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ABSTRACT

A Magnetic Controi System for Attitude Acquisition

This report describes a spacecraft magnetic attitude
acquisition system that is capable of antomatically despinning
a satellite from arbitrarily high rates arcund any axis, and
provides terminal orientation that makes capture by conventional
fine cz:'rel attitude control systems routine. The system con-
sists c. a 3-axis magnetometer, a set of 3 crthogonal magnets,
:v.d appropriate control logic. No earth sensor is required.

Acquisition is treated in two phases. During the despin phase
we are concerned with removing the tumbling motion of the satellite
In this phase the performance of the system is unaffected by the
presence or absence of a momentum wheel. Phase 2, that of
orienting the spacecraft to the desired attitude, requires that a
momentum biéEU;::Eéﬁgg_gzgsgn;: In the terminal orientation, the
axis of the m TUm wheel is substantially perpendicular to the
orbit plane (roll and yaw errors near zero) and the pitch rate of
the satellite is at twice orbit rate.

This report describes the analysis and simulation that has
been done in evaluaiing the performance 9f this system. A weli-
configured system will result in despin times of the oxder of &
orbits per RPM for spacecraft in low earth orbits. Following
despin, terminal orientation is achieved after another one to
three orbits, depending on the capture range of the associated
fine control system.

While this report does not describe the physical hardware,

tiie system can be implemented inexpensively with weight less than
% ibs. and power of about 3 watts.
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CAST, OF CHARACTEKS
(In Order of Appearance)

A vector (general)
Magnitude of that vector
i th component of v

Inertia tensor

Moment of inertia about i th coordinate axis
Torque

System total angular momentum

Angular velocity .
System angular momentum coi.tribution from wheels
Kinetic energy

Magnetic dipole moment

Magnetic flux density

Orbital rate

Unit vectovr along the orbit normal

Constants

Time intervals

Initial spin momentum (not due to wheels)

A parameter

Angular velocity

A "small" change in x

An equivalent moment of inertia about the 3 axis.
Defined by Egq. (C7)

Defined by Eq. (E10) & (E1ll)

A matrix (page E-2 & E-3)

A vector whose components are {8wj,8wp,8B],8B2}
The Laplace Operator

Laplace transform of X(t)

Inverse Laplace transform
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INTRODUCTION

In this report we will be concerned with the description and
evaluation of a magnetic acquisition/attitude control system. The
work described here has been performed during the last several
months, principally by the author, with the assistance and guidance
of Messrs. David Sonnabend, and Robert Fowler. This work was done
under contract #NAS5-21649, at ihe behest of the Systems Analysis
Branch, GSFC, Greenbelt, Maryland. The original concept of this
system was suggested by Seymor Kant, Head, Systems Analysis Branch,
GSFC.

The attitude control system described here is designed to
"despin" a satellite and then orient it tc any preferred Earth
referenced attitude. This is done thru interaction with the
Earth's magnetic field. An interesting feature of the system is
that it requires no Earth sensor.

In this report we will discuss the control law for despinning
the sate’'lite and the mechanism thru which some preferred attitude
is attained. Then we will discuss stability considerations as they
apply to this system. Next, system performance is evaluated in the
light of both analytical results and simulation results. We will
be concerned with both despin and attitude acquisition performance.
Finally, some recommendation: for further study are included in
case any parties might wish to continue the work discussed here.

Appendix B displays a listing of the FORTRAN program used in
the digital simulation. Appendix C reviews some of the dynamic
stability theory for dual spin satellites, for convenient reference,
but does so in a different fashion than is usually employed. The
results obtained are, of course, the same as usual. In Appendix D
we analyze the equilibrium points of our system; the stability of
these points is briefly treated in Appendix E, using some of the
results of Appendix C.

The author wishes to make one further remark before continuing.
The (differential) equations describing the behavior of the system
discussed herein are nonlinear and otherwise intractable. This
being the case, it is not possible to obtain explicit analytical
solutions and recourse to simulation must be made. Much of the re-
sults presented here were obtained via a digital simulation model.
A rrogram, previously written by the author and noted in the refer-
ences (1), was used to this end. A listing of this program, and an
index of computer runs, may be found in the appendices. A brief
description of the simulated satellite is contained in the following
section.
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SIMULATED SATELLITE

Most of the simulation runs dealt with a satellite with the
following characteristics: (1) moments of inertia of 47.5Kg-m2
(35 slug-ft2), 67.9Kg-m2 (50 slug-ft2), and 33.9Kg-m2 (25 slug-ftz)
about, respectively, its yaw, roll and pitch axes; (2) a pitch
momentum bias of 0.944 Nt-m-sec (0.7 lbf-ft-sec); and (3) switch-
able control magnets of 104 pole-cm strength. There are three such
magnets, one each along the yaw, roll and pitch axes. We again
note that these are principal axes for the satellite. This satel-
lite is in a circular low altitude orbit with a period of approxi-
mately 100 min. We note however, that these parameters of orbit
and vehicle are of no special significance, but were chosen merely
to implement the digital simulation. :

DESCRIPTION OF PROBLEM

In general, a satellite injected into orbit will be observed
to be tumbling about with a certain residual angular velocity. This
is so in spite of efforts made to release it "gently". Various de-
vices have been utilized to dissipate this residual motion. In our
case, the satellite will be launched by a spin stabilized rocket and
hence will be inserted into orbit with an angular velocity of roughly
100 RPM about some (known) axis. A simple mechanism (a yo-yo) will
then reduce that spin to the order of 1-10 RPM. However, this rate
is, in general, still so high as to prevent the basic attitude con-
trol system from locking onto some target (the Earth, sun, stars,
etc.). A further spin rate reduction is required, preferably to say
0.1 RPM or less. To this end, such active devices as rate gyros,
accelerometers, and magnetometers coupled to gas jet systems, and
passive devices such as eddy current and magnetic hysteresis rods -
have been employed. : '

