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ON THE ANALYTIC LUNAR AND SOLAR PERTURBATIONS

OF A NEAR EARTH SATELLITE

Ronald H. Estes

Goddard Space Flight Center
Greenbelt, Maryland

ABSTRACT

The disturbing function of the moon (sun) is expanded as a sum of products
of two harmonic functions, one depending on the position of the satellite and the
other on the position of the moon (sun). The harmonic functions depending on
the position of the perturbing body are developed into trigonomefric series with
the ecliptic elements £, €', F, D and I of the lunar theory which are nearly
linear withrespect to time. Perturbation of elements are in the form of trigono-
metric series with the ecliptic lunar elements and the equatorial elements « and
Q) of the satellite so that analytic integration is simple and the results accurate
over a long period of time,
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NOTATION

PRECEDING PAGE BLANK NOT FILMED|

G - the gravitational constant

M - the mass of the earth

m’' - the mass of the moon

m” - the mass of the sun

T - the geocentric position vector of the satellite

ro= 17,

r' = |7

' =T/r’

T" - the geocentric position vector of the sun

=]

r" =71"/r"

a’ - the mean distance of the moon from the earth, de-

fined in such a manner that the constant part in
the expansion of the lunar parallax equals unity

a” - the mean geocentric distance of the sun
y' - the angle between T and r’

v" - the angle betweenT and r”

X, w, v, N, ot v, N, w”, v - the rectangular components oft, f'and " re-

’ Preceding page blank

spectively in the geocentric equatorial coordinate
system.

R - the equatorial radius of the earth

e



g - the mean anomaly of the satellite

n - the mean motion of the satellite

f - the true anomaly of the satellite

e - the eccentricity of the satellite orbit

i - the inclination of the satellite orbit

1 - the longitude of the ascending node of the satellite
w - the argument of perigee of the satellite

& =w+

a - the semi-major axis of the satellite orbit

n - the mean motion of thg satellite

§ a - the perturbations in a caused by the moon
(primed)/sun (double primed)

8 e — the perturbations in e caused by the moon
(primed)/sun (double primed)

6 i = the perturbations in i caused by the moon
(primed)/sun (double primed)

6 g =~ the perturbations in g caused by the moon
(primed)/sun (double primed)

& ) - the perturbations in Q caused by the moon
(primed)/sun (double primed)

o w = the perturbations in » caused by the moon
(primed)/sun (double primed)

m

- the obliquity of the ecliptic

J,» J, - zonal harmonic coefficients in the earth's gravi-
tational potential (J, = 1.08219 x 1073 and

J, =-2.123 x 107°%)

t, = Julian date of January 0.5, 1900 (2415020.0 days)

vi



t - t, — number of days from January 0.5, 1900

T - number of Julian Centuries (36525 days) from
January 0.5, 1900

/&C - geocentric mean longitude of the moon

{1, - geocentric mean longitude of the lunar node

5 ¢ ~ geocentric mean longitude of the lunar perigee

o

- geocentric mean longitude of the sun
= 5@ - geocentric mean longitude of the solar perigee
1 = {c - % - argument of the principal elliptic term
2r=4 - - argument of the annual equation
F = JC@ - i, - argument of the principal term in latitude

D=4 _ €, - half argument of the variation

vii



ON THE ANALYTIC LUNAR AND SOLAR PERTURBATIONS

OF A NEAR EARTH SATELLITE

INTRODUCTION

The usual analytical treatment of the secular and long period effects of the
sun and moon upon a close earth satellite is based on a trigonometric expansion
of the disturbing function with the angular equatorial elements of the moon as
arguments (Kozai, 1959), (Musen, et. al., 1961), (Kaula, 1962), (Murphy and '
Felsentreger, 1966). While simple in form, the analytic integration of the per-
turbation equations resulting from this type of expansion is difficult because of
nonlinearity in the elements of the series. In particular, the equatorial node of
the lunar orbit oscillates between two limits.

The expansion presented in this paper, following Musen and Estes (1971),
represents the disturbing function as a sum of products of two harmonic func-.
tions, one depending on the position of the satellite and the other on the position
of the moon (sun) as given by the Hill-Brown lunar theory (Newcomb's solar
theory) instead of osculating elements which are not known precisely (Musen
and Felsentreger, 1972). The harmonic functions depending on the lunar and
solar positions are represented as trigonometric series with the ecliptic ele~
ments 4, 4', F, D, and I" of the lunar theory which are very nearly linear with
respect to time. The expansion of perturbations is then in the form of trigono-
metric series with the ecliptic lunar elements and the equatorial elements » and
Q of the satellite so that the analytic integration is simpler and will be valid
for a longer time span.

