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ANALYSIS OF HEAT TRANSFER FOR A NORMALLY
IMPINGING LIQUID-METAL SLOT JET
| by Robert Siegel

Lewis Research Center
~ SUMMARY

Liquid metals aire very effective heat-transfer fluids. For critical local cooling
applicationé a useful technique may be to use an impinging liquid-metal jet. In this
report'a two-dimensional analysis is performed for a liquid-metal slot jet impinging
normally against a flat plate that is heated-unifbrmly. Wall temperatures and heat-
transfer coefficients are obtained as functions of position along the plate for various
values of the Peclet number. Liquid metals are low Prandtl number fluids, and as a
consequence a thermal boundary layer will develop much more rapidly than a viscous
layer. The fluid can then be approximated as inviscid because the viscous layer is of
minor importance in the thermal-boundary-layer growth. It is also assumed that turbu-
lence is small so that molecular conduction is dominating the diffusion of heat. The
solution is obtained by mapping the jet flow region into a potential plane in which the re-
gion occupies a strip of uniform width. The energy equation is transformed into poten-
tial coordinates, and an exact solution is obtained in the strip region. Conformal
mapping is then used to transform the solution into the physical plane to yield the tem-
perature distribution along the impingement plate.

INTRODUCTION

A possible technique for localized cooling is to use a jet impinging against the heat-
transfer surface. Liquid metals are very effective heat-transfer fluids and hence may
prove useful in critical cooling applications.

For a liquid metal the molecular diffusion of heat is much larger than the molecular
diffusion of momentum (low Prandtl number fluid), and hence for developing flow and
heat transfer the viscous boundary layers are much thinner than the thermal boundary
layers. As a result, the assumption is often made that the viscous-layer development



can be neglected in computing the heat transfer. The velocity field within the jet region
can then be determined by using the techniques of inviscid free jet theory. For a two-
dimensional situation in Cartesian coordinates the free streamlines can be found by con-
formal mépping (refs. 1and 2). For an axisymmetric jet, numerical techniques are
used (refs. 3 and 4). The present study is limited to two dimensions in Cartesian coor-
dinates (a slot jet) so that an analytical solution can be found.

In the conformal mapping solution the two-dimensional jet flow region is mapped
into a potential plane where it occupies a simple region, namely, a strip of constant
height and infinite length. The convective energy equation and boundary conditions can
be transformed into potential coordinates and in this coordinate system can be solved by
available analytical techniques. This coordinate transformation of the energy equation
has been used to determine the heat transfer for bodies in crossflow (ref. 5). The pres-
ent analysis is a combination of the inviscid free jet analysis and the energy equation
transformation fechnique. In the present problem these techniques reduce the analysis
to obtaining the temperature distribution in a-slab of uniform thickness moving across
a plane of distributed heat sources. The solution can be found by generalizing a case
treated in reference 6. '

Results are obtained for the wall temperature and heat-transfer coefficient along the
impingement plate for various values of the Peclet number. Simple approximate rela-
tions are.obtained at the stagnation point. The stagnation results are compared with
those in reference 7, which treats gases and ordinary liquids by use of a boundary-
layer type of analysis. ' :

SYMBOLS

b half-width of undisturbed jet

C speciﬁc heat of fluid

h local heat-transfer coefficient along plate

K modified Bessel function of second kind of order n
k  thermal conductivity of fluid .

m integer '

Nu Nusselt number, h2b/k

Pe  Peclet number, |v, |2b/a

Pr Prandtl number, Cpu/k



heat flux specified at wall

Ay

Re jet Reynolds number, lv°<> | 2bo/ 1t

T dimensionless temperature, tk/qu

t temperature

U " dimensionless velocity in x direction, u/|v°°|
U dimensionless fluid velocity vector, G/|v,_ |

a fluid velocity vector

u,v velocities in x and y directions

X,Y dimensionless coordinates, x/b and y/b .
X,y rectangular coordinates along and normal to plate
a thermal diffusivity, k/pCp

r gamma function

n dummy variable of integration

K fluid viscosity

v fluid kinematic viscosity, u/p

£ coordinate normal to & - ¥ plane

P fluid density _

o dimensionless potential, ¢/|v_ |b

7 potential function

¥ dimensionless stream function, ¥/|v_ |b

Y stream function

Subscripts:

w at wall

© undisturbed fluid condition

ANALY SIS

Geometry

The two-dimensional flow configuration is shown in figure 1.

