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EQUATIONS OF MOTION FOR THE X-14 AIRCRAFT

Introduction

Ll

The research deécribed in this report presents partial results of
a study of the control and power requirements of the X-14 VIOL aircraft
under NASA Grant NGR-~05-004-051.

The complete equations of motion for the X-14 are derived in this
report. The fundamental assumption is that the aircraft is a single
rigid body. The equations of motion are derived with respect to a set
of axes fixed to the aircraft. Additional assumptions used are that any
wind disturbances are irrotational that the twin engines used on the air-
craft rotate in the same direction at the same speed and that the engine
exhaust 1s diverted by means of vanes torprovide a direction varying thrust
vector.

The equations obtained are éubsequently linearized about various re-
ference'conditions and numerical values for the trim parameters and the
stability derivatives at these conditions are tabulated at the end of the

report.



CHAPTER I

DEVELOPHMENT OF THE EQUATIONS OF 1OTTON FOR THE X-14 AIRCRAFT

A. General Equations of Motion for VIOL Aircraft

This development of the equations of motion for a;VTOL aircraft
assumes the aircraft 1s rigid and the origin of the céordinate system
is at the mass center (1, 2, 3]. Additional zssumptions used in this
development of the equations of motion are:

1. The VTOL aircraft has diverters and vanes affecting the engine

exhaust
2. Any wind disturbance is irrorational

3. Engincs rotate in the same direction at the sarme speed.

A standard aircraft body axis system is used where the aireraft is

symmetric about the %~z plane with the positive y-axis pointing cut the

right wing, the z-axis down, and the x-axis in the forward directien of

flight (stability axes). This is a right-handed coordinate cystem.
For the system, the velocities, angles, angular velocities, forces
and moments assoclated with each axis are shown in Table A-1-1 and

Figure A-1-1 [4].

Table A-1-1
Linear Angular
Axis Velocity Force ~Angle Velccity Moment
X u | X or F_ ¢ P ' L or ¢
Y v Y or Fy 8 q ) Morm

yA
w Z or Fz ¥ r N or n
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Figure A-1-1



From Etkin [1], the time derivative of the angular quantitics can

_be expressed as

D

= q cos ¢=- 1 sin ¢

=p+qgsin¢ tan 8 + r cos ¢ tan 9

O

|
|

Since the analysis is for a VTOL aircraft, it becomes necessary to

=

= (qsin 3 + r cos ¢ ) / cos 8

introduce some notaticn not normally found in airplane equations., A

listing of this additional notation is in Figure A-1-2.

Inertial Forces

In writing the equations of motilon, all inertial components are

expressed as D'Alembert forces, i.e.,

0

F + TF. . =
external inertial

where

X ~-ma.

F =
inertial
Using this notation the inertial forces along the threce axes are

F,=-m 1+ wq - vr)

xi
Fyi = -n (V - wp + ur)
in = -n (w - uq + vp). )

Likewise, the moments are

=-.I - .
My p < Tar (Iy Iz) + (r + pq) 1.,
M, =-q1 +pr (I -1)+ (¢2-p>) I
yi y Z X Xz
M,=-1

+ - p -
21 I, +pq (Ix Iy) + (p - qr) I, -
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Figure A-1-2
Definitions of Non-standard Notation
w subscript is for wind velocity
Vj = jet exhaust velocity from the diverters
6 = thrust diverter angle measured in the verticle plane from the
positive z-axis
A = exhaust side vane angle measured positive about the x~axis by

the right hand rule

UO = [(u - uw)2 + (w - ww)z]l/2

Ty = L= u? o+ o)t (v = 9 1z

O = azngle of attack; sin @ = (v = ww)/U0
8 = side slip angle; sin 3 = (v - vw)/ﬁO

%y = distance engine intake 1s in front of the center of gravity

zy = distance engine intake is below the center of gravity

x. = distance engine exhaust pivot point is in front of the center of

2
graiity

z, = distance engine exhaust pivot point is below the center of gravity

Zl is the effective length where the exhaust will impinge on the diverter
vane from the end of the jet engine

Ie = moment of inertia of one engine about the axis of rotation

Qe = angular velocity of an engine measured positive in the direction

of th; x-axis

N.E. = nucber of engines

T = total thrust from the diverters

L, M, Nr apparent aerodynamic damping near hover not directly

P 9

attributable to the effects caused by Cg ’ Cm ’ Cn
P q r

6

L6 ’ )% » N Moment effects due to reaction control nozzles
x y z



20, Vj =jet velocity at the engine exhaust
o

21, T0 = total installed jet thrust
22, 50 = longitudinal diverter efficiency factor