As with other analytic theories of lunar and solar perturbations based on
the development of the disturbing function into a trigonometric series, oblate-
ness produces resonances at some critical inclination angles such as 46.4°,
56.1°, 63.4°, 69.0°, and 73.1°. Such resonances must be treated as special cases.

THE LUNAR AND SOLAR DISTURBING FUNCTION

The expansion of the lunar disturbing function is

R'=Gnm' ! ' P, (cos ! r? | ' r3 ' T 1
= = |=F ')’)+___P2(cosy)+__.P3(cosy)+...-__._cosy
r r r:2 r,3 1’"2

2 3 :
=Gm' {_r__ P, (cos 7") +_€: P, (cos ¥") +. } 1)

r'3 r

1



where P, (cos v') are Legendre polynomials and

*T'=rr' cos vy

)

Then
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and we have, in notation similar to that of Musen and Estes (1971)

R' = Gm' a2 {a ! a . C b g’ ' b '
= 73 20 Cao * 831 G + Pyy Syy + 855 Gy + Dy S
Gm' ad ‘ ' '
—_——— [ ]
+ e {agy Cj; + byy S5y +bgy Sgp + 8353 Ca5 +by5 Sy

1 [
+ 8, Cyy + by S3pt

where
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The solar disturbing function is of the same form with all primes replaced by
double primes.

In the equatorial elements of the satellite,
A=cos (f +w) cosQ-sin(f + w) sin{lcos i
p=cos (f+a)sinQ+ sin (f +w) cosQcos i

v =sin (f + w) sin i.
|

Then

a

1 2 3 . . . .
8, :Z(_r_) {1 —?2.51n2 i +.‘3.s1n2 icos (2f+ 2a))}

_1 r2 1 < 2 . 1
aZl*Z; 551n 1cos2Q+—2-cos2Qcos(2f+2w)

—cosisin2Qsin(2f+-2w)+-;-coszicos2Qcos(2f+2w)}



. .
b,y :% <—£> {%sin2 i sin Qcos Q+—;-(1 + cos? i) sinQcos Qcos (2 f +2w)
a .

+%cos i (cos?2 0-sin? ) sin(2f +2 w)}

2
a,, = 3 L —1-sinisianin(Zf~+2w)+—1-sinicosicosQ
a 2 2

--;-sinicos i cos (Qcos (2f+2w)}

o
|

2 P
22_3<_r_> {——;-sinicosi sinQ+%sinicostin(2f+2w)

a
+%sincos isinQcos (2 f+ 2w)}
, 4
ay, :g (—2—) {cos Q <1 —lz—sin2 i> cos (f + w) +%sin2 icosQcos (3f+ 3w

+ cos i sin Q(%sin2 i- 1> sin (f + ©) —%sin2 icosisinQsin(3f+ 3w)}

a

3
bsl:‘g'(i) {sinQ(l-%—sin2i> cos (f+w)+-§-sinzicosﬂcos (3 f + 3w)
. 9 . 5.\ .
+ cos i cos( l—zsux i} sin (f + &)

+-?Tsin2 cos i cos 0sin(3f+3 w)}

by, =

3
<£) {sin i (3 -—14—5 sin? i> sin (f + o) +—i—sin3 sin(3f + Sw)}

a
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, .
53 :g (.2) {‘_z sin? i cos Q(cos? Q- 3sin? Q) cos (f + w)

+-2-cos isin?1i sin Q(sin2 Q- 3 cos? ) sin (f + w)
+%(1 + 3 cos? i) cos Q(cos? Q-3 sin?2 () cos (3f + 3 w)

+%-cos i (3+cos?i)sinQ(sin? Q- 3 cos? Q) sin(3f + 3 w)}

5 r\3 3 2 . . 2 .2
3375 \3 3 sin 1sin (3 cos* Q- sin® () cos (f + w)
3 . 2 . . 2 . 2 .
+-4- sin® i cos i cos ((cos® Q- 3 sin? () sin (f + w)

