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ABSTRACT

A capability for.solving elasto-plastic plate bending problems is
developed using assumptions consistent with Kirchhoff plate theory.
Both bending and extensional modes of deformation are admitted with .the
two modes becoming coupled as yielding proceeds. The material work-
hardens and, consistent with the fundamental theory of elasto-plasticity,
loading is incremental and local unloading is permitted to occur.
Equilibrium solutions are obtained numerically by determination of the
stationary point of a functional which is analogous to the potential
strain energy. The stationary value of the functional for each load

increment is efficiently obtained through use of the conjugate gradient

“method (CGM) at modest computer storage requirements. The CGM was

modified to take advantage of initial search direction vectors to provide
possible reductions in computing time from one load incrément to the next.
This technique is applied to the problem of a large centrally through
cracked plate subject to remote circular bending. Comparison is drawn
between two cases of the bending problem. The first neglects the possi-
bility of crack face interference with bending, and the second includes
a kinematic prohibition against the crack face from passing through the
symmetry plane. Results are reported which isolate the effects of elasto-

plastic flow and crack closure.



CHAPTER I
INTRODUCTION

1.1 General Commehts

The stress and strain fields in a plate containing a perfectly sharp
crack subject to a variety of loading conditions has been the principal
focus of a great deal of past and present research. The_so]ution to the
elastic extensional problem was given by Inglis [1]* in 1913. It was
not until 1951 that Williams [2], using Kirchhoff fourth order plate
theory, first published a solution to the problem of elastic bending of
a centrally cracked plate. In 1961, Knowles andAwang [3] solved this
same centrally cracked plate bending problem using sixth order Reissner
plate theory. -The principal deficiency with either the Williams or the
Knowles and Wang solutions to the bending problem is their inability to
account for the crack closure phenomena, i.e., both solutions model the
crack face as a free surface either in the Kirchhoff or Reissner sense.
This allows the material to overlap onto itself on the compressive side
as bending and crack face rotation proceeds.

The bending/extension interaction problem has been main1y attempted
through superposition of elastic bending and extensional solutions. The

work of Folias [4] and Wynn [5] are noted in this area. Specifically,

~ the crack closure problem does not exist if the extensional load is large

enough to open the crack sufficiently to preclude contact of the crack

*Numbers in parentheses indicate references listed in the
Bibliography. '



face on the compressive side due to the bending l1cad. Unfortunately,
this crack face interaction does exist in many practical instances and
its effect needs to be quantified.

The extension/bending problem becomes even more insideous_when
material y{e]ding is present. Under these conditions; not only is the
bending/extension behavior coupled through interaction of the closed
crack face, it is also coupled through material property considerations.

Elasto-plastic solutions are available for the extensﬁona] case in
the form of numerical solutions [(6), (7), and (8)] and closed form
solutions in the case of special p]astiéity assumptions [(9), (10), and
(11)]. Unfortunately, the bending problem has not been attacked with
such success. The principal reasons for this is the additional compli-
cations of crack closure, free’surfacé approximations for Kirchhoff
boundary conditions, and fhe elastic core that persists in plate bending
problems for the case of work hardening materials. Gonzalez and Brinson
[12] have applied the Dugdale Strip model to the bending problem with
some success but their solutions are limited both due to lack of crack

closure considerations and not accounting for an elastic¢ core.

1.2 Scope of Research

Ideally, the analysis of a plate with a centrally placed through
crack subject to circular bending of such a magnitude to cause large
amounts of yielding would include both the effects of crack closure and
coupling between bending and extension as yielding proceeds. A first

step in that direction is provided in this work.
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The bending theory used in this study is based dn classic Kirchhoff
plate assumptions.. Higher order theories for the bending analysis were -
deemed prohibitive when considered in conjunction with elasto-plastic
material properties. The general elasto-plastic extension/bending
theory is developed through use of a functional whose minimum corresponds
to the equilibrium state for the elasto-plastic plate. Qetermination
of this minimum through a numerical procedure constitutes the finite
element approach used. Using this capability, the circular bending of
an'e1asto-p1astic b]ate with a centrally located crack is treated. The
Problem is essentially broken down into two parts: The first problem
using the classic boundary conditions for a stress free surface (in the
Kirchhoff sense) of the crack face (i.e., no closure) and the secdnd;
which modifies these boundary conditions to reflect the pHysical]y
realistic phenomenon of crack closure. This is accomplished by adding to
the functional, constraint equations that require the normal displacement
of the crack face on the compressive surface to be zero. »This couples in-
Plane and bending behavior through the constraint of the crack face and
not by extending exterior plate boundaries to relieve the crack face
interference.

It should be pointed out that no corrections of the results are to
be made concerning crack face warpage due to either three dimensional effects
at the crack tip or to the wedging effect as the crack closes. Experi-
mental evidence [13] indicates that these effects are important for crack

length to plate thickness ratios of less than four, for which these



e

results do not apply. A]éo, no geometric non-linearities are‘intro%
duced either through the bending or stretching theories.. Hdwever, since
a circular bending ffe]d is applied to the plate, a deve1opable'surface
is expected and the geometric non-linearities due to bending, should be

small.

1.3 Summary of Principal Findings

Principal findings of this study clearly show that the meéhanics-zigiv_
of a centrally cracked plate subject to circular bending is ‘stnr'o:riigly‘E o
influenced both by the effects of crack closure and elasto-plastic flow.
Results are given for in-plane and transverse deflections, transversé
slopes, neutra1.a*is shifts, stress and strain distributions, growth1 
of yielded zones, ahd stress intensity factors for p]ate$'Withi§nd '
without closure effects accounted for. Comparison of these results
between the two problems allow reduction of systemic errors and éven
though Kirchhoff plate theory was used, a gbod indication of’the'effécfébof

elasto-plasticity and crack closure was obtained.



CHAPTER 11

REVIEW OF LITERATURE

Many theoretical and experimental sﬁudies have been pefformed
concerning the problem of a stationary through craék in a piate subject
to bending and/or extensional loading. Although the bulk of these
studies deals with elastic behavior only, elastic-plastic results are
available for the extensional problem mostly in the form of numerical
determination of the stress state or asymptotic studies of crack tip
singularities in plastic materials. There has been relatively little

work reported on the elasto-plastic bending problem.

2.1 Elastic Bending and Extension

The early work by Williams [2,14] dealt with the bending problem by
considering a wedge-shaped section and applying boundary conditions along
radial edges of the section.  Williams solved the biharmonic eqdation

4w = 0 of Kirchhdff plate theory by assuming a solution of the form

v
w(r,6) = r**1F(g,2). He then determined the functional form F(ov,») which
solved the differential equations and obtained eigen solutions appropriate

for various boundary conditions. Williams [15] then made the analogy

" 'betweenthe pTane -extension vdy = 0 and bending v4w = O_where_v is the

Airy stress function and using the developed techniques, solved for various
boundary condition combinations. In this paper, he suggested that the
wedge-shaped section for the extensional problem be extended to 360° for

the free-free boundary condition case. These conditions represent a



semi-infinite V-shaped notch in an infinite plate. In [16], Williams

published the results of the V-shaped notch or crack for the exteﬁsiona]

case using the technique developed in [15].

In 1957, Irwin [17] presented the results of using the Westergard

~stress function [18] as applied to the through cracked plate. The

singular stresses at the crack

tip for the extensional case are

: K
. ) ] <0 . 30
o = —=—c¢c05 5 (] - sin 5 sin =)
XX 1’(27\7‘) 2_ 2 —2
Syy = ———ji——-cos %—(1 + sin %‘sin 3%)
y V (27r)
K
- 1 .8 8 38
T = ———=—sin = c0$ = cOS
x.y 1,(21”‘) 2 2 2

g
ZZ

XZ

=~
1]

The significant points of
ratio of the normal stresses a

variation of the stresses.

(2
v(oxx + oyy)

Tyz = 0
1
oo(na)z

this work are the 1A/r singularity, the

t the crack tip (unity), and the angular

-1)



Williams [19] continued his eigen solution technique and in 1961
published his results employing fourth-order classical bending theory
with Kirchhoff boundary conditions. His singular stresses were modified
by Sih, Paris, and Erdogan [20] to identify a‘bending stress and shear

stress intensity factor. Using this later notation K , these singular

B’
stresses are (see‘Figure 2-1 for plate geometry)

.
o :’__Lt_v_ __B._A[5+3Vcos—e-+cosig
08 2(3 +v) Verh L7+ _
| . (2-2)
. Lty Xp 2| (-v) sin = + sin 52
ro T 23+ v) Varn| (7 +) 2 2 J
oM,
K, = —5= (na)®
B h2

Sih, Paris, and Erdogan [20] went on to calculate Kg for various
crack configurations using the method of complex variables as applied
to planar problems by Muskhelishvili [21].
w11liam;'[f9] reéu]ts showed that the ratio of the normal stresses
at the crack tip in the plane of the crack are not unity as in Irwin's
extensional problem and, although the (1/r)16 singularity was the same,
the angular variation was different between the extensional and bending

case.
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Knowles and Wang [3] used sixth order Reissner plate theory and
showed that the functional form of the stress distribution is the same
as in the extensional case. Moreovér, the stress ratio is unity as in
the extensional problem. The difference between williaﬁs [19] and Knowles
and Wang's results is due to the use of approximate Kirchhoff boundary
conditions for the free surface, while the Reissner theory allows for
the satisfaction of three separate boundary conditions, i.e., vanishing
normal moment, twisting moment, and shear stress on the crack face.

In 1969, Hartranft and Sih [22] applied Reissner plate theory to an
infinite plate of finite thickness and showed that the bending stress
intensity was a function of plate thickness. For vénishing]y thin plates,

these results reduced to those of Knowles and Wang [3].

2.2 Experimental Investigations _

In a11.of the theoretical studies menfioned above; fhe crack face
was taken to be stress free in either the Kirchhoff or the Reissner_sensé.
In reality, thever, this is not the case; on the compression side of the
plate, the crack physically closes on itself. There is ample experimental
evidence that such is the case. For instance, Erdogan et al. [23] found
_Athaﬁ“even_jn cases of some extension normal to the crack surface, the
crack closes upon itself on the compreésion side of the p]afé:_ASh%ih
and Smith [13,24], using a photoelastic technique, also found a strong
influence of créck closure on the stress results and in fact found that

crack closure could produce a non-conservative effect of as much as 40%.

