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ANALYTIC SHORT PERIOD LUNAR AND SOLAR

PERTURBATIONS OF ARTIFICIAL SATELLITES
David Fisher

ABSTRACT |
The short period luni-solar theory of Kozai is gen-
eralized for arbitrary obliquity of the ecliptic and
inclination of the moon's orbit to the ecliptic. Analy-
tic first order luné.r perturbations to the elements
are derived. The theory is illustrated by an appli;

cation to the communication satellite Intelsat 3F3.



ANALYTIC SHORT PERIOD LUNAR AND SOLAR

PERTURBATIONS OF ARTIFICIAL SATELLITES

i. INTRODUCTION

In order to improve the accuracy of the computation of the orbits of satel-
lites by analytic means,. it is important to take into account lunar and solar
perturbations. Thus the order of magnitude of the lunar perturbations of short
period in the semi—majpr axis is

§a/a=11x10"7 a%/a’ 1)

where a is the semi-major axis of the satellite and a_ the radius of tile Earth. For
example, for a close Earth satellite with the semi-major axis equal to about
7000 km, the order of magnitude of the perturbation will be about a meter, while
for a communication satellite with semi-major axis of 42,000 kilometers, the
order of magnitude of the lunar perturbations is about 1.4 kilometers. This is
substantiated by the observations of an arc of Intelsat 3F$ data, Figure 1.

In .order to provide insight into our analysis, the luni~solar theories first
developed by Kozai 1959, 196é are briefly sketched.

In 1959, Kozai showed that the luni-solar disturbing function R’ is expres-

sible in a form which we may write symboliéally as

R' =K(a, e, i)K' (a’, e', i')cos (£, g, h, ¥, ¢, h") (2)
In Equation 2, the elements of the satellite are the unprimed quantities. Thus a,
e, and i represent the semi~-major axis, eccentricity, and inclination of the satel-
lite orbit to the equator, while £, g, and h refer to the mean anomaly, argument

1



of perigee, and right ascension of the node of the satellite. The primed quanti-
ties represent the corresponding elements of the sun or the moon.

The elements i' and h', when they refer to the inclination of the moon's
orbit to the equator and the right ascension of the moon's node along the equator,
show large non-linear variations with time. In 1966, Kozai completely elimin-
ated i' in all terms and h' in most of the significant terms, by means of semi-

analytic formulas of the type

sin?i’ cos 2h' = .156 + .065 cos N + .007 cos 2N (3)

Here N is the longitude of the moon's node along the ecliptic. The quantity N is
an angle which varies essentially linearly with time. Using formulas like those

of Equation (3) the disturbing function is representable in the form
R' =CK(a, e, i) cos (4, g, h, X', £/, N)

where C is a constant and A\’ is the mean longitude of the disturbing body.
In this report, the constants appearing in Equation 3 are replaced by more

general formulas of the type

sin%i’ cos 2h’ = (€, J) + (€, J) cos N + (¢, J) cos 2N (4)

Here ¢ equals the obliquity of the ecliptic and J the inclination of the moon's
orbit to the ecliptic. Both ¢ and J are very slowly varying quantities.
Using formulas of this kind, the disturbing function of the moon is derived

in a general form



R' =K(a, e, i)K' (a', e, ¢, ) cos (4, g h, £, N, \') (5)

The main advantages of using these transformations are that they can be
appliéd to other three-body configurations than the Earth-satellite moon system,
and that the accuracy of the transformation can be improved by using more pre-

cise values of ¢ and J.

A pfogram written in APL language was prepared to evaluate the coefficient
K' of Eq. 5. The author used this language in a remote control unit for develop-
ing the program, a listing of which is available at the Goddard Space Flight Center
APL public library under the function name MNCLA. To my knowledge this is
the first instance of a program in analytic celestial mechanics conducted ex-
clusively from a remote control terminal. We learn to appreciate the remark-

able capability of APL in handling vectors and matrices.

Using this program for the coefficients K', with the same initial conditions
as Kozai it was found that Kozai's development was correct with the exéeption
of a single error in sign of a term of small magnitude. Thus the correct co-
efficient of the term with argument O~ N - 2)' is +.003, rather than -.003 as
given by Kozai.

In this report, instead of applying the theory to close Earth sateilites, we
shall apply it to communication satellites, which are strongly influenced by the

sun and the moon, to the extent indicated by Eq. 1.

The results given in this report lead to the conclusion that the analytic
formulas presented are accurate and convenient for obtaining the solar and lunar

perturbations on a wide selection of satellites.
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2. ANALYSIS

The first step in the process of finding the analytic perturbations in the
elements consists of finding and expanding the disturbing function. The next
step is usually either to set up the Lagrangian equations of motion and solve
these, or alternatively, we may define a determining function and use the method
of canonical variables. In this report, the latter course is chosen.

Following the procedure of Kozai, 1966, we first represent the dis-

turbing function R? in the form
] 12 0 2f T 2 al 3 A AI 0 40 9 6
Ri=n"“m a Z{) (—.;> vq Avg! qu:q cos (qp + 9@’ + v0) (6)

where q, q', and v take the values given in Table 1.

The nomenclature and symbols appearing in Eq. (6) are described in the
section on notations, appendix 2,

The functions qu, A;q. , and the constants C, rq 2TE given in Table 1. The
index g takes on the two values 0 and 2, the index ' takes the value -2, 0, 2,
while the index v varies over the range -2, -1, 0, 1, 2, as indicated in Table 1.