+%sinQ(1+3cos2 i) (3cos? - sin? Q) cos (3f + 3 w)

+%cos Qcosi (3 +cos?i)(cos?2Q-3sin?() sin (3f + 3a))}

3
ay, :175 (%) {% cos i sini cos 2 cos (f + w)

+Zsini (1 - 3 cos? i) cos 1sin Qsin (f + w)
1 Co
-Zcos1 sin1 cos 2{cos (3f +3w)

) . -
+251n1(1-|-cos2 1) sichostin(3f+3w)}



3 1 :
b34:l4.5<£> {—ZsinQisin2Qcos (f + w)

J.r%sini(1—3cos2 i) cos 2 QO sin (f + w)
+:11sin2isin2Qcos(3f+3w)

+%sini(1+cos2 i) cos 2Qsin(3f+3w)}.

Using the well-known formulas of elliptic motion

1 27 2 3

r
—_— —_ d =1 = a2
QWJO (a) Tt

1 27 9
———J <£> COS2fdg:§e2,
27 a 2
0
1 r2m 3
— (.r.> cosfdg:_ie-l_se3,
27 a 8
Yo
1 r2m 3
— <£ cos3fdg:—§.§e3,
27 Jy a 8
we find for the averaged potential due to the P, term
1 _Gm' a2 |1 3 5 3 .., ,
[R,_,] = NE {_4_<1 +§e> (1-551n 1>C20 (3)
+ i_.g e? sin? i (cos 2 wCpo)

+§sin2 i (1 ' % e2> Clro

s 1562 (1 + cos?) (cos 2 wC}
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+%5_ e? cosi(sin2 w8 j+l“§e2 sini (sin2wS§)

210 20)

- .%. e? sini cos i (cos 2wC,,)

+% sinicos i <1 +—:;-e2> Clp
where

CI

210 = COS 2 QCé1 +sin 2 QS&1

[ _ [ M !
C220 = cos QC22 - sin 0 S,

! - n ! - . - [}
S210 = cos 2 QS21 sin QQC,_,l

1 — M I I‘
S220 = sin QC22 + cos QS22

and that due to the P3 term

;i _Gm' a® [ 15 3 ,\(3 . ,. ,
[R3]—____.{+—e<l+—e><z—s1n i-1) [coswCy T

16 4

a't

+11_65e <1+Z3e2> cos i <1—-3—sin2 ) [sianélo]'
- .‘;%Z. e3 sin? i [cos 3 wC'sw]'

+ %e"‘ sin? cos i [sin 36«)S§10]‘

+’§e <1 +%e2> sin i<%sin2 i- 1> [sinws),]
_175 .3

128 sind i [sin3wS§2]'
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—_27518 <1 +%e2> sin? i [cos a)C330]
+_2_ie <1 +§e2> cos i sin? i [sin w §3,,)-

;ZZ e3 (1 +3cos?i) [cos 30C, ]
+ ‘217—65e3 (3 + cos? i) cos i [sin 3 wsm]
+;_;e <1 +%e2> sini (3 cos?i-1) [s1ans40]‘
- i_g_e (1 +%e2> sin i cos i (cos wC340]
_%.22_% ed sini (1_+ cos? i) [sin 3 wS§], ]
+ 56245 e3 cc;s i sini [cos 3 wC34o]}

where
Cém = cos QC‘;‘1 +sin QS;$1

] _ M ] [
S310 = sin QC31 - cos QS31

Cgso = cos 3 QC:,’,s' +sin 3 QS:;3

LA

S::xso = sin 3QC;33 - cos 39353
Clao = COS 2 QCS4 -sin2Q8;,

S:’,’40 =sin 2 QCQ4 + cos 2 QS:',,4



The satellite elements appearing in these equations and those which follow now
designate mean instead of osculating elements.