Smith and Smith [24] indicated a shift in the neutral axis that was
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associated with the crack closure phenomenon. They compared'their
experimental results with the theoretiﬁa] work of Hartranft and Sih [22]
and found that as three-dimensional effects became prominent (i.e.,
crack length becomes small compared to plate thickness) crack closure

effects dropped offf

2.3 Elasto-Plastic Bending and Extensional Solutions

A considerablé.amount of effort has been directed toward the
extension of an elasto-plastic plate containing a stationary crack.
There is much current work being done attempting to identify and make
use of parameters which characterize near tip singularities of elasto-
plastic solutions from both analytical and numerical approaches.
: Due to the complexity that non-linear material behavior adds to'
this problem, moét of the analytic efforts reported in the 1iterature
have made use of various fdea]izations such as perfect plasticity or
poWer law hardening materials. For example, for rigid-perfectly plastic
materials, Rice [25] has shown that the shear strain exhibits a 1/r crack
tip singularity. Also, both Hutchinson [9], and Rice and Rosengren [10]
have found near tip solutions to power law hardening materials which
have stress and strain type singularity of n/(1+n) and 1/(1+n) where n
is the hardening exponent. Much has been learned from elastosplastic - -- -
finite element solutions presented by Lee and Kobaya§hi'[8], Swedlow
et al. [6], Miyamoto et al. [7], and others concerning the growth and
shape of plastic yield zones, transition between elastic and plastic
behavior, and the stress and strain behavior in the vicinity of the

crack tip.
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Experimental eyidence'[27] has shown that the detailed shape of the
stress-strain curve is of great importance when considering crack
geometries. This has led many investigators to develop numerical capa-
bilities to handle materials with general work hardening properties |
(i.e., [6], [7], and [8]). Swedlow, Yang, and Williams [6] using finite
element techniques, indicate that for elasto-plasticity, the singularity
of stresses at the créck tip decreases with load, while that for strain
increases. Efforts (Rice and Tracey [26] and Levy, et al. [28]) have
been made to develop elasto-plastic singularity elements with limited
success. This is mostly due to the changing nature of the singularity
~as the plasticity develops, the dependence of the singularity on the details
of stress-strain curve, and the difference between stress and strain
singularities at the crack.

Very little theoretical or experimental work has been done concerning
the elasto-plastic bending of plates containing stationary cracks.
Gonzalez and Brinson [12] have extended the Dugdale extensional model
to the bending case. They performed an experimental study and found that
the plastic zone variéd with thickness in both tension and compression
at the crack tip with the compressive zone continuing along the crack
a shift in the neutral axis due to the effects of crack closure which

were not included in their theoretical considerations.
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2.4 Combined Bending and Extension

Theoretical solutions to the elastic combined extension/bending
problem for the most part have been obtained by superposition of local
stress fields due to the extensional Tload onto local stress fields due
to the bending moment [5], [44]. These solutions do not account for the
crack closure phenomena unless the extensional load is large enough to
preclude contact of the crack face on the compressive surface due to
bending. Adjusting.the extensional load and bending moment.such that
the crack face is always open was suggested by Wynn [5] as a method of
eliminating the crack closure problem. However, as Wynn's work pointed
out, there are many practica] instances of combined extension/bending
where crack closure is of major importance. No elasto-plastic results
are reported in the literature for the case of combined bending and

extensional ]oadfng.



CHAPTER III
DISCRETE ELEMENT FORMULATION.

As pointed out in Chapter II, theoretical solutions are not yet
available for the problem of a through stationary crack in a plate
subjected to bending and extension where the effects of crack closure
are important. Experimental evidence indicates that analytical tech-
niques are needed that can adequately reflect the shift in neutral axis
due to crack closure and couple the resulting in-plane loadings to the
transverse plate behavior. In the elasto-plastic problem, this is
further complicated by the coupling between stretching and bending that

occurs as yielding proceeds.

3.1 Solution Technique

Traditionally, for elastic behavior, minimum potent%a] and comple-
mentary energy theorems have been used either to derive equilibrium
equations with complete boundary conditions or to determine approximate
solutions to complicated boundary value problems. These theorems are
also used in the development of general numerical capabilities for the

~solution of elastic structural problems, namely, the finite element

method. Also, by discretizing the structure in question and treating
the potential energy expression as a functional to be minimized, it is
possible to cast the equilibrium problem as a mathematical programming

problem. The minimization process may then be carried out by any
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number of numerical algorithms developed from the mathematical
programming point of view. For non-linear material behavior, minimum
potential and complementary energy theorems are not valid. However, for
incremental plasticity, rate formulations analogous to the minimum
potential and complementary energy theorems can be obtained. Concep-
tually these new functionals may be treated similarly to the potential
and/or complementary energy with the interpretation being applied on an
incremental rather than a total state basis.

The problem addressed here is that of a flat plate that is loaded
in such a way as to cause both extentional and bending modes of defor-
mation at least locally. These displacements are considered to be small
énbugh so that kinematic assumptions consistent with Kirchhoff plate
theory can be made. - Although the deflections are considered to be small,
the resulting stress field is allowed to be of such a magnitude to cause
considerable yielding of the material. The theory for this elasto-plastic
material behavior relating increments in stress and strain to increments
of applied load has been obtained by coupling the Prandt1-Reuss relations
with Drucker's work-hardening hypothesis, [6] and [29].

Due to the complexity of the field equations and boundary condition
- _describing. the. stretching-bending elasto-plastic plate behavior, only the
simplest cases can be solved in closed form. However, because the problem
is basically quasi-linear (see Swedlow [29]), it is possib]é to cast

the boundary value problem as a set of linear sub-problems to be solved
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in succession. Each sub-problem is associated with a load increment
and accumulated values of stress and strain. The so]utioh to the
complete elasto-plastic boundary value problem then consists of
solving a succession of linear, anisotropic, inhomogeneous elasticity
problems.

The approach taken in this study is to discretize the structure
and solve the resulting equilibrium pfob]em of an assemblage of elements
abproximating the total plate structure. A functional is deve]oped
whose minimum corresponds to the equilibrium point of an elasto-plastic
plate subjected to in-plane and transverse loadings. The assemblage of
the discretized approximations to this functional is then numerically
minimized for a sﬁccession of loads incrementally applied allowing the
plasticity effects to build up with each increment.

The plate element used in this work was constructed using two
dimensional cubic Hermite interpolation functions. Bogner, Fox, and
Schmit [30] used these displacement functions to develop an elastic
plate bending element. The attractive feature of using cubic Hermite
interpolation polynomials as displacement functions is that they have
the property of continuity of displacement and slope at intraelement
_. boundaries. Tong and Pian [31] have shown that such an element satisfies
kinematic admissibility for the entire plate while Birkhoff, Schultz,
and Varga [32] have shown that the error bounds are proportional to the
mesh size squared. The extension of this elastic element to the inelastic
case was done usingndeformation theory for the case of pure bending and

no stretching by Fox and Stanton [33].
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The discretized element representation used here incorporates the
kinematic admissibility properties of the bicubic Hermite interpolation
polynomials in addition to the incremental plasticity constitutive
relations. The spafia] vafiationAof the material properties caused by
the yielding is approximated by bilinear Hermite interpolation between
additional nodes interior to the element that partition the element into
four sections. The fhickness integration is accomplished by a Lobotav
quadrature of nine points.

~Using the discretized representation for the plate, a duadratic
functional is developed whose minimum corresponds to the equilibrium
point for the particular displacement-equilibrium problem. A modified
version of Beckman's [34] conjugate gradient quadratic programming
algorithm is used to minimize the functional and obtain the equilibrium
solution. The modifications used take direct édvantage of initial guess
of both solution and direction of search. These modifications become
extremely ihportant as far as elasto-plastic solutions are concerned.
Here, the solution from the previous load increment can be used for the
initial guess qnd direction vector for the next increment.

The primary advantage of the energy search technique to solve the
.equilibrium problem is that of computer storage. By calculating the
total potential energy as the summation of the energy contributions from
each element, veky large problems can be solved without requiring the
assembly of the master stiffness matrix. Also, bandwfdth becomes

unimportant as zeros are taken advantage of regardless of their position
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in the matrix. In plasticity solutions where direct advantage of initial

guess solutions may be made, significant reduction in computation time

may be realized.

In this Chaptef; the plate element stiffness matrix is derived

and the conjugate gradient method developed.

3.2 Constitutive Relations

Since the mathematical theory of plasticity has received extensive
treatment in the literature (e.g., [29]), there is little need to
present a detailed derivation here. Rather, an outline of the steps and
assumptions necessary to obtain the elasto-plastic flow rule used in
subsequent calculations is presented.

A flow rule for elasto-plastic deformation can be derived baéed on
the following assumptions [29]:

1. elastic.and plastic strains are separabTe;

2. quasi-thermodynamic postulate known as Drucker's hypothesis

is imposed; and,
3. the exis tence of a surface is presumed in stress space,

~ known as a loading function, which is of the form

ody) - = 0 T )



18
where 4 is an arbitrary' function having the dimensions of stress whose

arguments are

(3-2)

1 . .
Oij §'°kkaij is the deviator of the stress tensor °1j‘

The scalar x is a function of the plastic strain energy density w(P)

Here, S.. =
25§

given by
e = | cijdegg) | (3-3)

From Drucker's hypothesis, the plastic strain increment vector

can be written as

dE(P) = A__a_?_ (3_4)
1] aoij

here A is a constant of proportionality yet to be determined. Under

these circumstances, the plastic strain increment is

2 v
(p) . Y& : -
_______ Gy T ot ke Pk 13-5)
The scalar y2 is given by
2 = P9
u{P) 945%4;

eq
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and
T
M5 T doyg
p) g
2veq = de p
eq
$ = T
€q

The total strain increment can be divided into recoverable and
irrecoverable portions. This suggests the éuperpositicn of elastic and

plastic strain increments.

dejy = degi) + dsgg) (3-6)

The elastic portion is described by Hooke's law. Combining (3-5)

and (3-6), the flow rule takes the form

v 2
Zudefij = dO'_iJ - T+v dckkéij + Y ¢]J¢k2 dckg (3‘7)

The inverse of (3-7) is

v ¢ij bkg Yekg
q - — de 5., - 3-8
cij/ZU deij + T2 dekk ij ¢mn¢mn " ]/Yz ( )
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Equation (3-8) can be divided by dt and by noting that the material
derivative daij/dt can be written as aoi,/at = 5ij for a quasi-
J
static process, it is possible to write the flow rule independent of

the time scale [6]. Hence the constitutive relations Equation (3-8)

take the form

-1 .

%5 = EijkeSke or 55 T Eijkelke (3-9)
(Note: Eispq is given in Appendix A for plane stress.)
Equation (3-9) has been derived for a monotonically increasing
equivalent stress, equivalent strain curve.
3.3 Varijational Formulation
Force équi]ibkium for a static process is expressed by
+F, = 0 , - (3-10)

%ij,g T i

For a quasi-static process in which the displacements are small and
Fi is both small enough not to cause yielding and independent of time,

differentiation with respect to time yields

=0 o - (3-11)
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Defining 501 as the first variation in the displacement field
corresponding to a change in applied forces and integrating 6ij ; 6di
over the volume requires that

J 5i5.5 03 v = 0 (3-12)

Equation (3-12) can be integrated by parts and the divergence theorem

used to change the volume integration to one along the surface S.

J\Oij 8us nJ. ds - J 01.‘]. Gui,j dv. = 0 (3-13)
\Y

Cauchy's stress equilibrium expression f? =g is used along the

ij"J
surface to produce the equation

S e [ ¢ .
.. U, . - ) . = "]4
| (5 M0y 5 V- Ty B0 dS = 0 (3-14)
Sy
The strain rate, displacement rate equations éij = %(Qi ; + Gj i) can
] b

now be used resulting in a rate form analogous to the Principle of

Virtua]_Work.

. . - ! * n . ‘ _
X 515 8855 AV J 7§ su, ds (3-15)
v S '
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Using the constitutive Equations (3-9), the stationary princip]e

required to determine equilibrium can be established. That is,

) . . _ .n . _
j_ skt iad8idV - = [ 17 oy ds (3-16)

v , Sy

Defining the functional

. ‘n - ‘ )
' V SU

and since Eijk2 and Ti remain constant at an instant in time,

Equatfon (3-16) gives rise to the stationary principle
sn = 0 (3-18)

The statement for Equation (3-18) is as follows:
Theorem 1.
Of all displacement rates ﬁi satisfying the given boundary conditions,

those which satisfy the equations of equilibrium are distinguished

For the case of elasticity, it is clear from Equation (3-17) that
the functional = reduces to the potential energy and that Theorem I is

the minimum potential energy theorem. In the same sense that Equation (3-18)
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is the analogue to the minimum potential energy theorem, a functional
7* can be developed to be analogous to the complementary energy theorem.

