,a%> = "™ 3
o s ° f’ (4.6)
Thus for |[z| S A_ the free-streaming term goes as
o
3
/ n
] - >
(e (e, ()2 (4.7
a :( \/s > /) Ao Lucze [« A

which at z = XA is << 1 provided wz /w2 is not too small. In this
o pe’ ce

case, the free-streaming term, like the branch-cut term, attains a
sizable magnitude only for |[z| << Ao . [Equations (4.6), (4.7) for
z = Ao may be compared to the corresponding branch-cut term Eqs.
(4.3), (4.4).]

If (wie/wie)(c/a) << 1 then according to (4.7) the free-streaming
term, like the branch-cut term, would have a sizable magnitude at

zZ = Ao (thereby exhibiting no shielding effect) and accordingly its

penetration length would approach infinity as Wy approached Wee
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The dielectric-pole term in (2.85).

The pole term(s) represent the collective modes of the plasma. As
noted earlier, a pole term has wavelength Al = 21/Re k1 =
[27/ (Re klc/mce)](c/wce) which, for the least-damped pole, is of order
c/wce for w, near w.. . The amplitude of the pole term depends
mainly on the factor Z+(Ce) .where Ce = (wl—wce)/kla . The quantity
IZ*(Ce)I is largest (of order one) for w, near .. ; elsewhere
|Z+(ce)l v 1/t v a/c which is typically quite small.

The waveforms produced by the pole terms are governed by the zeros
of the transverse dielectric function, i.e., by the roots of eT(k,w) =
0 for real w and complex k . These roots are discussed in detail
in Appendix C which should be read at this time. A summary of the
types of roots for the various frequency ranges is given just preceding
Fig. C-14. With the results of Appendix C, the pole terms may be com-
puted for any desired value of Wy -

The least-damped pole and any pure imaginary poles may be readily
computed. However, the infinite sequence of poles that always occurs
is more difficult to evaluate. In the following we obtain an upper-
bound estimate for the magnitude of the infinite sum of pole terms.

The infinite sum of pole terms.

For 0 <uw; <w, the branch-cut P.S.D. contour in the k plane

(as shown in Fig. 6) is such that only a portion of the infinite

sequence of roots [of €1 (k,w) = 0 ] is enclosed. This situation

occurs whenever w, < W.e 3as may be seen from Fig. C-13. For
W, > Wee the branch-cut P.S.D. contour (as shown in Fig. 3) is again

such that only a portion of the infinite sequence of roots [now of
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€ (k,wl) = 0 ] is enclosed. In all cases the saddle point kse , as
gi;en in (2.85), moves as w, or z is varied, so the number of roots
enclosed also varies. Thus we have chosen to evaluate the full infinite
sum of residues, knowing that in any actual case the net effect will be
smaller than the estimate we will obtain. Without loss of generality
we consider wl > Weg » and therefore the roots of 8T+(k,w1) =0 .
Asymptotic expressions for the values of the roots in the infinite
sequence are obtained in Appendix C. As given in (C.35) such roots of

€p (k,wl) = 0 in the ¢_ plane (Ce =[w1-wcg/ka) are given by

e
<+
-z
— =4
l=re
(4.8)
p =NZmr  m=345
and at such roots we have from (C.32)
2
- A b . _E
2¥mrc e =
A
0=[ _ wyly w(e)]
/ 2
Pe (4.9)
£ (C‘J/'wce)?CZJ
ey at
_We proceed to evaluate the residue terms.
For |z | 23 we know
2
/ / . _Tle
()=~ - 5 ~- =5~ tzvree
Z (Le AN (4.10)

so from (4.9), at a root, we have
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(4.11)

For now we assume the second term in (4.11) is negligible and take

D-/
Z (L) = (4.12)
+ € o
Another result we need is
k 367-(14',((/,) _ __!c SET(Z;,CU,)
ok € LA
-
2 3
e @ dg
= — - )2 .
[(@-we’ s, |-

3[(%—%_,)%25]—[[ (-, m]

[(63_%¢73§}‘[/;?(6‘7‘wce "‘7]

2(0)-27-2L 2()|p (4.13)

To simplify this, we note that for

7 c* Z 2
\(w Y| = | £ (e
i.e., for
((“4'%&) < <3
“ (4.14)
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(since lCel 2 3 ), we have

2
€, (L) C"/e-/e _ S
e T ey | e R
2
o 204
aJ/(ai—wce

using (4.12).

(4.15)

We may now calculate the infinite sum of residue terms, which we

shall call } . Using (4.8), (4.12), and (4.15), we find
o

L czZ
2K Z e
e (G- ) 0-7)| @@ € Vm
:i =2 25+Q:) < 5 3 2 Zf K%
< 2 €, (k) o ,,/za;e D | m=3 ;72
2K k=4,
where ¢ Eﬁul-wcg/Zvﬁh . Since
w -CE
123
/ e » - 2
F /)73/2 CZ
for cz # 0 , we conclude that
¢ (D-7) ..
oo V_Z— ﬂ_wpe‘D Z

If cz =0, (4.16) remains finite since

iy
2 5 =259
m=3 o 72
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(4.17)

(4.18)

(4.19)



We see that if inequality (4.14) holds (i.e., if T 1) than
(4.12) and the final result (4.18) hold. In the opposite limit

-l c
L__<c = > 3 (4.20)

&«

(which corresponds to I >> 1 ) we find

£E-/
Z+(ZZ) X (4.21)
[
and
s < Y/ &>
’ ZZ < Z ? “ee (ZZZe) (Cbﬁe
,,cl T Wpe 23 (4.22)

For cyclotron damping measurements we would usually have w = Wee

(Ad = [41me2/1<Te]1/2 is the Debye

x ube . Then at 2z = a/wbe x Ad
length), we see from (4.18) that |}| <1 for I £1 and from (4.22)
0
that [)] < ¢%/a® for T >>1 . Thus very close to the place of exci-
(o]
tation (z = 0) the infinite sum of pole terms may have a significant

effect. On the other hand, at z = c/wce both (4.18) and (4.22) show
that |)| < a/c which is typically very small. Thus the effects of
the inf:nite sum of pole terms is confined to a small region near the
place of excitation. [To substantiate the above conclusions for the
case of Fig. 7, we summed the first several thousand pole terms numeri-
cally using (4.11), (4.13) and indeed it was found that the sum was

significant only extremely close to z = 0 .]
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5. Physical Picture of Transverse Free-Streaming Waves and the Free-

Streaming Term in (2.85)

We wish to investigate the physical significance of transverse
free-streaming waves and explain why these waves have negative phase
velocities (for z > 0 ) when O < Wy < Wee ° and why these waves
experience no cyclotron damping. Then we want to investigate the free-
streaming term in (2.85) and explain why this term has no accompanying
pole contribution for 0 < w < Wee and why this term diverges at
z =0 . In addition to present considerations, free-streaming waves
merit special attention since they are the basis of echo phenomenon

(such as we will consider in Part II).

5.1 Physical picture of transverse free-streaming waves.

We consider the situation shown in Fig. 8a. A continuous uniform-
density beam of electrons flows in the +z direction along an externally
applied magnetic field B = GZBO . All particles in the beam have the
same velocity v, in the +z direction and the same magnitude of
velocity |v | in the perpendicular direction. The directions of the
perpendicular velocities are uniformly distributed; this is represented
in Fig. 8b by the uniform ring of dots plotted in perpendicular velocity
space (vx, vy). Each dot represents a particle and the particles are
uniformly spaced on a circle of radius IYL| . Thus if the perpendicu-

lar current

J =S o Vv,
R S (5.1)

were calculated, the result would be J; = 0 as illustrated in the

lower portion of Fig. 8b.
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FIGURE 8,

The beam and excitation at z=0 are shown in (a).

CREATION OF A TRANSVERSE FREE-STREAMING WAVE,

The velocity distribution and current J;, are shown
for z<0, 2=0, 2>0 in (b),(c),(d) respectively.
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Returning to Fig. 8a, we have placed an idealized excitation mech-
anism at z = 0 which lets particles pass through freely but subjects

them to the external field

Eext(z,t) = g/ [é‘x cos(«t) + é‘,, siv (w,f)J &(z) (5.2)

—

[as used earlier in (2.46), (2.77)]. The effect of this external field
is that as a particle passes z = 0 it receives a net impulsive change
in its momentum, which we shall call mAv . If a particle passes

z=0 at time t we find

++ 4% + 42
= z
= E =
mAyv AL T Coxr = vi— Lz £, .
sT z 3
= 67
2 Y (5.3)
- 22 [ cortr) 18
v, e, cos 1T) +e, siv(w,2)

where &t (6z) is the time (distance) a particle spends subjected to

the force qu (Actually 6t, 6z » 0 while Av remains finite.)

xt °
The important point is that all particles that pass z = 0 at the same
time receive the same Av regardless of the direction of their perpen-
dicular velocity vectors.

In Fig. 8c we show the effect on the velocity distribution when
Av points upward. Each particle receives a Av upward so the circle
of Fig. 8 is just displaced upward a distance Av . If we calculate
J, from (5.1) we shall find a net current in the -Y direction (since

q = -e for electrons) and this is indicated in the lower portion of
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Fig. 8c.

Now imagine what happens to the beam segment with the velocity
distribution of Fig. 8c as this segment moves downstream (z > 0) with
velocity v, Since every particle (electron) rotates in the right-
hand direction at the cyclotron frequency wce , it follows that the
velocity vector of every particle maintains a fixed magnitude but
rotates at frequency Wee * Thus, as shown in Fig. 8d, the velocity
distribution is a displaced circle that rotates at frequency Wee
The net current J, rotates at W.e also, as is shown in the lower
portion of Fig. 8d.

In summary we note that a Beam segment with v, > 0 has :£ =0
for z <0 . As the segment passes z = 0 it obtains a net J, , and
as it moves downstream with velocity v, the current é: ‘rotates in
the right-hand direction at frequency Wee *

The shape of the wave produced downstream depends on the relative
size of wy and Wee if W) = Wee each new segment that passes
z = 0 obtains a J, exactly in phase with the J, 's of all the other
segments that passed earlier. The established waveform, as shown in
Fig. 9b, moves downstream with velocity v, and rotates in the right-
hand direction at frequency Wee * 1f w; # Wee then the excitation
and established J, 's rotate at different frequencies, and the resultant
waveform is a helix. For W) < W, the waveform is as shown in Fig.
9a. (Note that this waveform occurs even if w) = 0 .) For Wy > W
the waveform curls in the opposite direction as shown in Fig. 9c. We

emphasize that all waveforms shown in Fig. 9 move downstream with veloc-

ity v, and rotate in the right-hand direction at frequency W.e
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FIGURE 9, TRANSVERSE FREE-STREAMING WAVEFORMS ACCORDING TO

VALUE OF W) .

All established waveforms propagate with velocity v,
and simultaneously rotate at frequency ®.o
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We compute the phase velocities of these waves as follows. If
Wee = 0 it is clear that one wavelength equals v, times the time for
one complete cycle of excitation at frequency W i.e., A= vz(2n/m1).

If w # 0 we find
ce

N 2r
A ”V*(wrwce -4

which can be seen by noting that an observer in a frame rotating with
the electrons (at frequency Weo ) sees the excitation as having a

frequency w, - w ). Thus

ce

Va (5.5)

If we consider one of the waves in Fig. 9 at some fixed 2z (> 0) we find
the motion of the excitation at frequency Wy is exactly duplicated by
the ££ of the wave (but delayed by a time z/vz and rotated through
an angle of zwce/vz radians). Thus the phase velocity of one of

these waves would be

7%/ “
v = - VZ -
PHBsSE £ “@ - e (5.6)

Note that vphase <0 for 0 < W) < Wee which means the wave looks like
it is propagating toward z = 0 whereas in fact all the particles com-
prising the wave are moving away from z = 0 (since v, >0 ). This

apparent paradox may be explained as follows.

Explanation of why transverse free-streaming waves have negative

phase velocities (for z > 0) when 0 < W < Wee *

First consider the useful analogy of a rotating barber-shop pole.
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The pole does not translate but the stripes appear to be moving upward.
If the pole actually translated slowly downward (while still rotating)
then the stripes would still appear to be moving upward (but slower) to
a fixed observer. Thus the stripes would appear to be moving in a
direction opposite to the direction the pole was moving. This situation
is an exact analogy to that of.transverse free-streaming waves for
0 < W < Wee

More quantitatively, consider any waveform in Fig. 9 and choose a
point on it. In time At the point moves a distance vat in the +z
direction and it also rotates through wceAt radians in the x-y plane.
Therefore to maintain constant phase (i.e., to keep up with a vector
J, that points in the same direction as a vector drawn to the original

point), besides moving ahead vat we must move an additional Az due

to the wce rotation where
AF _ _“esT
A 2m
or
v(____wce At
AZX T .7
z\ -, (5.7)

using (5.4). Thus the phase velocity is

v o YesTtaz V. [z
PrASE Z f AT
Az . A
N o B}

—
from translation from rotation (5.8)

[using (5.7)], which agrees with (5.6). But this calculation explicitly
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shows that the Wee rotation can dominate the v, translation causing
the phase velocity to be negative for 0 < Wy < Wee * Hence it is
important to consider transverse free-streaming waves not as fixed
waveforms that just translate, but as waveforms that translate and
simultaneously rotate.

Explanation of why transverse free-streaming waves experience no

cyclotron damping.

Another unique consequence of transverse free-streaming waves is
that they propagate freely, experiencing no cyclotron damping. This may
be seen as follows. Consider a beam of particles with velocity v,
that have established a free-streaming wave with k = “ﬁ‘“ée/vz as in

(5.5). Then a test particle with velocity V in the z direction sees

a Doppler-shifted frequency & given by

& ~ Leg
& = kT = - (v

- cu/(/— }/’Z ) + o, (3{;)

We see from this result that o = Weg only if V = v, s which means

(5.9)

that the only particles that could cyclotron damp the wave are the very
same particles that comprise the wave. Thus there is no cyclotron
damping effect. It follows that when many free-streaming waves are
created, each with a different v, s they will each propagate freely,

not being damped via absorption energy by particles in the other waves.

5.2 Physical picture of the free-streaming term in (2.85).

Referring back to (2.76) we see that the saddle point free-streaming
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contribution to ;ll(z,t) in (2.85) is just the result of a superposition
of many free-streaming waves, each represented by
exp(i[(wl-wce/vz)z—wlt]) and weighted by the factor fo(vz)dvz . The
apparent strong damping of the saddle-point contribution is due to phase
mixing; all of the free-streaming waves created actually continue to
propagate downstream (unless destroyed by collisions) but the sum of
their J, 's (due to the different wavelengths and phases involved)
quickly adds to zero.

Explanation of why the free-streaming term in (2.85) has an accom-

<w

panying pole contribution for wy < 0 or w, > Weo but not for 0 < w, ce

1

In (2.76) we note the presence of the dielectric function
Er [(wl—wce/vz),wl] which represents the collective effects of the
plgsma. We find that if some free-streaming wave has a vz(real) such
that ml-wce/vz (real) is nearly equal to the k1 (complex) of an
allowed collective mode [i.e., € (kl,wl) = 0 ] then that collective
mode may be excited according to the following considerations. We con-
sider z > 0 as above, for which all free-streaming waves have v, > 0.
Then in evaluating (2.76) by the saddle-point method, we note that the
v, contour is deformed to that half of the v, plane wherein
exp[i(ml-wce/vz)z] represents a damped wave. Accordingly a collective
mode will be excited, and a pole will result [from the root of
eTa((wl-mce/vz),wl) =0 in the v, plane] only if the k, of the
collective mode represents a damped wave also.

For Wy > W all free-streaming waves have positive phase veloci-

ties. In addition, the roots of Er (kl,wl) = 0 that have Re kl/w1 >0
+
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also have Im k1 > 0 (corresponding to damped waves for z > 0 ). Thus
it is not surprising that when the contour in the v, plane is
deformed we pick up a residue contribution (see Fig. 5d).

For W, < 0 a similar result occurs (see Fig. 5b).

For 0 < W, < Wee all free-streaming waves have negative phase
velocities. But the roots of € (kl,wl) = 0 that have Re kllw1 <0
also have Im k1 <0 (correspond;ng to growing waves for z > 0 ), so
in effect there is no collective mode that has the characteristics of
a damped free-streaming wave. Thus it is not surprising that when the
contour in the v, plane is deformed (for this case), the pole is on
the 'wrong' side of the contour and hence there is no residue contribu-
tion (see Fig. 5c¢).

Explanation of why the free-streaming term in (2.85) diverges at

z = 0 and how this divergence can be removed.

Lastly, in (2.76) we note the presence of the factor 1/vz . This
factor is proportional to the amount of time a particle spends traversing
the excitation region, as may be noted from (5.3). It is this factor
which causes the divergence of the free-streaming term at z = 0 .
Physically, this divergence may now be explained as follows.

Consider an excitation like (5.2) but which, in place of the =z
dependence El(z) = @16(2) has El(z) = QI/A for -A/2 <z < A/2
and is zero elsewhere (then the S8-function character is retrieved in the
limit A > 0 ). Now if the time a particle (with velocity v, ) spends
in the excitation region (-A/2 < z < A/2) is much smaller than one

period of the excitation, i.e., if
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L 27
Ve &« (5.10)

then the excitation field will not have enough time to change direction
as the particle passes. Consequently the particle will receive a net
impulse in one (transverse) direction as a result of passing through the
excitation region. As long as (5.10) holds, the smaller v, becomes,
the larger the impulse the particle receives. In the limit of an infini-
tesimal but non-zero A we find the v, = 0 particles receive a huge
impulse as they pass z = 0 , and accordingly the total response [as
given by the free-streaming term in (2.85)] diverges at z =0 .

On the other hand, if A is really finite, then from (5.10) we
conclude that the v, 2 0 particles see a perturbing force which is
spread out over the excitation region and which rotates at frequency

w Accordingly the v, T 0 particles do not acquire a huge impulsive

1
change in their Xk's with the result that at z = 0 the total response
no longer diverges. Thus a finite-width excitation (A # 0) removes the
divergence. (Two examples of finite-width excitations will be con-
sidered shortly.)

It should be clear from this discussion that if collisions signifi-
cantly affect the v, Z 0 particles (as Fokker-Planck collisions do,
but simple Krook model collisions do not) then the divergence of the

free-streaming term in (2.85) at 2z = 0 would also be removed (even

for A>0).
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6. Effects of Collisions on (2.85)

The Krook Model.

In the above we have neglected collisions. Now we wish to deter-
mine for what values of the temperature Te and density n, collisional
effects are significant. Specifically we want to know when collisional
damping dominates and when cyclotron damping dominates. To this end we
may use the Krook, Bhatnager, Gross model for the collision term in the
Landau-Boltzman equation. Then the Vlasov equation (2.1) is to be

replaced by

. £ [$£
of o 1le, sevn ) ()

ot - I
(6.1)

) v (5-4)

where v is an effective collision frequency. An appropriate choice

for v is

Vo= Yt vy, (6.2)
where vee’ vei’ Ven represent effective collision frequencies for

electron-electron, electron-ion and electron-neutral collisions,
respectively.

An extensive accumulation of experimental
(22)

First consider v .
en

data concerning Ven is presented by S. Brown. From these data we
conclude that for our choice of parameters (Te = 0.2 eV, neutral gas

mainly N,» neutral gas pressure p, < 10‘4 mm: these being typical
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values for the UCLA Q machine), Vo May be neglected in the following.
Now consider V. and Vei * In the literature there exists some

should represent and whether Vv or

i v v,
confusion as to what ee’ ee

ei
vei or both should be used in (6.2). Often Vv in (6.1) is called an
effective collision frequency for momentum transfer without any explicit
indication of whether the momentum transfer occurs in electron-electron
or electron-ion collisions. In other cases it is explicitly stated

that Vv represents a self-collision time (electron-electron collisions
only).(lz) In previous work on the collisional damping of transverse
plasma waves, Crawford et al.(ls) claim the dominaﬁt collision process
is electron-ion collisions and hence use V = Vei * Sachs(ll) presents
a collision term (developed by Liboff) which for Te = Ti and no net
drift velocity between species reduces to V = Vee where Ve is

e
(23) self-collision frequency. To further confound the situa-

(24)

Spitzer's

tion we note that Ve 2 vei according to Kaufman et al.

e Perhaps

the easiest (but least satisfying) solution is that of Platzman and
Buchsbaum(lz) who avoided the issue altogether by simply choosing a
number for Vv . Tanenbaum concludes that the Krook collision model is
“really applicable only to cases where self-collisions are of predomi -
nant importance.”(zs)
Since our interest lies in determining only when collisions are
significant we have, without resolving the above conflict, chosen to
use V=V, (self-collision frequency) with the understanding that

this v may differ from the true effective collision frequency by at

most a factor of 2. Thus we shall use(24’25)
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where n, is the electron density in cm-s and Te is the electron
temperature in evV.
Then reviewing the derivation of (2.85) when collisions are

included by (6.1) we find that (2.85) should be replaced by

J(Z1) =
z
- . . [(«Hz‘r-%e)«z] T_é —z«?] - it
. WEF| Ge € ° o tiv- e
& je = 2 ( £ « Ce)
T (et (@riv-o,) (ko NE, (Kepe) N T
L L (6.4)

2

%

: '

_3[(6‘5 f;\’;“’cf)mz] [——-2/ —z’ocg ] A
€

Ve &+ iV - e
Nz — €, (——-————<— «,
)

(=8 \/s
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ihz-iwe , [TV e
e 7 ’ L) +eV =g . &
————/(- +2Vr:S(w) e
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A—/ ‘;ET‘*(&’QJ/)
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for z > 0 and where v is given by (6.3). Now
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a i 2 @ e
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— _ re ce
e,é(z-,w) / Y Z, (————————,m ) 6.6)

whereas a and S(ml) are as given earlier.

The main effect of collisions in the transverse excitation response
given by (6.4) will be in the pole term; the cyclotron-damped root of
eT+(k,w1) = 0 will be altered due to the presence of collisions. The
branch-cut and free-streaming terms in (6.4) will also be affected but
we defer discussion of this until later. For now we consider the effects
of collisions on the cyclotron-damped root of € (k,w) =0 .

+
Cyclotron damping vs. collisional damping.

