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TECHNICAL MEMORANDUM X-64640

LINEAR INTERPOLATION OF FOUR-DIMENS [ONAL
TABULATED DATA FOR COMPUTERS WITH SINGLE
SUBSCRIPTED VARIABLE CAPABILITY

INTRODUCTION

At present several numerical methods exist for interpolation of
tabulated data of functions of several variables, notable of which are the
Gregory-Newton, Gauss, and Lagrangian. These methods depend, however,
upon the calculation of finite differences or coefficients to fitted polynomials,
If the tabulated data are approximately linear, the above methods are very
accurate but the computation time involved is excessive, especially for digital
computer applications. Linear interpolation has approximately the same
accuracy but with much less computation time. '

With the purpose of faster computation, a Fortran digital computer sub-
program was developed to linearly interpolate tabulated data of four or fewer
dimensions. As a test of the program's proficiency and accuracy, it was
used to interpolate approximately linear aerodynamic data which were tabulated
as a function of four variables. The results of the linear interpolations were
compared with those of Lagrangian interpolations of the same data. The
answers varied only in the fourth decimal place; however, the linear routine
extracted approximately 1000 values in the time it took the Lagrangian routine
to extract 400 values. The slight inaccuracy of the linear method was offset
by its inherent speed.

MATHEMATICAL MODEL

The first step in establishing a mathematical model for the linear
interpolation of a function Q of the four independent variables X, Y, Z, and W

in tabulated form would be to express Q as a subscripted variable of the
fourth dimension:

QR =QX(I), YJ), Z(K), W(L)) )

with a single subscripted variable for each of the independent variables,
where 1, J, K, and L are the number of elements in each array, respectively.



Linear interpolation could then be accomplished easily by finding the location of
the desired point Q (XS, YS, ZS, WS) from the independent variable arrays.
This method is fine for large computers, but it fails for many smaller machines
which allow a maximum of only three subscripts. To permit utilization of the:
method on any computer with one-dimensional subscripted variable capability,
the four-dimensional @ array may be mapped into a one-dimensional array
@* (N) (the * notation will be dropped for brevity in the following discussion) .

The mapping is as follows, selecting a (3 x 3 x 3 X 3) array as an
example: '

Q) =Q(1, 1, 1, 1)

Q) =Q(, 1, 1, 3)

QM) =Q(1, 1,2, 1)

Q(5) =Q(, 1, 2, 2)

Q(6) =Q(1, 1, 2, 3)

Q(7) =Q(1, 1, 3, 1)

(2)
Q(8) =Q(1, 1, 3, 2)
QM) =Q, 1, 3, 3)

Q(10)= Q(1,

[\)
[

1)

Q(11)=Q(1,

[\]
—

2)

Q(N)=Q(', J', K', L")

N'=(I"-1)*J+*K-L+(J'-1) -K-L+(K'-1) - L+L'. (3)



For the (3 X 3 x 3 X 3) example there willbeI - J - K + L or 81 elements in the

Q(N) array.

Figure 1 depicts the complete mapping for the (3 X 3 x 3 x 3)

example. However, because of the form of certain mapping equations [see

equations (5)], the number of elements in Q must be increased by
These added terms are for working storage, and their values

L (K

+1) +1.

must be initially zero. Therefore, the number of elements in Q must be

N=I+J*-K-*'L+L- (K+1) +1.
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Q(75]

1
Gt2a3,2:23 JU2
G2s3,243) g;
Q(2a3,3a1)
Q[E‘3)3A2]
R[2243,343)

mapped into a one-dimensional array.

A0786]
A077]
Al78)
2079)
plad)
al&1)

Four-dimensional (3 X 3 x 3 X 3) array
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(4)

0032151011
A0321,1:2]
Rl321,1.21
Ql3,1,2211
RL321,222]
Q[(3,1,2,3)
R3,1:,3:1)
R{3,1,3,2]
R03,1,3,3)
R{3,2,121)
R(322,1.2)
R[3222123)
N[222,221]
RL3222222)
R[392,223)
QL3,25,3:1)
R[32,2,3:2)
QN[32253,3)
R{3,3,1,1)]
R[3:,3,122)
Q[323,1,3]
R[3,3,221)
Qr31,3,252)
R[3,3,2:3)
Q(3,3,3,1)
Q(3,3,3,2)
R03,3,3:,3]



Associated with the one~dimensional Q array will still be a one-
dimensional array for each of the independent variables X, Y, Z, and W. These
arrays contain the data points along the respective independent variable ranges,
e.g., X may vary from 10 to 100 in increments of 10, thus giving 10 values for
the X array. The elements of these arrays must be in nondecreasing order.