Reverting to general terms, then, there are two distinct
phases of the attitude acquisition procedure. The first is despin,
of which we have just spoken, and the second is an attitude orien-
tation phase which facilitates capture by the basic control system.
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EQUATIONS OF MOTION

The eguations describing the rotary motion of a satellite
(or any other rigid body) are most conveniently written for a set
of body fixed principal axes. They are the well known Euler's
Equations of Motion, with terms added to account for momentum
wheels. To wit,

T = aSPACE(f) = gBODY(f) + 4 x H (1)
dat dt
where i=1 .o+ h (1")

~or, in scalar form

1] = ﬁl + Il&l + wz2h3 —- wzhy + wyw3(I3z - Iy) | (1a)
T = ﬁz + Izwp + w3h] - wjhy + wjw3(I; - I3) (1b)
T3 = h3 + Izw; + why = wph; + wiwy(I; - I;) (1c)

The reader is cautioned that great care should be exercised if
these axes are not right handed. As menticned above, these axes
are principal axes passing thru the center of mass. Here,_the Ij
are the moments of inertia about the ith coordinate axis, T is the
applied torque, and h is the momentum contribution of the wheels.

.
4
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4
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CONTROL THEORY

As noted above, the attitude acquisition svstem performs two
principal functions. The first is despinning the tumbling satel-
lite, and the second consists of providing some preferred orienta-
tion. Consider the former.

The rotational kinetic energy of the satellite, not including
that of any reaction wheels, is

2

T=11IIju : (3)
2 1 :

We would like to diminish this quantity.

T = gxiwiéi =70 ' (4)

(T)

2

_ _ where T is the external torque acting on the satellite, and
T * w is the rate at which work is done on the satellite.

For a dipole M in a magnetic field B, the torque exerted by the
field on the dipole is ‘

. T=MxB (5)

Combining (4) & (5)

T=MxB-w=Bxuw-HM (6}
Now consider the quantity QEPDY(E)
at .
aSPACE(5) = aBDY(E) + 4 x B (7)
dt dt -
SPACE ,=,_= : . _
Suppose 4~ (B)=0. That is, we say that this term 1s negligible
dt.
in comparison with the other two terms. Then (7) becomes
aPP¥E) = § x & (8)
dt
Su%ifi;nti g.in (6) we obtain
T=8 .M . /‘f\’. 'w:"):“‘f . é’w\\) f—' (9)

}
: The desired control scheme is now clear. We must simply measure
B along any axis in the satellite, and then change_the polarity of a
magnet lying along that axis, keeping the sense of M opposite that of

B. This insures T < 0 and decreasing T. The limitations of such a
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scheme are also clear. Equation (9) is valid only when (8) is

valid, that is, if §SPACE(B) is truly negligible in comparison
- - ~_dt

with w x B. Now, B varies in inertia space_as sin2uyot, where

Wwo is the orbital frequency. Thus, dSPACE(B) is equivalent to

a body rate of 2wo, and as long as Bdgs, say, an order of magni-
tude greater than 2wy (about 0.002 rad/sec for low altitude
orbits), we may safely neglect 4SPACE(B),
dt

For reasons which will become clear later, the chosen con-
trol configuration involves three magnets. These lie along the
principal axes of the vehicle and are controlled by magnetometers
(vhich measure the field component) along these same axes. The
controller operates in a flip-~flop manner, switching the magnets'
polarity to keep the M;j opposite in sense to Bi, as measured by
magnetometers on board the satellite.

:
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TERMINAL ORIENTATION

We now consider the second phase of attitude acquisition,
orientation. We wish to attain some particular attitude. As long
as this preferred orientation is with respect to the Earth, any
desired attitude may be attained. 1In this section we will confine
our discussion to a satellite having only a pitch momentum bias.
Other momentum wheels, if any, are not yet activated at this point.
The arguments advanced below are not as rigorous as might be de-

sired but it is felt that their physical appeal more than compen-
sates for that. ,

Consider the satellite to be orbiting the Earth at angular
rate wg, and assume also that it has been completely despun. Then
it must be that the satellite interprets this situation as though
it were spinning backwards at angular velocity -2woen, where ep is
a ‘unit vector normal to the plane of orbit (and whose sense is
determined by the direction of orbit). This is because the satel-
lite senses the Earth's magnetic field passing by it twice per
orbit. Note that the trajectory yaw and roll axis components of
the Earth's fieid vary as sin 28, where 6 is the angle into orbit
from some reference point. Since the system "senses" an angular
velocity whose direction is -epn, it resnponds with a corrective
torque along the direction +2,. The net result of such a torque
must be to gradually align the svstem momentum bias (which properly
lies along the vehicle pitch axis) with the orbit normal. In this
way the proper yaw-roll attitude is attained. It is the fact that
the satellite is not spinning at 2wo that results in the net torque
along e, which in turn aligns the momentum bias with the orbit
normal. But what if it had been spinning at 2gp originally, or in
some way reached this state. It is apparent that this could occur
in only two ways. That is, the system momentum must be either
para.lel or antiparallel to ep. If this is not so, then a component
of tnis momentum lies in the orbit plane and a body fixed torque,
also lying in the orbit plane and of the correct magnitude would be
required to force the body to rot.te about en at 2wo. Where is this
torque to come from? The author does not believe in its existence
and hence concludes that the system momentum bias must lie parallel
or antiparallel to e, if it is to rotate at 2wy. Both of these

. situations correspond to equilibrium points. We simply note here

that the antiparallel situation is not a stable condition.

Our conclusions are then that the satellite will eventually
align its momentum bias axis (in our case, the pitch axis) with the
orbit normal and thus provide yaw-roll attitude acquisition. If
the reader is not ccmpletely convinced of this by the racher un-
rigorous arguments advanced here, we reassure him by noting that
considerable simulation experience is completely in accord with the
above analysis. A further discussion concerning the amount of
momentum bias required in tne above scheme and the effects of more
than one momentum wheel, etc., are reserved for later sections.
Refer to the section titled "System Performance" and see Appendix C.