The expansion of the disturbing function, Eq. (6) now begins. First, we give
g the values -2, 0, and 2 as indicated in Table 1. Then by means of Cayley's
tables, 1861, the disturbing function R' of Eq. (6) is expanded in terms of

4', the mean anomaly of the disturbing body to obtain as in Fisher, 1971,



TABLE 1

+A

+ A

\

v2 vO 1/02
,
+A, A, Cupn By

v2 v2 v22

q q' v A . A, _ai'”‘_

va va'q va d(cos i)
0 0 0 1-3/2sin? i 1/4 1 - 3/2 sin? 3cosi
0 2 0 3/8 sin? i’
0 0 1 _ sin 2i 3/16 sin 2i - 2 cos 2i/sin i
(i 2 -1 -3/8 sin i' cos? i'/2
0 2 1 3/8 sin i' sin® i'/2
0 2 -2 sin? i 3/8 cos? i'/2 ~-2cosi
0 0 2 3/16 sin? i
] 2 2 3/8 sin* i'/2
2 -2 (] sin? i 9/32 sin? i -2cos i
2 0 0 3/8 1~ 3/2 sin? i’
2 2 (] 9/32 sin? i’
2 -2 2 cos'i/2 3/4 cos® i'/2 cos? i/2
2 0 2 3/8 sin? i'
2 2 2 3/4 sin* i'/2
2 2 -2 sin* i/2 3/4 cos* i'/2 - 8in?i/2
2 0 -2 3/8 sin? i’
2 -2 -2 3/4 sin* i'/2
2 -2 1 sin i cos? i/2 3/4 sin i' cos?i'/2 1 - cos i._ 2 cos” i

28ini
2 0 1 -3/8 sin 2i'
2 2 1 -3/4 sin i' sin? i'/2
2 2 1 sin i sin? i/2 -3/4 sin i' cos? i'/2 _(1+cosi-2cos’ i)
28ini

2 0 -1 3/8 sin 2i'
2 -2 -1 3/4 sin i' sin? i'/2

rAuo Ao C,00Bgg coOs: V6

A oA, Clo0Biig cos (il +v0)
+A,, ;2 vzoB i, COS (i't o+ 2g" +00)
2

R =n'2 2 (g) Z <+ sz A, c vo2 Boo €O (2¢ + vO) (7

B;,o cos. (i'?' + 2¢ + v6)

B! cos (i'4' - 2g' +2¢4+16)

B{,, cos (i'"{' +2g' + 20 +v6)



The range of the indices i' and v are given in Tables 1 and 2. No confusion

should arise between the use of if as an index or i! as an inclination.

TABLE 2

By it B!, , i’ B'., if
53/16 e'3 -3 | 845/48 e'3 -5 | 1/48 e'3 -1
9/4 e'? -2 | 17/2 e'? -4 0 0
3/2e'+27/16e™ | -1 | 7/2e'-123/16e'3| -3 | -1/2e' +1/16 e'3 1
(1- e?)-3/2 0| 1-5/2e? 2| 1-5/2em 2
3/2 e' +27/16 " 1| -1/2e'+1/16e'3 | -1 | 7/2 ' - 123/16 '3 3
9/4 e'? 2 0 0| 17/2 e? 4
53/16 e'3 3| 1/48 e 1| 845/48 '3 5

The coefficients B! 'y arise from the expansion by means of Cayley's
tables, Cayley, 1861, and are listed in Table 2 to order e’3.

In order to simplify the notation we define

Qo :A:»o 00 B:)o cos V& P, :ALo 02 B(')O cos (2 + v6)
+A,0¢,00Bigcos (i't' +v6) +A),¢,0,Bligcos (i + 24 400)

(8)

+A' ¢ Bi_,cos (i't'-2g'+2¢ +v0)

+AL2 c B'.2 cos (i%' +2g" +10) -2 “v=22 "

207

+A),c Bl cos (i€ +2g" +2¢40v0)

Hence Eq. (7) is replaced by

2
R =n'2n a? (;) ) Ay AR ©)



The indices and range of summation in this equation as well as those follow-
ing are the same as in Eq. (7).
By elementary trigonometry using the definition of ¢, Eq. (9) can be ex-

panded in the form

2 —
R' =n'2m’ a? (;) ? {A,0Q,+A,,0,cos2f-A Q sin2f} (10)

Q, is obtained irom P, by replacing the variable ¢ by g, the argument of
perigee. Ql, is derived from Q . by replacing the cosine functions by sine
functions, keeping the same arguments as in Q . |

The quantities Q,, Q,, and Ql are no longer functions of the mean anomaly
and are consequently slowly varying quantities which may be held constant when
integrating §vith respect to the mean anomaly.

To find the short period disturbing function, the mean value of R' found by
averaging with respect to the mean anomaly is subtracted from R'. Consequently,

the short period disturbing function R; is given-by



since the mean values of r>/a2, r 2/a2 cos 2f, and r2/a? sin 2f are 1 + 3/2 2,
5/2 e?, and 0 respectively.

From the method of canonical variables applied to sateilite theory,
Brouwer and Clemence, 1961, we define the determining function S by means of

the partial differential equation

Io)
|42]
it

[ =
-

12)

Q)
So
o}

For arbitrary eccentricities, it is convenient to integrate Eq. (12) by transform-

ing to the eccentric anomaly E. We use the relations

i:l-—ecosE, _r_cosf:cosE-e
a a
(13)
dt=L4dE Tsinf=(1-e)!/2sinE
a a
Consequently, we find that
g-nZm 2 {A T +A T, +A,Q, T} (14)
T v Qo Ty +A,,Q T +A,Q Ty
with
T, = (-—2e+‘—3e3)sin};2+ie2sin2E—isin3E
0 4 4 12
2 2
T :_ie(1_8_>s'm}z+l(1+‘f_)sian-is‘m3E (15)
1 2 2 2 2 6

!
t

) (1 - e)l/2 [%ecosE—%(1+e2)c052E+%cos3E:|



R; of Eq. (11) can also be expressed in terms of eccentric anomaly since

2 2
.r_cos2f:§_e2—2ecosE+ 1-S)cos2E
a2 2 2

(16)

2
’_2sinzf:(1-e2)1/2(sin2E-2e)
a

The perturbations in the Delaunay elements are then found by the formulas,

Brouwer and Clemence, 1961,

SL:a_S 8’&:—£
o4 9L
SG:a_S Sg:——as (17)
9g 3G
_38  54=_28
SH—Bh g 3H
Substituting for S, using Egs. (14) and (12), we have
1.,
SL:;—RP
sg=-2n7m Y 'n g » } 18
AC‘"-—T—' AL,Q Ty+A, Q0 T, (18)
nl

OH = -

2 ! —_ —_
o Z{v (A0 Qp Ty + A,y (Q) Ty +Q THIT

n

where Qo indicates the complement of Q , found by replacing the cosine functions

in Q , by sine functions while preserving the arguments.



