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ABSTRACT"

The current distribution and impedance of a thin cylindrical
antenna with parallel orientation to the static magnetic field of a
lossy magnetoplasma.is calculated with the method of moments. The
electric field produced by an infinitesimal current source 18 first-
derived. Results are presented for a wide range of plasma parameters.
Reasonable answers are obtained for ali cases except for the overdense
hyperbolic case. A discussion of the numerical stability is included
which not only applies to this p%oblem but other applications of the

method of moments.
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CHAPTER I. INTRODUCTION

Since man has launched space vehicles into the -ionosphere, there
has been strong interest in the effect of plasmas on.antennas. A
primary interest is understanding the effects of the plasma .on the-
current distribution and the antenna impedance. Since.cylindrical-
antennas have a simple geometry, are well-understood .in free .space, and
have wide usage, they are most commonly studied in plasma problems.
Because one cannot analytically solQe Maxwell's equations for a loésy
magnetoplasma with cylindrical boundary conditions, a .current distributien
usually is assumed. This assumed current distribution, though, represents
only the-limiting.cage.of an infinitesimal antenna. Approximations made-
by other workers givé results valid for infinite length .antennas. - These- -
approximations simplify the analytical work but give results of questionable
validity for .the finite antenna.

The approach used in this report eliminates‘these.approgimations.
The methqd.of moments is used to solve for current distribution .on the
antenna. Basically, .this method converts an integral .equation .into a
matrix equation which can be easily solved by computer methods. From the
current distribution one'can.frivially find the .impedance .at .the .feed- -
point. Thus,.the.current distribution and impedance for the finite
antenna over a wide‘fange of plasma densities and applied magnetic fields
can be calculated. .

The geometry used in this problem is shown in Figure 1. The
orientatién of the antenna is restricted to the z direction .parallel to
the applied magnetic field. The antenna is described by .the half-

length H and radius a. For a thin-wire antenna, the condition a << H
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Figure 1. Geometry of Problem
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must hold, For the method of moments, the antenna is divided into an
odd number of segments N,

The first step in applying the method of moments is solving for
the electric field ‘due .to an infinitesimal source. Exact details -.of
how the method of moments is applied will be discussed. .Results are-
given for a wide range of plasma parameters and are compared to the
limiting.cases\of.free-space’and.quasi—static~mddéls. Comparisons are
also made to experimental data. A sensitivity theory is discussed
which applies not only to this préblem but to many other applications

of the moment method.



CHAPTER II. FIELDS DUE TO INFINITESIMAL SOURCE

2.0 ,Aﬁ‘0verview

Tbﬂdétéfmiﬁé the current distribution along an antenna it is first
necessary to-flnd the fields produced by sn infinitesimal current
source. The derivation given here used the notation and technique
developed by Mittra and Deschamps [1]. In their paper they outline the-
derivation of the -field components for any orienﬁation of an~
infinitesimal source. The parallel orientation case worked out in.

detail here, however, is not the same as the specific case completed

in their paper.

In this report the plasma will be characterized by normalized

plasma parameters X, Y, and Z where

w_ 2 w2
X=(_-2 Y2=(_c), "
w w w
v o2 1/2 |
w_ = ] = plasma frequency (2.1)
p me .
eBo ,
W= T cyclotron frequency .

w ='6perating frequéncy
v = collisisn frequency
N = ‘average electron density
e = magnitude of electronic charge.
. m = mass of slectron
B = applied magnetic field.

The—use of X, Y, , and Z parameters allows one to indicate- results on

commonly used plasma diagrams.



Before giving the lengthy details,we wish to give: an overview-
of the derivation. Maxwell's equations can be combined to yieéld
a relation for the electric field caused by an infinitesimal source:
in the plasma. Taking the Fourier transform allows one to ea8ily -solve
for the transform of the z component of the electric field.- The main-
feature of this technique is that in performing.the inverse Fourier
transform,the integral can be broken into.a sum of,functionéusuqh
that one can analytically integrate terms that are singular when .
observation and source points coincide. These terms represent the-
near field and are dominant_in the determination of the antenna .current.
and impedance. Terms that are finite when oﬁsérvafion and source"
points coincide need to be numerically integrated,-but these represent.
far-field terms and need not be as accurate because of théirusma}l L
relative size. The rest of this chapter gives the details; the final . .
expressiqns for the field dqe to the infinitesimal source are given

by Equations (2.80)through (2.88).

2.1 Maxwell's Equations °

jwt

Using e time convention, Maxwell's equations for the plasma
_ g _ P

are -

curl E = <juuH C : (2.2a) .
curl H = jweo?- E+7J (2.2b)
divi=-0. - - . (2.2¢) ‘
div € f E=ople, (2.2d)

where



[ -je! 0
€ =| je' € 0 ' (2.3)
0 0 €
YA
L p—
U=1-3jz
e =1-Ux/(W - 1%
g'= X
v? - v?
€= 1 - Xx/u.

When (2.2a) and (2.2b) are combined, the following equation is-
obtained

o

curl curl E=%k“¢ + E - jmﬂf, ki = wzuéd. (2.4)

At this point it becomes conveniént to transform the problem . .
into k-space by applying the Fourier transform. Let E' and J'
represent. the transforms .of .E and.J.. The transform Eé. of Ex is: .
defined by
A i _ o _ . j(kxx+kyy+kzz)'
E;(kx, ky’ kz) = f—i S/ Ex(x, y,.g) e : dxdydz

(2.5)

with the transforms of other components defined similarly. Note that

the del operator can be .replaced by jE;A Then, using . a vector

identity, the transform of (2.4) can be written as

€E' = juud'. (2.6)

Next one can expand this equation by components and write it in matrix



form.

N

r__-e -je' 0
je' € 0 -
0 0 >
L A

k- k k_k E'
Xy X z | |{x
2 .2 vl s
ka—kz -ky kz Ey—AJwP
Kk -k2-k2 ||
y 2z Xy 'tz

: o

Iz
L
)

Because of the radial symmetry about the z axis, E:cah-be.represeﬁted

by spherical coordinates (T, ¥, a),

k* = T sinYcos:, k.y =T gin ¥ sin a, kz =T cos V. (2.8)
Making these changes and collecting terms, we obtain
ME! — « 0 T .
ME' = j * J (2.9)
o. . -~~ - .
[ 2 2 2 2 .2 2 ]
e-Pl(l - sin”"Y cos”a) —je'+§l sin"¥ sin a cos a Plsin ¥ cos'¥'cos al:
M= je'+Pi sinZW sin a cos o e-Pi(l - sinZW sinzu) ' Pisin ¥ cos ¥ sin a
2 . 2 ., , 2 .2
'’ sin ¥ cos ¥ cos a I''sin ¥ cos ¥ sin a € - I/sin”V¥
1 - 17 . z 1 A
where T, =-T/k .
1 o]
" To solve for E' we can write
CE =wl RLE'. (2.10)
o

Finding M_l is-a straightforward but lengthy algebraic manipulation.

One finally obtains




M© = [a,.]/A (2.11)

A = det (M) = Fi(s sinZW + €, cosZW) - Ii[e ez(l + coszw) + (62-- 6'2) sinZW]

2 2
+ - !
(e £ )ez
b2 2 2. . 2. - S22
ajg —-rls;n ¥ cos” o Pl[s sin” ¥ + ez(l §1n ¥ sin” a)] + ¢ €,
a,, = I‘4 sin2 ¥ sin o cos-o - I':2 sin2 ¥Y(e_ sin.a cos.a =je') - je' ¢
21 ~ 1 8% ~ 1 z o z
a,, = T2 sin ¥ cés y [lecos o - (e cos o - je' sin a)]
31 1 1 . : :
a = P4 sin2 ¥ sin a cos o —,Fz sih2 ¥ (e‘ sin a éos a.+-je') + je' ¢
12° 1 > %70 R’ | z
4 2, .2 2, .2 L2, 2 |
a5, = Pl sin® ¥ éln o Pl[e sin” V¥ + €, (1 sin” ¥ cos a)] + ¢ €,
a,, = 'Fz.sin ¥ cos V¥ [Fz'siﬁ a - (¢ sin a + je' cos.a)].
327 1 1 5 ' >
a =-P2 siﬁ ¥ cos ‘{"[I‘2 cos o - (€ cos a.+ je' sin.a)l
137 "1 SRt 1 - ' H
a =vf2‘sin ¥ cos ¥ [I? sin o - (e sin o - je' cos a)]
23 71 , 1 | | :
_ o4 2 2 . 2 ' 2 12
ayq Pl cos.:W Fl e(l + cos®™ V¥) + e - ¢
where

Pl = F/kb.

It should be noted that det(M) =0 is thé dispersion relation for
the plasma. Since,'for a fixed polar angle Y, this is a second~degree
polynomial in Fi, there will be exactly tﬁo roots. These two roots are
the squares of tﬁe indices of refraction for two characteristic plane

waves traveling at .an angle ¥ to the magnetic field. The proper square . -

root must be taken to satisfy the radiation condition.,. One can appreciate



the conceptual difficulties inherent in understanding plasma proﬁlems
since unlike free spaéé, there is not even a uniqué wavelength in a
given direction. The exact form of fhe indices of refraction will be
given shortly.

To solve our problem, only one of the nine terms -of (2;11) will be-
needed. For parallel orientation of the antenna, there is only source-
current in the z direction. Only E; is coﬁstrained by:tﬂe'boundér§
condition. TherefOre,.the rest of this chaéter is dirécted to finding

the inverse transform of

- dn g
El = (agy/8) & J. . (2.12)

2.2 . Inverse Transférm

Conceptually all that remains is to perform the inverse transform
N 3 c a - -

- dn oL _ (33 -jker =

EZ(X9 Y z) ko ( 2 - fff ( A ) e '  dk.

Recall that J; is unity since our problem is formulated for a Dirac §

(2.13)

source. If spherical coordinates are also used for the observation point,

(2.13) becomes

27

3 f ( 233 j « ~ITR[s1n 8 510 ¥ cos(a<p)+cos 0 cos ¥]
A 4 .
0

Cde

n 1
EZ(R’ 8, ¢) = ('2_11.')

~|

O\, 51

o

o3

. F2 sin ¥ do d¥ 4" "~
where x = R sin 6 cos. ¥., y = R sin. 6 sin é., z = R cos 6.
First we can relatively easily perform the o integfatioh using the

following standard inﬁegratioﬁ formula [2].
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27

J (TR sin 6 sin !y) éhjf e—JPR sin .6 sin ¥ cos(a’¢)<da.-i (2.15)

0
‘Applying (2;l5) to (2.14) produces

. : ) W
Ez‘=i—“ zi j[(—) 3 (TR sin 6 sin ¥) e IR cos0cos¥ 2 . @ vavar
0 - (2.16)
4 2 2 . 2, 2 _ 2
a33.= Plcos ¥ - Il e(1 f cos“¥) + > e'”
A ~ . : '
Ti(e sinZW-+ezcoszW) - Pi[e ez(l + cosZ‘W)-+.(ez‘- s'zsinZW]+(ez—e'2)€z‘
At this point .it is conveniént to write A in factored form,
- 2 . 2.0 2. 2.2 2 .
AT, ¥) = (¢ sin"¥ + e, cos»‘i’)(I‘1 - nl)(Fl -‘nz) (2:17)
where

_ B(Y) # /[EE(W)— 4A(Y) C(¥)

NA
[\

b ) T 2A(Y)
A¥) = ¢ sinzw + €, cosz'W
_ 20 2
B(¥) =€ ¢ (1 +- cos ¥) + (e --e'") gin" ¥
cw) = (£ - ey e
Recali n, and ﬁz represent indices of refraction in the plasma mentioned
earlier.

The ability to do the integration:in (2.16) depends upon it .being
a : L
possible to break*—%é into a sum of functions with'different dominant

'“Ordéfé;af—r “As mentioned in the overview, it will be shown that those .

terms which are singular when observation and source point coincide can
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be integrated in closed form. .These represent near-field terms and
will be dominant in this problem. Those terms that are finite when
observation and source points coincide will need to be integrated .
numérically but will be small compared to singular terms.

By successive synthetic division one can show

- 2,2, .2 2, .2 o
433 9 'cos%W“PZ kO(E + €'"cos"¥)sin VY. _
s T ST am ¢ 5 (2.18)
: - LAT(Y) .
A8l D) - @+ 0y (Prer? cos? )] 4mdnl (Phe Zeos )
" kpsin ¥ B A —
1% . 2%

where A(¥) = € sin” ¥ + e, cos? ¥,
Let the various parts of the z component of the field be defined

as follows

3n 2 ¢ 2. .2 : '
_ T 1 . cos'¥T .
E =% (_Zn) jj JO(I‘Rs1n6As:Ln ¥)
° 070

28 .e.sinzw + €_cos ¥
‘ (2.19)
. e-JrR cos § cos ¥ sin ¥ d¥ydr.
o | 27 7 £§2.+ e;'zédsz‘{’)sin3 y Lﬁfk cos 6 cos ¥ .
E . = -ink (5= ) 7 e
zfs o) 27 . AC(Y) | L
00 (2.20)

. JO(FR sin 6 sin Y ) d¥dr”

2

L 2f ity Al [e(e?-e D)= (ald) (P4e Peos ) Tand (P46 2eosPN)L0 )
EZf:.JPkB(VEF’)J(J[ 2 22 .2 22 2. |
070 R S T SO

(2.21)
» J_(TR sin 6 sin ¥) e 3TReos B cos ¥ o4y qyar:
The total field is given by
E =E_+E_ +E (2.22)
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When the total field is decompoSédinthiSway;Ezs represents the most

represents

singular term in R, E the next most singular term, and E-

zfs zf

a finite term, 'What remains now is the evaluation of each integral

separately.

