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EVALUATION OF THE USE OF A SINGULARITY ELEMENT IN FINITE-
ELEMENT ANALYSES OF CENTER-CRACKED PLATES
by Alexander Mendelson, Bernard Gross, and John E. Srawley

Lewis Research Center

SUMMARY

Two different methods are applied to the analyses of finite width linear elastic
plates with central cracks. Both methods give displacements as a primary part of the
solution. One method makes use of Fourier transforms. The second method employs
a coarse mesh of triangular second-order finite elements in conjunction with a single
singularity element subjected to appropriate additional constraints. The displacements
obtained by these two methods are in very good agreement. These results suggest con-
siderable potential for the use of a cracked element for related crack problems, par-
ticularly in connection with the extension to nonlinear material behavior.

INTRODUCTION

The purpose of this study was to compare results of two methods of numerical anal-
ysis that model the deformation of cracks in two-dimensional bodies of linear elastic
materials. The study is preliminary to the further development of a hybrid finite-
element method for application to cracked bodies of nonlinear materials. The hybrid
method employs a special crack-tip element that can be designed to satisfy a variety of
conditions. It was considered necessary first to evaluate the accuracy of the hybrid
method for linear material behavior by comparison with an inherently more accurate
method that makes use of Fourier transforms and satisfies compatibility and equilibrium
throughout the body. The two methods were applied to centercracked plates of finite
width for which linear elastic stress intensity coefficients have been obtained with high
accuracy by several investigators (refs. 1 to 4).

The Fourier transform method reduces the problem to the solution of a pair of
Fredholm integral equations that can be solved by a simple iterative process which is
rapidly convergent. The advantages of the method are that the crack surface displace-



ments are a direct result of the solution of the integral equations, the stress (and strain)
distributions are given by simple quadratures, and the required computational program
is fairly simple. The ordinary finite-element method is inherently unsatisfactory for
resolution of displacements very near to the crack tip because of its essentially discrete
nature. The introduction of a finite element that itself contains a crack (ref. 5), called
a singularity element (ref. 6), avoids this difficulty, but at the cost of loss of conditions
of interelement continuity of displacement. In the present study a crack tip element of
the inverse square root singularity type was incorporated into a coarse mesh of second-
order elements to model the deformation of the crack and compute stress intensity coef-
ficients. The results compare quite favorably with those of the Fourier transform
method, and thus lend confidence in the further development of the hybrid method for ap-
plication to nonlinear material behavior (which will require a different kind of crack tip

element, however).

SYMBOLS
2a crack length
B plate thickness
2b plate width
[D] elastic matrix for plane strain conditions
FT Fourier transform method
FE finite element method
G shear modulus
K; stress intensity factor, mode I
[k] element stiffness matrix
2L plate length
N mesh density, number of finite elements per unit area
{p} nodal force column vector
r,0 polar coordinates
Sy’ S,» Sxy dimensionless stress
[T] displacement matrix
{u} displacement column vector
u, v displacements in x and y directions



-

A

Yo uniform end displacement of plate
X,y dimensionless cartesian coordinates with respect to b
[ strain matrix

{e} strain column vector

ey,ex, "’xy components of strain column vector
A plate length to plate width ratio

0 Poissons ratio

v, & dummy integration variables

{o} stress column vector

oy, O Txy components of stress column vector
{1} column vector, m X 1

[1 matrix, m X m

FOURIER TRANSFORM SOLUTION

We consider the plane stress solution for an infinite strip loaded in tension. The
strip is two units wide and contains a central crack of length 2a. Because of the sym-
metry we need consider only one quadrant such as the upper right quadrant. The details
of the solution are given in appendix A. Here, we summarize the equations and method
used in the computations. If v(x,0) is the displacement along the crack, then, as shown
in appendix A, the following equations must be satisfied:

/b b
v(x, 0) = .{a v(y, )K dy + 421/ 1+ p(v)]K1 dy (1)

here, v is the displacement of the crack divided by the ratio of the load to the elastic

modulas and
a/b 31,
Qy) = —Tr/ v(v) (Il + Y——>dv (2)
0 o

where

@2 =4 Ay)cos(s, vy (3)



and

p(v) = { Q&)Ko(v, £)dg (4)

The functions K, K;, Ky, and I; are given by equations (19), (18), (25), and (21) in
appendix A.