The transverse dispersion relation derived earlier for the colli-

sionless case, as given in (2.44), is (neglecting ions)

@z W tiv-¢,
£ (;-———————59 = O (6.7)

£ = /-
E@(’Q) (KPc?-w?) fa T A=

When collisions are included using (6.1), the transverse dispersion

-

relation is

82



2
e P
Pe ((u-i—ty-a_/ce -

€ (k)= [- Z

[ (h7°c?-w?) ka + A (6.8)
where Vv is given by (6.3). For Icvl = |(w+iv-wce)/kal 23 , we may
use the first term of the asymptotic expansion of the Z function
[z(t) = -1/t] in (6.8} to obtain

<
cercdd
€, (Lw) = 7/ + r€ =
+

@
(£3c?- ) (@ +iv-cyy) (6.9)

which is simply the cold plasma dispersion relation with collisions
included.
To estimate where cyclotron damping is comparable to collisional

(13)

damping, Crawford et al. computed the locus of points where Im k
of the root of the hot plasma dispersion relation without collisions
(6.7) equals Im k of the root of the cold plasma dispersion relation
with collisions (6.9). We have numerically performed the same calcula-
tion for two sets of parameters with the results shown in Fig. 10;
curve 1 corresponds to Crawford's parameters (and his curves), whereas
curve 2 was computed for our parameters. These loci show that for a
given w , as Te increases, collisional damping decreases and cyclo-
tron damping increases. However, these loci contain a major flaw and
that is the following. Use of the cold plasma dispersion relation (6.7)
as an approximation for the hot plasma dispersion relation (6.9) is

justified only for Icvl 2 3 . But along the hatched portions of the

curves in Fig. 10, Icvl <2 so (6.9) should not be used. Indeed, as
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FIGURE 10,

0 97 > 98 99 .00

Wee

LOCUS OF POINTS WHERE HOT PLASMA CYCLOTRON DAMPING
EQUALS COLD PLASMA COLLISIONAL DAMPING.

Locus of points, following Crawford et, al, 13, where Im k of

the least-damped root of (6.7) equals Im k of the_root of

(6.9). CURVE 1: £ =2.25 Giz, @ /u =4 (n, =1012 cm- )
CURVE 2: f =2 25 Giz, /u =4 (n °-1010 ).

(Curve 1 correspouds to Crawford's parameters )

These loci are meaningless however for those portions

shown hatched (see text).
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we shall now show, the true loci never turn upward (as w/wce +1) as

the loci in Fig. 10 do.

To correctly compare cyclotron damping with collisional damping, it
is apparent we should compare the roots of (6.7) with the roots of (6.8).
Let

L

Im k of the root of (6.7)

it

M=1Imk of the root of (6.8)

then L represents the effects of cyclotron damping whereas M repre-
sents the effects of cyclotron damping plus collisional damping. Thus
roughly, L/M represents the fraction of the total damping due to
cyclotron damping. Accordingly we have numerically calculated the locus
of points where cyclotron damping accounts for 80%, 50%, 20% of the
total damping (L/M = 0.8, 0.5, 0.2) with the results displayed in Fig.
11 as curves A, B, C, respectively. The curves of Fig. 11 were computed
for the same parameters used to compute curve 2 in Fig. 10; in particu-
lar note that curve B in Fig. 11 does not turn upward as curve 2 in

Fig. 10 does. Also note that to measure cyclotron damping we must be
above the shaded region in Fig. 11 for collisional effects to be negli-
gible. For Te = 0.2 eV this means we should consider only frequencies
in the range 0.988 £ ww,, <1 .

In the shaded region for T, 2 0.1 eV in Fig. 11, the total
damping is very small. Thus one should not interpret curve A of Fig. 11
to mean that collisional damping is becoming as large as cyclotron
damping, but rather that cyclotron damping is becoming as small as

collisional damping. This conclusion is apparent when one considers
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FIGURE 11, CYCLOTRON DAMPING AND COLLISIONAL DAMPING COMPARED
CORRECTLY.
A. 20% collisional damping and 80% cyclotron dampin
B. 50% collisional damping and 50% cyclotron dampin
C. 80% collisional damping and 20% cyclotron dampin
)

( f_=2.25 Gz, w_/w_=.4 [n =100 cm™3)
ce pe’ ce e
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actual values of Im k ' of the roots of (6.7), (6.8) such as those

displayed in Fig. 12 for Te = 0.204 eV. Note that in Fig. 12 colli-

sional damping is significant only when cyclotron damping is very small.
Also note that a typical cyclotron damping length (for negligible colli-

sional damping) is (for wl/wCe = 0.99)

<
A Lhe 2 Com, /o
= = = <rm,
b £ Iom ke -2
Uee

and damping lengths of this order should be easily observable experi-

mentally. Thus for the parameters of Fig. 11 (n, = 1010 3

s

wpe/wce = 0.4), experimentally, measurement of electron cyclotron damp-

ing rates would be feasible only for T, 2 0.1 eV.
As the density ng increases, collisional effects rapdily become

more significant since v n, . For example consider values of Im k

for n, = 1012 em™3 as given in Fig. 13. We see that for

0.988 f_wllwce <1,

Imk
Imk

no collisions

> 0.8 ,
with collisions

but that at wl/wce =0.998 , Im kc/wce X 8 which implies a damping
length of 1/Imk = 0.27 cm, which is too small for accurate experi-

mental measurement. Thus for 'high' densities (ne > 1010 cm-s

) we
must go to "high'" temperatures (Te >> 0.2 eV) if we wish to obtain
a range of frequencies over which the cyclotron damping length is

unhampered by collisional damping and also large enough to be easily

measurable experimentally.
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FIGURE 12,
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With
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990 w 995 1000
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EFFECTS OF COLLISIONS ON THE CYCLOTRON-DAMPED ROOT,
10 -3
fceaz.zs Giz, mpe/mce—.4 (ne-IO cm )

c/a = 1120 (Te=.204 ev,)
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FIGURE 13, EFFECTS OF COLLISIONS ON THE CYCLOTRON-DAMPED ROOT,

12 3

f o =2.25 GHz, w_/w_=4 (n =10 cm-")

pe’ “ce
c/a =1120 (Te=.204 ev.)
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Effects of collisions on the branch-cut and free-streaming terms.

In the regions where cyclotron damping rate measurements are
feasible, the collisional damping rate is small; i.e., from the above
considerations we find

v
C"/C. e

C
— </ (6.10)

Accordingly, in these regions, the free-streaming perturbations will
eventually damp away by collisional damping (these perturbations are not
affected by cyclotron damping) but phase mixing of these perturbations
[as given by the free-streaming term in (2.85)] will occur long before
the individual perturbations themselves are destroyed by collisions.
Explicitly, when (6.10) holds, the free-streaming term in (6.4) differs
only slightly from the corresponding term in (2.85); the analysis of
Section 4 holds and the free-streaming term still diverges at z = 0 .
(As mentioned earlier in Section 5, Krook model collisions do not
remove\this divergence, whereas Fokker-Planck collisions do, as will be
shown in the echo case of Part II.)

If (6.10) does not hold, i.e., if

Y.
. = >/ (6.11)

then the analysis of Section 4 does not hold because the parameter T

which is now

e | |
Rz “ce / =2

ce (6.12)
is never S| (even for wy = wce ). Thus the shielding effect described
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earlier for T $ 1 never occurs in this case. On the other hand, the

characteristic length Ao which is now

(=4

A-

o} Ia;_'__‘v__a/ce (6.13)

no longer approaches infinity as w, approaches Wee » and the exponen-

1
tial factor in the free-streaming term still damps this term away in a
distance of a few Ao .

Similar remarks apply to the branch-cut term. If (6.10) holds
then the branch-cut term in (6.4) differs only slightly from the cor-
responding term in (2.85) and the analysis of Section 4 remains valid.
If (6.11) nolds then the branch-cut term (like the free-streaming term)

exhibits no shielding effect as wy approaches W e but it still damps

away in a distance of a few Ao where Ao is given by (6.13).
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7. Effects of a Finite-Width Excitation Mechanism on (2.85)

Up to now we have used the shape factor
E(2) = & &(2) (7.1)
in the transverse external exciting field

E__(z7) = E/(z){’éx cos .yt + &, sim a;r} (7.2)

ext

(This form of excitation for transverse waves is the mathematical equiv-
alent of the dipole-grid excitation @echanism for longitudinal waves.)
The choice of a delta function in (7.1) is useful for computational
purposes but unrealistic in that it is probably experimentally unattain-
able. Indeed it is difficult to conceive of a mechanism (or even a
limiting case thereof) that would produce a field like (7.1), (7.2). On
the other hand, these are conceivable mechanisms that would produce a
field like (7.2) provided El(z) had a finite z dependence. In this
section we shall examine the effects of a square-shaped El(z) and a
Gaussian-shaped El(z).

First note that in Section 2 we have already carried the general
calculation for arbitrary El(z) up to (2.76). Thus we only have to
alter the derivation from (2.76) to the final result (2.85). Just
glancing at (2.76), (2.78), (2.85) indicates that inclusion of a new
El(z) will simply produce new amplitude factors for the branch-cut and
dielectric-pole terms while the free-streaming term will be affected in

a more significant way.
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Square-shaped El (2).

Consider the square-shaped El(z)

E/(Z7=§ for ‘§$ZS§
A (7.3)
@) for z<——§- , 2> 3
(A > 0) for which
_ siv(£a)
El8) = — = (7.4)

Using (7.4), the pole term in (2.85) acquires an additional ampli-
tude factor of sin(klA)/klA . If A< Al’ ()\1 = 21T/k1) then
E1 (kl) X <I>1 and the pole term is essentially unaltered. However, as
A increases, the factor sin(klA)/klA oscillates and its magnitude
decreases. If k& =nm (n=1,2,...) ,i.e., if 4 =n(1/2) then
El(kl) = 0 identically. Therefore if we want to avoid these zeros and

maximize El(kl) we should have

A/
A X = (7.5)

Since )‘1 is typically a few centimeters, condition (7.5) should be
easily attainable.
Both the branch-cut and free-streaming terms in (2.85) have

D,

so from the above considerations we conclude that both of these terms

(roughly) the characteristic wavenumber k0 = 21r/)\o (Ao = a/|uu1-uuce

will acquire additional amplitude factors of sin(k A)/k A . Thus if

A << Xo
2 {(7.6)
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we shall have El(ko) < @1 and the amplitudes of both the branch-cut
and free-streaming terms will be maximized.

In general, condition (7.6) is harder to attain than (7.5) because
in general Ao << Al . However, in studying cyclotron damping our
interest lies in the pole term and in fact it would be to our advantage

to have the branch-cut and free-streaming terms smaller than as given

by (2.85). In that case it would be useful to have A such that

o< 5%? << A << %Ei (7.7

because this would help diminish the size of the ''unwanted" branch-cut
and free-streaming terms.

If we are explicitly concerned with the detailed behavior of the
free-streaming term we must evaluate the free-streaming term integral in -
(2.76) more carefully, taking into full account the explicit v,
dependence of El[(wl-wce)/vz] . Physically the integral in (2.76) is
more complicated now because the particle trajectories are altered con-
tinuously over the region - é—f_z < 2 rather than abruptly at z = 0 .

2 - 2
Using (7.4) for El(k) the free-streaming term integral in (2.76)

becomes
2 w-w -
- Vi 2(._-———-’\/ ce)(?f-A) i(__—-—cu’ 5‘%_6_)(.:, ~4)
o9 a? e & — VE
/ / AV, € e (7.8)
Vﬁhb 2i(wwee) 4 €, (af—aée w
o vy 7 /

Evaluating (7.8) by the method of steepest descent we find the free-

streaming term contained within the large brackets { } in (2.85) should
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be replaced by

- 3
(g -tere) (ZM‘)] [J +‘-°(§]
-(a//f "3 2 . 2 z
e -
- -t
o7 €, (.“3___ w)
@ « vs+ 3/
- 2, 2 (7.9)
(“/,"“/ce)"((z'A) ._{.+ZO(E
-3 > a z 2
€
- >
€ (wrwce )
o \/S J 4 J
where
V. = 7
St z[(wx‘%e)“(zf&r ~ixX5 (7.10)
@ 2 a €

When A+ 0 (7.9) reduces to the free-streaming term in (2.85).
But for A # 0 note that (7.7) does not diverge at z =0 (since when
vs+ + 0 we have eTa[(m1~wce/vs+),wl] 1 . The 1/vz factor in
(2?76) which caused the z =0 aivergence earlier, was effectively
removed in (7.8). Thus, as stated earlier, a finite-width excitation
mechanism removes the z = 0 divergence of the free-streaming term in

(2.85).

Gaussian-shaped El(z).

In place of (7.3) we now consider a Gaussian-shaped El(z)

22

e"Z?
Li(?):g-—{f-_;—; (7.11)
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(A > 0) for which
A'QAZ

(=8¢ 7 (7.12)

The field described by (7.11) is more realistic than that of (7.3) in
that any excitation mechanism will be accompanied by a shielding sheath
with an exponential dependence like that of (7.11). The consequences
of (7.11) are very similar to the consequences of (7.3).

Thus when El(z) is given by (7.11) we find the pole term in
(2.85) acquires an additional amplitude factor of exp[-k12A2/4] which

is = 1 for klez << 4 , i.e., for

/

A<<% & X _ (7.13)
/

Similarly the branch-cut and free-streaming terms in (2.85) each acquire

(roughly) an additional amplitude factor of exp[-k°2A2/4] which is

~ 1 for -
A — = A
| 4ol °
(7.14)
Thus as earlier, if
O < A << A << A/ (7.15)

the sizes of the branch-cut and free-streaming terms will be diminished

from those in (2.85) whereas the pole term in (2.85) will remain essen-

tially unaltered.
Evaluating the free-streaming term more carefuliy, we find that

the free-streaming term integral in (2.76) should be replaced by
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2 2 2 7y
A (a{_wce) Vz . (C‘f ce)
- A\ T Z
z

oo A% @?
y LNy € = e e
N7
i P Ve €, (Cu/'wce w/) (7.16)
]
Vz

[Note that this integral, like (7.8), does not diverge at z =0 .] We
shall evaluate (7.16) by the method of steepest descent for the two
limits |z| >> A and |z] << A4 (the latter limit being of interest
since from it we can obtain the size of the free-streaming term at
z=0).

(1) |z| >> A, In this region we may consider the A2 exponential
factor in (7.16) as part of the slowly-varying portion of the integrand.
Then evaluating (7.16) shows that the free-streaming term in (2.85)
simply acquires an additional amplitude factor of
exp(-[Az(wl-wce)z]/[4vsz]) where vg remains as given in (2.76).

(ii) |z| << A. In this region we may consider the factor
exp[i(wl-wce/vz)z] in (7.16) as part of the slowly-farying portion of
the integrand. Then the free-streaming term contained with the large

brackets { }- in (2.85) should be replaced by

_alegmege)x : (07_6(/0?)2-5(02‘
=3 v ‘

e ,

e
VZ % e, (“’/““’ce Q,)
z /
< (¥4 VS ]

(7.17)
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where now

_:5: - {A(%—w«?x (7.18)

Expression (7.17) gives the amplitude of the free-streaming term at

z=0.
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8. Conclusions

We have examined the linearized response of a Vlasov plasma to the
steady-state excitation of transverse EM waves by an idealized delta-
function excitation méchanism, (1.1) - (1.2). We summarize the main
conclusions:

(1) The plasma response is given by (2.85) which is valid for any

value of w (For use in the pole term, the roots of the transverse

1 -
dispersion relation for real w and complex k are discussed in
Appendix C.)
(2) For cyclotron-damping measurements, the following points must
be considered:
(a) The branch-cut and free-strcaming terms in (2.85), in addition
to the pole term, have significant amplitudes and penetration
lengths (see Fig. 7).
(b} If (w;e/wze)(c/a) >> 1 , then the branch-cut and free-
streaming terms are shielded for T = |(m1/wce) - 1| g-f 1
and their penetration lengths go to zero as I goes to zero.
if (wse/wie)(c/a) << 1 , then no shielding effect occurs and
both the branch-cut and free-streaming terms' penetration
lengths go as Ao = a/le-wce| which approaches infinity as
' goes to zero.
(c) Use of only the "least-damped root' in the pole term was
justified by showing that the remaining infinite number of
roots of the transverse dispersion relation has a negligible

effect except at distances very close to the place of excita-

tion (z = 0).
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(d) Collisional effects dominate the damping except when Wy is
near wce (see Fig. 11).

(¢) For w z-wce , the cyclotron-damped root is so heavily

1
damped (see Appendix C) that it is probably not possible to
measure it experimentally.

(f) A finite-width excitation mechanism removes the divergence ét

z = 0 of the free-streaming term, and selectively reduces

the amplitude of the three terms in (2.85). Under special
conditions [(7.7) or (7.15)] the branch-cut and free-streaming
terms are reduced significantly while the pole term is left
essentially unchanged.

From (d) and (e) we conclude that cyclotron-damping measurements
should be performed in a narrow range of frequencies just below Wee
(e.g., 0.998 < W) /W g £ 0.999 for the parameters of Fig. 7). This
range of frequencies can be deduced from graphs like Fig. 11. It was
concluded that cyclotron damping measurements are barely feasible for
Te = 0.2 eV and n, = 1010 cm-s. For higher densities (ne > 1010 cm—s)
one must go to much higher temperatures (Te >> 0.2 eV) because the
Coulomb collision frequency, (6.3), goes as Vv v ne/TeS/z.

(3) A special section on transverse free-streaming waves showed
how these waves are created and explained many of their interesting
properties (e.g., negative phase velocities for 0 < w < Wee » absence
of cyclotron damping, etc.). The free-streaming term in (2.85) was

shown to be the result of the superposition of many such free-streaming

waves, and explanations were given for some unusual properties of this
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term (why there is no accompanying pole contribution for 0 < wy < W,
why this term always diverges at z = 0 , etc.). Since free-streaming
waves are responsible for the production of echoes, all of the unique
features of transverse free-streaming waves discussed above will be

especially significant when considering transverse plasma wave echoes

in Part II.
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II. STEADY-STATE TRANSVERSE PLASMA WAVE ECHOES

1. Introduction and Physical Picture
The phenomenon of longitudinal plasma wave echoes, introduced by

Gould and 0'Nei1(%®) (27-29)

and subsequently observed experimentally,
may be described as follows. If in a hot collisionless plasma a wave
with wavenumber k1 is excited at some time which subsequently damps
away; and if another wave with wavenumber k2 is excited at a later
time and it also damps away; then at a still later time an echo with
wavenumber Ikz'kll will appear and subsequently damp away: this is
called a temporal echo process. The corresponding process for spatial
echoes is also readily visualized: if an excitation at frequency W,
is made continuously at some point in a hot collisionless plasma and
the response damps away in distance; and if further away another excita-
tion at frequency w, is made continuously whose response also damps
away in distance; then still farther away an echo at frequency Iwz—wll
will appear and subsequently damp away in distance. In this work we
focus our attention on spatial echoes since they are more readily exper-
imentally attainable.

An echo results when the free-streaming perturbations produced by
a first excitation are appropriately reordered by a second excitation.
But since these perturbations are relatively sensitive to small angle
Coulomb collisions, such collisions may destroy the formation of an
echo. Alternatively though, the collision process.can be investigated,
as well as micro-turbulence, and also details of the particles' zero-

order velocity distribution function by the appropriate use of echoes.(zo)
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Thus echoes may serve as an important diagnostic tool.

In this work the echo process described above for longitudinal
plasma waves is generalized to the case of transverse plasma waves.
This extension should greatly enlarge the potential importance of echoes
as a diagnostic tool. Also we shall find transverse echoes offer a
much richer variety of phenomenon to investigate than purely longitudi-
nal echoes offer. In addition, a new use for echoes will be suggested
and that is to excite instabilities in a well-controlled and localized
manner.

We first present a physical picture of the echo process. We choose
to have a transverse excitation with frequency w, at z = 0 and a
longitudinal excitation with frequency w, at z =1L as shown in Fig.
1. Both excitations produce waves with vectors along an applied extern-
al magnetic field B = 8280 . Considering just those particles with
cyclotron frequency i and velocity v, , We see that the first excita-
tion produces a free-streaming wave with wavehumber [(w1+Q)/vz] , as
discussed in Section 5 of Part I. For z > L the second excitation
modulates the first's free-streaming wave to produce a wave with wave-
number [(w2+w1+Q)/vz] . The net phase ¢ of the wave for 2z > L
includes the phase for 0 < z <L and the phase for z > L, i.e.,

(QZ:Q)L +_(a&i:4+n>(z_L)

?

(1.1)

= [(Cu2+u/,+n)z —a/QL]—Vlz—

When we add the effects of many beams with different vz's (to obtain

the nét current or electric field) we find that all their phases are
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different and therefore the net response phase mixes to zero everywhere

except where
[(caz-t-c«// +)Z - wzl_] = QO

i.,e., at

«, L
“ap i+ Q (1.2)
which defines the location of the echo peak.

The above physical picture is based on free-streaming particles
that are non-interacting. If interactions are taken into account, then
the possibility of exciting collective modes exists. The location of
the echo peak remains unchanged (since it still depends only on the
free-streaming terms) but the resultant echo shape may be appropriately
enhanced. We shall study these effects via a full Maxwell-Vlasov
equation analysis.

In the following we consider wave propagation exactly along the
direction of an external magnetic field and we present a concise mathe-
matical explanation of what type echo is produced, given the types of
each of the two excitations (longitudinal or transverse). We find that
a transverse echo is produced in lowest order only when one excitation
is longitudinal and the other is transverse. For such excitations, or

more specifically for
£ (771) =£:(z)[€xcos QT + €, s C(/,Z“J + E'Z(Z-L)[é\a Cos C(/ZZ“] (1.3)

~exr

we then derive the second-order (nonlinear) echo response from the
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Vlasov-Maxwell equations, up to an integral over the velocity variable,

v, -

We then discuss transverse echo characteristics, summarizing the
results in Fig. 2. The final integral over v, is evaluated by the
method of steepest descent and numerical evaluation of the results for
three specific cases are presented in Figs. 3-5.

Several important extensions are then considered: (1) effects of
Fokker-Planck collisions and finite-width excitation mechanisms,

(2) effects of temperature anisotropy (T, # Tz), and (3) effects of
propagation just off-axis (kL # 0).

Lastly, transverse echoes for the case of no external magnetic
field (Eo = 0) are examined and their characteristics are summarized in
Fig. 6.