The perturbations in the angular elements are defined by

s4-_25__)28 0a 2
3L )|3a oL

Y

ol
o)lo)
o

—

Sg:—é._s_:_ g8 Be+ BS. 9 (cos 1) (19)
°G de 9G 9 (cos i) 9 G
Sh-_90S_ oS 9 (cos i)

9H  Jd(cosi) oH

From the definition of S we have

(20)

’a 12 ' 2 BT aT — aT
S:n m A ? {A Q —2 1A Q ——1+A Q 2
D e n vo an v2 lae v2 lae

From the relations between the Delaunay and the Kepler elements we have

da/oL= 2/na

de/dL ==~ [na%e(l-e?))!

0e/3G= (na?e)’l (1= e2) 32 (21)
3 (cos i)/3G =~ cos i (na?)7l (1 - e2)y1/2

d(cos i)/3H= (na?)!(1-e2)"1/2

10



From the definitions of T0 s T1 , and T2, Eq. (15), we give the differential coef-

ficients of these functions in the tabular form

3T,/3 e 3T, /3 e ‘BTZ/B‘e
sinE -2+9/4e2 1 -5/2(1-3/2e?) | (1-e?)2cosE -5/2(1-2¢%
sin2E 3/2e e/2 (1 -e?)"V2cos 2E e/2 (1 -3¢e?)
sin 3 E - e2/4 ~1/6 (1 -3/2e2) | (1 -e»V2cos 3E ~1/6 (1 - 2¢e?)
a/rsinE -3/4¢2 -1/2(1 +e¥2) ja/r(l-e?)ln Se/4
: (22)

a/rsin 2E l-e+e3/2 -e+e3/2 a/r(1-e2yY2cosE - [-1/2(1 +e?)
a/r sin 3E 3/4 e? 1/2 (1 +e2/2) a/r (1 -e) 2 cos2E e/2

a/v (1 -e2)"1/2 cos 3E 1/2 (1 + e?)
a/rsin4E —e3/8 -e/4 (1 -e¥2) a/r (1-e?)"1/2cos4E|~e/4

Using the functions in Table 1, and Eqgs. (17)-(22) the perturbations in the
elements may be calculated. It should be recalled that it is necessary to use
mean elements of the satellite and the disturbing body as required by first order
perturbation theory. For the case where either the sun or the moon is the dis-
turbing body the appropriate elements are given in the Explanatory Supplement,
1961.

The element i! for the sun is the obliquity of the ecliptic, a slowly varying
guantity. The element h' for the sun is negligible. Consequently, the solar

perturbations can be found by direct application of Egs. (17) and (18).
11



However, the elements i' and h' for the moon show large non-linear varia-
tions. The analytic treatment for these elements is discussed in the next

section.

3. LUNAR PERTURBATIONS
As shown by Kozai, 1966 the trigonometric relations useful in dealing with

i' and h' for the moon are given by

cosi' =cosecosJ~-sinesinjJsinN

sin i’ sin h’

sin J sinN (23)

sini’ cosh’ =sine€cos J +cos € sinJcosN

Here i’ and h' are the inclination of the moon's orbit to the equator and the
longitude of the moon's node along the equator respectively. The elements ¢ ,
J and N are the obliquity of the ecliptic, the inclination of the moon's orbit to the
ecliptic, and the longitude of the moon's node along the ecliptic, The elements ¢
and J vary very slowly while N is essentially a linear function of time.

As a consequence of Eq. (23), we find

ALt cos [B-(q" +v)h']:
(24)

= ! gt i Ipl
E (Cqrp + 8'S vq'p) (8in V)Pl cos (B +p N)

12



where £ is an angle which does not contain h'. The integer s'is defined by

s'’=+1 for (@ +v)p<0

n
H
O

for (@' +v)Yp=0

s'"=-1 for (¢ +v)p>0

For convenience we define the functions -

qulo :C;qlo; vq'o = Vqlo =
f oc, =lc
orp# va's =5 va'p (25)
. 1
va'p T §qu'p

If we furthermore define the quantities d , d,, and d, by the formulas

a . 1 ’ L. ] sin? € sin? J
0~ "2 ‘
2(1 +cosecos]) 2 (14 cos € cos J)2

d - sine€ (26)
2 (1 + cos € cos J)? ‘ -

d - sin? €
2

4 (1 + cos € cos J)3

we arrive at Table 3.

13



TABLE 3*

C, g, 2nd S, ., For Given Pairs v, '

v
(0,0)
Cogo | (1-3/2s8ine) (1- 3/2 sin? J)
C,yy | -3/28in2¢ccosd
c ., 3/4 ain? €
vq 2
(2,0), (0,-2), 0,2), -2,0)
Coro sin? € (1 - 3/2 sin? J)
Coen sin2ecos J Syar1 2 sin € cos J
Cuyz | 1/2(1+cos’e) S,q2 | cos e
(1,0), (-llo)
C,e0 sin 2 € (1 - 3/2 sin? J)
va'1 2co82 € cosd Suate 2 cos € cosd
- ~1/28in2 € A Suq'2 - sin ¢
-1,2), (1,-2)
Couo 1/2 sin ¢ {cos J + cos ¢ (1 - 3/2 sin? J)]-
a1 1/2 (cos € + cos 2 € co8 J) Suq1 1/2 (1 + cos ¢ cos J)
Cuq,z -1/8s8in2¢ 02 - 1/4 sin ¢
(1,2), (-1,~2)
Couo sin® ¢ cos J (1 - 5/2 sin? J) d, + 3/2 sin? ¢ cos ¢(sin? J) d,
C , sin3 < cos Jd, +sin?e cos ¢ (1+2cos?e)d S, 3sin®ec d
ve'1 1 0 vq'1 [
C,y2 | 3/28in € coad (1l +cos® €)d, S,¢2 | 3/2sin2ccosdd, +3/2sin® ¢ d,
c +8in? € cos € (1/2 + cos? J) d, +sin’ ¢ cosJd,
(2,~2), (~2,2)
Lo | 1/4{1+cos ¢ cosd)? +1/8sin’ ¢ sin? J
Coit -1/2 gin € (1 + cos ¢ cos J)
Cug2 1/8 sin? €
(2,2)y (~2,~2)
Copo | 1/4(1-cos e cosd)? +1/8sin® € (1 - 32 cos® Jdj) siniJ
Coys 1/2 8in € (1 - cos € cos J) S,¢y |4sin® € cosdd]
C,yp | 1/8sin? e (1 +32cos?Jd}) S,y2 |48in® e cosJdgd, +1/2sin? € cos € (1 +2 cos’ J) df

*The subscripts v and q' aro chosen tp conform with Table 1. The numbers in parenthesis are poirs of values of v and q’.