The solution is obtained as follows. Assuming p(y) equal to zero, equation (1) is
solved for v(x,0). This is done by straightforward iteration since equation (1) is a
simple Fredholm equation of the second kind, which converges very rapidly. Once
v(x, 0) is determined the integrations indicated in equations (2) to (4) are carried out suc-
cessively to determine p(p), which is then substituted into equation (1), and the process
is repeated until there is no longer any significant change in either v(x,0) or p(y). The
whole process converges very rapidly, four or five iterations being sufficient for any
engineering application.

Once the crack surface displacement is determined from the solution of equations
(1) to (4), the stress at any point can be computed by simple quadrature as follows:

a/b N
ol —
SX(X, y=1-1 v(v, 0) (11 -t 3)(11/ + Q(E)K3 dg
0 oy
0
a/b o
ol —_
Sy(x, y) = -1 v(y, 0) (Il +y a—1>dv + X&)Kg dg > (5)
0 y 0
a/b 0 _
Sy =7y v, 0y dv e QK

where the functions Il’ 12, Kz, K3, and K4 are given in the appendix. We note that in
performing the numerical integrations in equation (1), a difficulty arises from the fact
that the kernel K(Xx,y) is singular at py = a/b. However, the principal value can be cal-
culated as is shown in reference 7.

Figure 1 shows results obtained by this method (originally published in ref. 4). On
the scale of this plot the individual values of the dimensionless stress intensity coeffi-
cient 2KIBb/ Pal/ 2 would be indistinguishable from the curve shown. Values taken
from references 1 and 2 for comparison would also be indistinguishable from the curve.
Further, results by this method are compared subsequently with results obtained by the
finite-element method.

4



FINITE-ELEMENT ANALYSIS

Consider the plane elasto-static solution for a plate of finite dimensions, subject to
a uniform end displacement. The plate has a central crack of length 2a and width 2b
(fig. 2). Because of symmetry, we need consider only one quadrant. A mesh is gener-
ated of the type shown in figure 2(c). The stiffness matrices for the triangular and
singular elements (fig. 3) are evaluated as shown in appendix B by the following equa-
tions:

[Klrriangutar = B A['e{t' [I‘]T[D][I‘]dA (6)
element
T
Mlsingutar = BT /2 tryTolirlea)ic™ T
element

The matrices [T'], [D], [C], and [I‘l] are defined by equations (28), (29), (36), and (37)
in appendix B.

The master stiffness matrix is then obtained by superimposing the various influence
terms of the finite elements sharing common nodal points. The solution to the master
stiffness matrix is then obtained by satisfying nodal equilibrium and boundary displace-
ment conditions.

NUMERICAL RESULTS

The finite-element representation of the problem solved is shown in figures 2 and 3.
The computational scheme is illustrated by the simple flow diagram as shown in fig-
ure 4. A comparison of dimensionless displacements along the crack quadrant surface
is given in figure 5. As shown in these figures, the finite-element displacements com-
pare favorably with that computed with the more accurate Fourier transform method.
Because the Fourier transform method satisfied the conditions of compatibility and
equilibrium throughout the strip, one would expect that the results of this approach to
be more accurate. It is noteworthy that the Fourier transform results correspond to
elliptical crack profiles in all three cases. Table I lists the Y stress intensity coeffi-
cients obtained herein and from references 3 and 5. Since displacements are the pri-
mary solution, the Y values were based on the computed nodal displacements. As the
ratio A decreased for a fixed number of elements (fig. 2), the comparison improved.
This was primarily due to the fact that, as A decreases the finite elements per unit



area, N (or mesh density) increases. The Y stress intensity coefficients showed a
much greater sensitivity to the A variation than the displacements.

As shown in figure 3, the location of the crack tip was always taken at the midpoints,
between nodes 3 and 5. Node 4 was always taken at the midpoint between the crack tip
and node 3. A preliminary study revealed that the results obtained by locating the crack
tip +20 percent from the midpoint produced a small variation in the results. For larger
changes in the crack tip location significant differences appeared.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, December 1, 1971,
134-03.
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APPENDIX A

FOURIER TRANSFORM ANALYSIS

We consider the problem of an infinite strip of width 2b and thickness B, contain-

ing a central crack of length 2a. The strip is loaded in tension with a tensile stress
0, normal to the plane of the crack. The stresses and geometric variables are non-
dimensionalized in terms of o and W, respectively. Because of symmetry, only
one quadrant of the plate need be considered as shown in figure 6. The solution is ob-
tained by the superposition of two solutions designated by A and B.

