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ABSTRACT

The paper investigates the use of active control for stability
augmentation of passive gravity gradient satellites. The reaction jet
method of control is the main interest. Satellite nomrigidity is emphasized.
The reduction in the Hamiltonian H is used as a control criteria. The
velocities nﬁ;d, relative to local vertical, of the jets along their force
axes are shown to be of fundamental significance. A basic control scheme
which satisfies the H reduction criteria is developed. Each jet o¢ is fired
when its"uaa< becomes appropriately large. The jet is de-energized when
Vi« reaches zero. Firing constraints to preclude orbit alteration may be
needed. Control is continued until H has been minimized. This control
policy is investigated using impulse and rectangular pulse models of the
jet outputs. The impulse model leads to a simple equation for the optimal
instanténeous control magnitude. This model, however, is difficult to employ
in nonrigid satellite applications due to basic problems that are discussed.
The study using the rectangular pulse model includes (1) development of
general equations for the pulse duration which yields A, = O and (2) investi;
gation of a strategy to override this criteria when necessary to prevent

large structural vibrations.
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NOMENCLATURE
semi-major axis of orbit

orbit eccentricity

unit vectors along axeé of frame b
unit vector parallel to orbit pole
unit vector parallel to local vertical
unit vector along force axis of jet <<
torque vector

inertia dyadic about satellite's c.m,

arbitrary constant

satellite mass

component of N due to viscous damping

~distance from planet's c.m. to satellite's c.m.

kinetic energy component of zeroth order in g

time at which a control operation is begun

dynamic potential

potential energy

the component of V due to internal stiffness

vector from satellite's c.m. to jet o<

true anomaly angle

gravitational constant

angular velocity vector of frame b relative to frames R andr

true anomaly angular velocity vector
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INTRODUCTION

This paper originated in a study performed for the RAE-B satellite,
RAE-B will have four 750' gravity gradient booms, a passive damper system,
and six freon reaction jets. The Jets will be used for spin vector control
early iﬁ the mission before deployment of the booms and capture by the
gravity field. The purpose of the study was to investigate the feasibility
of a suggestion, raised by GSFC personnel, to also use the jets for attitude
stability augmentation during or after boom deployment if an emergency siig—
ation is encountered or if unsatisfactory performance of the damper system
is experienced. Feasibility hinged laréely on whether or not properlj
timed force pulses could alleviate attitude librations or tumbling on RAE-B
without generating intolerably large boom vibrations, The difficulty arises
because the l9ng booms will be extremely flexible, and the force outputs of
the jets will be comparatively large.

The material which has been included in the paper is not limited to
satellites of the RAE-B configuration. Instead, it is directly applicable
to virtually any satellite which is stabilized by the passive gravity
gradient method and includes one or more reaction jets. While the analytical
methods which are employed do have some potentiality for extension to other
types of control, the study is devoted almost entirely to techniques,
particﬁlarly reaction jets, which provide dampihg or control by the appli-~

cation of external forces to the system.
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The concept of stabilizing satellite attitude solely by gravity
gradient forces and a passive damper has received considerable attention
during the past 12 years. Satellites which have employed the method,
however, often have not performed well.l—h Attitude motions of several
degrees or more are to be expected even ;nder the best conditions. Failure
of the passive damper always is a possibility. Major stability problems
have been experienced even when the damper was functioning normally.
Particular difficulty has been encountered due to thermal bending of the
1ong booms which usually are needed to obtain adequate moments of inertia.
The yaw motion on triaxially-stabilized satellites has been very trouble-
some, Many systems which are intended to improve the performance by supple-
mentingithe gravity forces by semi—passive,_semi—active, or active control
haﬁe been proposed, and some have been built and tested in orbits. ReaCtion
jets are one of ﬁhe methods by which performance can be augﬁented. BEmergency
control of satellites which are strictly passive during normal operation is

one potential application; this concept should be potentially attractive
! on satellites, such as RAE-B, where a jet system already is reqﬁired'for
other purposes.

If active control forcgs are to be applied to satellites with highly .
nonrigid parts, such as inertia bobms, careful consideration musﬁ be given
to the excitation of the elastic vibration modes. At present, there is
considerable interest in the dynamics, stability, and control of nonrigid
satelliteséfS, The present study emphasizes nonrigidity effects., It is
applicable to situations in which the purpose of the active control is to .
attenuate the attitude motions without generating unacceptably large

structural vibrations and also to cases where attenuation of both the
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initial attitude and structural motions is desired. The work can be applied
to rigid satellites by deleting the nonrigidity portions of the mathematical
results. The study is devoted to the basic dynamics aspects of the control
problem. The related problem of state estimation is given only secondary
attention.

The attitude chtrol of rigid satellites by jets has been studied
in numerous previous papers. A partial listing is given as Refs. 9 to 13.
The present study differs from earlier ones mainly in that (1) it includes
nonrigidity of the satellite.and (2) it uses the Hamiltonian H to establish
the control laws. Previous use of ﬁ in satellite studies has been directed
mainly toward its application as a Lyapunov function. The first such study
was performed by Pringlelh. Meirovitch, Likins, and Budynas and Poli also
have published papers in this area. H also was used by Mackinson and
Bainum-’ in analyzing the performance of a magnetically damped, rigid
gravity gradient satellite and by Bowers and Williams16 to optimize the
timing criteria for the first boom deployment on RAE~I. Although he did not
use the word "Hamiltonian”, it also was employed by Whtsonl7 in a study of
the capture of a rigid satellite by the gravity field.