If we now apply Egs. (24) and (25) and use the values of C, ,  and§, ./

from Table 3 we may write R’ of Equation (9) in the form

2
R' =n'?m’ (ﬁ) E A, Quyirpcos lag s vh+ '\ + (3" - a’) 4 +pN] (27)

a q

14



where

- [] [ ’ ! : |P|
Qq"l/i"p = qu:q Bilql (qu:p + S qu:p) (Sln J)

The coefficients Qq, for the initial conditions ¢ = 239444 and J = 571454,

vi'p ?
were evaluated by the machine program discussed above, and are given in
Appendix 1,

The next step in obtaining the perturbations is to derive the determining

function as outlined above. Corresponding to Eq. (14) we find for the moon

2
n
S =

n

' 2
na Z A, Q,viq To €OS (h+aq )N + (G -g)4 +pN)

+ A, Quyirp [Ty cos Qw+vh+ ' + (i -a') 4" +pN) (28)

+ T, sin (20 + vh + q"A" + (i’ -q')Y 4 + pNI}

T,» T1 , and T2 and th;air differential coefficients are given by Egs. (15)
and (22) respectively.

The lunar perturbations of the Delaunay elements are then found by applying
the canonical formulas given by Eqs. (18) and (19) to the lunar determining

function S, given by Eq. (28).

4, PERTURBATIONS IN THE SEMI-MAJOR AXIS OF INTELSAT 3F3
A convenient way of illustrating the theory presented above is to con-

sider the perturbations in the semi-major axis of Intelsat 3F3. Osculating

15



elements of this satellite were available over a 21-day arc, nearly all of the
observations being taken at 2-day intervals.

The definition of the Delaunay element L is given by

L = (ua)!/? = na? (29)
From Eq. (29) we find
2
sa =203 51, (30)
M B

Using Eq. (18), the Vanguard sysfem of units where u = 1, and the Earth’s

equatorial radius a_ as a normalizing factor, we have
a 2 [
Sa/ae =2 <._.) Rp (31)
a

The eccentricity and inclination of Intelsat 3F3 are about .005 and 0334,
respectively. This permits us to derive a very abbreviated expression for the
short period disturbing function which is adquate for the semi-major axis. Thus

we find using Eq. (27) and the results of appendix 1 that

$a/a=1.102x 1077 (3
a

e

3 .
> cos? % {.682 cos (24 + 2g + 2h - 2)\°)
(32)

+.131 cos (24 + 2g - 2\ ~4")}

16



The factor 1.102 >< 1077 arises from 2n'?m' for the moon in Vanguard
units.

The perturbations obtained by applying Eq. (32) to the Intelsat 3F3 data are
plotted in Figure 1. Agreement between the observed and calculated values of
the semi-major axis is adequate, since only the major perturbations are
considered.

It should be recalled that Intelsat 3¥3 is a synchronous satellite with the
period of a day. Since the satellite was observed at equal multiples of a day,
the mean anomaly { increased by multiples of 27 for each observation, thus
appearing as a constant angle in Eq. (32). Consequently as shown by Eq. (32),
the perturbations in the semi-major axis should show a dominant semi~monthly

period. This is borne out by the observations, (see Fig. 1).

1

5. RESULTS AND CONCLUSIONS

A general first order short period theory is given for obtaining perturba-
tions analytically either for the earth, satellite, moon, sun system or a configura-
tion of a similar type.

A computer program was written in APL to apply this theory. The program
was used to compute coefficients needed for the disturbing function for the spe-
cific case of ¢ = 23%444 and‘J = 531454, and the results shown to be in general
agreement with the work of Kozai, 1966,

The theory is illustrated by computing the perturbations in the semi~major

axis of Intelsat 3F3 with good agreement obtained with observations.,

17



The analysis shows that short period lunar perturbations vary from about
one meter for close earth satellites to about 1.4 kilometers for synchronous
type satellites. The lunar perturbations as well as those due to the sun can be

computed analytically by the formulas of this report.
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— X = OBSERVED

—= COMPUTED FROM ANALYTIC THEORY
(CONSIDERING ONLY LUNAR PERTURBATIONS)

~ 421670 |-
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0 5 10 15 20
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Figure 1. Semi-major axis vs time for satellite intelsat 3F3.

