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ABSTRACT

In this -paper a non—linear_analysis§of a M PLL by using the methed
of "Harmonic Balance" is presented. The particular M PLL considered has
a low-pass filter and a band-pass.filter in.,parallel. An analytic expres-
sion for the relationship between -the input signal phase deviation‘apd'
the phase errortis-determined;forrsinusoidal_FM in the :absence of noise.
The expression‘is—used to determine bounds on the proper operating region
for the M PLL and ‘to investigate the '"Jump Phenomenen'''previeusly observed.
From these results the proper medulation index, modulating frequency, etc.
used for the design of a M PLL-is determined. Data for the loop unleck
boundary obtained from the theoretical expression are compared to -data.

obtained . from analeg computer simulations of the M PLL.



I. INTRODUCTION

The phase-lock loep (PLL) has become more widely used as an. FM.
demodulater in-the past several years., This is due:te thé superipr
noise rejection properties and thresheold extensioen -exhibited by the PLL. -
These propertiesvare.particularlyuusgful in aerespace frequency modula-
tion (FM) communication systems where receivers must operate in.low
signal-to-noise-ratio envirenments., However, the .common low-pass PLL
will. yield little or no .threshold improvement eover.the cenventiomal FM
discriminator when-the spectrum of the -demedulated. FM signal centains in-
formation at er neéar discreet frequencies in -additien te the baseband
signal. This is.a characteristic of the .typical IRIG spectrum. - The
Apolile unified:S—band'cémmunigatién system is alse such a system. . It has
a spectrum-(see Fig. 1) which consists of wide-band infermation at base-
band and narrowband informatien eon a subcarrier. In this.case the low-pass
PLL allows noise in the :unused portien of the bandwidth to enter the loop
and thus lowers the loop signal-teo-noise ratio. This problem is further
compounded by poerer tracking perférmapce.gf the lew-pass PLL when rela-
tively high-energy subcarriers occur in.the upper part of the passband.:-

A selution te this problem invelves. the use of additional filters in
the loép in . parallel with the low-pass filter [4]. This type of PLL is
called a myltifilter PLL (M PLL).. The frequency.response of such a M PLL
matched te the ‘above mentioned  spectrum is‘:shewn in Fig. 1 aleng with the
convegtiongl‘loﬁfpaSS<PLL.

Reqeptly-there has been an.interest .in a comparisen between the

Voora 3

multifilter phase feedback leep (M PFL);-és:usedfin~precision~ranging



systems [5], and -the M'PLL. It -has been shown [6] that the .parameters and
filter responses of the M PFL and-the M -PLL are’related”"*By using these
relations the M PFL performance,charactgristics‘ééﬁ be determined by the.
perfqrmance'chéfagteristics of .an equivalent M PLL. Therefore the result:
of this paper can.be-applied to the M PFL as well .as to the M PLL.

In this-paper a nen-linear analysis eof .a M PLL is presented. The.
particular M'PLL-considered has a.low-pass.filter -and a band-pass filter -
inparallel. An analytic expression.for. the relationship between the in-
put signal phase deviation and the phase error is determined for sinusoidal
FM in-the absence of noise. ' The expression is used to determine bounds on.
the proper operating region for the M PLL and te investigate the "Jump
Phenemenon' previously observed [2]. From these results the proper modula-
tion.index,'modulatinglfrequency?'etq.’used for the design of.a M-PLL is
determined. " Data for the loop unlock beundary ebtained frem the theeretical.
expression-are compared to data obtained from analeg cemputer. simulations

of the M PLL.



ITI. THE M PLL DIFFERENTTAL EQUATION

The Carrier Model of a'typical phase-leck loep (PLL) is illustrated
in Fig: 2. The phase detector generates an error voltage which is a func-
tion of the phase difference (error) between the ‘input signal and .the VCO
(Voltage: Controlled Oscillator) output. " This error veltage 'is then used -
(after -filtering) to medify the VCO output so as.to reduce the phase error. -
Thus the VCO: attempts te 'track' the input signal. Since the VCO.input
is proportional te the VCO output frequency, the leoop filter output is
proportional . te the input signal .frequency (when the PLL is "tracking"
the input -signal).

Viterbi [1] has reduced.the Carrier Model to a baseband ‘or phase model
for the case in which the phase detector is simply an ideal multiplier .
(assuming, harmenics of the carrier frequency are filtered out). This
model is shown in Fig: 3(a) where the loop gain is assumed te be included
in the leop filter.