The Hamiltonian used here is the H of the nonrigid satellite's
mechanical state X relative to the rotating local vertical-orbit pole
coordinate frame R under the approximation that the orbit is Keplerian.

It will be assumed, as necéssary, that the active control forces u are
balanced so that they do not alter the orbit. Consider first the idealized
case of a circular orbit and negligible disturbances and internal damping.

Assume that all three moments of inertia are unequal, that the satellite

includes no parts -such as free rotors- whose motion is not constrained by
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stiffness forces, and that it is passive except for the control jets.

When ({ = 0, the satellite then will possess time-invariant stable equili-
brium states X ,. H can be defined in such a manne?,that it is zero when

_ X =Xge. H then will be positive for anyig-fijq; it also will be time-~
invariant when U = Q regardless of theX motions. H thus can serve aé a
metric of the displacement ofgé from QESe; The purpose of the on-board
control system can be regarded as béing to drive H to the smallest possible
value. (H can be driven to zero only if the mathematical model of the
dynamics is completély controllable by the thruster systems). H or its
reduction AH, therefore, can serve as performance measures for developing
the control laws. The H criteria must be supplemented by a constraint on
the X .., about which capture is achieved in applications where the satellite
is tumbling at the start of the control operation and not all of the stable
equilibrium orientations are suitable for the mission. Under some conditions
- particularly a highly nonrigid satellite, large control forces, and/or
large initial attitude rates - control laws based solely on H can yield.
unacceptably large structural vibrations; in these cases, structural vibra-
tion mode amplitudes impose additional constraints on thé control,

H will include cyclic coordinates if two moments of inertia are
identical or if the satellite includes elements whose motion is not con—
strained by stiffness forces. Control criteria based solel& on H can
control the velocities of these cyclic coordinates, but not their magnitudes.
The H viewpoint of active control still is applicable when disturbances,
orbit eccentricity © , or internal damping are not negligible. H then,
ﬁowever, will not be time-invariant when u = 0, .Disturbances and &€ can

produce short term variations in H and, under some conditions, secular growth,
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R eaction jet systems,.particularlyjthose that are operated with low duty
cycles, should be effective mainly against the sécular compohent. Internal
damping is beneficial, since it yields ﬁ.S-O. In some situations, active
control operations yield the side benefit of increasing the fraction of H
which is contained in structural vibration modes where internal damping is
~ present,

In the followiﬁg sections, 3 x 1 Cartesian vectors are indicated
by an over-bar, Lower case letters with an under-bar are column matrices.
Upper case letters with an under-bar are rectangular or square matrices.
A prime indicates a matrix transpose or a row vector. A comma signifies
different?ation. The double subscript summatioh convention is employed in
portions of the work, but only where specifically indicated. Subscripts
i and j span the range 1 to m where m is the total number of generalized
coordinates. >j,275 and') span 1l ton where n = m-3 is the number of
"gtructural' coordinates. f’and.d’span 1 to 3 to indicate rotation _
coordinates. ¢ spans 1 to 2 m to indicate state variables. o and £ span
1 to s where s is the nunber of on-board jets. The Nomenclature Section
includes only symbols which are not defined elsewhere in the paper. Specific
definitions are not given for symbols which are believed to be self-definiﬁg

from their usage in the equations.
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BASIC BQUATIONS AND CONTROL POLICY

This section develops an approach to the problem of -establishing
control laws for active augmentation of the dynamics of nonrigid gravity
gradient satellites and derives the necessary analytical model. The follow-
ing'two sections empioyAthis material in studies in which the controller'forces
" first are modeled as impulses and then as rectangular pulses. The Hamiltonian
rate ﬁ under the action of control forces and disturbances is significant to
the work. The classical equétionl8 é = H,t is not applicable because it
does not include the effects of nonconservative forces and because it
assumes that H is expressed as a function of generalized coordinates g, time
t, and generalized momentum rather than q, t, and velocity which will be used
here. To obtain é, consider a mechanical system whose configuration is
specified by én mxl coordinate vector 3: Using.subscript summation convention,

H and the Lagrangian L can be expressed as follows:

H = .S-M--%,.%/..{-u (1)

h} I Uy
L = 5 My G by g - U (2)
where U= V-T,+K, | (3)

The operations required to derive the desired H equation are (a) substitute
Eq. (2) into Lagrange's equationls, (b) maltiply this result by q; and sum,
(c) form H by differentiating Eq. (1) and simplify using the result of step

(b), and (d) convert to matrix notation, The result is:
o oy - ’ o
H:‘J’if@-éat‘-5ﬁﬂof%§+%t (%)

where ﬁcp is the mxl generalized force vector.

6
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In the present satellife'application, q defines the system's con-
figuration relative to a rotating local vertical reference frame R, The
origin of R is the satellite's c.m.. The orbit will be constrained in the
modeling to be Keplerian., Equations for ), b, aﬁd U are given in Appendix A.
The partial time derivative terms in Eq. (4) arise from (1) active on-board
alteration of control of the satellite's geometry or mass distribution ahd
(2) disturbance phenémena that are not included in fQ. Often, it is easier
to model actively~controlled geometric variables as independently~derived
time functions'g(t) than it is to include them in g. In this case, the
partial t derivative terms in Eq. (4) can be the main mechanism through which
active control of H is accomplished. Such systems, however, will not be in-
vestigated in the present study. The work instead will encompass only
scleronomous—-coordinate models18 in which the active control is generated
through gQ by poin£ forces LJ;( and which otherwise are passive. Assuming
that the satellite's mass properties are affected insignificantly by the
expenditure of c§ntroller fuel,.M,tixxEq. (4) then will be zero. ‘U,t and
b,{, when nonzero, will affect H as disturbances. Eq. (A.3) shows that
g,t will be zero if orbit eccentricity.e is zero. U,y will be zero if e =0
and if, in addition, phenomena, such as temperature gradienf variations, that
make Vg vary explicitly with t are negligible.

