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1. BACKGROUND 

S e r i o u s   e x p l o r a t i o n   o f   t h e   u p p e r   a t m o s p h e r e   b e g a n   i n   t h e  1950's as the 

p o s s i b i l i t y   o f  a r t i f i c i a l  e a r t h  satellites appeared   on   the   hor izon .  In  1960, 

it was shown  by  Hines ' l)   that  much o f   t h e   o b s e r v a t i o n a l   d a t a   o n  the upper  

a t m o s b h e r i c   v a r i a t i o n s   c o u l d   b e   i n t e r p r e t e d   i n  terms o f   g r a v i t y  waves. A l -  

t hough   t he   o r ig ina l   t heo ry   cons ide red   on ly   an   i so the rma l   a tmosphe re ,   w i th   no  

v i s c o s i t y   o r   h e a t   c o n d u c t i o n  it d i d   e x p l a i n  several f ea tu res   wh ich  are con- 

s i s t e n t   w i t h   o b s e r v a t i o n .  Among t h e s e   f e a t u r e s  were t h e   l a r g e   r a t i o   b e t w e e n  

ho r i zon ta l   and  ver t ica l  wave leng ths ,   t he   i nc reas ing   ampl i tude   w i th   he igh t ,   and  

t h e  downward. phase   p ropaga t ion   a s soc ia t ed   w i th  upward energy   propagat ion .  Later 

advances i n   t h e   t h e o r e t i c a l   c o n s i d e r a t i o n s   a n a l y z e d   t h e   e f f e c t s   o f  real is t ic  

t e m p e r a t u r e   p r o f   i l e s ( 2 )  , viscous  damping  and  thermal , wind 

s h e a r ( 5 )  , c r i t i c a l   l a y e r s ( 6 ) ,  and  ohmic l o s s e s  (7 , 8 )  

Although  there  i s  no  unambiguous  resolut ion  of   gravi ty  waves i n   t h e   u p p e r  

a tmosphe re   ( i . e .   s imu l t aneous   obse rva t ion   o f   ampl i tudes ,   phases ,   and   f r equency  

s u f f i c i e n t   t o   v e r i f y   p r o p a g a t i o n   a c c o r d i n g   t o   t h e   t h e o r e t i c a l   d i s p e r s i o n  

e q u a t i o n )   t h e r e  i s  s t r o n g   c i r c u m s t a n t i a l   e v i d e n c e   f o r   t h e i r   o c c u r r e n c e .   T a b l e  

1 summarizes some  of t h i s   o b s e r v a t i o n a l   e v i d e n c e .  This t a b l e  was adapted  from 

Bauer e t  a1 (26). Tables  2 and 3 ,  adapted  from  Bauer 's   report   and  from  Tchen (27) 

summar ize   t he   mechan i sms   fo r   t he   gene ra t ion   and   t he   d i s s ipa t ion   o f   g rav i ty  waves. 

I n   a d d i t i o n   t o   t h e   d i s s i p a t i o n   e f f e c t s   o f   T a b l e  3 ,  g r a v i t y  waves c a n   a l s o   b e  

p reven ted   f rom  p ropaga t ing   t o   ad j acen t   l aye r s   o f   t he   a tmosphe re  by t h e   e f f e c t s  

o f   duc t ing  . ( 4 1 )  

It should   be   emphas ized ,   however ,   tha t   desp i te   the   l a rge   body  of   observa-  

t i o n s  summarized i n   t h e  a b o v e   t a b l e s ,   t h a t   i n   n o  cases h a v e   s u f f i c i e n t   p a r a m e t e r s  



TABLE 1. EVIDENCE  FOR  THE  OCCURRENCE  OF  GRAVITY 
WAVES  IN THE ATMOSPHERE 

Altitude 
Range Observation References 

-1. 

2 .  

3 .  

4 .  

5. 

6. 

7 .  

8 .  

9 .  

10. 

11. 

Wave  Ftructure on clouds 0 - 1 o k m  

Pressure  variations  observed  on 

microbarographs low  altitudes 

Mountain  waves  (well  known  to 

sailplane  pilots) 0 - 1 o k m  

Wave  structure  on  wind  profiles 

from  ROBIN  balloons  and  smoke 

trails 

Cole  and  Kantor ( 9 )  

Mahoney (10) 30 - 70 km 

Wave  structure  on  pitot  tube 

and  grenade  temperature  pro- 

files Theon  et  al. (11) 

Wit t (I2) ,  Hines (13) 

Haurwitz  and  Fogle ( 1 4 )  

Greenhow  and  Neufeld (15) 

Justus  and  Roper  (16) 

Spizzichino  and  Revah  (17) 

30 - 120 km 

Wave  patterns  on  noctilucent 

clouds 

Irregular  meteor  wind  varia- 

t ions 

80 - 90 km 

80 - 100 km 

Chemical  releases  show  winds 

with  a  wave  structure Kochanski (18) 80 - 160  km 

Wave  structure  in  rocket  probe 

measured  temperature  profiles Knudson  and  Sharp  (19) 100 - 170  km 

Occasional  sinusoidal  variation 

in  ion  temperature  observed  on 

satellite-borne  instruments Harris, et  al. (20) 200 - 250 km 

Thomson  scatter  radar  obser- 

vations of waves 

F - region 
(200 - 300 km) 

Vasseur  and 

Waldteufel (21) 
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TABLE 1. Continued 

A l t i t u d e  
Range References  Observa t ion  

12.  Var ious   i onosphe r i c   i r r egu-  

lari t ies,  such as Sudden 

Ionosphe r i c   D i s tu rbances  

(SIDs)  200 - 300 km Georges 

13 .   Ce r t a in   i onosphe r i c   d i s tu rb -   Bake r   and  Davies (24) 

ances   co r re l a t e   w i th   s eve re   Georges  

l o c a l   s t o r m s   i n   t h e   t r o p o s p h e r e  F2 - region  Davies  and  Jones 

(23) 

(25) 

3 



TABLE 2. POSSIBLE  MECHANISMS FOR THE  GENERATION 
OF GRAVITY  WAVES IN THE  ATMOSPHERE 

1. Generation of propagating  wave  by  surface  frontal  systems  (Hines (28)) 

2. Generation  of  waves  induced  by  jet  streams  (Hines ( 1 3 , ~ )  

3.  Winds  blowing  transversely  over  mountain  ranges,  or  equivalent  effects on 

the  air  motion  produced  by  warm  cities,  etc.,  either  directly  or  by  vortices 

produced  by  air  flows  over  non-uniform  surfaces  (cf.  Eckart ( 2 9 ) ,  p. 120). 

4 .  Volcanic  eruptions,  thunderstorms,  hurricanes,  typhoons,  tornadoes,  and 

similar  dramatic  meteorological  disturbances. 

5. Temperature  inversions  in  the  lower  portion  of  the  atmosphere  produce  a 

fluctuating  wind,  which  correlates  with  gravity  waves  observed  on  clouds 

at  the  lower  levels  (cf.  Eckart (29) , p. 121). 

6 .  *Solar heating  and  photodissociation  with  the stratosphere/mesosphere, 

leading to local  expansion. 

7. Photochemical  "pumping'!  by  either  oxygen  dissociation  (Leovy)  or  ozone 

dissociation  (Shere  and  Eberstein (30)) 

8. Auroral  currents  (Blumen  and  Hendl(31) , Chimonas  and Hine~'~~) , Testud 

9. Turbulent  motion  in  the  55 - 60 km region of the  atmosphere  (Murphy  et  al. 

(33)) 

(34)) 

10.  In  situ  generation of gravity  waves  from  non-linear  interactions of tidal 

modes  (Jus  tus (35) ) , 

4 



1. 

2. 

3. 

4 .  

5. 

6. 

7. 

8. 

9. 

TABLE 3. POSSIBLE  MECHANISMS  FOR  THE  DISSIPATION 
OF  ATMOSPHERIC  GRAVITY  WAVES 

Mode  coupling  i.e.,  nonlinear  processes  in  which  the  energy  goes  from  one 
wave  into  others  (Spizzichino (35)). 

Frictional  damping,  produced  by  viscosity  and  thermal  conductivity  Pitteway 

and  Hines 

Generation  of  turbulence (H~dges'~~) , Tchen (27)). 

Vibrational  relaxation  (Bauer  and  Podney (3g) - - see  also  item  7  in  Table 2). 

Plasma  damping  effects  (Liu  and  Yeh (39)) 

Radiation  damping  (Gille (39)). 

(3)  ) 

Chemical  relaxation,  or  the  shift  of  the O2 = 2 0 balance  under  the 

influence of the  sound  wave. 

Diffusion  (in  the  case of  a gas  mexture). 

Cascade  of  energy  up  the  spectrum to larger  scales  because  of a k -5'3 two 

dimensional  horizontal  spectrum  (see  Section 5 of  this  report,  see  also 

item 1 in  this  table). 

5 



been   measu red   s imul t aneous ly   t o   e s t ab l i sh   whe the r   t he   obse rved   wave - l ike  

s t r u c t u r e   h a s   e i t h e r  the p r e c i s e   h o r i z o n t a l   t o  ve r t i ca l  scale r a t i o   f o r  a g iven  

f requency  wave length   combina t ion  as r e q u i r e d   b y   t h e   g r a v i t y  wave d i s p e r s i o n  

r e l a t i o n s ,   o r   t h e   a p p r o p r i a t e  relative phase   be tween   t he   ve loc i ty ,   p re s su re ,  

d e n s i t y ,   a n d   t e m p e r a t u r e   v a r i a t i o n s .   S i n c e   t h e   t o t a l   v a r i a t i o n s  are made  up o f  

such  phenomena as p l a n e t a r y  wave, s y n o p t i c   v a r i a t i o n s ,   t i d e s ,   g r a v i t y  wave,  and 

tu rbu lence ,  i t  i s  n o t   s u r p r i s i n g   t h a t   t h e   g r a v i t y  wave  components l a c k   a c c u r a t e  

o b s e r v a t i o n a l   r e s o l u t i o n ,   i n   v i e w   o f   t h e   d i f f i c u l t i e s   i n   o b t a i n i n g   t h e   s p a t i a l  

o r  t i m e  r e s o l u t i o n   a d e q u a t e   f o r   t h e i r   d e t e c t i o n   a n d   d e l i n e a t i o n  . ( 4 2 )  

I n  view of  t h e   l i m i t a t i o n s   o f   o b s e r v a t i o n   d a t a   a v a i l a b l e ,   t h e   b e s t   a p p r o a c h  

f o r   e s t a b l i s h i n g   v a l u e s  of parameters  i s  probably a s t a t i s t i c a l  approach  such 

as t h a t   a p p l i e d  by Woodrum, J u s t u s ,  and  Roper ( 4 3 y 4 4 )  t o   chemica l  release and 

meteor   wind   da ta .   This   approach   cons iders   the  s t a t i s t i c a l  p r o p e r t i e s   o f   t h e  

non-diurnal ly-repeat ing  components   of   wind  (or   temperature ,   e tc . )   and  a l lows 

e s t i m a t i o n  of a m p l i t u d e s   a n d   p r o b a b i l i t y   d i s t r i b u t i o n .   S t r u c t u r e   f u n c t i o n s   o f  

t h e   v e l o c i t y   d i f f e r e n c e s   a l s o   i n d i c a t e   p o s s i b l e   f r e q u e n c y   s p e c t r a ,  and v e r t i c a l  

wave l e n g t h   s p e c t r a .  S i m i l a r  s t r u c t u r e   f u n c t i o n s  of  v e l o c i t y   d i f f e r e n c e s   o v e r  

s p a t i a l   s e p a r a t i o n s ' l 6 )   i n d i c a t e   p o s s i b l e   h o r i z o n t a l  wave l e n g t h   s p e c t r a .   T h i s  

t y p e  of s t a t i s t i c a l  approach i s  d e s i r a b l e   s i n c e   i s o l a t e d   s i n g l e   g r a v i t y  wave 

components w i l l  no t   a lways   be   encoun te red .   Co l l ec t ions  o f  d i f f e r e n t   g r a v i t y  

waves  would n o t   d i s p l a y   t h e   s e p a r a t e   c h a r a c t e r i s t i c s   o f   t h e   i n d i v i d u a l  compon- 

e n t s ,  and t h e   p o s s i b i l i t y   o f   s t r o n g   i n t e r a c t i o n   b e t w e e n   a t m o s p h e r i c   t i d e s   a n d  

g r a v i t y  waves  has  been  suggested  from  both  meteor  and  chemical release d a t a  

and   appa ren t ly   con f i rmed   by   t he   r ada r   me teo r   s tud ie s  of  Sp izz i ch ino  . 

(16,451 

(36) 

The p u r p o s e   o f   t h i s   r e p o r t  i s  two f o l d :   f i r s t   t o   a n a l y z e   t h e   e x i s t i n g  

d a t a   i n   t h e  50 - 200 km r a n g e   f o r   i r r e g u l a r   v a r i a t i o n s   w h i c h   c o u l d   b e   d u e   t o  

6 



grav i ty   waves ,   and   s econd ly   t o   de t e rmine   me thods   o f   eva lua t ing   t he   e f f ec t s   o f  

t h e s e   o b s e r v e d   i r r e g u l a r   w i n d s ,   d e n s i t i e s ,   p r e s s u r e s ,  and  temperatures  on  the 

s t a b i l i t y ,   c o n t r o l ,  and   dynamic   hea t ing   of   space   c ra f t   such  as t h e   s p a c e   s h u t t l e  

v e h i c l e .  The f o l l o w i n g   s e c t i o n s   p r e s e n t   r e s u l t s   o f   m e a s u r e m e n t s   w h i c h   e s t a b l i s h  

t h e   m a g n i t u d e ,   s t a t i s t i c s ,   a n d   s p a t i a l   a n d   t e m p o r a l   s t r u c t u r e   o f   t h e   i r r e g u l a r  

a t m o s p h e r i c   v a r i a t i o n s .   S e c t i o n  7 of t h i s   r e p o r t   d e v e l o p s   a n a l y t i c   m e t h o d s ,  

based on   an   ana logy   of   the   i r regular   mot ion   f ie ld   wi th   ax isymmetr ic   tu rbulence ,  

which   a l low  measured   or   model   cor re la t ions   o r   s t ruc ture   func t ions   to   be   used  

t o   e v a l u a t e   t h e   e f f e c t i v e   f r e q u e n c y   s p e c t r a   o f   s c a l a r   a n d   v e c t o r   q u a n t i t i e s  on 

a s p a c e   c r a f t  moving a t  any  speed  and a t  a n y   t r a j e c t o r y   e l e v a t i o n   a n g l e .  

7 



2 .  DATA ANALYSIS  INTERPRETATION 

S t r u c t u r e   F u n c t i o n s .  An a l t e r n a t e . f o r m   o f   t h e   c o r r e l a t i o n   f u n c t i o n  known 

as t h e   s t r u c t u r e   f u n c t i o n  was f i r s t   u s e d   e x t e n s i v e l y   b y   R u s s i a n   m e t e o r o l o g i s t s  

i n   t h e   a n a l y s i s  of turbu@nce. The s t r u c t u r e   f u n c t i o n   o f  a s t a t i s t i c a l l y  stat- 

iona ry  time v a r y i n g   p r o c e s s   f ( t )  i s  given by 

D ( T )  = < [ f ( t  + T )  - f ( t ) I 2 >  (1) 

w h e r e   t h e   s t r u c t u r e   f u n c t i o n  D depends  only on t h e  t i m e  displacement  T because  

o f   t h e   s t a t i s t i c a l   s t a t i o n a r i t y .  The a n g l e   b r a c k e t s   i n  (1) denote   averaging .  