Assume that F(s) is-a linear filter with a ratienal transfer function
given .by-

m
a +-a

F(s) =21
b + b.s + b
o- 1

s + a s2 + ....a s
i 27 . m

- — _ (1a)
s2 ¥ .io.bos™
2" n-

where.m < n. It can be shéWnljl] that the PLL operation is described by

the differential equation.
) n - . _ . )
(b, + byp + ....b p)[$(t) - 6,(£)]

sptmee T E S Y g 4 v
= -A(a0 f a;p +-4ﬁ,r+“amp Y-sin ¢ (t) (1b)



where p is.an opefatqr indicating differentiatioen. ..

The phase model of a multi-filter phase-leck leoep (M PLL): with a .
low-pass filter.(LPF) and a band-pass filter.(BPF) in parallel is shown:
in Fig. 3(b). This is just an extension of the model in Fig. 3(a).

The LPF is necéssary in.erder tbat the M PLL”trapk_the'éarrier."The:
' filter used in this study is .ene with a single pole transfer functien given
by

s+ a.
ry

F, (s) =-1,+-§1= (2a)

Cheng [2] has shewn that a .desirable BPF is a tuned-loep filter followed

by a differentiater. It has a transfer function given.by-

2
Fy(s) = — S A (2b).
) s +2rwst+w
00
Comparing Fig. 3(b) with 3(a) yields
F(s) = AlFl(S) +-A232(s) (2¢) -
and A = 1, Substiguting (2a) and (2b) into (2c)
. 2
AI(S + a)" . AZS‘
F(S):*-S. +— —
s + 20 wS+ w: -
0 0 (o]
(A, +-A )s3+.A (a+2§w)sz+A(2?;wa+w2)s+Aaw2'
1 27 ; - 0 o 1 0 0 M )
-s3 + ZCOwes2 + wzéV
' ° (2d)

Comparison .of Equatien (2d) and (la) yields



2 I
a. = A w-a b =0
o 1o 5}
. 2.. 2
3= A 2o+ w) by = U
a2}=-A1(a + ng@o) : by = 284,
ay = A +A, by =1

4

-/

(Ze):

By applying the operator, Equatien (1b) yields the .follewing differential

equation for :the M PLL:

by + 0gF + B agsing + aydeost + s, Geast - Hetat)

wec - ee weece

+'33L(¢ - ¢3)cos¢.— 35 $sing] = bféi + bzél + b8,

It ;is understeood. that ¢ and‘eI are functiens of time.

(2£) -



III. SOLUTION OF THE M PLL, DIFFERENTIAL EQUATION

The input signal will be assumed te be'a carrier frequency medulated.

by -a single sinuseid. " This cerrespends te

@D
[

Bcos(wmg +.2) (3a)

]

where B Aw/wm is the ‘peak input phase;ﬁevia;ion,'wm is the:medulating -
frequency, .and A is a phase shift relative te the phase of ¢. It is not
unreasonable .to expect that ¢ is a sinuseid eof frequency-wm sinceiei and
62 are sinusoidal as leng .as the leop is locked (tracking 91). That ¢ is
sinuseidal has in fact-been observed from analeg coemputer simuiations of

the M PLL: Thus it-is assumed.that .the loep is lecked and the phase error

is-given by
¢ =P sinfw t) ‘ (3b)

where P .is the peak phase -error. .

There is no known exact solutien te. the nen-linear 4th order differ-
ential equatien given by Equation (2f). . However, under the .above assump--
tions the .steady-state conditieons of the.solutien may be determined by
the.Principle of Harmonic Balance [3].  Essentially this method consists
of adjusting the selution-parameters so that fundamental components.fit
the'noq-linearLequagien.aS'besg'as;possiblec

Substitutiqn_of Equatien (3a) inte the right side of Equatien (2f)

yields

EXR

'BC sin(w t +:1) - BB cos(w t + 1)

-B[C'cosh +'B sinA] sin(w t) -+ B[C sin).- B cosA] cos(u t)
| (3c).



C-=b,w " and ., B = b'w2

and EXR means expansion of the .right side of (2f).

(3d)

Substitutien of "Equation.-(3b) inte the left side of Equatien (2f)

and using the Bessel .Function expansiens:[7]

cos(P sin(wt))

sin(P sin(wt)) .