Bl
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STABILITY CONSIDERATIONS

The desired action of the control law just developed is,
of course, to reduce the angular velocity of the satellite to
zero. Such a condition is not, properly, an equilibrium point
for our system, since no provision has been made, as of yet, for
a null state for the magnets. They are always on, having one
polarity or the other, and the satellite always has some angular
acceleration, hence the system possesses no equilibrium points.
It would be easy however, to insert deadzones in the magn-*
controllers. Provided these deadzones are large enough t. _pi. '2nt
magnet activation due to the relatively small term dSP? (B) i..

. dt

(7) (which the satellite experiences due to its orbital_motion and
the rotation of the Earth), then, the condition w = 0, B = any, is
an equilibrium point. If this sort of provision is not made, then
it would seem that the satellite should behave in some sort of
quasi-oscillatory manner, at small angular rates. That this con-
dition would, once attained, persist, seems quite plausible from
the analysis above. It is not, however, a simple matter to talk
about equilibrium points and stability. The equations describing
this system are quite intractable to ordinary stability analysis.
For one thing. the control law is binary. Even if we replace it
with a linear law (the first term of its describing functicn) the
resulting system equations consist of six first order nonlinear
differential equatior '; three involve quadratic combinations, the
other three cubic combinations of the state variables (wj, w2, w3,
Bll B2I B3).

We should note here that if the system has either a binary
control law with deadzones or a linear control law (that is, M =

-KB), then there are an infinity of proper equilibrium points.

These points belong to one of four distinct classes. However, in

order to spare the reader, a discussion of these points and their
stability is relegated to Appendix D. Suffice it to say that

some of these points (other than w = 0) can be shown, by analysis,

to be neutrally stable. Further, simulation results show that in ~
some domain some of the points are stable.

There are other problems too. We are parcvicularly interested

- in investigating the existence of any so called "psuedo equilibrium

points" (PEP's for brevity). Since dSPACE(B) # 0, and there are

various disturbance torques acting ogtour satellaite, and the

system equations are nonlinear, there may be points which are not
properly equilibrium (stationary) points but near which the system
might "hang up". Here we are talking principally about li.it cycle

behavior, but must also be concerned with various (as yet unknown)
forcing functions.

In view of these difficulties, it was decided that digital

_ simulation was the most suitable tool fc : evaluating this system.

A discussion of the results of this simulation work is .reserved
for the next section and Appendix E.
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Although the actual stability analysis is put off until
appendices C and E, the conclusions and implications of those
analyses are reviewed here. First, we note that, for a vehicle
configured as described in the section "Simulated Satellite"
(that is to =ay, the proposed vehicle), the terminal condition
(or behavior) corresponds to a stable equilibrium point. This
is, of course, most desirable. We again note that the "upside
down" orientation (that is, with the pitch axis flipped over)
corresponds to an unstable equilibrium state; this too is
soothing. Finally we note that, for our vehicle, a spln rate
of up to 27.8 x 10~3 radians/sec. about the pitch axis also may
be a stable equilibrium state.

This stability conclusion neglects the fact that the direc-
tion of B in space changes as the satellite orbits the Earth.
This turns out to be a saving grace. Nonetheless, for strong
enough magnets, the satellite may "track" the field. During such
a period it is possible that the despin rate may be reduced by as
much as a factor of fifty. For this reason it might be advisable
to insert a mode switch for disabling the despin system for an
eighth orbit or so if_it seems as though this has occured. At
the end of that time w and B would no longer be parallel and hence
the despin system will again perform properly.
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SYSTEM PERFORMANCE

Having convinced the reader (hopefully) that our system works,

we now attempt tc answer the question - how well? As before, we
shall first be conzerned with the despin phase.

As the system }..netic energy l we I w tends towards zero (thls

was assured in the section titled "Control Theory"), so must w and

the system momentum F.z(this, of course, excludes the wheels'
momenta). In fact, the despin process may be looked on as a re-
duction of the momentum term ¥.j to zero. In the very best case
this requires a time Atopt given by

topt = [T:8] = |Bol (10)
Tmax MB

Here Py = I+winit is the initial momentum of the body other chan

that due to the wheels. It is useful to consider an "efficiency
factor" «,

@ = Atopt ' (11)
Atactual -

where a of course lies between zero and one. o is a function of
various parameters, such as wWjnjt, the inertia configuration of
the satellite, and the altitude and inclination of orbit. That a
is less than one is a reflection of the fact that M is not always
perpendicular to B and that T does not always lie opposite I-w.
For a given system onfiguration (I & M) and a given orbit
and initial conditions (determining w, B) we should be able to de-

termine a and hence the time for despin.

of our early simulation, in which various orbits, initial conditions

and system configurations were evaluatea.

This was the goal of much

This simulation shows

that o generally lies in the range 0.55-0.80. For the worst case,
a near equatorial orbit with initial spin along the field vector,

a may be as poor as 0.15-0.20.

Another way to look at the performance of this system is from
an energy point of view. Consider, for simplicity, rotation about

a single axis. -

= 1.2
T = 21w

T = Tow = T

*s Iw =1 = aMB (0<a<l)

(12)
(13)
(14)

The last of these equations says that w, and the angular momentum
Iw, are always decreasing. The constancy of this rate of decrease
depends on the constancy of a. We ara of course assuming that T

has the proper sense.
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"The attitude acquisition part of t.e problem is more difficult
to analyze. 1If, for example h approaches 0 we will not acquire.
But also if h approaches infinity we will acquire, but it will tak->
infinite time. Also, if M approaches 0 or infinity we will not
attain the proper attitude. 1In view of these considerations it would
seem that there might be some ratio of momentum bias to magnet
torque which would provid2 optimum performance. By this we mean
hoth minimum time to acqguire and minimum roll-yaw error after ac-
quisition. Consider the parameter

Tsys = _h (15)
MB i

which has the dimensions of time. It is rather difficult to say

anything about this problem analytically, but the following is
observed from simulation runs.