23, EX = lateral diverter vane efficiency factor



where

>

f(x2 + yzjdm

1>

A 2 2 2 2
Ix [(y™ + 27 )dm, Iy f(x" + 27)dn, Iz

A
Ixz [xzdm : Ixy Jxydn Iyz

with -

>
| Jod

Jyzdm

I = 0 and 1 = (
Xy yz

since the aitrcraft is symmetric about the xz planc. \

In addition to airecraft ipertial terms, there {s a contribution from
the rotation of the engines to the moment equations. If the englne speed
is almost constant, the contribution to the moment equations can be expressed

as

M =0
e
X

= (N.E. Q
He (N.E.) Ie er

y
" - A‘Q . 3 Q
Mez (N.E.) IR 9

Gravitational Yorces

Since the origin of the coordinate system is at the center of gravity,
the gravitational forces do not enter into the monent equations. Thelr
contribution to the force equations is

F_ = -W sin 8

x :
g
F = Wsin é cos ©
y
g
i Fz = W cos ¢ cos B
g

Mass Flow Effects

There are two contributions to mass flow effects, one at the engine
intakes and a second effcct at the engine exhausts. If the mass of the fuel

burnzd is neglected, the forces due to the mass flow can be expressed as

| e - - )y
F . m (u u Vj sin 6 cos })
F m - (v-v -V, sin A
Y. ( w j )

o = - + Vv o] A
Fz. m (w w j cos8 cos A)
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where f is the cntering mass flow rate which i{s approximately equal to the

mass flow rate out, V, is the relative exhaust velocity of the jet, 0 is

3

the diverter angle, and X is the side vane angle. Recalling that the gross

thrust ecquals mass flow rate times relative velocity,
or

Upon making this substitution, the mass flow contributions to the equations
of motion can be written as
F =T [sin cos A~ (u-u v
y, =T lein o (u = u)/V,)

Fy = T [sin A= (v = Vw)/ Vj]

F =-T [cos ccos A+ (w - ww)/Vj]

The mass flow contributions to the moment equations enter in because the
intakes and exhausts are not at the center of gravity. The necrents are

T4 = - 7
,hx T zy (v vw)/\

: 3
®in
My. = T [xl (w - ww) -2 (u - uw)]/Vj
m
in
Moo =Tx (v- vw)/Vj
i
in
where Xy and z, are the distances from the center of gravity to the center

of the intakes. The moments caused by the exhaust are

=-T s A(z 2
Mx. T sin A( 2 +

out
M ‘= T cos A (Z2 sin ¢ + x

1 cos O)

o ¢os c)

= A -
M T sin (x2 21 sin o)

out .
where Xy and z, are the distances from the center of gravity to the center

of the exhausts, and 21 is the effective length where the exhaust will

impinge on the diverter vane.
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The total moments caused by engine mass flow terms can now be

expressed as

Mxﬁ = T {-sin X (z2 + &, cos ¢) + zy (v - Vw)/VJ]
M . =T { cos X (22 sin ¢ + x, cos o) + [xl (w - ww) -z (U-Uw)]/vj}
Mz. = T [sin K(x2 -711 sin ¢) - 3 (v - vw)/Vj]

Additional moments are caused by discharge nozzles in the tail and on the

wing tips. These recaction control moments can be written as

Mx = L6 Gx
R.C. X
M =M, ¢
YRr.cC. y 7
Mz = N5 52
R.C. z

where 5x’ éy and 5? are the reacticn nozzle openings expressed in degrees,

Aercdynanic Expressions

The complete aerodynamic expressions for a conventional alrplane can
be written as
X
aero
Y
aero
y/
aero
L
aero 2
L
aero 2 o o
N L
aero 2 o n
where Cx’ Cy’ Cz, Cy, Cm and Cn are the non-dimensional aerodynanmic
2.1/2

coefficients, p Is the alr density, Uo = [(u - uw)2 + (w - ww) ’