20



APPENDIX 1

21



8_460269°'8  L_ZhSHhI ‘L 9_409563 5 S_H6€T96°C  L_HYZLLST*8_ 0300000°0 O0T_H259820°T NZ+,YTtyz-
S_dT8h98°T_  H_HLOOHW9 °T_ €_dAn61TC°T  €_4THESES_  +h_J099SL°T 0&00000°0 8_488902'2_ Nt,VZ+ug-
€_H4LEOOO"T €_41186L°8 ¢_H4B0SSS "9 T_492Z80+h°¢ E_HSZETH 6 _ 9_FLBEBT"T NTtyg~
S_ATBNY8 T_ 4 _JLOOWI"I_ E_Zh6TTC'T_ €_ATHESE'9_ +_J099GL°T 04000000 8_48890C'2_  N- yztug-
8_X460269 "8 L_ahSuh9 L 3_409669°§ G_46€796°¢ L_HZLL8T°8_ 0J0000C°0 ©T_J538C0°1 NZ=,vetug-
7€ 2T ¥ 0 Y e e
g-=n°¢=,b0=Db -3 o[qaL
6_462804%°T 8_H48€CHL T L_ALeTT1'2 9_416086°C L_FLeZl1°2 8_4B8ECHL" T 6_H462804h°1T NZ + 4z
L_H00STO'€_ 9_4STOEL'E_  S_JLOSHS'H_  t_ALHSTS'S_ S_HLOGHS't_ 9_ASTOEL'E_ L_H008T0°€_ N +ug
S_HSTL09"T h_HdT4886°7T €_dLLTZHh T T_ALeESHn6°¢ €_dLLTZh T h_HT4886°T S_d9TL0%8°% uz
9_401€00°L S_F5hh99°g €_ATLSSO0*T 2_AEhes8z 1 €_HTLSS0°T S_ZSHh32°'8  9_FOTE00'L N - ug
L_AB6LBS L 9_45h00%°86 h_d8ESHIT €_HShZ6E"T h_HBESHT T 9_ASq004°6 L_H86LBS" L NT ~ 4g
e T Y 0 e J¥E™
Z=n‘=,b%=b—g¢goiqer
8_HShLSE"T L_HLh6L9°T 9_4d€e9n0°2 S_HhLL8h°2 9_HdEEeNn0 ¢ L_HALHE LI T 8_HASHLSE"T NZ + y
9_ANEBNTC_  S_H66LS9°T_ h_A6S8ELT°E€_  €_HLTLEG°E_ h_H6S8€CT°E_ S_H466LS89°¢_ 9_ANEBNL"T_ N+ u
RNCEA XA AA h_HES0LT "6 C_HBELTIT'T T_d1h86¢e°7T C_H8BELIT'T h_HE90LT 6 S_HTZZIh L y
S_dT3%694H°T h_HSC818°1 E_dThstCC Z_Hd0€E6Y °C €_dTnsle e h_H462818°1 S_ZTaan°T N-yY
L_3T0EST°€_  9_AT0T06°€_ S_HETESL h_  h_HTHB8LL"G_ S_HEeTEeSL  h_ 9_4T0T06°€_ L_HE0EST ¢ _ NZ — 4y
~w\m ~w\N \m\ O \*l ~M\M.l
I=2%%=,b‘%=Db~3goqes
8_H1TTIHG" 9 L_HTTh60°8 9_462298°6 t_HL686T°T 9_462798°6 L_HdTThe0°8 8_AHATZZhSG 9 NZ
9_H09TO0L"S_ 5 _4Thl6C°8_ €_49Z0T0°T_ C_#8T82Z'T_ €_4920T0°T_ §_FZHI6Z°8_ 8_409T0L°9_ N
h_H9ETZEO'T €_dLZLLZ T C_HLZ9G8S°T 1_4L6168°T C_AL296S°T E_dLTLLZ T h_H9€CE0°T Y
940910479 S_HZHI6Z'8_  €_4920T0°T_ 2_H81822°1_ €_4920T0°T_ §$_dcH162'8_ 9_409T0L"9_ N~
8_412245°8 L_H422460°8 9_46¢0298°6 h_dL6861°T 9_462298°6 L_H2Th60°8 8_ATTTHhS°9 NZ =
.u\m &.\N b\ 0 \w\l .M\M|

0=a‘0=,b*=Db~1o[qeL

22



0T_ZLL0OS6'Z_ 6_HSTSB6S°Z_ 8_4EGEE6"T_ L_JTES00°T_ 6 _HNS6LL'C 0400000°0 €T_A€0Z6h'E_ NTF, NTHUT
6_49€16C°1 8_4S8G6001°1 8_40L661°8 L_ULEEIC " h 8_JdSLBLY T 0400000°0 2T _H0608%"T N+ ,YZTtyT
9_4158Z8°7T S_4h1809°7 w_4ST86T°T h_H0L62Z°9 S_H0KTIL T _ 0400000°0 6_HI6€9T7°Z ,NT+uT
9_46G66L9°1 S_HLTLLHT h_HLSO0T"'1T h_dSETTL®S S_Ae1Z86 T _ 04000000 6_489L86°T N-,YTtue
L_HTHB0S8°S 9_dhhShB8 h §_HT1019°'¢€ h_dS0LL8'T 9_HTLE8T"S_ 0400000°0 07_H2002S°9 Ng—,YT+tuz-
VTE T 7 0 Y o ¥ i FET
g=a‘g=,b‘=b-gorqeL
6_4dT66HhC"T 8_482660°% 8_ALTOBT 8 L_HLNBST  h 8_A6ELLT T _ 0400000°0 ZT_H0T6L4"T NTt,NTHY
L_AS6LHY*E_  9_HTE80T°C_ G_HLEOGE'T_ h_H4S8ZHZ°T_  9_4dLT9Eh’'E 0400000°0 OT _JTITLTIE H_ N+ YTHY
§_H96ESL"T h_H4862H8°1 €_dTE6HT T €_ANLSLE"S h_HA6TC89° T _ 0400000°0 g8_4d0LSL0"¢C XTHY
§_48T6LT"T H_HLOLEO"T h_HdSL92L°L €_HdLNLTO'H  h_H9LOTT T _ 0400000°0 8_g8NhS6E°T N-,YT+yY
9_Ans819°¢C $_H49620€°¢C f_JE€8STL"T t_4USETZ6°8 §_H0999H°C_ 0400000°0 6_dLBB60"E NZ= ,\YT+Y
7€ g4 Y4 0 e ¥ e~
IT=n‘g=,b%=D0b-)01q8L
8_49896h0°1 L_H49491¢€°7 L_49€808°6 mn.mm:.mmo..m L_H000TH T _ 0400000°0 TT_dE€HTLL Y NZTt,YT
9_42940Z°¢_ G_H4TH8T8°Z_ 4 _dLB660°T_ €_HTBI60°T_ G_HL9BIO'E 0400000°0 6_ASHhZ6L € N*,XT
h_ThZ80OL"T €_49€20S°1T T_AhEBTIT T ¢_456618°§ €_H4TT1609°T_ 0400000°0 L_a85120°2 T
S_JSSEHN" L h_HLHIKS "9 €_A8hLL8h  Z_AT09ES°C h_g29TT0°L_ 0400000°0 8_A16808°8 N-, YT
9_4h8SL0"8 §_H9620T°L h_J0816C°S g_dAEhiSL ¢ S_43TL09°L_ 0400000°0 6_HATCLSS'6 NZ- ,XT
¥s3 T 1Y 4 0 T T JSYE~
0=a‘g=,b‘0=b—9o1qeL
8_4G0L09°€_ L_AhezLT'€_ 9_FLSE9E°Z_ S_HI6BTT'T_ L_JSLLBE’E 0400000°0 TT_40L89Z'H_  NT+,Yz+u-
9_A8h0EL L G_42886L79 t_d6H1890°S €_dLLEEY T S_40618C°L_ 0400000°0 6_Hd6hBHl "6 Nt ,YTtu-
h_488CET*H_ €_HB9SE9°€_ ¢_HBLBOL'T_ T _ATHBOH'T_ € _JT0h68°E 0400000°0 L_ALTT68" fi_ NTHY
§_4SET09°8_ h_dhLh9S°L_  E_dhT9E9°S_  T_4LNO0EG'T_  h_AHTZO1°8 0400000°0 L_HTELTOT_ N YT
L_40€8LE"S8 9_4L589¢€°L S_46668Hh°S h_4{8hhG8°Z 9_HETZ68° L_ 0400000°0 OT_JSTIST6°6 NT- NTty~
e AT s 0 e AT qE”