We first note that there is a certain minimum bias required for

terminal attitude acquisition. It is shown in Appendix C, eq. (Cl0),
that

‘ho > @ max(I;,I2) (C10)

for us, ho = h + I3Q2 and Q@ = 2w (for the terminal condition).
Thus (Ci0) becomes

h > 2uwo{max(11,I2) - I3} (16)

For good performance thnis amount should be exceeded by a factor of
four or more. Little is gained by increasing h beyond this point.

If we now choose a particular orbit, the time and quality of ac-
quisition (after despin has been completed) are functions of the
magnet strength M. Acquisition time is also, of course, very much a
function of attituce at the conclusion of despin. A (very) qualita-
tive picture of this situation is presented in Figure 1. As pointed
out previously, for very weak or very strong magnets we do not attain
the desired attitude. The author cannot caution the reader too
strongly against taking this curve too literally. Much more work
would be needed to get a more exact picture cf this phenomena. There
are too many variables and too few points on the curve of Figure 1

to let the author rest comfortably. As for the guality of roll-yaw
acquisition, it is interesting tc note that a curve gqualitatively
similar to Figure 1 may be used to describe this as well. Figure 2
depicts this situation. Note that the minimum point is shifted to
about 2000 secs. (This appears to be significant) and the curve is
somewhat flatter. The best that we can do appears to be about 2°.
Again, the author cannot over-emphasize the tentative nature of these
findings. Considerable work remains to be done in this area.

For a well proportioned system, acquisition times are of the
order of one orbit. This being the case, it is expected that
optimum performance will generally be defined in terms of quality

of roll-yaw acquisition rather than in terms of minimum time to
acquire.

. e a—

o

m——— ot

NGB ok AW FOAY b ok Wy 7 P




90345

t No.

Repor
Paq

REPRODUCIBIL Y OF THE ORIGINAL COPY S POOR,

11

e

|
.
R

7

I.,
e

l.'"'A

AP A A n i o

Ao 140t

I t.

r

e

‘03 ¥I982 ¥ 1224A3N .
‘W o6 X T udox
CIGL LY VUILINIANID 3NA OL OF X O) :

VA NI Jevm

' T T . D e B o D W s B o

" f - y - .

[T ¥ BT SN §

p—




d

L

R .

SIS T IO N e a U A e ; ’ ’
bl d S e -

Report No. 90345
Page 12

RECOMMENDATIONS FOR FURTHER WORK

The author feels that the woiri done to date definitely demon-
strates the feasibility and desirability of this acquisition con-
trol system. Nevertheless, work remains to be done.

There is the matter of system stability. While it seems
apparent that there are no stability problems which might interfere
with the proper operation of the control system, nonetheless it
would be good if we obtained some further analytical results. In
particular, an analysis including the effects of the change in B
due to orbital motion would be interesting.

As noted, we have not included the effects of disturbance
torques on the performance of this system. Their effects on both
limit cycle behavior and terminal attitude orientation should be
investigated. Their neglect has been justified up to this point
by the fact that the magnet torques are at least an order of mag-
nitude greater than the disturbances.

Another area which needs refinement is the magnetic field model
used in our simulation. So far, only the simple tilted dipole has
been used. The effect of a more accurate field model on terminal
attitude orientation needs to be investigated.

More investigation into the effects of deadbands, hysteresis
loops, and inhibit controls placed in the magnet control loops would
be desirable. There is also the matter of crosstalk between magnets
and magnetometers. We must be sure that no unstable loop is set up
in which switching magnets trigger magnetometers which in turn cause
the magnets to switch again.

One other point which will bear further investigation is the
potential of using this acquisition system as a complete attitude
pointing system. Used with a pitch reaction wheel scanner and simplz
pitch control loop we would have complete three axis control. Some
studies of pointing accuracies versus various system parameters would
be useful in investigating this possibility.

 2a

‘&gﬁ‘ﬂ,i Cotulep tF



Report No. 90345
Page 13

BIBLIOGRAPHY

Stickler, A.C., "A General Purpose Digital Program for Solving
Problems that Incorporates Euler Homogeneous Parameters”,
ITHACO Report No. 90288, July 13, 1971.

Stickler, A.C., "Variation of the Earth's Magnetic Field as
Seen by a Satellite in Circular Orbit", ITHACO Report No.
90295, August 11, 1971.

Sonnabend, D., "Satellite Attitude Kinematics", ITHACO Report
No. 90290, July 28, 1971.

Chen and Haas, c£lements £ Control Systems Analysis, Prentice-
Hall, Englewood Cliffs, New Jersey, 1968.

Greenwood, D. P., Principbles of Dynamics, Prentice-Fall,
Englewcod Cliffs, New Jersey, 1965,

Velman, J.R., "Attitude Dynamics of Dual Spin Satellites”,
Hughes Aircraft Company, Space Systems Division, Report No.
SSD 60419R, September, 1966.

. —— ————

PP




APPENDIX B

el

T

DIGITAL SIMULATION PROGRAM LISTING

— — r—— r—— —~— frasnuy pum—
I _ _ _
R SR AP LT R DA B Ll e

VM T

»
L e _,‘ﬁt*\,i,rﬁmua:\&%g%ﬁg



HH.HL_JI_JL—JI__JL_IL_JL—JI—Jl__JL__J(_Jc_JL__/

[

-

i [§
Saens

Report No. 90345

~ This appendix consists of a listing of the digital computer
program used to simulate control system/satellite behavior. The
program is quite similar to the one discussed in reference 1, and
the reader is referred there for a more detailed discussion, flow-
charts, etc. Its operation may be briefly summarized as follows.