In performing the above calculations, reference will be made to all
five appendices. As stated in the Introduction of Part I, the appendi-

" ces contain many useful analytical and numerical results. Of special
significance for the present echo calculation are Appendix C (on the
roots of the transverse dispersion relation for real w and complex k),
Appendix D (on the roots of the longitudinal dispersion relation for
real ® and complex k ), and Appendix E (on the method of steepest

descent as used in evaluating phase-mixing integrals).
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2. Derivation of the Second-Order (Nonlinear) Echo Response from the

Vlasov-Maxwell Equations

2.1 Formulation of the problem.

The Vlasov equation for a plasma in an external magnetic field has
already been discussed in (2.1) - (2.7) of Part I for the perturbation

expansion
FOx,v,2) = £(¥) +F(x,%.2) + L(X,¢,2) +-e
E(x,z) = £,(x%,2) + £,(x,2) +--- (2.1)
5,(x,t) = B (x,2)  + B, (x,2) +---

In the notation used there, the Vlasov equation is in zero order,

24
o —2 = . (2.2)
.Qa¢ (O R

in first order,

af 24 _ 3, v x ]ié N
oy L = 8 +& = (2.3
57 TY 5x T o fil;"[(‘fﬁgexr)Jr (€455 =©
and in second order,
204 3E 3% 7[ - 2%
37 TY¥ Ox Sg tom §2+C¥x§2]'ay_
(2.4)
=-J Z ]-—L;f
ZIE &, +eY*(EtEe | 5y

The nonlinear term (the right-hand side) of the second-order equation,
(2.4), is the term that will produce an echo. Given two excitations,

we will solve (2.4) to obtain the echo response.
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Note that the right-hand side of (2.4) serves as an effective
driving term (effective external source) for the full equation. It fol-

lows, as we shall find shortly, that in Fourier-Laplace transform space,

24

J2[ (=4 [(_E,'*'gent) +’éyx<§/+§exz~)]' ‘;M (2.5)

1
Let E represent [(E; +E )+ v x (B +B

—ext)] for the transverse

case or [El + E for the longitudinal case. Then in general, if

—ext]

two spatial excitations are made as shown in Fig. 1, we will have

£ E(w) + £ () (2.6)

and

i

)l

/

F (@) + £ (@)

(2.7)

so the product E ° %7 fl contains four terms. Each term produces a

response at the sum or difference of the frequencies involved, as

follows:
[g(a;)-fz] ;f(w,) 0, 2¢, (2.8a)
[E(wz7~§¥—] £(w) 0,2, (2.8b)
[E(@) -?—] £ (&) o, ey (2.8¢)
SV ov / 2 4 2
[é(wz7'§—\_,‘] £ (@) “ Xy (2.8d)

The first two terms are second-order corrections to the individual exci-

tations (at zero frequency and the second harmonic) and these would
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characteristically damp away in a few Landau damping lengths from the
position of the individual excitations. The last two terms represent
the nonlinear interaction between the two excitations and these are what
drive the echo. Typically the fields (E's), and the branch-cut and
dielectric-pole portions of f1 damp away in a distance & << L where-
as the free-streaming part of f1 persists indefinitely (if there are
no collisions). Thus if we are interested in echoes only for z > L ,
we know Eﬁwl) will be essentially zero at z = L , and therefore the
only term we need consider in calculating the echo is (2.8d). Similarly

for echoes at z < 0 , we need consider only (2.8c).

2.2 Possible echo types.

We now give a concise explanation as to what type of echo will be
produced, given the types of excitations (transverse or longitudinal)
that are made. Consider just the ¢ dependence of f2 in (2.5) (the

angle ¢ 1is defined in Fig. 1 of Part I). For a transverse excitation,

9 ti¢ ti¢
we know that E - 5;-% e and fl nvoe [see (2.30) and (2.73) of

Part I]. Similarly we shall find that for a longitudinal excitation

both E - %V and f1 have no ¢ dependence. The current response is

g = g )y L

(2.9)

2
Vo -¢é \% ted
/\_,/ 5 Y& AL ~ ]

using the circular polarization representation of Part I [see (2.33) of
Part 1], and where we have indicated only the ¢ . integration. If f2

has no ¢ dependence then the only term of (2.9) that survives the ¢
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integration is the éz term so the resultant J, will be a longitudinal

—2
*ig

wave. If f ~v e then the only term of (2.9) that survives the ¢

2

integration is the &, term so the resultant J, will be a transverse

wave. Recall that f, = [E_’ %%] £, and that for an echo calculation

1 —_

excitation. Let 7 represent a transverse excitation and z represent

f. comes from the first excitation and [? . %%l comes from the second

a longitudinal excitation. Then for excitations in the sequence listed,

we will obtain the following echo types:

| o0 — £

7 — T

(2.10)
rr— 7
rr— X

These results are for the lowest-order echoes that will occur when all
waves considered propagate along the direction of the external magnetic
field B, . Later we shall consider the effects of having propagation
just off-axis.

The strictly longitudinal case ( /¢—/Z) is the original echo case

investigated by Gould and O'Neil, et al.,(26)

and subsequently verified
. (27-29) . . .

experimentally. The production of a longitudinal echo by two

transverse excitations (77-/¢ ) has been investigated in theory

only.(zo)' We shall be concerned only with the combinations that produce

transverse echoes, i.e., 77— 7 and £7—7. These cases have not

been investigated previously.

2.3 Transverse plasma wave echoes.

We choose to make a /7 excitation with frequency Wy at z =20
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and an V4 excitation with frequency w, at 2z = L as shown in Fig. 1.

2
Explicitly we choose

£, (77) = 5@ [@Kcos(a;t)f- e, S//v(«/,z‘)] + Ez(z~l_)[ézcos(w2t)] (2.11)

where the El(z) term is the same transverse excitation used in Part I,
and the Ez(z-L) term is the longitudinal excitation at z = L . By
considering echoes at both z > L and z < 0 we can investigate both
the 7&7 case (for which the echo is at 2z > L ) and the Vaa case (for
which the echo is at 2z < 0 ). For the transverse excitation we already
have an expression for fl(z,vz,t) [i.e., (2.73) of Part I] and we

can easily obtain an expression for E(z,t) [by taking the inverse
Fourier-Laplace transform of (2.48) of Part I]. We shall need analogous
expressions for the longitudinal excitation and we now give a brief
summary of them.

In first order the Vlasov equation (2.3) is linear in E, B, and f1
and therefore the effects of the longitudinal excitation may be con-
sidered independently of the effects of the transverse excitation. We
assume that the longitudinal wave propagates exactly along the direction
of the external magnetic field B so k, E, and B = all lie along
the same direction and f1 has no ¢ dependence. There is no induced
magnetic field so V X E = 0 (this is the well known electrostatic
case). The appropriate form of the Vlasov equation is then

af
— + ¥

2t -

g% .
+—~£°35, =9 (2.12)

/

XIS

which combines with Poisson's equation (the appropriate Maxwell equation)
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to give

£E (k!w>
é (k,w) = _ﬁz;___
ToTAL EZ (/(', @) (2.13)

where

2 Cu?
e, (bw) = 1 - 252 (25) - 22 () 10
for which we assumed fb(vz) is Maxwellian. Symmetry properties of the
longitudinal dielectric function ez(k,w) are discussed in Appendix B
and a brief summary of what is known about the roots of ez(k,w) =0
for real ® and complex k is given in Appendix D.
The longitudinal part of the external excitation is from (2.11),

where for definiteness we require w, >0,

£ (2,9 = £,(2-L) &, cos(«;2)
—exc
. 2.15)
P / (5@, T (
= &, S E,(2-L)e
s=%,

which has the Fourier-Laplace transform

E (k) =8.5 5
=S 25,2 (wtsay) (2.16)

Henceforth we shall drop the summation symbol, although summation over

s + 1 will still be implied. Then from (2.13) and (2.16) we have

E, () e“‘*L

(aga—sa%g §?(k}&9

4

£ (ésw) = é

T rorsye #

(2.17)
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whose inverse transform is

+o0 +oot+ib .
A i [ Lk@E-L) [, e ‘%
(2,2) = e_—= [ > ¢
é?‘orﬂz. ) 22 ) 2m '277 (cw+sw) g (4,w) (2.18)
—po ~o+i8 y4

Noting that for real k and complex w the function ez(k,w) has no
zeros in the upper-half w plane,(7) we lower the w contour (as

shown in Fig. 2 of Part I) and obtain

4 oo
iset [ U E(K)E
ry/d e‘[ (/é‘, swz) (2.19)

z'/é‘(z—[)
£ (%7) =¢

—To7TAL z

e

NN

-0
We proceed to calculate the echo response for the 7/ case and

then the £ 7 case.

2.3.1 T.f Case

We may rewrite the second-order Vlasov equation (2.4) as

2—7:2 +‘—"1—7§'ﬂ%5§ = ~g(@)-7,(#) 2.20)
where ‘
s@ =L £, +Lyxs, |- %é
7@ = L[(E+ Eud + 58,4 £0))+ 2L (2.21)

—

Equation (2.20) is of the same form as the first-order equation and thus

has the solution (as shown in Appendix A)
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. ’
fo = = [#{zmr8) pmr o)
o

(2.22)

The Maxwell curl equations combine to give [in analogy to (2.16) of

Part I]

2.2 _— .
EZo'(k C —-CUZ) = Y7 w‘go- (2.23)

where .
3
ié:’”i/fgi”‘v (2.24)

The g, term in (2.22) contributes to ﬂg exactly as the g term

contributed to 14 in the single transverse excitation case examined
I

in Part I. The g, term in (2.22) produces what may be considered an

external current and which we shall designate as QQ ext where

The part of £, that

3
7 = m / e (2.25)
—2 exr 7 depends on g,

Then in analogy to (2.43) of Part I we find

(4, )
Va (,(f,w) _ ‘gexz‘ o
2 7orARL O - € A‘ (2.26)
T( ,C(/’ 0-)
We proceed to calculate {2 ext
For this, the 7/ case, we have
— )7 (x,z) - 2 v,
f2(¢) - ) Ero;ﬂ,L ) v ‘7[(2’—’ )
I — R !

from £ excitation from 7 excitation (2.27)

at z = L at z = 0
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Combining (2.19) with the free-streaming part of (2.73) of Part I, and

then Fourier-Laplace transforming, we obtain

: ; +00 k(z-L)
-thkzt+iwT ST ol £,(0) e’
2 () =//dzdre —,Z—[e = .
2 L 27 €p(4sw)
-to (k2 +idat (2.28)
> J| g2 ? >4 o E (k) e i
';% m\z (-Vz) 2y O f €,(£,~ow)
where
£ o= —o(gta) (2.29)

Moving the 8/8vz operator to the far left and interchanging orders of

integration gives

5 (1)2_(_—1 o(v,) ~iok 5% E,(£)

gz(¢)= M |\l 2@ v, 2V, €, (& ,-Tw)
+ oo _:t, tToo
jo i(wtswriow)t Jé’Ez(é’)e“él G(Zez';:’(néhé’-hé,) (2.30)
oLt e e s
o - 0o e[('€7§w2) oo
The integral over 1z equals 2w6(k'-k+k1) . Performing the remaining
two integrals, we obtain
(%) = 2 (i)zi(_ve_) o iP5
7z ov, ||\ CAFRVE v,
- k_
é_/(k,)fz<’e‘k,)€ /( )(",)L
(2.31)

(Cd.- wg) er(’ély -a'a;) 6[ (A——A_/DS%)
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where

C(/3 = -SCl/z—G'CcJ,

(2.32)

Since g,(¢) ™ e 109 , the part of f, associated with g, is, after

performing the ¢' integration in (2.22),

/
= (2)
7€(¢) i (cu—kvz-o-xz) 72 (2.33)

where g2(¢) is still given by (2.31).
The "external current' that drives the echo is given by (2.25).

Performing the integrations over ¢ and v, o, we obtain

(]
~

J = e C Ve 2
—zexzr o ; (w—kVZ—U'-Q) v (2.34)

where

I A
C=2F = <7

R

{ } = fo(vi“) E/(‘é/) Ez(k"k/) C_Z(é_k/) £

Ve (W) €, (4,,~0a) €¢ (&-4,, scs)

Integrating (2.34) by parts then gives

co

A
(cw-kv, ~00)®

(2.35)

Yoexe = & (7€

<o

Using (2.35) in (2.26) we find
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 (Aw) =

—2 7078¢

oo
s o C/ v kD E k) E, (k-4 €
g

€
Vo (w- ) (w—kvz-vﬂ)e er(é,,'oca,) ei(k—/é,, sy €, (&)

i (k-K)L

— (2.36)

o

The actual response is the Fourier-Laplace transform of (2.36),

J (&,2) = _é’é_ol_c”_J(k,w) gékz—zwt

“z7074L (2,,)2 —2707AL (2.37)
The primitive contours in the ww and k planes are the same as given
earlier (in Figs. 2a and 3a of Part I). We perform the k integral
first. Branch-cut integrals arise from proper consideration of
el(k-kl,swz) and et(k,aﬂ in the denominator of (2.37) but these give
a damped response at z = L whereas the echo response occurs typically
a good distance away from =z = L . The dielectric poles in the k
plane of ez(k-kl,swz) and et(k,uﬂ also produce damped responses
near z = L . Thus to obtain the echo response we need consider only
the double pole at k = (w—oQ)/vz . Since the integrand of (2.37) con-

tains the factor elk(z—L)

, we pull the primitive k contour above
for z > L and below for z < L . Then since we have Im ¢y > 0 , we

obtain a contribution only for z > L , i.e.,

\]‘ (Z,‘C) - g (C/dvz [ 70[(V2) E/Ck/> G(Z-L) .

—2 7ors - 2 -
¢ VZ €7'(’<_/: o-a?)
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27 (w-wy) 2K

: i (k-K)L+ik
dewe T AEZ(/%—A,)GI'( ILrike
e[(k'k/ ’SCUZ) ET(A')QI) w012

Vz (2.38)

Lowering the w® contour we obtain a residue contribution at w = Wg
J & =

—2 T7ToTAL

o

1k, (B-2,) —iw,t
s c o= zydvz £C) E, (k) E,(k) k3 Alvre 5T (2.39)
e_. -

YZ3 67( /(—,;cr@/) < (‘évswz) €, ( ’43:“)3)

where w
k(Z-L
( )—; /5 kEz('é'k/)e( ¢ ’
AlVg] = 3¢ Ej(,{»_,(-,’scuz) €, (4,w)
h= kg
~or(w+n)
e
4 vZ
L o= 2%
T Y (2.40)
‘ = ~g(w;+Q) :
3 \,Z
- Ao L _ S« l
z, kg '0‘(603-}-_{2)
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Recall that we are still supposed to sum over s = * 1 and
0 =% 1. When this is done we find [using symmetry properties (B.6)

and (B.8) from Appendix B] that the s = +1, o = +1 term is the

complex conjugate of the s = -1, 0 = -1 term so the response is just
twice the real part of either term. Similarly the s = -1, 0 = +1
term is the complex conjugate of the s = +1, o = -1 term. Thus with
a new dummy index s , we have (arbitrarily using o = -1 ),

va (Z,7) =5 2k /é CG('Z'L)'
S=i/ +

~—2 7TOo7TAL

ik‘?(Z‘Zo)—I.QJBT (2.41)

[ <

/c/vz A0 ECRE, (B A, (%) €

3
° Vz ez;(k/,w,) EIS(AE :ng) 67:?('('3 »%%)

where
R )
CE I m
, fE (k-k) e N E™D
A, (Vg = 332»2;
efs( A’"“,ygc‘/z) 67;,( &, 3)
k= by
_ CUZL
° w
ztelyra) > (2.42)
@, +0 Se, 27 o)
£ = Ve A= Vz s = Vz
o = sen (L, +Q) £ = Sen (wy+2)
J

119



In (2.41) - (2.42) we have explicitly specified which branches of the
dielectric functions are to be used.

Equation (2.41) gives the transverse echo response for 74 excita-
tions. Note that since k3 depends on v, there will be phase mixing
everywhere except near 2z = Z, the position of the echo peak. We
defer calculation of the integral over v, .in (2.41) and further dis-
cussion of this, the 77 case, until after we have investigated the
jzf'case, which we now do. [Numerical results concerning (2.41) for

some specific cases will be given in Figs. 3-5.]

2.3.2 1?7L Case

The derivation proceeds exactly as in (2.20) - (2.26) but then

instead of (2.27) we have

2,(9) =Z[e (2,0 + Lyxs <z,r)]-§—! JACARS

“vormy —707A¢L
v ’ o ~ 2.43
from 7 excitation from J?excitation (2.43)
at z =0 at z = L
1 ﬂ. o) l . a_ -
The expression - [ETOTAL(k,w) *toyvx §¢0TAL(k’m)] Y for a trans

verse excitation was calculated earlier to be [see (2.31) and (2.39) of

Part I]

:f;[g ) + £ yxp K] 2

~7oTm¢L T 7ormMmL Q!

V2 e (4 w) @i @ IV (2.44)

_ 7 Eexr(kic") C-Zd'¢ (/- A‘i 2 + AVi 3
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Using (2.48) of Part I for Eext(k,w) , the inverse transform of (2.44)
is

p)
’Z[E(zr)+-vx5 (atﬂ-sg-

TO7AL
| oo Lz (2.45)
- Le—zﬂ'¢e+2°""/t e{,éE,(é)& (/-I- AVZ).A_. - ’6\1 ,9_
e 2776(,(- o) oK oY, ow, 3\/3

-0

The expression for fl(k,xjw) for a longitudinal excitation is

7 €xz
F (K y,0) = = (2.46)
/( »%,4) = o Eb @) i (w-kVy)

which follows directly from (2.12) and (2.13). Using (2.16) for
(k,w) and then taking the inverse transform of (2.46), we find
the free-streaming part of fl(z,!)t) is, for z <0 ,

o (K (F-L)+iswLT
7'9'(-\/3) Ez('éz) _SV-.Z e ¢

m2 Ny GQ’(AE’_-SQGD

(2.47)

F(zy,2) =

where k2 = -swz/vz . Equations (2.43), (2.45), (2.47) combine to give

+ oo
. k’
) (7)2 TP iourriswr [(HE(K)e T
#) =(<L €
7= = L Em e, (klmow)
24 "kz(z'“ (2.48)

[(/ k’Vg P ﬁ_/\/__t. _3__} ﬁ‘(V)E (;éz) ;vir

1% ow, V.
o, AN 4 2 YZ G[(Iéz,"swz)
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This expression is more complicated than the corresponding expression

for the 74 case, (2.28), mainly because of the factor
(5805 o5
o oV

which in the 71? case was just B/BVz .

We proceed to calculate lz TOTAL(z,t) in the same manner as used
for the 74 case in (2.28) - (2.42). This computation is more
involved than that of the 727 case but the final result is similar to
the final result of the 7/ case. Omitting the details of this calcu-
lation, we find:

g (2,2) = Z 2Rl €,C9¢2)-

—2 rorss . +/

/ f(vz) ENRNE, (k) A A (v @ chs(@-B)-canz | (2.49)
(k %) € (/42,90) &, (

-0
where

A(v)—_vii_/_ 2%

3 ° £
£ £ £ (4 ikz
+——f-<vf>_/.;_‘_’-.a_z” "éz)E/('("l’QE
7 5 Nz % sz(k—kz,cz)e‘,:ﬂ(é,%) (2.50)
é—:f;

A
<,
v
L]
=
- N
[+
B
2
2
t"<
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and the k's, C, Wz, and 2z, are as defined in (2.42). Equation
(2.49) gives the transverse echo response for 7 excitations. Note
that only particles with v, < 0 contribute to the echo [i.e., note
fo dvz in (2.49)] and that there is a response only for z <0
-
[i.e., note 6(-vz) factor in (2.49)]. Note, however, that particles
with all values of v, contribute to the €'s in (2.49) and thus
particles with v, >0 may affect the echo shape.

Having obtained the transverse echo response for both the 77 and
L7 cases we continue by investigating the consequences of these

results, (2.41) and (2.49), and then actually performing the integrals

over v_  to obtain echo shapes for some specific cases.
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3. Transverse Echo Characteristics

Equations (2.41) and (2.49) represent the transverse echo response
for the species of particles that has cyclotron frequency § and zero-
order distribution function fo(Vz) . Thus there is an electron echo
and an ion echo and since z, depends on & , i.e., from (2.42)

e L
oy + S (e, +42) (3.1)

2,7

it follows that in general the electron and ion echo peaks will occur

at different locations. Also note that since

Wy = 0, +5W, (3.2)

it is' possible to have echoes at the sum (s = +1) or difference (s = -1)
of the excitation frequencies.

Recall that w, is always positive and that W, may have either

2

sign, Wy < 0 corresponding to a left-hand (LH) excitation and W, >0
corresponding to a right-hand (RH) excitation. We adopt the convention
that RH polarization of a wave means that the J (or E ) associated
with the wave rotates in the same direction as electrons gyrate in the
zero-order magnetic field Eo . (N.B. This differs from the usual
convention in optics where polarization is referred to the direction of
propagation of the wave.)

Now consider just 72/ echoes, which exist only for z, >L.
From (3.1) this places restrictions on the allowed values of wy and

W Thus to obtain a 7€ echo for electrons (Q = “w.e) at the differ-

>

ence frequency (s = -1) we must have
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ey L

E A AR

or

“p > (@-«e) »0 (3.3)
Furthermore, since from (2.41) J, " Re {6+ exp[i(wl-wz)t]} , the
fegion of w,, w, space defined by (3.3) will be divided into two
regions; for w, > w, the echo will have LH polarization, for w, < w,
the echo will have RH polarization. These two regions are shown in
Fig. 2 as regions IV and V respectively. In Fig. 2, each region shown
has distinct echo characteristics; i.e., type ( 7# or £7 ), polariza-
tion, frequency, and direction of propagation (+ or +) of the waves
comprising the echo are all indicated. The boundaries of each region
are obtained in the manner used to define regions IV and V above. As
shown, Fig. 2 applies to electron echoes but it can be used for ion
echoes by interchanging RH and LH everywhere, including along the wy
axis, where then Wy > 0 would mean a LH excitation.

The transverse echoes we have been considering offer a much more
abundant variety of phenomena than those which occur for purely longi-
tudinal echoes ( [ﬂ?euf). We summarize the basic differences and new
features:

1.) Echoes can occur at the sum or difference frequency whereas in
the longitudinal case the echo occurs only at the difference frequency.

2.) The echo location (zo) and frequency (w3) depend on the
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FIGURE 2.

LH excifation RH excitation

TRANSVERSE ECHO CHARACTERISTICS.

This figure applies for electron echoes; for ion echoes interchange RH and LH everywhere.



species, whereas in the longitudinal case both the electron and ion
echoes occur at the same position and at the same frequency. By saying

w, depends on species we mean that it is possible to have the electron

3
echo at the sum frequency while the ion echo is at the difference fre-
quency. We emphasize though that given Wy, W, there is only one
electron echo (with 2, >L or z, < 0 ) and similarly only one ion
echo.

3.) The polarization of the echo may be different than that of
the initial w, excitation. For example, in region IV, the excitation
has RH polarization while the echo has LH polarization.

4.) The propagation direction of the waves comprising the echo
may be away from or toward the excitation region whereas in the longitu-
dinal case, the propagation direction is always away from the excitation
region. The cases where the waves propagate toward the excitation
region are those which have 0 < Wy < W and the phenomenon involved
is the same as that of the negative phase velocity free-streaming waves
that occur for a single transverse excitation if 0 < w < W, » 3S Was
discussed in Part I.

5.) There is a unique echo for every value of wys Wy whereas in
the longitudinal case ~Wy s Wy represented the same echo phenomenon as
g, Wy 3 the only difference being that the echo appeared on the
opposite side of the excitation region.

We now comment on a few of the many interesting experiments sug-
gested by Fig. 2.

1.) Consider echoes in region IV. With an initial high frequency

(w, > w_) RH polarized excitation and with w 2 w, we may generate
1 ce 2 1
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an echo that is a low frequency LH polarized Alfven wave.