2.3 ati
3 Integrating Ezs

The convergence of (2.19), the equation which defines Ezs’ at first..

‘appears to be questlonable One can note that for a three-dimensional

, 2
Fourier transform V" with respect to the observation coordinates R~

and e, can be replaced by -FZ. Therefore, (2.19) can be written as

~in ., 1 2 9
Ezs = —l— (-—— ) V IS(R, 8) . - ~(2.23)
V I R, 0) = cos W s1nﬂ2 —JPR cos Y cos e'Jé(FR sin ¥ sin §dTdy
e sin Y + e cos ¥ : T (2.34)

where the order of integration and differentiation has been formally
interchanged;
Suppose we make'tne following change of variables ‘to cylindrical -

coordinates.

R sin 6

z = R cos 0, p = .
' (2.25)
'Yy=Tcos ¥, u=TsinV¥
Then we can write (2.24)
. ® T _ ,
2. ¥ -ivz. . . -
VI_(R, 6) = lai 2z ff <o “v/sin —— 7% (up) dvar  (2.26)
. . P e 0 € sin W + e cos ¥

__Y99£§_§§§§§ljs,gqnation_has_been-useduto_explicitlyr-perform;difﬁérentiation————~—

with respect to p outside the integral.
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Completing the change of variable gives

© © 2 —ivz
2 1 9 3 N
VI (py, 2) == 7—p 7 f L& J (up) dydu.
s p 9p ap 2 2 o

u=0  y=—oo u(eu” + e ) . _
(2.27)

First, to perform the Y integration, we will perform the integral

P 2e-jyz : .

J =J[ 31————————75 dy. (2.28)

+ €
gu Y

=00

At this point we can explicitly change the order of differentiation with respect
to z and the integrationm; thus completing the formal interchange.

indicated earlier.

B 'JYZ ’

= ————— d‘Y, (2.29)

2 2. 2
J o eu + € Y :

At last we have an integration that can be performed with the aid of .

the residue theorem of complex variables. The integraﬁd in'Equation (2.29)-

is of exponential order; aﬁd] thereforé, for positive z we may close the

integration path over the lower-half complex vy plane}~ There is only

one simple pole at

Y = -j e/ezu .
One obtains _ : | ‘
-/e/szlzu B
=2 L e . ' - (2.30)
Z'l/e_z /Eu ’

We substitute into (2.27) and perform differentiation with respect to z-

J (pu) du. (2.31)

This final integration for Ezs can be .performed to obtain
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v IS.= (2.32)
where the-following definite integral has been used [3].
_ -at. N IR | . ,
e J (bt) dt = . . (2.33)
: o v .2 2. A
: a + b
0
Finally
'Ezs = AERJE ‘%.539.5% : - ’ (2.34)
oz ez” + e p” .
or
| | . : 2ez2 - € sz :
E. = -jn’e LI [ .z ] (2.35)
zs 4ﬂkoez (ezz + ezp2)3/2 §22 + ezp2

_Thg dependence-on distancé can be seen moré'clearly by noting .

B I B ‘ ‘ ,
that R' = Ve f-€z +si_p2 is used as a plasma-scaled distance in some

statics.problems. Clearly.

' E 2 2
.2 2ez” - € p
_=jne - 1. _|: -z R :
zs 41k € .3 v[ 2 2 ] : (2.35a)
oz R'™ €z + ezp
2,4 Integrating EZfs
We répeat,(2.20), which defines Esz’
- : o - . | ‘
A 1 2 (e2 + e'zcos2 W)sinaw -3jTR cos 0 cos ¥
E = -jnk_ (3=) , : e
zfs o 27 AZ(W)

* J_(TR sin 6 sin.¥) drdy

— A E —e'—giﬁz"wq-“s;—z*zagz-“wt
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This.term will be artificially divided into .two:terms. E _ .. and E
zfsl zfs2

for ease of integration.

1. 2 2 N ‘
Ezfsl = —Jnko (.E? € Ifsl (2'36)
where
, . n ;
sin ¥ ~jIR'cos 6 cos ¥
Tes1 = 2. ©
0 o AT (Y)Y
. Jb(FR:sin 6 sin..Y ) d¥dI. . (2.37)
. , _ R
o L 2
sy = 7k, (p ) e Iegy ~(2.38)
where
o 1] 2 3 . C . ‘ .
I, . = cos ¥ sin ¥ -jTR cos 8 cos ¥ ; (rp oin g sin ¥) avar.
fs2 2 o
o 0 A™(Y)

(2.39)
Again it will be useful to apply the same change of variables used for

E .
zs

z =R cos § p =R sin ©
' ' R (2.40)
Yy =T cos:¥ " u-=.T sin Y.
Applying these changes, (2.37) becomes
[ f W’ -ivz V
Ifsl = 7 5 5 e Jo(pu) dydu. (2.41)
U20., yero (eu +e Y )

To do the y integration we need to evaluate

o) .

, oIz

J = — dy. (2.42)
2 2.2 .

(eu” + ey ) , ‘

This: integration canbe done with the aid of the residue theorem. One
can closg the integration path in the lower-half complex.y‘plane and

evaluate the residue at the second-order pole, y =‘-j )e/sz u,-obtaining
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- e/eZ zZu 1 .

J=—7"_ ¢ '[z + J (2.43)

efe u
2¢e ezu z .

.Equation (2.41) becomes -

e a 3 (pu) du.  (2.44)

I. = 51 Jf ‘uz PO —
fsl 2¢ ez o y /8762

. or

I, =5 = 5 A Z‘ch ) d
fsl 2c¢ /e/s oz - / 78 ‘ o'\PY) du
z- 0 A
' : (2.45)

by recognizing the integral as the derivative of a different function.

Applying the integration formula

-au . 1 ) .
e J (pu) du = — === (2.46)
%{ ° ’ /o" +a :
obtained from Dwight I4L (2.45) may be written

. : l ) ‘
I, = 241
fs1 = T2 [ ] 12, -17°
| 22" /e, /€ e,z

Performing the indicated differentiation, E

(2.47)

2fs1 DAY be finally

written as

“jﬂk 2 ‘
o 1 gz” .
sl = T + (2.48)
zfsl 8ive (e p2 +ez flzﬁ ezp2 + az?]
or

-jnk T 2 '
Efs1 - " 81 "R P—*’ > _zJ . (2.48a)
) . ‘ Ezp + €z _ o

— —————-The—integratiom for EszZTWIll be done ‘similarly. Using the same change

of variables,
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= Yy u -jyz - -
Ist _f f 2 2.2, 2 2 ¢ Jo(pu) dydu. (2.49)
(eu” + €Y ) (uHyT):

8

u=0 vy=-

Again the y integration is done first

2,2, 2 2

m 2 _-ivez ' '
7= J[ e dy ) (2.50)
(eu” + ey ) (u +y7). '

This integration can be performed with the aid of the residue theerem:.
Note in this case that there will be a pole at y = -u that did not

occur for Ezfsl' One obtains the following equation

o Je_e -fele_ uz- e +¢
7 - o . A [ z ez
e (e - g)u z = F 2 'e/ez(sz - €)
(2.51)
The final integration of E uses the exact methods as E )
zfs2 - : zfsl

did. Differentiation with respect to z is moved outside the integral,’
the integration formula (2.46) is applied, and differentiation with

respect to z is performed. After simplification one obtains

R L L 1 1 1 1
zfs2 4 (ez - €) (ez - €) /ég‘;‘;;‘ 2/e //;;92 + ;;Zf s
€ :+ € ezz ]
€ - e ézp + ¢z

or

E = Jnko €'2 1 1 1 [Ez te ez’ }
T = [ _ - .
zfs2 4m (e, -o) (e, - © /ZZ + 57 2R' [e, - ¢ Esz + ez?




18
. 215 Integrating;;Ezf

Equation (2.21), which defines Ezf,»can be written

E; =‘jnk2 (:g; 2 PR, 6) | (2.53)
PR, o) - j j N, e IR0 00 T s stn v
- n K2 )(r -y k) ° |
. sin3Wt4rdw , . (2.54)
N(P; ¥) = I‘z[s(e2 - e'z)v;(ni + ng)(ezg+.e‘2 cosz‘W)] =
+ ni ﬁ§ (€2v+ e'? cos? ¥) ki_. (2.55)

Note that the.integrand of (2.54) is even in ¥. Therefore, the

limits of integration can be changed

" ® N, ¥) sinSv.e JTRP J_(IRq) ’
P(R, 6) =-_/- Jf — : drdy (2.56)

2 2 2.2.,2 22
AC(Y) (17 - ny k) (I - npk)

where we have also substituted

cos 6 cos ¥

P .
. (2.57)

q=sin 6 sin ¥

The Bessel function can be changed to a more tractable form by using .

the integral definition

m/2 . .
, JO(PRq).= %- : J[ [e—jFRq,cos 9 + eJFRq cos Q] do. (2.58)

Making this substitution and changing the order-of integrations, we

can organlze P(R 6) as.



w/2 w/2 .
_ 1 sin_ ¥
P(R, 8) = - f j(ll + 12) Az&) dod¥ (2.59)
. 0 0

where

-jTIR(p + q cosa) : A
L= ‘[- Nér’ wz P! dr (2.60)
(" - n k)@ - n kD)
-0 _ lo 20
P ~jTR(p - q cos a) '
1,- J[ NI, ¥). e dr. (2.61)

2 2.2, ,.2. 2.2
- (r- - nlko)(l = n2ko)

The next step is obviously integration by the residue method.
However, one must take care to consider the signs of (p + q .cos a)
and (p - q cos a) for various ranges of ¥ and 6. Also one must
remember that the square roots of ni and nz must be taken.so. that n;
and n, have negative imaginary parts to satisfy the radiation condition.
For the range ofitheangles;penmitted by (2.59) for Il,it can. ...

easil& be seen p + q éoé a > 0. Therefore, the ihtegration path can

be closed in the lower-half T plane to obtain

. NGk o¥) e'jnlkoR(P + q cos a) o ‘w) e_jnzkoR(p + q cosa)
I, = 'zgi, 10 — - | Mk 2 2
o ey ey -2n,(° - 02)
- (2.62)

For 12, the sign of (p ~ q cos o) depends on the exact raﬁge of

8, ¥, and o. Recalling (2.57)

o
]

cos O cos Y
o (2.57)
sin 6 sin V¥, o

Na)
n

one can see
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p - qcosa> 0" whenever either 0 < ¥ <w/2 -8 and’0'<a < /2 of whenever

w/2 -8 < V¥ < w/2, and cos-lz_ <as< /2. (2.63)

In this case the integration path can also be closed in the lower-half T
plane to obtain

.—JnlkoR(P - q cosa)

N(?lkoa ¥) e -ankog(p - ? cos é)

r - =2 2 D e L Mgk W) e
23 20, (n) - n2) | | Coan,(n? - nd)- '
) 1+ Tt ' 2 T M)
(2.64)
. However, - o Co e SR
P~qecos a < vaor~% -0 <¥< %-andAo-i a < cos_l § -
(2.65)

Then, the integration path must be taken in the upper half of the complex-
I' plane to obtain

koR(P" q cos a) ankoR(p - q cos a)

iny
N(-n.k , ¥) e N(-n ,k , ¥) e
12 - Ztg 1 o . — BRI l2 o) > >
.ko —2n1(é - nz) 2n2(nl - nz)

1
| (2.66)

Gatherihg the results of (2.62), (2.64), ahd (2.66) and .carefully
noting over which range .each is valid, we can rewrite (2.59). Note that
N is an even function 6f its first argumeht, and that the second  term .of

I. and I, is the first term with all n.'s and n,'s interchanged.

1 2 1 2
P(R, 8) = Rnl(R’ 8) + Pn2(R319)‘ S o - _ (2.67).
PnZ(R’ 8) = Pnl(R, 8) with.ni and n, 1nterch?nged .
. -jn.k R(p + q cos a)
m/2 w/2 1l
X N(n.k , ¥) e 3
= 1 o _ . osin”¥ |

P . (R, 0) = - ~ : dady -

nl : k3 " (n2 _ n2) AZ(W)
e L 0_.0_ "0 _..__ 1Y 2l N
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n/2-6 w/2 VN(n K ?)_e—JnikoR(p - q cos @) \
o 1o® sin” ¥
- 3 f f 2 2 2 dad¥
Yo 7o 0 mplap -my) AT
'jnlkoR(P - q cos @)
/2  w/2 N(nlko, ¥) e N
- 3 . 2 ] S;n ¥ dady
k0 n/2~9 acosflp/q . n]_(nl - nz) AT (V)
m/2 cOS_lp/q N(a.k w).e+jnlk0R(p - q cos a) ;
, , B
_.Jg Jf 1o ? . 5 A s;n ¥ qadV.
k ' n; (n; - nd) A% (%)
o w/2-6 0 13\ 2
(2.68)

Note that the first integral's range can be broken into the .ranges -
of the last three integrals. One can then distribute the integrand
of the first integral to the last three. Recognizing the exponential

form of the cosine function one finds

m/2-6 w/2 —jnlkoRp .
Pnl(R’ 8) = ‘J[ j[ H(nl, n,, ¥Y) e - :cqs(nlkoRq cos a) dad¥
0 -0
m/2: /2 -jnlkoRP
+ H(n,, n,, ¥) .e ' cos(n.k Rq cos o) dod¥
-1 1’ 72 1%
w/2-0 cos p/q
/2 cos_lp/q
' —jnlkouncos o :
+ J[ J[ H(nl, n,y ¥) e- cos(nlkoRp) dad¥. .
m/2-6 0

. ' ‘ (2.69)

where we have let



22

.3
21 N(nlko, ¥) sin”V¥
H(n,, n,, ¥) = - — (2.70)
1 2 i3
ko AZ(T) ( 2 _ n2) :
: B s R X

A little algebra simplifies (2.70) to

: 2 42y 2, 2 , 2 2 . 3
;Zj‘nl[e(s e'") nl(e + e'” cos"¥)]sin”Y

k

H(nl,.n y) =

,
2 2

2) (2.70a)

o A2(v) (@? - n
1
Now if we formally add and -subtract the term

-1
m/2 cos p/q ~in.k Rp
1o
H(nl, n,, ¥) e cos(nlkoRchos a) dady

w/2-6 0

from Pnl(R’ 8), it complétes~the<rangélof one integral so that we. can use the

bidentity [5]
_ /2 ,
. 2 :
Jo(nlquq) == J( . cos(nikoRq.cog @ do, = (2.71)
0
Using these twouhanipulations,Pnl(R,'6),further simplifies to.