Problem A consists of a plate with a central crack, a tensile load at infinity, a
normal load p(x) along the crack surface, and a self-equilibrating side load Q(y) at
x = 1 (fig. 6). Problem B consists of a plate without a crack and without a load at
infinity, but with a side load -Q(y) at x = 1 (fig. 6). By superposing the solutions to
both these problems with the proper choice of Q(y) one obtains the desired solution to
the problem of figure 6.

The solution to problem A can be obtained as follows. The equilibrium and com-

patibility equations for the plane problem of elasticity are

9S. 38 B
_X,._X_9
0xX oy
B_SX + ——anY =0 >
oy ox
2 2
—a—+—a—>(sx+s )=0
2 2 y
8x ay .)

Applying a Fourier sine transform to the first of these equations and Fourier cosine

(8)

transforms to the last two, solving the resulting ordinary differential equations and then

taking the inverse transforms results, as shown in detail in reference 7, in



o0
S =14+2 Z Am(l + mry)e ™" cos mrx
1

S, =2 i A (1- mry)e ™™ cos mrx r 9)
m=1

(o0}
Syy = 27y Z mA_ e ™™ sin mwx
y m=1 p,

That equations (9) indeed satisfy equations (8) can be verified by direct substitution.
The displacements can now be calculated from the usual stress-strain relations and

strain displacement results resulting for the case of plane stress in

a/b 0 A
V= v(p, y)dy - 2 E - [2+(1+ /.L)mny]e'm”y cos mux (10)
me&= m
0 po
Along the plane of the crack (y = 0)
00 ™
Sy(x, 0)=1+2 mz=:1 Am cos mnXx
and & (11)
a/b 0
4 Am
v(x,0) = v(y, 0)dy - = —— CcOS m7X
TH={ m J

Since equations (11) represent Fourier series expansions, it follows that

A /1 0 d 12
m = ) sy(g, )cos mu¢ dg (12)
and also
a/b
A =- % /0' v(y, 0)cos muy dy (13)



The upper limit of integration in equation (13) follows from the fact that

V(V, 0) = O:

=x=1

a
b

Assuming a normal stress distribution p(x) along the crack surface, equation (12) can
be written

b 1
A= 43./ p(£)cos mni dE + '/;b cry(:‘;,O)cos mn§ d& (14)

a,

Now, substituting (14) into the second of equations (11) and equation (13) into the first of
equations (11) results in

b
v(x,0) = /a/ v(y, 0)dy + 1 /a/b p()in [:4(cos Ty - COS TTX)Z:]du
0

TJ0
1
+ 71r .4'/13 sy(g, 0)1n El(cos T - coSs ﬁx)zjdg (15)
where
a/b
Sy(£,0) = 1+ 7 v(y,0) L= CoS T COS TE g, (16)
2 0 (cos mp - cos 773;)2

and where the following identities have been used

21 1 2 h
Z = cos m7ry cOS mrx = - = In [4(cos Ty - COS TX) ]
ooy m 4
> (17)
i m cos m7y cos mni = - X 1 - cos my cos i
m=1 (cos my - cos mE)> J

The first identity in equations (17) can be found for example in reference 8 (p. 358).
The second can be obtained by differentiating the first one twice. It is obvious of course

9 .



that the second sum is divergent. Whether the formal sum given has meaning can only
be ascertained from the final answer, which in this case can be shown by direct substitu-
tion to satisfy the equations of equilibrium and compatibility.

Finally substituting equation (16) into (15) gives

/b /o
v(x, 0) =4-a [1+p(v)]Kq dy+>{'a v(y, 0)K dy

where
K1 = % 1n[4(cos Ty - COS er)zj (18)
) o) ) )
sinn-alln4sin- b sin b sin mp lnsin-—b-——lnsin—b——-—
b 2 2 J 2 2
K=a+
7T<E + V) n(_a: - > o7 sin TE* ) g MX - V)
27 sin sin b 2 2
2 2

9t
_b_.___.—lnsin._h____
2

7T<
sin mx|ln sin
2

+ (19)
27 sin (X + v) sin m(x - v)