METHOD OF LINEAR INTERPOLATION FOR
FOUR DIMENSIONS

_ After the dependént and independent variable arrays have been estab-
lished, the dependent variable Q may be determined for a given point with inde-
pendent variables (XS, YS, ZS, WS) by linear interpolation.

‘Initially, the location of the point's independent variable coordinates
within the respective independent variable arrays must be ascertained. For
example, XS obviously lies between some X (II) and X (II + 1); also YS lies bet-

“ween some Y (JJ) and Y(JJ + 1), etc. The indices of prime interest are II, JJ,
KK, and LL. If any of the point's coordinates happen to coincide with the last
entry in the respective array, that corresponding index is equated to the array
dimension, e.g., Il =1. Also, if any of the point's coordinates lie outside the
range of their respective arrays, these variables are assumed to be the end-
points. ‘ '

_ Again, referring to the (3 x 3 x 3 x 3) array in Figure 1, the linear
interpolatioh method may be illustrated with. sample values for (II, JJ, KK,
LL) of (1, 2, 1, 2). These known indices facilitate the determination of the
appropriate values of Q, which must be interpolated in each of the four dimen-
sions. As noted in Figure 1, these particular elements of the Q array are

_subscripted 1, L, I, I, T'y, I, I';, I'y, and are obtained from the follow -
ing mapping equations:

L=(@M-1)-J*K-L+JdJ-1) K- L+(KK-1) «-L+LL
12211+L

(5)
I3:Ii+K’L

I4:I3 + L



The primed subscripts are obtained by adding J + K - L to the preceding unprim-
ed subscripts, respectively. The equation for I, forces the Q storage require-
ment increase referred to above.

A schematic of the necessary linear interpolations in each of the four
dimensions is shown in Figure 2. Interpolation of the aforementioned sub-
scripted elements of Q in the W dimension yields the values Ty, T, Sy, T'y,
T'y, 8', 8'5. These values are then interpolated in the Z dimension to pro-
duce Uy, Uy, Uy, U'y, which are interpolated to obtain Vj and V, in the Y
dimension. Q(XS, YS, ZS, WS) is then obtained from the X dimension inter-
polation of V{ and V,. The linear interpolations are of the form

Q=V, + XS -X(I1)

Y0141 -xan Cvr - (6)

The required value of Q is thus easily obtained once the appropriate Q sub-
scripts are known.

METHOD OF LINEAR INTERPOLATION IN
FEWER THAN FOUR DIMENSIONS

The previous equations pertaining to linear interpolation of four-
dimensional tabulated data may also be used with 1, 2, or 3 dimensions. The
only necessary requirements for three dimensions are that L and LL be equated
to one, W(1) be equated to zero, and W(2) be equated to a positive real number.

In two dimensijons the three-dimensional requirements must be met in
addition to similar requirements on the Z dimension parameters: K=1,
KK =1, Z(1) =0, and Z(2) > 0, with additional simplifications:

(7)

For one dimension the two-dimensional requirements must be met plus
similar requirements on the Y parameters: J =1, JJ=1, Y(1) =0, Y(2) >0.
There is no need now for the primed indices on Q since the interpolation
equations need hold for only the unprimed indices. '
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COMPUTER SUBPROGRAM

Two Fortran computer subprograms were written for linear interpola-
tion of tabulated data of four or fewer dimensions. Listings of these routines
are given in Appendix A and B. The routine referred to in Appendix A requires
no more than single-subscript capability, whereas that in Appendix B requires
double-subscript capability. The computer word storage allocations for the
respective routines are Routine A, 727, and Routine B, 718. Routine B is pre-
ferred because of its smaller storage allocation and slightly faster computation
time. However, it is somewhat more complicated in the expression of its argu-
ments.