'Jo(P) +'2[J2(P) cos(2wt) + J4(P)»cos(4wt)‘+;f.t]_

(3e)

Z[Jl(P)'sin(wt) + JS(P).sin(Bmt)‘+:..}]

yields the following expansien for the left side of (2f) (EXL)

EXL = 2[J; (P) sin(u t) + J,(B) sinCut) + ....][a, - a

22 2
2? wm cos (mmt).

+ 3a3P2wizéin(wmt)ﬂcos(wmt)]v+ {Jd(P) + Z[JZ(P) cos(Zwmc)

+.3, () cos(4wmt);+»...°}} P[alwm”cos(wmt)v--a

3. 2 3
+¢a3wﬁ(§os(wm;).+ P® cos (wmt))]

2. ‘
oW sin(w t)

(3£)

By using trigenometric.identities in (3f) and cellecting commen terms .

for cos(wmt)fand sin(wﬁ;), Equatien (3f) becomes..

I 3 . , _
EXL = P[=b,u _a3wm;{J0(P) +3,(P)

+ 435(P) + J4(P))} +.a;

20, 2 , 2 °__
+ Plu_{byw, = by} + ay {-J () + (

- PJ3(P)}] sin(wm;):+ H.0.T .

2

3P ) P ,
= @ @) +3,0) + 4>(3J0(P) _

2a

azEw

m

2

w {JO(P)_+ J2(P)}]-cés(mmt)3

P.
-,59 Ji(P) + JZSP)

(3g) -



sin 2W|nt) cos zwmt3
where H.0.T. indicates the higher oerder terms —.sig%in::j;:znx%i&:&},

sin BU/mt m m

S—i—ﬂ—(@l—it')', etc.

Equating the coefficients of sip(wmt)-and cos(wmt)‘in»EquatiQns
3g » -
(3h) and (3c) gives

B[C cos(A) + B sin()\)] ='Kf
(3h)

B[C sin()) - BAcos(X)]'=’K2
where .

K. = Plwilbw’ = b.} + a.w’{-J (p) + %2 By sy + 3

1 Oty TP B%m T e ( o2 2% l(’) Z(P)

a2Pwm
- PI,(P)}]

and - ‘ ' .(31).

, 2
5 ~P[<b2w3_— a @;{JO(P) +.J,(P) - é%'(Jl(P) +~J3(p))-+ 3?_(3J0(P)

~
Il

+ 43, (P) + JA(P))} +-almm{JO(P) + JZEP)}].

By using the.trigonometric identity
sinZ(\) + cos’(\) = 1,

it is easy to shew that (3h) yields

B =73 (33)

and -
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5
c? + 8%+

B(KIC - K;B)
cos(\) = —————

(3k) -
Equation -(3j) is the desired solution -since it. gives the: relation-

ship between the:peak phase error (P) and _the peak input signal phase -

deviation (B) in .terms of the M PLL parameters .and the modulating fre-

quency.
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IV.. THE M PLL PHASE ERROR CHARACTERISTICS

A typical f;équenCyhresponseifqr the ‘M PLL censidered in -this paper
is shoewn .in'Figure 4(a). This respense-is for -operation in the linear-

region of the M .PLL - where sin-¢ =.¢. It has been .shewn [2] -that:.

&)
ter2 T %' 3w
°
_ Biaap
- W
o)
1 cLl.“nl S for low-pass 6. = for band- .
filter n2 e pass.filter
Ala = wii (4a)
: _ Bw3db = Zwao + AZ
G = A2
BW3 41,

L.. is the clesed-leop damping;ratio,-wn is the natural frequency,

¢L

BW3&b is-the- 3db bandwidth of the filter, and G is the-peak’ampli-;'

tude . of the BPF (eccurs at wml= wnz)frelative»to.thé‘dgc}'gain"oﬁ.
the LPF. -

A digital .computer program was developed te determine values for B
for various values of P and M PLL parameters using Equatien (3j). A
series expansion [7] was.used_to determine the Bessel Function te 0.01%:
accuracy.

The results for peak phase errer .of 1.5 radians.(P = 1.5) using the

same M,PLL parameters as in Figure 4(a) is shown in Figure 4(b). Note
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the rapid:decrease_in’B as.wm incz;eases-frqmwo te. the :3db frequency.
For values of wm.removed,from~the;influence,of either the LPF or BPF;
B =P =.1.5. This is to be expected since the M PLL does not track-
modulatien outside of the filter response and the phase-errer eéuals the

input phase. Also pletted are values for A, = 0 (the-LPF removed) and.