- . F/z —jnlkoRp
Pni(R’ 8) = E'J(. 'H(ni, nz,‘W) e. Jo(nlkoRq) dy-
0
m/2 cosflp/q ' '
—jnlkoRq cos.a —jnlkoRp
+. o H(niinz,?)[e cos(nlkoRp)'— e :
n/2-6 "0
. cos(nlkoRq cos a)] -dad¥. 4 K (2.72)
Simply expanding exponentials
| U ‘ﬂj/g singkRe
Pnl(Rf 8) = 7 s H(nl, n,, ¥) e ] Jo(nlkoRq)~d?
-1
m/2 cos “p/q.
+}jjf 'H(nl, n,, ¥) sin nlkbR(b - q cos a) dad¥.. . (2.73)
n/2-6 "0 '
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At this point -it appears that no more exact simplifications are
possible. It will be'necessary then to make judicious approximatians .te
put-Pnl(R, 8) into a suitable form for calculation. The approximations

will be easier to justify in cylindrical coordinates where

R cos B

N
1]

(2.74)

°
1]

R sin ©..

Recall that z is to be interpreted as the distance along .the antenna -.. .- -
from the dipole .source and p will be a, the radius of the antenna, which
is assumed to be small compared to the length.

First, note that the sine term in the second integral of (2.73) is

. - ] =. . .Y
éip plko[z cos ¥ - a éin ¥ cos @] = sin (nlkoz cos ?
* cos (nlk0 a sin ¥ cos o) - cos (nlkog‘cos W)'sin.‘nlkdaA51n.W cos o).
" (2.75)

For small a we make a first-order approximation of -(2.75) by

k.a sin.¥ cos o cos (n,k.z cos.¥). . (2.76)
o 170

sin-(nlkoz cos ¥) - n,

Now we can perform-the indicated. o iﬁtegration.in (2.73) on this simplified

term (2.76) to get

—l_z_COS Y
sin (nlkoz cos W)'cos,_.a i U

1 - 2z cos Y 2
a sin V¥ °

We shall also make an approximation for the Bessel: function in (2.73)

- in V- i ko '
‘.nlkoa sin cos (nlkoz cos W)vsin'a

where (2.77)

sin o

Jo(nlkoRq) = Jo(nlkoa sin ¥) ~ 1 : (2.78)

for small a. Finally, we can write
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: - n/2 : -jnlkbz cos ¥
Pnl(.R’ e) = 'E f : ‘H(nl’ nzs ¥) e ’ dy
0
/2 ‘ .
i \ -1l z cog ¥
+ 3 H(nl, n,, ¥) [sin(nlkoz)cos ¥ cos S sin ¥
m/2-8
: {2 cos ? 2 ) :
__nlkog,sin ¥ cos(nlkbz cos ¥) /1 -(;jgzg—g) dy (2.79)

where

6 = tan_l-i..
Z

2.6 Finai Field Expressions for Infinitesima} Source
At last all the fields from an infiﬁitgsimal_source_have been found.

They are repeated here for references purposes,

E, =E, f Eogs1 ¥ Bapen T By ‘(2'89)
o ‘2 2 -
2 2ez” - e p ‘
E = jne - -1 .z (2.81)
28 4tk € '3 2 2 :
o oz R €z + ;zp_ i ] -
-jnk 2 B
_ .o, 1., ) _EZ '
Ezfsl ST Sy {l + 2 '_2] ’ (2.82)
_ R : ez + el J. ‘
E _ ATk, 5'2., -1 1 . 1 .t € _ e2?
zfs2 4y € -¢ e -¢ /2, 2 2R'|e -¢ o
2z 4 + p 2 ez + ez
(2.83)

R' = Ve / séz + ezpz (2.83a)



25

k 2
Bye = dnky (37 ) [B1(2, 0) + B o(z,0)] (2.84) -

w/2
jnlkoz cos ¥

T
Pnl(z, p) = 2 J( H(nl, Ny, ¥) e ay
0

/2 : ,
. -1 z cos ¥
+ 3 H(nl, n,, ¥) [%1n(nlk°z cos ¥) cos > sin ¥

ﬂ/2—6

2
dy -

(2.85)

i ad B _ |2 cos ¥
- nlkoa sin ¥ cos(nlkoz.cos W)\/[ I&;};ﬁ;—g

where
0= tan_l-é
z .
—2j [8(82 - e'z) - ni(s2 + 8'2 cps2 ¥)] sin?W
H(n,, n,, ¥) = n ' — _
1 2 ko 1 2 2 2
A (‘P)(nl - nz)

(2,85a)

/2
2 n2 _ B(ly) .+ b’é (‘P) - AA(W)C(W) 3 .,5Im(n]._)< 0, Im(nz) < 0

n,,
1° 72 . : 2A(Y) (2.86)

A(Y) = ¢ sin2 ¥ + €, c052 ¥
B(Y) = ssz(l + c052 ¥) + (ez - 5'2) sin2 ¥ (2.87)
e = (- e e, (2.88)

P_, =P . with all n,'s and n2's interchanged.

n2 nl 1



26

CHAPTER III. APPLICATION OF’METHOD-OE-MDMENTS

- In the last section we derived an expression for the- electric field
produced by an infinitesimal source. It can easily be seen that the
current distribution on the_antenna, i(z), must satisfy the integral
edua;ion

. ,
,/ 1(z'") K(z - 2') dz' = e(2) ‘ (3.1)
o

E .applied at antenna feed,
where e(2z) is [

0 everywhere else

gpd where % is the lengtﬁ of the antenna, and K(z - z') = Ez(z - 2') is
the Green's function evaluated on the surface of the antenna. Thus
(3.1) bésically specifies that the tangential E field on the surface
Q% the antennglm@ét.be zero. ‘ .

The general gheorﬁ of the method of mo@ents will Bé ﬁrééénted, following . . .
the formulation: by Harrington [6].Then-it'willbeshowh hOWnihiS method .can.be: . .
applied to this problem. First define the inner proéubt.ofvaO functions on

someJintervgl I as
< £(2), gla)> = ff(z);- g(}) da. | (3.2)
ﬁow considér éolﬁing the inﬂémogeneous equétgqn
L(E) = . ‘(3‘3~):

ﬁherg f and g are fuﬁct;ons defined on the.coﬁmon interval I, L is

a linear operator, g is kpoﬁn, and f is unknown.

Suppose £ is approximated as a sum of n kiown functions weighted by .

n unknown coefficlents o .
1
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J.‘jf . (3°4)

The fj functions are called expansion functions. Now by substitpting
(3.4)'in£o (3.3) and using the linearity of L, the-equgtion becoﬁes

| n
z a, L(f,) = g. (3.5)
=1 h| J
Now define a set of n weighting functions or'tésﬁing'fungtions, : ,
Wy, 1= 1, n. By taking the inmer prodﬁct of both'sidés of (3.55:With
respéct to each testing function, the equation becomes |

] .

zlaj < Wy, ij > = < w8, i =1, 2, ¢ ° +n, (3.6)
j=1: -

This can be written in matrix form as

ORICREN R BNER)

where

< Wl, Lf12>2 < wl, I_;f2> ¢ e
[Qij] = < Wy, Lflflf Wos szi .« o e | | (3f8)
Lo ¢ o e e & o o » .-_
al & < Wl’ g >
. 02 - 82 < wz’ g >
[aj] = . [8i]-= . = ° . (3.9)
| %n ] R .
- 7[5 Vn 82

EQuation (3.7) can be solved fqr'[aj] simply by inversion, provided

[Ri;]is,nonsingular
J
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e =1
[aJ] = lzij] [g,]- (3.10)

Thus, f has been solved as a Qeighted suﬁ.of the expansion functions.
- The method of moments, as it has thus been described, is very gene;al.
The particular choice of expansion and tésting fuhctiéns used for'this
problem will simplify.the form of'thé solutien considérably. Also,v |
this choice affects the accuracy aﬁtaiﬁable for a;given nqmbér of
functions. Now we will show;how to: apply the method to this éntenna
problem by first.identif§ing ihe functions andAépergto¥s in (3.3). The
1 A
unknown function f is i(z) defined on the interval [0, 2] representing
the antenna. Likewise, the.known function.g 1é ghe;tangentiéi.electric
field e(z). The linear operator L is the integral operator
i . : : - I
L(h)‘=.[- h(z') Ez(z éfz')'sz : .: (3.11)
o :
or described in words; convolution'with the Grgeh'sffunction along the
antenna. B |
N;kt expansion functions ﬁﬁst be devised for i(z). We wili follpw
what: is called tﬁe method of subsections, that is,'exPansion-func;ions
~are chosen. that are defined on only a subsection of the antenna intérval°
First, the antenna is ‘divided into odd n number offsegmen;s; whére each
segmént has length %?-e Then, Ehe expansion functiﬁns aré definéd_?é,the
pﬁlse fuﬁgtions

7 i 2H __ _, 20
1 if (1 - 1) T Szs i ( = )

p, (2)= Jv (3.12)
0 .otherwise . . A

Now we can express i(z).as. — - - - - - -~

n

i(z) = i, p,(2). A ‘(3.13)
I



29
Figure 2 shows how the use of pulse expansion functiens replaces the actual
current with a step approximation.
Now a set of testing functions must be chesen. The simplest choice
utilizes the point-matching method. For this method, we choose w, to

i

be 6(z - mi), where §(z) is the Dirac delta function and m, is the

midpoint of the ith antenna segment. Thus, by the sampling property

of the § function, the right-hand side of (3.6) is

<w, g2 g(mi). o (3.14)

Therefore, for this problem [gi] = [ei], where_[ei] is the vector of
tangential electric fields evaluated at the midpoint of each segment.,

Similarly, we can see that element £ of (3.8) is the electric field

ij
at the midpoint'of the‘ith segment caused by the uniform current over the
jth segment.

Finally, the original in;egrai equation (3.1) has been transformed

into the following m?trix‘equhtion

Z2I=E (3.15)

where 2 = is the electric field produced by the uniform current

over the-jth segment evaluated at the midpeint of the ith_segment°

1 0
1
0
)
. 0
I=]. ik is the current E = E applied| tangential
. th 0 ;
1 over k~ segment electric field
n ' 0
- 0 at midpoint of

kth segment

I1=2"E-=YE. (3.16)
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| | L ] I | |
0 ith interval 2H

PULSE FUNCTION py(z)

i(2z) 1

o ’ ' 2H

PULSE FUNCTION EXPANSION FOR i(z)

Figure 2. Use of Pulse Expansion Functions



31

Suppose the feed is.at the kth segment. Then the impedance of the-
. v
antenna is simply I where v
k
report the feed is always at the center of the antenna.

x 18 the voltage over the gap. In this-
Note some very important properties of the matrix Z. First, there
are only n unique elements. Segments the same distance apart have- the :

same effect on each other. Thus z,, Also, by symmetry

ij T Zitk,j+ke

z,, = 2,.,. . Therefore we can write Z as
ij ji°
— _ —
Zy %2 %3 Zn
z, zq Z,
i T RS |
7 = |- , . . L (3.17)
. . . ‘ . Z,
2 S|

‘The matrix Z is a complex symmetric matrix. Unfortunately, most
of the useful properties of real symmetric matrices or complex .
Hermitian matrices do not apply to complex symmetric matrices. . The.

element z_  .is called the self-element sincé it is the field at .the.

1
midpoint of a segment carrying a uniform current.. Sin;e the-fields;
degrease s;rongly with distancg, it will be shown that Z is strongiy
diagonal.

The Z matrix has been discussed somewhat generally. Next, we

will discuss the method for calculating the elements from the Green's

function ‘derived in'the-last'éection. There.are three different sets of
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expressions based on three different models for the distribution of
current over one segment. The basic model used assumes that the
‘current over one segment is uniformly distributed over the axis line;
this current distribution will be called the cu£fent:filaménp éodel.