The included comment cards at the beginning of each routine should be
sufficient to enable easy use of the methods based on the mathematical model
presented herein.



APPENDIX A

FOUR-DIMENS IONAL LINEAR INTERPOLATION
SUBPROGRAM FOR COMPUTERS WITH SINGLE
SUBSCRIPTED VARIABLE CAPABILITY
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FUNCTION TLUAD (N, JsK,LyXsY,2,Ws0,%XS,YS,Z5,4S)
UIMENSION X(1), Y(1), Z(1), W(1), Q(1), V(2)

FOUR-DIMENSTONAL TARLE LOOK-UP ROUTINE

G IS A FUNCTION OF THE FOUR VARIABLES X,Y,Z, AND W, IN THE
TAaELE,» A ONE DIMENSTONAL ARRAY IS ENTEREU FOR EaCH VARIABLE AND
d, THE DIMENS]ONS 0OF THE ARRAYS ARE SPECIFIEL 4S...

NUMBER OF ELEMENTS IN X ARRAY
NUMBER OF ELEMENTS IN Y ARRAY
NUMBER OF ELEMENTS IN 7 ARRAY
NUMBER OF ELEMENTS [N ARRAY

~—xXcZ
x

THE VALUES OF Q IN THE TABLE ENTYRY ARRAY ARE EXPRESSED AS W
THIS EXAMPLE OF A 3,3,3,3 ARRAY,,.

(1Y = @G(1,1,1,1)
Q(2) = 0(31,1,1,2)
Q(3Y = 0(1,1,1,3)
Q04) 2 0(1,1,2,1)
Q(5) = 0(1,1,2,2)
Pe6Y = 0(1,1,2,3)
G(7) = N(1,1,3,1)
Qes) = 0(1,1,3,2)
(9 = Q(31,1,3,3)
Q(i%) = Q(1,2,1,1) AND SO LN,

THE DIMENSION OF G MUST BE NedeKel + Le(Kel)ed WHEKE THE
Le(X+1)+1 TERM IS FOR WORKING STORAGE, THE ELEMENTS OF THE
WORAING STORAGE AREA OF THE ARRAY MUST RE INITLaLLY ZERDED oUT,

GIVEN VALUES FpR THE FOUR VARIAGLES (XS,YS,ZS,WS) THE ROUTINE
LINFARLY INTERPOLATES FORrR THE VALUE OF 0(XS,YS,/S,WS), THE

IF ANY OF THE FOUR VARIABLES XS,YS$,2S,%WS LIE CUTSIDE THE
RANGE OF THEIR RESPECTIVE ARRAYS, THESE VARIABLES ARE ASSUMED
TO BE THE ENDPQINTS, :

ANSWER BEING EXPRESSED AS TLU4D,

THE ROUTINE [S WRITYEN FOR FOUR DIMENSIONAL USAGE, BUT MAY ug
USED FOR 1,2,AND 3 DIMENSIONS, FOR a THREE-DIMENSIONAL TABLE

L MUST 8E SET EQUAL TO 1 AND A DUMNY VARIABLE U(K) MUST BE SET
FOR THE W ARRAY AS D(1)30,0 AND DLe2)= ANY PCSITIVE VALUE
GREATER THaN g, FOR A TWO-DIMENSIONAL TABLE K aND | MUST BE
EQUAL TO 1 WHILE THE DUMMY ARRAY REPLACES BOTKH THE W AND Z
ARRAYS, FOR ao ONE-DIMENSIONAL TABLE J,K,L MUST alt RE S€T
EQUAL TO 1 AND THE DUMMY ARRARY REPLACES THE Y,Z, ANU 4 ARRAYS,

P> Y>EPP>P>PEPP>PPEPEERPEPERERBPEDRPERBIDDDPEPDPIPEDLBEDPTDRPDEPEPPDDEERDDEDLPDDDDD

O@ONO LN -

11



“ 10
20
30

410

50
én
70

30
9u
100
1190

120

130
140
1510

160
170
‘1680
190

200
210

220
2410

241
25
260
270

289
290
300
310
320
330

340
k-2l

12

I=1

IF (x(I1)=XS) 20,20,50
IfF (1=N) 30,40,40
I=z1+1

GO YO 10

Il=N

GO 10 69)