2.) We may examine the consequences of echoes comprised of waves
which have negative phase velocities by considering echoes in regions
II and V, since in both of these regions we have 0 < Wy < Wee

3.) Note that an echo occurs even if w, = 0 . This means that

if the first excitation is simply a fixed transverse electric field,

i.e., like

E, 87 = &e® (3.4)

and if a longitudinal excitation is made at frequency W, then a
transverse echo with RH polarization will occur at the same frequency

wy at the location

e, L

Gy = L (3.5)

Z =
Thus a longitudinal wave may be 'converted" into a transverse wave (of

the same frequency) which is localzied about a specific position (zo)

in the plasma. This novel feature occurs in both regions II and III.
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4, Evaluation of Transverse Echo Shapes

4.1 Use of the method of steepest descent.

We proceed to evaluate the integral over v, that occurs in (2.41)
for the f}? echo case. [The integral in (2.49) for the L7 echo case

can be evaluated in the same manner.] Using a Maxwellian distribution,

<

2
- &

A z2
£ ==z ¢ 4.1)

N

assuming delta function sources [as in (2.77)-(2.78) of Part I] so
E (k) = 23’: £,(k,) = g?z (4.2)

and considering just electron echoes (f = -mce), we find (2.41) becomes

J (z,¢t) = $=i‘/2 &{€+[Cé9{2]]’ T }9(2 L) (4.3)

2 7TOo7TAL Q;

where the integral we must evaluate is

; (%—‘::)(&Zo) _ (%)2

—= A, (v,
ya / (4.4)
(27 X7}

ce Sz Cmey
A RS s\ € (___Lew)
Z(Vz’>fs(\’g’2>7,; e 7

in which
BE[ >€. (A- .
£ 2 A £ /- e B
A/(Vz) =/ —f'l'ég(z-/_)* - "l )é_'é/ -2 ol A= K3
€ (4,50, €, (4)

(4.5)
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In (4.4) we have explicitly indicated the v, dependence of the k
arguments of the €'s.
We evaluate (4.4) by the method of steepest descent as discussed in

Appendix E. The appropriate saddle point of the integrand of (4.4) is

/
Ve _ [o’(wg-wce) (z-2.) ] Rt

za (4.6)

a
where 6= *1 for [(u-w )(z-z )] 20 . The primitive contour
(Y j_vz/a < @) in the complex vz/a plane is deformed through the
appropriate saddle point along the path of steepest descent, care being
taken to indent the contour around any poles caused by the €'s in (4.4).
The three possible pole terms arising from the dielectric functions
involving wl, w,, Wg in (4.4) will be referred to as the pole 1, pole

2, pole 3 terms, respectively. Thus we find

L =7 + 3 7

SAODLE o, T Poesid (4.7)
POINT

The saddle point contribution is

2
%

& (s ~ee) (z-zo)] ’[_, Y E]

_9[ za 2 c
7 ) A(v)e (4.8)
SpoLLE v. \3 - @
PO ES (—3-) € ( N ) (S“'e ) 3~ e
4 @/ 7\ v 2% GIS_ ve 0 Se 67;, ve 2%

[which is valid for |(z-zo)(w3-wce)/a| 2 0.12 as discussed in Appendix
E]. Assuming simple first-order poles in each case, the three pole

terms are:
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2
Sy - _ v
‘( 3\/, q)(z—z") P

i2vr A, (v) e

j;bLE/ 4 V[ se (4 seo “,
-;{& —%7—} €f;( 2 swn) g (%2 )

v
Z
_ V) e
IPoLEZ 2
_Ve (6‘1 “ce 3€ (£ s« (% “e )
a® "7y v, 27 S 4 2V v, 273
K = 5% (4.9)
VZ
Cu wce>(z Zo Vs
12V7 A, (v) €
'Z);OL53=YS
Ve w-t s, 267 (4%;)
__4% 67,(—L__££f%>‘;l ( y ,gaé) VN A
[~ 4 < \{3 < k4 ak
'é,zc‘f?_(‘uce
Vs
where Vis Voo v3 are defined by
s~ Ly
(& —L_ <€ w) = O
Aty
Se,
6@( VZ 3 z) = O
(4.10)
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and

ben (A=k, 5 pop.  AsEp(ke s g
€4, (£, 5¢7) G,‘;(ka’ws)

A/(V/ = {/ +2'<'3(Z'1‘) -

V=V/

A3 kzé}’ (& ses)
B DUUPPRONOE S 0
A/(VZ) / +.‘__£—i(_z_"’_£_2_ A—/ c /éz @ Kz ke;(,(.’gcyaj
' s /(’z,é‘z

v £z

£ E;p('(';&{?)

67;9(;(—,wg)

A RO
Az £,
&=k A=k

€7 (£,)

(4.11)

£2ey, (4505
£ e;_ (&)

2
AVvs) =9 -3+ i43(2.70) -2('?') '[

-]

k€F. (k) £, [ £ €G,(4 s«ﬂ

6:(,(—’601) 162 Els('e>$wz)

&k

A prime (') denotes differentiation with respect to k , and

) - e secs (o e (4.12)
3 v:

<

g

where i = 1, 2, 3. The factor \f equals * 1 depending on which

direction the contour encircles the pole in question, and if there is
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no pole Yi =

In (4.11), note the abundance of terms in Al(vz) and Al(vs) as
compared to Al(vl) . These terms occur because when the third and
fourth terms of Al(vz) , as given in (4.5), are evaluated at pole 2 and
pole 3 respectively, second-order poles are produced. The new terms
come from the rather complicated residue

in Al(v and Al(v

2) 3)
expressions that result from these second-order poles.
Concerning the sizes of the various terms in the Al(vi) factors

in (4.11), we find that all terms that contain an €, €', or €" are

typically of order one. Noting that

| 4,20 = |'4,4| = (4.13)
(w =)t
and that the pole terms are important only if |vi/a| $ 3 [because of
the exponential factors exp(—viz/az) in (4.9)], we find |k3(zo-L)|

>> 1 provided

| - ol )| 5,
2 < ce < (4.14)
(e~
/ ce
Since typically Lwce/c is >> 1, we find (4.14) holds if ®, is not

1

extremely close to w (le/wce - 1 §->> 1) in which case the

ce

underlined term in each A(vi) in (4.11) is the dominant term. If w;

is extremely close to w -1 §-<< 1) then the AL(v)'s

(Jw /w

ce ce

must be evaluated in full. In any case, the Al(vi)'s are only amplitude
factors for the various pole terms. More specifically, the Al(vi)'s

have no z dependence [except for the slight z dependence in the
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underlined terms in (4.11)] and, therefore, they can affect the echo

shape only by affecting the size, but not the shape, of the pole terms.

4,2 Numerical examples of transverse echo shapes.

First we explain why we should not evaluate (4.8), (4.9) analyti-
cally by using asymptotic exmapsions for the Z functions involved. In
the saddle-point term (4.8), the arguments of the Z functions contained
in the three €'s are all identically equal to vS/a , which is defined
by (4.6). Typically we shall want to compute the echo shape for
0 < |(z-zo)(w3-mce)/a| £ 10 say, over which range we have 0 < |vs|/a
£ 1.8, for which Z(vi/a) is clearly not in its asymptotic limit.
Similarly for the ith pole term in (4.9), the arguments of the Z func-
tions contained in the three €'s are all identically equal to vi/a ,
which is defined by (4.10). As mentioned earlier, the ith pole éerm
is significant only if |vi|/a < 3 [because of the exponential factor
exp(-viz/az) in (4.9)], in which case Z(vi/a) is clearly not in its
asymptotic limit. Thus, when the saddle point and pole terms are sig-
nificant, the Z functions involved are clearly not in their asymptotic
limits. Hence it is rather pointless to rewrite (4.8) and (4.9) using
asymptotic expansions for the Z functions involved because the result-
ant expressions would not be valid at the very places we would like to
use them. (These remarks apply also to the purely longitudinal echo
case. In particular, the final expression for the spatial longitudinal
echo case of Gould and O'Nei1(26) was computed using the asymptotic
expansion of the Z function and accordingly their result is essentially
of little value since it does not apply to any cases wherein the saddle

point and pole terms are significant.)
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Thus we have numerically evaluated (4.8), (4.9) for three cases of
the 7/ echoes with the results presented in Figs. 3, 4, 5. (As in
Part I, we chose wpe/wce = 0.4 and c/a = 1120 , these beipg typical
values for the UCLA Q machine.) Choices of Wy, Wy for each case are
given in Fig. 3, which may be compared with Fig. 2 to obtain the echo
characteristics. (The hatched regions in Fig. 3 will be shown to be the
regions wherein the pole 1 or pole 3 terms are significant.) Values of
the poles vi/a were obtained from Appendices C and D. Note that cases
1 and 2 are echoes at the sum frequency (wl + wz) whereas case 3 is an
echo at the difference frequency (wl - wz).

In Fig. 4 we have drawn the appropriate saddle point contour for
each case. Recall from Part I that for 0 < W < Wee the free-streaming
pole appeared on the ''wrong" side of the contour and therefore never
contributed to the final response (see Fig. 5 of Part i). For the echo
calculation, poles 1 and 3 also appear on the 'wrong' side of the con-

tour for 0 < w < W and 0 < Wy < Weg » respectively; the '"right"

ce
side of the contour being that for which the pole 1 term contributes
for z < z and the pole 3 term contributes for =z > O However, in
the echo case the primitive v, contour is deformed upward, say, for

z < 2y s and downward for 1z > z, ,soa pole will always be enclosed
somewhere, even if it is on the "wrong' side. In those cases where
pole 1 or pole 3 is past the end of the contour in Fig. 4 we mean that
the pole occurs at some v; Where |vi| z ¢ and therefore the corre-
sponding pole term is insignificant because the exponential factor

exp(-viz/az) [in (4.9)] is zero for all practical purposes. Note that

any pure imaginary poles (as in case 1) never come near the saddle
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FIGURE 3, PARAMETER VALUES FOR THREE CASES OF 7% ECHOES.
( wpe/wce = .4, c/a= 1120)
ml/mce Vl/a wz/wpe Vz/a S ws/mce V3/a
CASE 1 .75 274-1i68 .8 i2.04 + 1.07 i68.7
CASE 2 .994 1.21-1.205 1.2 2.59-i.142 + 1.474 410-1i8
CASE 3 1.474 410-i6 1.2 2.59+1.142 - .994 1.21-1.205
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Case 3

FIGURE 4, SADDLE-POINT CONTOURS FOR THE THREE ECHO CASES OF
' FIGURE 3,

In each case the primitive contour in the complex vz/a
plane (the real axis for 0 < Re v, £ ¢) has been deformed
to the appropriate saddle-point contour for z <z, (solid
line) and z z.zo (dashed line). The saddle points are

indicated by X's and the three poles by dots.
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FIGURE 5. TRANSVERSE ECHO SHAPES FOR THE THREE CASES OBTAINED BY
EVALUATING (4.8),(4.9) NUMERICALLY. (Lwce/c = 10)
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point contours.

In Fig. 5 we display numerical results of echo shapes for the
three cases. From (4.3) we see that Jx “ Re I and in Fig. 5 we have

plotted

32
%l = 0&[ Lepooie cz L poce é] (4.15)

PrPow 7T

against zc/wce using (4.8), (4.9). For these calculations we chose

Lc/wce 10 . (For the typical value wce/ZW = 2.25 GHz, c/wCe 2 2 cm,

a

and L = 20 cm.) We note the following results:
CASE 1. There are no pole contributions so the echo shape is
determined entirely by the saddle point contribution. The echo width

is large (compared to a/wce ) because the saddle point term's charac-

is relatively large (because wg Two ).

ce

teristic length Ia/ws-mcel

Also the amplitude is relatively large because the dominant term in

Al(vs) , 1.e.,

] Lc

’é(zfﬁ)| = “e | (% _,)_C_ (4.16)
A7 “ce 2
[~ 2

[see (4.13), (4.14)] is = c¢/a (because W, 7 Wee ).

CASE 2, There are contributions from the saddle-point, pole 1,
and pole 2 terms. The saddle-point term exhibits a very narrow peak
because Ia/ws-wcel < a/wce (because Wy rd Wee ). Also the amplitude
of the saddle-point term is relatively small because the dominant term
in Al(vs) , i.e., (4.16), is relatively small (because W % w ).

ce

, Both the pole 1 and pole 2 terms occur on the z > z, side of the echo
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but since the pole 2 term is much smaller than the pole 1 term (primari-
ly because exp[-vzz/az] << exp[-vlz/az] ), only the pole 1 term makes
a visible contribution in Fig. 2. The amplitudes of both pole terms are
also governed by the dominant term of Al(vi) , i.e., (4.16), which for
this case is relatively small (because Wy 2 Wee ).

CASE 3. There are contributions from the saddle-point, pole 2,
and pole 3 terms. The echo frequency Wy is just below the cyclotron
frequency and the resultant echo has a large amplitude and an extensive
width. Both the amplitude and width of the saddle-point term are large
because both Ia/ws-wcel and Iiks(z-L)I [i.e., (4.16)] are relatively
large. Similarly the pole 3 term has a large amplitude and penetration
length. The pole 2 term occurs on the z > z, side of the echo, but

it is not visible in Fig. 5 because it is much smaller than the pole 3

term (since exp[-vzz/az] <«< exp[-vsz/az] ).

4.3 Physical meaning of the echo terms and where they are

important.

The saddle-point term (4.8) represents phase mixing of the free-
streaming waves that comprise the echo. This term is always significant
in the echo peak region, which is centered at 2z = Z, and which has a
characteristic width or order Ia/ws—wcel

The pole 1, 2, 3 terms in (4.9) represent the collective effects

of the plasma in response to the free-streaming terms that result

respectively from the w, excitation, the w, excitation, and the

1
effective wg excitation. We emphasize that only the free-streaming

terms enter the echo calculation; i.e., velocity-dependent free-
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streaming terms [in fl(z,x,t) and El(z’t)] of the form
exp[i(w/vz)z] contribute to the echo whereas collective oscillations
of the form exp[iklz] (where k1 is a fixed complex'number) do not.
An important consequence of this is that the collective oscillations of
f1 for the first excitation at w, [as given in (2.73) of Part I] may
persist past the echo position since they do not interfere with the
established echo at wg oOr produce any new echoes.

We now determine for what values of Wys Wy, Wy the corresponding
pole terms are significant in comparison to the saddle-point term. The
size of a pole term is determined predominantly by the size of the
factor exp[-viz/az] which (for IRe vil >> |Im vi|) is very small

for Ivil/a 2 3 say, and therefore the pole terms are significant

only for |v;|/a $ 3. For the pole 2 term we consider the least-damped
root of €,(k,w) = 0 as discussed in Appendix D. For |w2| < upe the
root is pure imaginary and no pole term results. For |w2| > mpe the
root is complex, but only for |w2| 2 1.08 wpe is  |w/"k"a| = |v2/a|

<’3 (see Fig. D-1). Thus only for lw2| 2 1.08 ©he is the pole 2 term

significant . Similarly for the pole 1 and pole 3 terms we consider

the least-damped roots of eT(k,w) = 0 as discussed in Appendix C.

<

From Fig. C-2, we note that Iw-wce/”k”a| = |vi/a| <= 3 only if
W=, - Thus the pole 1 and pole 3 terms are significant only if Wy
or w, is very close to W.e (as shown by the hatched regions in

Fig. 3).

Finally, in evaluating (4.4) we consider the l/vz3 factor which
causes the echo amplitude to diverge at z =z . This behavior also

appears in the saddle point term (4.5) because, as given by (4.6),
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v, 0 as z*>z . The l/vz3 factor in (4.4) is presumably due to

three factors of l/vz : one for the excitation at wy [see the free-

streaming part of (2.73) in Part 1], one for the excitation at W,

[see (2.47)], and one for the echo response at w Recall that for

5 -
the single transverse excitation in Part I, the free-streaming term
diverged at z = 0 (as explained in Section 5.2 of Part I). For simi-
lar reasons the echo diverges at z = z, - In the next section we

shall show that Fokker-Planck collisions and/or finite-width excitation

mechanisms remove this divergence at 2z = z, -

142



5. Effects of Fokker-Planck Collisions and Finite-Width Excitation

Mechanisms .

We first discuss the effects of collisions and finite widths in
the excitation mechanisms from a physical point of view. Recall from
Part I that for a single transverse excitation, the inclusion of a
finite z dependence in Eext(z,t) reduced the amplitude of the free-
streaming term and also removed its divergence at 2z = 0 . Physical
reasons for the removal of this divergence were given in Section 5.2 of
Part I. For similar reasons we shall find in the echo case that inclu-
sion of finite z dependence for the 7 excitation and/or the £ exci-
tation effectively removes the divergence of the echo response at its
peak z = z, -

When velocity-dependent collisions are taken into account, we can
make the following physical picture. We consider delta-function excita-
tion mechanisms. Then we note the echo problem as derived above
reduced essentially to the.consideration of free-streaming waves that
propagate in one direction (the z direction). Since Eo = Boéz , the
particles that'comprise these waves have helical orbits that are con-
fined to lie along the z direction. Each free-streaming wave has a
definite wavelength and is characterized by the velocity v, of the
particles that comprise the wave. The effect of long-range collisions
(such as Coulomb collisions) is principally to "slide' the particles’
along the field lines. Thus collisions can effectively spatially
reorient the particles in a particular free-streaming wave. And those
particles that suffer collisions may no longer be in phase with the
wave. In the limit of many collisions there results a mixture of free-

\
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streaming particles with uncorrelated phases so no net wave is
discernible.

The Fokker-Planck collision term, when Coulomb collisions are con-
sidered, is particularly effective in destroying those free-streaming
waves whose particles have velocities near v, = 0 . Since these are
the particles that cause the divergence of the echo at its peak, we
find that the aforementioned collisions are effective in eliminating
this divergence.

We now compute these collisional effects using the Fokker-Planck

equation

1 of _Z[E ,

+V 2 — + + £ d7a
- vx 2 .22 {
Dz‘ 2X o o [ 7oTAr ST "/707‘?4] Sv FFP 7{}

ee{f) = -5 {o s} +5ulod] o

where D1 and D2 are the frictional force and diffusion coefficients
respectively. Considering a single transverse excitation, we recall
that the free-streaming part of f1 goes like
(7%
1(____2)2 —sz‘

{(Z,vz,f) ~ e (5.2)

[see (2.73) of Part 1]. When the Fokker-Planck operator acts on this

f1 we find -

2D . 'i(“/,-%e)z ]
of) - f ot [

Vz
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2© 30 20; ~z2i(w-we)Z
9—‘%5{027{}_ 2][4'>v ’€{ V.2

Jvz / = 'z
- = (5.3)

2((‘0 wah?‘ )( (‘U,"‘/ce) z°

o, T ) T T

4
-~
Since generally
2,.
jﬁ. < £‘_ LR < __?_3_

v v Sv? V2 (5.4)

(i = 1,2) we conclude that the underlined term in (5.3) is the

dominant term in F.P. {f,} provided

(wf\zce)z = / 5.5)
Thus we may write
Fr{f} =-vgyd
V= [DZ(V; ce)z} I (5.6)

provided (5.5) holds.

Now assume that Eﬁ TOTAL and E& TOTAL damp away in a small
distance d . Then for z >d and z > |a/w;-w | [so (5.5) holds]

we may rewrite the Fokker-Planck equation (5.1) as
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| FE ¢ (5.7)

Recalling that f1 N e1¢ and Laplace transforming (5.7), we find

(5.8)

L (- ()

oz Vz

where we have assumed fl(t=0) = 0 . Equation (5.8) has the solution
z

(w,—wce)z ' (29,

- f(z=0) z T o % (5.9)

£(@ = f(z=) ¢

Thus we have derived an equation which gives fl (z) in terms of the
initial spatial value fl(z=0) . This derivation [(5.7) - (5.9)]
parallels that of O'Neil(so) for the temporal longitudinal case.

Thus in the echo calculation (specifically for 74 echoes), the

free-streaming term f1 acquires the factor

__/ [02(“/ “e) ]Z'za(Z,

over the range 0 <z <L . For z>L we have, in place of (5.2),

S~ e é(fz&fff)a +i (ff%é?35>(z-L) (5.10)

z
/

and therefore, in place of (5.6),

N : 2
Vers = Pz {(w/ el Lorte) (2-0}

V. \'

K 2 (5.11)
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Thus for 7# echoes, the integrand of (4.4) should include the factor

2
/ Dz(w weel] 2,50 - [oz{(w “dl + (@ -a)@-0} | -,
° V7 (5.12)
e

If 02 does not depend on 2z we may perform the integrals in (5.12)

to obtain the factor

[(a;- ) scer, ]f
&)

2| Fy S (w, e (5.13)

in the neighborhood of the echo peak. In obtaining (5.13) we used

;é, (‘U/’wc)
(2-24) = (2,0 =”2:3'4 = - (—aé—.qféL

The factor (5.13) represents the effects of Fokker-Planck collisions.

(Numerical examples will be given later.)

To investigate the effects of finite-width excitation mechanisms

we assume the excitation fields are given by (2.11) with

_Z
a.2
g e = (5.14)
AL =y
i=1,2) so
e
E# =Fe 7 (5.15)

Thus the integrand of (4.4) should include the factor
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e VB z (5.16)

Combining the above results we find that when both Fokker-Planck
collisions and finite-width excitation mechanisms are taken into account,

(4.4) should be replaced by

2
; (wy-coeXz-2) & _role) Yz
(> =] 2 5 12
dVg vz \/z \/Z
= Al%)e
I= . (5.17)
v & - e ) (swz (“-b“‘/ce
o {7;(?) 6&( v, AT AN Sw*) % Ve ;“’3>

2 2z 2 2
2 (af“wce) A/ + “y 4z
Y 4

3 (wB—ch)

[(cg-—wc Y s, £? ] (5.18)
)’ =

For Coulomb collisions the Fokker-Planck diffusion coefficient as

(31)

derived by Thompson may be put in the form

¥ 2
o == 22 n L3 (L et ()

7 Ve M2l Vv, 2 (5.19)
Using the series representation(sz)
3
2 [z-Z ... ’ ‘
er‘f(z):—ﬁ{z 3 t } IZl<</
(32)

and the asymptotic series
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e-?
erf() = /- SRR ]Zlﬁ>/
Vor &
we find
% AV
o (v)=~ | ZZZZ } d | vl (5.20a)
N i M < /
~ | G ¥ fn A _@_3 | Vel
pz(vz)~[ Mfa ](Vz> ——» /  (5.20b)

The integrand of (5.17) is now so complicated that in general it is
only feasible to evaluate the integral by numerically integrating along
the real axis in the complex vz/a plane. However, we can make the
following useful comments.

Evaluation of (5.17).

If (5.17) is evaluated by the saddle-point method, then the pole
terms that occur are no more difficult to evaluate than earlier. Since

each pole occurs at a single fixed point in the complex vz/a plane,

th

we note that the i~ pole term in (4.9) simply acquires an additional

factor of

¥ D, (V)

-4
vz i
['4

€ (5.21)

To obtain a usable result, we assume Ivzl >> a so we may use (5.20b).

Then the factor (5.21) is

(5.22)
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where

£ = [977‘/)7? 9&..1\_:'[ (a;—a/ce)ang La}

m2a® 3 (wsy-%e)

{5.23)

We shall evaluate F for a numerical example, but first we consider

¢(z)

the saddle points of e where
( ) = C”_a'a’cg) (Z‘fo) _ __A_z _ 702(\/2) _ \/Zz
Pl vz vz W et (5.24)

We note immediately that even when the v, dependence of D, is
neglected, the equation that defines the saddle points, 5%—-{¢(vz)} =0,
is a seventh degree polynomial. It is apparent that it is ;orthwhile

to use the method of steepest descent now only in special limiting

cases. For example, it would be useful to know the height of the echo

peak. Thus setting z z, we shall investigate the limits when
(i) collisions effects are dominant, and (ii) when finite-width effects
are dominant.