~~

'ﬁ; = [(u - uw)2 + (w - ww)2 + (v - vg)zll/z, S is the wing area, b is the

span and ¢ is the wing chord.
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Now use a Taylor scries expansion of the non-dimensional acrodynaric
forces retaining only the first terms in the series [1, 2] and lect the

vehicle velocitics relative to the air mass be denoted by u

rel = Y7 %
Vel Q V-V, and Vel TV TV Then,
3, 3C_ %
Cx = Cxo MR ER TS | * 38 Se
8C aC aC aC
Cy = Cyo + 551'8 + Egh p + 35 F + 55 ér
3C_ 3C, 3, ac_ . aC
Cz = CZO + T © + o Yrel + SE— qQt 7 e+t 33 8o
8C aC sC aC 3C
Cy = ¢y * T 6 + §E£ Pt T ggi 5 +-§~g 6.
aCT'l acﬂ aCm . acm scm R
Cn ~ Cmo *3x “T I Yrel * 3q 9 T 30, “e
aC 3C eC dC ¢C
C,=C, +gr 8+t Pttt 33 5.t S,
0 a T
wvhere o is the angle of attack (sin a = Voo1/ UO), 8 is the side slip

angle (cos 8 = UO / UO), and 5e, 53 and 6r are the elevator, aileron and
rudder deflections, respectively.

Following Etkin [2), if the partial derivatives are written as
non-dimensional stability derivatives, the aerodynamic portions of the

equations of motion become



12.

-T2 + 8 + — +=C + C +
aero ~ 2 Yo ”b[CE €, 8 —C b p. Ca
) g 20 p 20 r 5
o] o] a
C, 5]
)
r

D (o]
e 00 e < +
acro 2 Lo Sc[Cm +C ot U Cm urel +2U Cm q
o) o o q
2% ¢ uw+tC S ]
o & Mg
e
Noro =~%'ﬁ2 sulc. +C  B+2 c p+ 2 r+c 5,
© RS < U % 2t Pr s
o] (o} a
+C ¢ ]
né ke

In addition to these stability derivatives normally found in airplane
equations, for VIOL aircraft it is desirable to add the rotational
damping observed on a hovering airplare. This can be expressed as:

Laero VIOL Lp P

= \
Miero vioL = g 9

Naero VIOL = T

After surming the component parts, the complete non-linear equations of

motion for a VIOL aircraft can be written as in Fig. A-1-3.
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Figure A-1-3

Summary of Complete Non-linear Equations of Motion for a VIOL Alrcraft

. T (s Lo -
@=vr-wq-gsing +— [sino cos ) vj (u - u)l] (A-1-1)
1 2 1
+5-pU s [C +C a+yC o (u-u)+C o 8 o)
0 a 0 u §
¢ _2
' T 1 ply S
v=vwp - ur + g sin $ cos 0 +-a[sin A - V~(V -Vw)] + om
J (A-1-2)
[c, +¢, s+ b:—--cY p + b:—'CY r+C 6]
0 8 20, P 2, r 5. "

we®uyg - vp+ g cos ¢ cosd - % [cos ¢ cos X + L (w - ww)]

\Y
k)
pUo2 S 1 c
+ om [CZ + CZ o + -U—- CZ (u - Uw) <+ ‘éU—‘ CZ q (A-l-B)
0 o 0 u o :
c . .
+ i Cz ] a+ C . oe]
0 )
e
(Iz - Iz ) Ixz T
P="7 —qr + 77 (r + pq) + T—[-sxn A (22 + 11 cos C)
x X X
zl ER Léx EOZSb
+-V~ (v - vw)] + 7P + CE 6x + 0 §T~__'[Clo +C, ] (4-1—4)
3 X x 8
+ = C + b cC, r+¢C § +¢C 5 )
R o) Ty
0 P 0 T a r
(I, - 1) I
. z X Xz 2 2 1 T
= —_— + =% - - — (N.E —_—
b4 y . y y -~
{ s P L - - -
cos )\(z2 ingo + X, €os o ) + 7 [xl (w ww) zZy (u uw)]}

3
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Mq Mév pUOZSc 1
+ T q + '1“"- by + 1 [Cm + Cm a + 'I'J"‘Cm (u - uw)
y y y 0 o 0
(A-1-5)
+ gu C a+=5-C, a+C S ]
0 mq 205 Mg me e
e
(I -1) 1
. X v X7 ¢ 1
o —ee Y - —_— 0
Y I pq + i (p qr) + 1 (N.E.) Ie o d
z z z
X N
T 1 r
—_— in A - 1 i - — - _—
+ T [sin (x2 ) sin o) v (v vw)] + I e
z h z
- (A-1-6)
NGZ o ﬁO Sb b
+-:‘[——"62+——2—I*——'[C 4+ C 8+~—_—C p'l—"_—_—C r
z "o s 20, Pp 26, ¢
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B. Application of thé Equations of Hotioﬁ to the X~14 Aircraft