The main program performs the bookkeeping functions of input/
output and maintains overall control. What we are doing here is,
essentially, integrating equation (1), specialized for the vehicle
described under "Simulated Satellite". This is done through sub-
routines WDOT and RK4. An additional problem we must deal with
here is thau the applied torques are functions of the vehicle's

attitude. Namely, they are functions of the Earth's magnetic field

components as measured in the vehicle. For this reason we must
keep track of the vehicle's attitude. This is implemented through
the use of Euler Homogeneous parameters in subroutines EHPQT, NORM,
MAT1, and MULVEC. The Earth's magnetic field is first obtained

in trajectory axis components (subroutine BFLDS1l), and then trans-
ferred into body axis components, making use of the direction
cosine matrix (subroutine EHPA). Subroutine TORQUE then computes
tne torques arising from the interaction between this field and
the on board magnets. Please note that the subroutine displayed
contains neither deadzones nor hysteresis loops, although some
subroutines incorporating them have been used at times.
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APPENCIX C

DUAL SPIN EQUILIBRIUM CONSIDERATIONS

Report No. 90345
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Report No. 90345

In this appendix we consider tiic ,+isibrium and stability of
a dual spin configuration. Although this work has been done~ before
(e.g. reference 6), we derive the results here in a simpler way.
These results were obtained independently by the author before his
acquainiance with reference 6 and are included here for complete-
ness.

spins at constant rate and carries angular momentum h = {0,0,h}.
The body is spinning about the same axis as is the rotor; for
definiteness this is taken as the "3" axis. Suppose we consider
the torque free motion of the body in the "neighborhood” of an
equilibrium point, namely

»

SR MR O I St

wy =wy =0, w3 =Q (C1)
In the neighborhood of this point

t
] Consider a body with a 81ng1e momentum bias wheel; the wheel

e - .

wp = Swp, Wy = Su, (C2,b)

= Wy = 0+ Suye Wy = Suy ' (c2,c)

Now, the equations of motion, adapted from eq. (1) are

Iyo + wplh + wal(I3y - I)} =0 (c3,a)
Tpup - wy{h + wy(I3 - I))} = 0 (C3,b)
I3wg + wyuwy (I. - I3) =0 ' (c3,c)

Substituting eq. (C2) into these, and dropping second order terms
(involving products of the §uw's), we obtain

Ijéwy + Swplh 4+ (@ + Sw3) (I3 - I)} =0 - (c4,a)
125&2 - Gml{h + (Q + 603)(13 - Il)} = 0 (C4,b)
I36u3 = 0 : (C4,c)

Thus we see immediately dw3 = 0, therefore w3z = 2 = constant. .
Then, equations a and b can be combined to yield

siy + 341 (h+ 0(13 - I,)}{h + 2(I3 - I)} = 0 (C5)
IlIz

b ot
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What we have obviously obtained here is the equation for a
simple harmonic oscillator. Consider one special case first. If
Q is "small", then w3 (and wy, which has the same form of solution)
oscillates with circular frequency

h

Ao =ﬁ—-—i.2— (C6)
) 1l . )

'If Q@ is not small, let us define an equivalent inertia

I3e = 13 + h/ﬂ .(C.’)
Then eq. (C5) reads

suy + 6w192(13e - I (I3, - 1) < 0 (c8)
12
It is clear that if either : '
I3e > I and I3, > I3 (C9,a)
or
I3 < I and I3 < Iy (C9.,b)

that is, if I3, is a minimum or maximum inertia, then, our system
is stable in the Liapunov sense. On the other hand, if I3, is an
intermediate inertia, the system is unstable. These results are of
a physically appealing nature since they are of the same form as
the results for spinning rigid bodies. In fact, if in eq. (C7)

h = 0, I3 = I3, and those results are obtained directly.

For non-rigid (i.e., damped) bodies, these requirements are
modified somewhat. First, there is generally little damping on
the rotor, and that which is present has a destabilizing effect
(almost always). Consider then a system with negligible damping
on the rotor and a non-negligible amount on the main body. If
the spin directions are such that the momenta of rotor and main
body add (2>0), it can be shown that it is necessary and sufficient
for stability that I3e be the major principal axis (maximum). Con-

versely, if the momenta oppose each other (R<0), it is necessary
and sufficient that

ho = h + I32>0 . (C10)
~h_ <Q<0 (c11)
I3

There is one additional regioﬁ of stability for this system, and
it exists only if I3 is a major axis. The region defined by

Q2 < =h _ (C12)
I3-max(I;,Ip) ‘
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corresponds to I3, being a major piincipul axis whilz Q<0. As
h—>0 the above results reduce to the simple major spin axis
requirerants.

Definition (C7) may be combined with this observation into
a simple rule, to wit

hg > I ’ (C10)

where hg is the system momentum bias -(equal to h + I3Q), and I =
max(Il, I2). This same conclusion is obtained in reference 6
(page A-82).

The result (Cl0) has a direct application to the attitude
acquisition phenomena noted under the section "Terminal Orientation®™.
Namely, since the magnets will drive the satellite at 2wpo in the
terminal orientation, and since we wish the terminal attitude to
correspond to a stable condition, it is necessary that (Cl10) hold
for = 2wg. For a given orbit (which determines wo) and given
set of inertias, this requirement then specifies a minimum h. The
validity of this conclusion is supported by a number of simulation
runs. In fact, it was observed that for good terminal attitude
acquisition performance the left side of (c10) shou;d be at least
three or four times the right side.
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Consider the equilibrium states of the acquisition svstem
described in this report under two conditions. (a) The magnetic
field is fixed in trajectory 1xis coordinates, that is

aSPACE(g) = o (D1)
at

and (b), the magnet controllers employ a linear law

M = -KB _ (D2)

where B is the time rate of change of B as measured in the vehi~laz.
As mentioned in the body of this report, under the section titlea
"Stability", this system has no equilibrivm points unless some
modification is made to the flip-flop magnet control iaw. No.,
let us consider the equilil iuvm points possible under the two con-
ditinas above.