QQ consists of components ist’ iQdﬁ, and iQﬂ due to disturbances,
internal damping, and the active control forces respectively. In the present
application, ist can include not oply non—conser?ative forces, but also
conservative phenomena such as gravity gradient harmonics which act as dis-.
turbances and hence should be excluded from H, Let the satellite contain s

jets and let u (t) be the s x 1 vector comprised of the scaler values of their

7
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force outputs. (In the present terminology, a unit which can apply forces

of either pola.rify is considered to be a single jet). Using the classical

equation for generalized forcesl8, gQu and u can be shown to be related
through an equation gQu =Y uwhere Y =Y (g). Let ro, be the s x 1 vector

of the scaler values of the translational velocities of the jets, relative
to frame R, along their force axes. It can be shown that /U7, and g are re-
lated through Y'. |

oo =@ g | -6
Lumping all {{ components due to disturbances and orbit eccentricity ir;to a

sirnigle term H, and letting Hu and Hdm be the components due to active control

ds
and internal damping respectively, Eq. (4) now becomes

H = Hu+Hdm+Hds (6a)
where ‘ Hy = Vy U = VHL(,( = 2 /U:;,,( Ux (6b)
- of =1 A=, ' :

The time integral of }.{u is the work done, relative to frame R, by u. A
block diagram of the system is given as Figure 1,

The purpose of the active control can bé regarded as being to reduce
H and/or to maintain it small, The present paper will employ as a basic
control principle the tenet that noneof the individual jets ever should act
directly to increase H. When any jet & is fired, the éorrect polarity of
its force ({, then ié opposite to the instantaneous velocity UV, . This
policy is not optimal in all problems. The solutions of minimum time problems,
such as the rigid gravity gradient satellite one considered by Zachll, fre-
“quently-yield }.i > 0 at times during the operation. The advantage of the
present Hua(go approach is that it provides a relatively simple basis for

developing control laws in nonrigid satellite problems where the dynamics
8
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may be nonlinear, high order, and difficult to predict accurately. De-
pending on the thruster-satellite system and the operational requirements,
many control policigs are possible within the framework of this éuxis 0
criteria. Eq. (6b) shows that the effectiveness of any jet =« in reducing

H is directly proportidnal to the magnitude lvy ] of the instantaneous
velocity /v, . In applications where fuel utilization efficiency is the
main requirement, a simple on-off policy consists of (1) turning each indi-
vidual jet of on at times when its Jvgs | is close to a local maximum and
(2) de-energizing ¢ when ;nfadl has been reduced to zero or a spécified
nonzero value. The policy can be modified as necessary to incorporate con-
straints on the control, such as employing thevjets in pairé. The near-
maximum | Al criteria for ehergizing the jets is abated in applications
where rapid H redugtion is mofe important than fuel economy . By driving the
s 's to zero a sufficient number of times it can be anticipéted that, in
the absence of disturbances, a condition will be reached wheréin the between-
pulse values of the A 's remain negligibly small, This signifies that aﬁy
remaining motions of the satellite are in uncontrollable modes, and no farther
reduction of H by jet firings is possible,.

The studies to be presented in the following two sections require
dynamiéal equationsvfor the satellite's response in é s 4 énd . Te
generalized coordinate method which will be used was employed previously in
Ref. 19. The m generalized coordinates are of two types. Q to q3 are a set
of Euler angies 8 which define the orientation, relative to frame R, of an
arbitrarily-selected body.frame b of the satellite. The remaining n = m-3
coordinates 1& specify the satellite's configuration relativé to frame b.

The term "hybrid coordinates" has been coined by Likins and Wirschingzo to

10
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indicate "mixed" coordinate sets such as the L _9’] f\’J one. The [| portion of

q is omitted if the satellite is assumed to be rigid. In the equations of

motion, it will be convenient to use the angular velocity vector (7)6 of frame

b relative to frame R instead of @ . (0, and @ can be related through a

transformation ‘7)5=Iwe _Q_ vwhere T.o=T,0 (8). Let & be the m x 1 velocity
[ 4 . [ J

vector &= [ g)l,[ "L/J. nrand g then are related through o= T 6 where

_/v-—ir
_ [Twe o
I/v'z(, - o 1 ]

Several rectangular matrices in the dynamics equations must be transformed
when éwitching between - and q velocities., Matrices that are emﬁloyed with

n~ will be indicated by a subscript 2~ . In V" yelocities, Eq. (5) becomes

(7)
o= Yo

| v r -1
where -
- .an .T I"”ﬁ,
The kinetics model which will be used was obtained by modifying
the equations developed in Ref. 19 to make them directly applicable to the

present application. The resulting equation is

My &+ Mo =Yt 164 R (8)

Appendix B presents detailed expressions for the terms appearing in Eq. (8).