(i) Collisional effects dominant.

If we have
Qa® B Ve
<
yf 2® (5.25)
where v_ is a saddle point to be chosen, then
s p

2

Fv) ~ - X208 Ve
d \,zs 22 (5.26)

To proceed we assume |v_| >> a , then using (5.20b), we find the

appropriate saddle point to be
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(5.27)
where F is defined by (5.23). Accordingly we obtain
£
-/65F S5
A () e
Z(z=2) =~ o . " (5.28)
VS‘ ( T “ce ((/a £
V;(z‘) <z —\;‘—,‘”/) Efs( e 52) ‘55( v,“’,ws)

where we have evaluated the constant 5/44/S ~ 1.65 . If instead

|vz| << a , then using (5.20b) we find the appropriate saddle point

to be
v, /0 -~
__S_ = ( F) 7
“ T (5.29)
and
Z2
-.82 F7
Alve e
Z(z=2) = W\ (e -y <
W(—S) ( 7 7% Ve, (2% sw)e (‘“3' ce
e 6& VS', ,“7) «é \,s/ s 2 % Vg’ R<Z (5.30)

2
where we have evaluated the constant %-(10/3/5) /7 ~1.82.
Summarizing these results, we find from (5.22), (5.28), and (5.30)
that Coulomb collisions decrease the size of the pole terms and the

saddle point term (at the echo peak) according to the factors, roughly

F

POLE TERMS ef'(g/hgs (5.31a)
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/
ECHO PEAK e (47)° 22 (5.31b)
2
-F7 /o \%
7
© (31'77 7=/ (5.31c)
For the parameter values used earlier ( wpe/wce =0.4, c/a=1120 ,

n =109 en3 ), we calculate F from (5.23) to be

( . ) » ’
< ~/)

_ 14 <e ce [ “ce
F =320 [ 74 - <——C— (5.32)

o)
|2/
ce

Then using values of Wy, Wy, W as given in Fig. 3, we find

3 -
P (L:ce) CASE 1
L wee)?
(2) (____cce) CASE 2
(3 L 3
(’-3""’)( = CASE 3

Thus if (Lwce/c) = 10 the echo will be essentially destroyed in all
three cases. However, if (Lwce/c) = 1 , the case 2 echo would be
clearly visible, Thus for the parameters under consideration, trans-
verse echoes could be seen, but only for small values of (Lwce/Q) .
Of course, since F n/Te3 , collisional effects could be reduced

substantially by going to higher temperatures or lower densities.
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(ii) Finite-width effects dominant.

We return to our consideration of (5.24). 1If

2

¥ o, (V) v
zss ~|X

A @

where Vg is a new saddle point to be determined, then

2 2

PR S
ﬁ(vz) ~ VEZ az

and the appropriate saddle point is

A/
=V

and

/
22 2
[(%‘wce) A, CC/ZZA: } 2

@ @z

v\? @~ -
VS b Vg ? -] Vs

(5.33)

(5.34)

(5.35)

(5.36)

which may be compared with (7.17) of Part I for the single transverse

excitation. Note that even if A1 or A2 is zero, the result (5.36)

still holds.
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6. Effects of Temperature Anisotropy (T, # Tz)

We return to the collisionless transverse echo case and investi-
gate the consequences of having T, # Tz . Assuming an anisotropic

Maxwellian distribution
e Vi
QZ
£ = Fe ) =€ || e
Vir < a5

(6.1)

(where a = JZxTz/m , b= JZKTL/m ), and carefully reviewing the deri-
vation for 7.¢ and Z7 echoes, we find that only the following modifi-

cations are required:

(i) 74 CASE: replace f (v,) in (2.41) by

£ [/- £/ ;:.)}

(ii) Z7 CASE: no change.
(iii) el(k,w): no change.

(iv) eT(k,w): has already been given for T, # Tz in (2.40) of
Part I. The roots of eT+(k,w) =0 for real w ,
complex k , and T, # TZ are discussed in

- Appendix C in (C.45) - (C.54).
Thus for electron echoes in the 7% case, there is an additional ampli-

tude factor of
e~ o 7
- (- 2]
/ z

and for the Vea case, there is no change.

(6.2)

The only significant difference from the previous echo results
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comes from the possibility of having different dispersion character-
istics for the transverse waves. In Appendix C, we conclude that for
w # 0 there is no appreciable change in the positions of the roots of
€ (k,w) = 0 from their positions in the isotropic case. Thus for
+

w # 0 , there is essentially no change in the echo results given
earlier. On the other hand, if w= 0 and there is a temperature
anisotropy, then the fire-hose instability may occur. [We obtain the
usual criterion for the onset of this instability in (C.53).]

Thus a novel use of echoes is suggested and that is to choose W,

to be in a stable region and w, to be in an unstable region so only

3
the echo would excite the instability. Use of an echo to examine
instabilities has the advantage that at the position at which the

instability is excited, i.e., the echo position, there is no external

excitation mechanism (grids or current loops, etc.) to be considered.
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7. Effects of Propagation Just Off-Axis (k, # 0)

Up to now, we have considered all waves to be propagating exactly
along the direction of Eo . In an actual experiment, this may be
difficult to attain and undoubtedly the excitations will produce waves
that propagate slightly off-axis so k; would be small but non-zero.

We now investigate the consequences of having such slightly-off-axis
wave excitations.

Consider the longitudinal excitation first. If the excitation is
made slightly off-axis, then the EroTAL field of the wave it produces
will have mainly a z component, but also small x and y components. Thus

£ TSk &S + GE (7.1)

\

where § represents the small transverse electric field (]8| << [E|).
As shown in Appendix A, the corresponding driving term for the first

order Vlasov equation is [for isotropic fo(!)]

g (B+27) = ;{n’: {Jx 2% cos (B +@")

[V
‘_<

N4

éy s/n (B + &%)

=)

which is to be used in (A.5), i.e.,

(7.2)

v
<

)
ok

+ £

|

1Y)

(X siv g

/e
[195',9 (d+9) e IVB=~ i X s (B +27)
(e )y @ (7.3)

Fl,,2) =
where

156



A= a2
w-kaV
v = =2
2z
Thus
(J\S//V¢
- e d
AR e RS
(e?®2)) 4
J)g 2>
+éo 5y X
>4
+E;;;I}
where

4 ive i X s (B+27)
I=/[us"e
Q

(32)

Using the Bessel function identity

~iAsvg +§_°° -cmP

Z . 7 (1)
together with
J (9 = (—/)MJ,; (x) n integer
we find
~<mg -/
7=z e I .
/P == 0O 1<V"m)

Then using the series expansion
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(7.7)
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” 2
J(X) = "')<_ / - X + .-
» 27/ Y (m+y)
we find that for [A| << 1 (i.e., [k|
of the gyroradius, lYL/Qzl)
£(@) = £ (Ver%,9)
D A0 NVA PEY SN £,
—,,,,_(2[' ?Jﬁ’)—\ﬁ—_z(z)-‘-gs\/—z(/

+(—’+ 4

V- @Vt

/

n integer

X real

A2
)]

+<—§‘¢‘ e:’d)[&yi—é‘(:g) ys i—vé %ﬂ
(- e () ra 5
NERGN o FEAESRTS-HE

—128 ; -
¢ ez . €+12¢> Jfé l) +(§ 9_2‘9_1
“\v-s var [LXM\T Foav
~l29 fe28
YT ) 4 55@:65§ 8 %,
y-2 v+2 /| X oy \¥4 ¥ ooy
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(7.10)

much less than the reciprocal

)+ 632 (2)



. e—zaai e*‘”’)[g g_;_fo_(z\f) .4 ?*_7_(9 ,(f)
y-2 v+2 X v\ 8 e v, 8 /]
-3¢ +¢38 }’ 2 /"<)? T (7.11)
e e 97 >\ 37 AN .

+<V—3 T v+3 )[Jx;_\{L(F) +£F—5\-{.L( ’C)_

which is correct through terms of order Az
To zero order in A we retain only the three underlined terms.

If in addition & = 0 , then only the double-underlined term remains

- 5K

7 V.

£(#) = , 'z (7.12)
/ e (w-kzvf)

in agreement with (2.46) obtained earlier. For 6§ # 0 we include the

single underlined terms

- P Q+é¢
.3 7 € - >, ;
7,[(5”) T om =i ( @k -0 - gVt R ) Y (8c+e,) (7.13)

To first and second order in ) , we obtain the additional myriad
of terms in (7.11). Considering the etin¢ factors (where n 1is an
integer), we note that as n increases, the terms become higher order
in A and therefore have smaller magnitudes (since |[A| << 1 ).

Knowing the ¢ dependence of f1 , we proceed to find the ¢ depend-

ence of E

ErotaL ° We need to know the ¢ dependence of both fl and
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ETOTAL to establish what types of echoes and other miscellaneous

responses are generated by the new terms created by the off-axis
excitation.

If we compute
(7.14)

and E

we find that J ErortaL

~1
but instead they obey

no longer obey a simple scalar relation

Y SZE e (7.15)

where the elements of the conductivity temnsor ¢ could be extracted
from (7.11) but this information is not needed for our present purposes.
Noting that Maxwell's equations for the plasma fields give
£ (W £3%?) = —ymicor (7.16)
PLOSMA ’

[as in (2.38) of Part I] and that E

EroraL = Epraswa * Egxr » We find

££ 7 Eeur (7.17)

where the dielectric tensor € is

Yric
r% = / + 2 2.2 ,9:
w - k°C (7.18)
Thus
E = -/'
— ro7rsL E gexr ) (7.19)

and it follows that in general ErorAL and EEXT are not necessarily
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parallel. Nonetheless, if the excitation is made just slightly off-

axis, both ETOTAL and EEXT' will be directed almost along the z

direction.
Since [from (2.33) of Part I]

+iP

5 7.20
e +ezv_z]\/N(gs,,{vzo(vL (7.20)

+
gl
N
N
‘ro>
Al

the only terms of f1(¢) that survive the ¢ integration in (7.14) are
i¢

+
those with a ¢ dependence of e~ or those with no ¢ dependence.

Accordingly il has terms of the form

éi terms of f1(¢) that went as ei1¢,
such as (7.13)
and

éz terms of f1(¢) that had no ¢ dependence,

such as (7.12)

This spatial behavior of I eventually becomes the spatial behavior

of ETOTAL [via (7.16) - (7.19)] and we finally obtain [using (2.26) -

(2.27) of Part I]

~ [}erms of f1(¢) that had no ¢ dependenc%
+ ei-m[terms of f1(¢>) that went as en(b]

(7.21)

In the right half of Table I, we have summarized the above results
concerning the ¢ dependence of f1(¢) and EroTaL * %; for a longitu-

dinal excitation made slightly off-axis. If we repeat the derivation
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7 EXCITATION

1 +( S+EA+... )

et . ( E+srt... )

2

eiizf-( Ex+60%+... )
f1(¢)m 9 )
130, . )
L
~
1 -( 6+4Ex+... )
9
E AP
—total a!_ +i¢
e ( E+8a+... )
TABLE 1.

THE ¢ DEPENDENCE OF f,(¢) AND

£ EXCITATION

1 «( E+8X+... )

1. ( s4Ers... )
etiz¢-( 6A+EA2+... )

eti3¢-( 6A2+... )

1 «( E+8)+... )

eti¢-( S+EX+... )

9
Etotal sz: FOR SLIGHTLY

OFF-AXIS 7 AND _¢ EXCITATIONS.

For the 7 excitation E
For the £ excitation 6
In all cases x = kv, /Q

Z .

I(Etotal)ll and § = |(E-total)zl'
| (E ),| and E =

—total |Qa—-total)zl’
If the excitations are made

just slightly off-axis, then |A|<<l and |5|<<|§¢0ta1| and

the dominant terms are the underlined terms.
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in (7.1) - (7.21) for a transverse excitation made slightly off-axis,

we note we would begin by assuming

o -~ 5
€ ra, - CxE T EE e:6 (7.22)

where E = (Eorp) and 8] << |Epopy|

same as (7.1) with & and E interchanged, it follows from (7.1) -

But since (7.22) is the

(7.21) that we can obtain the results for a 7 excitation simply by
interchanging 6 and E in the results of the A excitation. We
thus obtain the left-hand side of Table I. The dominant terms for both
types of excitations are shown underlined. We have not shown the
resonant denominators that are associated with most terms but these can
be readily deduced from (7.11).

We may now easily deduce the new types of echoes that are produced

. . ]
by the off-axis terms in f1(¢) and ETOTAL si . We know from the
i

argument used to obtain (2.10) that if g2(¢) N ei where
.3
2.0~ [ E0n 52 || @]
! one N the other’ (7.23)

excitation excitation

there will be a transverse echo and if g2(¢) has no ¢ dependence,

there will be a longitudinal echo. From Table I, we can easily obtain
the ¢ dependence of g2(¢) for all possible combinations of excitations.
We can then construct Table II which gives the echo type and amplitude
for the various possible excitations. We note that the dominant echo
(which is underlined in Table II) has corrections of order %—A and
that there is always an echo of the opposite type of order % .

To demonstrate the wide variety of echo locations involved, we
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JCE® + EsA + ...)
ol — 9 2

7"[ - 4 2
#( E® + Eéx + ...)

27
#CE® + ESA + ...)
(7CE2 + Eox + ...)
7o ,
7( E§ + E") + )

TABLE 2. ECHO TYPES FOR SLIGHTLY OFF-AXIS EXCITATIONS.

Shown are the echo types and their amplitudes.
Here E and 6§ refer to either the £ or the 7~
excitations. The dominant echo types are
underlined.
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note that for /Z excitations we may have terms like

imp  |lomi~/] eih? A1

€ =
o EA and o EA (7.24)

where m, n, r, t are all integers. An echo will occur only if (m+r)
equals * 1 (which gives a 7 echo) or zero (which gives an A? echo).

We may easily deduce that the echo will have frequency

Wy = Ly, + S, sS=%/ (7.25)

E

occur at location

(wz +'t.(?.) L

z:

¢ (wz-f- z'[z) +S(‘</,+mﬂ.) (7.26)

with an amplitude factor of

Ezll"’”"/lﬂfl (7.27)
In summary, we note that if the 7 and £ excitations are made
slightly off-axis, the lowest-order echoes for on-axis excitations as
given in (2.10) will be the dominant echoes, but there will be correc-
tion terms of order %-A also present. In addition, there will be an
echo of the opposite type ( Z if the dominant echo is 7 , or 7 if
the dominant echo is 1? ) of order % , as well as many other echoes

. . $ . . .
that are higher order in E and A , and that involve interactions

between harmonics of the cyclotron frequency [as in (7.24) - (7.27)].

However, typically we may have

£ a

<<
s /

(7.28)
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and then all terms involving A may be neglected. In this case we
find that only the dominant echo and the echo of the opposite type
(which is of order %—) occur. And for any of the four possible types
of echo excitation in Table II, we note that the echo of the opposite
type always occurs at a location different from that of the dominant

echo. Thus the dominant echo should always be clearly distinguishable.
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8. Transverse Echoes for Eo =0

For the limit of no external magnetic field, we set wc , W .

€ cl

equal to zero wherever they occur in the above calculations. Thus the
final results for the 77 case and the l(7b case derived above for an
external magnetic field, i.e., (2.41) and (2.49), carry over directly

by simply setting Woes Wey = 0 in them. Thus echoes with frequency

occur at location

CI/ZL
Z, = (8.2)

Wy sy

The appropriate echo type diagram in w;, w, space is shown in Fig. 6
(compare to Fig. 2). Note that many of the interesting features of
transverse echoes in an external magnetic field have disappeared:
(1) there is no echo at the sum frequency (lel + |w2|) ;. (2) there
are no negative phase velocity waves (as occurred earlier for O < Wy <
wce or 0 < we < Wee ); and (3) the ion and electron echoes occur
with the same frequency at the same location. Furthermore, echoes in
regions 1, 2 represent the same phenomena as echoes in regions 3, 4.
The only interesting feature that remains is the polarization change
that occurs for |w2| > |w1| , i.e., for 7Z echoes in regions 2, 3.

The transverse dielectric function Ep (k,w) for Eo =0 is

+

examined in Appendix C, in Egs. (C.55)-(C.58). The basic dispersion

relation is shown in Fig. C-14a where we note there is an evanescent

region for Iw( < wpe and a propagation region for lw| > wpe . In
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891

{Z RH

wz—iwll w, ~w,

LH excitation | RH excitation

FIGURE 6. TRANSVERSE ECHO CHARACTERISTICS FOR Eo = 0.



Fig. C-14b, we have plotted |w/kal wvs. w/wpe . Considering the
roots of ET+[(w/vz),w] = 0 , we note that w/"k'"a = vz/a and since
|w/ka| ~ c¢/a (from Fig. C-14b), any echo pole terms [as in (4.9)] will
be insignificant since they contain the factor exp[-vizlaz] x
exp[-cz/az] which is essentially zero. (Rigorously the distribution
function should be zero for Ivzl > ¢ so there should be no pole con-
tribution whatsoever for |w/ka] > ¢/a .) Thus the pole 1 and ﬁole 3
terms will never contribute to the echo shape. The only possibility of
echo shape enhancement is a pole 2 term on the side of the echo
furthest away from the excitation region (i.e., z > z, for 7X

echoes and 2z < z, for A?f' echoes).
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9. Summary

We have examined the second-order (nonlinear) echo response that
follows from the Vlasov-Maxwell equations when two spatially separated
steady-state excitations are made. We found that given the types of
excitations, the lowest-order echo is given by (2.10). Assuming the
excitation (2.11), we then derived the transverse echo response up to
an integral over v, for both the 77 case [i.e., (2.41)] and the
L7 case [i.e., (2.49)]. The various characteristics of transverse
echoes were discussed and summarized in Fig. 2, after which several
possible experiments were suggested.

Evaluating the integral over v, by the method of steepest
descent, we obtained the saddle-point contribution (4.8) and the three
pole contributions (4.9) for the 77 echo case. Results of mmerical
evaluation of these terms for three specific cases were given in Figs.
3-5. The physical meanings of these.terms were discussed, and it was
determined that (i) the saddle-point term is always significant,

T w (w, =

1 ce 3

w.) , and (iii) the pole 2 term is significant only if |w2| 2 1.08 Whet

(ii) the pole 1 (pole 3) term is significant only if w

We continued by examining several additional effects, some of
which occur only for transverse echoes in an external magnetic field
(as we have been considering). First, in examining the effects of
Fokker-Planck collisions and finite-width excitation mechanisms, we
found that the resultant integral over v, s (5.17) was very compli-
cated but that it could be evaluated by the method of steepest descent
in special limiting cases; we obtained approximate solutions in the

limits when collisional effects dominate and when finite-width effects

170



dominate. We concluded that for the parameter values of Figs. 3-5

(i.e., wpe/wce = 0.4, c/a = 1120, n, = 1010 cm-s), transverse plasma

wave echoes could be seen but only for Lwce/c b3 In general, to
reduce collisional effects, it would be more feasible to observe trans-
verse echo phenomena at higher temperatures or lower densities.

Next we investigated the effects of temperature anisotropy
(TL # Tz) in the zero-order particle distribution function. We con-
cluded that the only interesting effect was if w; ® ¢ or Wy = 0 in
which case the firehose instability may be initiated. A novel use of
transverse echoes was then suggested and that was to have Wy in a
stable region and we in an unstable region so that the instability
would be excited only at the position of the echo.

Then we examined the consequences of having propagation just off-
axis (k, # 0). We found that if finite Larmor radius corrections were
neglected, then the usual first-order echo would occur and this would
be the dominant echo; but in addition, an echo of the opposite type
would also occur (but at a different location and with a smaller ampli-
tude). It was also shown that if finite Larmor radius effects are
included, then a myriad of associated higher-order echoes appear.

Lastly we considered transverse plasma wave echoes when go =0 .
The resultant echo characteristics were summarized in Fig. 6. It was
concluded that this case was much less interesting than the case for

Eo # 0 and also that for Eo = 0 the transverse echo would never be

enhanced by collective oscillations at frequencies Wy and Wg -
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APPENDIX A

SOLUTION OF THE LINEARIZED VLASOV EQUATION FOR Eo’ k;’ kz’ ALL NON-ZERO

We consider the linearized Vlasov equation in k, w space as used

in (2.17) of Part I, i.e.,

. 2
i(kv-@)Ff ~aZ = - g9 (A.1)
where
-7 2 3 YA
Z(¢) _;[Erom: w ¥xk §7OT,91.] v

(A.2)

Equation (A.1) has been solved in a particularly convenient form by

Fried and Hedrick,(ss) and we give here a brief summary of their method.