I-=a‘g=,b‘=Db—-¢oIqeL

23



8_A68HTL Z_ L_JS68SE'C_ 9_A499T60°h_ S_J8NWSL6°H_ 9_J99260°h_ L_HS68SE'E_ 8_d68HTL Z_ NItuUtdr
9_JL9962°h  S_ALBSTE"S W_FLTLLH®9  E€_HhENL8°L  h_FLTLL®O  S_HAL6STES  9_FL996Z°H Ntutde
h_Ahtg8hT_ E€_HCTHEB"T_ Z_H9LWET Z_ T_HAZ8STL T_ C_HILHET T_ €_HETHEB T_ h_FHwHZ8H'T_ utde
S_HTT6EB°Z_ h_H6HIES°C_ €_&ZEB0CH H_ Z_H6S98€'G_ €_JEB0Eh n_ h_A6HIE9E_ §_JITHEB°C_ N-UtPT
L_A1090€°9  9_770Z08°L  S_A97906°6  €_A89SST*T  §_492905°6  9_JZ0Z08'L  L_HHh090€'9 NT-u*+de
(Y€ s Y 0 V¥ ¥ FE-
I=na‘=,b‘z=>0~ 71 s[qeL
8_HZEET8°6  9_JETHIZ T  S_OhE6LH'T w_ASH8BL°T  §_ANnEELHT  9_HETHIZ'T 8_JZEE18°6 NItOZ
§_ZnZS00°T_ h_ATLEHZ Y_ €_F6€STS'T_ C_H9Z28°T_ €_H6ESTG T_ h_JTLEHZ'T_ §_AHTS00°T_ N-dT
h_H568h0S°T  €_AT6ST6°T Z_HThuEe"Z  T_496L€8°C  Z_dThhEee'Z  €_416ST6°T w_ASG8H5°T  #T
§_dnzS00°T_ h_ATLEHWZ'T_ ©_46€STS'T_ 2Z_d9ZZw8°T_ €_HBESTS T_ h_ATLEHWZ'T_ §_AHTS00°T_ N-¢C
8_4ZCET8"6  Q_HETHIZ'T  G_HHEBLH T f_ASH86L"T S_AhEBLH"T  Q_AETHIC*T  8_AZEET8°'s NI-PT
~u\m .w\N \«T O \*I .M\N| \M\MI
0=n‘=,b‘g=b— 11 a[qeL
L_4%090€°9_ 9_420Z08°L_ §_49290G6°6_ €_489SST'T_ S 79290G°6_ 9_JZO0ZO08'L_ L_AH090€°9_ NTHu-P2
S_HTT6E€6°C  h_H6H9€9°E  €_4E€80Ehh  T_J6G98€'S  €_HEB0ER'H  4_d6h2€9'€  §_4CTT6EB'T NFU-PT
t_ZhnZ8h°T  €_HETHES'T Z_d9LNET T 1_4T89TL*T  T_49LwET'Z  €_HETHEB'T  h_gnhIsh'l  u-PL
9_4L996C°h_ S_ALESTE"S_ h_JLTLLH'9_ €_FHEhLB"L_ h_JLTLLW'9_ S_ALBSTE'S_ 9_JL996Z t_ 1-U-PC
8_A68HTL°C L_HS68GE°E€  9_499Z60°'t  §_JBNSLE6'H  9_499I60°'h  L_HS68SEE  8_JF689HTLZ NT-U-PL
Y€ g4 ¥ 0 Y T e
I-=a‘0=,b‘g=D0b—0I o[q8L
9_F096T5°T S_H60088°T h_gLL062°C €_H06t8L°T  h_4LL06C°C  S_d460088°1  9_F096TST Nz+uz-¢t
§_AZ900h"T h_A68C€L°T  €_AZHIIT'C  ¢_49899S°'Z  €_JTHITT'Z  H_H6BTEL'T  §_JT900H°T Ntuz-¢T
S_ATEHIT E h_HS89LB°E  E€_HESSH8'h  T_HSL068'S  €_HESSHB h  h_JSB3L6°E  S_JZEHIZ'E uT-9t
L_HJ000€0°9_ 9_A6H09H°L_ G_HET060°6_ €_A60S0T°T_ G_JET060°6_ 9_46Hh09n"L_  L_Z000€0°g_ N-H4T-®T
6_JLS9T8°Z  8_JASLh8h'E  L_Ah6SHZh  9_JATBIIT"S L_3n6Shz*h  8_HSLwBNW'E  6_/JL5918°Z NT-UT-PT
(¥E e ¥ 0 e Y % e~