Since the field is evaluated at tﬁe radius, it remains finite.
Recalling that»the lquthvéf one segment is 2A%, we can write the
field caused by the current filament as the superposition of fields caused

by ihfinitesimal sources distributed along the filament. Thus,

AL .
= —];- — | ]
E, fil_ament(?’aa) 208 f E (z -2, a) dz'. (3.18)

=AL
The factor of 1/2A% is included‘to make. the éffective current over Ehe
segment equal for the two modefs.,ifhis integration was done on each
of the four component fieldg of Ez. For Ezs"Ezfsl’ and Ezst’ one

must perform integxals’of the form
AR a
(z.-2")

I= az' (3.19)
[Ag_ [ - 292 + %)™

‘wheren 1s 0 or 2 and m is 1/2, 3]2, or 5/2. These integrals caﬁ be
found in common integral tables. Therefore, the integrated forms of

, Ez s1’ and Ez will be simply presented later.

f

fs2

Integrating Ezf’ the component of the Green's function Ez, which

E
zs

cannot be written in closed form, requires more explanation. Recall"

that Ez is given by (2.84)

f

k2 '
E = dnk, (52) [ (2, 0) + B (2, 0)).
: (2.84)

The first term can be written as o ) : i
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Pnl = sza + szb . - (3.20)
where
T m/2 ’ -jnlkoz cos ¥ )
sza =3 J[ H(nl, n,, ¥) e ‘ dy. .(3.21)
0
m/2 .
_ s . . =1z cos ¥
Tep = 3 [ ﬂ(nl, Ny, ¥) [51n(nlkoz cos ¥) ces (——a oin ¥
m/2-6
: ' : Z Cos W-z
- nlkoa sin ? cos(nlkoz cos ?) 1- (;;253;13) dy
' ' 0 (3.22)
where

9 = tan—l _a_o
. Z

REmember n;, 0, and H éfe functions of V.

'We will make the approximation thatvszb can.be 'ne’glec_téd_° - To .

justify this, first note that the integration width for tﬁé sélf—"z
element where z = 0 18 8 = gu For the first segment away: from the ;_

source element, z = ZAx; and since only thin Wi;egAare being treated, .

[+

-3 is small. Therefore for all elements, e#éept'the sélf-éleﬁent,&.é £,

N

Wé:c§n now make sﬁéil anglg‘épproximatioﬁs in (392%) and perform the

integratiop to get

Ly = ~3 HGag, 0y, 3) gng kg s - Z 3 20%.  (3.23)
Because of Fhe > term, szb should be:small coypgrgd to I%f?’ For
z = 0, Equation (3.22) simplifies to

m/2 _ . : ‘
szB = j J[- H(pl, nz,'w) ni-kOQJSln vy dy. (3.24)
0 s

Direct nﬁ@e?ical integration of (3.21), (3.22), agd.(3.24§ indicates

. that szb may be negleéted for all'terms,inclhding thé self-element.
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Moreover, one should note that:thé singular field terms are or&ers of

magnitude larger than Ez for all but the farthest segments; therefore,v‘

b3

Ezf need not have an extreﬁely small relative error. . -

Now, when Iz is neglected, Ez can be integra;ed over one

fb f
segment, according to (3;..18)° Note that z occurs .only in the exponential
-jnlkoz cos ¥ , ? P

e . Therefpre, one obtains the integrated form of Ezf

by integrating the eprﬁentialob One can'easilylﬁérify that
. o .

—in. - - ) ‘(0 40
1 jnlko(z z') cos V¥ jnlkoz sos W[sin(nlkocos ¥ Alﬂ

— ' =
208 € dz e n.k cos ¥ AL
Zhg 170

(3.25)

One does the exact same integration for the exponential containing

nz..:Ihe integratedfformjof:Ezf

is then only Ezf‘with the eXﬁoﬁen;ifls
replaced by the right-hand side of (3.25). o o

" We Will sﬁmmarize the‘fieids produced by a current filément n:mdg°
Tb{avoid proliferétion o% varigble names, the integréted férm has '

the same name as the corresponding term of the Green's function. We

have substituted the antenna radius a for p.

E, filament model = Fzs ¥ Ezgs1 t Eige2 * By (3.26).

4in oz AL
[ 12

, i a-as. | J
(z + A'l)2 + a ]3/2' 12 3/2

E = :
28 Brkedd [(z - a0)% +2'%)
(3.27)
2 %z 2 o
where a'“ = - 8
E | Taken 2’mz+AsL+»/(z+AsL)2+.a'2 P
“zfsl 8m(2A0) ‘ 2 2
: z - AL+ (z - A2)" + a'
Z + AL + v z - AL o (3.28)

w/‘(z + AS?,)'2 + ?,2 /; - A,Q,)2 + ;a'»z
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=€
z -

Jen 20 1 A+ /{z 1-42)% + a°

B = — - -%n- =
z2fs2  “4m  (e_- €) 202 Ne o / 'y 2
. 2 B z - AL+ Y (z2=42)° +a-

1,z AL+ /Qz<+:A%)2 +a'?
- —— 2n : 5 5
€2 _E z - A+ /Qz»f Al).”- a'
1 z + AL ' z. - AR : .
- ( - (3.29)
/(é-+‘A£)2 +a'? /éz - AIL)2 +a'?
Ezf = Jnko ( 5;.? (Pnl + PnZ) (3'39)‘
/2 . . A .
-jn.k z cos ¥ sin(n k cos ¥ A%)
P_ =% - H(n,, n,, ¥) e 1 . 1o Qv
- "nl 2. 1’ "2 . o n.k cos:¥Y AR
0 1l
(3.31)
o ' 23 [e(ez:- 5'2)'—-ﬁi(82 +.e'2 coszf\l’)].sin3 ¥
- H(n,, n,, .¥) = -==—n - -
' 172 ko ;l . AZ(W)-(ni - ng)

(3.32)

;2, nzj= ﬁ(w)&//Bz(Wo - 4A(Y) C(Y)

J:’ 2 ; Im(nl) < O ) (3.33)

24(¥) -
' Im(n,) < O
| 5 oy , . . .
A(¥) = ¢ sin” ¥ + €, cos ¥ (3.34)
B(Y) = ee;(l +-éosz'W) +'(82 - 6'2) sinz'W
cY) = (2 - ¢'?) e,
P ., =P.. with all n.'s and n,'s .interchanged. . (3.35)

n2 nl 1 2
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Equations (3.32) to (3.35) are the same és Equations (2.80) to
(2.89) but are reproduced for reference.

It has been .shown [7] that one obtains better answeré if V2 a.
is used in .the calculations as an.effective radius in place of a.
This correction compensates for the assumption that the current is
on the axis instead of distributed on the surface.

One can note that many simplifications in.the preceding.formulas
are:possible  and in many cases.necessary -for limiting cases of the ..

general anisotropic plasma. For free space, the E term has zeros:

zfs2 -
in both the numerator and the denominator. One can clearly see that . . ..
for plasma parameters X = 0, corresponding physically to free spaée

with an applied magnetic field, and that for ¥2'= 0,‘corresponding
physically.to an isotropic plasma, there is no off-diagonal dielectric -

element ¢'. and, thérefore, = 0, In the limiting case of

Ezst

free space, must be.set equal to zero. One must also analytically.

'Ezfsz _

treat remoVable:singﬁlari#ies in‘the expressions for Ezf' For. the

isotropic case; the two indices of refraction n, and n, are equal.

The expression.for H can be rewritten to.avoid én indeterminate form. -
Nexf one can compare the -fields produced by the current filament.

model to tﬁe»fields prodﬁcéd by 6-source modei.' The §-source model ..

is physically unrealistic; however, it should give the same:values.as"

the filament model for observation points far from the segment

with the current.  Far from éhe?source;numerical caldulatipﬁs éhow

that for all field components one may use the §-source model to avoid.

subtracting nearly equal terms present in the filament model expression. .

_In_general, no_more:than 21 _segments were used..and, therefore,--the-

§~source model ‘was not needed for computation. One can note that the
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£ term is-nearly independent of distance.  Therefore, one would
not expect the fields due to the two models to be significantly
different for any distance. Calculations verify this,

A third current distribution model was considered. One might
object to the filament model as being unrealistic, especially for
elements very close to the. current segment. Therefore, we have '
examined a model for which the current is uniform on the surface
of the segment. We call this model -the cylindrical current model. -
This model can be.obtained from the filament model by summing up the
contribution of .distributed current filaments placed along the -surface.
of the current segment. When one integrates around the segment, one
needs to replace the radius a with the radial distance 2a sin L.,

2
(See. Figure '3.) Recall that Ez‘haS'the form Ez(z, a). Therefore,

we write
27
=L sin &) a4
E cylindrical = 2w _jr E, filament (Z» 22 sin3) do.
0

(3.36)

Since "the -cylindrical model is needed only in the very near region, and
since in this region the'Ezs term strongly dominates the other terms,
this cylindrical integration is applied only to therEzs term. Then

substituting E into Equation (3.36) one obtains-

zs filament

27
E e —n-
zs cylindrical. 2w 8nkoeA2
0
z + AL z - A%
. | 7 377 | 49

' 3 .
[z + o) +4a%en? 1 [ - an)? + 4a'?stn’ £

(3.37)
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4——'— Observation point (a,o0,2)

Current —source filament with
center (p,¢,2)=(a,¢,0)

SIDE VIEW

PROJECTION INTO x-y PLANE

- A‘ y
Observat ion —

i — -— Source
point x ¢
2asin—
| | ' asin 2

Figure 3. Cylindrical Model as Distributed Current _Filaments_on Surface. . . .

of Segment
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One.can see that (3.37) essentially is an integral of the form

2 - . )
1 d¢ - ! o
I =— : (3.38)
2m 0 [4a'2fsin2-i + b2]3/2 y
2
Making the change of wvariable . : :
: - 8 =¢+ 7 (3.39)
and simplifying yields
/2 L
L= _1_7§k3 ' 2('16 3 3/2 (3.40)
4ma’ 0 (1 - k" sin"9) _ o
where . .
' '. €
ke —g—2o—rm and  a’=-2al. @)
b + 4a'")"

Note how -similar (3;40) is to the definition of an elliptic
integral. Applying a clever tranéform from'Gradshteyn and Ryzhik -

[8] allows us to write ,

1-—L1. — E(K) G2

where E(k) is an elliptic integral of the second kind. Equation (3.42)

can be applied E6%13°37) to obtain

k3
E e —Jn: z + A% + E(k.)
zs cylindrical  8gk &A% 3 27+
o 4ra'” 1 - k+ v
K> (3:43)
- (Z—,A.g) - > E(k_)J
Z”Ta' 1 - k_
1 ' .
Kk = 2a , X. 2a .

+ 2.1/2

[+ an)® +4a'?] 21/2

T Iz - a2+ 4ar?)
Now .one can compare the fields-due to a current filament.to the fields
due to the-equivalent current flowing on the ‘cylindrical surface.

Although -one might expect much different values for the most singular
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terms; the results wereiextremely close. Except near z = A2, fhe'fieldsr
generally agree te better than 1 per cent. See Table.1l for a comparison
of -the twe models for various distances and plasma parameters.

One can note that the field for the cylindrical model is .singular
for z = A2, and that it changes sign‘crossing.this point. This .can
eagilyzbe understood from a quasi-static model. From this viewpoint,
the current causes rings of charge. to accumulate on the edges of the
cylinder, and the electric field is the electrostatic field duezto‘thesev
two -rings. Clearly for z = A%, one is evaluating the field at the
ring and it is singular there. The filament model remains finite at
z = A% because for this model the charge is on the ‘axis, . an effective"
.distance of a' from the point of observation.

After comparing the three current distribution models, we
decided that the filament model was entirely adequate for Ezfsl’

EszZ’ and Ezf‘ For Ezs we use the cylindrical model although it
is only slightiy diffgrént from the filament model. Theréforé,-

each element z, of Z, as shown in (3.17), is computed as -

i

zg = E. [(1 - 1) 282,.a] 0 ", (3.44)

where
E = Ez(z, a);
the cylindrical model of Ez>is used for EZS and the filament model-
is used for‘EszI’ EszZ’ and Ezf'
There are still a few small matters to discuss before calculating

I, the current vector. First, one may consider applying one :volt to

. _ . the:feed-obtaining -the resulting-electric-field— — — — —————— " — "~~~
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COMPARISON OF ELECTRIC FIELDS DUE TO FILAMENT AND-
CYLINDRICAL CURRENT DISTRIBUTION MODELS