A slot jet with an un-

disturbed width 2b impinges normally against a flat plate at y = 0. The plate has a



uniform heat flux dy supplied along it. After turning, the flow moves out in the posi-
tive and negative x directions in a symmetric fashion and for the inviscid-irrotational
situation considered here reaches an asymptotic thickness b. From symmetry, only
the first quadrant of the flow need be considered. In figure 1 some of the boundary
points have been numbered 1 to 5 for convenience in identification.

Governing Equations

The fluid considered in this report is a liquid metal, and since liquid metals have
very low Prandtl numbers, the viscous diffusion is small compared with the molecular
diffusion of heat. Hence, in a flow where both the viscous and thermal boundary layers
are developing simultaneously, there will be little diffusion of vorticity into the thermal-
boundary-layer region. The viscous layer will be relatively thin, and the thermal layer
will be essentially all in the inviscid region. A flow that is initially irrotational will
develop little vorticity and hence can be assumed to remain irrotational. It is also
assumed that the jet Reynolds number is low enough so that turbulent heat diffusion is
not important in comparison with the molecular diffusion of heat, which is large for a

liquid metal. These are standard assumptions for liquid-metal heat-transfer analyses
in the low Reynolds number range (RePr < 50 in a tube or <500 for crossflow over tube
bundles), as discussed in reference 8, page 300.

With these assumptions the fluid velocity can be obtained as the gradient of a poten- '

tial

U=Veo (1)
where ¢ is governed by Laplace's equation,
o =0 (2)

The Cauchy-Riemann equations apply so that the velocity components are related to the
stream function by

u=99 _9%¢ (3a)
ox 0y

v=9@ __3¢¥ (3b)
oy oxX _




where the stream function also satisfies Laplace's equation,
vy =0 : (4) .

The energy equation for the flow is given by

pCI;'ﬁ .Vt =kV2t | (5)
or, when equation (1) is used, by
pC Ve - Vi = kV2t 6)

Boundary Conditions

In connection with equations (2) and (4) governing the flow, the ¢ and ¥ must be
specified along the boundaries. Along the axis of symmetry 52, the u component is
zero, and along the x axis 45 the v component is zero. The entire boundary 3/?5 will
arbitrarily be designated as the zero streamline. These conditions give

99 _p
ox x=0, y=0 (7a)
¥ =0
99 _
%y 0=x =< oo, y=0 (Tb)
¥ =0

Along the free streamline 12 the pressure is constant, since the jet is exposed to an
external region at constant pressure. Consequently, the velocity magnitude along 12 is
equal to |v°° | . The magnitude of the stream function along 12 is found by noting that the
difference between this stream function and the value y =0 on the zero streamline
must equal the volume flow. Hence, along the free streamline the conditions for ¢
and iy are

\2 2 .
(22> + (Qﬂ) = vi X,y on 12 (8a)
ox oy



(8b)

¥=v, b Xy on 12

Across the width of the undisturbed incoming jet the velocity has a uniform value

Hence, from equations (3a) and (3b),

-V -
99 _p
ox
X,y on23 (9)
2
l = Voo
ox
At large x the velocity is uniform (u =v_, v = 0), so that
i‘d_/_ = Vm
oy
(10)
LA
ay

The thermal boundary conditions are the following. There is symmetry of the tem-

perature distribution about the axis 34 so that

Bt _0 x=0,y20 (11)
ox
It is assumed that along the free streamline there is negligible heat loss so that
ﬁs . Vt=0 x,y onl2 (12)
Along the solid boundary there is an imposed uniform heat flux q,, SO that
(13)