g-=°‘=,;b‘=Db—¢o1qel

24



6_dI6L3T L 04000000 S_HZHhSO0L®S_ €_HLS€90°CT ©_458896°¢ S_d769C€°S 9_488950°9 NZ+ NT-PT
8_H0L909 "9 04000000 ©_dTL8SC°S_ 7_410206°'T €_A11869°¢ h_458606°h - §_J49978G°S Nt NT-PL
L_d61915°T 0400000°0  €_J78902°T_ 2_d96Hh9€°'H  €_4B80S6E'S €_ALLICT T H_H8TT82°1 TPt
6_FhChhB T _ 03000000 S_Z00HW9T°T ©_H46S88T'8_ h_dO6hLS°T_ S_ATBETTZ_ 9_JLhEOhR Z_ N-,XT~¢T
TT_4L58Z€°1 0700000°0 L_HO0GLGO0°T_ 9_4t8hZ8" ¢ L_dLe9se"L 8_J34€L8"6 8_Th3ZZ1°T NZ- NT-PT
¥E 74 3 0 F AT e
0=n°‘g-=,b‘g=Db - 91 o[qe],
6_JELLET 9 0400000°0 §_g6TEES h_ £ _ALTHEL'T h_JLITEH"E S_4T6G09°h  9_ABOLEZ"S N+, NT-U-PT
8_HL606L°T £400000°0 h_HTSTZTC_ €_HE6HEC'S €_ASEGHS T h_dHThl0°Z §_JgLE8SEZ Nt XT-u-dz
8_H0HhTIST H 05600000 h_JLEROE S_  Z_dSTS61'T £_429862°2 #1_H9T1S80°¢€ §_J€6L05°¢€ NT-u=P2
0T _dTZHEY "8 _ 04C0000°0 9_4892L8°9 h_HlLS8Nn°T_ S_dhlL08L " h_ 9_H299Th'9_ L_d1666C°L_ N= XT-U-PZ
21_46€856°2 040000C°0 8_HBLHSE'Z_ L_Gh69T6°S L_H450889°T 8_4L$86T°C 6_A4%866h°C  NT- NZ-u-dT
J¥E ¥ & 0 e e YE-
I-=4°G-=,b‘g=b — g1 o[q8L
6_Z00H0E"T CHO0000°0 S_ANBLEO T_  H_ATTHSL'E S_HET0TZ*L  9_H4L8069°6 9_788I0T°T NI+, NZ-uT-¢g
6_H9ESLE"E 0400000°0 G_H9THIT C_  E_ALHhNT'T t_dsT10Z°2 S_AhEHS6 T  9_H8IBSE'E N*t,\T-ur-¢T
6_ATBLIE" 04000000 S_H08hthn E_  €_dh6SHT'T h_H0£96€°C  S_d829TZ°¢€ 9_AT0LSY €  ,NT-UT-PT
ZT_408196°7 6400000°0 8_J0GLSE*Z_ L_ASL92G°'8  L_Ah66S9°T 8_40TT0Z°Z 6_42L20S°'Z N=-,\T-uz-¢z
€T _H90h86°9_ 0400000°0 6_d60655°S L_359070°Z_ 8_F90L98°€_ 6_ZO0EOBT"S_ OT_JESTO6°S_ NT-,NT-HT-9I
Y€ 4 Y 0 o oA YE-
g==a‘g=,b‘g=b ~P1 olqey
6_d4L5918°¢ 8_dASLhBR € L_d46SHwT*h  9_dT8T9T°S L_An6ShZ°h  B_ASLHBK'C  6_JLSOTB'C NTturtor
L_J000€0°9_ 9 _A6H109+°L_ S_HET060'6_ €_460SOT'T_ G_HAET060°6_ 9_J6H09h°L_ L_H000E0'9_ N+uz+ée
§_Hgzewlz ¢ t_d589L6°¢ €_HEGSGHNBh  T_JASL06B°S €_HESSH8 h  h_dS89L6°€ S_ATEHTZT E  uz+oe
§_4T300h°1 H_H68Z€L°T €_4THITT*T  2_49899S°C  €_HTHITI"¢C h_H682EL°T S_AZ900H'T N-UYT+PT
9_4096T6°T S_460088°T h_HJLL062°C  €_d06H8LT h_HLLOBZ"CZ  6_H4650088°'T  9_J096TS°T NzZ-uZ+ez
J¥E %4 e 0 Ve T e~

Z=n‘0=,b‘g=b -~ gl a1qel

25



8_ATTIHIZ L_ L_HB9WRE"9_  9_4hTLTL'h_ S_HAhBLSH*Z_  L_d6hS6L'9 0400000°0 TT_HOhLEG"8_ NCt NTHU-¢T
S_H0T9hS°1T h_H9L6SE"T €_H4O0TETO"T €_HJEGSLYT"S h_d8E9SHh T _ 0700000°0 8_A0L628°T Nt NTHU-Pz
h_ dLLL9C°8_  €©_d9CTLTL_  T_A9SLTHw°S_  T_HC8918'C_ €_HT088L°L 040000070 L_HhEhBL6 _ Netu-¢e
h_ALTOTLT_  €_4S621S°1_ Z2_d€TLTT T_ C_H4S6098°S_ €_4SH0C8°1T 0700000°0 L_H28S€0°¢C_ N= XZtU~PT
9_4996L9"°1 S_dTLELN"T h_400860°T t_49680L°S S _AEHhBLS "1 _ 0400000°0 6_4J€0€86°1 NZT- NT+u-¢T
FE ¥ ¥ 0 e Fe FE-
I-=a‘g=;b‘2=b -0z o1q8L
L_ACTHhBEL'T  9_XI682S°T  S_HTTI6ET'T  S_K4BLIC6'S  9_AHSGLEI T_  0400000°'0 OT_ZOELG0'Zz  NT*+,NZHuT-9T
S.dE€96CL°E_ h_HhT08C'€_ €_J68EHMK Z_  T_UB90LZT_ h_HdTTETSE 0400000°0 8_HYLETH  #_ N+, YTHtuz-oe
€_ASL000°C C_H4T796SL°T T_H2Z01TE"T 1_4e48918°9 C_dG9488° T _ 0400000°0 9_JAS.LL9E*C Netuz-9t
S.4E€96CL°E_  h_Ah108T'€_ €_H68E€hH*Z_  T_ABIO0LT'T_ h_HTZEIS'E 04 00000°0 8_H9LETh n_ N- NZ+uT—PT
L_HTHhBEL"T 9_41682S5°1 S_HCT6ET T S_d8LCT6°S 9_dhGLE9 T 04000000 O0T_JOELSO"C [SEASRYE AL EAulv 14
.wsm .w\N \«.\—\ O ~M~l \%Nl \w\ml
g-=n‘g=,b‘g=Db 6T o[qBL
01_J0€ELSOC 0400000°0 Q_HhSLEQ"T_ S_ABLITE"S S_HZT6ET" T 9_HT682S°1 L _HATHBEL'T NTt+ YT-uTtPT
8_HILETH  t_ 0400000°0 h_dTCETIS°E ¢.4890LT°T_  €_468¢hh*Z_ Hw_anT08Z°'€C_ §_dE€962L°€_ N+ YZ-uT+pT
9_AHSLL9E"T 0H00000°0 C_4S9488°T_ T_J€S918°9 T_dZ0TTE"T ¢_4296SL°T €_HSL000°C Nz-uz-®T
8_HILETH" h_ 040000070 h_H41C2€1G°¢E C_4d890LTT_ €_d68euh"Z_ h_Ahl108Z°€_ S_d€962L°€_ N= XT-ut+pt
0T _J0€ELS0°C 0400000°0 9_HhSLEIT_ S_HBLITB"S S_HZ16€T°1 9_41682S8"°1 L_JZTHBEL'T NZT- ,YZT-4Z+ptT
9 g ¥ 0 e e YE" _
g=n ‘g-=,b‘2=Db - 8T o1qeL
6_J€0€86°T 0400000°0 S_dEhBLS'T h_49680L°S_ H©_J00B60°T_ S_HATLELH T_ 9_4d99SL9°T_ NT+ YZT-utde
L_4C8S8€0°C 0400000°0 €_dSh029 “T_ ¢_d4S560398"°S C_HETLZT'T €_JS6C16"'T h_HLZ0ZL'T Nt YT-4tpe
L_dhEhB8L" 6 0400000°0 €_d1088L°L_ 1_4283918°C ¢_d9SLTHh"S €_d9€ETLZ" L h_HLLLIZ B NT-utpT
8_40L6C8° T _ 0700000°0 _HdBEI9SHT E_HESL9C'S_ €_JOTETO0°"T_ h_A9L6SE"T_ S_d0T3hS T _ N~ ,YZ-4tee
TT1_HOoHwLES" 8 0400000°0 L_dB6HS6L°9_ S_HHn8LGH*Z 9_HhTLIL ' H L_d89hhE"9 8_ATTHICZ" L Nz~ YT-u+de
J€ T ¥ 0 e e AE"