The behavior of our system may be commletely characterized by
+he six state variables Wy, w2, W3, By, B2, B3 . Eguvilibrium points
may be identified by setting the time derlvatlves of these variables
to zero and solv1ng the resulting six equatlons in six unknowns.

That is, we require

=0 (D3)

€l

Wi

=Bxw=0 ' eq. (8)=(D4)

Starting with equation (1), ve make the following substitutions:
T =0 (torque free motion), h = ¢ (constant speed wheel), and eq.(1’)

H=1I-w+ h. We then obtaln

I-w=-0x (I-o+h) =0 " (DS5)
The right hand side of (D5) equals zero according to (D3).
equilibrium point must then, by definition, satisfy equations (D4)
and (D5). (D4) simply requires that

w= al(t)B (D6)

where a(t) may or may not be zero and may or may not be constant.
Now, if .

h=1{0,0,h}=nh (D7)

That is, we have a pitch wheel only, then (D5) becomes, in scalar
form

waw3 (I3 = I5) + huy = 0 (D8,a)
(D5, modified)

wywy(I1 = I3) = hwy = 0 (D8,b)

wywy (I = I1) =0 (D8,c)

D-1

s s
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From the above discussion we now obtain the following results

. (1) w= (0, 0, 0}, B=any, =0 is an equilibrium
s point, since it clearly satisfies eq. (D4) & (D8).
N :
NN (11) w = {0, any, h/(I2 - I3)}, 5" ® is an equilibrium
] ] point.

»
Y
e e e e o o s e S aT—— Tt e e

(III) w = {any, 0. h/(I; - I})}, B|| © is an equilibrium
point.

ERITe

(Iv) w = {0, 0, any}, B ||w is the last equilibrium point.

j These four classes contain all the equilibrium points of this system.
In passing I note (for the mathematicians among us) that there are
‘ an irnfinity of equilibrium points. Note also that at equilibrium
;] . points, B = 0 so M = 0 and so the fact that we set 1 = 0 at the
y

A TP Y0 1 51 s

outset does not affect the validity of the results obtained here.

i

There is, curiously, an alternate method of obtaining these
same results. Starting with the equation of motion (1), the control
law- (D2) , and the assumptions (Dl) and (D7), we have . .

(D9 ,a)

1] = Ij0; + wph

T3 = Ipiy - wih

" -
i T3 = Izw; 3
™~ where we have dropped the second order terms involving products of %
- the w's. Using eq. (D2) and (D4), we obtain i
~oel M = K(sz3 - N332) (D10 ,a) §
J ) M2 = K(w3Bl - (1)133) (pl0.,b) %
] M3 = K(w3jB2 - w3Bj3)
: Remembering éa. (5) '
] i=fixB - () |
i _ . j
and substituting t into eq. (D9), we obtain !
. - {
] Ijwy + wph = B3K(w3B; - w3B3) - B2K(w1B; - wyB)) (D1l ,ay {
] Ip03 - wph = BjK(w3By - wyB1) - B3K(wzB3 ~ w3B2) (D11,b)
] I3w3 = B2K(w2B3 = w3B2) - B1K(w3By - w;B3) (D11,¢)
) pr g

)
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Using the definition of equilibrium points
B e o
(here_we are considering only W as a state variable,
not B)

we obtain three linear homogeneous equations in the three unknowns -
wl, w2, and w3. For a solution to exist, the determlnant of the
coefficients must equal zero. That is

-(B§ + B§) (B}By - h/K) B;Bj3
(ByBz + h/K) - (82 + B2) B,B4 =0  (p12)
B, Bj B,B3 -2 + B2)

This equation reduces to
-h2 - ’
,h_z(Bl + B ) =0 (D12')
K

or
B = {0, 0, B3} (D13)

Substituting this back into eq. (D1l) we have
T34, + wgh = -ngwl (D14,2)
Ip8; - wih = -B2Kw, (D14,b)
13&3 =0 ) (D14,c)

Since w-= 0, we obtain the following equilibrium condition
w= {0, 0, any} (D15)

This result is not valid if w3 is large, since we neglected

w3(I3 - I3) and w3(I3 - I1) in comparison to h in writing eqg. (D9).
To the extent that thls is valid, (D15) is correct. Note that (D15)
is the same as condition (IV) identified previously, and that (I)

is a special case of (1IV).

The only spec*al thing about this alternate derivation is that
we did.not assume § - o at the outset. We were considering cases
where ® = 0 but § and hence T not_necessarily equal to zero. Noie
that, in retrospect, we now have B = {0, 0, B3}, so B} = By = M} =
Mz 0. The result is then that T = 0 anyway.

11

In the next section we consider  the stability of the equilibrium
points enumerated here.
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In this appendix we investigate the stability of a particular
equilibrium pcint, namely point IV of Appendix D. This stability
investigation is carried out by linearizing the system equations
about the equilibrium point and then forming the characteristic
equation. A study of the roots of this equation then determines
the stability of the system near the equilibrium point. This does
not rule out the possibility of limit cycle like behavior but is
nonetheless a useful technique. From the analysis that follows,
certain conclusions may be drawn. These conclusions and their
consequences are discussed at the end of this appendix.

Consider perturbations about the equilibrium point

w = {0, 0, Q) (E1)
B = {0, 0, B}

Then .
w = {6wy, 6wz, @ + Sw3} _ ' (E2)
B = {6By, 6By, B + 8R3}

The following equations then apply

B=Bxo (8)

§B; = 98B, - Béuw,

8By = Béwj - 06B; (E3)

. 6é3=0

where we have dfopped second order terms in eq. (E3). Now, assuming
a linear control law, i.e., .