Several of the above aerodynamic stability derivatives have a very
small effcct in the representation of the dynamics of the X-1l4. The
determination of which stability derivatives have this insignificant
effect vas based upon exanination of wind tunnel data and a knowledge
of the physical airplane. The final justification for retaining or
neglecting different stecbility derivatives cowmes from the fact that an
analyticel model was obtained which when used in simulator studies closely
approximated the physical airplane [5]. Using these findings the ahove

aerodynarmic contributicn to the equations of motion can be expressed as

o} .
sero > Uo S (CL sin o - CD cos ©)
=272
Yacro 2 Uo S CY
2
= ~0 5 O r
Zaero EUO S (CL cos o + CD sin a)
L =2 T?sp(, +C, 6)+L p
aero 2 zo 15 a p
a
o] 2 c
- — — & )
Maero > Uo Sc (Cm + C a+'2U Cm q+ C ) e) + M q
o a o q e
=Q-—.2 4+
aero 2 Uo Sb (Cn + Cn 6r Cn Ga) + Nr r

o cSr da

~ where CL is the non-dimensional lift coefficient and CD is the drag

coefficient{2].
Continuing to follow the development in reference [5], some of the

above "power on' stability derivatives are expressed as "power off" plus

" A" torms where the " &' represents the difference between power on and

~

power off effects. The acrodynamic portion of the equatiéns of motion

now becomes

2
o

p

" — A 5 - a

2070 7 U S[(CL + CL ) sin @ CD cos a]
power off
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=252
aero 2 Uo 5 CY
z =-2v?%5 [« + AC.) cos @ + C_ sin a]
aero 2 o , : L D
. power off
L =252 (¢, +C, S)+1L p
aero 2 o 4 16 a P
)
a
M =2u?sc + bC) + (C +b8c )
aero <2 o m o T M,
power off power off
+ & C q+C 5]+M'"q
20 m ms e q
14 q
e
=20%sp (c +C 5§ +C §) +N_T
aero 2 o n n T n_ a T
° ¢ Oa

Upon incorporating these expressions for the acrodynamic forces in the

complete equations of motion, the reduced non-linear equations of

motion for the X-14 can be written as in Fig. A-1-4,

These equations can be put in state variable form by eliminating

the derivative terms from the right hand side of equations (A-1-10) and

A-1-12). Rewrite the equations as
I p=1 4+ L*
x Xz
I t=1__ p+ N*
z Xz

(A-1-13)
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where

X = —_ - T {- s
L (Iy 1) qr+ 1 pqH T [-sin X (z, #2; co 0)

+ z, (v - Vw) / Vj] + Lp p + Léx Gx +

- 2
+1/20 U, SE (c£0 + c16 5.)

a

[}

X = -— - Q
N (Ix Iy) Pq Ixz qr+ 2 Ie o4

- { -\ — ! v
+ T [sin A (x2 2. sin o) Xy (v v, )/\j] + hr T

1

- 2
+ 3 4 2 Si + ) )
N 8 1/2 p U b (C C + C )

6z _ o )
r a

Upon solving Eqns. (4-1~13) for p and r it is found that

2
s % N* 1 _ 2
P (IZ L% + IXZ %)/ ( N Iz IXz )

2
- * Ik -
(Ixz L% + Ix N )/(Ix Iz Ixz )

e
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Figure A-1-4

Sumary of the Reduced Non-Lincar Equations of Motion for the X-14 Adreraft

G=vr~wq~-gsind + % (sin g cos A =- = (u -u )]

-+-§E;)Uo S [(CL + A CL) sin a - CD cos o]
p. off
v = - ‘ T S S 1,52 1
V=wp~ur + g sin $ cos 9 + — [sin A v (v V., )]+ o DUO SCY (A-1-8)
]
. T 1
W =uq ~ vp + g cos ¢ cos 0 - = [cos 0 cos X + G ww)]
J (A~1-9)
1 2 , -
= o pUO S [(CL + ACL) cos o + CD sin a]
p. off
(I ~ 1 ) Iv Z
p = —~*Ef—’~- qr +-- (r + pq) +--— [-sin A (z, + &, cos ¢) + == (V = v,)]
“x I x *
. L, (A-1-10)
P4 X 1 g2
o+ = p T Sy + 57 DUO Sh (Cz + CL 63)
X P X 0 3
a
(I~ 1) I
. z x’ xz 2 _ 2 _1 T
] = el = oY +-I (r p) I 2 Ie Qe r + T cos A
Yy y y y
4 E —]:—. s T — - -—
(Z2 sin g + X, Cosg ) + Vj [xl (w ww) 2 (u uw)]
M M . ) (A-1-11)
-ﬂq+~—3’5 + == pU.“sc [(C +4AC_ )
I I y 21 0 H Ry
y Y y pP. off
+(cm +6C ) a+——-—2UO C q+c“‘5 ée]
Olp. off i q e
(I ~1) I
r = —-»wf—wj-pq + —---* (p - qr) + %—2 I 9 q
z Z 2
N N~
N 6 ,
T , ) *1 r z . (A-1-12)
B T [sinA (42 - 21 sin o) 7 (v - vw)] -+ 8,
2 h) z z
+r'-1--pL-'25b(C +C 6§+ C 6)
11 0 ng ng T n, a
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C. Numerical Ivaluation of the X-14 Equations of Motion