This functional is

- ijke .. i 0 -
k= j 2 %45 %k, dv f Ti u; ds (3-19)
\ Su
Since the volume is fixed and Cijkz and Qi remain constant at an

instant in time, the adjunct to.Theorem I is

Therefore, the second theorem is:
Theorem I1.

Of all the stress rate tensor fields 6ij that satisfy the gquations
of equilibrium and boundary conditions where traction rates are

prescribed, the "actual” one is distinguished by a stationary (extreme)

value of the functional =*.

3.4 Discrete Element Representation

The basis for the displacement solution is the determination of

the stationary point associated with the functional in Equation (3-18).
Viewing this functional as the summation of contributions from an
assemblage of discrete elements, it is clear that the displacement state

that minimizes Equation (3-18) corresponds to the equilibrium solution.
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By assuming a displacement rate state over each discrete element, the
volume integration can be completed with only the coefficients of the
assumed displacement state as unkno%ns. Therefore, the most important
phase in the development of the discrete element is the seiection of
the individya] element displacement rate functions. As pointed out by
Bogner [30] and Shieh [36], the disp]acemenf rate functions must meet
several criteria to guarantee that the stationary point of the functional
of the assemblage of elements corresponds to the global stationary
point for the complete structure. The formulation for the functional
indicates the requirements that must be met by a displacement rate
function. These requirements are:

‘1. Satisfy global kinematic admissibility by satisfying boundary
conditions and enforcing intraelement continuity of displace-
ment and slope rates.

2, It must have at least as many undetermined parameters as
degrees of freedom. .

3. The assumed displacement rate shape should be complete in
the senSé that increasing the number of elements mdnotonica11y
increases éccuracy of results.

- 4. It must-allow. for rigid body displacements otherwise element
| equilibrium could be violated.

As indicated by Bogner [30], Stanton and Schmit [37], and others, the

use of displacement rate states written as the sum of two-point Hermite
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interpolation polynomials make the satisfaction of kinematic admissibility
very convenient. By allowing for two in-plane and one out-of-p]ane
displacement rates, there are 12 constants and 12 degrees of freedom per
corner of a rectangular element. Using the two-point bicubic Hermite
interpolation polynomials, these degrees of freedom are matched exactly
with those of the bo]ynomia]s. Also, rigid body disp]acéments are
accounted for exactly. As Key [38] has shown for the spécia] case of
pure bending of a flat piate, the element displacement rates are complete
and assure monotonic convergence.
For these reasons, the displacements rate shapes considered here
are written as two-point Hermite interpo]ation polynomials.
When values of f(x) and df(x)/dx = f’(x) are known at two points,
then, using Hermite interpolation,
2 | |
Flx) =) [Hg (OF O]+ Hy O0F (x))] (3-21)
i=]

The one dimensional cubic Hermite interpolation polynomials

HOi(X), H]i(x) may be found in Hildebrand [39]. For an interval

H61(x) = 1/a3 [2x3 - 3ax% + a3]
H. (x) = I/az‘[x3 - 2ax% + a2x]
N ) (3-22)

H]Z(x) 1/a2_[x3 - axz]
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For two-dimensional interpolates, products of two, one-dimensional
interpolation formulas are formed to describe the function over the
rectangular domain of interest. The undetermined parameters are the
values of the function, first derivatives with respect to the arguments,

and a cross derivative.

3.5 Rectangular Bending-Membrane Plate Element

For the plate analysis to follow, several assumptions are made in
addition to those already mentioned. These are:
1. Geometrically, deflections are small compared to plate

dimensions.

2. The plate is thin and a state of plane stress exists, i.e.,
S = Txz T Typ T 0 (see Figure 3-1). |

3. Lines orthogonal to the middle surface of the plate before
bending, remain so after bending.

Expanding Equation (3-17) for the case of plane stress consistent

with assumption 2 yields

ab hy2
R 2 . .2 o
m fJ J B & H 2, EE e, ¥ 2E13 € vy,
o o_-h/2

3 c e (323
+2E.. vy, ¢ +E 2 } dxdydz - f 0 80, dS
23 'xy Ty 33 Yxy y i ui
S .
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Taking advantage of assumption 3, the strain-rate displacement-rate

equations are

& = 3y -7 ﬁi
X 29X ax2
2.
. 3V 9 W
€ = — -7 — (3-24)
Y oy 3y

Using bicubic Hermite interpolation formulas for the displacement
shapes, the displacement rate state for the rectangular element over
region 0 < x < a, 0 < y < b where the unknowns are corner parameters of

a typical element is (see Figure 3-1 for numbering scheme of i,j).
{

a0, ,
. = - + 1J .
u(x,y) Ui HOi(X) Hoj(y) e H (%) Hoj(y)
l . 2. (3-25)
Ty 00 ) = 0 K ()
+ +
a3y 0i X 1j y X3y i X 1j y

This equation can be rewritten in matrix form as

alx,y) = (8} (Plx,y)) (3-26)

Complete vectors {u} and {P(x,y)} are given in Appendix B.
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Combining (3-23), (3-24), and (3-26) results in

v)-Cv ) (L' (3-27)

where {B"} is the vector of external forces applied on the nodes of
the element, and each of the k'S are 16 x 16 symmetric entries defined

by the volume integrals as follows:

we T T
[k = j.E]]P + 261 3P,P] + E33PyPy] dv
uv - T T T T
(kY] = j 2E, PPy + 2E)4P,PL + 2E,, [P P11 + 2533Pypx} dv
I |
W ] T T
[KYW] = - jg 22E)\P P+ 2ZE|,P Pyy + 4ZE 3PP,
g
+ 2ZE..P P14 2ZE,.P PL 4 2ZE,.P PT |dv
137y  xx 23y yy 337y ' xy |
VIV T T T
- K3 = ] [Fzz"y"y " 2Py ?%%‘?x",x]_dv _
| ]
Wy - T pl T
(k™) = - J‘[ZZE]ZPnyx * 2R 3PyPyx * ZZEZZPYPYY

\Y

T ol T
+20EygP Py, + AZEpP Py 4 22533pxpxy] dv
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2 T 2 T
J{%]]Z’PXXPXX + ZE]ZZ Pxxpyy
v

2 T
4E13Z Pxxny

(k"]

2. T
t Bl Py Pyy

4+

“+

2 T 2 T
4E23Z Pyypxy + 47 E33nynyJJN

In these expressions the P's are the Hermite polynomial vectors
listed in Appendix B, The subscripts on P indicate differentiation with
respect to particular variables.

Since the material properties Eij are in general functions of
both the stress state and spatial coordinates, special consideration of
them is due before the volume integration can be performed. To
accomplish the x-y integration, the element is broken up into four

subregions. Values of
h/2

Tk
3

(oy) = [ B 00y)ez
-h/2

h/2

K |
c,.j(g,y) [ ZE, (x,y)dZ (3-29)
-h/2
h/2
k _ 2
Dij(z,y) = f /A Eij(x,y)dZ

-h/2

k = region number as per Figure 3-1



31

are subject to bilinear Hermite interpolation within each subregion
where the values of the four adjacent corners are the unknown parameters.
This permits closed form integration in the x-y plane with numerical
evaluation of E}j’ c

D.. required only at the nine connecting

i3’ 71
nodes of the four subregions. This numerical integration in the thickness
direction is accomplished using the Lobotav quadrature with nine thickness

points. For the elastic case, kYW = kYW = [0].

Equation (3-27) represents the contribution to = for the nth
element. The total value of the functional m is the sum of =" over
all the elements or

NEL

T = 2: " where NEL = number of elements ‘ (3-30)

i=1

The equilibrium position for the plate is the stationary value of the

functional .

3.6 Minimization Algorithm

The total value of the functional n is obtained by summing over all
"elements their respective contributions to = as indicated in Equation
(3-27). By calling the element degress-of freedom-{Y} and element .

stiffness matrices [K"], Equations (3-27) and (3-30) can be rewritten as

- T
o= 5 (" (KIS - o™ (3-31)
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Defining a transformation of the element degrees of freedom {Y"} to

the system degrees of freedom {X} such that
I [S! (3-32)

"it is possible to write Equation (3-30) in the form

NEL
po= 5o = L0 IANXD - (0 TR (3-33)
n=1
where
NEL .
Al = ) L") [K'IL"
n=1
and
NEL
(Fr o= ["]' 8"}
n=1

Since [A] is a positive definite symmetric matrix, the stationary point
of the quadratic-functional -in (3-33) is a minimum. _ It is now possible
to cast the equilibrium problem in terms of a mathematical programming

problem, i.e.,

Minimize: n(x) = % (X} [AJ(X} - (XI'(F}

' ' (3-34)
Subject: No constraints.
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In this representation, {X} is the state variable vector of dimension
N (number of system degrees of freedom), [A] is a positive definite
N x N matrix, and {F} is the N-dimensional work equivalent force vector.
There are many techniques for minimizing Equation (3-34). Essen-
tially, they fall into two categories: direct search methods and
gradient methods. Most success in structural mechanics problems has been
through the use of gradient techniques [30], [35], [37], [40]. Although
Gisvold and Moe [40] applied Powell's (see [42]) method‘of direct search
in solving buckling brob]ems with satisfactory results, it has been
pointed out by both>Box [42] and Beveridge and Schechter [41] that
gradient methods rather than direct search methods are best suited for
unconstrained minimum problems. This is especially true when an analytic
form of the gradient of the objéctive function can be determined. It
is for these reésons that a modified version of the conjugate gradient
method as outlined in Beckman's paper [34] is used in this work.
A11 gradient techniques locate the solution {H}'to the minimization
problem as the 1imit of a sequence {XO}, {X]}, {XZ}’i“’ where {Xo} is
an initial approximation to {H}. (the that subscripts refer to part{cu1ar
vectors and not'their components.) The movement from one approximatioﬁ
{X{} to the next approximation {XT;T}~proceeds.a]onghsome;spe;ifjgd_“> i

direction {p;} a distance o e That is

X5} = (X5} + ailps} (3-35)

i+]
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The téchniques of determining Gy and {pi} comprise the primary
differences between the various methods. By constructing the {pi} to
be Tinearly independent, one forms a basis for the solution space {H}
and hence, in linear problems, convergence to the solution in N steps
is guaranteed. Beckman [34] consfructs the {p;}'s by a Gram-Schmidt
orthogonalization process using the gradient of n evaluated at the {Xi}'s.
Hence the name, conjugate gradient. The distance of travel a. is