S t r u c t u r e   f u n c t i o n   a n a l y s i s   c a n   b e   a p p l i e d   t o  wave  phenomena a l so .   Cons ide r  

t h e   p r o c e s s   f ( t )   t o   b e  a wave of   f requency LLI and  ampli tude A ,  i . e .  f ( t )  = 

A s i n   ( u t  + a), where c1 i s  a phase   angle .  If t h e   a v e r a g i n g   p r o c e s s  i s  t a k e n   t o  

be   i n t eg ra t ion   ove r   any   who le  number of   per iods ,   where   the   per iod  T = 27r/w, 

t h e n   t h e  mean s q u a r e   v a l u e   o f   f ( t )  i s  < f  > = A2/2. It i s  a l s o   e a s y   t o   d e t e r -  

mine t h a t   t h e   s t r u c t u r e   f u n c t i o n   i n   t h i s   c a s e  i s  given  by  D(T) = A ( 1  - cos 1.::; 

Thus t h e   s t r u c t u r e   f u n c t i o n   o f  a s i n g l e  component  wave f i e l d   h a s   t h e   p r o p e r t i e s  ci' 

b e i n g   p r o p o r t i o n a l   t o  T f o r   v e r y  small time d i s p l a c e m e n t s   T ( s i n c e   t h e   l e a d i n g  

term i n  1 - cos  U T  i s  w T / 2 )   and   be ing   pe r iod ic   w i th   t he  same frequency w as 

t h e  wave. N o t i c e   t h a t   t h e  f irst  maximum i n  D(r) would  occur a t  T = r / w  = T/2, 

s o  t h e   f i r s t  maximum occur s  a t  t h e   h a l f   p e r i o d   v a l u e .  The v a l u e  of t h e  maximum 

i s  2A . 

2 

2 

2 

2 2  

2 

The s t r u c t u r e   f u n c t i o n   a n a l y s i s   o f  waves  can e a s i l y   b e   e x t e n d e d   t o  a se t  

of  waves  which are p a r t  of a harmonic series. C o n s i d e r   f ( t >  t o  b e   p e r i o d i c  w i t h  

pe r iod  T and t o   b e  made up of N d i f f e r e n t  waves  each wave n having  a f requency 

w = 2n7r/T, i . e .  n 

8 



f ( t )  = C An s in  (ant + an) (2) 

, w h e r e   t h e  summation is from n = 1 t o  n = N. Us ing   t he  same t y p e  of averag-  

i n g   b y   i n t e g r a t i n g  as on t h e   s i n g l e  wave, one  can  determine that  t h e  mean s q u a r e  

v a l u e  of f is  given  by 

<f 2 = C An2/2 

and t h a t  the s t r u c t u r e   f u n c t i o n  i s  given  by 

D ( T )  = C An ( 1  - COS w T )  
2 

n 

Thus a g a i n   t h e   b e h a v i o r  a t  small time displacement  i s  p r o p o r t i o n a l   t o  T , s i n c e  2 

t h e   l e a d i n g  term i n  ( 4 )  i s  C A w T 1 2 .  The s t r u c t u r e   f u n c t i o n   i n   t h i s  case 2 2  
n n  

i s  a g a i n   p e r i o d i c   w i t h   p e r i o d  T and  has   components   with  ampli tudes  re la ted  to  

the   square   o f   the   ampl i tudes   o f   the   cor responding   f requencies   in   the   p rocess  

I f  t h e   p r o c e s s   f ( t )  i s  made  up o f   s u f f i c i e n t  components t h a t  i t  must  be 

cons idered  as having a cont inuous   spec t rum of  ampli tudes  A(w)  (as  is t h e  case 

wi th   tu rbulence   and  may a l s o   b e   t h e  case when g r a v i t y  wave  modes h a v e   s i g n i f i -  

c a n t   n o n l i n e a r  modal i n t e r a c t i o n )   t h e n   f ( t )   c a n   b e   r e p r e s e n t e d  by 

m 

f ( t )  = I A(w)  eiwt dw 
-00 

(For  a more r i g o r o u s   d i s c u s s i o n  of s p e c t r a l   r e p r e s e n t a t i o n  see Lumley  and  Pan- 

of sky ( 4 6 )  and  Lin ( 4 7 ) ) .  me mean squa re   va lue  of f ( t >  is  given  by 

-0oJ 

where $(w) is  t h e   s p e c t r a l   d e n s i t y  of the mean s q u a r e   v a r i a t i o n s   o f   f ( t ) .  The 

9 



s t r u c t u r e   f u n c t i o n  is g iven  by 

D ( T )  = 2 +(w)  (1 - cos  U T >  dw 
0 

Again t h e  i n i t i a l  v a r i a t i o n  of D ( T )  f o r  small t i m e  d i sp lacements  is p r o p o r t i o n a l  

t o  T s i n c e  
2 

However, a t  l a r g e  time disp lacements  D ( T )  is  n o t   p e r i o d i c   b u t   a p p r o a c h e s  a con- 

s t a n t   v a l u e   o f   2 < f  >. This  is s e e n   r e a d i l y   f r o m   t h e   f a c t   t h a t  D ( T )  i s  r e l a t e d  

t o   t h e   c o r r e l a t i o n   f u n c t i o n  p ( ~ )  by 

2 

D ( T )  = 2 < f  > [l - p ( ~ ) ]  
2 

(9) 

f o r   a l l   s t a t i o n a r y   p r o c e s s e s   f ( t ) .  Hence,  because p ( ~ )  approaches 0 f o r   l a r g e  

T, t hen  

D ( T )  = 2 < f  > 
2 

I n   a d d i t i o n ,   i f   t h e r e  i s  an   apprec i ab le   r ange  

v a r i e s  as a power law 

$ ( w )  = c w 
-a 

T -t m (io) 

of  f requencies   over   which  $ ( w )  

t h e n   t h e r e  i s  a range  of  time displacements   over   which 

m 

D ( T )  Z C [  1 X -a (1 - COS X) dx]  T 
a - 1  ( 2 ' .  

0 

where x = U T  and t h e   i n t e g r a l   i n   b r a c k e t s  i s  some d e f i n i t e   c o n s t a n t   v a l u e .  

Thus  observed  power l a w  b e h a v i o r   o f   t h e   s t r u c t u r e   f u n c t i o n   ( i . e .  a - 1) can  be 

r e l a t e d   t o   t h e  power l a w  of t h e   s p e c t r a l   d e n s i t y   ( i . e .   - a ) .  
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Dai ly   D i f f e rence   Ana lys i s .  A t e c h n i q u e   f o r   r e s o l v i n g   i r r e g u l a r   v a r i a t i o n s  

in   a tmosphe r i c   w inds   o r   o the r   pa rame te r s   has   been   p rev ious ly   deve loped   by  

Woodrum and   Jus tus  ( 4 3 ’ 4 4 )  f o r   a p p l i c a t i o n   t o   c h e m i c a l  release d a t a .   T h i s   t e c h -  

n i q u e   d o e s   n o t   r e l y   o n   e x p l i c i t - e x t r a c t i o n   o f   . t i d e s   a n d   p r e v a i l i n g   v a l u e s   a n d  

does   no t   requi re   l a rge   amountsof   da ta .   Hence  it is w e l l  s u i t e d   f o r   t h e   s t u d y  

o f   i r r e g u l a r   v a r i a t i o n s  a t  h i g h   a l t i t u d e s  where d a t a  i s  l i m i t e d   i n   q u a n t i t y .  

AS an   example   o f   t he   app l i ca t ion   o f   t h i s   t echn ique   cons ide r  two ver t ica l  

p r o f i l e s  F (z)  and  F2(z)  of a parameter  F(z)  where F might  be a wind  component, 

p re s su re ,   dens i ty ,   o r   t empera tu re .   Suppose   t ha t   t he  two v e r t i c a l   p r o f i l e s  were 

measured a t  t h e  same t i m e  of  day  and  within a f e w  days   o f   each   o ther .  The 

assumption i s  made t h a t   t h e  two p r o f i l e s   a r e   r e p r e s e n t e d  a t  a l l  measured  heights  

z by t h e   r e l a t i o n s  

1 

where F (2)  i s  a p r o f i l e  made  up o f   t h e   p r e v a i l i n g   v a l u e ,   t i d a l   v a r i a t i o n ,   a n d  

a n y   o t h e r   d i u r n a l l y   r e p e a t i n g  component  of F. The p r o f i l e s  f l ( z )  and   f2 (z )  are  

t h e   p r o f i l e s  made up o f   t h e   g r a v i t y  wave  components  and  any  other  non-diurnally 

repeating  components  such as p lane ta ry   waves ,   synop t i c   va r i a t ions ,   and  varia- 

t i o n s   o f   t h e   t i d a l   p a r a m e t e r s   f r o m  day-to-day. I f   t h e   o r i g i n a l   d a t a   m e a s u r i n g  

t e c h n i q u e   d i d   n o t   f i l t e r   o u t   t h e   t u r b u l e n t  components  these  would  also  appear 

as a c o n t r i b u t i o n   t o  f ( z )  and f 2 ( z ) ,  and i f   t h e  number of   days in te rva l   be tween 

the   measu red   p ro f i l e s  becomes l a r g e   t h e n   s e a s o n a l   t r e n d s  w i l l  a l s o  make a c o n t r i -  

bu t ion .  It is  readi ly   apparent   f rom (13) t h a t   t h e   d i f f e r e n c e   i n   t h e   m e a s u r e d  

v a l u e s  a t  any  height  z is e q u a l   t o   t h e   d i f f e r e n c e   i n   t h e   i r r e g u l a r   v a l u e s  a t  

t h a t   h e i g h t ,  i .e .  

0 
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Two f u r t h e r   a s s u m p t i o n s  are now made: f i r s t   t h a t   t h e   i r r e g u l a r   v a r i a t i o n s  are 

s t a t i s t i c a l l y   s t a t i o n a r y  and v e r t i c a l l y  homogeneous,   and  secondly  that   the  irre- 

g u l a r   v a r i a t i o n s  a t  t h e  two  measurement times are u n c o r r e l a t e d   w i t h   e a c h   o t h e r .  

The second  assumption is v a l i d   o n l y   i f   t h e   i r r e g u l a r   v a r i a t i o n s  are made  up of 

components  whose  periods are small compared t o   t h e   i n t e r v a l   b e t w e e n   t h e   m e a s u r e -  

ments   (e .g .   gravi ty  waves of up t o  a few  hours   per iod) .   I f   longer   per iod   phe-  

nomena,  say  planetary waves, of a predominate   per iod  of  n days make a s i g n i f i -  

c a n t   c o n t r i b u t i o n   t h e n   t h e y   s h o u l d   c a u s e   p e a k s   i n   t h e   a v e r a g e   A F ' s ,  a t  m u l t i p l e s  

o f   n / 2   d a y s .   I n   t h e   p r e s e n t   a n a l y s i s   t h e  AF's are c o n s i d e r e d   s t a t i o n a r y .  The 

ana lys i s   o f   chemica l  release winds ( 4 4 )  d i d   n o t  show s i g n i f i c a n t   v a r i a t i o n s   o f  

average  AF's w i t h   t h e  number o f   d a y s   d i f f e r e n c e ,   a n d   t h e   s t u d y   o f   t h i s   q u e s t i o n  

f o r   v a r i a t i o n s  a t  l o w e r   a l t i t u d e s  w i l l  b e   t h e   s u b j e c t   o f  l a t e r  i n v e s t i g a t i o n .  

Under the   a s sumpt ions   ou t l i ned   above  i t  can  be shown t h a t   c e r t a i n   p r o p e r -  

t i es  o f  t h e   d a t a   d i f f e r e n c e   v a l u e s   c a n   b e   r e l a t e d   t o   t h e   i r r e g u l a r   v a r i a t i o n s .  

For   example   cons ider   an   average   (a t   the  same a l t i tude)   over   an   "ensemble"   o f  

s e v e r a l   p r o f i l e   p a i r s .  The mean s q u a r e   d i f f e r e n c e  is  thus  given  by 

<[AF(z) I2> = < f 2  ( z ) >  + < f l   ( z ) >  - 2<f1(z)   f2(Z)> = 2<f ( z ) >  
2 2 2 

where   the  l a s t  s t e p  is p o s s i b l e   b e c a u s e  of t h e   i n d e p e n d e n c e   a n d   s t a t i o n a r i t y  of 

f l (z )   and  f 2 ( z ) .  The  development  leading  to (15) i s  also t aken  as j u s t i f i c a t i o n  

t h a t   t h e   p r o b a b i l i t y   d i s t r i b u t i o n  of t he   da t a   d i f f e rences   (d iv ided   by  J-2) i s  

t h e  same as t h e   p r o b a b i l i t y   d i s t r i b u t i o n   o f   t h e   i r r e g u l a r   v a r i a t i o n s .  However, 

t h i s  i s  s t r i c t l y   t r u e   o n l y   i f   t h e   d i s t r i b u t i o n  i s  Gaussian.  

The v e r t i c a l   s t r u c t u r e   f u n c t i o n  of  t h e  da t a  d i f f e r e n c e s  is  a l s o   r e l a t e d  
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t o   t h e   s t r u c t u r e   f u n c t i o n   o f   t h e   i r r e g u l a r   v a r i a t i o n s .  The ve r t i ca l  s t r u c t u r e  

f u n c t i o n   o f   t h e   d a t a   d i f f e r e n c e s  i s  given  by 

D A F ( < )  = <[AF(z + s) - AF(z)I2> (15' 

where ,   aga in ,   t he   ang le   b racke t s   r ep resen t   an   " ensemble"   ave rage .   Subs t i t u t ion  

of  (14)  and  rearrangement  produces 

Appl ica t ion   of   the   assumpt ions   o f   independence   and   ver t ica l   homogenei ty   o f   the  

f ' s   r e s u l t s   i n  

DAF(') = 2 < [ f ( z  + c)  - f ( z > I 2 >  = 2 D f ( 5 )  

I n   o t h e r   w o r d s ,   t h e   v e r t i c a l   s t r u c t u r e   f u n c t i o n   o f   t h e   d a t a   d i f f e r e n c e s  i s  

twice t h e   v e r t i c a l   s t r u c t u r e   f u n c t i o n   o f   t h e   i r r e g u l a r   v a r i a t i o n s .  