For a given pressure distribution p(y) along the crack, equation (1) represents a Fred-
holm equation of the second kind. It can be solved by a straightforward iteration which

converges very rapidly.
Once the crack opening is determined by the solution of equation (1), the stress dis-

tribution can be obtained by direct numerical integration as follows: Substituting equa-
tion (13) into equation (9), reversing the order of integration and summation, and for-
mally summing the resulting infinite series give

10



a/b 31
1

Sy(X, V=1-n (v, 0)(11 - Y—)dv
0 it

a/b

ol
Sx(x, y) =~ v(y, 0) <I1 +y T;)dv r (20)

a/b
Sy Y) = 73 v, 0) — dv
0

_1Jcos n{y + x)cosh 7y - 1 . cos 7y + X)coshny - 1

where

(21)

I
1
4 [cos m(y + X) - cosh ny]z [cos 7(v - %) - cosh ny]z

At the side boundary x =1 we now have a self-equilibrating normal load

QAy) = 8,(1,y)
whicfx can be computed from the second of equations (20). We have thus obtained a so-
lution to problem A.

The solution to problem B is given in reference 9 (p. 412). For an infinite strip
with a symmetric edge load Qy), we take the infinite Fourier transform

Qi) = .{ Qy)cos(t, y)dy (22)

Then the stresses are given by

11



s, = 4 Q) {sinh £ + £ cosh £)cosh £x - £x sinh £ sinh £X o4 4y gy
7 Jo 2¢ + sinh 2%

s, - 4 Q) (sinh £ - & cosh £)cosh £x + £x sinh £ sinh X o5 5y g -(23)
7 Jo 2¢ + sinh 2¢

s = 4 C_Q(E) tx sinh £ cosh £x - £ cosh £ sinh £x ;. £y dz
TJo 2¢ + sinh 2¢ J

Now at y = 0 this solution gives a stress in the y direction given by the second of

equations (23)

P = 8,06,0) =/ AOK 0, Dt 0=y<2 (24)
where
Kz___il(sinhg - £ cosh £)cosh £y + £y sinh £ sinh £y (25)
m 2 + sinh 2%

By combining the solutions of problems A and B we can obtain a solution in which both
the side loads Q(y) and the normal loads on the crack surface cancel. This can be done
by the simple iterative procedure described in the body of the report.

12



APPENDIX B

FINITE ELEMENT ANALYSIS

In the following analysis it is assumed that the body forces are negligible and that
the model material is homogeneous and isotropic, has a constant thickness, and is sub-
jected to plane strain elastostatic conditions. Define

f
Vo
. - ~
av
9y
U v <V6 €y Ju UY (26)
= 3 6} = 5 = = —_ 5 = 2
{u} {u} {6} ul» (e} =qex p=9 = 15 {9} =qoy
u, YXY QX_'_@ TXY
. @x ay
6.
Thus, we can also write
{U} =[T]}{5} (27)
{e} =[T]{5} (28)
{o} =[D}{e} = [D][T]{&} (29)

Imposing virtual displacements at the element nodal points and equating the work done by
by nodal force { P} to the internal work done by the stress {o} (ref. 10), we obtain

{GV}T{P} =B //{EV}T{G}dA

area

where superscript v refers to virtual and T to transpose. Substituting equation (29)
and (28) into the last equation and comparing coefficients yields

13



{P} = B(ff[r]T[D][r]dA {6}

area

Hence,
(P} =[k]{6} (30)
where
=5 // (rTojriea (31)
area

The typical triangular element as shown in figure 3 is assumed to be a second-order
element. The displacement functions are as follows:

6
vix,y) = D, W (x,y)v,

m=1
8
u(x,y) = mz=1 W, (% ),

where
W_(x,y) =a +a X +a +a x2+a Xy +a
m-yY T %1 m 2,m 3, mY 4, m 5 m G,mYZ

The constants a; ,m’ i=1, 2, ..., 6 are evaluated such that, at location (x m) of
node m, W (xm,y }=1 and W (xZ , yl) =0 at the remaining . nodal pomts Thus
[T(x,y)] is obtained. The element stiffness matrix is evaluated in a manner similar to
that in reference 11.