1

determined by minimizing n(Xi+]) with respect to o This gives the

.
~maximum distance of travel along any direction vector.
It should be noted that in this method as in the conjugaté gradient
methods used by Stanton and Schmit (37 ],.Bogner [35], Bogner, et al. [30],_
and Fox and Stahfon'[33], the initial direction vector is in the direction
of steepest descents. A common characteristic of this starting direction
is that the number of iterations to convergence for a particular problem
is independent of the initial guess {X,} and hence {py}t. This behavior
was found.by Beckman [34] and Stanton and Schmit [37]. Although this
characteristic may be an advantage in many instances, for incremental
elasto-plastic problems, a distinct advantage could be gained by making
use of the solution at the previous load step as a starting point for the
~Present 1o§d step. |
The following method is based on Beckmanus methddrbUt_inéteédAof '

starting in steepest descent direction, an arbitrary initial direction

is used. Constructing the solution vector sequentially as

{H} = {Xo} + ao{po} + a]{p]}'+ a2{P2} + ... % aN_]{pN_]}



35

it is possible to size as such that the distance o, in the direction

{pj} minimizes the objective function w. This is if

{Xi+]} = {X;1 4+ ai{Pi}

Then a; is such that

Carrying out this operation gives

T
Py} (R

where the residua] vector {Ri} is defined as
{Ri} = {F} - [A]{Xi}

It is now necessary to pick a new direction vector. This vector is

determ1ned by an [A] - orthogona11zat1on of lpo} {R1}, {Réi}-l..;'iRN_1} i
using a Gram-Schmidt process. This results in a set of Tinearly inde-
pendent vectors spanning the N-space describing the solution vector of

Equation (3-34).
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The algorithm described above may be summarized as follows:

1. {XO} = An arbitrary initial guess to {H}.
{Ro} = {B} - [A]{Xo}
{po} = an arbitrary initial guess to the direction from
{Xo} to {X]}, or {Ro}.
T
{p;} {R.;}
2. a = L 1

i T
vy [AdtRy

.{Xi} + “i{pi}

(X, =
3. Ry, ) = (F) - [AJON )
or
(R} = (R} - ay[A)py)
T
. B, = - :
’ (p;}T[ATMp,)

5. (Py) = (Riq) + 8yipg)

accuracy is obtained. This takes at most N-steps for linear problems.



37

The choosing of the initial guess {X ) and direction (p, i is
very critical in this routine. However, for linear problems, choosing
{X,} to be {0} and {po} to be proportional to the solution, results in
the exact solution in only one iteration. This is easily seen as %
then simply scales {py} to the correct magnitude. For elasto-plastic
analysis, this is very helpful for it has been found that from one load
step to the next, the displacement states are roughly proportional.
Hencé,vusing the old solution for both {Xo} and {po} should provide very
répid convergence behavior. For elastic problems, approximate solutions
are often available that may be used as {XO} and {po}. If not, {po} may
either remain arbitrary or determined by steepest descents with convergence
still guaranteed in at most N-iterations.

In the course of their work using the conjugate gradient method. for
geométric non-1linear structural problems, Fox and Stahtdn [33] uncovéred
a strong scaling effect significant in the convergence of their problems.
Essentially, the difficulty stemmed from large variation in diagonaj terms
of the [A] matrix. They found that by making all diagonal terms equé]
(say 1.) and the sum of off-diagonal terms as small as possible, convergence
of the conjugate gradient algorithm was greatly increased. This behavior
was suggested by Gerschgorin's disk theorem. Geometrically, this scaling
transforms the N-dimensional hyperellipsoid described by n(X) = constant
into a more hyperspheroidal shape; The scaling transformation is
accomplished by premu]tipiying the state vector {X} by a diagonal matrix
whose diagonal entries are dii = 1./W/K;;.
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Convergence may be determined by one or both of two methods.
Either the magnitﬁde of the residual vector may be forced to be very
small or convergence to a certain digit acéuracy of the objective function
may be required. In practice, both methodé can work well. The minimum
residual vector criteria seems to be more restrictive, however, its
value does not necessarily decrease monotonically from iteration to
iteration. On the other hand, the objective function does converge
monotonically to the minimum value and is thus attractive as a convergence
criteria.

It should be pointed out that linear constraint equations of the

form
[C]{X} + {D} = O (3-41)
can be introduced into Equation (3-34) through the use of Lagrange
multiplier concepts. For the linear constraint equations of Equation
(3-41), Equation (3-34) can be written. as
To= %{X}T[A]{X} - X318y - OTLCIN) - (17D}, (3-42)

or

ro= 50 TIATG - (0T (3-43)
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where

[x A1) ‘8)
{X} = (--- [A] = | --r- {B} <
L y

For m linear constfaint equations, [C] is a nxm connection matrix, {A}

is an m dimensional Lagrange multiplier vector, and {D} is an m

dimensional constraint vector where n is the dimension of the original

{x} vector. MWith zeroes along the main diagonal, [ﬁ] is no longer positive
definite. However, [QJT[E] is positive definite and a new conjugate
gradient method for this case can be derived (see Beckman [34])

following the same reasoning as above.

3.7 Numerical Implementation

The procedures outlined in the previous sections were assembled into
a cdmputer program called PLATER [47]. An outline of the program organi-
zation is shown in Figure 3-2. As input to the program, material properties,
_ element geometry, and intraelement communication data are required.
Boundary conditions and constraint equétions are necessary on an incre-
mental basis. The material properties include elastic constants and
discrete point values of octahedral stress vs. octahedral plastic strain.
Figure 3-3 shows the PLATER element along with nodal load and displacement
sign conventions. |

From an operational standpoint, the program evaluates the constitutive
relations of Equation (3-7) for each element at the beginning of each

load step. The properties are then considered constant over the subsequent



FIGURE 3-2

PLATER Program Flow Diagram
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loading increment. Elastic unloading is systematically accounted for in
the procedure. Isotropic hardening is assumed for subsequent yielding.

The program was ve}ified by comparing available closed form solutions
with numerical results from PLATER. A variety of boundary conditions
were used for bending, extensional, and combined bending/extension
problems. Table 3-1 lists the verification problems and gives some
results for stresses and displacements. An indication.of the discreti-
zation error is given in Table 3-1 by comparing the results as the
number of elements is increased. Obviously, certain types of problems
require higher degrees of discretization than others. For example,
resolution of stress results under point loads is poor until the number
of elements in the vicinity of the load gets large. However, as
Table 3-1 indicates, as the number of elements ih a given area was
increased, the results (displacements and stresses) converged monotonically
- toward the correct answer.

The convergence properties of the conjugate gradient method (CGM)
were also invesfigated extensively. Particular attention was paid both
to i]]-conditioned master stiffness matrices and to the effects of
initial guess values of both {xo}and mo}. In this context, ill-conditioned
matrices imply those which have large weighting of off diagonal terms.
I11-conditioned matrices were examined since it was expected that zeroes
would appear on the main diagonal and that there would be large weighting

of off diagonal terms due to extension/bending stiffness representations.



TABLE 3-1

Verification Solutions for PLATER

ELASTIC .PROBLEMS
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Bending Results

Circular Bending
Square Plate

Simply Supporte

d Square Plate

Clamped Square
Plate

Center Load Uniform Load [| Center Load
Number
of Y | max MxJ w.]max MfJ Wmax M{J W nax
max max max
Elements
M a2 2
o . Pati03 [10° | ga’ 103 10° Pa” |43
D(1+v) o} D 2 D 2 D
Pa qa
] 1.0 1.0 {[11.1 - -—— - 5.32
2 1.0 1.0 |}11.25 —— 3.45 (4.98 5.37 .
4 1.0 1.0 [{11.45 1.65 4.00 |4.80 5.47
8 . 1.0 1.0 {{11.59 1.88 4.03 |4.79 5.54
EXACT 1.0 1.0 111.60 1.88 4.06 |4.78 5.60°
Solution
Extension/Bending Results
Number
Circular Bending Plus Uniform Compression
of
Elements | v| .« UJ max WJmax °¥J _ OyJ
MEMBRANE BENDING
1 +.12 x 10'2 { -.36 x 10'3 .0605 | 1000. 3000.
EXACT. | +.12 x 1072 | -.36 x 1073 | .0605 | 1000. © 3000.

* NAVIER Solution, see Ref. [43].




TABLE 3-1 (con't)

Verification Solutions for PLATER

ELASTO- PLASTIC PROBLEMS
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Bilinear Stress-Strain Curve; E(E) = 10 x 106, E(P) = 40 x 10

4

Circular Bending

Applied Twisting Edge Moment

Myie]d
0

ield
W ax

PLATER
5490
1.82

EXACT
5490
1.82

jeld
M
wyie]d

max

PLATER
3130
1.95

EXACT
3130

The Following Data is for

The Following Data is for

M = 8125 LLLES Edge Twisting Moment of MO = 4630 INLES

W W 5

4. 4.85 4.85 d - 5.55 5.5

z/h | Normal Stress Distribution z/h Shear Stress Distribution

0.5 37500 38500 0.5 20100 20300
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Results of these studies indicate the following:

1.

Convergence of the CGlH is strongly influenced by i11-
conditioning of the [A] matrix. This can be somewhat

alleviated by the scaling transformation suggested by Fox

and Stanton [33]. ‘

The initial solution guess vector {X } has very little effect

on the convergence properties.

The selection of the initial search direction vector {po}

has a strong influence on convergence.: However, the selection
of {py! for a multidimensional problem is very difficult and the
steepest descents direction (used in standard CGil formulations)
is better than a bad guess for {po}. Much advantage can be
obtained where good approximate {po} vectors can be found from
previous solutions. In particular, incremental plasticity
solutions can take direct advantage of this pfoperty by
constructing {py} from one load increment to the next.

CGi4 convergence properties can be greatly influenced by judicious
choice in orientation and numbering of both system degrees of
freedom and’e1ement descriptions. The hore uniform the element
map, the better the convergence. No attempt to optimize a
particular element map was made. HNon-uniformity of the element
map has a much greater effect on the convergence properties than

having elements with large aspect ratios involved.



CHAPTER 1V

STATIONARY THROUGH CRACK IN A PLATE
SUBJECT TO CIRCULAR BENDING

The e]asto-p]astib plate bending capability, PLATER, is now applied
to the study of the through cracked plate. The plate is to be of sufficient
dimension as to model an infinite plate where the crack length is large
compared to the plate thickness. The plate width and length to crack
length ratios are to be large enough so that the plate exterior boundaries
do not interfere with the crack behavior. Essentially, two problems
are to be analyzed. The first one neglects the effects of crack closure
and the second includes these effects. Comparison of the two solutions
pe}mits elimination of any systemic errors resulting from the numerical
procedures and isolates the closure phenomena. Geometrica]]y, both
problems are dimensioned as show in Figure 4-1. The boundary conditions
for the two problems are identified in this chapter.

The exterior dimensions are set so that the finite plate models as
closely as possible an infinite plate. No corrections for finite plate
effects are made. Also, no corrections are made for crack face warping.
Although crack face warping may be expected physically, the Kirchhoff
assumption of planes remaining plane preclude the realization of the
warping effect. However, as indicated by Smith and Smith [13], at cfack
length to plate thickness ratios greater than four, three dimensional effects
become less important compared to crack closure effects. As shown in

Figure 4-1, the plate under consideration does have 2a/h = 4.0.
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The material properties are listed 1h Figure 4-2. The work hardening
material chosen is felt to be rather typical of many common materials.
The Ramsberg-0Osgood power law is cited only for cdnvenient éomparison
to other published results [ 6] as the PLATER program uses discrete

points on the 7 VS, Yég% curve. This curve is shown in Figure 4-2.

oct

4.1 Boundary Conditions Without Closure

The boundary conditions for the first prob]em neglecting the crack
c]osure behavior are identical with the ones used by Williams [16], i.e.,
the crack face is modeled as a free surface while the exterior plate
boundaries are subjecfed to constant applied normal moment.