We may write (A.1) as

(& - kv cose) £ + n;—p’[ = g(2)
or
_ 24 24 _ 2@
‘ Ig jg ¥ E;L - ;il
or
2 -k _ F(#)  -cH
a¢{’[€ } = ¢ (A.3)
where -
& = w- kg \
= AV
3 - L
-2 = (A.4)
H: >\S'//V¢ i V'¢
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Then integrating (A.3) from ¢ to ¢ + 2m gives

SH@r2T) ) e 2(2) - H(P)
ACRE: - e =/°’¢”T€
D

or using the change of variable ¢' = ¢' + 2m and explicitly evaluating

the H's we obtain

+iAsmwd 27

(v - X s (8+8)
€ /d¢’y(¢+¢')e (A.5)

(e(' 27V /) o

QK

To express g, 1in terms of ¢ explicitly we let
xp 1 xp

~ A
= e E te & +€,E

A,
- zFz (A.6)

and take k to be in the xy plane (B = ézBo). Then (A.2) is

_ g 2% 24 o
2,(®) = ;m—lé‘x >y, * E,,SVY +£'3_°‘Zz

7 5y Y (A.7)
+E,(-<V ﬁg_ S_é
oz \ X 2V, z 5y,
3£ o f
+&; A (Vf v, % Sy, )}
z
Since
\; = V, cosg
Vy-— VJ. S'//V¢ (A 8)
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we find

> 2 Sind 2

—_— = S vl -

;VK ce ¢;vJ_ V.L a¢

, s, cosd 3 (A.9)

but we may ignore the 09/3¢ operators when they occur in (A.7) because

3f°/3¢ = 0 from (2.4) of Part I. Thus

24k
g,(9) = ;”Z[Excos;zs-{;—\z + Z—f—G—}

>f k.
P £ ‘
+Ez{;{° - —Ef-cosq)G}
£
where
G = __37€ -V %_7_"[..
L
Ne  EOw (A.11)

which vanishes for an isotropic fo
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APPENDIX B
SYMMETRY PROPERTIES OF THE TRANSVERSE AND LONGITUDINAL

DIELECTRIC FUNCTIONS

From the definition of the plasma dispersion function as given in

(2.45), (2.51) of Part I we can derive the identities

2, (") =-[2.(0]" (8.1)
E' S
2, 0]

i}

7, (7 5.0

(where * means complex conjugate).
We first discuss the symmetry properties of the transverse dielec-

tric function [as given in (2.44) of Part I] for w = -0w; as occurs

in (2.70) of Part I,

eﬂ(é'“%ﬂj =

/ L | “elew) ‘:-a’(‘”,"”ce>J+ “hr -Z@Z [-f(“f“"ce)] (B.3)

s . (
(£7%c>«f) £ * L= & KA

We may write

2 ces & - Coe, 7 c v,
€, (-ch, o, 0) = £ a2, Lo (L2e) Tz, (5 ﬂ
* ’ (B.4)

and then it follows trivially that

= g, (tekee,9)

€ (-o‘é,—c‘«g,a')

s

O =4, o=~/ (B-S)
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Also, from (B.4) and (B.2), we have

X ;
¥ *2 2 « (‘//"Cdce &, CU+(0{
[eﬁs(wé'rw%a)] =5 Z*‘{Zt( ke }’ Z&{Zi( »/éAc)

- * 2 C(// C(J @ce Q/+w ] B.6
= €, (-ok® ~0rw, )
+
And since

3 P

—_ -

k™ O(4¥) (B.7)

we find
) *
B€7I (04, ey, -0) QGT_(-O'/Q?%TCL;, o)

-—

= + (B.8)
2K 3 (-4%)

where we have used (B.5) on the left side of (B.8).
The longitudinal dielectric function, as introduced in (2.14) of

Part II,

€4, () = /- -2—”5’5 ( ka_) et i(ZJ—A (8.9)

may be written

- w
6(1(.4;.0) = F[éfw, %Zi(22>w % Zt(ﬁ?)] (B.10)
since

Z(0) =-2-27%,(7)

(B.11)
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Similarly, the transverse dielectric function as used in (2.73) of

Part I and thereafter

2 2
_ / Uipg (cu—akfj Cpy (a1+a%i)
Skl =/ (/:ce-cf){ <o B\ Zz |t %A B\ RA /| a2

may be written

Wt i

_ 2 W [Ty T (ZEE
é,i(k,w) —F[kf “, % Zi( ka ), £ Zi( £A )] (B.13)

Let €, (k,w) represent ET (k,w) or € (k,w) and let W represent
w/a, w/A, w-wce/a, or w+wci/A . Then in this general notation we

have

€, (4kw) = F[k’z ws %—Zt({—)]

(B.14)
Now let w be real and consider the roots of
€, (k,w) =0 (B.15)
in the complex k plane. From (B.14) we have identically
F[kf w?, %Z:«_(—Wff—)] =0 (B.16)

Taking complex conjugates gives
2 v 24 Ll
F[ K*, wf }3{21(&)} ] =0 (B.17)
or using (B.1)

F [(‘ff'*)z, « (_:*) Z, (’%ﬂ =0 (B.18)
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which is just
€, (-AXw) =0 (B.19)
Now consider (B.17) again and use (B.2) to obtain
£ [k*fwz, yr 21("‘%;)] =0 (B.20)
which is just
€_ (45 w) =0

(B.21)

Thus if k is a root of ¢ _(k,w) = 0 it follows from (B.19) that -k*

is a root of the same equation, and from (B.21) that k* is a root of

€ (k,w) =0 . Hence if k + iy (k, y real and positive) is a root of
+

e+(k,m) = 0 , then the other related roots would be located as shown in
Fig. B-lo
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k plane

e,(k,w)=0 e, (k,w)=0

e (k,w)=0 e (k,w)=0

FIGURE B-1., SYMMETRY PROPERTIES OF ROOTS OF THE TRANSVERSE AND
LONGITUDINAL DISPERSION RELATIONS FOR REAL w AND
COMPLEX k.
Roots of € (k,w)}=0 in the complex k plane for real w
[showing that e, (k,w)=0 implies that e_(-k*,w)=0,
e_(k*,w)=0, and e_(-k,w)=0]. Both the transverse
and longitudinal dispersion relations obey this

symmetry.

179



APPENDIX C

ROOTS OF THE TRANSVERSE DISPERSION RELATION FOR REAL w AND COMPLEX k

SUMMATY....oonvevnesococoncn ettt asaa Cereeenns
Warm Plasma ResultS........coeiveievnennes cveens '. ............
2.1 Use of the asymptotic expansion of Z(ce)...... ..........
2.2 Problem of G+(Ce) ......... Ceeeenn Ceeenee Cereeenn Ceeeeans
2.3 Basic dispersion characteristics.........ccicevevevnennn .
Hot Plasma ReSUltS....iciienioncensanneceussessononssassnsanes
3.1 Locus of roots in the Ce plane.......ccvvevvennnn ceeeee
3.2 Roots in the k plane........ cesreeas Certeesarenan cesenenn
(1) Cyclotron-damped root (w slightly below wce) .....
(ii) Cyclotron-damped root (w slightly above wce) .....
(iii) Infinite sequence of roots........ Ciestereraeseans
(iv) Pure imaginary TootS....cevesevnrorcancncncroncans
3.3 Summary of roots in the k plane.........cocvivivvrenennns.
Special ConsiderationS.....ioveeieieienenenennerenncanncnonns
4.1 Physical explanation of cyclotron-damped root results..
4.2 Why the two-pole approximation for Z(Z) should not be
used in calculating the cyclotron-damped root for
W z_wce ................................................
4.3 Effects of anisotropic temperature (1, # Tz) ............
4.4 The transverse dispersion relation for By =0 cevvnnnnen.
4.5

Roots of €, [(w-w__/v_),w] = 0 in the complex w plane
T+ ce’ 'z

and roots of eT (k,kvz+wce) = 0 in the complex k plane..
4+
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1. Summary

In this appendix we examine the roots of the transverse dispersion
relation for real w and complex k . The major results obtained are:

1. The cold plasma dispersion relation with negligible warm
plasma damping (C.9), (C.10) is valid for all w except w = wce .
For w A and > W Im k is essentially zero. For 0 <w <
Wee it is shown that no simple expression for Im k can be derived,
and it is concluded that the root comes from the algebraic terms of the
Z function involved. The basic dispersion properties are given in Fig.
C-1.

2. The locus of roots in the complex Ce plane of the hot plasma
dispersion relation is given in Fig. C-3. The loci are classified
[least-damped or cyclotron-damped (for w = wce) root; infinite sequence
of roots; pure imaginary roots] and the corresponding roots in the k
plane are then investigated.

3. Numerical results concerning the cyclotron-damped root for w
slightly below Wee (Figs. C-4a,b,c, C-5) and for w slightly above
Wee (Fig. C-6) are presented. An expression for the value of this root

at w=wWw is given by (C.30). It is noted that for wc

<w<w
ce —

e R

both the hot plasma cyclotron-damped root and the ''cold plasma' pure
imaginary root contribute to the response of a single transverse excita-
tion.

4. The infinite sequence of roots is examined both numerically
(Figs. C-7, C-8) and analytically. It is shown that these roots are
caused by the term 2/7mi e-cz that occurs in the asymptotic expansion

of the Z function involved. Expressions are given for the approximate
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Z’.2

values of these roots (C.35) and the value of the term 2/7i e~ at
these roots (C.32).

5. Pure imaginary roots are found to occur for wy <w f_wR .
For w <w<0 and Wea fwlw the pure imaginary roots are just

the cold plasma evanescent roots (C.36), but it is shown that these
roots occur only in one-half of the k plane. For 0 < w S Wee the
pure imagindry root must be calculated numerically.

6. For reference, the locations of all the roots of eT+(k,w) =0
are summarized in Figs. C-9, C-10. )

In addition, several investigations involving the transverse dis-
persion relation are made:

7. A physical explanation of the cyclotron-damped root results
is given using Figs. C-11, C-12.

8. The cyclotron-damped root may be computed to very good
approximation by using the two-pole approximation(34) for the Z function
involved, but only for w f_wce . For w> Wee the cyclotron-damped
root passes through the region defined by Im g < 0 and || <3
wherein the two-pole approximation should not be used (see Fig. 13).

9. Effects of anisotropic temperature are examined (T, # Tz)°
The usual criterion for the firehose instability is obtained. In gen-
eral it is concluded that the roots for the anisotropic case are essen-
tially fhe same as the roots for the isotropic case, except if w = 0.

10. The transverse dispersion relation in the limit B -+ 0 is
investigated. Using Fig. C-14 it is shown that Im k ~of the least-
damped root is always essentially zero.

11. Lastly, in Fig. C-15, it is shown that the roots of
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€ [(w~wce/vz),w] = 0 (v_ real) in the complex w plane are centered
=0 (vz real) in

while the roots of Ep (k,kvz+wce)

about w=w
ce .

the complex k plane are centered about k

.

2. Warm Plasma Results

2.1 Use of the asymptotic expansion of Z(;e)

From the symmetry properties discussed in Appendix B we find it is

(Z9)} -0 @

For Maxwellian distributions, the Z functions in (C.1) have the

sufficient to obtain only the roots of

o “e (w'“&e) +
(——_ktcz—wT) ez fa /(‘A +

GZ(A’w) = /-

asymptotic expansion
¥
/ / E
Z(f = F Tz + ¥ g, (Z)e
where
0;_(f)=o for » I >0
/ = O
= <0 (€.2)
To good approximation we may use
Z«Z
(€.3)

'Z(z’)———’— tivr o (l)e

for |z| 2 Using (C.3) in (C.1) we obtain
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2 2
2 _cf}_.z /- “pe _ “hoi
k&= c? w(w_(uce) Cd(w-f-a/ci)

2 2 2 (C.4)
&/ Cd/’i -f %i _2,"
a0 o
where
. Ww~—lpg — &+ 4y
zt; = fa Z: T KA (C.5)

Then assuming |Re k| >> |Im k| so

L7 x (R K)? + 20 (Bk) (o £)

and equating real and imaginary parts in (C.4), we find

w e _ % z
ok =t c_[/ " atwa) «J««’r%a)] o
2 2 by 2
V7w “Pe % T ]
I £ = zcz(@@z[z(@ = e )3 (c.7)

Equation (C.6) gives just the cold plasma dispersion relation while

(C.7) gives the damping associated with a finite temperature.

2.2 Problem of °+(Ce)‘

Evaluation of the o's in (C.7) produces some unexpected results.
From (C.2) we know o+(;e) and °+(Ci) are each positive or zero.
Thus for w positive it follows from (C.7) that Im k is positive or

zero. Accordingly in (C.5), if w> w  we have Img >0,
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Im Ci >0 so o+(ce) = c+(§i) = 2 . However, for 0 < w < Wee we
have Im Ce <0, Im Ci >0 so G+(Ce) =0, °+(Ci) = 2. This last
result is surprising since it claims all the damping is due to the ion
term in (C.7).

Thus we are faced with the following dilemma. If we neglect the
ion term in (C.1) and use (C.3) for Z+(Ce) then for 0 < w < W We
cannot legitimately find any root, not even the cold plasma root (C.6).
This occurs because if we assume Imk > 0 we find 0+(ce) =0 so
Imk = 0 ; if we assume Imk = 0 , then we find °+(Ce) =1 so
Imk >0 .

The solution to this dilemma must be that, for 0 < w < W, Imk

e’
is caused by the algebraic terms of Z+(Ce) . Indeed we shall find
shortly from numerical considerations that the least-damped root, for
w slightly below wce , occurs in the half of the Ce plane wherein
0,(¢,) = 0. The point is that for 0 <w <w_ and lz] 2 3 there is
no simple expression for Im k 1like (C.7).

However, we shall find that Im k for the least-damped root is
negligible except for |Ce| < 3 which occurs only when w® is very near
w . Thus the cold plasma dispersion relation (C.6) with Imk =0

ce
is a valid approximation for 0 < w < w.e except for w very near Weet

2.3 Basic dispersion properties.

Henceforth we shall ignore the ions in (C.1) and investigate the

electron dispersion relation

w %i & - ch)

- (k22 w?) £ Z+( A

/
(C.8)
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Then (C.6), (C.7) become

of ,_ _“e 1%
e k=t VT Wl ce)] (c.9)
ok = f’i”_“_’é;_o-(r)e'zéz

2 (RkYa ¥ ° (C.10)

We understand that (C.10) is valid only if (Re k)2 as given by (C.9)
is positive. In addition (C.10) is to be used only for w, £0 or
w> W, , in which case we shall soon see that |§e| is so large that
we may simply set Imk = 0 . According to the above discussion, for
0<w<uw, and |§e| 2 3 we may also set Imk =0 .

We have plotted the cold plasma dispérsion relation (C.9) in Fig.
C-1 for wpe/wCe = 0.4, Note that k goes to zero at w = 0 and at

the right- and left-hand cutoffs defined by

/ + 2 ]
= = | W A 2
“}7L z [ ce Wf“ée + Ve

(C.11)

. . > .
In the propagating regions (w < w 5 0 <wc«< Wees W wR) k 1is real,
whereas in the evanescent regions (wL <w<0, Wee <w < wR) k 1is
pure imaginary.

In Fig. C-2 we have plotted 10g10|§e| vs. w (for wpe/wce
0.4, c/a = 1120) where Lo = (w-wce)/ka and k is given by (C.9).
Note that |;e| is extremely large everywhere (Icel >> 3) except for

Wz W in which case (C.9) is not valid and we must solve (C.8)

numerically to obtain the desired root.
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3. Hot Plasma Results

3.1 Locus of roots in the Le plane.

We proceed to investigate the hot plasma results obtained by
solving (C.8) numerically. We first examine the locus of roots of
(C.8) in the complex Ce plane. Later we shall consider specific
types of roots and compute their actual values in the complex k plane.
In terms of Ce = (w-wce)/ka , the transverse dispersion relation
(C.8) may be written
pt w? e (C.12)

2
Ces (“"’,oe < re

[ (w-ch)3C2:| _ [Q/(‘U“Cuce)} fz

For now we assume the Cez term on the right-hand side of (C.12) may

be neglected, i.e., we consider

(w"wce)gcz
(C.13)

77 5 - [7/77:“
Then in the spirit of Fried and Gould(7) who examined the roots of the
longitudinal dispersion relation for real k and complex w ) followed
by Kuehl, Stewart, and Yeh(S) (who examined the roots of the longitudi-
nal dispersion relation for recal w and complex k ), we note that we

can find the locus of roots of (C.13) in the complex Ze plane by

plotting solutions of
3
Jm[fe ZJ{D] =0 (C.14)

Then a true solution to (C.13) exists if for a point on the locus given
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by (C.14) we have

3 Owﬁa/)gcz
#7720 - [t =]
R “he “ (C.15)
We have calculated the first several branches of the loci of roots
given by (C.14) and these are shown in Fig, C-3, where for points on

the solid (dashed) lines we have Re[ce32¢(ce)] >0 (<0). Noting

T o2 (C.16)

{(ww/‘a—”ca] > O for w<o , w>a,
re

< o for o<w<a&

we conclude that in Fig, C-3 the solid lines are valid loci for w < 0

or w > Yoo while the dashed lines are valid loci for 0 < w < w

ce
The various loci in Fig. C-3 may be classified according to the

types of roots they represent:

(a) The least-damped root in the Ce plane. (For w near w.e We
shall refer to this root as the cyclotron-damped root.) In Fig, C-3,
for w slightly below Wee the cyclotron-damped root is on the dashed
loci just above the real axis; as w approaches Wee s the root
approaches ;e = 0, Foruw-= Yoo the root is at Ce =0 ; for w
slightly above Wee the root is on the curved solid loci that begins

at ¢, = 0 and progresses downward,

(b) Infinite sequence of roots, We refer to the infinite number

of loops of loci that progress downward in the lower-half %, Dlane in

Fig, C-3. For a given value of w we find there is but one root on
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FIGURE C-3, LOCUS OF ROOTS OF THE TRANSVERSE DISPERSION RELATION
(C.13) IN THE %o PLANE FOR REAL w,

The solid lines apply for w<0 or W, s the dashed

lines for 0<m<wce . See text for full discussion,
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each loop. And for Iw/wcel < 5 say, each root lies very close to the
-45° line. This will become clearer when we consider specific
examples (in Figs. C-7, C-8).

(c) Pure imaginary roots. Note that the whole imaginary Ce

axis is a locus because every point on it is a solution to (C.13).
More will be said about all of these roots when we consider the

corresponding roots in the complex k plane.

Figure C-3 is based on Eq. (C.13) which is valid only when the

term on the right-hand side of (C.12) is negligible, i.e., when

co(ew - o) 2
=),

e 2
re

[(w— wce)acz:l

e

<< /

e ? L%
re

or

(C(J— wce)zc 2

< T eoras (€.17)

];2

This inequality holds for Fig. C-3 (for which |§e| £ 5 ) except pos-

sibly when w < w__ . But using e = (w-wcé)/ka , (C.17) is

ce
AR (C.18)
(2) =</ '
which we shall find holds when w =~ w__ . Thus Fig. C-3 is valid for

ce
all values of w .

If we wanted to compute the loci for |[g | >> 5 we would have to
include both terms on the right-hand side of (C.12). In that case we

could not easily calculate the loci because it is not possible to
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isolate the ce dependence from the w dependence in (C.12) to obtain
an equation in the form of (C.14). Instead, the loci would have to be
constructed by actually calculating all the roots of (C.12) for many
values of w . Generally though it is not necessary to know all the
loci accurately for |Ce| 2 5. In fact, the least-damped root for

w > We (which has |§e| >> 5) has already been computed in
(C.9), (C.10). And the approximate values of the roots in the infinite

sequences (for |Ce| 2 3) will be obtained in a following section.

Thus in general, Fig. C-3 should be sufficient for all applicationms.

3.2 Roots in the complex k plane.

(i) Cyclotron-damped root (w slightly below wce).

As discussed earlier, the cold plasma result (C.9) with Imk =0
is a valid representation of the least-damped root of the transverse
dispersion relation (C.8) for 0 <w < w_, provided |ce| 2 3. For

W w. o, I;e| <3 and (C.8) must be solved numerically. For w = We

ce e

we consider the regions w S Wee and w 2 Wee separately since our
main interest lies in the former (w < wce) for which cyclotron-damping
measurements would be made. In the latter (w z_wce) the damping is
typically so large that it would be difficult to ever measure it exper-
imentally. In this section we present values of the cyclotron-damped
root for several cases where w is slightly below Wee - In the fol-
lowing section we briefly consider the cyclotron-damped root for
slightly above Wee
We have solved (C.8) numerically using the following Nyquist
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complex root finding scheme. We seek solutions in the Ce plane of

[}

3 (w-—wce)acz w(w -%e) 2
= - = C.19
F(Z;) ];Z+(Z;> [ cww? a2 + 2 f (@) ( )
re re
[as in (C.12)]. For each desired value of w we guess a value for the
root I, (such as the cold plasma value or a point on the appropriate
locus in Fig. C-3) and then compute

/ <F (%)
2wi F(Zé) (C.20)

N =

on a closed contour in the ¢_ plane that encloses the chosen Lo - If

€

we find N = 0 there is no root enclosed by the contour whereas if
N = 1 there is precisely one root enclosed in which case we compute

/ Je AF (%)
S =2 A(L) (C.21)

]

which gives a value for the root better than our original guess. Using
this Ce and choosing a smaller contour we repeat (C.20), (C.21).
After a few such iterations we obtain the correct value of the root

Ce . Then using

(% _‘(Jce

f= L Tce
Ja (C.22)

we compute the value of the corresponding root in the k plane.
These calculations were performed using the Fried, Hedrick,
McCune(34) two-pole approximation for the Z function that occurs in

(C.19). The results so obtained compared favorably (Re k and Imk
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agreed within about 2%) to some sample results for which Z+(Ce) was
computed exactly. Thus use of the two-pole approximation for this case
was justified.

In this and the following sections we consider only roots in the
right half of the complex k plane since the corresponding roots in
the left half and also the roots of Ep (k,w) = 0 are then easily found
using the symmetry properties summarize; in Fig. B-1. Now consider the
first quadrant of the complex k plane wherein (C.19) has only one
root for 0 < w < Wee and since the Z function in (C.19) has o+(ce) =
0 there [using the Z function representation (2.51) of Part I], this
root comes from the algebraic part of the Z function. We have calcu-
lated this (cyclotron-damped) root for several values of the parameters
wpe/wce and c/a with the results displayed in Figs. C-4a,b,c, and
C-5. (The parameters of Fig. C-5 are typical values for the UCLA Q
machine.)

We note the following features in Figs. C-4a,b,c, and C-5. First
consider Re k . If wpe/wce is fixed, then for a finite temperature
as w approaches Wee » Re kc/wce approaches a finite cutoff value
instead of becoming infinite as it does for a cold plasma. Moreover,
as the temperatures increases (c/a decreases), this cutoff value
decreases. If c¢/a is fixed (as in Fig. C-5) then the cutoff value of
Re kc/wce increases as mpe/wce decreases. These results are
explicitly shown by the cutoff formula

ke _ [Ww%‘é < }3[1}5“]

L, 2 3 @
ce

ce

which will be obtained in the next section.
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Since Re k has a finite cutoff value, the phase velocity w/Re k
does not approach zero (as it does in the cold plasma case) when w
approaches Wee Instead it remains of the order of the speed of

light since

(27

v, S /

PHase o £ T Mele c I < (C.23)
“/ce

where we have noted from Figs. C-4, C-5 that Re kc/wce is typically

of order 10 for w = Wee * Of course the particles that are responsible

for cyclotron damping are not those that move at VDHASE but rather

those that see a Doppler-shifted frequency w-(Re k)v equal to Wea *

Those particles have velocity

V774
| e (ZZe—'O c
VT el T (&h:) (C.24)
“re

which, of course, approaches zero as w approaches Wee
Now consider Im k . Note in each of Figs. C-4a,b,c (for wpe/wce
fixed) that for weak damping, increasing the temperature causes the
damping to increase whereas for strong damping ( w extremely close to
Wee ), increasing the temperature causes the damping to actually
decrease. A similar effect occurs in Fig. C-5 (for c/a fixed) where
for weak damping, increasing wpe/wce increases the damping whereas for

strong damping, increasing wpe/wce actually causes the damping to

decrease. These effects will be explained physically in Section 4.1.
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(ii) Cyclotron-damped root (w slightly above wce).