Numerlcal values for the constants in equations (A-1-7) to (A-1-12)
are given in Table A-1-2. In additionm, the following stability
derivatives can be expressed as functional relationships [5]:

Cg = 00,0030 00528/ deg
8 .
a

C = -0.00014 cos’s/ deg

s
a
. 2
C = 0.00118 cos g/ deg
n
8
X
C = -0.0178/ deg
s
¢

Furthermore, Figures (A-1-3) through A-1-12) show graphs of C. ,
"0
C,,C , C , C , C , Cpo B /T s

n m L M
0 a ce power off - - 0
ower off . ower off
; P

Y!

BC /T and Tyvs. RRM. T is the non-dimensionalized thrust with T =
T/(1/2 UOL s). To {s the thrust at the engine exhaust and T is the

thrust at the end of the diQerters. Hence,

T= To EO EX ‘
where EO is ;he longitudinal diverter efficiency factor and EA is the
lateral side vane efficiency factor. Also,

vy © Vjo &5 &a
which demonstrate that the jet velocity is somewhat less at the exit
of the diverters than at the exit of the engines. In order to reduce
these graphs to a uscable form, functional relationshibs must be ob-
tained. It was attempted to fit all of the graphs with polynomial
curves. This, however, was impractical for the more irregular func-

tions and straight line approximations were used. The functions uscd

are shown in Table A-1-3.
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- The reaction control nozzle c¢ffects were evaluated by two indcpendent
methods, The X-14's response to sinusofdal inputs was analyzed by NASA
. at Moffet Tield. The second method 1y to note that

: moment = Mg 6y = Force . Length

y

or

M, ¢ = F . length

8y nax

y “max
where the length is the distance to the discharge nozzle. F was
max

measured divectly using transducers, and & was also neasured di-

yma}:

rectly. Numerical values associated with these calculatfons and a com-

+3
=

parison with the other methed are shown in Table A-1-4, is agreement
is quite pood, especially when considering the errors and uncertainties

involved in measuring quantities like the moments of inertia and the

v . maximun force at the nozzle outlets,

S~



Table A-1-2

X-14 Constant Parameters

2.378 x 1077 slugs/fc>

P

welght = 4182 1b.

I = 2340 slug-ft

Iy = 3400 slug—ft2 | -
I = 5400 slup-{c’

I = 180 slug-ft”

mass center at station 99.84 in., and 0.58 in, right of center line

xl = 6 ft,

Xb = -0,0133 f{ft.
21 = 0,583 ft.
22 = 0.916 f{t.

zl _= 0.167 ft.

Qe = 1728 rad/sec at 1007 RPM
Ie = 0,5 slug ft2
s = 182.69 ft”

c = 5,56 ft.
n = 129.9 slugs ]
b = 33.83 ft.
' _ -1

M /I = -0.15 sec

q Yy
L /1 = ~0.45 sec -1

p x
N_/I = ~-0,20 sc:c:-.l

r Tz

C = ~-11.4

m



q

0.

1.

91

00

"

22,
-0.0178 deg -1
0.576 rad "
2
0.0350 rad/sec” /deg
2
0.0166, rad/scc” /deg t
. 2
0.0681 rad/sec” /deg

2000 ft/sec
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Table A-1-3

T = T0 (Q) with Q in percent of maximum RPM and T in pounds (for onc
engine only)

T = 44.15011 * @ - 1869.205 Q< 9%.3
= 68.96552 * 0 -4184.483 93,3 < 0 < 93.1
= 80 * Q - 5278. 99.1 < 9 < 100.1
= 18.18182 * Q + 910. 100.1 < 2 < 101.2

Q= QT )