I n   a d d i t i o n   t o   v e r t i c a l   s t r u c t u r e   f u n c t i o n s ,   h o r i z o n t a l   s t r u c t u r e   f u n c t i o n s  

were a l s o   c a l c u l a t e d  by d i f f e r e n c i n g   d a t a   f r o m   t h e  up and down t r a i l   t r a j e c t o r -  

ies o f   rocke t s   o r   f rom  c lose ly   spaced   s imul t aneous   obse rva t ions .  It should   be  

n o t e d   t h a t   t h e   a s s u m p t i o n   o f   i n d e p e n d e n c e   o f   t h e   i r r e g u l a r   v a r i a t i o n   p r o f i l e s  

wou ld   no t   be   va l id  i n  t h i s  case, however,  and t h i s   t y p e   o f   d i f f e r e n c e   t h e r e f o r e  

y i e l d s  a s t r u c t u r e   f u n c t i o n   w h i c h   h a s   s i g n i f i c a n t   v a r i a t i o n   w i t h   t h e   d i s t a n c e  

be tween   t he   p l aces   o f   eva lua t ion   o f   t he  two p r o f i l e s .  However, s i n c e   t h e  

e f f e c t s   o f   t i d e s   a n d   o t h e r  phenomena a r e   n o t  removed, t h e   h o r i z o n t a l   s t r u c t u r e  

f u n c t i o n s   y i e l d   v a l i d   r e s u l t s  on t r u l y   i r r e g u l a r   v a r i a t i o n s   o n l y   i f   t h e   d i s -  

t a n c e   b e t w e e n   p r o f i l e s  i s  kept  small compared t o   t h e   h o r i z o n t a l  wave l e n g t h s  

o f   t h e s e   t i d e s   a n d   o t h e r  phenomena. I t  s h o u l d   a l s o   b e   n o t e d   t h a t   t h e   h o r i -  
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z o n t a l  

o f   t h e  

s t r u c t u r e   f u n c t i o n   u s e d   f o r   v e l o c i t y  is a c t u a l l y   t h e   s t r u c t u r e   f u n c t i o n  

h o r i z o n t a l   v e l o c i t y   m a g n i t u d e  

where u is t h e   e a s t w a r d   v e l o c i t y  component, v i s  the  northward  component,  X i s  

t h e   h o r i z o n t a l   v e c t o r   l o c a t i o n  of one   ve loc i ty   eva lua t ion ,  r i s  t h e   v e c t o r   d i s -  

p l acemen t   be tween   t he   l oca t ions   o f   ve loc i ty   eva lua t ion ,   and  r i s  the  magni tude 

o f   t h e   v e c t o r  r. The d e f i n i t i o n   ( 1 9 )  is  dependent on the  magni tude r and  not 

t h e   d i r e c t i o n  of t he   d i sp l acemen t   and   no   s epa ra t e   cons ide ra t ions   o f   l ong i tud ina l  

a n d   t r a n s v e r s e   s t r u c t u r e   f u n c t i o n s  are r e q u i r e d .  (A  l o n g i t u d i n a l   s t r u c t u r e  

f u n c t i o n  would be   o f   the   form  <[u  (x + Ax) - u ( x ) ]  > and a t r a n s v e r s e   s t r u c t u r e  

funct ion  would  be o f  t h e  form <[u ( y + Ay) - u(y)  ] >. 

I 

I 

I 

2 2 

2 2 

Harmonic   Ana lys i s .   I n   add i t ion   t o  a l a r g e   i r r e g u l a r  component, the   winds  

and  thermodynamic  variables i n   t h e   u p p e r   a t m o s p h e r e   a r e  composed o f   r e g u l a r  

var ia t ions   p roduced   by   d iurna l ,   semidiurna l ,   and   o ther   t ida l   components ,   and  

poss ib ly   l ong-pe r iod   va r i a t ions   such  as p lane tary   waves .  A t  t h e   p r e s e n t  time 

t h e r e  i s  no method  of   resolving  the  values   determined  f rom a s i n g l e   p r o f i l e  

in to   these   var ious   components .  However, a series of p r o f i l e s   d e t e r m i n e d  a t  a 

sequence  of   c losely  spaced times can   be   u sed   t o   r e so lve   t he   va r ious   componen t s .  

A sequence  of  measured  values a t  a g i v e n   a l t i t u d e   a r e   f i t  by a least  squa res  

p r o c e s s   w i t h   t h e   f u n c t i o n  

F ( t )  = A. + A12 s i n ( 2 ~ r t / l 2  + $12) + AZ4 s i n ( 2 1 ~ t / 2 4  + $ J ~ ~ )  (20) 

where   the  time t i s  measured i n   h o u r s ,  A i s  t h e  mean va lue  o f  t he   pa rame te r ,  

A12 and AZ4 are t h e   a m p l i t u d e s  of the   12   hour ,   and  24 h o u r   p e r i o d   t i d e s ,  and 

0 
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and $24 are phase   ang le s   fo r   t hose   t i da l   componen t s .  The A ' s  and 9 ' s  are 

the   parameters   de te rmined   by   the  least  s q u a r e s   p r o c e s s   ( i n d i r e c t l y  by f i r s t  

e v a l u a t i n g   c o e f f i c i e n t s   o f   s i n e   a n d   c o s i n e  terms e q u i v a l e n t   t o  (20)) .  

The  computed t i d a l   p a r a m e t e r s  were eva lua ted  a t  e a c h   k i l o m e t e r   a l t i t u d e  

poin t   and  were found t o  form smooth p r o f i l e s   o f   v a r i a t i o n   w i t h   a l t i t u d e .   A f t e r  

t h e  mean values   and  t idal   components   have  been  determined  f rom a series of  pro- 

f i l e s ,   t h e n   t h e s e   v a l u e s  may b e   s u b t r a c t e d   f r o m   t h e   o b s e r v e d . v a l u e s   t o   y i e l d  

res idua l   components .   These   res idua l   va lues   can   be   eva lua ted  a t  e a c h   a l t i t u d e  

fo r   each  of t h e   p r o f i l e s   i n   t h e   s e q u e n c e  and p r o f i l e s  of  i r r e g u l a r   v a r i a t i o n  

va lues   cons t ruc t ed .   Each   o f   t hese   i r r egu la r   pa rame te r   p ro f i l e s   can   be   u sed   t o  

e v a l u a t e   v e r t i c a l   s t r u c t u r e   f u n c t i o n s  and va lues  from d i f f e r e n t   p r o f i l e s   i n   t h e  

time sequence   can   be   d i f f e renced   t o  computed time s t r u c t u r e   f u n c t i o n s .  
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3 .  PROBABILITY DISTRIBUTIONS AND MAGNITUDES 

D i s t r i b u t i o n   S t a t i s t i c s .  The p r o b a b i l i t y   d i s t r i b u t i o n   p ( f )   o f  a parameter  

f(x, t )  i s  d e f i n e d  so  t h a t   p ( f  ) df  i s  t h e   p r o b a b i l i t y   o f   o b s e r v i n g  a v a l u e   o f  

t h e   p a r a m e t e r   w i t h  a value  between f and  fo + d f .  The usua l   no rma l i za t ion  i s  

t o   u n i t   p r o b a b i l i t y   f o r   o b s e r v i n g  a va lue   o f  f i n   t h e   r a n g e  -m t o  + 03. This  is 

- 0 

0 

expres sed   ma themat i ca l ly   by   t he   r e l a t ion  

f p ( f )  df  = 1 
-m 

The average   va lue   o f  f i s  found  by  the  equat ion 

a n d   t h e   p r o b a b i l i t y   d i s t r i b u t i o n   f u n c t i o n   c a n   b e   c h a r a c t e r i z e d  by t h e  moments 

vk abou t   t he   ave rage .  The  moments a re   g iven   by  

'k 
= < ( f  - f ) k >  = r ( f  - f ) k   p ( f )   d f  

-m 

O f  p a r t i c u l a r   i n t e r e s t  are t h e   s t a n d a r d   d e v i a t i o n  0 ,  the   skewness  a ,  and t h e  

k u r t o s i s  B which are de f ined  by 

3 a = P 3 / G  

The G a u s s i a n   p r o b a b i l i t y   d i s t r i b u t i o n  is  given  by 

and i s  thus   comple t e ly   cha rac t e r i zed  by i t s  mean va lue   and   s t anda rd   dev ia t ion .  
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The  skewness (2s  with a l l  odd  moments) f o r   t h e   G a u s s i a n   d i s t r i b u t i o n  is ze ro .  

The k u r t o s i s   f o r   t h e   G a u s s i a n   d i s t r i b u t i o n  i s  3 .  

C h a r a c t e r i s t i c s   o f   t h e   p r o b a b i l i t y   d i s t r i b u t i o n   o f   i r r e g u l a r   w i n d s  at chem- 

i c a l  release a l t i t udes   have   been   r epor t ed   by  jus tu^(^^). For t h i s   s t u d y   d a t a  

on   wipds ,   p ressures ,   dens i t ies ,   and   tempera tures  were gathered  f rom a l a r g e  

number of  s o u r c e s   a n d   a n a l y z e d   i n   t h e  same f a s h i o n ,   ( i . e .  as o u t l i n e d   i n   S e c t i o n  

2 ) .  These  included  the  Meteorological   Rocket   Network (MRN) d a t a   f o r   t h e   y e a r s  

1964 - 1969(48);  NASA Goddard   g renade   and   p i to t   t ube   da t a   fo r   1960  - 1969  (49) .  , 

chemical  release winds  f rom  Egl in  AFB, F lor ida   1962 - 1971(50),  from  Barbados 

and Y ~ m a ' ~ ~ ) ,  Wal lops   and   o ther   loca t ions(52) ;  ROBIN f a l l i n g   s p h e r e   d a t a  (53) 9 and 

o t h e r   r o c k e t   a n d   f a l l i n g   s p h e r e   d a t a ( 5 4 ) .   I n   a d d i t i o n   t o   t h e s e   c o l l e c t e d   d a t a ,  

i n d i v i d u a l  da ta  sets from many sources  were added t o   t h e  computed p r o b a b i l i t y  

d i s t r i b u t i o n s  (19920'54-61).  These d a t a   i n c l u d e  s a t e l l i t e  measurements,  meteor 

winds ,   and   ion   p robe   observa t ions .  

F igu res  1 through 5 show  some r e p r e s e n t a t i v e   r e s u l t s   o f   t h e   p r o b a b i l i t y   d i s -  

t r i b u t i o n   a n a l y s i s .  The o r d i n a t e s   o f   t h e s e   g r a p h s   a r e   t h e  number  of  observed 

va lues .   Bars   forming   the   shaded   a rea   represent   the   observed   va lues   and   the   l a rge  

d o t s  are t h e   e x p e c t e d  number based  on  zero mean and the   obse rved   s t anda rd   dev ia -  

t i o n   i n  a G a u s s i a n   d i s t r i b u t i o n .  Relative p r o b a b i l i t i e s  may be   ob ta ined   by  

d i v i d i n g   t h e  number   o f   obse rva t ions   by   t he   t o t a l  number observed,  given  on  each 

graph. The a b c i s s a  o n   t h e   v e l o c i t y   p l o t s ,   F i g u r e  1 and 2 ,  are t h e   e q u i v a l e n t  

i r r e g u l a r  w ind   magn i tudes   de t e rmined   by   t he   obse rved   da t a   va lue   ve loc i ty   d i f f e r -  

ences   d iv ided   by   t he   squa re   roo t   o f  two ( c f .   e q u a t i o n  (15 ) ) .  Fo r   p re s su re ,  

d e n s i t y ,   a n d   t e m p e r a t u r e   d i s t r i b u t i o n s   t h e   a b c i s s a s   a r e   r e l a t i v e   f l u c t u a t i o n  

magnitudes i .e .  p ' / po ,  p l /po ,  T'/T w h e r e   t h e   f l u c t u a t i o n   v a l u e s  are determined 

b y   t h e   o b s e r v e d   d a t a   d i f f e r e n c e s   d i v i d e d   b y  fi 
0 

17 



300' 

200- 

Eastward 
Velocity 
Fluctuations 

60km 

-40 -20 0 20 40 

Velocity I m/, 

Figure  1. D i s t r i b u t i o n  of the   eas tward  component 1969 MRN i r r e g u l a r  winds in 

t h e  55 t o  65 km height   range.  
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t h e  55 t o  65 km height  range. 
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Figure  3 .  D i s t r i b u t i o n  of  t h e  1969 MRN r e l a t i v e   p r e s s u r e   f h c t u a t i o n s  P /Po in 

t h e  45 t o  55 km height   range.  



600 

n z 
ET 
W 
v) 

8 400 * 

200 

0 

6 =4.0% 
RELATIVE 

DENSITY 

FLUCTUATIONS 

50 K M  

AMPLITUDE, % 
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and t h e  mean values are de te rmined   by   t he   ave rage  of the o b s e r v e d   d a t a   v a l u e s  

The observed  magni tudes,  as c h a r a c t e r i z e d   b y   t h e   s t a n d a r d   d e v i a t i o n s   o f  

t h e   d i s t r i b u t i o n s ,  showed l a t i t u d e  and a l t i t u d e   v a r i a t i o n s   w h i c h  a re  d i scussed  

l a t e r  i n   t h i s   s e c t i o n .  The computed values  of  skewness  parameter a showed  no 

v a r i a t i o n   w i t h   h e i g h t   o r   l a t i t u d e .   V a l u e s  computed f o r   t h e   k u r t o s i s  f3 d i d  

show a s i g n i f i c a n t   a l t i t u d e   v a r i a t i o n   d i s c u s s e d   b e l o w .   T a b l e  4 shows a summary 

of t h e   c a l c u l a t e d  a v a l u e s   f o r   t h e   i r r e g u l a r   w i n d s ,   p r e s s u r e ,   d e n s i t y ,   a n d  t e m -  

p e r a t u r e .  The va lues   o f  0 ,  a, and i3 were computed  from t h e   o b s e r v e d   d i s t r i -  

bu t ion   i n   h i s tog ram  fo rm,   w i th   Sheppa rd ' s   co r rec t ions   app l i ed ,   r a the r   t han  

from  each  individual   observed  value.  In o r d e r   t o  tes t  t h e   s i g n i f i c a n c e   o f  

t h e   d e v i a t i o n s   o f  01 f rom  the   expec ted   Gauss ian   va lue   o f   zero   the  test expla ined  

by  Keeping(62) was employed.  The v a l u e   u s e d   i n   t h e  tes t  f o r   t h e  number o f   d a t a  

w a s  t h e   e s t i m a t e d  number o f   i n d e p e n d e n t   d a t a   v a l u e s   r a t h e r   t h a n   t h e   t o t a l  num- 

ber   observed.   The number of   independent   va lues  i s  less t h a n   t h e   t o t a l   f o r  two 

r e a s o n s .   F i r s t   t h e   d a t a   v a l u e s  a t  a d j a c e n t  1 km h e i g h t   i n t e r v a l s  are n o t   i n -  

dependent   but  are co r re l a t ed   w i th   each   o the r ,   and   s econd ly   i f  a set  o f   da t a  

from n consecut ive   days  are t o   b e   d i f f e r e n c e d   t h e n   n ( n  - 1 ) / 2   d i f f e r e n c e s   c a n  

be  formed,   but   only n - 1 o f   t h e s e   d i f f e r e n c e s  are independent   o f   each   o ther .  
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Table  4 .  Average  Skewness CY of 
t h e   P r o b a b i l i t y   D i s t r i b u t i o n   o f   t h e  

I r r e g u l a r   V a r i a t i o n  

I r r e g u l a r  
V a r i a t i o n  
Parameter  

Tot a1 Number of 
Number of Independent 

Observa t ions  Observa t ions  ct 

P I  4175  1252 -0.11 

P '  4151   1252  -0.09 

T '  4413  1432  -0 .22*  

U 

(eas tward)  

V 

(northward)  

9559  2359 +O. 13" 

9078  2283 -0.10* 

* Values  which are s i g n i f i c a n t l y   d i f f e r e n t   ( a t   t h e  1% l e v e l )  
f rom  the  zero  va lue   expec ted   fo r  a G a u s s i a n   d i s   i b u t i o n .  
S i g n i f i c a n c e  tests are those   g iven  by Keeping ( 6 5 f  and  based 
on t h e  number  of  independent  observations.  
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To a f l c o u n t   f o r   t h e   c o r r e l a t i o n   o v e r   h e i g h t  i t  was assumed t h a t   d a t a   v a l u e s  

sepa ra t ed   by  5 km o f   a l t i t u d e   c o u l d   b e   t a k e n  as independen t   fo r   pu rposes   o f  

computing  the  number  of  independent  observations.  