For the singularity element as shown in figure 3 the displacement functions, taken
from references 12 and 13, are assumed to have the general form

- N
12
v(r, 6) = L dnrn/ %t (n, 6)
2GlpT1
) >
L8
ur, 0) =] D ar"2%g (n,9)
2G |5

14



F.or odd values of n
fn(n, 9) = Fl(n, 8)sin 6 + F2(n, f)cos 6
(32)
gn(n, 6) = F(n, 8)cos 6 - Fy(n,6)sin 6
where
j
Fl(n’ 8) = (1 -n- 4/_)cos(n - 2)9 + < - E)cos (n + —1->9
2 2 2 2
and } (33)

F2(n, 9) = (g +n - 4;1) sin(n - %)9 - ( - g)sin(n +%>9

J
for even values of n
fn(n, 9) = F3(n, 8)sin 0 + F4(n, g)cos 0
(34)
g,(n, 8) = Fa(n, f)cos 8 - F4(n, 8)sin 6
where
Fg(n, 6) = (3 - n -4u)cos(n - 1)6 + (n + L)cos(n + 1)6 h
and > (35)
F4(n, 0) = -(3 + n - 4y)sin(n - 1)8 + (n + 1)sin(n + 1)8
-/

To obtain the singularity element stiffness matrix, the element is divided into many (p)
segments. A typical segment is shown in figure 3. From equation (27) in matrix formu-
lation we have

{U} =[H|{d}
At the six nodal points we evaluate
{6} =[C]{d} (36)
15



hence
{4} =[c)(s}
thus
(U} = [m][c1](6)

And from equation (28)

{e} =[Ty](d} =[ry)c M8} (37)
and it follows that
[k] -slc™] ( S/ 11Tl laa et (38)
singularity ~ arla 1 1 ]
element
Let
T
Py = S/ rIp)ria
’ area
After some algebraic manipulation and integration the matrix elements become
p 3
_ 2 q+t)/2 [ ]
Pa,t Z D — 410926, (09D, (G (6] 2, (39)
j=1 s=1 z=1
where q,t=1, 2, . . ., 12, p is the number of segments of the cracked element, and

16



G(e)l, 2n-1 = Fy(n, 6)(X, sing + cosze) + Fy(n, 6)X, sin 6 cos 6 + F'l(n, 8)sin 6 cos @ + Fy(n, e)cosze
G(6)g, gq-1 = F(m, 6)(X; cos”6 + sin®6) - Fy(n, )X, sin 6 cos 0 - F(n, 6)sin 6 cos 6 + Fh(n, 6)sin
G(9)3, on-1 = Fq(m, G)X2 sin 20 + Fy(n, G)X2 cos 20 + Fj(n, 6)cos 26 - F'Z(n, 8)sin 20
G(G)l’ on = F3(n, 0)(n sin20 + cosze) + Fy(n, 6)X5 sin 6 cos 0 + F3(n, 0)sin 6 cos 6 + le(n’ 0)00529
G(6)g, g = Fyln, 6)(n 0570 + sin) - F(n, 0)Xy sin 0 cos 0 - Fyn, 0)stn 0 cos @ + Fy(n, 6)sin®

G(e)s’ on = Fg(n, 0)X4 sin 26 + F 4(n, 6)X4 cos 26 + Fa(n, f)cos 20 - F;(n, 8)sin 26

where
1
X,=n-~=
1 2
3
Xg=n-=
2 2

and

gg [F(n, 8)] = F'(n, 8)

(40)

17



10.

11.

12.

13.

18

REFERENCES

Isida, M.: Stress-Intensity Factors for the Tension of an Eccentrically Cracked
Strip. J. Appl. Mech., vol. 33, no. 3, Sept. 1966, pp. 674-6775.

Forman, R. G.; and Kobayashi, A. S.: On the Axial Rigidity of Perforated Strip
and the Strain Energy Release Rate in a Centrally Notched Strip Subjected to Uni-
axial Tension. J. Basic Eng., vol. 86, no. 4, Dec. 1964, pp. 693-699.

Sneddon, I. N.; and Srivastav, R. P.: The Stress Field in the Vicinity of a Griffith
Crack in a Strip of Finite Width. Int. J. Eng. Sci., vol. 9, no. 5, May 1971,
pp. 479-488.

Brown, W. F., Jr.; and Srawley, J. E.: Plane Strain Crack Toughness Testing of
High Strength Metallic Materials. Spec. Tech. Publ. No. 410, ASTM, 1967.

Byskov, Esben: The Calculation of Stress Intensity Factors Using the Finite Ele-
ment Method with Cracked Elements. Int. J. Fracture Mech., vol. 6, no. 2,
June 1970, pp. 159-167.