1l=z]=-1 ;

IF (J-1) 70,70,82
Jud=1

KK=1

LL=1

#G TO 300

=1

IF (y(l)=-¥S).100,100,130
IF (1-J) 110,120,120
Izl+1

G0 TO 90

Jdz J

GO TO 140

Jdzlet

IV (K-1) 150,150,160
KKk=1

LL=}

GG 7O 380

T=1

If (2(1)=2S5) 18Q0,1Rp,210
IF (I-K)Y 190,200,200
I=1+1

Gy Tn 170

KK =K

GO To 220

KKzle1

IF (L-1) 230,23¢C,740

tl=1

Gy Tn 300

l=1 .
TF (W(1)=WS) 260,260,29¢

IF (1-L) 270,280,280
I=1+1

G0 TO 250

LLsL

Go Tn 300

LL=l=1

NNz Jokw|

IV (11) 320,310,320
11=1

I¥ (Juy 340,330,340
Jd=1

IF (KK) 360,350,360
KK=1

P PP PEPEBPD>PEBPEPYPDPEBPDERDPDRPPDP»DPPRPEDEERPPLPEBEPDLED>ERRERDDPPI>EPIPTPRPPRPDEDIDPEDDYD»RDE



360
370
380

390

410

4290

430

440
450

IF (LL) 380,370,380

LLel i
I12(11=1)*NNe(JJmg)oKo o (KK=-1)oLsLL
12211+

IF (K-1) 390,390,400

13=11

14212

GO To 410

13=211eKel

14=[3+L

No 440 [s31,2,1
Wis(WS~WILLY)/(WCLL+L1)»WILL))
TL=Q(11)+Wie (Q(ILe1)=QU]L1))
TEeQ(12)eWiv(Q(12+1)0Q(12))

S1=Qt I3 +Wiw(g(13e1)aglI3))
S2=Q(14)*Wie(Q(1441)=Q(]4))
UlsTee(ZSZ(KK))#(T2°TL)/(Z(KK+1)=2(KK))
U2sS2+(2SeZ(KK) I« (S2281)/(Z(KK+1)=Z(KK))
VII)2Ule(ySay(JJ)1e(U2=UL)/7(Y(JJel)»y(Jy))
IF (J=1) 420,420,430

V(2)=2y2

GO T0. 450

I1=]1+NN

I2=12+NN

13=13«NN

14=]14+NN

CONTINUE .

TLU4AD=V 1)+ (XS=X (1] eV )=V I/ IX(ITe1)-XCI1))

RETURN
END

PP PEPPTPPBPBPPIPDODBRBEERPPPIPEPRPDE»EDPERPEDDRDPD

13

106
107
198
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123

‘124

125
126
127
128
129
130
131
132
153
134
135
138
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FOUR-DIMENS IONAL LINEAR INTERPOLATION
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FUNCTION TLU4D (M,X,0,XS)
DIMENSION Q(1), V(2), P(5), XSt1), M(1), L(4), X(1,1)

FOUR=-DIMENSIONAL TABLE LOOK=UP ROUTINE

0 IS A FUNCTION OF THE FOUR VARIABLES X,Y,Z.W AND M |S A ONE-
DIMENSIONAL ARRAY WITH FOUR ELEMENTS WHICH ARE THE NLMBER QF
ELEMENTS IN THE INDEPENDENT VARJABLE ARRAYS ,,.

N = M(1) = NUMBER OF ELEMENTS IN X ARRAY
J = M(2) = NUMBER OF ELEMENTS .IN Y ARRAY
K = M(3) = NUMBER OF ELEMENTS IN Z ARRAY
L = M(4) = NUMBER OF ELEMENTS IN W ARRAY

WHERE ..,
X(1,N) CORRESPONDS TO THE X ARRAY
X(2,N) CORRESPONDS TO THE v ARRAY
X(3,N) CORRESPONDS TC THE Z ARRAY
X(4,N) CORRESPONDS TO THE W ARRAY