In the immediate vicinity of w = Wee the cyclotron-damped root

has g = 0 . From the power series representation of the Z function,
2
4 .2 g _ & . -
Z+(;’) =-20+ 5¢ - F7°+- Filre (C.25)
we find to good approximation that

Z (N~ -zd+07 (C.26)

for |C| << 1 . Using (C.26) in (C.12) we find the transverse disper-

sion relation becomes

b4 3 2 2 ]
(47,724 Lo, (2% [79)
ke’ [4c cu2 | 4¢< (i = p:C)+(2 ,{a/_/ e C>=O
wce CUCC a/ce wce W<c < aée ce C‘Jt:ze < (C'27)

which is correct provided

- =Z _ )<
IJQI B w,é:‘c_e = -————(w‘;:)“ <</ (C.28)
“ee

Since Ikc/wce| is of order 10, say (for w * w, ), (C.28) holds only

for |[(w/wce) - 1] §1 << 1 . Note that (C.27) is a true quartic
equation.
- . - <
For w?=uw, ,i.e., for |[(w/wce) 1] a| << 1 the second and

fourth terms in (C.27) may be neglected (as can be justifed a posteriori)

leaving

L\ : w aﬁf c
(wc) - [1\[’;‘7& a/cé cz] (C.29)
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In this case the principal root of interest is

2 Z
£c m o “pe € 53 ;
“e |2 “o Wg * (‘V'§+l) (C.30)

which gives the value of the Re k cutoff exactly at w = Wee as
mentioned earlier.
. c

For w near w_, , i.e., for I[(w/wce) - 1] ;I £ 1 , we have
solved the full quartic equation (C.27) analytically and numerically
evaluated the solutions (which are quite complicated). We found that
Re k was essentially constant near w = W e while Im k increased
uniformly as w increased. Thus the cyclotron-damped root is given
by (C.30) for w = Weeo and this root is well behaved as w departs
from w .
ce

To study the behavior of the cyclotron-damped root for w > Wee
(i.e., for [(m/wce) - 1) §-Z 1 ) we must resort back to solving (C.19)

numerically. For w > w the two-pole approximation for the Z func-

ce
tion in (C.19) may not be readily used, as will be explained in Section
4.2. Thus we have used the exact Z function to obtain the results
presented in Fig. C-6; shown are the hot plasma results [obtained by
solving (C.19)], together with the cold plasma result (C.9). We have
considered frequencies in the range w < Wee to w>uwp to give a
complete picture of the behavior of the cyclotron-damped root in the
evanescent region W < W< wp - (In Fig. C-6, the cold plasma
results duplicate a small portion of Fig. C-2 while the hot plasma

results duplicate part of the wpe/wce = 0.4 curves in Fig. C-5.)

The dip (at w 2 We.e ) in the hot plasma Re k curve in Fig. C-6
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COMPARISON OF HOT PLASMA AND COLD PLASMA ROOTS IN THE
EVANESCENT REGION Wee S W <wp o

Comparison of the hot plasma cyclotron-damped root of
(C.8) to the cold plasma root (C.9). (c/a=1120,

upe/wce=.4) For w>wce , Im k of the hot plasma root
keeps increasing linearly (even for u>wR).
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flattens out as c/a or wpe/wce decreases.

Note the large difference between the hot plasma root and the cold
plasma root for W.e <w <uwp in Fig. C-6. Actually there is no true
discrepancy because the 'cold" plasma pure imaginary root is also a
valid hot plasma root (as will be discussed shortly). And, in fact,
both roots are included in the response for a single transverse excita-
tion. [In Fig. 3 of Part I, only the cyclotron-damped root of
€r (k,wl) = 0 is shown; actually the pure imaginary ('cold" plasma)

+

root of €r (k,wl) = 0 also produces a residue term for Wee <w < wR.]

Since the dominant root is the one with the smallest value of Imk ,
we see in Fig. C-6 that the 'cold" plasma root dominates for most of
the region Wea <w < wp 3 only for w = Wee is the cyclotron-damped
root dominant. Thus the sharp transition from pure real k to pure
imaginary k that occurs at w = W.e in the cold plasma case is effec-

tively smoothed out when finite temperature effects are included.

(iii) Infinite sequence of roots.

In the above discussion we examined the cyclotron-damped root of
(C.19). For w Z-wce this root is on the first curved solid locus in
the lower-half Ce plane in Fig. C-3. However, note that this branch
is just the first of an infinite number of similar branches that pro-
gress lower and lower in the %o plane. And it is important to
realize that the lower the branch is in the g plane, the less
damped the corresponding roots in the k plane are, because k * 1/2;e
[see (C.22)]. Accordingly the most-damped root in the g = plane is

the least-damped and possibly most significant root in the k plane.
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We proceed to examine these roots.

We present first, in Figs. C-7, C-8, the results of two numerical
examples which show the infinite sequence of roots in the Ce plane
and the corresponding infinite sequence of roots in the k plane.
For these examples we chose values of w in the interval W.e <w < Wp
although the resultant distributions of roots in the Ce and k planes
remain qualitatively the same for all values of w . Note that the
roots in Figs. C-7a and C-8a are specific points on the loci of roots
given earlier in Fig. C-3. Also note from these figures that as lce| >

© . |k|] * 0 . Thus as just explained, the most-damped root in the Zg

plane is the least-damped root in the k plane.

For all values of w the roots in the k plane approach tbe
origin along a 45° line as Icel approaches infinity. There results
an infinite number of roots in the k plane whose real and imaginary
parts approach zero. This is a rather disturbing result since it seems
these roots might dominate the response of a steady-state transverse
excitation. Fortunately, however, when the appropriate infinite sum
of residues is computed (as is done in Part I) we find that the response
is not significantly affected by the infinite sequence of roots except

at positions very close to the place of excitation.

Approximate values of infinite-sequence roots.

We now obtain an expression for the approximate value of the roots
in the infinite sequence in the {_  plane. Considering only [ce| 23
we use the asymptotic expansion of the Z function [as given by (C.3)]

in the transverse dispersion relation (C.12). We restrict our attention

205



0

N.33-1.0856

0
08F
06t .
04r [ (b)
02

2 3 4 o 6

A ke
w.; Plane

1 | —t

0

FIGURE C-7,

2 4 6 8 0

INFINITE SEQUENCE OF ROOTS FOR w/mce = 1,001 ,

Shown in (a) are the roots in the %o plane and in (b)
the corresponding roots in the kc/wce plane (c/a=1120,
mpe/wce=.4) . Not shown in (b) is the root 14,86+i9,56
that corresponds to the root 0.133-i0.0856 in (a).
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FIGURE C-8. INFINITE SEQUENCE OF ROOTS FOR m/mce = 1,1,

( ¢/a=1120 , upe/mce=.4 )
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to Im ce <0 so 0+(ce) = 2 and therefore

2

1
AN

+2Vmri e (C.31)

We shall (1) show that the term 2v/mi exp[-cez] causes the infinite
sequence of roots, (2) obtain an expression for the approximate value
of these roots, and (3) obtain an expression for the term 2/wi exp[—cez]
evaluated at these roots (the latter expression for use in Part I, in
calculating the infinite sum of residue terms associated with the
infinite sequence of roots).

Using (C.31) in (C.12), the transverse dispersion- relation becomes

2

2vrie e = 2. 59
AR
- ‘)
o= [/——ai(f;/’—:i‘%} (C.32)

(e et
£ = wew?® g2
Ffe

We restrict our attention to the fourth quadrant of the Ce plane
(since any root Ce in the fourth quadrant has the corresponding root
-ce* in the third quadrant, as follows from Appendix B). Then

Lo = |Re | - i |Img | and the left-hand side of (C.32) may be

written as

. RICYARTRA ) B LY A1 P

+1’-]
- 2 (C.33)
2vri1e & = 2Vre e

Note that the factor exp(-[(Re ;e)z -(Im Ce)Z]) equals unity when ¢
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is on the -45° line in the ¢, plane, and that this factor changes

size very rapidly (for |Ce| 2 3 ) when g, departs from the -45° line.
Thus even though the magnitude of the right-hand side of (C.32) may vary
considerably, by only slightly departing from the -45° line, the left-
hand side of (C.32) can match it and a root occurs. (This explains why
the infinite-sequence roots are always near the -45° line.) Also, at

a root the phase factor in (C.33), [2(Re ;e)|(Im Ce)l + m/2] , must
equal the corresponding phase factor of the right-hand side of (C.32)
plus any integral multiple of 2w . (This last consideration explains
the multiplicity of roots.) Thus we have shown qualitatively how the
term 2v/mi exp[-cez] produces the infinite sequence of roots.

To obtain an expression for the approximate value of the roots of'
(C.32), we note that a root occurs whenever the magnitudes (and phases)
of the right- and left-hand sides of (C.32) are equal. From the above
discussion we know the roots are near the -45° line. Thus we set
= pe—i("/4) (p real, > 0) everywhere in (C.32), (C.33), except in

%e

the factor exp(-[(Re ge)z - (Im ce)z]) . Then, at a root, the phases

of the two sides of (C.32) must be equal, i.e., we must have

Z iz
2 e 7 £Ee ¥
£+ % = PHASE OF t 3 + 247 (C.34)
r P
where n = 0,*1,#2,.... For |n| > 3 , we have p2 x~ 2nm . Alterna-

tively we may say that the roots in the infinite sequence are given by

i Z
Z=pe 7
P =Vemr =345, (C.35)
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and the value of the term 2/mi exp[-cez] at such roots is simply
given by the right-hand side of (C.32) evaluated at the roots. In
(C.35) n starts at n = 3 because in using (C.31) we assumed
Iz | 2 3. It follows from Fig. C-3 that only the first two roots of
the infinite sequence (which have Icel < 3) need to be calculated
accurately while the rest of them are given approximately by (C.35).

[In the above, note that it was not necessary to express Z+(ce)
in terms of Fresnel functions for Ce along the, -45° line and then use
asymptotic expansions for the Fresnel functions to obtain the approxi-
mate values of the intercepts of the loci of (C.12) with the -45° 1line
(as was done for the longitudinal case in Refs. 7 and 8) since we were
able to obtain approximate values for the roots and even the value of
the term 2vmi exp[-cez] at these roots by simply considering the
asymptotic expansion of the Z function.]

The infinite sequence of roots in the e plane, as discussed
above, occurs only in the lower-half Ce plane (Im Ce < 0). [For
Im Ce >0, °+(Ce) = 0 and there is no 2/mi exp(-cez) term to pro-
duce the infinite sequence of roots.] We now determine where the cor-
responding roots in the k plane are. Since k = (w-wce)/cea )
Im Ce <0 implies Imk <0 for w< Wee and Imk >0 for w > Wee
Thus the infinite sequence of roots occurs in the lower-half k plane
for w < W.e and in the upper-half k plane for w > w

ce °

(iv) Pure imaginary roots.

The hot plasma dispersion relation (C.8) has the pure imaginary

root(s)
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2

/
Ter( A _N)F
A= i [cz(w(w-ﬁuce) )] (C.36)

(for w <w<0 and Wee <w< wR) but only if the root is in the
half of the k plane wherein Im Ce >0 . In the half of the k plane
wherein Im Ce < 0 there may be a pure imaginary root of (C.8) but it
is not given by (C.35) because the term 2/Ti exp[—Cez] (which goes
as exp[+|;e|2] for L, Dpure imaginary) was not adequately considered
in obtaining (C.36).

2

For a pure imaginary root, Lo = -|l;e|2 and the hot plasma dis-

persion relation (C.12) may be written as

3
3 (& -te) C* w (& - “Le) 2

f’ Z (L) = z 2] + z I

e T4 w«;ﬁe =2 A | el (C.37)
Note that the right-hand side of (C.37) is positive for w <0, w?> Weg
and negative for 0 < w < W.o Thus we distinguish the following two
cases.

(1) w<0, w> Weo ! From Fig. C-3 we know that for w < 0,

w > W.e 3any allowed pure imaginary root has e = +ilce| in which
case 0+(ce) = 0 . And we note in general that the right-hand side of
(C.37) is very large (except for w extremely close to wce). Thus
any root of (C.37) will have ice| 2 3 in which case the cold plasma
results are valid; i.e., for w < W o, W > wy there is no pure
imaginary root whereas for w < uw < 0 and Wee < W<y there is one

pure imaginary root, given by (C.36), that occurs in the half of the
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k plane wherein Im ce > 0.

(2) 0<wcx Wee From Fig. C-3 we know that for 0 < w < Wee
any allowed pure imaginary root has Ce = -i|Ce| in which case
0+(ce) = 2 . In this case (C.37) may be written as
(w 73C2 N4
2 - Cu (-l
+|?::| A c: < /3 ‘———————(wzcz — +|'E| (C.38)
e 2N Cucupe @ lz‘el e IZ;'

[in which Z represents the principal part integral of z,(t,) as
given in (2.51) of Part I]. Since exp[+lCe|2] is a rapidly growing
function of Icel we note that the root of (C.38) will typically have
lcel S 4, say. In general, (C.38) must be solved numerically.

Thus cold plasma tﬁeory predicts pure imaginary roots only in the
two evanescent regions wo<w < 0 and We.e <w<w . Hot plasma
theory also predicts these roots occur (but only on the side of the k

plane wherein Im Ce >0 ). In addition, hot plasma theory predicts a

pure imaginary root for 0 < w < Wee

3.3 Summary of roots in the complex k plane.

The cold plasma dispersion relation (C.9) with negligible hot
-plasma damping (C.10) is valid in the two propagating regions w < W

and w > w In the propagating region 0 < w < w.e except for

R
W= W, aroot is also given by (C.9) but with no damping term. For

W= W, Wemust solve the full hot plasma dispersion relation (C.8)

numerically. Some numerical calculations of this root are given in
Figs. C-4, C-5 for w slightly below Wee and in Fig. C-6 for w

slightly above Wee
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In the half of the k plane wherein Im Ce < 0 there are an
infinite number of roots of (C.8) which asymptotically approach the
origin in the k plane along a 45° line. Some numerical results con-
cerning these roots are presented in Figs. C-7, C-8, and the approxi-
mate values of these roots are given by (C.35).

Also, pure imaginary roots occur for some values of w . For
w<w and w> w, there is no pure imaginary root, wherecas for

L R

w, <w<0 and Wee <w < W, there is a pure imaginary root given by
(C.36) (that occurs in the half of the k plane wherein Im Ce >0 ).
For 0 < w < W.e there is also a pure imaginary root, which can be
found by solving (C.38) numerically.

We have summarized these results in Fig. C-9 which shows the roots
of ET (k, ) = 0 for all choices of w . We have used the symmetry
proper:y (from Appendix B) that all roots in the left-half k plane
are mirror images about the imaginary axis of roots in the right-half
k plane.

In Fig. C-10 we have summarized the roots of €r (k,w) = 0 and of
+

€1 {k,w) = 0 (shown by crosses) in the upper-half k plane. The

roots of €r (k,w) 0 are mirror images across the real axis of the

0 (this symmetry property was also given in

roots of € (k,w)
+

Appendix B).
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w <w<w w >w
ce R

FIGURE C-9. ROOTS OF eT+(k,w) = 0 [DOTS] IN

THE WHOLE COMPLEX k PLANE.
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ROOTS OF e._(k,w)

0 [CROSSES]

IN THE UPPER-HALF k PLANE.
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4. Special Considerations

4.1 Physical explanations of cyclotron-damped root results.

In this section we want to explain physically the (cyclotron-
damped) Im k curves of Figs. C-5, C-6. As discussed earlier, cyclo-
tron damping is caused by those particles whose Doppler-shifted frequency
is approximately equal to the cyclotron frequency. Roughly, the damping

particles are those which have v, within
|AV| < (V.i.‘iv.!)
(v-157) <ve s 2

where v is defined exactly and Av approximately by

w- (RA)V =,

e
C.39
[« - (R ANV ra)] -tz = e, (€. 39)
in which o 1is some small number (like 0.001). Thus
v YT%ke
Ra k&
Ay = XWece (C.40)
Ko A
and the number of damping particles N is roughly
N 2= ;{(V)AV (C.41)
Using a Maxwellian distribution for fo(vz)
o (Vz Ve (C.42)

we have
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yo 2lDe

WE;(’&LA?C)
(C.43)

In each of Figs. 5a,b,c we consider n and Bo fixed and examine
the effects of varying Te . Using (C.39) - (C.43) we show in Figs.
C-11 the particles responsible for the damping. Note that increasing
Te broadens the tails of fo(vz) and lowers the center peak. For weak
damping, v is out on the tail of fo(vz) and therefore increasing
Te increases N . For strong damping (w = wce) v 2 0 and therefore
increasing Te actually decreases N . This explains the behavior of
the Im k curves in Figs. 5a,b,c.

In Fig. C-6 we consider n and Te fixed and examine the effects
of varying Bo . In this case increasing wpe/wce means decreasing
B, (but to maintain the same horizontal position in Fig. C-5 we must
keep w/wCe fixed). In Fig. C-12 we show the particles responsible

for the damping; note that v and Av change while fo(vz) remains

constant. ([This may be seen by writing (C.40) as

sz Cw- e (f:_e—/)c
T okl
(f=)(2)
(C.44)
AV = X%ee _ X &
Ko £ ﬁbJéc)(jjg;)
“ee “te

and noting in Fig. C-6 that (Re kc/wpe)(wpe/wce) N wpe/wCe .] For
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Low T, High T,

FIGURE C-11, PARTICLES RESPONSIBLE FOR ELECTRON CYCLOTRON DAMPING
WHEN n, AND Eo ARE FIXED AND Te IS VARIED.,

(a) Weak damping,
(b) Strong damping,
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FIGURE C-12, PARTICLES RESPONSIBLE FOR ELECTRON CYCLOTRON DAMPING

WHEN n_ AND T_ ARE FIXED AND B_ IS VARIED,
e e -0

(a) Weak damping.
(b) Strong damping.
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weak damping, the number of damping particles depends mainly on v
which is out on the tail of fo(vz) . Thus decreasing Bo decreases
v thereby increasing N . For strong damping (w = wce) v=0 and
the number of damping particles depends mainly on the velocity spread
width Av . In this case decreasing B decreases Av thereby
decreasing N . This explains the behavior of the Im k curves in

Fig. C-6.

4.2 Why the two-pole approximation for Z(Z) should not be used

in calculating the cyclotron-damped root for w Z_mce .

In this section we explain why the two-pole approximation(34) for
Z(g) should not be used in computing the cyclotron-damped root for

w > w As shown in Fig. C-13, the locus of this root begins at

ce '

e = 0 (for w = wce) and progresses downward as w increases. As will

be explained, the two-pole approximation is in error in the region
defined by Im g < 0 and ICI X 3. Since the cyclotron-damped root
passes through this region for w Z_wce , the two-pole approximation
should not be used in computing the root in this region.

For Imz > 0 the two-pole approximation matches the first two
terms in the power series [Z+(g) = ivm - 2¢] for small ¢ and the
first term in the asymptotic series [Z (g) = - 1/z] for large ¢ .
For Imz <0 one is instructed to add on the term 2/7i e°Cz .
Clearly this is correct only for |g| 2 3 because only the asymptotic
series ‘(which is valid for |g| 2 3 ) has the term™ iv/m c;(c)'e_cg .

The power series has no additional term for Im g < 0 . Thus, as
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Power series valid
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—
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Asymptotic series valid
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FIGURE C-13,

2

2 [[/7
»%(5)2

& Locus of cyclotron /
/

damped roots for

REGION IN THE g PLANE WHEREIN THE TWO-POLE APPROXIMATION
FOR Z(g) SHOULD NOT BE USED, :

Shown are regions of the ¢ plane wherein the power
series and asymptotic series of Z_(g) are useful
approximations. The two-pole approximation34 for Z (g)
should not be used for Img < 0 and 1 s [z| s 3 (see
text). Also shown is the locus of cyclotron-damped

roots for w 2 Wee » 85 given in Fig., C-3,
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presented, the two-pole approximation is in error in the region defined
by Imz <0 and |g| $3.

We are left with the problem of deciding specifically when the
term 2v/mi e'Cz should be added on. (Presumably this should occur for
ImZ <0 and |Z| somewhere between 2 and 3.) Furthermore, at the
place where the term is added on, the two-pole approximation for Z(Z)
will effectively suffer a discontinuity, whereas the true Z function is
continuous. To avoid this artificial discontinuity, the exact Z

function should be used in the troublesome region. In summary, for

ImZ <0 and
for |z| N add nothing;
for 1S ]g| <3 use the exact Z function; and
for 35 |z| 23 add 2/ &%

In actual practise, such as in computing the cyclotron-damped root for
w Z_wce it is probably least confusing to use the exact Z function for

all Img <0,

4.3 Effects of anisotropic temperature (T # Tz).

All of the above work was done for Il = Tz . For TL # Tz we

have from (2.40) of Part I that, neglecting ions,

oo ,éVz E
2 o y <V, 75(\@[/_ w (/“ 7’5)]

(kzc?_ w?) 2

€ (k) = /- (C.45)

AVy~tw + Wee

Taking fo(vz) to be Maxwellian, we obtain
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2

gk = /- o ] 2T A )

(C.406)

- -0 .
where a =1 - (g_/TZ) and 2'(g) = 3Z'Z(C) . Assuming ICe| 23

and |Re k| > |Im k| , and proceeding as in (C.3) - (C.7), we find the

least-damped root of Er (k,w) = 0 to have
+

Re b = ok G (C.47)

2 (k) a
dom £ = ;
[ yo X 3)2 “e % (C.48)
R (-« 5
If we assume
-
{ /- X % ce}-‘> (o,
2 ¢w?
X/ 2 Pe
/e __(——)—-——] > (C.50)
[ 2\c© (‘”“"f_e)z ©

then as we found earlier for (C.10), Eq. (C.48) is valid only for

<w (o} w> w, .
w L by R

and conclude that the root is undamped and given by (C.47).

For 0 <w< Weo (w 7 wce) we must ignore (C.48)

In general, the only situation of real concern is if a is such

that
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(co-ee)? (C.51)
which 1is
7 c 2 w—Cdce 2
- 2) > ()
( 7z =) “ke /. (C.52)
For w = 0 this is -
7 <\ “e\?
(/- 2) »2(5)(22)
z (C.53)
(18)

which is the usual criterion for obtaining the firehose instability.

In (C.46) note that the coefficient of Z'(ce)

£
Foa _ (22£§> * a
(&) ¢

(C.54)

is typically very small, in which case the roots of (C.46) are essen-
tially the same as the roots of the isotropic case (Il = Tz). Only if
w= 0 does (C.54) become significant, in which case the roots of (C.46)

would differ significantly from those of the isotropic case.

4.4 The transverse dispersion relation for Eo =0.

In the limit of no external magnetic field, the transverse disper-

sion relation (C.1) becomes

2

cw “e (e | i o (2]
671—((—"0) = /- (3o {ka Z+<,(-a) T kA Z+<'<'A)} =0 (C.55)
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Neglecting the ions and proceeding as in (C.3) - (C.7) we find the

least-damped root to have

% £ = tc_:[/_ﬁJE/ (C.56)

Lo ke = ST pe [0_(_“3_)] (%)
ect(@k)a | * (C.57)

Equation (C.56) is plotted in Fig. C-14a. Note that both w > 0 and

~

w < 0 have the same dispersion characteristics. From (C.56) we have

=
175 | ~ =
‘féa [/—_O_Ué]é (C.58)
o2

and this is displayed in Fig. C-14b. Since c/a is typically very
large (>> 3) we note that |w/ka| is also very large (except if

w = 0); this justifies our use of the asymptotic expansion (C.3) to
obtain (C.56) - (C.57) and it also means that the damping as given by

(C.57) is zero for all practical purposes.