1.
for A2,= 0 (the BPF removed). As can.be seen the BPF-has little effect

on the.values for frequencies near .the LPF. Likewise the.LPF has little
effect .on the values for frequencies near the BPF. The influence of the

LPF -extends to. approximately 10 .times the .filter natural frequency. Thus
W, ~ Bwadb
if Hpb'>'10wnl

the two, filters may be assumed.not te, interact and .the
appropriate -equatien (either with,Ai =.0 or AZ = 0) may be used. The above-

results were alse observed for values of P in the range from 0 teo 3 radiams.

By.setting Al_=-0 Equatien (3j) may be:.simplified to yiéld results-
wo" BWadb
valid for W in-the BPF region (prov1dedj§;§ > lOwnl). Setting Al = 0 in-
Equations (2e) and substituting these values inte Equatiens' (3d), (3i) and

then-inte Equatien (3j) gives

A
2 2
ow)? + @ + =2 K@)’
g% - —y 2_9 — p? (4b)
(Bw)™ + 4T
o
where ..
2 2
wm - wd : wm wo
WhTuw Ta, T (hed
e m o m

and’
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K(P) = [J (P)+J(P)—£{J P) +J P}+P2{
- o 2¢ 7 W B+ I3k (3T )

+ 43, (B) + 3, (®)}] (4d)

Equatien (4d) may be written 'in.terms of Jl(P).by using the recur-.

rence. formulas for the Bessel-FunctionSf[7],'

23, (®)
R(P) = —5 (4€)
From .Equations (4a) it is easily shown . that .
A G
aj— = 2(:01 -G (4f)
o}
When this value is substituted inte Equatien (4b) it ‘becomes
2 .2, GR(P).’
(Bw)™ + 42 (1 + /2
2 o 1 -G~ 2
B = 7 7 — (4g)
Bw)™ + 456

V. THE JUMP PHENOMENON-

Figure 5 shows typical plot of B vs: P.as obtained from Equatien.
(4b). The doemain of P is restricted to 0 - .7 radians since.P > 7 -causes
sin P to be negative which in-turn causes positive feedback in the M PLL,
and .resulting loss of leck., Here .we are interested in. the characteristics .
during and.befqre loss of lock. It is-interesting to observe the behavier
of P.as B is,increased‘for-Dw = Q (wm = w;). For small. B, P increases
linearly; however, a peint is reached -(at dB/dP = 0) for»whichvavfurtber

increase in B dees not.satisfy the ‘equation for any P near this poeints
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At this point P "Jumps" to. some. value greater. than T and results in less
of lock.. This is-the phenomenon observed by Cardern, Thompsen .and Cheng’
[{2]. It -sheuld also be_noted'thét for Dw far enough removed from 0, the .
"Jump" phenomenon.does not occur.~ the M PLL loses lock witheut.a Jump in
P. This can.be more readily seen by referring te Figure .6. Data for

this figure was obtained frem Figure.5 and.plotted for constant ‘values

of B, For |Dw| > 0.08, and increase in B (holding Dw comstant) is accom-
panied by an increase in P (in a non-linear manner) until ‘the leop breaks
lock. For |Dw| < 0.08, an increase in B initially results in an increase
in P-until a point indicated by the dashed line is reached. At ‘this peint
a. further increase in B results in-a "Jump" in P and less of lock. The
point at which ‘the "Jump" occurs can .be determined analytically by finding
dB/dP. from Equation (4b) and.setting this value equal to zero., The results
of this procedure yields .

Jl(P) dJl(P) w

fo} 2
I Y W

204z + (i—o + 452y (4h)
The locus of points obtained frem this equation is-also plotted in
Figure 6 and corresponds. to the peints at which the slope of .the con-
stant B lines is infinite. It should be noted that fof a different Z,
and G, Figﬁre,S and Figure 6 will have the same form but different"
numerical values. The figures of course.can -be obtained by pletting

Equation (4g)-
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VI. COMPARISON WITH ANALOG COMPUTER. RESULTS

An Analog Computer .Simulatien.ef the M PLL was set up on an EAI 680
Analeog Computer. . B was increased slowly and the resulting phase error
was observed. Points were recorded when P equaled-1.5 and when-the M .PLL

lost lock. - This was dene for various wmﬁnear woAand‘for.BPF;parameters

w =10; BWw =1, G =:.85; w_= 10, BW'= 2;,G = .85; w

o . OA . ! - o 10, BW= 4,‘

G = .855 and @ =.5, BW = 2.0, G = .95. The LPF BW .1 and g = .707

3db -
for .all cases. The-phenomenon of.'"Jumps" was observed as the M PLL lest
lock for.wm near W .