M = -XB ' (E4)
M = K(Bséz - Q8B3) (ES)
M2 = K(Q8B; - BSwj)
M3 = 0
Then, since
T=Hxb | (s
We obtain
11 = KB(Q6B; - Béuw;) (E6)
To = KB(26B3 - Béw2) '
T3 =0

o e M)
° »
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Similarly, we may start with eq. (1), substitute from (E2)
and drop second order terms in the result. Thus we obtain the
linearized equations of motion about the equilibrium point

I;8wy = 1 - Swy(h + R(I3 - Iz)) (E7)

In80p = T3 + Suwy(h + Q(I3 - I;))

13563 = T3

These may be written in a way that makes them easier o interpret
by using the following shorthand notation:

I3¢ = h + I3 (EB)
Y]

I3ef = h + I32 = ho (E9)

h + Q(I3 - I2)

Q(I2e - Iz) o) (E10)

h + Q(I3 - Ij) = Q(I3e -~ I3)

Gy (E11)
Using this notation and substituting for the t1j from (E6) we obtain

sw; = -KB%8w_ _ 016w, + KBQSB) + 08B
I 1 poun I
I 1

Sw, = o28w; - KB28w, + 08By + KBASB2 (E12)
I - Iz I

Gél

+08w; -~ BSwy + 08B} + Q6B

682 = BGwl + 06(1)2 - QGBl + 0632

The last two equations are from (E3). Note that the last equations
in (E3) and (E7) inumediately yield

~

653

0, 533

const = 0, B3 = B (E13)

w3 = 0, 8wz = const = 0, w3 = &

Equations (E12) constitute four first order ordinary linear dif-
ferential equations in four unknowns. They are of the form

X=AaAX (E12,a)
where A is a square matrix with constant coefficients.

A}

$Faz
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Now, if A is. negative (positive) definite it may be immediately
shown that the system described by (El2,a) is assymptotically
stable (unstable) by applying Liapunov's (Chetayev's) stability
theorem to the function v = x+x. Unfortunately, for our problen,
as for many others, A is sign indefinite and the theorems noted
are not so easily applied.

Instead, we Laplace transform (El2,a)

sX(s) - Xo = AX(s) ' (E14)
Thus
X(s) = (A - Is)"1(-%o) (E15)
and -
©x(e) =LA - 1s) "1 (-%o)} (E16)

Note that, as shown by E15, all the components of X(s) (remenber,

" x(t) and X(s) are column vectors) have a denominator D(s) and

D(s) = Determinant(A - IS) (E17)
Now, D(s) may also be written as

D(s) = (s -~ s1)(s = 82):++(s = sp) (E18)
where the sj are the roots of D(s) = 0 or Det(A - Is) = 0.
Alternately, the sj are the eigenvalues of the matrix A. Obviously,
for stability, it is necessary and sufficient that the real parts
of the sj be less than zero.

To determine the sj we expand

D(s) = Det(A - Is) =0 (E19)

obtaining the (linearized system) characteristic equation in terms
of the various system parameters. The matrix A from (El2) is

—-kB2/1, -0y /17 KBR/I, 0
ap/1; ~-KB2/1, 0 KBQ/I2
0 -B 0 Q
. B 0 -0 o _|

and the expansion (E19) yields, after a little algebra
I3T2s8%+(I1 + I3)KkB283 + (111202 + ajay + K2B4)s2
+ KB2Q(al + a3)s + ajazf2 = 0 - (E21)
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We return now to conditions (a3) and (a4). ¢1 can always be
made greater than rero for sufficiently large gain K. For K = 0,
(a3) may be writte.. as

2(I1 + Iz) + (I + I2)(I3e = I2)(I3e - I1)
I1I2

> 213, (E24)

Various cases of this can now be considered. If Q is small and

less than zero (opposite in sense to h), (E24) is easily satisfied.
If @ is small and positive this relation is always satisf ed. For
large values of @ (either sign) I3e~>I3. If I3 is a major or minor
axis (E24) is always satisfied. If I3 is an intermedia‘e axis,

¢E24) may fail (for K = 0) for sufficiently large Q@ (which is re-
guired to make I3e~>»I3). Before this happens the criterion (a5)
will fail, so we need not concern ourselves with (a3) except perhaps
for some intermediate values of 2, such that neither I3e>>I}, I3 nor

. I3e—>13. If we make some simplifying assumptions- namely Iy = I2 = I,

and I3 = nI, (E24) reduces to

(n - 12> (n-2) (E25)

which holds for all values of n, positive and negative. It would
seem that except for a rather oddly configured satellite that ¢1>0,
and (a3) presents no problems. In fact, unless the ratlo.bgtween

I; and I2 is greater than 5:1, a3 must be satisfied. Additionally,
for K>0, ¢1 increases and (a3) presents even fewer pgoplemg. On the
basis of this analysis we turn our attention to condition ad).

$2 = KB2Q(a1 + ap) - KBzﬂzalaz(Il + I3)/¢1 > 0 (ad)
67 = KB2Q2 [(213¢-11-12)-02 (I1+I5) (I3-11) (I3e~12)/¢11>0 (E26)

Now, from condition (a5) we see that the second term of (E26) is

less than zero. Thus, if the first term is less than zero, this
system is unstable. It is a requirement then, for stability, that
I3e be the major principal axis of the satellite(ie, I3e>max(Ii,I2)).

Now, for our system, I3 is a minor axis, and for large values of
2, I3e—I3, so the system is unstable. For 0>0, in fact, I3e is
always a minor axis (if I3 is). The only stable values for opera-
tion are positive values rn.t "large”. 1In examining this problem
we now turn tn a numerical study. )

For a numerical evaluation, the following values are sub-
stituted in conditions (a3), (a4) and (a5).

I = 35 slug-ft2 (47.5 Kg-m?)