The free surface boundary conditions in Kirchhoff plate theory
are obtained by coalescing three conditions (i.e., normal moment, twisting
moment, and averaée shear force equal to zero) into two conditions

admissible by fourth order differential theory [43]. These conditions

along a line paraliel to the y axis are

Also, reaction forces at the crack tip and plate corners warrent particular
attention in Kirchhoff theory. As shown in Appendix D, no additional

contributions to the boundary conditions are required for this analysis.
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The complete boundary conditions for the plate

considerations are as follows:

Along Y axis,

X=0,Y =Y

Along X axis,

Along line X = A,
X =AY

1]
-<

Along crack face,

A-a < X< A,Y=B

At X=A, Y =8B

50

with -no c¢closure

Mx = MO
Vx =0
My = ho
V =0
Yy
W
U-Za—x'— 0
B, v, o
ay T ax " 2% 3xay
w
V-Zw- 0
U, oy o, W
3y T 3% T 2% 3xay
M =0
y
V =0
Yy
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The applied moment, No,lis applied incrementally by scaling the'
first e]asEic load so that the most sensitive element is brought té the
proportional limjt. The next three load steps are at 5% of this initial
yield load. The remaining load steps are applied at 10% the initial
yie]d'load. Table 4-1 1ists the load increment and accumulated load

level for the no closure problem.

4.2 Boundary Conditions With Closure Effects

The problem described in the above section is to be feana]yzed'
including the effects of the crack face interference as the crack face
rotates due to applied moments. Clearly, the only boundary conditions to
change are those along the crack face. For this problem, the crack |
is no longer traction free but subject to a normal compressive load due to
the crack face ihteractidn which prevents material overlap as the 4
plate is bent. Since the PLATER program is quasi-three dimensional (the
through thickness behavior being assumed in the Kirchhoff sense) the
wedging effects of the compressive surface must be modeled in terms of
mid-surface quantitiesf The constraint of the crack face 6n the compressive
surface can be obtaiﬁed from the Kirchhoff disb]acement ré]ations of
Equation (3-24). Réferring.tb Figure 4-3, the displacement in the Y-
direction (v) of the compressive contact edgé (Z = - h/2) is required to

be zero. The Kirchhoff displacement relation is

vix,y) = v_(x,y) -1 ulxy) - (4-3)
S 3y



TABLE 4-1

Incremental Load Steps and Accumulated
Values for the No Closure Problem
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Load Applied Edge Moment Accumulated
Step IN-LBS Value
1IN IN-LBS

IN
1 266.7 266.7
2 13.3 280.0
3 13.3 293.3
4 26.67 320.0
5 26.67 346.7
6 26.67 373.4
7 26.67 400.0
8 26.67 426.7
9 26.67 463.3
10 26.67 490.0
IR 26.67 526.7
12 26.67 553.3
13 26.67 580.0
14 26.67 606.7
15 26.67 633.3
16 26.67 660.0
17 26.67 686.7
18 26.67 713.3
19 26.67 740.0
20 26.67 766.7
21 26.67 793.3
22 26.67 820.0
23 26.67 846.6 .

24 26.67 873.3
25 26.67 -900.0
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FIGURE 4-3 : .
BOUNDARY CONDITIONS FOR THE CLOSURE PROBLEM
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Along the crack face,

<
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o
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+
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Q
< |§’

(x,B) (4-4)

Therefore the constraint equations are

hjawl _ -
{vs}+2{3y} 0 (4-5)

When these constraint equations are used in PLATER, the in-plane exten-
sion and transverse bending behavior are coupled. The constraint equations
are introduced into PLATER through the use of Lagrange multiplier concepts.
" The resulting Lagrange multipliers are given the interpretation of in-
plane loads and transverse moments. Although the mid-surface line along
the crack face is aciua]]y free, these Lagrange mu1tip1iér couples give
rise to pseudo-stresseé in the results. Physically, this result is
very realistic with the neutral surface shifting reflecting the wedging
effect of the crack face.

Loading was incremental for this problem as it was for the no
closure problem. Table 4-2 lists the load increments and accumulated -

values for the closure prob]em.



w
w

TABLE 4-2

Incremental Load Steps and Accumulated-
Load Values for the Closure Problem

Load Applied Edge_Moment Accumulated
Step . ’ IN-LBS ) ) Value
IN - ' [IN—LBS
IN
1 370. 370.
2 18.5 ‘ 389.
3 18.5 407.
4 37 444,
5 37 481.
6 37 518.
7 37 555.
8 37 592.
9 37 629.
10 37 666.
11 37 ' 703.
12 37 . 740.
13 - ' 37 777.
14 37 814.
15 : 37 ' 851.
16 37 888.
17 37 : 925.
18 37 962.
19 : 37 999.
20 37 1036.
21 37 ' ' 1073.
22 S 37 1110.
23 37 ‘ _ 1147.
24 ' 37 1184.
25 37 1221.
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4.3 Discretization of the Crack Problems

Geometrically, both problems have 77 elements and 96 nodes with
the elements in the vicinity of the crack tip being (a/16) square. For
the no closure problem where bending variables on]y are considered, there
are 353 system degrees of freedom. For the closure problem, both bending
and extensional modes of deformation are excited which results in 1046

degrees of freedom plus 9 constraint equations.



CHAPTER V
NUMERICAL RESULTS

The numerical data extracted from the PLATER analysis of the
centrally cracked plate bending prob]ems are put into graphical form for
ease in distinguishing the effects of crack closure and material yielding.
The detailed elastic results reported are from the first Joad increment
of the elasto-plastic incremental solutions normalized to a common load
level. The elastic results for the no c1osure.case allow not only for
direct comparison with the closure case but for detailed verification of
the finite element so]ution-with the analytic solutions of Williams [19],

Equation (2-2).

5.1 Elastic Displacement Data

The deformed shapes of the elastic plate with and without closure
effects are shown in Figure (5-1). These figures clearly indicate that
the kinematic boundary conditions on the plate were met. Of particular
interest is that the in-plane disp]aceﬁent normal to the crack face along
the compressive surface of the plate was essentially zero (on the order of
10713 in.). Also of importance is that the crack face remains flat,
consistent with Kirchhoff plate theory.

Figures (5-2) are contour plots of the transverse displacement, w.
These plots have been normalized to the quantity M0/2D(]+v) which is the

2

coefficient of the (x +y2) solution to the circular bending problem of a

plate without a crack. These contours are circles whose radius is the




FIGURE 5-1

ELASTICALLY DEFORMED PLATE




59

FIGURE 5-2
CONTOURS OF TRANSVERSE DEFLECTION W[2D(I+v)/M,],
FOR ELASTIC PROBLEMS
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square root of the quantity plotted. As can be seen, the presence of the
crack changes the circle into an e}]ipse~around_the crack. The ellipse
for the crack closure model has a larger minor axis than that for no
closure. Note that thé transverse displacement is not a particularly
sensitive parameter in studying the closure phenomena and that the
e]lipfica1 contours of the transverse qisplacement caused by the crack,
quickly (within three plate thicknesses) degenerate into circular contours.
This circular contour is the developable surface of a sphere which is |
generated by the circular bending of a p]ate without a crack. Hence, it
is expected that the errors due to neglecting large transverse displace-
ments are small, especially since the transverse displacements are small
(compared to the plate thiékness) in the vicinity of the crack tip. In
all cases, the slopes are small (approximately 0.03).

Figures (5-3) and (5-4) are contour plots of the transverse slopes %g
and %g-. These quantities are normalized to MO/D(1+v) so that comparison
with the solution of the plate with no crack can be made. Npte that

'a .
without a crack, 5% is straight line parallel to the Y axis and %ﬂ-is a

Y
straight line parallel to the X axis. Deviations from this straight line
behavior are indicative of the crack presence in the analysis. Comparisons
of Figures (5-4a) and (5-4b) shows that %g is affected by the crack
presence but not markedly different with and without the closure effects
present. Since this is the slope parallel to the crack face, this result

is expected. On the other hand, . Figures (5-4a) and (5-4b) show that the



FIGURE 5-3
CONTOURS OF TRANSVERSE SLOPE,
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FIGURE 5-4

CONTOURS OF TRANSVERSE SLOPE dw/dy[D(1+v)/Mg],

FOR ELASTIC PROBLEMS
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transverse slope normal to the crack face is strongly inf]uenced by the

presence of the crack and exhibits a very pronounced change due to crack

closure effects. Hence, %g-is a very sensitive measure of the crack
closure phenomenon. Again, %g-and %%-indicate that the region of influence

of the crack is about 3h.

The in-plane dispiacement normal to the crack face is plotted in
Figure (5-5). A b1an view of the tensile side of the p]ate-is shown so
that the overlap of material is indicated by negative displacements. This
is the case for the no closure model with the compressive edge being
overlapped onto itself (shown in Figure (5-5)) and the centroidal surface
being at zero displacement. The closure model shows the compressive

- edge being at'zéro displacement and the centroidal surface being disb]aced
exactly one-half of the value on the tension surface. The crack opening
disp1acement'is°seen to be higher for the closure model. This implies a
higher stress intensity factor if a linear elastic fracture mechanics

approach is taken. (For further discussion of this, see Section 5.3.)

5.2 Elastic Stress Results

In Figures (5-6a), (5-7a), and (5-8a), the moment components, (Mx’

My, Mxy) are plotted vs. r/a along the & = 0 axis for the elastic response.

These moment distributions for the no closure problem compare favorably
to the Williams [19] solution near the crack tip. For example, Mx and My
exhibit the'(r)'% singularity with Mx/My going negative near the crack

tip as a consequence of Kirchhoff boundary conditions. Also present is
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FIGURE 5-6

ELASTIC MOMENT (My/M,) AND
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the singular behavior of Mxy at the crack tip as approached along the
crack face. This is a consequence of the approximate nature of the free
surface assumption in Kirchhoff theory. It should be noted that the force
boundary conditions remote from the crack are satisfied and that the zero
normal moment along the crack face is also satisfied for the no closure
problem. | |

Figure (5-7a) shows the non-zero normal moment along the crack
face for the closure problem. This moment is the result of the wedging
of the crack face during crack closure. As shown in Figure (5-9),
there is actually an in-plane load normal to the crack face generated
as a result of the crack face interference along the compressive edge
duking bending. Transferring this load to the centroidal surface of the
plate (Figure (59)) requires the addition of a couple to éatisfy equili-
brium. As shown in Figure (5-9), although the mid-surface is actually
a free surface, there are these pseudo forces and moments calculated at
the mid-plane of the plate. The shift in the neutral axis resulting
from the in-plane load is further discussed in Section 5.4.

In Figures (5-6b,c,d), (5-7b,c,d) and (5-8b,c,d), the stress distri-
butions through the thickness are shown for (r/a) = 3/32 and & = 0°, 90°,
180°. For the no closure case, these plots show the symmetrical stress
distribution (about the mid-plane) required by pure bending. Also, the
linearity of stress and the resolution of the zero °y at the crack face
for no closure (6 = 180°) is noted. The shift in neutral surface and the

moment at the crack face is evident in the closure case.
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FIGURE 5-9 |
VARIATION OF IN-PLANE MEMBRANE LOADS
FOR THE ELASTIC CLOSURE PROBLEM
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The variation of the stress components with the ang]é around the
crack tip are compared with the Williams solution in Figures (5-10),
(5-11), and (5-12).. Fairly good'agreemenf is échieved with the usual
difficulty in resolving finite element stress results across inter-

element boundaries being present.