Three  of  the skewness v a l u e s  i n  Table  4 were computed t o   b e   s i g n i f i c a n t l y  

d i f f e r e n t   f r o m   z e r o .  A p o s i t i v e  a i n d i c a t e s  an excess o f   l a r g e   p o s i t i v e  

values   and a d e f i c i t   o f   l a r g e   n e g a t i v e   v a l u e s  compared t o  a s y m m e t r i c   d i s t r i -  

b u t i o n .  The reverse o f   t h i s  w o u l d   b e   t r u e   f o r  a n e g a t i v e  a. The l a r g e s t  

magnitude  skewness i s  f o r   t h e   i r r e g u l a r   t e m p e r a t u r e   d i s t r i b u t i o n .   B e c a u s e   o f  

t h e  small u o f   t h e   t e m p e r a t u r e   t h e r e  were few i n t e r v a l s   i n t o   w h i c h   t h e   v a l u e s  

f e l l  and the   h i s tog ram  t echn ique ,   even   w i th   Sheppa rd ' s   co r rec t ions ,   p robab ly  

d o e s   n o t   a c c u r a t e l y  estimate t h e   h i g h e r  moments. Of t h e  two remain ing  a ' s  

w h i c h   a r e   s i g n i f i c a n t l y   d i f f e r e n t   f r o m   z e r o ,   o n e  i s  p o s i t i v e   a n d   t h e   o t h e r  

nega t ive .   The re fo re ,  i t  i s  n o t  clear what i f  a n y   s i g n i f i c a n c e   s h o u l d   i n   f a c t  

be   p laced  on t h e s e   s k e w n e s s   r e s u l t s .  

The va lues   computed   fo r   t he   ku r tos i s  f3 showed a s i g n i f i c a n t   a l t i t u d e  

v a r i a t i o n ,   a s   r e f l e c t e d   i n   F i g u r e  6.  The do t t ed   a r ea   r ep resen t s   t he   app rox i -  

mate range  within  which f3 would n o t   b e   s i g n i f i c a n t l y   d i f f e r e n t   f r o m   t h e   e x p e c t e d  

Gauss ian   va lue   o f  3 .  The n o t a t i o n   u s e d   i n   F i g u r e  6 i s  u f o r   t h e   e a s t w a r d  wind 

component  and v for   the  northward  wind  component .   The  values  are c o n s i s t e n t l y  

high-to-normal  below  100 km and  low-to-normal  above 100 km. The  extremely 

l a r g e   v a l u e s   f o u n d   f o r   t h e   i r r e g u l a r   t e m p e r a t u r e  may b e   d u e   t o   t h e  same prob- 

l e m  of  low u and small number o f   i n t e r v a l s ,   w h i c h   a l s o   l e d   t o   h i g h   m a g n i t u d e s  

f o r   t h e   s k e w n e s s .  

High  values  of B i n d i c a t e  a d i s t r i b u t i o n   w i t h  a h igh   cen t r a l   peak   and  

broad "skirts". A low f3 i n d i c a t e s   t h e   r e v e r s e   o f   t h i s .  The h e i g h t   v a r i a t i o n  

of f3 is  cons i s t en t   w i th   t he   p rev ious   measu remen t s   by   Jus tus  ( 4 4 )  of  low B. f o r  
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Figure 6. Height  variation of the  kurtosis B of the  distributions of the  irre- 

gular  winds,  pressure,  density,  and  temperature.  u is the  eastward 

wind  component  and v is the  northward  component. 

26 



t h e   i r r e g u l a r   w i n d s ,   b e c a u s e   t h e y  were f o r   t h e   r e g i o n   n e a r  100 km where  low B 

v a l u e s  are i n d i c a t e d .  Also shown  on F igu re  6 are t h e  f3 v a l u e s   o f   t h e   d i s t r i -  

bu t ions   o f   i r r egu la r   w inds   de t e rmined  as re s idua l   w inds   f rom  me teo r   da t a   f rom 

Garchy,  France ( 5 8 )  and Durham, New Hampshire ( 5 9 )  a f t e r   r e s o l u t i o n   o f   t h e   t i d a l  

winds  by a da ta   reduct ion   method  deve loped   by   Groves(63) .   The   meteor   da ta  

i n d i c a t e   n e a r   G a u s s i a n   v a l u e s   f o r  f3 i n   t h e  80 - 100 km reg ion ,  i n  s l i g h t   d i s -  

a g r e e m e n t   w i t h   t h e   o t h e r   d a t a ,   b u t   i n  good agreement   wi th   Russ ian   meteor   resu l t s  

computed  by  Pokrovskiy, et a l .  (64) 

The h igh  B v a l u e s   o f   t h e  MRN d a t a  a t  50 - 60 km p e r s i s t e d   e v e n  when t h e  

d a t a  was devided  by s i te  l o c a t i o n .  The B va lues  computed f o r   e a c h  s i t e  separ -  

a t e l y  and  then  averaged were approx ima te ly   t he  same a s   t h o s e   p l o t t e d   i n   F i g u r e  

6 ,   e x c e p t   f o r   t h e   r e l a t i v e   t e m p e r a t u r e   f l u c t u a t i o n s .  The s i t e  averaged B of 

t h e  T ' / T  d i s t r i b u t i o n  was 6.06 a t  50 km and 9 . 3 4  a t  60 km, somewhat lower  than 

t h e   v a l u e s   o f   F i g u r e  6 .  

0 

Magni tude   Var ia t ion   wi th   Height .  The m a g n i t u d e   o f   t h e   i r r e g u l a r   v a r i a t i o n s ,  

as r ep resen ted   by   t he   s t anda rd   dev ia t ion  0 o f   t h e   p r o b a b i l i t y   d i s t r i b u t i o n ,  

showed s i g n i f i c a n t   h e i g h t   v a r i a t i o n .  The measured   he ight   var ia t ion  o f  t h e  

i r r e g u l a r   w i n d s  i s  s e e n   i n   F i g u r e  7 .  The da ta   wh ich   wen t   i n to   F igu re  7 inc luded  

t h e  1969 MRN data   f rom 8 sites: Fort  Sherman, Cape  Kennedy,  Ascension  Island, 

White Sands,   Fort   Greeley,   Point  Mugu, Bark ing   Sands ,   and   For t   Churchi l l ,   p lus  

a l l  of t h e   d a t a   f r o m   o t h e r   s o u r c e s .  The magni tude   de te rmined   by   the   da i ly  

d i f f e r e n c e  method  from t h e  MRN a n d   o t h e r   d a t a   a r e  shown  by t h e   d a t a   p o i n t s  

connected  by  sol id   and  dashed  curves .   In   Figure 7 ,  as e l sewhere ,  u i s  t h e  

eastward  wind  component  and v i s  the  northward  component. A t  50 and 60 km t h e  

i r r e g u l a r   w i n d s  are d e f i n i t e l y   a n i s o t r o p i c ,   w i t h   t h e   e a s t w a r d  component  domi- 

n a t i n g .  A t  70 km and  above   no   s ign i f icant   an iso t ropy  exis ts .  I n  view of t h e  

27 



200 

150 

loa 

50 

0 

U 
0 

component 
M.RN & other 

V 
0 

0 

X 

Durham 
Garchy 

component 
MRN & other 
Durham 

Kazan 

\ \ *+ 
\ / 
\ / 

20 40 60 
RMS Magnitude, m/s 

F i g u r e  7 .  H e i g h t   v a r i a t i o n  of the  magni tude of  t h e   i r r e g u l a r   w i n d s .  u i s  t h e  

eastward  wind  component  and v i s  the  northward  component.  

28 



s i z e   o f   t h e   e r r o r   . b a r s   a b o v e  120.km, t he   appa ren t   dominance   o f   t he   ea s tward  

component a t  t h o s e   h e i g h t s  i s  n o t   c o n s i d e r e d   t o   b e   s i g n i f i c a n t .   T h e   i n c r e a s e  

o f   i r r e g u l a r  wind  magni tude  with  height  is ra the r   sha rp   be tween  90 and 100 km 

as m e a s u r e d   b y   t h e   d a i l y   d i f f e r e n c e   d a t a .  A r ap id   t hough   no t   qu i r e  s o  sha rp  

increase a t  t h e s e   a l t i t u d e s   i s ' a l s o   s e e n   f r o m   t h e  Durham m e t e o r   d a t a   i r r e g u l a r  

winds .   Al though  the   Garchy   da ta   agrees   in   genera l   magni tude ,   the   sharp  ra te  of 

i n c r e a s e   n e a r  90 k m  d o e s   n o t   a p p e a r   i n   t h e  Garchy  meteor  data.  A st i l l  d i f f e r -  

e n t   v a l u e   n e a r  90 km was obtained  from  Russian  meteor  winds  from  Kazan 

The  Kazan v a l u e   a p p e a r s   t o   b e   m o r e   r e p r e s e n t a t i v e   o f   t h e   h i g h e r   a l t i t u d e   d a t a  

t h a n   t h e  Durham o r  Garchy   da ta .   These   var ia t ions   l ead   one   to   conc lude   tha t   the  

( 6 4 )  

h e i g h t   v a r i a t i o n   c u r v e   o f   F i g u r e  7 g iven   by   the  MRN and 

i n   d e t a i l   o n l y   f o r   t h e   N o r t h  American  continent.  

L i n e a r i z e d   g r a v i t y  wave t h e o r y   w i t h   n o   d i s s i p a t i o n  

g r a v i t y  wave k i n e t i c   e n e r g y   d e n s i t y  p <u + v > remains 2 2 
0 

o t h e r   d a t a  may b e   v a l i d  

p r e d i c t s ' ' )   t h a t   t h e  

cons t an t   w i th   he igh t .  

It is  obvious  f rom  Figure 7 t h a t   c o n s i d e r a b l e   d i s s i p a t i o n   t a k e s   p l a c e   a b o v e  

100 km s i n c e   t h e   i r r e g u l a r  wind  magni tude  remains  re la t ively  constant   while  

t h e   a t m o s p h e r i c   d e n s i t y  p dec reases   r ap id ly .  However, s i g n i f i c a n t   d i s s i p a t i o n  

a l so   occurs   be tween 50 and  100 km d e s p i t e   t h e   i n c r e a s i n g   i r r e g u l a r  wind  magni- 

tude.   For   example,   the   densi ty   decreases   by a fac tor   o f   about  5 x from 

50 t o  100 km w h i l e   t h e  mean s q u a r e   i r r e g u l a r   v e l o c i t y  increases by a f a c t o r  

of   only  about  8. 

0 

The h e i g h t   v a r i a t i o n   o f   t h e   i r r e g u l a r   p r e s s u r e ,   d e n s i t y ,   a n d   t e m p e r a t u r e  

i s  shown i n   F i g u r e  8. The d a t a  are e x p r e s s e d   a s   v a r i a t i o n s   r e l a t i v e   t o   t h e  

mean a tmospher ic   parameters .  The dec l in ing   va lues   above  110 km conf i rn :   t he  

f a c t   t h a t   s i g n i f i c a n t   d i s s i p a t i o n   o f   t h e   i r r e g u l a r   v a r i a t i o n s   o c c u r s   a b o v e  

about   110 km. The d i s s ipa t ion   above  100 km i s  no t   unexpec ted   i n  view of 
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Figure  8. H e i g h t   v a r i a t i o n  of the   magni tude  of t h e  re la t ive  p r e s s u r e  P /Po, 

d e n s i t y  p l / p o ,  and  temperature  T'/To. 
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earlier t h e o r e t i c a l  work  on t h e   d i s s i p a t i o n   o f   g r a v i t y  waves (3'65) and  experi-  

mental o b s e r v a t i o n s  of t h e   h e i g h t   v a r i a t i o n   o f   i r r e g u l a r   w i n d s ( 4 3 s 4 4 )  i n  t h i s  

r eg ion .  However the   more-or - less   cont inuous   d i ss ipa t ion   f rom 50 t o  100 km is  

somewhat unexpected. 

F igu re  8 shows t h a t   t h e  relative tempera ture   var ia t ion   magni tude   be tween 

50 and 70 km is s i g n i f i c a n t l y  smaller t h a n   f o r   t h e  relative p r e s s u r e   o r   d e n s i t y ,  

which are about  equal.  Between 80 and 100 km t h e  re la t ive pressure   and ' temper-  

a t u r e   v a r i a t i o n   m a g n i t u d e s  becomes  about  equal  and smaller t h a n   t h e  r e l a t ive  

d e n s i t y   v a r i a t i o n s .  Above 100 km t h e   r e l a t i v e   d e n s i t y   v a r i a t i o n s  become smaller 

t h a n   t h o s e   f o r   t h e   r e l a t i v e   t e m p e r a t u r e .  

A t  f i r s t   o n e   m i g h t   t h i n k   t h a t   t h e   B o u s s i n e s q   a p p r o x i m a t i o n   s h o u l d   a p p l y   t o  

t he   p re s su re ,   dens i ty ,   and   t empera tu re   va r i a t ions   and   hence   t ha t   t he  re la t ive 

p r e s s u r e   v a r i a t i o n s   s h o u l d   b e  much smaller t h a n   t h e   r e l a t i v e   d e n s i t y   a n d  t e m -  

p e r a t u r e .  However, as shown by  Dutton  and  Ficht1(66) ,   for   motions  of  ver t ica l  

scale n o t  small compared t o   t h e  scale he ight ,   the   magni tudes   o f  a l l  t h r e e  

parameters  are comparable.  It w i l l  be  shown l a t e r  t h a t   t h e   v e r t i c a l  scales  are 

comparable   wi th   the  scale h e i g h t .   T h e r e f o r e ,   t h e   r e l a t i v e   v a l u e s  of t h e  irre- 

gular  thermodynamic  parameters are r e l a t e d  by 

p1/p0  = P V P ,  + T '  

and i n   t h e  mean square  they  would  be  re la ted  by 

where   the  las t  term i s  b a s i c a l l y   t h e   c o r r e l a t i o n   b e t w e e n   t h e   d e n s i t y   a n d  t e m -  

p e r a t u r e   v a r i a t i o n s ,   w h i c h   i n   t h e  case of  a s i n g l e  component wave t r a i n  would 
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be  dependent on t h e  relative phase   be tween  the   dens i ty   and   tempera ture  wave 

v a r i a t i o n .  The   changes   d i scussed   above   in   the  relative magnitudes of t h e  

thermodynamic   var iab les   o f   F igure  8 t h e r e f o r e   i n d i c a t e  a changing  phase 

r e l a t i o n s h i p   w i t h   h e i g h t .   T h i s   c h a n g i n g   p h a s e   r e l a t i o n s h i p   c o u l d   b e   d u e   t o   n o n -  

l i n e a r   i n t e r m o d a l   i n t e r a c t i o n s   o r   t o   s e l e c t i v e  model abso rp t ion   o f  a complex 

g r a v i t y  wave f i e l d .  In e i t h e r  case it would b e   d i f f i c u l t   t o   j u s t i f y   t h e  chang- 

ing   r e l a t ive   magn i tudes   w i th   t he   a s sumpt ion   o f  a s imple  mode g r a v i t y  wave f i e l d .  

A c o m p a r i s o n   o f   t h e   h e i g h t   v a r i a t i o n   o f   t h e   i r r e g u l a r   w i n d s   a n d   i r r e g u l a r  

d e n s i t y  shown i n   F i g u r e  9 g i v e s  good agreement  with a theory  developed  by 

M i l l e r ( 6 7 ) ,   w h i c h   p r e d i c t s   r e l a t i v e   d e n s i t y   v a r i a t i o n s   p r o p o r t i o n a l   t o  r m s  ve- 

l o c i t y   v a r i a t i o n  by a f a c t o r   w h i c h   v a r i e s   w i t h   h e i g h t .  The t h e o r e t i c a l   v a l u e s  

O f  P ' / P o  are r e l a t e d  t o  t h e  mean s q u a r e   i r r e g u l a r   w i n d s  by the   formula  

I P'/Po I = { I (y - 1 ) / c 2  + (l/gTo)  dTo/dz]  <u2 + v >) 2 1 / 2  

The U.S. Standard  Atmosphere of 1962 was used   t o   eva lua te   t he   speed   o f   sound  c, 

t h e   a c c e l e r a t i o n   o f   g r a v i t y  g, t h e   t e m p e r a t u r e  T and i t s  h e i g h t   g r a d i e n t  

dTo/dz.  The r a t i o  o f  s p e c i f i c   h e a t s  y was assumed t o   b e   c o n s t a n t  a t  a va lue   o f  

1 . 4 .  The agreement  between  the  observed p ' / p o  v a r i a t i o n  and t h a t   p r e d i c t e d  by 

t h e   t h e o r e t i c a l   f o r m u l a  is remarkab ly   good ,   cons ide r ing   t he   unce r t a in t i e s   i n t ro -  

0 

duced  by the   use   o f   s tandard   a tmosphere   va lues .  However, i t  does  appear  from 

t h e   r e s u l t s  shown i n   F i g u r e  9 t h a t   t h e   t h e o r e t i c a l   f o r m u l a   c o r r e s p o n d s  more 

nea r ly   w i th   t he   magn i tude  of t h e   i r r e g u l a r   t e m p e r a t u r e  T ' / T  t h a n   t h e   d e n s i t y  
0 

P ' / P o *  

Magnitude  Variat ion  with  Lat i tude.   Only  the  Meteorological   Rocket   Network 

d a t a  were a v a i l a b l e   i n   s u f f i c i e n t   q u a n t i t y   t o   s t u d y   l a t i t u d i n a l   v a r i a t i o n s .  