Primed (double primed) quantities appearing in the disturbing function de-
pend only upon the position of the moon (sun). The coordinates of the moon are
obtained analytically from E. W, Brown's theory where if A ¢ is the true longi-
tude of the moon measured in the plane of the ecliptic and 8 is the latitude above
the plane of the ecliptic, Brown's tables express a’/r’, S and sA=A_~- © by
sums of periodic terms whose arguments are algebraic sums of multiples of © ,
4", F, Dand". Then

A' = cos )\c cos f3
p' =sini, cos fcos € -sinBsin e
v' = sinfcos € + sin Ae cos Bsin e

where

co
S}\(c

cos (4" + D+ + 8N

cos (0" +D+IM cos §A-sin(®' +D +I") sin 6 A
sinA =sin({' +D+) cos X +cos (' + D+ ) sin s A

sin 8§ A

8A__%(3K)3+...

cos & A

1 1 )
1 -=_¢(s)2 SAYE = e '
7 (N eV RSED
. 1 .3
51n5:5__6,8 + e

cos B=1- %52 + o
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The coordinates of the sun are obtained in similar fashion from Newcomb's
theory which expresses the ecliptic longitude and latitude and the common log-
arithm of r”/a” by sums of periodic terms with the same ecliptic elements as

the lunar theory. From the relation r” = e"™" "'we have

I
[u—y
]
=l
/;\
o
oQ
~
+
MID
= N
oN
N
[
o
s}
|>-1
~_ >
N
|

where M,is the logarithmic modulus,

l = 2.3025851.
Mo

The series manipulations involved in the above calculations were performed
by electronic computer with programs developed by Estes (1971) for expanding
the earth's tidal potential.

THE MAIN PROBLEM

The secular and long period perturbations in the orbital elements are given
by the variation equations ‘

dt nate OB na?e dw
dsi_ cos i 3[R 1 3 )
dt na?/1-e2sini ©°% na2/1-elsini ©°% (5)
d Q:: 1 a[.R].g.Ei.ﬂge.Fd_(‘\iSi
dt na2 1_e2$ini 91 de di
d8w vI-e? 3[R cos i 3[R do do
dt 9 - i de gt
nate € na?/1-efsini 01 de di
dsg 1-e2 3[R 2 3[R dg deg
dt nale O€ na a de (—i—Tgl



where (Brouwer, 1959)

2 2 p2
é:n - 312 Re (1-3c052i)+ ST2Re
4 a2 (1- e2)3/2 128 a% (1 - e2)7/2

x [10-25e?+16/1-€2 -6 (10 -15¢€? + 16 /1 - 2) cos? i

45 7, R* e2
+(130 - 25€? + 144 /1 - e?) cos? i] - PR

(3-30cos?i + 35cos? 1)
128 a4 (1- 62)7/2 .

) 3J,R? 3J2R4
w=n —__ze_(l'—50052i)+ 2 [- 10 - 25 ¢?
4 a2 (1 - e?)? 128 a* (1 - e2)4

+24/1-e?-6(6-21e2+32/1-¢e?) cos? i

+5(86-9¢€e2+72/1 - e?) cos* i]-

157, R
- e _[3(4+3e%)_18(8+7e?) cos?i
128 a* (1 - e2)*

+7 (28 + 27 e?) cos? i]},

4-9e?+12/1-¢7

. 3J,R?cos i 3J2R%cos i
Q=n<- + i
2a%(1-e%H)2  32a%(1-e2)

- (40 -5¢€? + 36 V1 - e?) cos? il

157, R (2+3e?)cos i
- (3-7cos?i)y.
32 a* (1 - ey

The main problem denotes the secular and long period effects resulting
from setting [R]to be [R,] +[R}]. Then

dé a
dt

=0
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' 3
<d8e> _-ne\/l——__z—MM i{_%(1+cos i) [sin 2w Cy ]

dt a’3

n % cos i [cos 2 “)8210]

+_1.2§ sini [cos 2 “’Szzo]'

15

+ o sinicosi [sin2wC:, ]

220
- _l_i sin? i [sin 2 wCEOZ}
8

n

M’ -
A . 3
<d81> = _ M- 27 015 2 6inicos i [sxn2wC210]
dt /1-e2 a's (8

15 »

-_8_e sini [cos 2w S

210]

- E‘.? e? sin? i [sin 2 wCézo]

15 »
De Ik
"2

cos 1 [cos 2 w8220

—%sin i <1 +%ez> Sg'10
_Jr-‘;lcos i <1 +%e2) S50

- _1.é§ e? sin i cos i [sin 2wCéo]}
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M

<d8Q

dt

;

3
- M _a__{_§ 1+§e2> cosiC! +§cosi 1+-31e2 c!
T_eZ a3 L 4 2 20 4 2 210

+iC°_S2_1(1+%ez> cr

2 sin i 220
+—13-'—(-6) e? cos i [cos 2 wCéo],_‘z_g e? cos i [cos 2 w Cyy0)
- 18_5 e? [sin 2 wsélo]-+—14—s e2. ctni [sin?2 wsé2o]'