I, = 50 slug-ft2 (67.9 Kg-m2)

I3 = 25 slug-ft2 (33.9 Kg-m2)

B = 0.5 Gauss

h = 0.7 lbf-ft-sec (0.944 Nt-m-sec)

K = 104 pole-ecm/(5 x 10~4 Gauss/rec) = 2x10-8Nt-m/(Tesla2/sec)
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K is chosen by calculating the describing function for a flip-flop
control law and a system oscillation amplitude of about wo. Note
that K decreases as w grows and hence the system becomes less
stable. Now, (a3) becomes

¢7 = 501992 - 97.70 + 0.89 + K284 > 0 . (E27)
1

(E27) has no real zeros even for the worst case (K = 0), so we
need not concern ourselves with it further. We next look at (a$5)
and determine the maximum value of Q for which T_, is a major axis
(recalling that this is required by ¢5)

h + I3 > max(I;, I2) (E28)
8

The result is Qpzx = 0.0278 rad/sec.

Finally, we examine ¢2 (expression a4): ,

02 = -533150% + 518523 - (47.6 + 102.7)02 + 1.890 (E29)
" kB2 ¢1 ¢1 ¢1

We are interested in determining whether ¢2>0 for .0278>02>0. This
is required if we are to have any stable region of operation at all.
This task is somewhat simplified by first examining ¢)]. We see that
¢1 is relatively constant for this range of Q. 1In fact, for K = 0,
(61 = 501502 - 97.79 + 0.89) (E30)
$1(C) = 0.89
$1(.01)
¢, (.02)

0.515
0.94

and

K = 0 is surely the worst possible case, since as K increases, so

does ¢3 and thus ¢ will increase if we are in the range 0<Q<0.0278.
Now, (E29) has only two real roots. One is obviously at

Q@ = 0, the other lies at about % = 0.05. Between these roots 93>0.

Thus we have ensured a stable region of operation for

0.0278 > Q > 0.0 | " (E31)

One may convince oneself of the truth of this result by re-
turning to equation (E21), cubstituting values for the coefficients
and then solving the resulting equation numerically for the roots
8i. It is, of course, a necessary and sufficient condition for
stability that all the sj lie in the left.half plane.

3
3
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We require,for stability,that all the solutions of (E21) lie in
the left half-plane. We may attack (E21l) either numerically or
analytically. Consider the analytical approach first.

If we apply Routh's Criterion to (E21) we obtain, as the
necessary and sufficient conditions for stability, that the
following quantities must ke greater than zero if aj is

I7I2 >0 (a)

(I + I2)KB2 > 0 (a2)

¢1 = I3I202 + ajoz + k24 - I7I5,9(a; + @2) > 0 (a3)
I + I

62 = KB2Q (01 + a2) - KB2Q20jap(I) + I3)/¢; > O (ad)

a1ap82 > 0 (a5)

Requirement (al) is trivial, and so is (a2) as long as K>0. (a5)
is satisfied as long as the body is dynamically stasle (see appen-
dix C) without the control system. We must address curselves to
(a3) and (a4). We first note, en passant, that if we set K= 0

in (E21) we obtain the characteristic equation for the system with-

out control torques. This situation was examined in appendix C.
Equation (E21) becomes

s + as2 + b =0 (E22)
where
b = Gldzﬂz'
1112

and .
a=0%+ alay + K2B4
I1I,

It is trivial to show that the requirements for stability of (E22)
are that a>0, b>0. Obviously b>0 is the stronger condition; we
obtain the requirement

ag0y > 0 | | (E23)

and this is always satisfied if the system is stable without the
control system.

-
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Substituting into (E21) we obtain
322554 + 57.7s3 + (368722 - 450 + 1.14)s2 + (-23.802 + 0.944Q)s
+ (46204 - 4503 + 0.89022) = 0 (E32)

Numerical solutions for the roots of (E32) confirm the results
(E31) obtained thru the Routhian analysis.

All of the results obtained in this appendix, up to this point,
are only valid in a rigorous sense, for motion in the "neighborhoogd"
of the equilibrium point. Otherwise the linearizaticis made in
obtaining the systemn equations (E12) are not allowable. Nonetheless,
considerable digital simulation experience indicates that the res 1ts
obtained in this section are in fiact applicable to the real (no:
linear) system. Let us consider then the significance of these re-
sults. First of all, they indicate that the terminal.attitude of the
satellite must be such that the momentum bias points along the orbit
normal, rather than opposite it. We remember that in the terminal
condition the satellite has an angular velocity 2woep. If the satel-
lite were to acquire "backwards”, then the angular velocity 2ugepn
would correspond to Q2<0, and we have seen that this equilibrium point

is an unstable one. We have seen that there are no stable equilibrium.

points with very high angular velocities; the greatest being 2 =
0.0278 rad/sec. <his means that, with the exception of possible limit
cycle difficulties, this system should be well behaved and the control
theory developed in the main body of this report provides for the
positive despin of the vehicle. The author also wishes to note that
he has observed no limit cycle behavior during extensive digital simu-
lation of this system.

The reader is probably asking, at this point, "How about the
equilibrium points II and III enumerated in Appendix D". The answer
is that the author has not yet had time to perform a rigorous stabil-
ity ana'ysis for these points. However, on the basis of digital simu-
lation it appears that they are not stable points unless w] = w2 = 0,
which is of course the case treated here.

Finally, we note that even the stable equilibrium states deter-
mined here present no real despin problems. The investigations here
dealt, for simplicity. with a fixed external magnetic field. 1In fact,
even in the worst case (an Equatorial orbit with the pitch wheel along
the orbit normal) the Earth's field appears to cone about with a half
angle of 11.7°. 1If the satellite is tO remain in the equilibrium
state, it too must cone about the orbit normal at frequency wo. The
control torques maintaining the eguilibrium state (i.e. damping out
disturbances - which is how the coning of the B field appears to the
system) are essentially dissipative in nature, since they oppose
sensed velocities. The final result is then that even the small
residual spin ¢ < .0278 rad/sec along the momentum bias will be elim-
inated due to this previously unconsidered effect.
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