Along the cross section of the incoming undisturbed jet the fluid is at uniform tempera-

ture t_:
4 (14)

t=t, ' X,y on 23



Equations and Boundary Conditions in Dimensionless Form

The preceding equations and boundary conditions can be placed in dimensionless

form by defining the following variables:

X -X V= bv
b
vy-=-Y -9
b v, b
§-_4 v =¥ r
Voo | |ve, [B
v_12b
T =% pe=|_i|_
bqW a )

The flow and energy equations (1), (2), and (6) become

Pe T . VT = V2T
2

The boundary conditions are

j
28 _

Q

W:O} x=0,y=0 (x¥ on 34)

(15)

(16)

(17)

(18)

(19)



22 _y)
Y
\If:O} 0=x=ow,y=0 (x,y onilg) (20)
T
Y
2 2
_82 +<a_¢> =1
oX Y,
¥ =1 $ X,y on 12 (21)
ns- VT =0 J
2 _9)
X
¥ X,y on 23 (22)
X
T=T°°J
~
¥ _q
oY
» X,y on 15 (23)
L
“==0
Y )

Solution of Flow Problem

The solution for an inviscid two-dimensional jet slot jet striking a plane is available
in many textbooks as an example'of conformal mapping applied to free jet theory. In the
course of the solution the jet is transformed into a potential plane as shown in figure 2.

In this plane the flow has a uniform velocity and is from left to right in a two-dimensional
channel of unit height. The mapping functions relating the potential and physical planes
can be obtained as a special case of the results in reference 9.




The heated plate 45 in figure 1 is along the positive & axis (¥ = 0) in figure 2.
The locations along the positive & axis are of interest here, as it is the heat-transfer
behavior along the plate that is desired. From the results in reference 9 the corre-
spondence between ® and X is given by

2
<I>[\I,=0=;1n

0=U=1 (24)

2 -1 1+U
qu,=0-;<2tan U+1n1_U>
J

where U is the dimensionless velocity in the physical plane along the plate in the x
direction. The results in equation (24) are all that will be needed from the flow portion
of the problem.

Formulation for Solution of Energy Equation by Use of Potential Plane

The strip region in figure 2 is a simple geometry, and hence it provides a conve-
nient region in which to solve the energy equation. The solution can be evaluated along
the boundary 45 in figure 2, where the quantities of interest are functions of ®. Equa-
tion (24) can then be used to find the corresponding X values so that the heat-transfer
behavior is obtained along the plate in the physical plane.

The energy equation, equation (18), has the same form as that of equation (16) of
reference 10, and this reference gives the details of the transformation from X,Y to
&, ¥ coordinates. Using equation (26) of reference 10 yields the energy equation

2 2
aT o T _PedT -0 (25)

2 8‘1/2 2 0d

od

This is the same energy equation as for convection to a.flow with uniform velocity in a
parallel-plate channel. The flow would be in the & direction with the channel width ex-
tending across the ¥ direction.

The temperature boundary conditions in equations (19) to (22) must also be express-
ed in terms of & and ¥. Equation (19) expresses symmetry about the jet axis. This
symmetry is preserved in the transformed plane so that the condition becomes




T_0o &v on3d (26)
A

To transform equation (20) use the relation that at a fixed X

9T _3T 3% , 9T 38
dY oV¥ 9Y 0 9Y

Applying the conditions from equation (20) along ¥ =0 gives

21297 ik
0w v=09Y |y =0
From equation (3a)
=9Y
oY
Hence, the boundary condition becomes
8T . 1 &, ¥ on 45 ' (27)
o U(®)

where from equation (24)

Since the free streamline 12 is a line of constant ¥, the condition equation (21) becomes

aT _ &, ¥ on 12 (28)
v

From equation (22)
T=T, &,¥ on23 (29)

These boundary conditions are summarized in figure 2.