~15 e cos2i

4 sini [C°52°”Cézo]}
da dqa . .
Ia— 8 ! —_— 8 1
+de ( e) +di ( 1)
MI
n —

(dSw
dt

>'_

M2 f3 O S .
_/1 = ;:—3{§<4_551n21+e2)C;0+§'<551n21—2—3e2)C210

+ 22 (sin i - &%) [cos 2w Cyy)
6

30, .. |
+’R-(1+cos i-e? [cos2wC ]
+15 (2-82) cos i [s' 2 SI ]
8 TSI 2 @590

' l4iCtn i(e?-2sin?i) [cos 2w C)y ]

15 .. 1 . g .
7 (2 sini-e2 (22200 1)> [Sln2wS;20]}

sin 1

d @ do ...
5 ey 4+ —< '
+de( e) +d1(8 1)
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M\ 3
dsg “(‘NT)a 1 . 3.,
(dt)z— - {Z(7+3e)<1—_2_51n 1> Cyo
(6)
+—(7+3e)51r12 iCyup

+%(7 +3 e sinicosiC,,,

+%(-) (1 +e?) sin?i [cos 20C ]

+%9(1 +e?) (1 + cos? i) [cos 2 wCyol

3 2 '
(1 +e*) cos i [sin?2 wszm]

2
-5 (1 +e?) sinicosi [cos 2wC220]

+¥(1+e)sxn1 [51n2ws220]}+.d_§(8 e)’ +d;g_(g

Similar expressions are obtained for the solar perturbations where all
primes are replaced by double primes.

Tables I-III display the principal terms of the lunar longitude, latitude and
(a’'/r ') as given by Brown's theory. For the purpose of this paper, the lunar
and solar terms in longitude, latitude and parallax whose coefficients are less
than 5 x 107% radians in magnitude are omitted. In addition all planetary terms
and cosine terms in $ A and 8 are omitted. The resulting accuracy of the func-
tions depending on the position of the moon and sun is 1 x 107*, with 231 terms
in C;oo 235 terms in Crio 255 terms in C ' , 11 terms in Coo s 17 terms in
C! ~and 16 terms in C” . Tables V-VIII flst the terms of these functions

210
whose coefficients exceeé 105 radians.

Figures 1 and 2 compare perturbations of orbital elements obtained using
the method of this paper with those obtained from the Geodyne program (numer-
ical integration of the disturbing function, Eq. 1) and an analytic theory of long
period and secular effects (Murphy and Felsentreger, 1966) using the equatorial
elements of the moon.

15
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Table IV. Development of sin \‘‘ and cos )"’

Coef. x 10° Multiples of
of cosine in cos \*

ofsineinsin\" {4 4 F p T
99972 0 1 0 0 1
1674-4.2T 0 2 0 0 1
32 0 3 0 0 1
1 0 4 0 0 1
2 0 1 0 1 1
- 1675 +4.2T 0 0 0 0 1
- 4 0-1 0 o0 1
- 2 0 1 0 -1 1
4 0 0 1 -1 0
- 4 02 -1 1 2

Development of (a"/r")3

Multiples of

Coef. of s
cosine x 10 42 4 F p I
100042-.2T 0 o 0 0 0
- 1 0 0 0 1 0
5027-12.,5T 0 1 0 0 0
126-.63T 0 2 0 0 0
3 0 3 0 0 o

18
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The lunar elements used in the calculation of the perturbed orbital elements
(assumed linear in the formal integration of the variation equations [6]) are given

by

4 = 296°104608 + 1320649924465,(t - t,)

+0°0006889 ((t - t,) x 107%?

£' = 358°475845 + 0°9856002670 (t - t,)

- 0°0000112 ((t - t;) x 10742

F=11°250889 + 13°229350449 (t - t,)

- 0°0002407 ((t - ty) x 1072

D= 350°737486 + 12°1907491914 (t - t,)

- 0°0001076 ((t - t;) x 10732

I"=281°220833 + 0°0000470684 (t - t)

+0°0000339 ((t - ty) x 107%)?
and the obliquity is given by

€ =23°452294 - 070035626 (t - t;) x 1074

- 02000000123 ((t - t;) x 107H2
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