Q = 0.02265 * T_ + 42.3375 T < 2250
= L0145 * T_ + 60.675 2250 < T_ < 2650
= .0125 ® T_+ 65.975 2650 < T_ < 2730
= .055 * T_ - 50.05 2730 < T_ < 2750

ACL/TC = f (UO)

AC /T = -2.248398 x 1077y + 2.483009 x 107 v - 1.332109
-3
x 10 U0
AC /T = £ (Uy)
CAG/T_ = 4.900354 x 107 U3 - 3.164620 x 107> U2 + 1.529505
c 0 0
-3
x 10 U0
¢y = Uy
Cp = +11 + 1./(2.152195 Uy + 12.5)
CMO = CMO U
power off power off
CM = -0.6 + 0.00237 UO U. < 34 (ft/sec)
0 0 :
power off . 9,52 + 0.0148 (U, - 34) 34 < Uy < 51 -
= -0.27 + 0.001579 (Uy - 51) 51 < Uy < 101

= -0.19 Uo > 101



C : = C , u.)

M M 0
%power off Tower of f

C = -4,1 4+ 0.04145 UO

%ower off

= ~2,7 + 0,1007 (UO - 34)

= ~1.0

-1.8513

@]
fl

= -0,35 + 0.393 (3 - 0,189)

-0.,26 ~ 0.362 (8 - 0.418)

= ~0.55

cC =¢C (B

0.113 B

(@)
L]

= 0.022
= 0,022 + 0.1348 (5 - 0.594)

= 0,13

cC, =¢C (8)

%
C20 = -0.033 8
=-0.014 + 0.0066 (2 - 0,169)
=-0.012 - 0.00865 (3 - 0.471)
=-0.02
L =<
power off power off (UO)
C[ = 0.61 + 0.002763 U
‘power off 0
= 0,75

24,

U, < 3 (ft/sec)

3 < U, ¢ 51

0

UO > 101

0 <p < 0.189 (rad)
0.189 < 3 < 0,418
0.418 <8 < 1,22

g > 1.22

0 <p < 0.1945 (rad)
0.1945 < 3 < 0.594
0.594 < 8 < 1.395

B > 1.395

0 < B <0.169 (rad)
0.169 < 8 < 0.471
0.471 < 8 < 1.395

B > 1.395

U0 < 51 (ft/sec)

U0 > 51
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D. Solution of the X-14 Equations of Motion for the Reference Control

Variables

The refercnce values for the elements of the control vector u are
desired for any given state vector X. Since a steady state refecrence
condition is sought, set X = 0. Upon examination of the non-lincar
equations of moti;n for the X-14 (sce Fig. A-1-4, page ), it is seen
that 4, v, and w are only funcfions of T, 0 and X . Therefore, an explicit

solution for these variables should exist since there are three equations

and three unknowvns. To find this solution, first rewrite the equations

as
0=A+4+T (sino cos X - urel/vj + f sin @)
O0=B+T(sin ~v_ ./V) :
rel” j : : (A-1-14)
= C = s / £ ] C
0 =C=-T (cos g cos A + wrel/xj + £ cosa )
where -
A=mnm(vr - wq - gsinag) +1/2 » U02 S (C sin a - CD cos a )
- power off

B=m(wp -~ ur + g sin 3 cos 8) + 1/2 o 502 S CY

2 . ©

C=mn (ug -~ vp+ gcosd cosB) - 1/2 pUO S

power off

cos a + CD sin o)

f = AQL/TC
After squaring, rearranging and adding equations, the result can be

written as

DT2 +2ET-F=0 ~T

where

- 2 2 2 ' .
D=1-U"/V - £ + 2f (urel sin ¢ - w

0 3 cos a)/V

rel 3
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e + B - -
E = (A Ulel Vel + C wrcl)/vj f (A sina C cos a)

" (A=1-15)
F=A2+B2+C2 '

Hence,

T = (<E + YE% 4 DF )/D. (A-1-16)

Now since T is known,

-1
A = - .
sin (vrel/Vj B/T) (A-1-17)
and now from Eqn. (A-1-14),
0 = sin“1 [(urellvj - f sin ® — A/T)/cos 2 ). (A-1-18)

Some additional information is neceded to solve the moment equ;tions
since there are six unknowms and only three equations. Since both the
three rcaction controis and the three aerodynamic controls have approximately
the same range of travel, let us assuwme for determining the contrel settings
for reference flight conditions that the aerodynamic and the reaction con-

trols arc of the same magnitude, or that

b4 r

When the above numerically determined values of T, ) and ¢ are
substituted into the summary equations for the X-~14, the equations can

be solved foré§ , 6 , 6 _,68 , 6 , and 8§ . The results are
2’ Te x’ Ty z

r

§ =8 =~ {(Iy - 1) aqr+ I, pa+ T{-sin X (z, + 2, cos o)