33 



The da ta   wh ich  were used are 1964 - 1969 r e s u l t s   f r o m   t h e  MRN sites l i s t e d   i n  

Table  5. The average   magni tudes ,  as d e t e r m i n e d   f r o m   t h e   d a i l y   d i f f e r e n c e   m e t h o d  

s t a n d a r d   d e v i a t i o n  of t h e   d i s t r i b u t i o n ,  are p l o t t e d   i n   F i g u r e  10 as a f u n c t i o n  

o f   t h e   o b s e r v i n g   s t a t i o n   l a t i t u d e .  The c u r v e s   i d e n t i f i e d  as P and T are rel- 

a t i v e   p r e g s u r e   p ' / p   a n d  re la t ive  tempera ture  T ' / T  i n   p e r c e n t .  The l a t i t u d e  

v a r i a t i o n  of t h e  re la t ive  d e n s i t y  was e s s e n t i a l l y   i d e n t i c a l   w i t h   t h a t   f o r  relat- 

0 0 

ive  p r e s s u r e .  The i r r e g u l a r   v e l o c i t y   m a g n i t u d e s  are i d e n t i f i e d  as U f o r  east- 

ward  component  and V for   the  northward  component .  

A t  b o t h   a l t i t u d e  levels  i n   F i g u r e  10 t h e   r e l a t i v e   t e m p e r a t u r e   v a r i a t i o n  

magnitudes are cons ide rab ly  smaller t h a n   t h e  re la t ive p r e s s u r e   o r   d e n s i t y .   T h i s  

i s  i n   k e e p i n g   w i t h   t h e   r e s u l t s   p r e v i o u s l y  shown i n   F i g u r e  7 .  The magnitudes  of 

t h e   r e l a t i v e   t e m p e r a t u r e   v a r i a t i o n s  are so small ( 1  - 2%)   t ha t   one  a t  f i r s t  

q u e s t i o n s   t h e   v a l i d i t y   o f   t h e   i n t e r p r e t a t i o n   t h a t   t h e s e   r e p r e s e n t   a t m o s p h e r i c  

v a r i a t i o n s  and n o t   j u s t   o b s e r v a t i o n a l   e r r o r .   F i r s t  i t  should   be   po in ted   ou t  

t h a t   t h e   d a i l y   d i f f e r e n c e  method  involves   observa t ions  a t  t h e  same time of  day 

and t h e r e f o r e   e x t r a n e o u s   v a r i a t i o n   d u e   t o   r a d i a t i o n .   e r r o r s  (68) from  measurements 

a t   d i f f e r e n t   s o l a r   e l e v a t i o n s   c a n n o t   b e  a s o u r c e   o f   e r r o r .   S e c o n d l y   r e s u l t s   o f  

t h e   s t u d y   o f   r o c k e t s o n d e   r e p e a t a b i l i t y  (69)  indicate   temperature   measurement  

accuracy  of   about  l 0 C  which a t  50 - 60 km is about  0.4% (ve loc i ty   accu racy  i s  

es t ima ted  a t  about  3 m/s). Thus the   observed  re la t ive  t e m p e r a t u r e   v a r i a t i o n  

magnitudes of  F igu re  10 are  between  2.5  and 5 times l a r g e r   t h a n   t h e   o b s e r v a t i o n a l  

limit. Th i rd ly ,   t he   t r end   o f   i nc reas ing   magn i tude   o f   va r i a t ion   w i th   i nc reas ing  

l a t i t u d e  i s  c o n s i s t e n t   w i t h   t h e   o b s e r v e d   i n c r e a s e d   v a r i a b i l i t y   o f   t h e   a t m o s p h e r e  

a t   h i g h   l a t i t u d e s   w h i l e  i t  would b e   d i f f i c u l t   t o   e x p l a i n   a n   i n c r e a s i n g   o b s e r -  

v a t i o n a l   e r r o r   w i t h   i n c r e a s i n g   l a t i t u d e .  

The g e n e r a l   t r e n d   o f   i n c r e a s e   w i t h   l a t i t u d e  i s  s e e n   i n  a l l  o f   t h e   v a r i a -  
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TABLE 5. MRN SITE LOCATIONS 

S i t e  Name 

Ascens ion   I s land ,  A.F.B. 

Fort  Sherman,  Canal Zone 

Barking  Sands,  Hawaii 

Cape Kennedy,  Florida 

White Sands,  New Mexico 

P o i n t  Mugu, C a l i f o r n i a  

F o r t   C h u r c h i l l ,  Canada 

Fort   Greely,   Alaska 

L a t i t u d e  

7O 59' s 

9' 20'  N 

22O 02 '  N 

28' 27'  N 

32' 23' N 

34' 23 '  N 

58' 4 4 '  N 

64' 00' N 

Longitude 

14" 25'  W 

79O 59'  w 
159O 4 7 '  W 

80' 32' W 

106' 29' W 

119' 0 7 '  W 

93O 4 9 '  w 
145' 4 4 '  W 
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b l e s   p l o t t e d   i n   F i g u r e  10. Two E x c e p t i o n s   t o   t h e   t r e n d  are t h e   s h a r p   p e a k  a t  

32.5' N l a t i t u d e   ( t h e  White Sands si te) ,  and t h e   s h a r p   d r o p   i n   t h e  60 km d a t a  

a t  64' N l a t i t u d e   ( t h e   F o r t   G r e e l y   s i t e ) .   I n   a n   a t t e m p t   t o   d i s c o v e r '  a p o s s i b l e  

c a u s e   f o r   t h e   p e a k   v a l u e   f r o m   t h e   W h i t e   S a n d s   r e s u l t s  a p o s s i b l e   g e o g r a p h i c a l  

cause  w a s  n o t e d   i n   t h e   t o p o g r a p h y  west of  White Sands.   Figure 11 shows several 

southwes tern  states and the   uppe r   po r t ion   o f   Mex ico .  The l o c a t i o n   o f  White 

Sands i s  l a b e l e d  A. The shaded area shows the   approximate   reg ion   which  i s  

f a i r ly   dense ly   popu la t ed   w i th   moun ta ins   w i th   peak   he igh t   o f   app rox ima te ly  2 km 

o r   h i g h e r .  The w e s t e r n   p o r t i o n  of  t h i s  area is  made up o f  t h e  Sierra Nevada 

Mountain  Range, t h e   m i d d l e   p o r t i o n  i s  t h e   C o l o r a d o   P l a t e a u  Area and t h e   E a s t e r n  

s e c t i o n  is  a p o r t i o n   o f   t h e  Rocky Mountains. Some p e a k s   i n   t h e  Sierra Nevada 

Range are i d e n t i f i e d   i n   F i g u r e  11: B i s  M t .  Whitney  (4418  m), C is Tor0  Peak 

(2653 m), D is  M t .  Palomar  (1867 m), E is Santa   Catal ina  (3089  m).   Immediately 

East o f   t h e  Sierra Nevadas i s  an  area which i s  a t  o r  below sea level: F iden-  

t i f i e s  Death  Valley  (-86  m), G i s  t h e   S a l t o n  S e a  (-72 m ) ,  and H i s  t h e  Gulf  of 

C a l i f o r n i a .  Any wind  blowing  toward White Sands  f rom  the WNW, W ,  o r  WSW would 

encounter   this   mountain-fol lowed-by-lowlands  terrain.   Since White Sands is 

approximately  1000 km f r o m   t h e   S i e r r a  Nevada  Range, then   the   dominant   per iod  

of waves launched  by  those  mountains   reaching  50 - 60 km h e i g h t  a t  t h e   l o c a t i o n  

of White Sands   should   have   per iodsnear   150   min .   o r   longer  i . e .  s l i g h t l y  more 

t h a n  two   hour s .   Th i s   r e su l t  w a s  c a l c u l a t e d   u s i n g   t h e  method  employed  by 

H i n e ~ ' ~ ~ )  on g r a v i t y  waves genera ted   by   nuc lear   explos ions .   This   va lue  i s  i n  

gene ra l   ag reemen t   w i th   t he   pe r iods   o f  waves i n f e r r e d  later i n   t h s   r e p o r t   f r o m  

time s t r u c t u r e   f u n c t i o n   a n a l y s i s .  The reason  why the   Fo r t   Gree ly   va lues ,   e sp -  

e c i a l l y  a t  60 km,-are   low is  n o t   c l e a r  a t  t h i s  t i m e .  However, t h e   r e s u l t s   o f  

Theon e t  a l .  (72)   have shown t h a t  wave s t r u c t u r e   e v i d e n t   i n   t h e   4 0  - 90 km 
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Figure  11. The l o c a t i o n  of  White  Sands (A) and the  surrounding  geography. 



reg ion   over   P t .   Bar row ( 7 1  N) i n   t h e   w i n t e r   ( J a n u a r y  - February) is e n t i r e l y  

a b s e n t   i n   t h e  summer (June - A u g u s t ) .   T h i s   r e s u l t   i n d i c a t e s   s t r o n g   s e a s o n a l  

v a r i a t i o n   i n   t h e   m a g n i t u d e  of upper  atmospheric  waves a t  h i g h   l a t i t u d e s ,   p o s s i -  

b l y   d u e   t o   v a r i a t i o n   i n   t h e   p r o p a g a t i o n   c h a r a c t e r i s t i c s  of the  atmosphere  between 

the   g round  leve l   and  40 km. 

0 
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4 .  VERTICAL  STRUCTURE  FUNCTION DATA 

The v e r t i c a l   s t r u c t u r e   f u n c t i o n  is d e f i n e d  as 

where V may be   ve loc i ty   component ,   p ressure ,   t empera ture   o r   dens i ty ,  z i s  t h e  

he igh t   coo rd ina te   and  < i s  the   he igh t   d i sp l acemen t .  

D a t a .   P r o f i l e s   o f   r e s i d u a l   w i n d s ,   p r e s s u r e ,   t e m p e r a t u r e   a n d   d e n s i t y  were 

obtained  from  Meteorological  Rocket  Network Data by d i f f e r e n c i n g   p a i r s   o f   w i n d ,  

p r e s s u r e ,   t e m p e r a t u r e ,   a n d   d e n s i t y   p r o f i l e s   a c c o r d i n g   t o   t h e  method d i s c u s s e d  

i n   s e c t i o n  2 ( s e e   e q u a t i o n   ( 1 5 ) ) .  The p a i r  members were chosen   such   tha t   bo th  

p r o f i l e s   o c c u r r e d   w i t h i n   t e n   m i n u t e s  of  t h e  same l o c a l  t i m e  of  day  and  not  more 

t h a n   f i f t e e n   d a y s   a p a r t .   T h i s   p r o c e d u r e  w a s  pe r fo rmed   on   da t a   f rom  the   e igh t  

l o c a t i o n s   l i s t e d   i n   T a b l e   5 .  The time coverage   of   the   da ta   ranged   f rom  1964  to  

1971   and   t he   he igh t   r ange  was from  45 km t o   a b o u t  65 o r  70 km. 

I n   a d d i t i o n ,  similar p r o f i l e s   o r   r e s i d u a l   w i n d s  were obtained  from  chemi- 

cal  r e l e a s e   w i n d   d a t a   t a k e n  a t  Eg l in  AFB i n   F l o r i d a  ( 5 0 )  , GCA d a t a  (52) and  gun 

probe   da ta   f rom  Barbados   and   Y~ma '~ ' ) .  The time c o v e r a g e   o f   t h i s   d a t a  was from 

1959 t o   1 9 7 1  and t h e   h e i g h t   r a n g e  was from  about 80 km t o   1 4 0  km. The chemical  

release d a t a   a l s o   i n c l u d e s  some ve r t i ca l  winds  which were used i n   t h e   v e r t i c a l  

s t r u c t u r e   a n a l y s i s  (50,73,74) 

The ROBIN f a l l i n g - s p h e r e   d a t a   t a k e n  a t  Eg l in  

used   a l so   (53) .  The h e i g h t   r a n g e   o f   t h i s   d a t a  was 

I r r egu la r   w inds  were a l s o   o b t a i n e d   f r o m   t h e  ROBIN 

AFB on May 9 - 10, 1961 ,  was 

from  about 45 t o  65 km. 

d a t a   b y   s u b t r a c t i n g   t h e  

t i d a l  components   determined  by  harmonic  analysis   f rom  the raw d a t a .  

Analvs is .  The v e r t i c a l   s t r u c t u r e   f u n c t i o n s   o f   t h e   r e s L d u a l   w i n d s  were 
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computed f o r   e a c h   r e s i d u a l  wind p r o f i l e   b y   t a k i n g   d i f f e r e n c e s   b e t w e e n   v a l u e s  

f r o m   t h e   p r o f i l e  a t  a l t i t u d e s   d i f f e r e n t   b y . t h e   d i s p l a c e m e n t  amount  and  averag- 

i n g   o v e r -   t h e   p r o f i l e .   S i m i l a r   a n a l y s i s  was per formed  for   the   p ressure ,   t emper-  

a t u r e ,   a n d   d e n s i t y   d a t a .  

The MRN d a t a  were d i v i d e d   i n t o   g r o u p s   a c c o r d i n g   t o   t h e  s i t e  l o c a t i o n   f r o m  

w h i c h   t h e   d a t a  were taken ,   and   da ta   f rom  each  s i te  w a s  a n a l y z e d   s e p a r a t e l y .  

R e p r e s e n t a t i v e   p r o f i l e s   o f   t h e  ver t ical  s t r u c t u r e   f u n c t i o n s   o f   t h e s e   d a t a  are 

shown in   F igu res12   and  13 .  A t  f i r s t   t h e   r e s i d u a l   p r o f i l e s  from a p a r t i c u l a r  

s i t e  were d i v i d e d   i n t o  two he ight   g roups   o f  45 t o  55 km and  55 t o  65 km, and a 

s t r u c t u r e   f u n c t i o n  was c a l c u l a t e d   f o r   e a c h   h e i g h t   g r o u p .  However, t h e   s t r u c t -  

u r e   f u n c t i o n s   f o r   t h e  two groups were n o t   s i g n i f i c a n t l y   d i f f e r e n t ;   a n d   t h u s ,  

t h e   h e i g h t   g r o u p s  were recombined in to   one   g roup.  