5.3 Fracture Mechanics Interpretation

As discussed in Section 5.1, the elastic results may be given a
linear elastic fracture mechanics interpretation. This approach requires,
among other things, the extraction of the bending stress intensity data
from the finite e]emént results. Since displacement data are more accurate
than stress data in finite element studies, the disp]acement results are
compared with the Williams [19] solution in terms of the bending stress
intensity factor. For convenience, data é]ong the crack face are used.

That is, using the expressioh from [19] for the transverse deflection w

oW oW

results in in-plane dispiacements U= -z50 and v = ‘Zsy of the form
. 3z Erooo ar. 38,3(1-v By | s o036 _ (1-v) <5 8
u —E-b]r [cos o(- cos =5+ e €OS 2) sin e(sin =5 17131 sin EJ
3/2

22b2r[COS_6(COSZB4'}i%) + sin ¢ sin 28] - zyr -

(5-1)
3 LT 36 ,3(1-v 8 .38 (1-v) . 9
5 zb]r {sin 8[- cos > g cos 2] + cos e[sdn —E--{7;;7-s1n EJ}

<
[}
[}

2zrb, sin e[cos Zei-%izj - cos 6 sin 26 - Zur3/2 e
. v
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FIGURE 5-10
STRESS VARIATION WITH ANGLE COMPARING THE NO
CLOSURE SOLUTION WITH WILLIAMS [l9] SOLUTION
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Along the crack face where g = 1800, the expressions for u and v at

z = - h/2 are
2hb,r
y = - 2., Yr3/2
T+y
shby '/ 3/2
v = ¢+ ta
7+v
where b2, v, are constants and
2(7+v) (1+y)

b, = K
1 3(3+v)EnV2r B

6M

K, = —2 (na)sj
B h2

Dividing both sides of Equations (5-2) by Vr?a. it is possible to get

the v displacement in the form

= a(g) +8

Vr/a

where

o is a constant coefficient for the higher order terms of the

Williams solution, and

_ 4(1+y) K
E(3+)V2r B

(5-2)

(5-3)
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As in all finite element studies, the results near the crack tip are not

as good as those away from the crack tip. However, by plotting v/\/;7;-
from the finite element results and extrapolating to the crack tip,

values of o and 8 are‘obtained from which KB is calculated. Figure (5-13a)
shows results of this procedure for the no closure model with the value
obtained from the extrapolation being 14% lower than‘KB = 6M°/h2(na)% .
This is indicative of the systemic error of the finite element model and

is unimportant since a comparison between the closure/no closure model is
of prime interest. Figure (5-13b) shows the closure results obtained
through the same process. Figure (5-14) compares the results through the
thickness for the t]osure/no closure problems. Note thathB is zero at
the compressive edge for the closure problem and at the mid-plane for the
no closure problem. The value of KB is also negative on the.compressive
edge in the no closure problem. This leads to ambiguity as to the physical
interpretation if any, that can be applied to the bending stress intensity.
The linearity is due to the Kirchhoff assumptions. The KB is about 20%
higher on the tension surface for the closure prob]em than for the no
closure case. This is trend is fairly consistent with experimental gbservation
in photoelastic materials [24]. Actually, from photoelastic studies,

Smith and'Smith [24] obtained 40% higher values of KB but they could not
entirely isolate the closure effects in their experiments because of a
number of other events that operate simultaneously (e.g., three-

dimensional effects such as crack extension and crack face warping.)



- FIGURE 5-I3
DETERMINATION OF ELASTIC BENDING STRESS
INTENSITY FACTORS ON THE TENSION SURFACE
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5.4 Neutral Surface Shifts

‘The strongest indicator of the crack closure phenomenon is the shift
in the neutral surface. Actually, the definition of a neutral surface
is arbitrary in the sense that either zero forces, strains, or displace-
ments may be used to determine it. Only kinematic quantities will be '
used here; specifically either €y = 0or v= 0 will define the neutral
surfaces.

In his work on the combined bending/extension elastic problem,
Wynn [5] applied an extensional load at the exterior plate boundaries in
such a magnitude as to preclude contact of the crack face surfaces
during bending. Under these circumstances, crack closure is obviously
no problem. Howevef, adjusting the superimposed extensional load in the
exact amount to relieve the contact on the compressive surface does not
correctly model the crack_c]osure phenomeﬁon. This ; process puts the plate
in tension while the actual mechanics along the crack face applies a
compressive loading along the line of contact. A1so,‘these forces are
variable along the crack face as the wedging actions of the crack
closure changes. This difference in mechanism'is indicated by the shift
in neutral surface defined by €, = 0 shown in Figure (5-15). If an
exterior tension had been applied, the neutral surface would shift toward
the compressive side of the plate. However, the,constraint-against
material overlap is guaranteed by contact of the compressive surface which
adds a compressive force and a normal bending moment along the crack face.
As shown ‘in Figufe (5-15), this results in a shift of neutral sﬁrface (as

defined by e, = 0) toward the tension surface.

Y
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By defining the neutral surface as y = 0, the shift is toward the
compressive surface as shown in Figure (5-16). In fact, the neutral
surface is identical to the compressive contact 1ine at the crack face,
and decays toward the mid-plane away from the crack face. The neutral
surface is coincident with the mid-plane at a distance of three plate
thicknesses from the crack face. The maximum shift is at the p1afe center
and gradua]iy becomeslless pronounced as the crack tip is approached.

Figure (5-16) shows the neutral surface shift at various stations of x.

5.5 Elasto-Plastic Results

The growth of plastic yie]d zones is the most dramatic feature of
_the elasto-plastic results. Yielding is defined at those poihts for
which TocT VS+ YoCT is nonlinear. For the no closure problem, the yield
zones are symmetric about the mid-plane as required by the Kirchhoff
bending theory (see Figure (5-17)). Also a consequence of the Kirchhoff
theofy is the dominance of the singular shear stress term along the crack
face approaching the créck tip. This dominates the plasticity behavior
and forces the yield zones to generate along the crack facg first and
then to propogate into the material. Without the singular shear stress,
it is presumed that the yield zone shape at any surface parallel to the
mid-plane, would be similar to that'founﬁ-in extenéiéna1~plane_§ﬁr¢ss
(see [6]). |

Comparing thé no closure results with the analyses of Brinson and
Gonzalez [12] and Brinson, et al. [48], using the Dqua]e hode], indicates

that the elastic core present in this analysis is a very important feature
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FIGURE 5-17 |
YIELD ZONES FOR THE NO CLOSURE PROBLEMS
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in the e]asto-p]astfc bending of the plate. Being a rigid/perfectly
plastic model, the Dugdale (or strip) model requires full penetration of
the yield zones, i.e., no elastic core present at the crack tip.
Figure (5-17b) shows that the yield zone shape through the thickness
obtained from this analysis is not cusp shaped as in the strip model and
that the plate has a definite elastic core.
The formation of yield zones is completely different in the case

of the closure model. As shown in Figure (5-18), the yield zones form on
the tension surface first and proceed through the thickness before
yielding on the compressive edge. It is noted in Figure (5-18a) that
the in-plane yield zone growth appears to be a combination of the plane
stress extensional case and the bending case with no closure. The
important feature, though, is that yielding progresses on the tension
surface first prior to initial yield on the compressive contact surface.
The yield zones tend to grow along the crack face for the closure
problem due to the compressive stress field built up by the contact of
the crack face and the shear stress due to Kirchhoff boundary conditions.
Although the stresses are a bit higher in the closure case, the yield
zones are smaller. This is due to the greater constraint of the crack
surface in the closure case causing compressive fields along the crack
face which inhibits yielding.

| The through thickness stress.distributions in Figure (5-19) show
neutral axis shifts and nonlinear stress behavior as loading builds up.

The crack closure results in shifting the neutral surface and in causing
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FIGURE 5-18
YIELD ZONES FOR THE CLOSURE PROBLEM
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| FIGURE 5-19
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initial yielding to occur on the tension surfacg. As yielding proceeds,
the elastic core takes up more of the load until yielding is initiated
on the compressive surface.

The moment redistribution as loading proceeds is indicéted in
Figure (5-20)1 By comparing the cTosure case with the no closure case, it
is seen that for a given load, more redistribution takes place with the
closure model. This is consistent with the fact that for a given applied
moment, less material is yielded due to the constraint of the crack face
for the closure model.

The neutral axis shift, as defined by the surface where v = 0, is not
greatly affected by the yielding process. The neutral surface does shift‘
back toward the mid-plane of the plate as the plasticity builds up, but
this behavior is only local to the crack fip. It does appear though, if
large scale yielding would take place, crack closure would have a
lessening effect on the plate behavior.

A further indication of greater constraint of yielding in the crack
closure case is the relatively less crack tip blunting in the closure
case than in the no closure case. The relative ckack openings are shown
in Figure (5-21).. The cracknopening di splacements are;..
normalized to the crack opening displacement at the plate center. It
can be inferred from the data that for a given load, less plastic straining

occurs in the closure case than in the no closure case.
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In Figures (5-22), contour plots of w, %f; and %ﬂ-are shown.
Comparing these with the elastic results of Figures (5-2), (5-3), and
(5-4) show that yielding has caused little change in behavior. This

is due to the very local character of the crack tip yielding not affecting

overall plate behavior.
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CHAPTER VI
FURTHER REMARKS

A numeriéa] solution fé the problem of a centrally cracked plate
subject to a circular bending field has been obtained. The distinguishing
features of the solutions are that they allow isolation of the effects
of crack closure and e]asto—b]astic méteria] behavior. The numerical
capability used to generate the solutions incorporates classic Kirchhoff
piate theory assumptions with e]asto-b]astic work hardening material
behavior. The results indicate that crack closure and elasto-plasticity
are important considerations in the mechanics of through cracked p]ates

subject to bending.

6.1 Conclusions

Specific conclusions with regard to this work are as fo]]ows:.

1. The effects of crack closure are significant in the mechanics
of through crack bending and must be given consideration
in the physical assessment of the problem.

2. Neglect of the crack closure phenomena results in non-
conservati?e calculations for qrack opening displacements and
bending stress intensities baséd on linear elastic fracture
mechanics concepts. |

3. The most sensitive parameter to the crack closure phenomena is
the transverse slope with respect to the direction normal to

the crack face. (aw/sy)
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Neutral axis shifts, based on displacement measurements,
clearly monitor the crack closure phenomena. As plastic
yielding builds up, neutral axis shifts become less pronouncéd.
Superimposing tension on exterior boundariés to preclude
contact on the compressive surface due to bending doesvnot
model the crack closure phenomena in a physically realistic
fashion. ‘

The Dugdale or strip model as applied to plate bending does

not adequately model the elasto-plastic problem as it does

not include the elastic core consideration.

Plastic straining first occurs on the tensile surface of the

‘plate and proceeds part-way through the thickness before

yielding occurs on the compressive edge for the closure case.
Inclusion of crack closure in the analysis inhibits plastic
straining when compared to analysis neglecting closure, at

least for the circular bending problem.

Recommendations for‘Further Research

The principal difficulty encountered in this work was the free

surface approximation required by Kirchhoff plate theory. Knowles and.