The results of the analog cemputer simulatien .are plottéd .in-Figures
7(¢a) through.7(d) aleng with the values predicted by Equation (4g). The
values for,léop‘unlock‘using the equation were obtained from a plet similar
to .that of Figure.5. For Dw near Wy (where "Jumps" eoccur) .B was the value
at which -dB/dP = 0. For the other Dw (where "Jumps" de net eccur) B was.
the value which cerrespends.te a P,éf'Z.S-radians., This was .found te be
the phase error for which the M PLL. lest léck fer“wm wherelthere-are'no.
jumps. 'As‘cén be seen, the results agree to within-abeut:10% for :all:
cases.. The analeg-computer readings were never greater -than the values
predicted .by:Equation. (4g): This may~bejpértially due.to noise associated
with the .analeg computer -components. The -assumption of neglecting the
higher harmenic cempenents. in the'solution~to:;hé differential eqpatién
is therefore not very restrictive .(at least for the cases considered here).

Equation (4g) indicates that the leop umnleck characteristics are .a
functien of wm(wn‘(actually Dw) if G (peak gain of BPF) and‘Co_(openaloop

damping ratio asseciated with BPF) remain.the same. Normally G is made-
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as.close to. 1 -as possible se that the output voltage‘inathevB?F reglén is-
well above the neise level. Thus a plet (with wminormalized by,wn)‘for
wo =5, BW=1 givgs-the same*resultsias'a:plot;fér these.values doubled
(wl = 10, BW = 2) previded .the same Gfand'con;S‘maintained,_ This applies .
to the results indicated in Figure 6 as . well, since those results-were -
derived from Equation (4g). Note th;t the Q of the filter is the same

in both cases -indicating that the M PLL chéfag;eristics are related .to

the energy stored in the filter.
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VII.* -CONCLUSION

The derived equations predict -that-a "Jump" Phenomenon exists for
W near the.center -of .the BPF regien. The 'Jump' in.phase is larger for
w - closer to the1centér~of,frequency,‘ Numerical values agree to within
10% of values obtained from analeg cemputer siﬁulati@ns;

In order to .aveid the:VJumps" in phase -(and resulting less of leck)
an,operational»aqd‘design5§onstraint-is;that;8 be kept well beleow the
values.at ‘which this phenomenen- eccurs. , It was observed from analeog cem-
puter -simulatiens that negligible distertien of,the:signal‘occurs for
P. < 1.5, Thus a desirable region3of‘operatien for the M.PLL=ié that regien
below the P-= 1.5 line in Figures 7(a), 7(b), 7(c) and 7(d). From these
figures it-is alse evident .that the suBcarrie: must-be accurately centered.
in the BPF region since. the maximum'aliewable B decreases rapidly as wmnisf
increased or decreased,toward‘the>3db,frequencies.,

If the center frequency.of - the BP?_apd the 3db frequency of .the LPF
are at least one decade apart the filtérsudo not interact. Ehjuation (4g)
and its asseciated pleots . may then be cénveniently used in the design of ‘a
M-PLL._Assuming;that;_;o and .G remain'Qqchangedﬁfromrdesign~tofdesign,
Equation (4g) may be .used.to generate a sipgle{plot of B vs. Dw to be
used in the :design process. BPF's with the samg‘Q (QO/BW3db),have,identical

characteristics when .plotted as a functien ef Dw.
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low-poss PLL response -

M PLL response

Fig. 1. Typical Apollo unified S-band spectrum (baseband) with
frequency responses of a PLL and M PLL used for its

‘demodulation. A
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Input Phase Loop _» .

Signal. 1 Detector | | Filter

- VCOo

Fig. 2. The Carrier Model of a PLL.
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sin $(1) A F(s)
t 8, (1)
[ 2
A A
(a)

LPF
™ A Rls)
sin¢(t)

BPF.

= A, F(s)
8, (n ' 6,
[o)

" (b)

Yoo

Fig. 3. (a) The Phase Model of a PLL.

(b) The Phase Model of a M PLL.
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