F i g u r e   1 2   s h o w s   t h e   s t r u c t u r e   f u n c t i o n   f o r  two p r o f i l e s   o f   r e s i d u a l   n o r t h -  

south  winds  and two p r o f i l e s   o f   r e s i d u a l  east-west winds. All f o u r   f u n c t i o n s  

show t h e  same g e n e r a l   c h a r a c t e r i s t i c s .   F o r  small v e r t i c a l   d i s p l a c e m e n t s   t h e  

s t r u c t u r e   f u n c t i o n   i n c r e a s e s   a p p r o x i m a t e l y   l i n e a r l y  on l o g - l o g   s c a l e  and  then 

levels o f f .  A power  law  of t h e  form D(<) = c o n s t .   ( c ) n  was f i t t e d   t o   e a c h  of 

t h e   v e r t i c a l   s t r u c t u r e   f u n c t i o n s  of t h e  MRN d a t a   o v e r  small v e r t i c a l   d i s p l a c e -  

ments <. The averages   o f   the   cor responding   exponents  n were 1 . 0 6   f o r   t h e  

r e s idua l   no r th - sou th   w inds   and   0 .94   fo r   t he  east-west winds.  

The ave rage   l eve l ing -o f f   va lues  o f  t h e   s t r u c t u r e   f u n c t i o n s  were found t o  

be  197 m / s e c 2   f o r   t h e   r e s i d u a l   n o r t h - s o u t h   w i n d s ,   c o r r e s p o n d i n g   t o  CJ 1 10  

m/sec, and  237 m !sec2 f o r   t h e   r e s i d u a l  east-west winds ,   cor responding   to  

a 1 11 m/sec, i n   r e a s o n a b l e   a g r e e m e n t   w i t h   t h e   v a l u e s  a t  50  and 60 km i n  

F igu re  7. 

2 
n 

2 

e 

Also, c h a r a c t e r i s t i c   w i t h  most  of t h e  ver t ica l  s t r u c t u r e   f u n c t i o n s  w,as 
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Figure  12 .  V e r t i c a l   s t r u c t u r e   f u n c t i o n s   o f  MRN i r r e g u l a r  wind da ta   de te rmined  

by the d a i l y   d i f f e r e n c e  method. 
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Figure 13. Vertical  structure  functions  of MRN relative  temperature,  pressure, 

and density  variations  determined by the  daily  difference method. 
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t h e   a d d i t i o n a l   p e a k   f o r  a ver t ical  displacement   of   about  18 km. This   peak could 

be  caused  by a w a v e  motion  with a dominant vertical wavelength  of   about  36 km. 
The a m p l i t u d e   o f . t h i s   m o t i o n  seems t o . v a r y   f r o m   a b o u t  5 t o   1 0   m / s e c .  

The h o r i z o n t a l   a r r o w   i n   t h e   g r a p h   o f   t h e   s t r u c t u r e   f u n c t i o n   f o r   t h e   n o r t h -  

ward  winds a t  the   CapKennedy s i te  g ives   an   example   o f   the   pos i t ion   o f   the  level- 

ing-of f   po in t  (20 ) which was c a l c u l a t e d   f r o m   t h e   d a i l y - d i f f e r e n c e   a n a l y s i s .  

A c t u a l l y ,   t h e   d a i l y - d i f f e r e n c e   a n a l y s i s   c a l c u l a t e s   a n   a v e r a g e   f o r   t h e   l e v e l i n g -  

o f f   va lue   and   wou ld   i nc lude   t he   peak   i n   t he   ave rage .   Thus ,   t he   va lue  of  20 

c a l c u l a t e d   f r o m   t h e   d a i l y - d i f f e r e n c e   p r o g r a m   s h o u l d   b e   s l i g h t l y   l a r g e r   t h a n   t h e  

2 

2 

v a l u e   c a l c u l a t e d   f r o m   t h e  ver t ical  s t r u c t u r e   f u n c t i o n s  as is  shown. 

F i g u r e  1 3  shows t h e  ver t ica l  s t r u c t u r e   f u n c t i o n s   f o r  two p r o f i l e s   o f  rel- 

a t i v e   t e m p e r a t u r e   d e v i a t i o n  and  one p r o f i l e   e a c h   o f  relative pressure  and  den-  

s i t y   d e v i a t i o n .  The f u n c t i o n   f o r   t h e   t e m p e r a t u r e  seems t o  b e h a v e   s i m i l a r l y  

t o   t h e   s t r u c t u r e   f u n c t i o n s   f o r   t h e  wind  components i n   F i g u r e  12. However, t h e  

v e r t i c a l   s t r u c t u r e   f u n c t i o n s   f o r   t h e   p r e s s u r e   a n d   d e n s i t y   h a v e   e n t i r e l y   d i f f e r -  

e n t   d e t a i l e d   c h a r a c t e r i s t i c s .  They  do seem t o   h a v e  a l i n e a r   l o g - l o g   i n c r e a s e  

f o r  small ve r t i ca l   d i sp l acemen t s ,   bu t   t hey   have   no   l eve l ing -o f f   po in t .  Some 

o f   t h e   f u n c t i o n s  seem t o  peak a t  v e r t i c a l   d i s p l a c e m e n t s   o f  18 o r   1 9  km similar 

t o   t h e   p e a k s   o b s e r v e d   i n   t h e   v e l o c i t y   s t r u c t u r e   f u n c t i o n s   w h e r e a s   o t h e r s   c o n -  

t i n u e   t o   i n c r e a s e   o u t   t o  20 km, t h e   l a r g e s t   d i s p l a c e m e n t   c a l c u l a t e d .  

A power l a w  D ( 5 )  = c o n s t .   ( < ) n  was f i t t e d   t o   t h e  vertical s t r u c t u r e  

f u n c t i o n s   f o r   t h e   t e m p e r a t u r e ,   p r e s s u r e ,   a n d   d e n s i t y   d a t a   o v e r  small v e r t i c a l  

d i sp lacements .  The averages  of   the   exponent  n are 0.82, l .O9 , . and  0.65 f o r  

t h e   p r e s s u r e ,   t e m p e r a t u r e ,   a n d   d e n s i t y   r e s p e c t i v e l y .  The ave rage   l eve l ing -  

o f f   v a l u e  of t h e   t e m p e r a t u r e  is 5.0(%) c o r r e s p o n d i n g   t o  u = 1.'6%, a g a i n   i n  2 

good   ag reemen t   w i th   p rev ious   r e su l t s   i n   F igu re  8. 
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Figure   14  shows t h e   v e r t i c a l   s t r u c t u r e   f u n c t i o n s   f o r   t h e   c h e m i c a l  release 

wind  data .   These  data  were b r o k e n   i n t o . t w o   h e i g h t   i n t e r v a l s ,  80 t o   1 1 0  km and 

110 t o   1 4 0  km. The f u n c t i o n s  show a l i n e a r   l o g - l o g   i n c r e a s e   w i t h   i n c r e a s i n g  

ver t ical  d i s p l a c e m e n t   a n d   t h e n   l e v e l h g - o f f .  The l e v e l i n g - o f f   v a l u e s  are much 

l a r g e r   t h a n   t h o s e   f o r   t h e  MRN d a t a  as one  would  expect   due  to   the  increased 

a l t i t u d e .   I n   t h i s   d a t a   t h e   l e v e l i n g - o f f   v a l u e  i s  about 3500 m /sec c o r r e s -  

ponding t o  u 1 42 m/sec, i n  reasonable   agreement   wi th   F igure  7 f o r   t h i s   h e i g h t  

range  I 

2 2  

Figure   15  shows t h e   v e r t i c a l   s t r u c t u r e   f u n c t i o n s   f o r   t h e   v e r t i c a l   w i n d s .  

The raw v e r t i c a l  wind d a t a  were used   in   the   computa t ions   wi th  no d a i l y   d i f f e r -  

encing.  However, s i n c e   e s s e n t i a l l y  a l l  of t h e   v e r t i c a l  wind should   be   the  irre- 

g u l a r  component t h i s  i s  cons ide red   appropr i a t e .  Both func t ions ,   fo r   da t a   be low 

and  above  110 km, show a l i n e a r   l o g - l o g   i n c r e a s e   o v e r   s m a l l   v e r t i c a l   d i s p l a c e -  

ments   with  s lopes  of  1 . 3 2  and 1 . 5 2  r e s p e c t i v e l y .  The f u n c t i o n   f o r   t h e   d a t a  

above 110 km does  not   have a d e f i n i t e   l e v e l i n g - o f f   p o i n t ,   w h e r e a s ,   t h e   f u n c t i o n  

fo r   t he   da t a   be low 110 km l e v e l s   o f f  a t  a va lue   o f  250 m / s e c   c o r r e s p o n d i n g   t o  

u 1 11 m/sec.  This cs i s  much s m a l l e r   t h a n   t h e   a b o v e   c a l c u l a t e d  U- v a l u e   f o r  

t h e   h o r i z o n t a l   w i n d s   i n   t h e  same a l t i t u d e   r a n g e .   A g a i n ,   t h i s  i s  as expected 

because   the   ver t ica l   ampl i tudes   o f   a tmospher ic   g rav i ty  wave motions are expec ted  

t o   b e  smaller than   t he   co r re spond ing   ho r i zon ta l   ampl i tudes .  

2 2 

The ROBIN d a i l y   d i f f e r e n c e   d a t a  and ROBIN i r r e g u l a r  wind data   f rom  harmonic 

a n a l y s i s  were ana lyzed   s imi l a r ly  and t h e   r e s u l t s  are shown i n   T a b l e  6. The re- 

s u l t s  of t h e  ROBIN d a t a  were no t   ave raged   w i th   t he   r e su l t s   o f   t he  MRN da ta   be -  

c a u s e   t h e   r e s u l t a n t   v a l u e s  were s i g n i f i c a n t l y   d i f f e r e n t .  It i s  s u s p e c t e d   t h a t  

someth ing   pecul ia r  is o c c u r r i n g   i n   t h e  ROBIN d a t a  and  consequently,  the ROBIN 
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Figure  14. Vertical s t r u c t u r e   f u n c t i o n s  of chemical  release and  grenade release 

hor izonta l   wind   da ta   de te rmined   by   the   da i ly   d i f fe rence   method.  
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Figure 15. Vertical structure of chemical release  vertical wind data. 



v a l u e s  were k e p t   s e p a r a t e .  

Table  6 a l s o . g i v e s  a summary of t h e   r e s u l t s  of t h e  ver t ical  s t r u c t u r e  

f u n c t i o n   a n a l y s i s  and o t h e r   r e s u l t s .  

J u s   t u s  ( 4 4 )  analyzed  chemical  release da ta   f rom Yuma - t o   o b t a i n  a ver t ical  

s t r u c t u r e   f u n c t i o n   v i a   a n   a n a l y s i s  method  .which is d i f f e r e n t   f r o m   t h e  method  used 

i n  t h i s   r e p o r t .  H i s  r e s u l t s  are shown i n   F i g u r e   1 6   a n d   t h e y   a g r e e   w i t h   t h e  u 

r e s u l t s  summarized i n   T a b l e  6,  bu t   the   exponent  n = 1.6 is s l i g h t l y   l a r g e r .  

I f   t he   exponen t   va lues  n of   Table  6 are i n t e r p r e t e d   v i a   e q u a t i o n  (12) as result-  

ing  f rom a cont inuous  power law s p e c t r u m ,   t h e n   s p e c t r a   o f   t h e   v e r t i c a l  wave num- 

b e r  k would fo l low a power l a w  $(k) a k"' -t n ) .  The  tendency  of  the  Table 6 

va lues   o f  n t o   i n c r e a s e   w i t h   a l t i t u d e  wou ld   t hus   i nd ica t e  a changing  spectrum 

w i t h   h e i g h t .  

The dominant v e r t i c a l   s c a l e  of   the   i r regular   mot ion   can   a l so   be   observed  

f r o m   t h e   v e r t i c a l   s t r u c t u r e   f u n c t i o n s .  The half   wavelength  of   the  dominant  

v e r t i c a l   s c a l e  i s  g iven  as t h e  minimum h e i g h t   d i s p l a c e m e n t   f o r   w h i c h   t h e   v e r t i -  

c a l   s t r u c t u e   f u n c t i o n   b e g i n s   t o   l e v e l   o f f .  An average   va lue   for   the   dominant  

v e r t i c a l   s c a l e   o f   t h e  MRN d a t a   ( d a t a   h e i g h t s   f r o m  45 t o  65 km) i s  about 7 o r  

8 km. The same ave rage   va lue  was f o u n d   a l s o   f o r   t h e   c h e m i c a l  release da ta   which  

is a t  a h e i g h t  of around 110 km. These   r e su l t s  are i n  ag reemen t   w i th   t heo re t i ca l  

p r e d i c t i o n s  by T ~ h e n ' ~ ~ ) ,  who s t a t e d   t h a t   t h e  minimum ver t ica l  s c a l e  of internal 

g rav i ty   waves   shou ld   be   p ropor t iona l   t o   t he   p re s su re   s ca l e   he igh t .  The s c a l e  

h e i g h t   f o r   t h e   h e i g h t   r e g i o n s   o f   c o n c e r n  is f a i r l y   c o n s t a n t  a t  about 8 !a. 
Earlier exper imenta l   suppor t  of t he   co r re l a t ion   be tween   s ca l e   he igh t   and   min i -  

mum v e r t i c a l   s c a l e  was g iven   by   Jus tus  (75) i n   h i s   a n a l y s i s   o f   c h e m i c a l   r e l e a s e  

d a t a .  However, t h e   s t r u c t u r e   f u n c t i o n   s c a l e  o f  7 km a t  t h e  45 t o  65 km l e v e l  
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TABLE 6. SUMMARY OF STRUCTURE FUNCTION I N I T I A L  
EXPONENTS n AND MAGNITUDES a INFERRED  FROM  LEVELING-OFF VALUES 

Data 
Height 
Range 

(km) 
V ns V ew Temperature   Pressure  Densi ty  vz 

0 0 

n (m/sec) n (m/sec) n 0 n  n  n (m/sec) 

MRN 45-65 1.06 10 0.94 11 1.09  1 .6  0.82  0.65 

ROBIN (Daily  Diff  .) 45-65 0.69  18  0.60  18  0.56 -- 1.32  0.72 c. 
L n  

ROBIN (Harmonic 45-65 0.84 " 0.68 -- 1.52 6 1.48 1.40 
Analysis) 

Chemical  Release 80-110 1.32 42 1.32 47 1.32 11 

Chemical  Release 110-140 1.08 " 1 . 4 4  42 1.52 -- 
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Figure  16.  Vertical  structure  function of chemical  release  data  previously 

analyzed  by  Justus ( 4 4 )  using  a  deviation-from-the-mean  technique. 
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i s  c o n t r a r y   t o   t h e  estimates by Webb (76) and o t h e r s   o f  a v e r t i c a l  scale of 

about 2 km in   t ha t   he igh t   r ange .   These   l ower  estimates have come from  sub- 

ject ive estimates o f   l a y e r   t h i c k n e s s   i n   t h e  wind p r o f i l e s   o r   c o r r e l a t i o n  scales 

of   devia t ions   f rom 5 km v e r t i c a l  means.  The f i r s t  o f   t hese  may b e   d e f i c i e n t  

b e c a u s e   o f   t e n d e n c y   f o r   t h e   e y e   t o   i g n o r e   l a r g e r  scale u n d u l a t i o n s   f o r   t h e  

smaller scale "wiggles" i n   t h e   p r o f i l e ,  and the  second  method a p r i o r i   e x c l u d e s  

the  computat ion  of  a scale l a r g e r   t h a n  5 km. 
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5. HORIZONTAL  STRUCTURE  FUNCTION DATA 

The  horizontal  structure  function is defined  as 

D(r) = <[V(x) - V(x + r)I2> ...  ...  ... 

where V may  be  the  horizontal  velocity  (made  up  of  the  two  horizontal  velocity 

components),  the  pressure,  temperature,  or  density; x is  the  horizontal  coordi- 

nate  vector;  and  r  is  the  horizontal  displacement  vector.  The  structure 

function  depends  only  on r, the  magnitude  of  the  vector  r. 

... 