‘ 1
H=1, a-= 1/1445, AL =. 3 0 = o1, z = m2A%
2 segments | .
X Y 2z m Ezs cylindrical (z, a)- Ezs filament (z; V2 a)
REAL IMAG REAL IMAG
0 0.0 0 0.0 .3395x10’ 0.0 | .3388x10’
‘ 8 ' 8
.43 0.0 .2737x10 0.0 .1418x10
; 5
1 0.0 -.1496x10 0.0 -.1493x10
: 6 6
2 0.0 ~.1283x10 0.0 -,1283xl0
5 0.0 -7437. 0.0 -7437,
10 0.0 -916.8 0.0 -916.8
L1 51 7 5 : 7
.1 .1 .03 0 [-.2862x10 .3814x10" -.2835x10 .3806x10
6 , 8 ' 5 8
.43 1-.2067x10 .3059x10" -.8602x10" .1574%10
. , 5 7 5 : 7
1 .1260x10° { -.1681x10 .1246x10 -.1677x10
6 “ 6
2 1094. -.1442x10° | 1093. -.1442x%10
5 63.54 -8362, . . 63.53 -8362,
10 7.834 -1031. 7.834 . -1031.
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TABLE 1. (CONTINUED)

segments _
™ Ezs cylindrical (z,a) Ezs filament (z, V2 a)
REAL IMAG REAL IMAG
. 6 6 6 6
9 .9 .03 0 [-.4836x10"|-.4101x10° | -.4838x10° |-.4099x10
.43 F11258x10°|-.9702x107 | -.1283x10° | -.9433x10
1 .2150x10°| .1822x10% | .2150x10° | .1821x10°
5 5 5 .5
2 ,1718x10°| .1459x10 .1718x10 .1459x10
5 985.6 837.4 985.6 837.4
10 . 121.4 103.1 121.4 103.1
j
' 6| 7 6| 7
.2 .25 .09 0 - .2767%10° |-.2084x10" | -.2754x10° | -.2082x10
, 70 8 7 8
.43 -.2534x10" |-.2088x10° | -1.440x10" | -.1382x10
6 6 6 ‘ 6
1 .1223x10°| .9215x10 .1216x%10 .9207x10
5 5 51 5
2 .1028x10°| .7692x10" .1027x10° | -.7692x10
5 594.0. | 4h44l. 594.0 4441,
10 73.20 574.2 73.20 547.2
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segments ’ )
X Y Z m Ezs ‘cylindrical (z, a) Ezs filament (z; ¥2 a)
REAL IMAG REAL IMAG
2. 2. .05 0 -.1291x10°| .1250x107 |-.1312x10% | .1249x107 -
.8 7 9 .8
.43 ~.1857%10°| ,2765x10 | -.2355x10” | .8449x10
: 1n5 6 5 6
1 .5776x10° |-, 5571x10 .5877x10° | -.5568x10
2. (4361, ~4350x10° 4372, -14349x10°
| ' -
5 1248, 4 ~2488, 248.5 -2488.
10. 130.55 ~306.2 30.56 -306.2
1
— |
A ‘ P 6 6 b : 7
.5 2. .05 0 =,1180x10° | .2381x10° [ -.1180x10° | .2380x10
7 8 7 8
43 |-.1499x107 | .3021x10° |[-.1208x10" | .243x10°
' 51 7| 5 7
1 .5231x10” |-.1055x10 .5231x10° |-.1055x10
2. 4288,  |-.8647x10° | 4288. |-.8647x10°
5 426.9 -4979. 246.9 -4979.
10 30.41  |-613.4 30.41  |-613.4
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E =__"ered‘___vfeed.= _ 1 (3.45)
feed - d 2A% . 2A0 ° '
since thé'gap distance d is 24%2. Second, note -that E gives?

_ z ‘filament
the field due to a distributed source witﬁ’the same effective current
as tﬁe~6-sourcé-ﬁ§delo This § source was'éne ampere at ohe point;
when it is-distributed, the current at any point is only E%E ampere,
Therefore,‘one should multiply all elements of Z by 2A% to get true: -
fields.. . EquiQalently,‘thiéllast factor of 2A% is factored from .

the Z matrix inte the E vector. Therefore, considering both comments

about the 2A% factor, the vector E is computed as

- ——;——E , 1 = center element
E=le]=| ¥ . (3.46)
0 s i # center element

One must also make slight corrections between gffective'and
actual dimensions of the antenna. The use of pulse expansion.functions
a;sumes a-fiﬁite current at the end of the antenna when the true current
must be.zero:. To compensate for this, dummy segments have been
added to.each:end. These segments are not ﬁsed in calculations,
but only make the length of the antenna for which the nonzero currents -
can exist shorter than.thg actual physical length 2H, Therefore,-for

segments one -uses

2H

2H instead of 2A% =‘:r'.

n+ 2

208 =

The exact number of segments to add was partially determined
empirically., Using .one extra segment on each end results in a

~ good, but not perfect, linear current distribution for a very short . — -
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antenna in free space. The other dimensional correction, which.
has already been noted, is that one uses an effective radius of
Y2 a instead of the actual radius a in all calculations using the
filament model.

In most cases,.2]l active antenna segments were used.. Trials
with 33 and 45 segments show only slight changes. It is not at-
all Elear what is an optimum number of segments to use -because one

cannot always assume that using more terms gives a better approximationo
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CHAPTER IV. NUMERICAL DIFFICULTIES

The field expressions for the filament current model appear
deceptively simple. Even though these expressions have required .a. ..
lengthy derivation, most of the effort expended on this problem has-been ..
in performing numerical computations.  For the terms in closed -form, one
must  guard against loss in. accuracy due to .subtracting nearly equal terms, .
and for the terms .indicated as integrals, -one must perform difficult....
numerical integrations. The purpose of this section is-té describe the
numerical analysis required in writing an efficient computer program. .

Particular attention is paid to the numerical integrations needed for-

E The general question of stability of the method is discussed in

zf*
Chapter V.

The computer .program .that is used can be found in. the Appendix. . . ..
Fér computational -purposes, it was convenient to formulate theifieldA.
expressions with dielectric constants -normalized to ¢. Thus, .in .the . . . .
program e' is-actually c'/e, e, is ez/e, and the field expressions have -
been correspondingly. quifiedm One result of this: renormalization .is:

that one uses nl/g in place of n In this case, one must be careful .

1°
to compute'nl/g as the .square root oflnié with the negative .imaginary

g'and'E»taken'

part rather than as the product of the square roots of n,

individually.

For the singular .terms in clesed form, E "Eifsl’ and.Ezfsz,_one-A

4

must be careful to avoid subtracting nearly equal quantities. This problem
increases with increasing distance.z: As has been already indicated, if - -

fields are needed more-than 30 segments -away, the S-source model .gives. .

entirely adequate values. A series expansion of the singular terms has
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been made, .but thg.range of validity for the filament and the .6=source
models overlap and,.therefore, the series expansion is not needed.

The largest .source of .numerical difficulty is performing.the . ..

numerical integration for the finite term Ez The shape of the

£
graph of the integrand varies with the three plasma parameters,. the free--
space wavenumber ko’ and the-distance z. Figure 4 shows real and .imaginary
parts of the integrand for various parameters scaled so that .the-difference
between maximum and . minimum function values is unity. For .some .plasma -.- -..
parameters the integrand is well-behaved, but for many values, .the .integrand
is nearly singular at some .point. The integrand starts at zero, goes- -
through a strong positive peak and through a strong negative peak.
Esseﬁtially, one has to subtract the effects of the two large and nearly
equal peaks. As.Yg.or.X gets closer to 1, and as the loss factor Z
decreases, the peaks get narrower and steepér until the integrand resembles
the doublet function.

Now one can appreciate the numerical difficulty.  The standard.
technique of singularity subtraction is not applicable because .of .the .. ...
complicated‘form“ofhthe integrand. One cannot even find analytically .the-
zero crossing of the .integrand. An integration scheme with moderate- ..
sized uniforéﬂsteps might only randomly sample the nearly-singular .region- -.-.-.
or overstep'it completely. If the steps-were small enough te accurately:
sample the peaks, there would be an excessive number over regions .where .. -
the functi&n is relatively flat. Therefore, we have chosen a variable-step
Romberg integration‘schéme [9]; o

The Romberg quadrature scheme is based on Richardson extrapolation

of successive trapezoidal-rule estimates of the area.under the integrand.--.

‘Suppose one needs the integral of some function f(x) over the interval
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0 J// Sﬁ;li_,
0 L 0 - X
2 2
REAL Part, z =0 REAL Part, z = 0
X=.1, Y = .1, x=3,ﬂ=.a‘
= .05 Z = .05

0 et — 4
7 g
REAL Part, z = 0 REAL Part, z 0
X=.9, Y2=.9, X=.9, Yi- 9,
Z= .05 Z= .01

0 = T ‘ T
2 i 2
IMAG Parti z =T REAL Part, z = 0
X=.3 ¥=.7, X = 1.5, Y2 = .5,
zZ = .05 Z= .05
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Z = .05
0
T
0 2
REAL»Part2 z2=1
X=.,9, Y4+ = .9,
Z = ,05

Figure 4. Normalized Integrand in the Numerical Integration of
Ezf for Various Plasma Parameters and Distances

(k, = .576, H = /2, n = 21)
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[a, b]. Let h =a - b, The trapezoidal-rulé estimate of the area for

'Zk equally spaced segments is

h 1. : 1
Tk = — I E-f(xo) + f(xi) + + f(x‘k ) + Eﬁf(x k)]
2 2°-1- 2
(4.1)
where
h
x =a + (n-1) X -
2
Extrapolations Tnk_canvbe~ggngrated by the formula
I S T ). (4.2)
nk g n-1,k+l n-1,k
These results can be tabulated és a triangular array
Too
Tor  Tio
‘ (4.3)
Too Tz Tao
Tos T2 Taa Ty

° . . . : .

The elements of the first column are the-trapezoida}—rule estimates;

each other element is generated from the-elemeht to the left and .the
element above the element.to the left. The éccurgcy 6f'the.estima£esu.,
becomes better as .one moves down and to the-éight; The proceduré.stops
whén the iast two elements of a row ére'sufficiently élose., Recall .that
the trapezoidal rule has an .error term on the order O£ h3; ~The application
of (4.2) to T

0 and.Tb subtracts the h> error term légving,only an ... .-

0 1
error on the order of h5.for,Tlo. Substituting.(4.1l) .into. (4.2) ‘shoews..-
that T10 is exactly the Simpson rule estimate; similarly, TZO‘is,the

: y th .
third Newton-Cotes formula. One might suspect that .T .. is the k™

Newton-Cotes formula, but forfunatei§ that -is- not true. Higp-
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order'Néwton-Cofeéiforﬁuias suffer se&é?ely'due to round-off error

while Ropperg's method converges very wéll.

Dué‘to thenparticular integraﬁ@ in this problem, we,haye

partiallyifollowed modificationsisugéested'by Mille; and Burke [10].

.This modification.is4applicable.to any num;rical integration where
the~funétion is well-behaved éxcept'in a sqall.subinterv31, The original- -
interval is divided .into mnsubinterygls’and Roﬁﬁerg's method is .applied
toveachf Convergence -is checkéd By?@eans 6f'a tés; ratio Tr' If

IT -T I‘ , :
o 10 T (4.4).

115,
only the'midpoint-of:the.subintérval needs to beucomputed and TlO can .
be used as the area of the subinterval. If (i.&) does not -hold, two
-additional ‘points in the subinterval are computéd'and the program checks

if

T

1Ty3 = Tyl

< T .
r

ITzo]“

1f (4?5) is true, T,, is used as the estimate of the area, However, .if .

20
(4.5) is not satisfied, the program subdivides the interval and applies
Rombergfs method on that neéw subinterval rather than subdividing .all ... ..
intervals as the unmodified version would require. Thus, no .estimate .... ..

higher than T is.computedszr}ag interval. This scheme is efficient ...

20

since the midpoint -of the new subinterval has already been calculated. ..

If -one had tried.usingauiadaptiveiGaussian.quadrature‘scheme;.oneﬂcould

potihave used any previous Calcﬁlgpions. A distinctive feature of our
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method is that our program. saves all calculations made. - Thus.when’x.;
a subinterval converges, .one .already has thg function values for .the end . -
points and midpoint .of the next subinterval to be integrated.  .To be.
practical, one must .limit the maximum number of subdivisiéns allowed
and the minimumﬁsize.of,a:subinterya19

The exact error of this method is hard to estimate precisely. -

One may calculate an error estimate as ;he sum -of the differences between
the two best area estimates for eégh subintgrval. This is a very
pessimistic guess of the"efror. Even so, in mest cases. the relative
error calculated in this way will be far less than Tr although there is
no assurance that this is always true. The usual value used for Tr

is 1077,

A very interesting pathological case exists for this modified
integration scheme. The.Tzo_estimate term of (4.3) is exact for .a
polynomial of degree up .to.5. When the program tried integrating.yaa.xg.
over [0, 1] as a test problem, it kept subdividing.the first .interval . ..
until it had reached .the maximum number of subdivisions allowed, The . .
problem 1is analogous to integrating a parabola'with the trépezoidal rule,
Consider approximating .the function y =-x2 with a straight line over'

[0, €]. The true value of the integral over the interval will be

%ﬂEB but the integral of the approximation will be %163. Clearly -the - -
absolute error of the approximation decreases as ¢ decreases but .the ..
relative error does not. When a maximum number of -subdivisions .is speeified,
there is no practical problem. Absolute error on the first interval .is
small enough, and for .any interval not containing the 0, the relative .error

converges. In practice, this pathology occurs when the ‘function behaves as -

a high-order polynomial.
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The Romberg method has-been described for the .case :of a real. ..
function. For a complex function, such as in .this problem, we have
required that the .test ratio be satisfied for both the real .and
imaginary parts of the estimates before going to the .next interval.

The integration.of.Ez.f is done slightly &ifferently_than formally . .
indicated. The.integrandsl,.of'Pnl and P, are added - together before
integrating. Tbisﬁnot.only~e1iminates-the-need for two separate
applications of Romberg‘s.method, but glso simplifies the handling

of terms common to P énd P ..
: nl- - "n2°
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CHAPTER V.. STABILITY OF METHOD OF MOMENTS

After many trial runs, we wished to test the stability of our
method. Even if the models used were perfect and electric fields could
be precisely analytically .formulated, there would still be computational
errors that would be transmitted to the final answers. Knowing .the
sensitivity of the final answers to both matrix manipulation errors .and
errors in computing the fields allo&s one to estimate how accurately
. fielas must be calculéted to get results.that are reliable. Early
results obtained from field'calculafigns witﬁ deliberate perturbations
showed a noticeable sensitivity. The stability fheéry deveioped.here. ‘
applies not only to this particular.plééma prablém; but also to any.
problem using the method of ﬁoments. . | |

This sensitivity analysis will use norms of complex vectors and .
matrices to estimate .error. Because of the wide Varigty in definitions
of matrix norms, we wish_to”ﬁevelbp our analysis in detail and carefully
define our matrix and vector notation for complex matricgs and veétors.
Our definition will follow Forsythe and_Moler [11].