AND ALSO .,,
XS(1) CORRESPONDS TO THE POINT COORCINATE XS
XS(2) CORRESPONDS TO THE POINT COORLINATE YS
XS(3) CORRESPONDS YO THE POINT COORCINATE 2S
"XS(4) CORRESPONDS TO THE POINT COORCIVATE WS

- THE DIMENSION OF O MUST BE NeJeKel, + L»(Kel)e) WHENE THE

Le(Kel)+1 TERM IS FOR WORKING STORAGE, THE FLEMENTS OF THe
WORKING STORAGE AREA OF THE ARRAY MUST BE INITJaALLY ZERODED OUT,

GIVEN VALUES FOR THE FOUR VARIABLES (XS,YS,ZS,WS) THt ROUTINE
LINEARLY INTERPOLATES FOR THE VALUE OF 0(XS,YS,Z5,WS), THE
ANSWER BEING EXPRESSED AS TLU4D,

IF ANY OF tHE FOUR VARIABLES xS,YS,ZS,wS LIE CUTSIDE YHE
RANGE OF THEIR RESPECTIVE ARRAYS, THESE VARIAELES ARE ASSUMED
To BE THE ENDPOINTS, .

THE ROUTINE IS WRITTEN FOR FOUR DIMENSIONAL USAGE, BLT MAY BE

USED FOR 1,2,AND 3 DIMENSIONS, FOR Ao THREE~DIMENS]ONAL TaABLE.
L MUST BE SET EOQUAL TO i AND A DUMMY VARIABLE D(K) MUST BE SET
FOr THE W ARRAY AS D(1)=0,0 AND D(2)= ANY PCSITIVE VALUE
GREATER THaN 9, FOR & TWO-DIMENSIONAL TABLE Kk AND L MUST BE
EQUAL TO 1 WHILE THE DUMMY ARRAY REPLACES BOTK THE. W aAND Z
ARRAYS, FOR A ONE~DIMENSIONAL TABLE J,K,L MUST aLL BE SETY
EQUAL TO 1 AND THE DUMMy ARRARY REPLACES THE v,Z, ANL W ARRAYS,

17
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2n
30
41
50
60
70

80
190

110
126
130

174

180

190
200

18

Do 100 J=1,4,1

TaM(J)

Do 1o K=1|Iai

P(K)=X(d,K)

PSeEXS(J)

IF (M(J)-1) 80,80,20

I=1

IF (P(1)=PS) 40,40,70

1F (1-M(J)) 50,65,60

I=le1

GO0 T 3Q

Ledr=mMtd)

GO TO 100

L(Ji=]-1

G0 TO 100

D0 90 K=J,4,1

L(K)=z)

50 TOo 139

CONTINUE

D0 120 K=1,4,1

IF (L(K)) 120,11p,120

L(K)=1 :

CONTINUE

NaM(2)*M(3)aM(4)

T12(L (1) =2 ) wNe(L(2)c1)*M(3)#M(4)a (| (3)ml)eM(4)+L (4)
12311+M(4)

IF (M(3)=1) 140,140,150

13=11

14172

GO To 1690

13z2]1+M(3)*M(4)

I14=]13+M(4)

00 190 K=21,2,1

Il=L(1)

Jd=L(2)

“KzL (3)

Li=L(4)

W1z (XS(4)eX (4, L))/ (X(4,)LL*21)-X(4,LL))
T1=0(11)*Wie(Q([1e1)=Q(]1))
T2=Q(12)+Wis (124213012
S1=0C13)+Wle(0(131)=0(13))
S2=0([4)+W1*(Q(]de1)=Q(]4))
U1=T1e(XS(3)mxXt3,KK)I*(T2=T1)/(X(3,KK+1)=X(S,KK))
U22S2+(XS(3)=X(3,KK) I« (S2=S1)/(X(3,KK+1)-X(3,KK))
VIK)2Ul+(XS(2)=X (2, ) )" (U2=UL)/(X(2,J+1)=X(2:JU))
1F (M(2)=-1) 170,470,180

V(2)=u2

50 TO 200

I1=]1eN

12z]2¢N

13z[3+N

14=14+N

CONTINUE

TLUGD=V (1) +(XS(L)=X(1,11))#(V(2)=V( 1))/ (X(1a1]+2)=-X(1,10))
RETURN

END
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