- 
- 

Data.  The  horizontal  structure  function  of  the  irregular  winds  can  be 

estimated  by  taking  differences  in  winds  determined  from  up  and down leg  trails 

or  by  taking  differences  in  winds  determined  from  two  simultaneous  measurements 

separated  by a  small  horizontal  distance.  The  horizontal  separation  of  the 

measurements  provides  the  horizontal  displacement  in  the  structure  function 

computation.  Data  meeting  these  qualifications  were  found  in  the  chemical 

release  data  obtained  from  rockets  fired  at  Eglin  AFB,  Florida(50)  and  in  the 

chemical  release  data  obtained  from  the  gun  firings  at  Barbados,  West  Indies, 

and  Yuma,  Arizona (51’77). The  altitude  range  of  these  data  is  about 80 to 140 km. 

In the  lower  altitudes,  an  attempt  was  made  to  use  the ROBIN data(53),  but 

there  were  not  enough  data  available  to  obtain  statistically  meaningful  infor- 

mation.  Also,  the  same was  true  for  pressure,  temperature  and  density  data. 

Although  some  data  were  available  (78y79),  there  were  not  enough  data  to  deter- 

mine  any  trends of the  horizontal  structure  function  for  these  quantities. 

However,  the  results  computed  here  and  averaged  with  structure  function  values 

reconstructed  from  correlation  values  reported  by  Mahoney  and  Boer(80),  Cole 

and  Kantor(81),  and  Lettau (82) did  produce  reasonable  results. 
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Analys is .   F igure  1 7  shows t h e   h o r i z o n t a l   s t r u c t u r e   f u n c t i o n   o f   t h e   h o r i -  

z o n t a l   w i n d s .   H o r i z o n t a l   s t r u c t u r e   f u n c t i o n   d a t a   f o r   t h e  ver t ical  winds was 

a l s o   o b t a i n e d   f r o m  the chemical release d a t a  and is  shown i n   F i g u r e  18. Each 

d a t a   p o i n t   o n   t h e s e   f i g u r e s   r e p r e s e n t s   t h e   a v e r a g e   o f  several d a t a ' p o i n t s  which 

were grouped   accord ing   to  small h o r i z o n t a l   s e p a r a t i o n   i n t e r v a l s .  The d a t a  

p o i n t  a t  t h e   l a r g e s t   s e p a r a t i o n  (450 km) r e p r e s e n t s   t h e   r e s u l t s   o f   d i f f e r e n c -  

i n g   o n e   p a i r   o f   c h e m i c a l  release wind p r o f i l e s   r e p o r t e d  by B l a ~ n o n t ' ~ ~ )  . The 

l i n e   t h r o u g h   t h e   d a t a   p o i n t s   o f   F i g u r e   1 7   r e p r e s e n t s   v a r i a t i o n   a c c o r d i n g   t o   t h e  

power l a w  

D(r )  = c o n s t .   ( r )  213  
( 3 3 )  

and is  s e e n   t o   b e   i n   r e a s o n a b l e   a g r e e m e n t   w i t h   t h e   o b s e r v e d   d a t a .   T h i s  i s  a l s o  

i n  ag reemen t   w i th   p rev ious   r e su l t s   r epor t ed  by Justus  and  co-workers (16,77) 

Such a power  law  would  correspond t o  a spec t rum  o f   ho r i zon ta l  wave  numbers k 

of   the   form $(k) a ke5I3. One o f   t h e   t h e o r e t i c a l   r e s u l t s   o f  two d imens iona l  

t u rbu lence  ( 8 4 )  i s  t h a t  a -513 spectrum  would  lead  to   an  energy  cascade up t h e  

s p e c t r u m   t o   h i g h e r  scales. Therefore  i t  may b e   t h a t   t h e   g r a v i t y  wave f i e l d  

i n   t h e   u p p e r   a t m o s p h e r e ,   i n   a d d i t i o n   t o   l o s i n g   e n e r g y  by  damping  and t h e  gen- 

e r a t i o n   o f   t u r b u l e n c e ,  may a l s o   s e r v e  as a p a r t i a l   e n e r g y   s o u r c e   f o r   l a r g e r  

s c a l e   m o t i o n s ,   e . g .   p l a n e t a r y  waves a n d   s y n o p t i c   s c a l e   v a r i a t i o n s .  The re- 

s u l t s   o f   F i g u r e   1 7  are compat ib le   wi th  a magnitude (a) of   about  40 m/s and a 

h o r i z o n t a l  scale ( h a l f  wave l eng th )   on   t he   o rde r   o f  500  km. 

C o n c l u s i o n s   f r o m   t h e   v e r t i c a l   w i n d s   s t r u c t u r e   f u n c t i o n   i n   F i g u r e  18  are 

less c e r t a i n .  One i n t e r p r e t a t i o n  as shown  would y i e l d  a power  law  of 1 .06 a t  

small s c a l e s   a n d   i n d i c a t e  a h o r i z o n t a l  scale of   about  20 - 30  km. The f a c t  

t h a t   t h e   h o r i z o n t a l  scale o f   t h e  ve r t i ca l  winds i s  so much smaller t h a n   t h e  
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Figure  1 7  H o r i z o n t a l   s t r u c t u r e   f u n c t i o n  of t he   ho r i zon ta l   chemica l  release 

winds. 
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Figure  18. H o r i z o n t a l   s t r u c t u r e   f u n c t i o n  of t h e   v e r t i c a l   c h e m i c a l  release wind. 
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scale f o r   t h e   h o r i z o n t a l   w i n d s   i n d i c a t e s   t h a t   t h e  small scale waves h a v e   l a r g e r  

con t r ibu t ions   f rom ver t ical  components   than  do  the  large scale waves. 

The ho r i zon ta l .   s t ruc tu re   func t ion   o f   t he   ho r i zon ta l   w inds   i n   t he  45 - 65 km 

range  are shown i n   F i g u r e   1 9 .  The t h r e e   d a t a   p o i n t s  a t  t h e   l a r g e s t  scales are 

from  Cole  and  Kantor (81) and  o ther   da ta   po in ts   were   averaged   f rom  the   o ther  

a v a i l a b l e   d a t a .  The 2 / 3  power law f i t s   t h e   d a t a   r e a s o n a b l y  w e l l  a t  small s c a l e s  

and t h e   s t r u c t u r e   f u n c t i o n  a t  l a r g e r   s c a l e s   i n d i c a t e s  a h o r i z o n t a l   s c a l e   o f   a b o u t  

100 km and a magnitude  of  about 10 m / s ,  somewhat  lower  than  inferred ear l ie r  i n  

this r e p o r t .  
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Figure 1 9 .  Hor i zon ta l   s t ruc tu re   func t ion  of t h e  ROBIN da ta   hor izonta l   winds .  



6. TIME  STRUCTURE  FUNCTION DATA 

The time s t r u c t u r e   f u n c t i o n  i s  d e f i n e d  as 

D(At) = < [ V ( t )  - V ( t  + At) I2>  ( 3 4 )  

where V may b e  a ve loc i ty   component ,   p ressure ,   t empera ture ,   o r   dens i ty ,  t is 

t h e  time and A t  i s  t h e  time s e p a r a t i o n .  

Data. P r o f i l e s   o r   i r r e g u l a r   w i n d s ,   p r e s s u r e ,   t e m p e r a t u r e   a n d   d e n s i t y  were 

o b t a i n e d   b y   s u b t r a c t i n g   t i d a l   c o n t r i b u t i o n s   f r o m  r a w  d a t a .  The t i d a l   c o n t r i -  

b u t i o n s  were found  by  performing a harmonic   ana lys i s   on  a d a t a  set f o r  t h e  

d i u r n a l  and   semidiurna l   cyc les  as exp la ined  earlier ( s e e   e q u a t i o n  ( 2 0 ) ) .  Suf f -  

i c i e n t   d a t a   f o r  3 d i f f e r e n t   d a t a  sets were found  from MRN d a t a .  The r e s u l t s  

of the  harmonic  analysis   compared  very w e l l  w i th   p rev ious  work t h a t  had  been 

p e r f o r m e d   o n   e s s e n t i a l l y   t h e  same d a t a  (85-90) 

A f t e r   t h e   t i d a l   c o n t r i b u t i o n s  had  been  extracted  f rom a d a t a  se t ,  t h e  

remain ing   da ta   gave  a series o f   i r r e g u l a r   w i n d s   p r o f i l e s  as a func t ion   o f  time. 

The time i n t e r v a l s   b e t w e e n   t h e   i r r e g u l a r   d a t a   p r o f i l e s   p r o v i d e s   t h e  time separ -  

a t i o n   n e e d e d   f o r   t h e   c a l c u l a t i o n   o f   t h e  time s t r u c t u r e   f u n c t i o n .  

Analys is .  The c a l c u l a t e d  time s t r u c t u r e   f u n c t i o n s   f o r   t h e   n o r t h w a r d   a n d  

eastward  veloci ty   components  are shown i n   F i g u r e  20. Both   func t ions  show a 

d e f i n i t e   o s c i l l a t o r y   m o t i o n   w h i c h   i n d i c a t e s   t h e   e x i s t e n c e  o f  s i g n i f i c a n t   m o t i o n  

with  dominant   per iods.  The  dominant time scale (ha l f   pe r iod )  is  about  2 - 3 

hours .  However, t h e   o s c i l l a t o r y   m o t i o n  i s  centered   on  a value  which i s  

s u f f i c i e n t l y   h i g h   t o   i n d i c a t e   t h a t   t h e r e   e x i s t s   a l s o   i r r e g u l a r   m o t i o n   w i t h  a 

c o n t i n u o u s   d i s t r i b u t i o n  of p e r i o d s .  The l i n e s  drawn i n   t h e   f i g u r e   h a v e   s l o p e s  

o f , l . 0 7   f o r   t h e   n o r t h w a r d   w i n d s   a n d  1 .63  fo r   t he   ea s tward   w inds .  However t h e s e  
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Figure  20. Average time s t r u c t u r e   f u n c t i o n   o f  MRN and ROBIN d a t a   h o r i z o n t a l  

w i n d s   i n   t h e  45 - 65 km he ight   range .  
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v a l u e s  are h i g h l y   u n c e r t a i n   d u e   t o . t h e  lack o f   d a t a  a t  s h o r t  time disp lacements .  

A time s t r u c t u r e   f u n c t i o n  shown i n   F i g u r e   2 1  was c o n s t r u c t e d   f r o m   t h e   c o r r e -  

l a t i o n   d a t a   o f  Greenhow  and  Neufeld This was done   by .   us ing   equat ion  (9) 

a n d   t a k i n g   t h e  r m s  i r r e g u l a r   v e l o c i t y   t o   b e  25 m / s ,  t he   va lue   r epor t ed   by   Green-  

how and   Neufe ld .   These   resu l t s   have  a power law behav io r  a t  small time d i s -  

p lacements   wi th  a 2 /3  power  of A t .  T h i s   r e s u l t   a p p e a r s   t o   c o n t r a d i c t   t h e  MRN 

r e s u l t s   b u t  is i n  a g r e e m e n t   w i t h   t h e   h o r i z o n t a l   s t r u c t u r e   f u n c t i o n s   s i n c e   a n  

a p p l i c a t i o n   o f   T a y l o r ' s   h y p o t h e s i s   w o u l d   s a y   t h a t  time s t r u c t u r e   f u n c t i o n s  and 

h o r i z o n t a l   s t r u c t u r e   f u n c t i o n s   s h o u l d   b e h a v e   s i m i l a r l y .  The d a t a   o f   F i g u r e   2 1  

i n d i c a t e s  a dominant t i m e  scale of   about  3 h o u r s ,   s l i g h t l y   h i g h e r   t h a n   t h e  MRN 

d a t a ,   b u t   t h e   l e n g t h e n i n g   o f   t h e  t i m e  scale i s  t o   b e   e x p e c t e d  a t  t h e   h i g h e r  

a l t i t u d e s .  

J u s   t u s  ( 4 4 )  h a s   c a l c u l a t e d   t h e  time s t r u c t u r e   f u n c t i o n   o f   i r r e g u l a r   w i n d s  

f o r   t h e   a l t i t u d e   r a n g e   n e a r  100 km. H i s  r e s u l t s  are g i v e n   i n   F i g u r e   2 2 .  A t  

t h i s   h i g h e r   a l t i t u d e   t h e r e  seems t o   b e  less con t r ibu t ion   f rom a s i n g l e   s t r o n g l y  

dominan t   pe r iod   i n   t he   i r r egu la r   mo t ions   and  more  of a c o n t i n u o u s   d i s t r i b u t i o n  

of   per iods .  The s l o p e   o f   t h e   l i n e a r   i n c r e a s e  i s  1.5 which  t.ends t o  conf i rm 

t h e   h i g h e r  of t he   s lopes   found  a t  t h e   l o w e r   a l t i t u d e .  The time scale a t  t h e  

h i g h e r   a l t i t u d e s  is s i g n i f i c a n t l y   i n c r e a s e d  and i s  o f   t h e   o r d e r   o f  1 0  hours .  
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Figure 21. Time  structure  function of Greenhow and  Neufeld meteor  winds (91) 

reconstructed from  their correlation curve. 
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Figure 22. Time  structure of chemical  release  horizontal  winds previously ana- 

lvzed bv Justus ( 4 4 )  usine a  deviation-from-the-mean  techniaue. 



7. THE EFFECTIVE FREQUENCY  SPECTRUM 
ENCOUNTERED BY A SPACECRAFT 

The a n a l y s i s   o f   t h e   s t r u c t u r e   f u n c t i o n s   p r e s e n t e d   i n   t h e   p r e v i o u s   s e c t i o n s  

i n d i c a t e   t h a t   t h e   i r r e g u l a r  w ind ,   p re s su re ,   dens i ty ,   and   t empera tu re   f i e lds   i n  

the 50 - 200 km r e g i o n  can b e   c o n s i d e r e d ' a s  a more-or-less  continuous  spectrum, 

e x c e p t   t h a t   i n   c e r t a i n  cases, such as t h e  ver t ical  wave number  spectrum i n   t h e  

45 - 65 km r e g i o n ,   s i n g l e  modes o f   spec i f i c   wave leng th   mus t   be   added   t o   t he  

o t h e r w i s e   c o n t i n u o u s   s p e c t r u m .   T h i s   l e a d s   t o   t h e   c o n c l u s i o n   t h a t   t h e   e f f e c t s  

o f   t h e   g r a v i t y  wave f i e l d  o n   s p a c e c r a f t   t r a v e r s i n g   t h e s e   a l t i t u d e   r e g i o n s   c a n  

b e   a n a l y z e d   i n  terms o f   t h e   s p e c t r a l   t e c h n i q u e s   o f   t u r b u l e n c e .  However, t h e  

r e s u l t s  show t h a t   s i g n i f i c a n t   a n i s o t r o p y   e x i s t s   i n   t h a t   t h e   h o r i z o n t a l  scales 

a r e   s i g n i f i c a n t l y   l a r g e r   t h a n  ver t ica l  scales. I n  view o f   t h e   n e a r l y   i s o t r o p i c  

c o n d i t i o n s   i n   t h e   h o r i z o n t a l ,   a n a l y s i s   i n  terms of ax isymmetr ic   spec t ra  i s  

s u g g e s t e d ,   w i t h   t h e   a x i s   o f  symmetry  being i n   t h e  ver t ica l .  

The c o o r d i n a t e s   o f   t h e   a n a l y s i s  are i n d i c a t e d   i n   F i g u r e  2 3 .  The  x ,   y ,  z 

sys tem  has  x and y a x e s   i n   t h e   h o r i z o n t a l   p l a n e   a n d  z i n   t h e   v e r t i c a l   d i r e c t i o n .  