Wang [3] have shown that reformulation of the problem in terms of Reissner

sixth order theory precludes this difficulty and results in solutions more

compatible with the extensional case. Still, the crack closure phenomena

has not been included and, based on these findings using Kirchhoff theory,
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its significance needs to be evaluated using the higher order theory.
A possible approach in this direction would be to employ Reissner plate
theory in conjunction with the crack c]osure_treatment used here.’

The inclusion of the geometric non—Tinearfties with the associated
coupling of in-plane and bending behavior needs to be evaluated especially
with reference to the combined extension/bending problem. Formulation
of this type of complex problem can be made more tractable through
numerical determination of stationary points of functionals as used in
this work. The conjugate gradient method may be formulated to find
stationary values of non-linear problems as in [30] and [33].

Short of solving the complete three dimensional contact problem,
experimental investigations are required to-verify the assumbtions made
here regarding crack closure and to further evaluate the three dimensional
.effects of the crack closure phenomena. Particular interest lies in the
evaluation of crack face warping, generation of through thickness stress
variations, plate thickness to crack length ratfo effects, and the
influence of p]ate'exteriof boundaries on the stress and strain field
data.

Use of the solution capability to solve other bending problems of
technical interest is also indicated. Elasto-plastic solutions to plates
with patterned cutouts and under various boundary conditions are possible.
Using the linear constraint equation concept, connection matrices between
structures can be developed that model many different boundary flexibilities.
This is a useful capability both in the practical engineéring sense and as

a research tool.
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~ APPENDIX A
CONSTITUTIVE EQUATION FOR PLANE STRESS

For plane stress, the constitutive relation of Equation (3-9) is:

r ) -
2 2F .2 2VF .2 F
+ - -
1+FSy 1+vsxy v-FS Sy * ]+vsxy 1+v(sx+vsy)sxy
R +2VF 2 2, 2F 2 F
(E] = (]-vz)A V= FsysX Ty Sy 1+Fs t T S Xy - 1+v(vsx+sy)s Xy
__F _F
1+v(“5y+5x)5xy TI;.(syh,sx)sxy 2 —zi:fj{s s +2vs S ]
where
- F s )2 4 2Fe2
A 1+ 1-v2(sx + Sy) + 1+v(sxy - sty)
sX = 1/3(20, - oy) sy = 1/3(20y - ox)
Fo= E/61§ueq 20 . = dr /de

For relations useful in Equation (3-8),

¢ = 2J2/3, | ¢1j = Sij/3¢, (Teq = 1)

l®) - 3alp) g
€q 1] 1
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APPENDIX B

BICUBIC HERMITE INTERPOLATION FORNULAS

Displacement rate vector {u} and bicubic Hermite interpolation

formulas used in Section 1V.

iy ) Chgy (x) - Hyy ()
Ly | - U HR ) - Hgy ()
Uy Hop (%) + Hpy ()
| U1t Hyp(x) - Hyqly)
l.‘12 ' Hoy(x) - Hgoly)
l.J,('|2 o Hy1(x) « Hgo(y)
Y12 Hop (x) - Hyp(y)

fuy = < Uxy12 (P(xy)) = ¢ Hip (0 Ry () >
U21 Hop(x) - Hyy (¥)
U1 Hyo(x) - Hoy (¥)
Uyay | ' Hoz(x) + Hyply)
Uyy21 Ha{x) - Hyq(y)
N l.‘22 | Ho2(x) - Hpa(y)
U2z | Hy2(x) - Hoz(y)
GYZZ | Hpz(x) - Hya(y)

Uxy22) | ha2(x) .« Hhaly)

&xij = %% J K Hij = Hermite Interpolation Formula
at corner 1,j :

Displacement rates {v} and {w} are similar to {u}.
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APPENDIX C

ON THE DERIVATIOMN OF FIELD EQUATIONS CHARACTERIZING
THE ELASTO-PLASTIC BEHAVIOR OF VARIOUS SITUATIONS

Using Theorem I developed in Chapter III, it is possible to
derive field equations of elasto-plastic flow for various physical

situations. Using the strain-rate, displacement-rate relation

e;, = %(u

e U ' -
i Ui 5+ Y5,4) (c-1)

Equation (3-18), which is the condition for equilibrium, can be written as

v

j E4jkaty 50Uy o9V j fouds = 0 (c-2)
S

v

a

Integrating Equation (c-2) by parts produces surface and volume
integrals plus constants of integration. Using the fundamental lemma of
calculus of variations, this procedure will lead to field equations and
complete boundary conditions.

In the following sections, theories for plane stress/strain, St.
Venant torsion, simple beam theory, and plate bending theory are presented
to show both the adequacy of Equation (c-2) and to provide a convenient

reference for the various elasto-plastic field theories.
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C-1 Plane Stress/Strain

Referring to Figure C-1, the usual plane stress assumptions are

= g_ = g._ =0 : (c-3)

o €

X X

%y = [EX €y (c-4)
Txy | Xy

where [E] is given in detail for plane stress and plane strain in

Mopendix A. The volume integral can then be written per unit thickncss as

‘xO yO
0y . f . . . . .
j Eijkzui,jéuk,zdv = J I {[E”ux + Elzvy + E]3(uy + vx)]éux
\ O o

+ [E]3ux,+ E22vy + E23(uy + vx)]avy
+ [E]3ux + E23vy +‘E33(uy + vx)]d(uy + vx)}dxdy : (c-5)

The surface integka] is

y0 yO | XO X0
JF T.60.ds = j Nxaudy-j nyavdy-j N, j ovdx  (c-6)
S fo) : o) o o) .
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Ny = j;y° Txy (Xo.¥)dy
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Integrating by parts and applying the fundamental lemma of

variational calculus results in the field equations

EHuxx * 2E13uxy * (Egp t E]Z)vxy RVt E23Vyy

+ (E + By )0+ (E + Epy )V
13 ]2 23
]],X Y ¥ y

* Ry T iy rwd =0 (c-7)"

and

EpaVyy * 2Eaa¥y, * ExgVux * E23lyy + (Egy + Eypliy, + Eq3u,,

+ (E + E W, + (E "+ E )u
22,y 23,x y 12,y 13 X X

+ (E + E v, +0.) = 0 . (c-8)*
33’x 23,y X y

with the complete boundary conditions at y = Yo Orys= 0

N
- . . . . X . .
E13ux + Ez3vy + E33(uy + vx) - EX— = 0 oru Specified
0
. . . _ﬂl : . o
k Ejpu, + Ejpvy * E23(uy +v,) - - = 0 orv Specified
: A 0

(c-9)

* See J. L. Swed]ow, "Character of the Equatlons of Elasto-Plastic Flow
in Three Independent Variables,"” Int. J. Non-Linear Mechanics,
Vol. 3, pp 325-336, 1968, for verification of these equations.
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N

. . .. , X _ . . _‘
Eq Y, +E12vy + E]3(uy +v,) - Pl 0 oru Specified
A )
y y ¥ : - _’SX = Y i £
E13ux + E23vy + E33(uy + Vx) 220 0 orv Specified
(¢-10)
C-2 St. Venant Torsion
The usual St._Venant torsion assumptions using the notation of
Figure C-2 are
5 = &§ = 5 = % = 0 (c-11)
X y b4 XY
and kinematica]]y
u = -e6(tlyx v = e(t)xz w = w(x,y,t) (c-12)
The constftutive relation is
[~ ‘ n
g2 2 821' T
1+ - XZ yZ X2Z
: 2 "2 :
Xz _ 1 Xz
: z ¥ 2 | ' .-2 2 T
y BT T BT | Y2
Z XZ 1 + zz'
i JZ- Jo | (c-13)



FIGURE C-2 C-6
GEOMETRY FOR ST. VENANT TORSION THEORY

APPLIED TORQUE
Yo r*o
Se T=j_'y°j:x°(a(rzy-yru)dxdy

—t Y




This can be inverted to be in the form
{%}. = [E]{¢}
The sfrain-rate, displacement-rate equations are
“XZ yz

€ = [wx + uz] € = [vZ + wy]

Equation (c-2) can now be written as

Wy + Uy Wy t 0, v
[ Cel 8 av - | T b0.dS =
- + - » + »
\Y Vz Wy V2 wy So
with the surface term being
v *s Yo
I Tiduids = J I (rzxv tT, u)Z=z dxdy
S -X -y 0
g O (e}

0

c-7

(c-14)

(c-15)

(c-16)

(c-17).

Integrating Equation (c-16) and (c-17) by parts and applying the fundamenta1

lemma results in the following theory for St. Venant torsion of an elasto-

plastic rod;
Differential equation

E”wXx + 2E]2wxy + E22

Yyy y

N+ . = . T
+ a]wx a2w a]uz a2v
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where

]],x Y

a, = E + E ' (c-18)
2 22,y ]2;x

subject to the boundary conditions at z = z

EqqWy, + Eqq, + E]Z(Wy +V,) -1, = 0 or U Specified
<and
. . » - - . . . . - *
g E]z(wx + uz) + Ezz[vz + wy] Tty T 0» or Vv Specified (c-19)
r . . . . - - . 3 .
En(wX + uz) + EIZ(wy + vZ) = 0 @x-= X, Oor W Specified
. . . - = . . . _ *
g E]Z(WX + uz) + E22(wy + vz) = 0 @y Y, Or W Specified | (c-20)
where
v, = o(t)x and u = - o(t)y
Txz® Tyz are specified on the boundary such that the applied torque at
the z = z_ end would be

0

y X

o] [e]
T = j _|' (xt, = ¥r,,)dxdy (c-21)
_y -X .
(o] (o]

* See J. L. Swedlow, "Character of the Equations of Elasto-Plastic Flow
~in Three Independent Variables," Int. J. Non-Linear Mechanics,
Vol. 3, pp. 325-336, 1968, for verification of these equations.
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C-3 Simple Beam Theory

The usual assumptions accbmpanying simple beam theory consistent with
the notation of Figure C-3 are:
1. Planes remaiﬁ plane; i.e., the total strain distribution
through thickness of the beam is linear.
2. Effects 6f z~-direction are neglected.
3. Transverse deflection is a fun;tion of x only.
From assumption 1, the strain, displacement-rate equation can be

written as
Eo= W -y, & = & =y o= y_ = vy, =0 (c22)

where OS implies the extensional displacement associated with the mid-
plane of the beam.

The constitutive relation of the plane stress problem reduces to

The volume integral of Equation
SR AR ¢ s
. . - L T e .S .
[Eisady so,, 0 = [ [ yqiget) - £ yliev,,
A% -z —yO o . . .