ALl vectors x will be 4ssumed to be column vectors. AL and x-
will indicate the transpose of matrix A and vector x, that is, the
original matrix or vector with réws,and columﬁs interchanged. AH and,.<
xH will indicate the matrix or vector that is the complex conjugate of ..
the transpose of the original matrix or vector. A matrix that is  |
equal to its own transposevconjugate is said. to be Hermitian,.

Nexé we define vector norms. The Euclidean norm of a complex

vector x is defined as

S H /2 2 127
=], / __/!xl,| FlrylZe e I, (5.1
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where x,, X,, * * ‘2%, are components of x.. For real vectors .this

2’

norm is the usual concept of the length of a vector. We can also

define vector norms

n :
xlly, = Ix (5.2)
i=1
lellw =. max |xi|. » (5.3)
. 1<i<n :

These norms are not quite as geometrically obvious as the»Euclideén norm.
Figure 5 shows all possible unit-length vectors in two dimensions for
each of the three norms. Mathemétically; one caﬁ'define an.infinite.
number of norms, butvthese three are the most usefull "All vector

norms must satisfy the following three properties.

|lex|| = le| « ||x]] for any real scalar c,. ~  (5.4)
|1x1] s 0 and ||x]] = 0 if and only if x = null vector,

: . , : - (5.5)
=+ yl] < [lx|] + ||yl (triangié'inequality). (5.6)

Next we define a matrix norm for square matrices A as

_. | 1ax| | |
1|A|| = max T (5.7
x#0 - ||x|] ‘ S
or equivalently
|1a]] = max - |]ax]]. (5.8)

x| |=1
Each of the three vector norms thus produces a matrix norm that is said.
~to~be~compatib1efwithatheageherating vector norm.. Because of this . __

compatibility, these matrix norms satisfy the three vector norm
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‘Figure 5. Unit Vectors under Different Norms
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properties (5.4), .(5.5), and (5.6), when x and y are replaced by matrices.

From the definition (5.7) one can see

[lax|| < [lall - [lx]]

for all A and x. (5.9)

The main advantage of .the two non-Euclidean norms is their ease of

computation. It can be shown [12] that

n
ALl = max ]
S 1<i<n i=1

[1a]], = max ]
l<i<n j=1

(5.10)

(5.11)

Finally we can introduce a scalar function of a matrix that

measures the degree of ill-conditioning for certain operations with

this matrix.

Define the c¢ondition number of square matrix A as

cond (&) = ||a|| - |[a7}]].

(5.12)

For real matrices, the condition number with respect to the Euclidean

norm can be calculated

'condz(A) = Al/kn

(5.13)

where X, and An'are the largest and smallest eigenvalues in -absolute

1

T . . .
magnitude of the symmetric matrix AA". If matrix A is symmetric

|

™

condZ(A) =

©(5414)

where A, and An are the largest and smallest eigenvalues of A.

1
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If matrix A is complex, (5.13) can be applied where one uses the
largest and smallest eigenyalues‘of AAH>which will beAHérmggién-aﬁd>r
thus have real eigenvalues.

For the case of real symmetric matrices and the Euclidean .norm,

one can most easily understand the appli;éfion of £he conditioﬁ nﬁmBéra.a-
One can think of premultiplication by a matrix as a vecfor'fﬁncinn.in»
which components of the vector in the direction of the eigenvectors..of
ﬁhe matrix are stretched or shrunk by the reépgctive eigenvalués.
Consider y = Ax.asAaAmapping,of vectors X onto vectors y. It is..
geometrically clear that y = Ax mapé éhe nhdiménsioﬁal ;phére.bf,ﬁll_
unit length x's onto.anxﬁ—dimensional eliipsoi& with sémi-méjof
1 and séﬁi—minqr.éxié k;.. One c;n ség?that |A1|/JXn| is!théV‘

ratio of possible distortions a vector x can undergo. Also note that .

axis A

the condition number shows the loss in accuracy'for computation,Sfucomﬁonents»
of x that are not in the direction of the eigenvector associated with the
largest eigenvalue. The geometrical interpretation with other norms is

not as clear.

It is to be stresséd ﬁﬂét cond(A) is a far better measure of ill—.
conditioning than.the-;maliﬁess of the déterﬁinant A, E?en if A is ..
normglized, the smallness of det(Aj hés'a weak relation to tﬁe-degﬁee,
of illQCAnditioniﬂg. Sﬁppoftiﬁg exampiés are given by Forsythel;ha.
Moler. ~ | - -

Nﬁwtwe will indicate hbw the'condifion number can bevused:to
ﬁeasuré sensitivity éf a solution to a liqear systeﬁ.' C&nsider the.v
pfoblem | | | |

- Ax = y - |  (5.15)

with unknown vector x. Suppose now that y is precisely known but that
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A and, therefore, .x are subject to uncertainty. Then
A+ 8A)(x+6x) =y . (5.16)

where 6A and §x are uncertainties in A and x. Forsythe and Moler show
from Equations (5.4) to (5.9) that

||| ||sA]] , ._
———— < cond (A) —m . (5.17)

[l + ox]| LAl
Thus-we can relgée felative uncertainty in A to relative unceﬁtainty.
in x by a funcﬁion of A itself. It sﬁouid be noted that (5.17). is the
sharpest inequality.possible; i.e., the équality will occur for some..
S8A. Recall that any of the three norms can be used in (5.17). Occésionally

it is useful to write (5.17) as

< .-l
- [{a7" | - [fsal

. (5.18)

To make practical calculations of the condition number;‘thé.
cpndition numbér based on the infinity norm has been used. Equation
(5.10) shows that theAnorﬁ of A is éhe sum of the magnitudes of tﬁe
elements of the row that gives the maximum sum. For the'speéial
form of the impedance matrix Z, this is élways the cenéeri.row. For
the inverse matrix Z_l, in general, one must check all the rows above
and'inclpding the center réw. However, if kO is small ané thé-current'
distribufion is essentiaily triangular, then the-centeé row will have
the maximum sum of the magnitude of the elements. Multiplying'ﬁhé,norm"..
“of Z“by~the—norm"ofﬁz:1Vgives the condition number which ‘determines— -— - -

maximum error for the current on any segment. It should be noted
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that since<z_and_Zf;.ate symmetric, cond (Z) = condl(Z)f Ihus,,if'
one estimates error in Z as ||GZ|[1, one can use the same,conditipn
number to measure relative .error in current I as ||61]|1/||I + GI||1.
Although the use of the Euclidean norm is geometrically clearer, .
it requires far more computations. First, one must form the Hermitian -
matrix ZZH before finding eigenvalues. This multiplication, in .itself,
takes on the order of.n3 multiplications. Rather than finding .all .the.
eigenvalues, one needs to find only the largest and smallest. A
computer program has been written to find the largest eigenvalue by ...
iteration. The iteration scheme operates on the principle that

Successive premultiplications of a vector by a matrix orients the

resulting vector in the direction of the eigenvector associated with the .-

largest eigenvalue in magnitude. Each iteration takes on the order .of- -
n2 operations and the convergence of this scheme is so poor that .the . . .
convergence can be hastened by a linear extrapolation of two successive
vectors. Finding the minimum eigenvalue is even harder. All of the
eigenvalues of a matrix can be shifted by subtracting the maximum
eigenvalue from the diagonal, thus making the former minimum eigenvalue
the new maximum eigenvalue in magnitude. This, however, does .not. . .
appear to be an efficient numerical procedure because small eigenvalues
tend to be close together causing slow convergence. Even worse, more .
accuracy is required so .that when the largest eigenvalue is .added .to .the.
final answer to .obtain .the true minimum eigenvalue, all significant
figures are not lost. One can invert the matrix and find the maximum ..
e€igenvalue of that matrix. This eigenvalue:will be the reciprocal of ..
the minimum eigenvalue .of .the original matrix, but the inversion itself. -

will take . on the order of n> operations.  All considered, using the
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infinity norm, .which is easy to calculate and gives the error in a

Chebyshev sense, appears to be more practical.
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CHAPTER VI. RESULTS

_ éurrent distributions and antenna impedances have been calculated
for various plasma parameters. Tables 2 through 9 and Figurés.7 through -
14 give the results for eight different plasma conditions. A graph
with axes X and Y2 is very useful for mapping plasma conditions. (See
Figure 6.) The lines plotted on this graph correspond to various
resonances in a lossless plasma. When dispersion surfacés-are drawn
over this plot, this displ;y is known as a CMA diagram [13]. From this display
one can see.. that the nature of the chara;teristic waves in the plasma .-
changes abruptly as one crosses any one of these lines;.hence,tthese |
lines form regions with similar properties. Each region has been
sampled in the results presented. For our formulétion,,it is necessary
to have some collision loss; therefOré,‘for all cases, except for free

space which corresponds to X =0 and Y2'= 0, Z has been arbitrafi1y

set to .05. 1In each case H= 1, a = 1/250, and results are presentéd':

for thfee'valges of k0° Since there is.symmetry aréund the center

feed, the graphs of current distribution show the current ﬁrom the,eqd .

pdint‘to thé«feed. The condition number based‘on the infinige norm,

as described in the iast chapter, is presented with each -calculation.
Balmain has developed an analytical expression for the iﬁput

impedance using a quaéi-static approximation which assumes-aAlinear

current distribution [14]. The impedance predicted by Balmain's

formulation is presented for comparison. Where our method has determined

a lineér current distribution, the two values should agree.

The first case presented is the degenerate plasma condition of

free space; (See Table 2 and Figure 7.) One can see that the data
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TABLE 2.

. FREE-SPACE RESULTS (X =_0;'Y2 =0, z=0)

(See Figure 7)

e=1.0 e' =0 e =1.0
z .
k @ 1) IMPEDANCE (OHM)— |ADMITTANCE "(MILLIMHO) — | COND_
° COMPUTED COMPUTED " -
.1 .1600 - j 4491. 7.937x107° + j .2227 27.1
.75 10.39 - j 471.4 4.671x107% + j 2.120 35.8"
1.5 68.86 + j 16.52 13.73 - § 3.295 " 139
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Figure 7. Current Distribution for Free Space (X =0, ¥Y“ =0, Z = 0)
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agree generally with well-known results. The condition number for the--
impedance matrix Z is alarmingly high. For ko = 1.5, which corresponds-
to a dipole slightly longer than a half wavelength, the condition .
number is 140. This means that an error of .l per cent in formulating
the self term could cause -3 .14 per cent error in the input impedance.
One should be aware that for.free space the Green's function is much
simpler and allows one to use better expansion functions in the methed-
of moments. Mautz [15] and Klock [16] have done computer work for
more arbitrarily shaped, thin-wire structures that agrees better. with
measurements than éur results for free space. However, condition numbers
for some of these results are still high.

Results for anisotropic plasmas are given in Tables 3 through.9
and Figures 8 through-14. The validity of results varies with the-
region. Although there is not a unique wavelength in an anisotropic-
plasma, in several cases the current distribution looks .like .a
frequency-scaled, free-space current distribution. Results appear
best in" ‘regions'.; which make an antenna look shorter, and worse in_.
regions which make an antenna appear longer, just as in.free space
the-stabilify was best.for short antennas. For example, when H = 1
and ko =.1.5, an antenna in free space is approximately half-wave
resonant,  but an antenna in a plasma with X = 2 .and Y2 =5)2 is
approximately full-wave resonant. When the current distribution is no
longer linear, Balmain's approximation is no longer valid and there is
no standard analytical approximation.

Several regions.require special comment. - In the overdense hyper-
bolic region, our results predict a negative radiation resistance :for

ko = 7.,5.and 1.5, which is. clearly incorrect. The overdense elliptic
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2 . 1) is more believable .but has some -unusual

region‘(X§> 1, Y

properties. The current decreases rapidly froﬁ the feed, making the

current distribution curve concave -upward, the reverse of the usual

curvature of a sinusoidal distribution. The condition numbers indicate

a much better conditioned problem than free space.. Unlike other regions,-

the condition number decreases and the impedance agrees better with-.

Balmain's approxiﬁétion asxko increases, .although -the current distribution-

is moving away from the assumed linear distribution. In general, regions“u"

separated only by;a“hybrid fréquency resonance show no drastic changes.
There is little experimentalbwork on current distributibq which .

can be -.compared to our theoretical results. Some work was doneiby

Snyder and Mittra [17], but they were'unable'to,accurately determine : .

the plasma pérameters.' An attempt was made to coméare our results to

work dqne'by Ishizone ef al, [18]. Their results did an indicate their ..

antenna radius or a plasmailoss paraméter Z and so our computations

were made with an arbitrary H/a ratio of 250 and a Z- parameter of .05.

Their measurements are ali for overdense plasmas (X from 4. to 50) but

in both elliptic and hyperbolic regions.:(Y2 from 0 to 1.04). 1In all cases

their currént distributiops have standing-wave characteristics, often ..

with thé current. increasing at the feed. However, for all of their

cases for which we have made computations, our current distribution

simply decreases rapidly from the ‘feed similar to our computed results

2 = .5. Thus, there is rather poor qualitative = agreement

for X =£2.5;, Y
between our results and their measurements.