X 1

- 2 R
+ z vrel/vj] + Lp p+ 1/2 0 Uy Sb CQO } /(Lrsx (A-1-19)

+1/2p U 2 g ¢ )
0 %

a
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-8 = - - 2_ 0% o210
5 6e ' { (Iz Ix) pr + Ixz (r p)y - 21 r

y e e
A . -
+ T [cos (z2 sin o+ X, €0S 0O )y + (Kl Vel 2, urcl)/vj]
2

+

Mq q+ 1/2 pU," sc [(C +8C )

. i 0
power off

+ (C + 8C Ya + ~5%c q )t/

T m _ m 2U m 5 1.

($ower off ¢ 0 1 y (A-1-20)
+l/2pU28cC )
0 m6
e
5, 8. { (Ix Iy) Pq Ixz qr + 2 Ie o 4 +N_T
= 2
S X -2 - /2P
+ T [sin (x2 2 sin ©) xl Vrel/vj] + 1/2 UO ) (Cno
- 2

+ N ? -1-

C. 8.}y /(g +1/20T" Sb C ) '(A]21)

n
)
63 z r
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CHAPTER II

LINEARIZATION OF NON-LINUAR EQUATIONS OF MOTION

FOR A TIME INVARIANT DYNAMIC SYSTEM

The non-linear equations.of motion for a time invariauf dynamic
system can be expresscd as:

x=f (% v (A-2-1)
where x is the state vector, u is the control vector, and f 1s a vector
function of x and u [1].

Suppose that for the system represented by Eqn. (A-2-1) therxe is a
) = x.and u (t) for t > t then the unique solutioﬁ § (t, 50)

0 -0 0’

is determined and can be found. Now consider small perturbations 65'(t0)

given x (t

in %5 and Ju (t) in u (t). Hence, small perturbations in the solutiocn
< 2 ex 1 X+ ix = X 4+ & fu); 6x (t.) = &
¢ (t, 30) can be expected and X + $x = f (x + &x, u + Su); 6x ( O) X
(A-2-2)
Expanding the right-hand side. of Egqn. (A-2-2) in a Taylor series.and‘

retaining terms only of the first order, and after substituting equation

A-2-1 for %, we have the variational equation

& = A &x + B &u; &x (t.) = 8x ,
=0 0 (A-2-3)
where
A, =% B, =°fi ' , (A-2-4)
ij ij ij Buj -

with the partial derivatives being evaluated along the known solution,
x (t) = ¢ (c, 50) and control u (t). Hence, the motion of the dynamic .
system about a known path for a small perturbation is scen to be governed

by the linear ordinary differential equations (A-2-3) and (A-2-4).
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The nunerical cvaluation of the partial derivatives in equation
(A-2-4) can be accomplished by using the central difference approxi-

mation, [2] A review of this method follows. The Taylor series for

the function fi expanded about (30 + Ax, EO) with

(ax) T=@ ... 0 Xj 0...0)
is ' ,
of 2" 1, ) :
PR = 0 —= AX 2 = ' ces -2~
fi (50 A%, go) fi (X, EO) + 533 &x, + 1/ B;TQ Akj + (A-2~5)
3
afi
—— i3 - - : . I 1 ; . R
with Yy evaluated at (50, EO). Similarlv, the function expanded about
J
CEO - bx, EO) is given by )
8%, CHE S
- = f 3 - s <+ 1 — = . A2
£y (350 X, 30) £, (50’ 30) x5 1/2 awza_xj + (A~-2-6)
_ 73
Since Ax is swmall, (:L:;J,)3 and higher order terms ave neglected. 1If
equation (A-2-6) is subtracted from (A-2-5), and the resulting equation
Sblved for the partial derivative‘evaluated at the point (50, EO) with
Axk = 0 for k # j, the result is
+ 3 -— N - v
) 3fi fi(>_<O LX, EO) fi (30 ax, 30)
o=t = , (a-2-7)
ij 9X, 24%,
J
In a similar manner the elements of B are found tec be
A - 5, ] -t
s oot fy G ugraw) - fy Gy oy, - fw) (A-2-8)
ij - Buj Z(Auj)

where (AE)T =(0 0 0 ... Auj o ... 0).