Gallagher, R. H.: Survey and Evaluation of the Finite Element Method in Fracture
Mechanics Analysis. Presented at the First International Conference on Structural
Mechanics in Reactor Technology, Berlin, West Germany, Sept. 1971,

Mendelson, Alexander; and Spero, Samuel W.: Elastic Stress Distribution in a
Finite-Width Orthotropic Plate Containing a Crack. NASA TN D-2260, 1964.

Bromwich, T. J. I'A.: An Introduction to the Theory of Infinite Series. Second ed.,
rev., Macmillan Co., 1926.

Sneddon, Ian N : Fourier Transforms. McGraw-Hill Book Co., Inc., 1951.

Zienkiewicz, O. C.; and Cheung, Y. K.: The Finite Element Method in Structural
and Continuum Mechanics. McGraw-Hill Book Co., Inc., 1967.

de Veubeke, B. F.: Displacement and Equilibrium Models in the Finite Element
Method. Stress Analysis. O. C. Zienkiewicz and G. S. Holister, eds., John
Wiley & Sons, Inc., 1965, pp. 145-197.

Williams, M. L.: On the Stress Distribution at the Base of a Stationary Crack.

J. Appl. Mech., vol. 24, no. 1, Mar. 1957, pp. 109-114.

Gross, Bernard; Roberts, Ernest, Jr.; and Srawley, John E.: Elastic Displace-
ments for Various Edge-Cracked Plate Specimens. Int. J. Fracture Mech.,
vol. 4, no. 3, Sept. 1968, pp. 267-276 (errata, vol. 6, 1970, p. 87.)



61

TABLE L

COEFFICIENTS FOR VARIOUS NOTCH

DEPTH TO PLATE WIDTH RATIOS

AND MESH DENSITY

- DIMENSIONLESS STRESS INTENSITY

Method Source Mesh |Notch depth to plate width
density, ratio, a/b
N
0.1 0.3 ]0.333]0.305
Dimensionless stress in-
tensity coefficient,
Y = (2bBK))/(Py/f2)
Fourier This report -- 1.78-1.87|1.90 }2.11
transform Ref. 3 -~ 1.79(1.88|---- 12.12
Finite ele- Ref. 5 (a) - |----11.83 |-~---
ment This report 16 ———=|----]1.74 | ----
18 ———=|----|--~- |2.08
21 --—-|1.79|1.81 |----
32 1.52 |1.82 |---~ |----
64 1.66 [----|---- [----
80 1.65 |----j---- |----

2Not available.

Dimensionless stress intensity coefficient, Y

2.5-

2.4 —

., pall2
v Kr=Y" 280
| I I | |
L& 1 2 3 4 5 6

Crack length to plate width ratio, alb

Figure 1. - Stress calibrations for center-cracked specimen
(refs. 1, 2, and 7).



Yo

I S

0

Quarter
plate
section

_ZZL

e 22 =]

1]

(a) Center cracked plate subjected
to uniform end displacement, Vy.

- X
4 “~Crack tip

Crack element with node locations at
verticies and midpoints and typica!
segment used for numerical inte-

(b} Dimensioniess
guarter section.

2
3

N3
X

e

2 |

(afb=0.100, or 0.300, 0.333)

-

—1—

R AL P

1
o>

.

(a/b = 0.505)

{c) Typical finite-element mesh for quarter section.

Figure 2. - Plate configuration and typical finite-element mesh.

us

Typical 2nd order triangular element with node
locations at verticies and midpoints

Figure 3. - Typicatl finite-elements for center cracked plate.

Call singularity
element stiffness

gration
Yes
Mesh Singularit
Input g y
dafa generator element
subroutine
No

20

subroutine

Call triangular

Call master

stiffness matrix

subroutine

_—

Have all element
stiffness matracies
been computed?

element stiffness

subroutine

No

Figure 4. - Simplified flow diagram of program operations.

Yes

Call master
stiffness matrix
solving sub-

routine




Dimensionless crack profile

LO

.90

.70

.10

10

.90

.70

8 Length to
width ratio,
A

O
O

VIR N~

] I !
(a) Notch depth to plate width ratio, 0. 1.

Length to
) width ratio,
A
o 1
3
O 3
e | ] _ 1 ] |
.2 4 6 .8 L0

Dimensionl;ass location a|onq.crack, -x/(alb)
(b) Notch depth to plate width ratio, 0.3.
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Dimensionless crack profile
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