I1=a-=,;b'g=b— L1 91qeL

26



0T_A€STO06°S_ 6_H0E0BT*S_ 8_H90L98°€_ L_HS90T0°2_ 6_4d60655"5S 0400000°0 €T_790hgs°9_  NT*+ YTHUTIPT
§_32LT05°2 8_40TT02°2 L_Hh66€E9°T L_dSL925'8 8_HO0SLSE" T_ 0400000°0 ZT_H408196°2Z Nt NZHUTHET
9_AT0LG3°¢E G_487912°¢ n_H0£96E€°Z €_HN6SHT T S_A0Shhh € _ 0400000°0 6_HAT8LIE" h NTHUTHPL
9_48T8%E°¢ S_AhEhS6°Z h_HSTTO0Z°C E_HLhhHT T S_H9THOTE_ 0400000°0  B_H9€GL6'E N-,YZtuz+pe
9_488T0T°T 9_4L8063°6 §_HETZOZTZ 4L H_ATTHSL E S_An6LE0°T_ 04000000 6_H00%0€°T NT= NTHUT+ET
~M\M .M\N ~M‘ 0 b.\l .\e.?Nl _\M.\MI
g=n'g=,b‘g=Db - gg oIqeL
6_An866H"Z_ B_ALS86T°C_ L_JSO08E9°T_ L_Ah691G°8_ B_ZBLHSE°Z 5400006°0 2T_H6€8G6°Z_  NTt NTwufdy
L_HdT16S62°L 9_4Z99TH°S §_HHLO8L h h_HTLGBHT 9_4852L8°9_ 0400000°0 OF_ZTTHEY 'S N* T HUtPE
S_HE6LOG'E_  H_ASTSBO'C_ €_4¢986C°7_ CT_ASTSET*T_ +h_JLEeh0E'E 04000000 8_ZOHTGT 4_  ,NXTHutde
S_ALERSE"T_ h_ghTHL0°C_ €_45€ShS°T_ €_4EGHEQ'B_  h_JZSTZT°2 0400000°0 8_4L606L°2_ N-,NTHutde
9_J480LET S_ S_HT6S09°H_ h_JLITEN'E€_ €_ALIHBL'T_ S_H6TEEH'Hh 0400000°0 6_FELLBT 9 NI~ ,NTHutdz
7€ YT ¥ 0 ¥ A o
I=n‘=,b's=b -2z a1qeL
8_G+9221"7 8_A3GELB S L_HLTeSE"L 9_Hh8hIB8°E L_H0SLG0°T_ 0400000°0 TT_ZLS8ZE*T  NT+NT+PT
Q_ALHEON'Z_  S_HTSETT'Z_ n_d06HLS°T_ Hh_H6G88T°8_ G_H00H9Z'Z 0400000°0 6_AhEhkg g_ Nt NTHOT
h_A8T18Z°1 €_dLL9i 1 €_48066¢€'8 T_H964H9E" €_3%890C°T_ 0400000°0 L_A6T916°T NT=PT
§_499285°¢S Hh_HS8606H €_4TTB8S9'€E Z_d10206°% h_dTLB8ST S _ 040000070 §_40L909°3 N7 ,XTHPT
9_488950°9 S_AT692€°S t_458896°¢€ €_HLSE90'C S_ATHSOL*S_ 0400000°0 6_AT6L9T°¢L  NT- NTHLT
Y€ 7T ¥ 0 ¥ A JAE-

0=n‘C=,b‘g=b~ 1z o[qeL

27



APPENDIX 2

NOTATIONS

A, function of i
A+ function of i
A;q,p function of ¢ and J
B, function of e
B;,q, function of e'
qu, function of ¢, J
G Delaunay variable = (n a (1 - e2))1/2
H Delaunay variable = (ua (1 ~ e2))!/2 cos i
J Inclination of moon's orbit to ecliptic
L Delaunay variable = (ua)!/2
N Longitude of lunar node along ecliptic
R’ disturbing function
S,q’ function of ¢ and J
a semi-major axis of satellite
a, mean equatorial radius of earth
Chglq constants of the disturbing function

e eccentricity of the satellite

e' eccentricity of the disturbing body
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f true anomaly of satellite
g argument of perigee of satellite
g’ argument of perigee of disturbing body
h right ascension of node of the satellite
h' right ascension of the disturbing body
i inclination of satellite orbit
i’ inclination of the disturbing body
{ mean anomaly of satellite
4' mean anomaly of the disturbing body
m' ratio of mass of the disturbing body to mass of earth plus mass
of the disturbing body
n mean motion of satellite
n’ mean motion of disturbing body
p summation index
q summation index
q' summation index
r geocentric distance o_f satellite
r' geocentric distance of the disturbing body
€ obliquity of ecliptic
¢ argument of latitude of satellite = f+g
¢' argument of latitude of moon = f' + g!
\' mean longitude of the disturbing body = £' + g' + h'

w gravitational constant
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