The x d i r ec t ion   has   been   conven ien t ly   chosen   t o   be   a long   t he   az imuth   o f   t he  

s p a c e c r a f t   t r a j e c t o r y .  The e l e v a t i o n  of t h e   s p a c e c r a f t   t r a j e c t o r y  is t h e  

a n g l e  8 and t h e   x ' ,  y', z '  axes  are those  which are r o t a t e d   t h r o u g h   t h i s   a n g l e  

8. Thus x '  i s  a l o n g   t h e   d i r e c t i o n   o f   f l i g h t   o f   t h e   s p a c e c r a f t .  The d i s p l a c e -  

ment r a l o n g   t h e  x' a x i s  i s  t h e   d i s t a n c e   o f  travel of t h e   s p a c e c r a f t   i n   a n  

a r b i t r a r y  t i m e  i n t e r v a l  T .  With t h e   s p e e d   o f   t h e   s p a c e c r a f t   g i v e n  by U ,  t h e n  

r and T are r e l a t e d   b y  r = U T .  The displacement  r can   be   b roken   i n to  com- 

poment  displacements r and r i n   t h e   h o r i z o n t a l  and ve r t i ca l  d i r e c t i o n s .  1 3 

Frequency  Spectrum of S c a l a r s .  The frequency  spectrum +(a) of a scalar 

p rope r ty ,   s ay   t empera tu re  T ' ,  is r e l a t e d   t o   t h e  t i m e  co r re l a t ion   R(T)   by   t he  , 

6 3  
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Figure  2 3 .  Coordinate  systems  used i n  t h e   a n a l y s i s  of  observed  frequency  Spectra 

on s p a c e c r a f t   i n  a t r a j e c t o r y   e l e v a t e d  a t  an  angle  0 .  



s p e c t r a l   t r a n s f o r m   r e l a t i o n  

The  problem  thus is t o   d e t e r m i n e   w h a t   t h e   c o r r e l a t i o n   R ( T )  is from  such  measur- 

a b l e   q u a n t i t i e s  as t h o s e   p r e s e n t e d   i n   p r e v i o u s   s e c t i o n s   o f   t h i s   r e p o r t .  The 

assumption is made t h a t   t h e   s p a c e c r a f t   s p e e d  U is s u f f i c i e n t l y   l a r g e   t h a t  

Taylor ' s   hypothes is   can   be   used  so t h a t  R(T)  i s  t h e  same as R(r)  where r = UT.  

It i s  f u r t h e r  assumed t h a t   t h e   c o r r e l a t i o n   R ( r )  is t h e   p r o d u c t  of c o r r e l a t i o n s  

which  depend  only  on  the  components  of r, i .e .  

I f   t h e   h o r i z o n t a l   a n d   v e r t i c a l   s t r u c t u r e   f u n c t i o n s  D ( r  ) and D ( r  ) have  been 

de te rmined   i n s t ead   o f   co r re l a t ions ,   t hen ,   f rom  equa t ion  (9), equat ion  (36)   can 

b e   w r i t t e n  as 

1 1  3 3  

where r- and r3 are given  by 
1 

Thus  any p a r t i c u l a r  mea 

r = ~ c o s e r  

= U s i n  8 T 

1 

'3 

. s u r e d   o r   m o d e l   f o r m   f o r   s t r u c t u r e   f u n c t i o n s   i n   ( 3 7 )   o r  

c o r r e l a t i o n   f u n c t i o n s   i n   ( 3 6 )   c a n   b e   s u b s t i t u t e d   i n t o   ( 3 5 ) .  The e f f e c t i v e   f r e -  

quency  spectrum  would,   because  of   equat ion  (38) ,   depend  on  the  spacecraf t  

v e l o c i t y  U and t h e   e l e v a t i o n   a n g l e   o f   t h e   t r a j e c t o r y  8 .  It is beyond t h e  

s c o p e   o f   t h i s   r e p o r t  t o  e v a l u a t e   a c t u a l   f r e q u e n c y   s p e c t r a .  However, t h e  re- 

s u l t s  o f   t h e   p r e v i o u s   s e c t i o n s   i n d i c a t e   t h a t  a r easonab le  model  would b e   g i v e n  
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R ( r )  = 11 - ( r l / r i o ) m I  - ( r3/ '30>nl  (39) 

i f  r1 < r and r3 < r o r  R ( r )  = 0 o therwise ,   where  r and r are r e s p e c t -  

i v e l y   h o r i z ' o n t a l   a n d   v e r t i c a l   s t r u c t u r e   f u n c t i o n   s c a l e s   a n d  m and n are r e s p e c t -  

i v e l y   t h e  power law e x p o n e n t s   o f   t h e   h o r i z o n t a l   a n d   v e r t i c a l   s t r u c t u r e   f u n c t i o n s  

a t  small scales. 

10 30 10 30 

Frequency  Spectrum  of   Veloci ty .   Considerable   addi t ional   complicat ion i s  

in t roduced  when s p e c t r a   o f   v e c t o r   q u a n t i t i e s ,   s u c h  as v e l o c i t y ,  are cons ide red .  

Not only  must w e  c o n s i d e r   l o n g i t u d i n a l   a n d   t r a n s v e r s e   c o r r e l a t i o n s   b u t   t r a n s -  

fo rma t ions   be tween   t he   ho r i zon ta l  - v e r t i c a l   s y s t e m   o f   c o o r d i n a t e s  (x, y ,  z) 

and t h e   t r a j e c t o r y   s y s t e m   o f   c o o r d i n a t e s   ( x 1 ,   y ' ,  2'). The spectrum 

v e r s e   ( y ' )   v e l o c i t y  u2 i s  t h e  same i n   e i t h e r   s y s t e m   o f   c o o r d i n a t e s  

o f   t r ans -  

(40 )  

and t h e   c o r r e l a t i o n   f u n c t i o n  i s  l i k e w i s e   e q u a l   i n   b o t h   c o o r d i n a t e s  R ' (T) = 

R 2 2 ( ~ ) .  But t h e  "vertical" ( 2 ' )   v e l o c i t y   s p e c t r u m   i n   t h e   t r a j e c t o r y   s y s t e m  

must   be  t ransformed  s ince we have 

22 

n 

<U3L> 

$33 ' ( w )  = - 
IT 

cos UT R33' (T) d'c ( 4 1 )  
0 

and as c a n   b e   e a s i l y  shown f r o m   t h e   p r o p e r t i e s  o f  c o o r d i n a t e   r o t a t i o n  

R ~ ~ I ( T )  = cos2 e R + s i n  e q l ( ' c )  

- s i n  8 cos  8 [R (T) + R 3 1 ( ~ ) ]  

2 
33 

13 ( 4 2 )  

The c o r r e l a t i o n s  may a l s o   b e   e x p r e s s e d  as func t ion   of  r and r given  by  equat ion 1 3 
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(38) .  However, t h e  form of dependence  required  by  the  axisymmetrLc  condi t ion 

are somewhat more .compl ica ted   than  ( 3 6 ) .  The.  form of t h e   n o r m a l i z e d ' c o r r e l a t i o n  

t e n s o r  R ( r )   i n   a n   a x i s y m m e t r i c   f i e l d  is  given  by (92) 
i j  - 

+ D ( r i  6 j 3  - r j  6i3) (43) 

where   t he   ax i s   o f  symmetry h a s   b e e n   s p e c i f i e d  as t h e   v e r t i c a l ,  and t h e   c o e f f i c -  

i e n t   f u n c t i o n s  A, B ,  C, and D are func t ions   o f   the   magni tude  r and t h e   v e r t i c a l  

component  magnitude Ir I . Of p a r t i c u l a r   i n t e r e s t  are t h e   f o l l o w i n g   s p e c i f i c  

terms of (43) 
3 

~ ~ ~ ( r )  = A r12 + c 

R22(r)  = A r22 + C 

R33(r) = A r32 + B + C 

RI3(r) + R31(r) = 2A r r 

- 

- 
- - 1 3  

( 4 4 )  

I f  w e  now assume t h a t  A = Al(r l )   A3(r3) ,  B = B1(rl) B ( r  ) e t c .   t h e n   t h e  

eas i ly   measured   cor re la t ions   (and   those   which   can   be   re la ted   by   equat ion  ( 9 )  

3 3  

t o   t h e   s t r u c t u r e   f u n c t i o n s   d i s c u s s e d   i n   t h e   p r e v i o u s   s e c t i o n s )   c a n   b e   w r i t t e n  

as 

%(rl> = Rll(rl) + R22(r1) = K3Alr12 + 2C1 

$( r l )  = R ( r  ) = B + C1 

%( r3 )  = R ( r )  = K A ~ ~ + B  + c 3  

33 1 1 

33 3 1 3 3  3 

( 4 5 )  

Where K1 = AI (0) and K3 = A3 (0) 
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Thus A1, A3,  B1,  B3,  C1,  and  C3 are 6 unknowns  required  to  determine  the 

correlations  and  spectra  completely,  but  the  relations ( 4 5 ) ,  with the  corre- 

lations  considered  measured  or  otherwise known, constitute  only 4 equations 

for  these 6 unknowns. 

However,  if we also  assume  that,  in  analogy  with ( 3 6 ) , ,  the  relations 

(the  denominator  of  2  in  the  horizontal  correlation  is  required  to  maintain 

the  proper  normalization %(O) = 2 then  it  can  be  shown  (see  the  Appendix) 

that 

where  the  constants  K  and  K  and  microscales of the  correlations  (defined  in 

the  Appendix)  must  satisfy  the  relations 

1 3 

Thus  the  correlation  R22 = R221  which  is  to  be  employed  in ( 4 0 )  for  the  deter- 

mination of the  yl  velocity  spectrum  is  given  by 
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R 2 2 ( ~ )  = %(U cos  8 .T) s ( U  s i n  f3 . ~ ) / 2  (49) 

and t h e   c o r r e l a t i o n s   t o   b e  employed i n  ( 4 2 ) . a n d   ( 4 1 )   f o r   t h e   d e t e r m i n a t i o n  o f  t h e  

2 '  v e l o c i t y   s p e c t r u m  are given  by 

where r1 and r are given  by (38).  3 

Thus  any pa r t i cu la r   measu red   o r   mode l   fo rm  o f   t he   co r re l a t ion   func t ions  

\ ( r l ) ,   s ( r 3 ) ,   % ( r 3 ) ,  and % ( r  ) which are c o n s i s t e n t   i n   f o r m   w i t h   t h e   e q u a t i o n  

( 4 8 )  c a n   b e   u s e d   i n   t h e   a b o v e   e q u a t i o n s   a n d   s u b s t i t u t e d   i n t o  ( 4 0 )  and (41)  t o  

d e t e r m i n e   t h e   d e s i r e d   v e l o c i t y   s p e c t r a .  The e f f e c t i v e   f r e q u e n c y   s p e c t r a  are, 

because  of   equat ion ( 3 8 ) ,  dependen t   on   t he   spacec ra f t   ve loc i ty  U and   e leva t ion  

a n g l e   o f   t r a j e c t o r y  0 .  I f   h o r i z o n t a l   a n d   v e r t i c a l   s t r u c t u r e   f u n c t i o n s   h a v e   b e e n  

de te rmined   i n s t ead   o f   co r re l a t ion   func t ions ,   t hen   f rom  equa t ion  (9)  t h e   f o l l o w -  

i n g   r e l a t i o n s   c a n   b e  employed in s t ead :  

1 

Again, i t  is beyond t h e   s c o p e  of t h i s   r e p o r t   t o   e v a l u a t e   a c t u a l   f r e q u e n c y   s p e c t r a .  

However,  model c o r r e l a t i o n s  similar t o   e q u a t i o n  (39)  would be  reasonable   forms 

f o r   t h e   r o u g h   a p p r o x i m a t i o n   o f   t h e   m e a s u r e d   r e s u l t s   o f   t h e   p r e v i o u s   s e c t i o n s .  
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APPENDIX 

Under the   a s sumpt ion  of e q u a t i o n  ( 4 6 )  t h e  

R become, a f t e r   s u b s t i t u t i o n   f r o m  (45) 
V 

% ( r )  - = K~ c3 r12 + 

%(r) = K A (B + C1) - 1 3 1  

n o r m a l i z e d . c o r r e 1 a t i o n s  % and 

2c1 c3 

r3 + B1 B3 + C1 C3 

+ B  C + C 1 B 3  1 3  

I n   o r d e r   f o r   t h e s e   r e l a t i o n s   t o   b e   e q u i v a l e n t   t o   t h e   d e f i n i n g   r e l a t i o n s   f o r  

and R 

53 
V 

% ( r )  = A rH2 -+ 2c 

RV(r) = A r32 + B + C 

- 

- 

where,   because of t h e   c o o r d i n a t e s  employed i n   F i g u r e  23, rH = rl, then  because 

w e  have  asjurned A = A1 A3, B = B1 B3 ,  and C = C1 C3, t h e   f o l l o w i n g   r e l a t i o n s  

app ly   be tween   t he   coe f f i c i en t   func t ion  

A3 = K3 C3 

A1 = K1(B1 + C1) 

B C + C 1 B 3  = 0 1 3  

S ince  K1 was de f ined  as AI (0) and K3 as A3 (0) then  (A3) shows t h a t  C (0) = 1 

and B1(0) + C1(0) = 1. The norma l i za t ion  %(o)  = 2 t o g e t h e r   w i t h   t h e   v a l u e  

C3(0) = 1 i n p l i e s   t h a t  C1(0) = 1. Hence B1(0) = 0. The l a s t  r e l a t i o n  of  

(A3) may b e   w r i t t e n  as 

3 
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where   the   cons tancy  is r e q u i r e d   b y . t h e   f a c t   t h a t   t h e   f i r s t  term depends  only  on 

r and the  second  depends  only  on r Now s i n c e  (A4) must   ho ld   for  a l l  v a l u e s  1 3’  

of  rl then t h e   v a l u e  of the c o n s t a n t  is  B1(0) / C1(0) which is zero.   Thus 

f o r  a l l  va lues   o f  r1 and r a n d   t h e   f i r s t  two r e l a t i o n s   o f  (A3) t h u s  become 3’ 

and (45)  s i m p l i f i e s   t o  

R e l a t i o n s  ( A 5 ) ,   ( A 6 ) ,   ( A 8 ) ,  and (A9)  t h u s   g i v e   t h e   c o e f f i c i e n t   f u n c t i o n s  A1, A3’ 

B1, B3’ ClY and C3 i n  terms of   t he   co r re l a t ions   %( r3 )   and   \ ( r l ) .   Second   o rde r  

d i f f e r e n t i a t i o n   o f   t h e   r a t i o   o f  (A7) t o  (A9) and t h e   r a t i o   o f  (AI.0) t o  (A8) 

e s t a b l i s h  two equat ions  which re la te  t h e   c o n s t a n t s  K and K3 t o   t h e   d e r i v a t i v e s  

o f   t h e   c o r r e l a t i o n   f u n c t i o n s .   S i n c e   t h e   r e s u l t i n g   e q u a t i o n s   m u s t   b e   v a l i d  a t  

1 

a l l  v a l u e s  of 1: and r then   t hey   can   be   eva lua ted  by s e t t i n g  r and r t o   z e r o  1 3 1 3 
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and by n o t i n g   t h a t  $(O) = 1, %(O) = 2 ,  and a l l  f i r s t   o r d e r   d e r i v a t i v e s  of 

% and % w i t h   r e s p e c t   t o  I: o r  r a t  r = 0 o r  r = 0 are ze ro .  The r e s u l t -  1 3 1 3 

i n g   e q u a t i o n s  are g iven  by ( 4 2 )  w h e r e   t h e   s e c o n d   d e r i v a t i v e  terms eva lua ted  a t  

z e r o  are d e f i n e d   i n  terms of mic rosca le s .  

r = O  1 

Ir = o 1 

‘ r3  = o 
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