Similar—appearing_ equations were used in flexible satellite studies reported
in Refs. 20 to 22. The equations in these studiés, however, _all were lineari-
zéd, limited to satellites comprised of a rigid central body to which non-
rigid auxilliary bodies are attached, and also .linﬁ.ted to very specific
representations §f the nonrigidity. These restrictions have not been imposed

on Eq. (8) and the associated equations in Appendix B, The advantage of the

1
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’ : ' '
use of 70" rather than g velocities is largely due to the fact that the
method reduces the dependency of the rectangular matrices in Eq. (8) on 6.

M,-and Y, are functions of 1]

- Nr is a function of N and 8. Unless the
satellite is highly nonrigid, however, it usually should be possible to omit
the Il dependency in M, ., ¥, , and N . ; M,- is symmetric and positive de-
finite. N, _nr results from (1) gyroscopic forces due toizﬂeand (2) viscous
dampiﬁg. N,  is skew symmetric if damping is negligible. go and QQ include
both actual forces and also "apparent forces" due to kinematic effects. go

is comprised of conservative forces due to internal stiffness and central
force field grévity gradient; it also includes the centrifugal potential force.
£2 consists of apparent forces involving quadratic terms in ~7; it also in-

cludes disturbance forces.

IMPULSE MODEL OF CONTROL FORCES

This section will use the material developed in the preceding section
to investigate the case where the control forces are of sufficiently large
magnitude and short time duration that useful information can be obtained by
modeling them as impulses. The advantages of the impulse representation are
that it}is the easiest model to investigate and it yields the simplest
result. The study does not require linearization of the equations of motion.
The weaknesses of the impulse assumption will be discussed at the end of the
section. Let subscripts O and 1 indicate conditions at the start and end of
a control action which consists of the simultaneous firing of one or more of
the s on-board jeté. Let u, be the s x 1 impulse vector. u; is the time;‘
integral of u. uy will produce step changes A arand AH, Since g undergoes

no change during the impulse, the matrices M, , N, , and Y ,- in Eq. (8) will

1z
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be constant. _T\l,w‘gr, f,, and ;‘2 do not affect the Ax step. Eqs. (6) and (8)

can be shown to yield

AT = A_/);,— _Yﬂr _{/_fi (9a)
AH = M Ug +e5ur D Us (%)
where - -1 A : (9¢c)

\O
I

The step change..inifu ié AQ{"= Duy. "Any element I«)Xﬁ of D thus is the velocity
step change along the force axis of jet o which is generated by a unit im-
pulse from jet ﬂ . It can be démonstrated that D is symmetric and at least
positive senﬁdefinipe.

Eq. (9b) now will be used to derive the impulse vector gi*which
yields the minimum (i.e., the most negative) value AH¥* of A H. It will be
assumed that' no amplitudé limits are placed on any of the Up 's, The 4
derivation of 1_1_1* ‘then constitutes an unconstrained static minimization
proble 21*. The solution given in the following paragraph will demonstrate
that EI* is unique if and ohly if D is nonsingular. D will be only positive
semidefinite, and hence singular, if the satellite bossesses redundant jets.
The analytical difficulty which this causes can be overcome by imposing a
selected set of Sq conmstraints on the relations between the u;  's where S5
is'the degeneracy25 of D. | A .constraint equation u; = _Qc u c’ therefore,
will.be assumed. pqc has dimensions s, x 1 where s, = s-s3. The constra.inté
might, for example, be set up to restrict the 3 x 1 Cartesian vector of the
total impulse to be zero; this eliminates the potential problem of altering

the orbit significantly by the jet firing. The s, x 1 impulse vector gle

can be regarded as the output of a ficticious set of s, jets which will be
3

c :
referred to here as the "constrained jets." uy will be unique, since the

13
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_ - .
o matrix _QC:_QC_D_QC which appears in Eq. (Sb) when }_1; is

employed is nonsingular. For the present purposes, it will be convenient to

transformed s, x s

impose ‘an additional set of constraints on the jet firing. The discussion
in the preceding section indicates that use, in any single firing operation,

of all the s. constrained jets'often should be undesirable because it utilizes

c

the available fuel inefficiently. Let \_.1_? be the s, x 1 impulse vector from

the s, constrained jets which actually are used in a given firing. g_;’ and
é c c c
ur can be related by an equation ur = c ay 2, C 2 has dimensions s, X8

where s, <s.. Each row of C°® will contain either (1) all. zeros or else

a

(2) all zeros except for a single element with a value of unity.

Substitution of the relations specifiedAin the above paragraph into

Eq. (%b) yields

af a - »
AH = + o5 U | a 10
Mio Yz +e5u? Dy ul Qo)
where _,_/}_)—;a = (' W _D_a=_(_:' DG, and_g:_c gca.- g;" now can be

obtained by differentiating Eq. (10) with respect to g%, setting the left
side to zero, and solving. It also is necessary, in principle, to differ-
entiate with respect to g""‘I‘ a second time in order to check that the resulting

A H* is a minimum rather than a maximum. The result is:

% , -1 2 . _ ’
i =R (112)
. a
4 aX¥ _ - a ax :
AH* = 5 ./K,(O -gI el I 2 NLOO{ UI‘,{ (llb)
L= .
a?AH = D | © (1le)
d2 ua
—I
2,

Since D, is positive definite, AH¥ is a minimm,

1
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3 3 o :
E% can be obtained from g; using EI = C g; . 'The equations
"given in this section can be used to show that gIaW yields:yzz = 0. Thus,