2

y .S _
+ vxxduX] + E1]y vxxdvxx}dxdyﬁz- v - (c-23)



FIGURE C-3 10
GEOMETRY AND LOADING FOR BEAM THEORY

p(x)
Mo ML
] : : N
X i
Q - L —‘ QL
F =fy° o, dy
-yo
y
M -'-f ° o,ydy
-yo
Yo
Q f rxydy
-yo




Defining

yo . yo yO
= = » = 2
¢ = 2t [ Edy ¢, = 2t Eydy ¢ = 2t [ gyl
—yO —yo -yo

then Equation (c-23) becomes

L
. . _ PR .S .
I Eijklui,jéuk,zdv j [C]uxéux C2(ux6vxx
\") o
v 805 ) # Cov v Jdx
XX XX 37 XX XX

(c-24)

Note that for elasticity, En = E/]-v2 a constant. Hence, C1 = 4Ety0/1-v2,

C, =0, and Cy = EI1/(1-v2). Since C, = 0, the bending and stretching
modes decouple in the elastic case. However, the coupling between in-

plane and transverse displacements is present in elasto-plastic beam

theory.
The surface integral is written as

L

[ povax - MOGVKJ s ML50§J + QdafJ
o L )

o]

QLst + FLauJ - Fong
L L 0

[ ¥6uid5-

S
o}

(c-25)
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[ntegrating Equations (c-24) and (c-25) by parts twice and applying
the fundamental lemma, the resulting differential equations theory for

elasto-plastic beams is

Cn S : )
(Czux)XX (C3vxx)Xx p
.S . _
(C]ux)x - (szxx)x 0 (c-26)
subject to the boundary conditions at x = L
e s s
C]ux - C2Vxx - FL = 0 or u Specified
S . _ . . o
< (CZOX)X (C3VXX)x + QL = 0 or v Specified
.S . _ . . s _
\ (Czux) + C3vxx - ML = 0 or Vv, Specified (c-27)
at x =0
(
-C % + C,V + F = 0 o ﬁs Specified
1ux 2Vxx 0 r P
.S : _ . e
g - (CZUX)X + (C3vXx ) - Q0 = 0 or Vv Speicified
L Czdi - C30xx + M0 = 0 or VX Specified (c-28)

For elastic problems as noted, C, = 0 and the above equations

2
reduce to uncoupled elastic simple beam and uniaxial tension problem.



C-4 Plate Bending Theory

Elasto-plastic plate bending theory may be derived by making
kinematic assumptions similar to Kirchhoff bending theory. These
assumptions include:

1. Deflections are small compared to the thickness of the plate

and the slope is small compared to one.

2. State of plane stress exists in the plane of the plate, i.e.,

c;z - T.xz ) iyz = 0.

3. Total strain distribution is Tinear through the plate thickness.
For e]asto-p]asfic plate theory, it is necessary to include the in-
plane or membrane behavior as they do not decouple from fhe bending
behavior as in elasticity. The plate and coordinate system are shown in

Figure C-4.

The strain displacement relations are

e, = u_ - Iw

X X Xx
e, = V- W
fy vy~ Ty
ny = uy v, - Zway (c-29)

and the constitutive law is identical to the plane stress case given in

Equation (c-4).



FIGURE C-4 C-14
GEOMETRY AND LOADING FOR BENDING -

STRETCHING THEORY
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Using Equations (c-29) and (c-4), the volume integral of Equation

\w-2) can be written as

. v . . 2 . - | - .
) €y B8V = e - i 3 v 2epld - Zi I06 - Zi ]
\' \'

. . 2 . . . . .
+ E22Fvy - Zwyy] + 2E]3[ux - wax][uy v, - 22wxy]

. . . . . .2 .. )
+ 2E23[vy - Zwyy][uy v, - Zway] + E33[uy+-vx- 22wxy] }dv

(c-30)
Since Eij is the only quantity that is a function of z, the inte-
gration can be reduced by defining
zZ z z
(o] o (o]
— ‘ _ . 2
By = gz ooy =]z by o= ]2 £, 592 (c-31)
-z -z -z
o o} (o]

1J
terms, the volume integral may be written as

With'fij, C.., and Dij introduced into Equation (c-30) and expanding

yO xO
J Eiskedi, %%, 4V = I f ([Eyq0, + By ¥y + B0+ v,)]60
V o] o

+ [E13”x + E22Vy + 523(“y + Vx)]‘wy + [513”x + ‘E’23vy + E33(u

y+ \'/X)]a(ay+ \‘/x)

llwxx * Clzwyy ¥ 2C]3wxy]5ux - [C12wxx ¥ C22wyy ¥ 2C23wxy]‘svy

[C13wxx + C23wyy + 2C33wxy]6(uy + vx) "[C11ux+'C]ZVy'+C13(uy'+vx)]5wx

X

(This equation is continued on the next page.)
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- [C]Zux + C22vy + C23(uy + vx)]awyy'- 2[C]3ux-+C23vy+-C33(u + v )]dw

+ . . . . . A .
[D]]wxx * D]ZWyy 4D]3 xyjcwxx * [D1zwxx * Dzzwyy ¥ 4D23wxy16wyy

+ 4[D]3 wx t D23wyy 33 xy]aw }dxdy (c-32)

The surface integral of Equation (c-2 ) is

yO
v . X . X i
. 8U., = + + + -
jT]s ds j[NXau Ny OV * Mobw, + M, 6w - Q swldy
: . 0
s
+ Nev+N su+Msw +M 6w - Q owld
I [y xy! ywy yX X Qyw]x
o}
Xo yo_
+ I j powdxdy ' (c-33)
o 0
where
Nx z Iy Mx z oy 0 z i
N = dz, / M = z dz, X\ = X2\ d
T A A T A S 7 U P Sk N Y
N -z T M -2z T M -2z yz
L Xy o xy) Xy ° xy) °
' (c-34)

Integrating by parts and applying the fundamental lemma of varia-

tional calculus results in the field equations which couple the in-



Plane and transverse displac
YT

Dllwxxxx 2[DIZ'+ZD Iw

ements through the Cij's‘

€-17

These €Quationg

33y * 22wyyyy + 8[023 xyyy * Tswxxny
+[p + D +4D w4 (D +D +4D Jw
]],xx ]2,yy 13’ y" XX ]2,xx Zz,yy 23,Xy yy
+ 4[p . +D +D w . C ~ 3¢,
]3,xx 23,xy 33,xy Xy nu xxx 13 XXy
(c-35)
(2% 205,300 vt Vysd C2aty,,, 13"
- 3C B vy +C +2C Ju
23"xyy 22 yyy ]7,xx 72,yy _ 73,xy X
- + - + +2C U+ =
[C'Z,xx sz,yy +C23,xy3vy [C”.xx C23.yy 33,1 y 4
.+ 2F . E ; .
11 xx El3uxy 3 (E ”572) Xy E73"x>< * E.23‘"yy
G s E]3 Ja, + [572 *Ey I [EBX Eas 10 v )
(c~36)
- Cliw*XX - 3C73Wxxy (C72+ 2C33) xxy ¢ way

+C Iw - 2[c +C
Il’x 13’y XX 13

Cax 33 kay - e



E22Vyy + 2E23ny + BVt 523“yy + [E33+ E]zluxy + Eyqu,,

-+

[E.. +E,.. IV, +[E, +E, 10 +[E. +E5 10V, +0.]
22,y 23,x y ]Z,y : ]3,x X 33,x 23,y x Y

c13wxxx ) (C12;+2C33)wxxy i 3(:23‘;'xyy ¥ C22wyyy‘

P

+Cya . - 2[C,. +C
y 13’x XX 23 33

W
R .x] Xy

- [C22 y-+C23 x]wyy = 0 ' (c-37)

The complete boundary conditions are:

At the corner point x = X, and y = Yo

Moy + Myx * 4Dy, *+ DogWy +Daghy ] - 2[Cq 30, + Co3vy+ Cag(dy+ v, )] = 0
or W Specified (c-38)

Along the line x = Xo for all y, there are four conditions as follows:

Ny

12%y * E]3(uy+ Vx) - Opx - C12wyy B 2C13wxy T 27

11ux + E = 0

(o]

or u Specified (c-39)



' N
- . - . = 4 vy ) . . v .
Frly * Fagly * Fagliy* ) = Cygiy = CoaMyy = Hoaghyy - 53% °

1

or v Specified (c-40)
M |
- ._..2(_-2. - W " 0 .
=y [(anxx)x + (DTZWyy)x + 4(D]3wxx)y + 4(D13wxy)x

+ 4(023wyy)y + 4(D33wxy)y] ¥ Q¢ [(C”ux)x + (C1zvy)x
+ (C13ay)x +‘(CT3°x)x + 2(013&X)y + 2(c23vy)y + 2(c33&y)y

+ 2(C33vx)y] = 0 or w Specified | (c-41)
D1wax + Dlzwyy + 4D]3ny - [C]]ux+ C]zvy*-cl3(ﬂy4-vx)] = Mx

or wx. Specified (c-42)

-~ Along the line y = y, for all x,

T . . T B 7.4
E]3ux * E23vy * E33(uyi'vx) [(:13"">(><+‘:23‘"}')""“ZCSZ»ny:l 2 o

h4<2’_

or G Specified | "(c—43)

E =

N
Coallyy * 2ogiyyd - 72

"
o

129 + Ezzvy + 523(Uy+ vx) - [C}wax&

or v Specified = _(c—44)



-

BM

e WDzaw %), * 4(Do3w, ylyt 40y, y), * (Dy 20, x), *+ (0
*4(p 3ny) J [(CIZU ) + (CZZV ) +(C 3” )y + (C 3VX)y
+ z(c,3ux)x + 2(023vy)x + 2[633(uy+ VX)JX "o, - 0
or w Specified
+ 022 by * 40 [C 22v +C23(u +y )J = My

or Qy Specifieq

C-20

2”)

(c-45)

(c-46)
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APPENDIX D
BCUNDARY CONDITIONS AT CORNER POINTS IN KIRCHHOFF PLATE THEORY

As noted in Equation (c-38), there are reactive forces present at
corner points in fourth order plate theory. In this appendix, the
boundary conditions at points where boundaries are discontinuous are
derived via the variational principal stated in Equation (c-2). The
plate under examination (Figure Djl) has no applied in-plane loadings and
is assumed to be elastic. | |

The volume integral of Equation (c-32) is reduced to include only the
transverse deflection not1ng that for elastic behavior, C = 0. However,
the surface integral, js T u ds, which includes the bend1ng moments M
and M nt? and the transverse shear force Q along with the transverse

pressure p, becomes

s

v
= aw MW _ g.wld )
ITiuidS | I[Mna F M B Qnﬂds (d-1)
S o

By setting the first variation of the volume plus surface integrals
to zero, the boundary conditions for the case where surface tractions
are applied over the surface S¢ and S¢ in Figﬁre D-1 can be found. At
the intersection of So and Se¢ , eitherzthe transverse deflection w is
zero, or ] ¢

D 1§v [(wyy - wyy)(Sin 2y -sin 2o,)
- 2wxy(cos Za] - cos 2a2)] - M"EJ + M"?J = 0 (d-2)
on S1 on S2
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FIGURE D-lI
PLATE GEOMETRY FOR CORNER EXAMINATION
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The various corner configurafions of Figure D-2 are examined in
light of Equation c-47 and are listed in Table D-1. It is noted that

the reactive conditions at the intersection vary from zero for a smooth

“intersection to a maximum for the exterior corner, back to zero for the

crack tip, and to a minimum for the interior corner.
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FIGURE D-2
CORNER CONFIGURATIONS
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— i
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TABLE D-1
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Corner Reactions in Elastic Plate Bending Theory -

nt nt CORNER REACTION
FIGURE aT o on on EQUATION (d-2)
z So So
: 1 2
Smooth Intersection
Figure A-6.a o a Mnt Mnt { 0
ST D=2 - ‘
ExFerior Corner : o :
F1gureb§£6.b 0 90 Mxy Myx Myx - Mxy = -.ZD(l-y)wxy.
Crack Tip . o | 0
i -6. 90 -9 M
F1gUfeD§2 c 0 Myx % 0
Interior Corner o - _ ‘
F1gureD§£6.d 90n 0 M Mxy Mxy_' Myx = - 20(1-v)wxy

yX
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