4.5 Roots of g, [(w»mce/vz),aﬂ = 0 in the complex w plane and
+

roots of Er (k,kvz+wce) = 0 in the complex k plane (for v,
+

real).

Substituting k = (wwwce)/vz in (C.8) we find
€ &~ Lee _
7. v. ¥ =0 (C.59)
Zz
is
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FIGURE C-14,

w
Wpe

™o
S

THE LEAST-DAMPED ROOT OF THE TRANSVERSE DISPERSION
RELATION FOR _B_o =0,

(a) Plot of (C.56); the solid line applies for (Re k)2>0,

the dashed line for (Re k)2<0.
(b) Plot of (C.58).
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2 3

3 2 V. 2 V.
(w-teze) - (-ee) = - w e Z— Z (

) - o
=

(C.60)
Note that the argument of the Z function in (C.60) is real (vz is real)
and has no ® dependence. Thus, given a value for v, > (C.60) is a
cubic equation in w which has three exact analytic solutions. In the
cold plasma limit (a > 0), and for |v /c| <<'1 all three roots of
(C.60) are w = Weo For a hot plasma, we have calculated the locus
of roots of (C.60) for a typical case in Fig. C-15b; note that all
three roots remain very close to w = Wee

Substituting w = kvz + wce in (C.8) we find
Ea(&, kvz+wce) =0 (c.61)

is

4
Clng) v () + k[« vt 2 (D] T2 2 ()] 0

+
(C.62)

which is a cubic equation in k . In the cold plasma limit all three
roots of (C.62) are k * 0 . For the hot plasma parameter values used
in Fig. C-15b we have plotted the locus of roots of (C.62) in Fig.
C-15a. Note that the roots of (C.62) may be obtained from the roots of

(C.60), or vice versa, by use of the change of variable
CU—C‘U<€

k +—> v, (C.63)

In particular Fig. C-15a may be obtained from Fig. C-15b, or vice versa,

by use of (C.63).
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FIGURE C-15, (a) LOCUS OF ROOTS OF (C.62).
(b) LOCUS OF ROOTS OF (C.60).

[ c/a=1120, “pe/“ce"4' vz/a--10++10 ]

The arrows indicate the directions the roots move as
v,/a progresses from -10 to +10,
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APPENDIX D

ROOTS OF THE LONGITUDINAL DISPERSION RELATION FOR REAL w AND COMPLEX k

From the symmetry properties discussed in Appendix B we find it is
sufficient to obtain only the roots of

2

2
e, (474 ey,
@dﬁw)=/— = Z%AJ— ,

P\ -
—3}= 0O
ﬁza? + AZAR Z+ (kA} (D. 1)
Using the asymptotic expansion of the Z function
~ ol L -7 (0.2)
2N~ -F-2pmtivwgd)e :
and proceeding exactly as in (C.1) - (C.7) we obtain
2 2 £
Zw‘/ “le “%¢ 2
Ko k=2 Sl
3(«;;0_2-&-&;/\2) w ce®
¢ (D.3)
& 2 2 2
i n 2T K A T
2 2 14 3 3
(pa®+og A7) (& R) | 2 . (0.4)

where g, = 0+(;e) = °+(ci) and ;e = w/ka , gy = w/kA . None of
the problems associated with °+(Ce)

of the transverse case occur in
this, the longitudinal case.

Considering Im Ce <0 so 0+(ce) = 2 and neglecting the ion
terms in (D.3) - (D.4) we find

/ _fi?_ E? (D.5)
£, T V3 “me | 4t
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o 2
[“’fe /J (D.6)

where kd = /2 (wpe/a) is the electron Debye wavenumber. Equations
(D.5) - (D.6) are valid only for Icel 2 3 since the asymptotic expan-

sion of the Z function (D.2) was used in their derivation. From (D.5)

we have
5 V2
HE= i 0.7
Pe

Setting Ce = 3 in (D.7) and solving for w we find w = 1.08 wpe
Thus only for the narrow range wpe <w £1.08 wpe are the asymptotic
formulas (D.S) - (D.6) valid.

For w2 1.08 mpe we must solve (D.1) numerically. Neglecting

the ion term, (D.1) is

z_, e
LEL) - @ (D.8)

Kuehl, Stewart, and Yeh(®) have plotted Re k/k; and Im k/k, vs.
w/wpe corresponding to the first four least-damped roots of (D.8) in
the Lo plane. Also, Derfler and Simonen(g) have numerically tabulated
the first four roots of (D.8). In both cases, for w 2 1.4 Whe the

damping of the higher-order roots becomes comparable to, and even less

than, that of the '"least-damped" root. However, Gouldcz) has evaluated
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the first few residue terms that occur for a longitudinal excitation
and concluded that use of just the ''least-damped" root is probably a
valid approximation.

For computational purposes, it is especially useful to know the
value of the least-damped root for w near wpe . Since for wpe <
w < l.ZScupe the graphs of Kuehl, Stewart, and Yeh may not be read
accurately.(especially Im k/kd ) we have also calculated the least-
damped root of (D.8) for wpe <w<1.5 wpe and this is displayed in
the top of Fig. D-1. Also shown are the asymptotic results, (D.5) -
(D.6). In the bottom of Fig. D-1 we have plotted |ce| vs. m/wpe
for the true least-damped root of (D.8). Note that as deduced above,
the asymptotic results (D.5) - (D.6) as shown in Fig. 10 are good
approximations only for Ye <w < 1.08 We

To obtain the results in Fig. D-1, the true least-damped root of
(D.8) was calculated using the correct function Z2'(z) rather than the
two-pole approximation.(34) The latter was tried but found to be very
poor in this case. More specifically, when the two-pole approximation
was used in (D.8) for 1.15 wpe <w<1.5 mpe we found the least-damped
root had Re k/kd in error from its true value by 3%-18% and Im k/kd
in error from its true value by 15%-40%; and when w went below
1.15 mpe , Imk even went negative. The reason for this poor behavior
is presumably due to the fact that the two-pole approximation for
2'(z) matches only the first term of the asymptotic series for Z'(g)
accurately whereas the basic asymptotic form of the longitudinal disper-

sion relation (D.5) - (D.6) requires for its derivation the first two

terms in the asymptotic series of Z'(tg) .
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0.2
0l :
Asympftotic
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FIGURE D-1, THE LEAST-DAMPED ROOT OF THE LONGITUDINAL DISPERSION
RELATION FOR REAL w AND COMPLEX k.

Top: Comparison of true and asymptotic results,
Bottom: Plot of |w/ka| for the true root.
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APPENDIX E
METHOD OF STEEPEST DESCENT AS USED IN EVALUATING

BRANCH-CUT AND PHASE-MIXING INTEGRALS

We present here a brief summary of the method of steepest

(35)

descent as used in both Sections I and II.

Consider an integral of the form

+ & (W)

< (E.1)
where F(W) 1is a slowly-varying function of W and ¢(W) is a
rapidly-varying function of W . Then the integrand of (E.1) has
saddle points at W, where
Pw) =0 (E.2)

We assume the initial contour C is along the real axis in the complex

W plane. Then rewriting (E.1l) as

) @ (W) - D (W)
@ (w) /F(w) e o<W (E.3)

we note that if we deform the contour C through the saddle point at

W = wo along a path such that
Jm«{¢(w%¢(%)}=o (E.4)

i.e., a path of constant phase, then the integral in (E.3) may be
approximated as follows.

We first expand ¢(W) about W = wo
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Bw) = B (W) + £ 8 0g) (W-1)* + L 7 (W) (w-w) + - .5

So

B W) - (W) = £ 8 (w) (w-w,)?
(E.6)

We then specify the desired path of constant phase C' by imposing the

transformation of variable
” =2
Lo (W) (w-u,)" = - 72 (E.7)

where T 1is a real variable. Thus (E.3) becomes

- 2
"¢(W°)= / /olr F(e 7

_.é’,¢"(%) (E.8)

where the integration contour runs along the real axis in the complex
T plane. [Note that the integrand of (E.8) decreases rapidly as |T|
increases; had we chosen +T2 in (E.7) the integrand of (E.8) would
have increased rapidly as ITI increased.] Assuming F(T) is suffi-
ciently slowly varying, and extending the limits of the T integration

to T =% o we may write

+oo
—r? -72
_/dr/—-(r)e 7~ F(T=°)/"‘Te
—oo

= FA(W)Vr (E.9)

since the exponential peaks the integrand of (E.8) about T = 0 .
Actually the limits at T = * ©» gre not required; the result of (E.9)

will be obtained as long as T covers the range -3 ST £ +3 and
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F(T) is approximately constant over the same range. Combining (E.8),

(E.9) we obtain finally

Vew + & (Wo)
=~ F Wo
L% V-o(w) () € - (E10)

This result is the first term of an asymptotic expansion for I , more
terms of which may be obtained (at least in principle) by keeping more
terms in the Taylor series expansion for ¢(W) in (E.5).

Returning to the original integral (E.1), we note that the change
of variable used in (E.7) for the approximate case suggests that we use

the change of variable

PW) -D (W) = -T2 (E.11)

(with T real as before) in the exact case (E.1). The path of constant
phase defined by (E.11) for - < T < +o is the path of steepest
descent. [The path obtained by using +1? in place of -T2 in (E.11)
is the path of steepest ascent.] To obtain an analytic expression for

I we must first invert (E.11) to obtain W as a function of T .

Then this W(T) is used in F(W) and &W to give
..7'2
Z = /F[W(T)} e Q/[W(7)] (E.12)

where the integration contour runs along the real axis in the complex
T plane. Presumably the integrand of (E.12) could be written as a

2
power series in T times e T and the integration could be performed

analytically term by term.

In actual practise the required inversion of (E.11) may be
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difficult and one often resorts back to using (E.10) as an approximation

for I .

In this case some comment should be made on the range of

validity of (E.10). To this end we consider values of W that are near

Wo and on the path of steepest descent in the range defined by

£ 8" (w) (w-w)*| < s (E.13)

Then (E.10) is a good approximation to I provided:

(i)

(ii)

(iii)

Any singularities of ¢(W) occur for values of W far from
those defined by (E.13).
F(W) varies negligibly, i.e.,

Fw) - F(w,)
~(W,) (E.14)

for values of W within the range defined by (E.13).
The terms in the Taylor series expansion of ¢ (W) past those
terms used in (E.6) must be negligibly small. Using the

first term dropped to represent the error, we must have

¢”/(W°) (W_ Wc)
< /
38" (w,) (E.15)
which, combined with (E.13), requires
3,
3 {¢”(wo)} ‘

<< (E- 16)

lva ?" (wy)

We now apply the above results to some specific cases as used in

Sections I and II.
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Branch-cut integral in the k plane.

We consider Eq. (2.58) of Part I which is of the form

" (&)
= K oLk
T //-< ) e 17
iy o 2
g(K) = ¢ z—(*—————ka )

This form of ¢(k) occurs generally in the branch-cut integral that
arises in a spatial problem (with a zero-order Maxwellian velocity
distribution) when the inverse transform of fl(k,w) [or _E_l(k,w) ,
etc.] is computed, so the following results should be of general
interest. The integrand of (E.17) has three saddle points given by the

three roots of

s Za?

£ [2(“/“%:)2J ei 7277:
(E.18)

where ks represents a saddle point. The paths of steepest descent
defined by (E.1l1), i.e., by

B - p(£) = -72

are given by the roots of

25 .
ka-kz{ks+z;;2 +i T2t +12° =0 (E.19)
where
_ Ac\ 2
o

Z (w-ase) (E.20)

N
i
p
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and T runs along the real axis from T = -® to T =+ o ., The
quantity Z is the characteristic dimensionless parameter associated
with (E.17). In terms of Z , the saddle points are given by the three

roots of

,
tZz

K = (42) = 22Z"e (E.21)

The paths of steepest descent are calculated as follows. We
choose a value for Z and then select a specific saddle point from the
three given by (E.21). We then solve the cubic equation (E.19) analyti-
cally which gives three values of K for each value of T ; two of
these roots are points on the desired path of steepest descent while
the third root is extraneous [for T = 0 the three roots of (E.19) are
ks, KS, and - %—ks , the latter being extraneous]. Then by numerical-
ly evaluating the expressions for the twé desired roots for several
values of T (-» < T < +o) we are able to plot the desired path of
steepest descent.

We now display the results of our calculations. In Fig. E-1 we
show the paths of steepest descent for Z = *+ 1 . Note that according
to (E.21) any specific saddle point for 2 = +1 changes its phase by
2n/3 radians as Z changes to Z = -1 . Thus the resultant distribu-
tion of saddle points and paths of steepest descent are the same for
Z=+1 and Z = -1 . To see how the contours actually shift as 2
goes through zero, we have performed the following calculation. We let
Z = eie with 0 < 6 <2r so Z takes on values of points on a unit

circle centered at the origin in the complex Z plane. We then calcu-

lated the saddle point contours for several significant values of 8
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with the results displayed in Fig. E-2. The contours for 6 = 0°, 180°
are of course the same as the contours for Z = * 1 given in Fig. E-1.
Note that as 0 increases from 0° to 180° all three saddle points
rotate rigidly in the counterclockwise direction.

Of special significance in Fig. E-2 are the cases 6 = 45° and
8 = 135° where in each case one of the contours violently changes shape.
Consider the case 6 = 135°. Then suppose we had been using contour 2
(which has one endpoint at infinity) to evaluate some integral for
0° < 6 < 135°. We note that as @ crosses 0 = 135° the endpoint at
infinity of contour 2 is diverted back to the origin and therefore con-
tour 2 is no longer suitable for evaluating the integral; we must there-
fore change to contour 1 as 6 «crosses 6 = 135°. This behavior is
known as Stokes phenomenon énd thé lines in the Z plane defined by
Z=7 ei("/4) , T ei(3“/4) (r real and 0 < r < «) are called Stokes
lines. Note that for 0° < 6 < 180° contour 1 in Fig. E-2 never
exhibits Stokes phenomenon and may therefore be used for all values of
0 within the given interval.

Thus, in Part I, in evaluating (2.58) we have;chosen to use contour
1 of Fig. E-2. The first term of the asymptotic expansion, (E.10), then
gives the result (2.61). We now estimate the errors involved in using
(E.10) as discussed with (E.13) - (E.16).

Firsf we construct a graph to aid in establishing over what values
of K, F(K) [as defined by (E.17)] must be essentially constant. We
scale (E.19) appropriately by dividng it by 22 to give

<7 - EZ{%”T/ +é'~r2} t¢ =0
Xz
A (E.22)
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where ~
E ==
'Z/?
F = ZT” . (E.23)
3

We consider only 2Z real so T is real. Then in Fig. E-3 we have
plotted '"contour 1" of (E.22) for Z >0 . (For Z < 0 the contour is
just mirrored about the imaginary axis.) With the aid of Fig. E-1 one
may easily estimate the range of X over which ‘F(X) should be approx-
imately constant. The dominant portion of the integral comes from
IT| $ 2 say [see (E.12)]. Thus we set IT| = 2 . Then given a value
for Z we calculate ITI from (E.23) and find the two corresponding
points on the contour in Fig. E-3. The segment of the contour between
these two points is the range of K over which F(X) should be
approximately constant. In particular for Z =1 (cutoffs at |7| = 2)
a large portion of the contour is needed whereas for large Z , say
2 = 27 (cutoffs at |T| = 0.66) a smaller portion is needed.

Upon examining F(k) of (2.58) of Part I with the aid of Fig.
E-3, one notes that the only poles of F(k) that may be troublesome
are those in the infinite sequence of poles that come in along the 45°
line (see Appendix C) in the k plane (and therefore also in the i
plane). But |(w-wce)/ka| is very large at these poles so the exponen-
tial in (E.17) should make any pole effects negligible. The slowly
varying behavior of F(k) is roughly like 1/k3 (for w/k << c),
so using F(ks) instead of F(k) in (E.9) does of course introduce an
error, which becomes negligible for large 2 . Thus, preferably, we

should have |Z| >> 1 .
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Lastly we find that the requirement (E.16)
, 3
l3 {¢ /('és)}/z

| vz 6™ (&)

>/

by direct calculation from (E.19) reduces to the requirement IZ] > 1.
This means that the asymptotic expansion method used to derive (E.10)
breaks down when |z| becomes less than a characteristic length
Ia/(w-wce)l , in which case (2.58) would have to be evaluated numeri-
cally (along the path of steepest descent for convenience) to obtain an
accurate result.

Thus, in Part I, (2.61) is an accurate result for |Z| >>1 and

it is still a good order-of-magnitude estimate of (2.58) for [Z| = 1 .
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FIGURE E-1,

_2__

SADDLE-POINT CONTOURS OF (E.17) FOR Z=tl,

Shown are the saddle points of (E.17) as given by (E.21)
and the paths of steepest descent as given by (E.19)
for Z=:1, This figure holds for 3=+1 or Z=-1 although
any specific saddle point rotates through 2v/3 radians
when Z goes through zero, as is shown in the next
figure,

242



—
’

N

6=20°

/.

g=44°

6=46°

FIGURE E-2.

6=180°

(]

6=134°

p -

6=136°

EVOLUTION OF THE SADDLE-POINT CONTOURS OF (E.17) FOR

Za exe

AS 6 VARIES FRoM 0° To 180°.

Saddle points and paths of steepest descent are as given
by (E.21), (E.19) respectively,
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FIGURE E-3,

1251

K plane

2

SADDLE-POINT CONTOUR OF (E.17) IN THE X PLANE WITH T
SPECIFIED ALONG THE CONTOUR.

Shown is the path of steepest descent of (E.17) in the

K (=K/iz/3) plane for Z real and with values of T (=T/Z'1/3)
specified along the contour [see (E.22),(E.23)]. This
plot is useful in estimating the range of the variable K
over which F(K) should be approximately constant.
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Phase-mixing integrals in the v, plane.

We consider Eq. (2.80) of Part I and Eq. (4.4) of Part II, both of

which are of the form

Z’=]C=WQ&¢WQJ%
2 E.24
B(Vy) = ¢ (ff%éfféﬂ>;z - %f%- 0
This férm of ¢(vz) occurs generally in a spatial problem (with a zero-
order Maxwellian &elocity distribution) when the free-streaming part of
fl(z,!,t) is integrated over v, to give gd(z,t) (or 54 , etc.).
Thus again the following results should be of general interest.
We note immediately that ¢(vz) in (E.24) may be obtained from
¢(k) in (E.17) by the transformation

L~ e

Vé (E.25)

, —

so all of the graphs for the previous case apply to the new variable

[(w-mce)/vz] . Of course we want graphs in terms of v_ directly, so

z
we would have to invert the previous graphs point by point according to
(E.25) to obtain the desired graphs. Instead, we shall write out the
appropriate equations in terms of v, and solve them, although at any
stage we can check our results by comparing them to the previous case
using (E.25).

The integrand of (E.17) has three saddle points given by the three

roots of

3 (QV‘“ke)ZHZ? —Z%;
\/sz > e

(E.26)
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where Vg is a saddle point. The paths of steepest descent defined by

(E.11), i.e., by

Bl - (V) = -T2

are given by the roots of

3 2 __2 . _
v +'V{L.Vs 'Vs' T} (2 = O (E.27)
where
_ v
v E =
= EZ(w-tee) (E.28)
z [~ X

and T runs along the real axis from -« to +e. Once again the
quantity 2 is the characteristic dimensionless parameter. In terms

of Z the saddle points are given by the three roots of

z %
3 2
V. = E (E.29)
We note for reference that in terms of K = kz as in (E.20), the
transformation (E.25) is
=4
K v (E.30)

The paths of steepest descent are calculated from (E.27) by the
method used in the previous case. As earlier, given £ and a specific
choice of Vs two of the roots of (E.27) are points on the desired
path of steepest descent while the third root is extraneous [for T = 0

the three roots of (E.27) are Ve, V -2Vs, the latter being

S)
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extraneous].

In Fig. E-4 we show the saddle-point contours for Z = +1 and
Z = -1 . Note that the contours for the two cases are not the same
. but are mirror images about the real axis of each other. In Fig. E-5
we let Z = eie with 0 < 6 <27 as earlier. We see that as 0 goes
from 0° to 180° all three saddle points rotate rigidly in the counter-
clockwise direction, but only through w/3 radians. Also we find
contours 2 and 3 exhibit Stokes phenomenon at 6 = 45° and 6 = 135°,
respectively. Note that contour 1 does not exhibit any Stokes phenome-
non for 0° < 6 5_180° and therefore this is the contour we choose to
use.

To aid in establishing over what values of V, F(V) must be

essentially constant, we construct a graph similar to Fig. E-3. We

scale (E.27) appropriately by dividing it by Z to obtain

~ l ~ 2 ~ i
V’+v{,‘;—”\§—ra}-z=o (E.31)
S
where
N - —V
Vo= 3593
~ 7
= = ‘ (E.32)
Z 7z

As earlier, we consider only Z real so T is real. Then in Fig.
E-6 we have plotted '"contour 1" of (E.31) for Z <0 (for Z > 0 the
contour is just mirrored about the real axis). Also, as earlier, we
may set |T| = 2 and then given Z we can compute |T| from (E.32)

to obtain the cutoffs on the contour in Fig. E-6.
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Thus using contour 1 and the first term of the asymptotic expansion
(E.10), (2.80) of Part I becomes (2.82). Similarly in Part II, Eq.
(4.4) becomes (4.8). Roughly the integrand of the first case goeS
"~ 1/V while the integrand of the second case goes v 1/V3 . Thus with
the aid of Fig. E-6 we conclude that F(V) in each case is sufficiently
constant provided |Z| >> 1 but that even if |Z| = 1 the errors
involved should not change the results greatly.

Lastly we note that the requirement (E.16)

3 { ¢II (_VS)}g/Z

Z2" (%)

>/

by direct calculation from (E.24) reduces to the requirement |[Z| >>
0.12. Thus the asymptotic expansion method used to derive (E.10)
breaks down in this case only when |#| becomes much smaller than a
characteristic length Ia/(w-wce)l .

Thus the free-streaming term in (2.85) of Part I and the echo
saddle-point contribution (4.8) of Part Il are accurate for |2| >> 1
but still good approximations for IZI = 1 ; these results lose their

validity only for |Z| significantly less than one.
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FIGURE E-4,

SADDLE-POINT CONTOURS OF (E.24) FOR Z=t]l,

Shown are the saddle points of (E.24) as given by (E.29)
and paths of steepest descent as given by (E.27) for
Zuel md z--lo
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6=180°

6=46°

6-136°

FIGURE E-5, EVOLUTION OF THE SADDLE-POINT CONTOURS OF (E.24) FOR

ie

Z = o-° AS © VARIES FROM 0° TO 180°.

Saddle points and paths of steepest descent are as given
- by (E.29), (E.27) respectively.
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FIGURE E-6.

SADDLE-POINT CONTOUR OF (E.24) IN THE V PLANE WITH T
SPECIFIED ALONG THE CONTOUR.

Shown is the path of steepest descent of (E.24) in the
v (-V/ZI/S) plane for Z real and with values of T (=T/Z1
This

/3)

specified along the contour [see (E.31),(E.32)].
plot is useful in estimating the range of the variable v
over which FQV) should be approximately constant.
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