In trying;to understand why‘blatantly'iﬁcorrect answers are

sgggE;mes_ggggiggﬁ,‘ége'can note -certain patterns between the:
condition number, the validity of the impedance, and the relative importance

of the four terms’ of the Green's function EZ, (See Tables 10, 11, and 12.)
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'-As’expectéd,'the impedance matrix Z is best conditioned‘when it is-
most nearly diagonal, or when the singuiar terms which decrease rapidly
with distance are dominaﬁt ovefAthe fiﬁite term. for-the overdense.
‘elliptié plasma which givés good results as compared to Balmain's
approximation, the field'contfibution on a segment distance 2H from.

the'éoufce‘dué to the finite term is two orders of magnitude less .-

than-the total field, while for the overdense hyperbolié-caseux.='2,
Y2>= 2, which gives negative radiation resistances, the finite term.
is an order of-ﬁagnitude}larger than tﬁe totél field. The hypothesis
that tﬁe difficulties encountered in some regions are due to an

incorrect evaluation of the Eé term, either through invalid approximations

f
or poof numerical quadraﬁure, is strengthened by the tendency of results....
to get worse as ko increases. In the singular terms,.ko-appears-only.
in the~coefficient; while in the finite term, kO is a factor in the

. neglected terms of a Taylor series. A method is_currently being
investigéted to e?aluate fields for which the‘finitg term‘is significant
by an asymbtotiévexpaﬁsion of the'transformed Green's function.

Calculations were made to test the sensitivity theory discussed
in»fhe last chapter. Consisten; with the high condition numbers, it_!«
was found thét a 1 per cent perturbation 6f the diagonal term in thé
Z matrix caﬁ cause a 30 per cent change of the impedance both for
free spéce and the hyperbolic_overdense plasma. One should note that . ...
we are unable to obtain the condition number of an error-free matrix.
If errors have occurred which make tﬁe matrix more diagonal, a.
deceptively low -condition will be calculated. In cases-where,large:

——————————error-must-be-present;—such-as-for- the overdense-hyperbolic_plasma, one_____  _



cannot. claim that the results approximate tﬁe true results within
definite limits when only the condition number of the matrix with.

errors is known.
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CHAPTER VII. CONCLUSIONS

Using the method .of -moments we have been able to .calculate ‘the current
distribution on an .antenna oriented Parallel to the static magnetic . . .
field in a plasma. . For most plasma regions,-reasonable.impedanceé
are obtained that agree'with'the Balmain approximation.whenﬂko is
small.: Calculations .on the -overdense hyperbelic plasma, however, .
give unrealizableiresults.v The exact cause of this discrepangy_is
not well understood; work is continuing on a different ﬁethod;of‘
calculating the fields that will be more accurate and faster for.
segments far from .the feed.

A method of quantitatively analyzing the degree of ill-ceonditioning. . .
has been discussed. This method applies not only to this‘problem.but‘
to any aﬁplication.of;the method of moments. In particular, it.is:,,
suggested that the stability of free-space; thin—wife'problems;bex.}-.x.
evaluated. This method can .also be applied to inversion problems

arising from remote sensing studiés.

INN




e __ ... .. APPENDIX (LISTING OF PROGRAM USED)

C PREPARES E£'S TO BE INVERTED

87

c LIMITS CHANGES

COMPLEX E,E14EZ,EZS,EZFS1,T(55),EZFS2,EZFN1,T1(3625),522,A0,21MP,

"1 EZFN2,UsER(211,Y1(21),THOLD,TEZ(21)
DIMENS ION PM(30),PP(30),22(30),5M(2), pM1(3.zov.ppw( +30)

REAL SCLOIZ1/100 1 ReyTa5160s5erkerdes2s 5802001250, Ta0rs/

REAL KO/e576/+PER(31/0e9e01y.1/

REAL SSS(41/4453,5435413.4745047
 REAL SP(2)/-=3441,50/,K1(31/.1,0.75,1.5/

P1=3.,141593
H=1.

CALL CCPIPL( 591le9-3)

C M IS NUMBER OF SEGNENTS
 B=SQRT(2.)*A S
M=21

CXM=M
DO 1000 KJOB=1,1
READ (5,25) XC,YC2,2C

25 FORMAT (3F10.6]
__YC=SQRT(YC2)
§5=0.
$S1=0,

NPLOT=3 X ' h
c XCoYCy AND ZC ARE 3 PLASMA PARAMETERS (DON'T USE XsY,7)

DL=H/{XM+2,)
L U=(14,9.)=00441.1#2C
E= (14,04 )=UXXC/(Ur*2~ YC**Z’
CE1=YCEXC/(U*X2-YC*%2)
E1=E1/E

EZ=(1.,041=XC/U

EZ=EL/E
00 11 IXX=1,NPLOT

KO=K1(IXX)
PRINT_24,K0,UsXCoYC2y2CoEsELLEZ oM

24 FORMAT (91 0'KO=" 4F6a345XytUS?,2G160e 795Xy tXC=", Gl6sT, EX,y°

1 Gl6.7,5X,'2C="*,

Yc2=1,

1 Glé.T7/7%0' s F=0,2G16eT95X9'E1="92G1l6.T 45X EZ=1,2G16.745X,"M=?

PRINT 4

4 FORMAT (1HL1,'FIELD ELEMENTSY/¥ NO.",T17,°EZS",T43,7EZFSI/EIFS2Y,

1 T75,'EZFN1',T109,'SUM!)

C  ECYL FOR EZS, E2DL1 FOR EZFS1
KK=MINO(30,M)

B

DO 2 I=1,KK
_Xx=1-1

_CALL E2DLY1(KG9EZE19EZ4BoDLy2,FZZ4EZFS]1,ELZFS2)

"CALL FCYL(KO,E,E1,EZ, A.D(.i;ezs»

CALL EZFN{KO,E,E14E2,40L,2Z, EZFN1,ER(I),Y1(I))
T(I)=F2S+EZFSL+EZFNL+EZFS2
2 WRITE (6,511 1,EZS,ELFS] +yEZFN1,T(T) LEZFS2

51 FORMAT (1H ,13,6E1544,2E18.7/1H ,33X,2E15.4)
__IF(M .LT. 31) GO TO 12
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E2DL1

KK=MINO(50,M)
DO 5 _1=31,KK

X=1=-1

Z=X*¥2.,*Dt_

CALL E2DLY(KO.E,EV,EZ,ByDOLsZ+FZS,EZFS1,EZES2) . o

CALL EZFN(KO,EJE14EZ,DL,2Z, EZFNYILER(I),Y1(I))
T{I)=EZS+EZFSI+EZFN1+EZFS2 -

WRITE (6,104)
FORMAT (1HO,* INTEGRATION AND ERROR'//'NO.t,T15, 'UNNORMALTZED EZFN1

WRITE (6,51) I,E2S,EZFS1 L EZFN1,T(I) ,EZFS2

17,756, 'ERRORY )
COND=0,

DO 71 I=1.M
WRITE (6,43) I,YI{I),ER(I)

"3 FORMAT (1H +13,5X92E1547¢5X42F1547)
DO &6 J=14M
K=M *([-1)1+J
KK=TABS(J=-1) +1

6 TL(KI=T(KK)
_M1=IABS(M/2+¢1-1)+1
COND=COND+CABS(T(M1) )

71 CONTINUE

WRITE (6,72) COND

72 _FORMAT (1HC.5X9'N0RM.BEFDPE INVERSION =?',E146.7)

CHOLD=COND

CALL LINEQIM ,T1)
THOLD =0
CONDIT=0.

DO 73 I=1,M
COND=8,

DO T4 J=1.M
KK=M*{I-1)+J

74 COND=COND+CABS(T1(KK]))

IF (COND «LE.CONDIT) GO TQO 73
IHOLD=1]
CONDIT=COND

73 CONTINUE

WRITE (6,75) CONDIT,IHOLD ,
75 FORMAT (1H +5X,'NORM AFTER INVERSINON = =',E14,7,5X, '00W*,12)
COND=COND* CHOLD '

WRITE (6,76) COND

76 FORMAT (1H._,5X,'ESTIMATE OF CONDITION =' ,El6.7)

9 FORMAT(* ',14,3(5X,2E16.7})

15 FORMAT(*GY/// NOT MULT BY =-1/(2DL)**2°%)

PRINT 7
7 FORMAT('1')
KK=M%x%x2 =2

PRINT 15

DO 14 I=1,KK,3

14 PRINT ST, T1UT),T1(I+1),T1(I+2)

M2=M*%2
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F==1le/(2.*DL)**2

DO 13 I=1,M2
TY(I)=F*T2 (1)

MM=((M2=-11/2+1)
AD=T1(MM}*10C00,

Z1MP=

1,/771(MM)

Ml=((M=-11/72) *M

M3=(M+1)7/2
M4=M1+1]

MS=M1+M3

DO 17 [=M4,M5

XX=CABS(TI(T))

XY=ATAN2 (AIMAG(T1(1)),REAL(TLC(IN))

17

TI(I)=CMPLX(XXsXY)
PRINT 21

21

FORMAT (707 //7¢ 7,10X, "CURRENTS ~(MAG AND PHASENY) "~~~

DO 20 I=1,M3

20
22

PRINT 22,T1(1+M1)

FORMAT(* *,10X,2Gl6.7)

23

PRINT 23,AD,ZIMP
FORMAT (*0°*///' *,10X,"ADMITTANCE= ',2616.7,' MILLIMHOS'/

1
C

+ 19X, * IMPEDANCE= ¥,2G16.7,* CHMSY)
START PLOTTING

77100 M4=M3+]

DO 30 I=1,M3

PM{T+1)= REAL(T1(I+M1))

IF (PM(I+1)4GT4SS) SS=PM(I+1)
PMITTXX, [#10==PM(T+1)

PP(I+1)= AIMAG(TI(I+M1))

"33 PPL(IXX,I+1)==PP(I+1)
PM(1)=0,

PMI(IXXy1)=0.0

~':’p(]."-'(’c

PP1(IXX,1)=0,

11 CONTINUE

$5=S8S5/4.
DD 53 K=1,7

.53 55=55*10.
54 K=K-1
DO 55

IF (SS.GE.1.) GO TO 54

IF (SS.GT.SC1(1)1) GO TO 56

I1=2,12

55 CONTINUE

56 SM(2)=SCL(I=11710, ¥*K+1.E-6
SM(1) =0,

C START

CALL

PLOTTING
ccpipa o

CALL
CALL

CCP1PL(4454244=3)
CCPIPL(0490.,43)

CaLL

CALL

CCP1PL(D4v6e42)
FACTOR (+5)

CALL
CALL

CCP2SY(=Te81e59039'H= 1,904 ,43)

CCP3NRI(0s 9Re9=e39H 950as2)



CALL CCP2SY(=Te%9e59e39'X= *,90,,3)

CALL CCPBNR(O.oO.'-.3yXC,90.,3D
CALL CCP2SY (=Te0yeS51e34'Y 2 =',90,,45)

CALL CCP3NR{( 00 90e9=03yYC2¢90.+3)
CALL CCPZSY(‘b.b,.S'QB"Z= 199046+¢2)

CALL CCP3NR(De90De9~¢342C4+906+3)
YP=a5

XP==6,2
DO 52 K=1,NPLOT

L=K
IF (KeEQe3) L=0

CALL CCP2SY(XP4YP3439'K0=?y90.+3)
CALL CCP3NR (0¢ 3Ce 9=e39K1(K}y90e,3)

CALL CCP2SY (DetPe1=e39%cee'990.,3)
CALL _CCP2SY (0e90e1=e155L+90s+-1)

52

XP=XP+s&4
CALL FACTODR(l,)

CALL CCPSAX{(Ce90e 9y *MAG OF CURRENT*414,4,90,18C. 4 SM)
CALL CCP2SY (3913704415, *MID POINTS OF SEGMENTS'990.,22)

CALL CCP2SY («39548009¢154*FEED* 4904 +4) .
DO 4«6 [=1,M4

XXI=1=-1
22(11=12, /(XM#I *xxI

CALL CCP2SY (0ayvZZ(I1)4eCT913490.,-1)
DO 46 K=1,NPLOT

_CALL CCP2SY (PM1 (KT )sZZ(I)yCoTyL,92.0=1)

L=K
1F_(KeEQe3) L=0 -
PMI(K, T)=(PMLIK, I)+SM(1))/SM(2)

DC 49 K=1,NPLOT
CALL CCPIPL(PMI(Ky1)y2Z(1),3)

) CALL CCP1PL(PMI(K,1),22(1)s2)

DO 49 I=2,M4

CALL CCP1PL{2+5¢N6+=3)
CALL CCPlPL(Oe9b6e92)

CALL CCPSAX(2.0N0,0e,'PHASE OF CURRENT',16, 4.:ﬁ,,1aﬂ;;§5i“” o
CALL CCP2SY (239103704015, *MID POINTS OF SEGMENTS?®,90.,22)

CALL CCP2SY (e395.8009e15y'FEFED* 4904 +4)
DO _47 I=2,M6 o

CALL CCPZSY(O.,ZZ(Iiv.07 913,90.,-1)
DO _47_K=1,NPLOT

L=K
JF (KyEQe3) L=0

PPI(K,I)=( PP1(K,1))/SP(2) ,
CALL CCP2SY(PP1(KyIVs22(1)1+0.074L +90.,-1) _

50

_CALL CCPLPLUPPL(K¢2)22(2)43)

DO 50 K=1,NPLOT
DO 50 1=3,M4
CALL CCPIPLUPPL(K,1),22(1),2)

1000

CALL CCP1PL(449=2.4-3)
CONTINUE

—CALL EXPT_“-—‘—“——;;4—*;~~Q-* e
END




SUBROUTINE LINEQ(LL,C)

C 2/5/71 C KLEIN CHANGED ARITH IFS TO LDGICAL IFS
COMPLEX C(1)4STOR,STQ,ST,S

DIMENSTON LR(58)
DO 20 I=1,LL
LRITI=1

20 CONTINUE

M1=0
DO 18 M=1,LL

K=M
DO 2 I=M,LL
K1=M1+1
K2=M1+K

IF ((CARS(C(KI))I-CABS(C(K2))) LE. De) GO TO 2
6 K=1 '
2 CONTINUE
o LS=LR(M) B

LR(M)=LR(K)
LR{KI=LS

K2=M1+K
STOR=C(K2)
J1=0

DO 7 J=1,LL

Kl=J1+K
K2=J1+M

STN=C(K1)
. . C(K1)1=C(K2) _ S

C(K2)=STO/STOR
Jl=gl+LL

7 CONTINUE
Kl=M]1+M

C(K1)=1./STOR
00 11 I=1,LL e
IF{I-M) 12,11,12
12 K1=M1+1 .