3t

 the optimal impulse g;

relative to frame R, of the s

is the one which drives the force axis velocities,
, constrained jets to zero. .Eq. (11v) shows
that the greatest reduction in H in any single fifing operation is obtained
by using all s, constrained jets except any whose initial velocities /vz‘j;‘,<
are zero, Eg. (11b), however, also shows that the AH¥ component which is

a¥ of any individual constrained jet o

contributed by the optimal impulse u T oxOf

is proportional to the magnitude'fmfle of its initial velocity. Thus, from
the sténdpoint of fuel efficiehcy, the most effective firing procedure is to
fire each constrained jet only at times when itSl”ﬁidﬁS passing through a
maximmm,

Practical satellites usually should be sufficiently rigid that the

variation: of Q;l with Q;can be omitted when establishing the criteria for

—

3¢
active control. Eq. (1la) shows that g; then is not dependent on the
complete state X of the satellite. Rather, it is dependent only on fyzfi

If the satellite's sensor system is such that a measure of r?

can be obtained
without generating an estimate of X , actual knowledge of X then is not
needed for control.

while the unlimited-amplitude impulse model of the jet outputs
yields a simple criteria (Eq. (1la)) for determining the instantaneous optimum
control effort, the technique encounters two major difficulties when the
satellite is highly nonrigid. First, even if the mathematical model of the
satellite and jet outputs were perfect, it is étill possible that the ? ¥
computed by Eq. (1la) might generaté unacceptably large structural vibrations.

Placing amplitude limits on the impulses is one approach toward alleviating the

15
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potential problem. With this method gi*would be thained by :;olving
Eq. (10) subject to control constraints / U;,( | & (/f;x ma («=1 t0 4D,
A less fallible, but more difficult, approach is to place the amplitude con-
straints directly on the magnitudes of the structural vibration modes. This
method is used in tﬁe following section in the rectangular pulse appro;dxﬁé.ticm
study. |

The second difficulty concerns the compatibility between the approxi-
mation that the jet outputs are impulses and the implicit assumptiqn that,
for the present purposes, the nonrigidity of the satellite can be modeled
adequately by a finite number of coordinates Q.V . The use of a finite number
of qy,'s to model a continuous structure requires, in principle, the truncation
of an infinite set. The ﬂ.v's which are included are ones which contribute
mainly to the 1ower frequency modes of vibration; the Qy's which are omitted
contribute mainly to the higher modes. Before Eq. (1la) could be used in an
actual no&igid sateliite application, it would be necessary to verify, by
supplementary analysis, that the excitation of t_he neglected vibratory modes
by the sho;'t; force pulses will not be great enough to cause difficulties.
Also, Eq. (1la) will be accurate only if the time durations §f the- actual
pulses are short enough in relation to the periods of the vibratory modes
which are included in the model that the impulse approximation is acceptable.
The filtering action which tends to attenuate the effect of non-impulsive
inputs on higher vibration modes is not ‘encountered in the present model., The
computed (_{i* therefore, depends . ‘on the number of l’lv's that are

used.

16
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RECTANGULAR PULSE MODEL OF OOHTRCL FORCES

In the present section, the active control forces will be approximated
as rectangular pulses., This representation alleviates, to a considerable
extent, the impulse model.difficulties noted at the end of the previous
section. The on-off control policy discussed earlier will be used. The
problem which will be considered is the computation of the optimum pulse
duration 21" when the "height" of the force pulse and the satellite's dynamic
state X at the start of the pulse are known. In an actual application, the
pulse durations would have to be determined a priori by such a computation if
lags or other deficiencies in the sensor system prohibit a ”cloéed loop"
determinétion of the proper jet shut-off points using real-time information.

An analytical investigation using non-impulsive control forces re-
quires, as a-pracﬁical necessity, a linearized, constant coefficient model of
the dynamics. The first step, therefore, will be to linearize Eq. (8). A
model which is applicable at least over the time spans of the individual pulses
is desired. Linearization of Eq. (8) limits the study to cases where the
quadratic a-terms in'E; are negligible over the duration of a pulse. The pré-
sent work will omit disturbances. ‘EZ_ then can be deleted entirely., The study
also must be restricted to cases where the coordinate changeszl%}during a
control pulse are sufficiently small that &ﬂm-and ﬁ£m~ can be considered
constant #nd that ‘Eo can be approximated by the first two terms in a Taylor
series expansion. Most satellites should be sufficiently rigid that no major
restrictions on the model's validity are imposed by omission of the higher
order effects due to the dynamics of the structural poordinates n . However,
when the satellite's initial attitude 8, is not close to the stable equilibrium'

attitude, the subsequent 8 motions can be large enough to severely degrade the
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linearized model's validity. In such cases, the linearized model is applicable
only if the control pulses are sufficiently short that only sfnall changes in

8 are expérienced during their duration. The study then must be limited to
large amplitude-short duration pulses such as those which were modeled as
impulses in the precéding section.