A digital computer program that performs the above operations and

its description can be found in Appendix A III.
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CHAPTER III

TRIM PARAMETERS AND STABILITY DERIVATIVES FOR THE X-14

The numerical values for the trim parameters can be determined for
any rcference flight condition using equations (A—l-#&) through (A-1-21).
In addition, the stability derivatives can be calculétcd using the lin-
_earization method.of Chapter II and the equations of motion for the
X-14 of Chapter I.

Trim parameters and stability derivatives for thirty flight conditions
are shown in Tables A-3-1 to A-3-30, These were calculated on a digital
computer using the FORTRAN IV programs of Appendix V., The reference
éonditions are for wings level and forward velocities ranging from -10
feet per second to +169 feot per second., The verticle velocity ranges
from =10 to +10 feet per second and the horizontal lateral velocity goes
fronm zc?o te +15 foet per second.

The zero forward velocity condition 1s represented by a numerical
value of 0.01 feet per second-which was neccssitated because of the non-
dimensionalization method used. If u = Q, then certain segments of the
equations of motion could require divi§£on by zero. Any error that might
be introduced by this approximation'is trivial for the conditions being
Investigated in this paper.

The-"A Matrix" represents the relationship between the time derivatives
of the state variables and the state variables as listed in the reference
condition columm. The "B Matrix" is the relationship between the state
variables and the control variables as listed in the trim parameter colucn.
The "Wind Disturbance Matrix" represents the effect of wind disturbances on

the state variables. The columns of the wind matrix are for the X, Y and

2 directions, rcspectively.
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REFERENCE CONDITION

TABLE A=3=20 FLIGHT CONDITION 20

TRIM PARAMETERS

THEDA = 0,0 RADIANS ELEVATOR = =47,91 DEGREES
= 0,0 RAD/SFEC , REACTION NDZZLF DY = =~47,91 DEGREES
a AT.60 FT/SEC THRUST DEFLECTION ANGLE (SIGMA) = 4,26 DEGREES
= 0,00 FT/SEC ENGINE RPM ®» 93,43 PERCENT OF MAXIMUM
= 0,0 RADIANS AILERONS = 0,00 DEGREES
s 0.0 RAD/SEC RUDDER = 0,00 DEGREES
» 0,00 FT/SEC SIDE VANE ANGLE (LAMHDA) = 0,00 DFGREES
a 0,0 RAD/SEC REACTION NOZZLE DX = 0,00 DEGLREES
REACTION NDZZLE pZ = 0,00 DEyREES
A MATRIX
0,000000 1,000000 0,000000 0,000000 0.000000 0,000000 0.000000 0,000000
0.000000 ~0.911007 0,054994 =0,006205 0,000000 0,000000 0.000000 =0,874823
=32,035997 0.000000 =0,043037 0,065895 0.000000 0.000000 0.000000 0.000000
0.000000 67.600000 ~0,140010 =0,030552 0,000000 0.,000000 0.000000 0.000000
0,000000 0.000000 0,000000 0.000000 0,000n00 1,000000 0.000000 0,0000600
0,000000 0.,023056 0,000090 0,000000 0,000000 =0.451157 =0.016508 ~0.015424
0,000000 0.000000 0.000000 0.000000 31,832R73 0.000000 =-0,226859 =67.600000
0,000000 0.299731 0,000000 0.,000000 ©,000000 “0,015039 0.007345 =0,200514
B MATRIYX
0.000000 0000000 0.000000 0.000000 0.000000 0000000 0.000000 0+000000 0.000000
=0.,07889a 0.034907 0.016977 0.0177220 0.000000 0.000000 0.000000 0,000000 0.000000
0.000000 0.000000 0,8Ba319 0.022217 0.000000 0,000000 0,000000 0.000000 0.000000
0.000000 0,N00000 0,036036 =0,667332 0.,000000 0.,000000 0.000000 0,000000 0.000000
0.000000 0.000000 0.000000 0,000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.000000 0.000000 0,000000 0.000000 0.043096 0.000566 ~0.029287 0,06R243 0.,001279
0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.485649 0.000000 0.,000000
0.000000 0.000000 0.000000 0,000000 0.000566 0.007357 =0.001276 0.002275 0.016622
WIND DISTURBANCE MATRIX
0,000000 0.,000000 0.000000
=0,054994 0,000000 0.,006233
0.043037 0.000000 =0.066047
0,140010 0,000000 04030578
0,000000 0,000000 0,000000
0,000000 0,016554 0.,000000
0,000000 0.2727431 0,000000
0,000000 0,000000 .

=0.007372
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