ST=C(K1)
C(K1)=0.

J1=0

DO 13 J=1,LL
Kl=J1+I
K2=J14M -
CIK1)=C(K1)=-C(K2)=ST R
J1=J1+LL

19 CONTINUE
11 CONTINUE
M1=M1+LL
o .. 18 CONTINUE
J1=0
DO 9 J=1,LL

IF{J-LR(J) +EQ. 7) GO TO 8
14 LRY=LR(J)

J2=(LRJ-1)*LL
21 00 13 1=1,LL
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K2=J2+] .

Kl=J1l+¢l
$=C(K2)

C{K2})1=C(K1)
C(K1)=$§

13

CONTINUE
LR(JI=LR(LRJ)

LRILRJI=LRY
IF(J=-LR(J) .NE. O) GO TO 14

8 Jl=Jl+LL
e 9 CONTINUE
RETURN T
END



SUBROUTINE EZFN(KO,E.E1,E2,DL,Z,EZFN1,FRROR,Y1)

REAL KO

REAL*8 XY/1D0/

COMPLEX E,E1,EZ,X,EZFNI,ERROR,Y1

REAL* 8 P12/1.5707963268/

COMPLEX *16 Y,DAPHI1,DAPHIG,DHPHI2,ERR

X=DHPHIO (DBLE(KO) 4 DCMPLX(DBLE(REAL(E ) ) DBLE(AIMAGIE))

)
1 DCMPL X (DBLE(REAL(EL)),DBLE(ATIMAG(FLT])
2 - DCMPLX(DBLE(REAL(EZ)),DBLE(AIMAG(EZ)))
3DBLE(DL) DBLE(Z)) :
__CALL ROMBRG(QD0,P12,DAPHI1,8,Y,10~4,10=-3,ERR]

ERROR=ERR

Yl=v

1
Sy

K=DREALZ(DHPHI2 (XY))
_X=Y
EZFN1=(06¢ 15, )*KO**2%X
_—_RETURN
END




SUBROUTINE E2DL1 (KO,E,E1+EZ,AyDL,Z,EZS,ETFS1,E7FS2)

C THIS SUBROUTINE CALCULATES FIRST THREF E TERMS USING 2 DL MONEL
. COMPLEX E,El1,EZ,E2S5,E2ZFS1,EZFS2,A1?7,ZAP,2AM,ZLPH,1BMH, IF2,1F?
C RETURNS COMPLEX NUMBERS
C THIS REPLACES SUBROUTINE E2DL
REAL KO ‘
Al2=FE7&A*x¥2
IPDL=Z+DL
IMDL=2- DL
IPDL2=2PDL*=2
IMDL2=1MDL%*%2
IAP = IPDL*%2 +Al2
ZAM=IMDL *%2 +4A12
ZAPH=CSQRT(ZAP)
 IAMH=CSQRT(ZAM)

IF2=CLOG((ZPDL+ZAPH)/ (ZMDL+ZAMH) )
1F3=1PDL /ZAPH - IMDL/IAMH
c EZS SIMPLIFIED 2/7/70
EZ25={7ev15 )/ (KOTDL*#EN)X(ZIPDL/(ZAPYZAPH)}=ZMDL/ (ZAMY JAMH) )
EZFS1=(0s ¢y=Ta S5 (KO/DLI*( (24 40.V*7F2=-1F3)
IF ( REAL(EZ) <NEs le «NRe AIMAG(EZ) .NF. "o JOR. RFAL (E1)
1 oNE. 0. «OR, AIMAG(E1) NEs 0,) GN TO 1 ' '
EZFS2= (0e+0.)
GO T3 2
1 _T1=ALOG ((ZPNDL+SQRT(Z2PDL2+A**2))/(ZMDL+SQRT(7MDL2+42A**2))

EZFS2 =(0. 1154, V¥CE1%%2 /(EZ=(1. 406 ) )*%2% (KO/DLV(TY+ZFE27 (.5 ,.o.)
1 ( =260 )+2F3%(,. 5,0, )%((1,,42.)=EZ))
o 1 (l.- EZ))
2 RETURN
END




SUBROUTINE ECYL(KG,E,El,EZ,A,DL,2,EZS)

THIS EVALUATES EZS USING ELLIPTICAL INTEGRALS
COMPLEX EsE1,EZ,EZSsXsA12,KP2,KM2 o

REAL KO

THIS FUNCTION STATEMENT EVALUATES ELLIPTICAL INTEGRAL

ELIX)=((((AGRX+AT)%RX +A2)*X+A1)*X+1,)
~((((B4eX+B3)%RX +B2)%X +R1)*X)*CLOG(X)

736506E=2/

1
DATA A1,A2,A3,A4/44432514,64260601E-2,4.757384E-2,1.

T IPDL=Z+0DL

IMDL=2-DL L

Al2=E7*A%%2
KP2=4,%A12/(ZPDL**244,*A12)

KM2=4, ¥A12/(ZMDL**2+4,%A12)

EZS=(04+156)/((KO*3,141593«DL*A)%EXCSORT(EZ))* e

1 (CSQRT(KP2)*EL((le,Ce)=KP2)/2PDL~
2 CSQRT(KM2)*EL((ley0a)=KM2)/ZMDLY

=

-~ RETURN
END
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__SUBROUTINE ROMBR G(A,B,TTT,NMIN,Y,TR, HMIN, ERR)

CONVERTED TO COMPLEX
IMPLICIT COMPLEX*16(A-G,0-W,Y=-1)

IMPLICIT REAL*8(H,X) _
REAL =8 TR,A,yB8,DREALZ,DIMAGZ

TNT MUST BE DECLARED EXTERNAL IN CALLING PROGRAM
ADAPTIVE INTERVAL ROMSERG INTEGRATION ROUTINE

OO0

NMIN IS MIN NUMBER OF SUBINTERVALS

DIMENSION FF2(13),FF4(212),HF(1C)

NSUR=10
KODE=0

HMAX=(B=A) /NMIN
ERR=( 000,000)

Y=(0DJ,0D0 )
X4=A

F4=TNT(A)
DO_1_JJ=1,4NMIN_

INI

TIALIZE LARGEST INTERVAL POSSIBLE
XQ=X4&

FO=F4
X4=X0+HMAX

F4=TNT(X4)
X2=X0+e SEHMAX

LEVEL=0
F2=TNT{(X2)

__START LOOP_

4

H=HMA X

W=FC+F&

.. H_FACTORED 0OUT OF T(N,M) TERMS

TCN=wW/2D"
WW=W+200*F2

_J10=(4DC*TC1-TC0) /300

TOl=WW/4DO

IF (DREALZ(T10) .EQ.0.0D0O) GO TO 20

_ IF(DMAX1 (DABS((DREALZ(T1Z)-DREALZ{(TC1))/DREALZ(T1™) ),

1
2

DABS((DIMAGZ(T10)=DIMAGZ(TOL))/DIMAGZ(TIOV)Y JLE.

TR) GO TO 8

GO 70 21

IF_(DARS((DIMAGZ(T10)-DIMAGZ(TOL1))/DIMAGZ(T10}).LE.TR) GQ QD R

CONT INUE
F1=TNT(XO0+, 25%H) _
F3=TNT(X4=e25%H)
TCG2={WW+2D0%(F1+F3)) /803

1
2

T11=(4D0*T702-T011/3D0
T20=(160G*T11-T12)/150D0__ e
IF (DREALZ(T20) .EQ.0.,0D0) GO TO 22

IF(DMAX1( DABS((DREALZ(T20)-DREALZ(TI1))}/DREALZ(T2")),y _

DABS({(DIMAGZ(T2")-DIMAGZ(T11}))/DIMAGZ(T11)))
oLEs TR) GO TQ 2

GO T0 23

.22--1F (DABS{(-DIMAGZ(T20)=DIMAGZ(T11))/DIMAGZ(T11)).LE, TR) GO TN 2

23

CONTINUE

_IF _(LEVEL +LTs NSUB +AND. H .GT.HMIN) GO YO 3




KODE=1

GO 70O 2
SUBDIVIDE

H=H/2.
LEVEL=LEVEL+1

FF2(LEVEL)=F3
HF{LEVEL )=H

FF4(LEVEL)I=F4
F4=F2

F2=F1

X4=XJ+H

"GO TO 4

Y=Y+T]10%H

ERR=ERR+(T10-TO1 )*H
GO 10 9

UNSUBOIVIDE
Y=Y+T20%H

ERR=ERR+(T20-T11)*H

- IF(LEVEL «EQs 0) GO TO 1

FO=F&
F2=FF2(LEVEL)

F4a=FF4(LEVEL)
H=HF (LEVEL)

X0=X4&
X4=X0+H

LEVEL=LEVEL~-1
GO 70 4

CONTINUE
IF(KODE «EQe 1) PRINT 5

FORMAT (* ACCURACY SPECIFIED CANNOY BE OBTAINED®Y 77

RETURN

END
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COMPLEX FUNCTION DHPHIO¥16(KO+EyE14EZ,4DLsZ)

IMPLICIT REAL#*8(A-H,0-2)
__ EXTENSIVE CHANGES 7-28-71 TWO INTEGRAND HALVES SUMMED AND COUNTER
FOR TIMES CALLED ADDED . 4
CHANGES MADE 5/1/71 HC ELIMINATED AND INCLUDED IN HPHI

C
c
C CHANGES MADE 4/2n/71 ABOUT SQRT OF N1
C
C

DON'T DO UNIAXIAL CASE
CHANGES MADE 4/15/71 HPHI NO LONGER NEEDS HCEO
COMPLEX*16 N1,Ul4U2,COEF,HyEL1,EZ,E4N12,ST,DSCR,N22,DUM,F12,4,8,C,
1 H1,D1 yTNT,DHPHIZ2
REAL*8 KG
1=0
DHPHIT=(CDO,ND0)
RETURN
CENTRY TNT{PHI)
[=1+1
 SP=DSIN(PHI)
SP2=SP*%)
CP=DCOS(PHI)

IF( CDABS(E1) .EQ. GDOC) GO 10 1
C HFOREL =0
TE12=E1%%2
CP2=CP*¥2
A=SP2+E1* (P2
B=EZ*(1DN¢CP2)+{1DN=E12)*SP?
C=(1D0-E12)1%EZ
DSCR=CDSART(B=*2-4D0*A%C)
N12=(B=DSCR)/(2D0* A}
N22=(B+DSCR)/(200%A)
DUM= (000 ,=2D0 ) *SP» SP2/(A%#2% (N12-N22) )
D1=1DC+E12%CP?2
H=DUM= (1D0O-E12-N12%D1) -
_ H1==DYM*(1D0-E12-N22%D1)
GO TO 2 '
c H FOR E1=0

1 N12=(106,CD0)
N22=N12

H=(0DD,2DN ) *SP=SP2
H1=()00."D2) )
C CALCULATING SINC )/ ( ) TERM
2 ST=CDSQRT(N12=E)
IF(DIMAGZ(ST) .GT, 000} ST=-ST
Ul=(ST*KO*CP)

U2=U1*DL
IF CDABS(U2).LT. 1.D-2) GO TO 2
"COEF=CDSIN(U2) /U2

_ GO TO 4_

3 COEF=(1D%,00%)

4 TNT =H*XCDEXP(=(5D",1D0)*U1*DARS(Z) ) =COEF*ST

ST=CDSQRT(N22*F)
~ IF(DIMAGZ(ST) ,GT. 5DC) ST=-ST

Ul=(ST*KO*CP)

U2=U14DL




IF ( CDABS(UZ).LT. 1.D-3) GO TO 6
COEF= CDSIN(UZ)/UZ ‘
GO YO 8

COEF=(1D0,009)
INT=H1* CDEXP(-(OOO'IDOD*Ul*DABS(Z))*COCF*ST+TNT

RETURN
ENTRY DHPHI2(X)

DHPHIZ= DCMPLX(DBLE(FLOAT(I’byODO)'
RE TURN

END
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