In linearizing Eq. (8), 7 will be transformed into a velocity vector
which can be approximated as the time derivative of an m=« { coordinate vector
é . Consider a structural reference condition ELV which is close to the
initial value ﬂo . Let 54 to gm be chosen as .-N,. The condition [] .
encountered when the satellite is in equilibrium usually should be a suitable
choice for }_’lk. In establishing the rotation coordinates 6, to 63 , use

will be made of an auxilliary reference frame '"r' which has zero angular

velocity relative to frame R and which, at t_, has an orientation close to

o,

that of frame b. Let &, to &5 be a set of Euler angles @ which specify the
attitude of b relative tor . g = 0 occurs when b and r are aligned. (7)5

and @ can be related through an equation (O = Tg, g where Top = Twe (D)

o -
and Iu(p(o):_ﬁ_.Similarly,if andé can be related through nr- —.--T,Lrgé where

"'_!"A-),'ﬁ-;_r,,f'é (®) and I""ﬂ (0= _ﬂ_ 5 Top 1s defined analogously toj;v_'g’ used
, »
previously. BHEmploying this relation in Eq. (8), premultiplying by I, and
. ] [ 4
dropping Pe and a quadratic velocity term involving T"% é yields

I g o N 4 ! »
I/!fé -M""I“”@_:'g +Ihrg N"’T’V'ﬁé - :.'r/z;@ f‘o +Iﬂrgj,,r [ (12)

—

Eq. (12) will be linearized about the reference ( r) condition
/ = 0. Superscript r will be used to indicate quantities which are evaluated
at /4 = 0. When expanded about_é = Q and linearized, the left side of Eq.

(4

[ X4
(12) reduces to I\_/‘,:,é +_fy,:, A . It can be shown that I"ﬂ Co = - ujﬂ

18
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where the symbol U)/; 1ndicatesLUB —- UA _|f Expanding U v 8 in a series
about é = 0 and retaining only the first two terms yields 3/J - _CO —f_fsnré
The elements of E ,'; are listed in Appendix B. 'IheInr; prenmlt—:';plication in
Eq. (12) was performed so that the resulting stiffness matrix K:,would be
symmetric. Expanding an,a Y Y and retaining the only the first two terms yields
Y g u P é where the columns .ZO (f' of the unsymmetric mum matrix P- are of
the form f)& - - Bé . Detailed expressions for the /04 s are given in Appendlx
B.. In applications where Uis constant over the time intervals that the
linearized, constant coefficient modei is to be used, ‘_Pk can be included by
adding it to K, as an additional stiffness effect. It is not certain that |
B% will be negligibly sméll with respect to '_<:,— in all cases. The first three
E r rows appear to be potentially compa.fable in size to the similar E;— rows
whose elements are nonzero solely because of gravity gradient and 'centrifugal
forces. Tt is believed, however, that omission of F }:é’ usually should be
justifiable largely on the grounds that is much smaller than ‘Y : Y . Conse-
quently, P kﬂ will not be included in the remainder of the paper.

Making the above-noted modifications to Eq. (12) and performing

similar operations on Eq. (7) yields the desired linear equations.

- yr’" 3
Ve = Y B (13a)
A ro 9 r , b 8
Mo B NGBt KB Y U, (a0

In order to solve Eq. (13b), conversion to state variables X is advantageous.

. [4 a4
Letting X = [_/5/[ é 1 SEq. (13) can be converted to the form

Y |
vy = E‘_m | Q:’ = (Lia)
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X= A +§ (1b)
. { . | ]
P (e RV o
1 o

(144)

Eqs. (14) next will be transformed into modal coordinates 3. This is con-
sidered desirable in the present work because it enables a simpler and more
informative solution to be obtained. The 2meigenvalues \¢ of A will be

J) -

assumed to be distinct. Let X= 35 3 where the &m columns A¢ of S are the

_' ——

y

eigenvectors of A.. Let R be S , and let V. indicate the columns of R. Each
. s ’ 7

Ag will be separated into two mx/ components Og=/[ éa} f()bf_l; this same

notational technique will be used later with § and k¢ . The s colums of
. 2

Y

-

(14b) then can be written in the form
Zm

will be indicated by mx/ dimension vectors %Z‘J . Egs. (14a) and

’
A f
vy y/v# §Z/ _— g 55 (15a)
’ )
35 = 7\f’%—*rg’d
(15b)
The solution of .Fqs. (15b) is
' [ < % T- %) N '
5= TR [0, @ T gtmdT] 09
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More than one jet may be in use at any given time because of their
non-zero firing durations and because of possible constraints on their oper-
.ation - such as firing them in pairs. Subject to restrictions which such
constraints may impose, each jet « should. be energized when its / ey .xJ
becomes appropriateiy large. (The present terminology assumes that each'jet
can apply forces of either polarity). o is de~energized at, or slightly
before, the time that ([ , changes sign. Assuming that the jet pulses are
rectangular, g in Eq. (16) will be constant during "constant control con-
dition'" (CCC) :ime segments during which no jets are turned on or off.

Inserting the constant § condition into Eq. (16), the 5 ¢ responses during

a CCC are determinedvto be
r — o Ne(t-t0D
%57‘ Fe [_(Zo+_l’g)zf 0)’_; g1 7

Assuming that the CCC is ended by de-energizing a jet because its terminal
v, A condition is reached rather than by energizing a new one, the CCC end
time can be computed using Eqs. (15a) and (17). The computation consists of
a determination (by iteration for example) of the first time point at which
the cut off M7, is reached by any of the jets that are in use. An equation
for the &H due to jet action during the CCC can be derived using Eqs. (6),
(15a), and (17). The result is

-V

A T 4 N (=€) .
sH= U Iy, Z _)Lgfafff [Cot5, 8007 “o1) Qe
F2/ |

*‘(é-ﬁo?ﬁ_]
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As was noted previously, a drawback of the pure H reduction criteria
for establishing control laws is that it potentially can generate unacceptably
large structural vibrations even if the mathématical model can be considered
perfect. On some satellites, this problem can be alleviated by employing the
thrusters in sets so that the sensitivity of certain of the modes to the.
firing is reduced or eliminated. The present paper will consider the supple-
mentary technique in which the jets are turned off prior to reaching the
"TuoA = O condition when necessary to prevent the magnitudes of critical
structural modes from exeeding selected limits. This approach encounters
some difficulty if the satellite is highly nonrigid and the attitude'motionsv
following the control application are sufficiently large ﬁhat the subsequent
structural dynamics are significantly influenced by nonlinear effects. The
problem is that energy transfer due to nonlinear coupling,'in principle at
least, can cause the amplitudes of some of the vibratory modes to increase
after the jets are shut off. This phenomena, however, will not be considered
in the present work. The study, instead, must be restricted to cases where
the previously~developed linearized model is adequate.’

It will be assumed that,for the present purposes, internal damping
can be considered negligible and that the 2n eigenvalues )ngf the structural
modes thus will be imaginary: >‘f = é’wﬁ . ’és)é)sand _i_’g will be complex,
Since the modes occur in complex conjugate pairs, only n need be included.
Using the rectangular control pulse approximation, Eq. (15b) can be integrated
once to yield the following equations for the real (R) components of the

modal motions.
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2 ~ 2 - 2
Vye t %wz - a)/vf) <y (19a)
= 4
where %'VR = /éyp+$y .\:avr * §a¢ (19b)
— =1 4 . 1
vu =T Yave® Qau (19¢)
e
Va4 .
- 1= _ 194)
fl)”w2 e (,Oy?VR. (

K'v is a positive constant which depends on the initial conditions. gaqand
Qa5¢ are the components of ga due to U and CO’P . F3y 1 is the imaginary com-

ponent of _}_’av . The trajectories defined by Eqs. (19) are circles in the

lad o ) ~
VyR ™~ %VR phase planes, When (_A_= 0, the centers of theloci are at /U_)/EJ

”~
= o. ‘s Cp - =
151112 0. Firing one or more jets shifts the centers to ?VR avw R

A suitable choice for the amplitude limit constraint equations is
A A2 2 .

It is assumed that all modes Vare inside their Ly boundaries at the start

of the control operation. Figure 2 shows a typical response. If, as the
result of a control action begun at t, a mode ¥V reaches its L., boundary at
ti, a modification to the control is made at tl to prevent Ly from being
crossed, This normally would consist of de-energizing the jets that excite
mode ) . It would take precedence over the /Vj = O criteria. The point 1

where ) reaches L) can be determined by solving Egs. (19a) and (20). The

result is
~n 2 2 .2
~ _ —~ i< palp=}%
Jyrs = ( Ly + 2y "’>/ yu (21a)
A o5
= + ([P %
Vyry = T (LY~ Fa0) o (21b)
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~” .
An imaginary /UTyp;indicates that the L., boundary will not be reached. The

time tl - to can be shown to be

(t“t - _?;_ 9 P 0_5: ns o 2
i~ Fo) " 2 K),L(idwe/ éwzo)

(,()y

CONCLUDING. REMARKS

The Hamiltonianprovides a useful measure of the displacement of
gravity gradient satellites from equilibrium. It can be used as a tool for
developing supplementary active control laws for rigid and nonrigid satellités.
Such approaches deal with the composite system in a unified manner and can be
used in cases the more common methods are difficult to apply. The main draw-
back appears to be'the potentiality of exciting intolerébly large structural
vibrations when the satellite is nonrigid and the initial attitude motions
are large. The velocitiésfvaxof the thrusters along their force axes are of
primary concern for control. The impulse model of the jet outputs yields a
simple andpractical control criteria when the forces are large and the sate-
1lite is near-rigid. This approach must be applied with considerable caution,
however, if the satellite is highly nonrigid. The rectangular pulse model of
the jet outputs has far wider applicability, but leads to more complicated
control law mathematics ﬁhen an ll.open loop" computation of the jet cut-off

times is needed. ®
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Figure 2. Phase Plane Response of Mode y
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APPENDIX A

EQUATIONS FOR THE HAMILTONIAN OF NONRIGID GRAVITY STABILIZED SATEL.LITEé

This Appendix and the following one are includved to aid in inter-
preting and employing the material in the main body of the paper. The equa-
tions for H can be derived straightforwardly using‘basic principles. The
general form of H was given in Egs. (1) and (3). Eq. (1) can be converted
into maﬁrix notation and can be expressed ir. f_U_' velocities by the transform-
ation Q’:Iﬂf? ’:6, In the present application, the terms in Eqs. (1) and (3)

can be ‘shown to be
M - | = A . » . .
- _A‘L' A' _ | (A.1a)

.M_':' T"J”g, M’U’ :r’\r%

(A.1b)
U= ~2ume Y -,
;M:- e:)O; - ;4 [3€ I Be ~Trace 3] 2
—- 5 log I wop f\/s”'f;;_?'é}é +-,{'é§,£ + Ky
The term b which is used in Egs. (é) and (4) is
bl = @ L34 (30
b = __/\:; b (A.3b)
A-1 |
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_@1 and _A_? arenxnand 3 x n respectively. The elements A}” of Al and columns

KVZ of Az are obtained by integrating functions of Z’ and ff over the composite
satellite; the exact definitions of ‘5}/)1 and K:f) az:; given in Ref. 19. _,_f is
comprised of coordinates which are treated as independently-derived time
functions and hence not included in g_ When the satellite is passive, Z

is zero. _A}g and 521 are defined similarly to _A_:L and _4_2.

A-2
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APPENDIX B

EJUATIONS OF MOTION OF NONRIGID GRAVITY STABILIZED SATELLITES

This Appendix lists detailed equatiohs for the terms in Eqs.‘ (8) and
(13). Eq. (8) was obtained by converting the basic nonrigid satellite equa-
tions in Ref, 19 into a form which is more convenient for the present study.
The main modification was t_he use of angular rate CGb relative to ffame R in
place of TO relative to a nonrotating'frame. (:3, ¢, , and their .first time
derivatives with respect to frame b are related by: Tfo—-c—&bﬂzg : t% :‘%b'f[l}[z rEO
The other modifications are mainly of a notational and algebraic manipula_tion
nature. .It might be noted in particular that the symbol IL is used here in
place of Ref., 19's q. The main restrictions on the equations given in this
Appendix are that € and. 2 are assumed zero.

" M- was defined in Appendix A. The other terms in Eq. (8) are

N Bil le
= r - _, '
F-n;- ._Lviz A—,\-]—'Z“" (B.la.)
oo — °
N = - 23~ 4 TraceI e log d (B.1b)
—2 — ’
f\/;) = -2 f_\i » D - (B.le)
2 _ L3737 = 21 '
Nuy = 2 6”),_ we * Ndm//)) . (B.1d)
. rz o (B.2a)
Yor 7 [_wj
B-1
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Z, = %,ﬂ‘ Cu. (B.2b)
Wy, = ’gdgv e Tuy | (B.2¢)
50 ? (B~3a)
fo - 5'—U>Y\ J ‘
G - swigs I o I (3.30)
(:_ - Z:Z. (B.4a)
27 | £
5, = Cu= Bly M, 1, -5 T B, +20, A, &, (G.0)
4 o o - _ 0o =3/
qu pod r?d)a'/)‘/av,\ ﬂ),fh:m?cob —:—}3// o, +2, A/.‘“V (Ub(B.b,c)

N;,Z and Z( aré the columns of _1\_112 and Z. The double subscript summation
conirention is used with )\) // and V . Superscript 3 indiéates that the Cartesian
vector is arranged in its 3 x 3 skew-symmetric form. The A terms are defined
in Ref, 19, U‘)r\ is ann x 1vector formed by differentiating U with respect to
the /l elements. Vectors which appear in the first three rows of Eq. (8) are

resolved on frame b,

The elements of E:,, in Eq. (13) will be derived next. Limiting the

. . ) I
work to the €= ()J,P = O case, Eq. (A.2) can be written as

PR T S b ~]
U= Vgte5 Wp vC 3¢z Cor 2 Cpr ZE
- Zp Cory Cor€p — Trace 3) tky

Superscripts b and r indicate the resolution frame. C,, is the direction

o - —_ .
cosine matrix from ¥ to b. €p is constant, .gbk—:’cb;- (9), 35=Jb ('r\‘ )j

B-2

UNCLASSIFIED



UNCLASSIFIED

@ — Aerospace and Electronic Systems

and V=V, (Y1) . Since ﬂ;l—f/la’—ﬁijb we thus have U=U (4D,

As w ted earlie T ", se tin Kk into submatrices
as no a r, Eﬂf"[-ul)ﬂ,éj . Separating <, su

yields
. |Yae U | |
E,vf - » . (8.6) ’
u’) U, nn

The elements U}av of the n x n matrix Uj nr can be obtaiﬂed directly by
differentiating Eq. (B.5). The co;l.umns UJ_(;;:)f the 3 x n matrix UJ‘PYL can pe
shown to be equal to - ij Eoﬂ . Iu:a’ will be unity, since it is _to';e
evaluated at the reference condition _CP = 0. 6—0 y is formed by differentiating
Eq. (B.3b) with respect to I’]vj' J  is the only term in Eq. (B.3b) which is

a function ofﬂ . Te elements U /) Afof the 3 x 3 matrix UJ(?(P are obtalned by
differentiating Ea. (B.5) with respect to @y and @ . As an aid in the
derivation, it is advantageous to first specify the sequence of the @ rotations.
Let the order in going from frame r to frame b be @, ¢2,'¢3 where the sub-
scripts 1, 2, 3 also indicate axes LUI ;{3( It then can be shown that

C‘blr P = Cbr ,06 Cb}—[-e¢£]E<¢,(] where o¢ is the larger of the ,ﬂ 4 pair
and ﬂ is the smaller; the 24, s are unit vectors along the instantaneous

axes of Euler angle rotation. U51ng this relat:Lon and Eq. (B. 5) 3p5 can

be shown to be

_ 2z —7r — .
ubloo/ - (DR zbﬂ ES Zé (Q'- eR‘ -f'%g eP\.} ) (B.7)

B-3

UNCLASSIFIED



UNCLASSIFIED

@ — Aerospace and Electronic Systems

) F
Them x m matrix P generated when expanding I/U’/Z» y_ar U

e
a—

in Eq (1.2) will be considered next. Its columns /J(; are
Fo_ o ) r . s
f’g - [ y (Iﬂfﬂ i"’bj 4 (8.8)

Let the @ rotations be taken in the order noted in the preceding paragraph.

g F b
Noting that an Y is the control torque Gu , it then can be shown that

|
O! 6‘0!3?—@(41,

(B.9)

CEiprp=d =500 O
. e

where Gud is the torque component along axis bg . The remaining f 's, are

__ﬁv e [145.1/]%_(./.'

(B.10)

B~4
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