10



In the potential plane (fig. 2) the situation is a channel flow with uniform velocity
(i.e., a moving slab) and a uniform entering fluid temperature T_. Equation (25) is
the convection equation with the axial conduction term az'r/ a<I>2 included. The channel
boundary conditions correspond to insulated walls except for a nonuniform heat addition
along the positive & axis. The solution can be obtained by utilizing some results from
reference 6. The desired result is the temperature distribution along the plate that the
jet is impinging against. This can also be expressed in terms of a local Nusselt number
along the plate. The local heat-transfer coefficient is h = qw/ (tW - t,). Then the local
Nusselt number based on the jet width 2b is

h2b  Gy2P 2

Nu(X) = = =
K (ty - to)k T (X)- T,

(30)

Solution of Energy Equation

Equation (8) on page 268 of reference 6 gives the temperature on the surface of a
slab that is moving past a line source of heat. If superposition is used to obtain the ef-
fect of a distribution of line sources, the solution can be found for the present problem.
A difficulty is that the result given in reference 6 is valid only for positive distances
along the surface away from the line source. A relation valid for both positive and neg-
ative distances is needed to superpose the line sources and obtain a continuous source
distribution as given by -1/U(®) in figure 2. The details of the solution are given in
appendix A, and the final result for the wall temperature along the positive & axis
(segment :1-5\) is given by




r .
Lol ©
' -(Pe/2)(n-®
T,@) - T, :_132— %+ e~ (Pe/ )(7:/2) an
AT =
0 4 =0 4
® 1/2
(Pe/4)(2-1) {1—[1+(4mn/Pe)2] /}
2 e
+ @
g11/2 _\1/2
l:l + <4m">j] (tanh _"7>
4
Pe
1=0
m=1
" 1/2
-(Pe/4)(n-2) 1+|:1+(4mn'/Pe)2] /}
+ € 1/2 dn (31)
<tanh l’l)
4
=0

Equation (24) is then used to transform from ¢ to X, and TW(X) - T, can then be
plotted along the impingement plate. The expression has been evaluated by numerical
integration, and results are given in figure 3(a) for Pe = 5, 10, 20, and 50. The local
Nusselt number is obtained from equation (30) and is plotted in figure 4(a).

Simplified Solution Neglecting Axial Conduction

In channel-flow heat-transfer analyses (ref. 11), the neglect of axial conduction
produces only a small error for Pe between 10 and 100, and for Pe > 100 the error is
negligible. Hence, it is worthwhile to examine here an approximate solution for which
the axial conduction (conduction along the streamlines when transformed back into the
jet geometry) is neglected. Compared with equation (31), this provides a much more
simple solution that is convenient to evaluate and is accurate when Pe is sufficiently
large. With this assumption the energy equation (25) simplifies to

12



T _PedT _, : (32)

‘which is of the same form as the transient-heat-conduction equation. The boundary
condition (29) now applies along the axis & = 0. The problem is the same as that for a
plate of unit thickness that is initially at uniform temperature and that has one boundary
kept insulated and one boundary with a heat input that varies with time. The solution can
be obtained by using a superposition in time of the uniform-heat-flux solution in equa-
tion (4) on page 112 of reference 6. The derivation is given in appendix B with the re-
sult that the wall temperature is given by '

&

o0

Ty(®) - To =(—i—)1/2 | 1 - Z[e'(l’e/z’?)-m2+ e-(Pe/Zn)(m+1)2} an
. mre [n tanh H_(‘b_-_’l’)_)} m:()'
4

0
(33)

Equafion (24) is used to obtain & values corresponding to the desired X values, and
the TW(X) are then evaluated by numerically integrating equation (33) for these &. The
wall temperature distribution and corresponding Nusselt number distribution are plotted
in figures 3(a) and 4(a) for various Pe.

Simplified Solution Neglecting Axial Conduction and Upper Boundary

The heat transfer in the vicinity of the stagnation region is sufficiently distant from
the jet free streamlines that it is worth considering the solution of the energy equation
where the effect of the upper boundary in figure 2 is neglected. As explained in the pre- ‘
vious section, the solution with axial conduction neglected is then the same as the solu-
tion for the transient-heat-conduction equation - in this instance for a semi-infinite re-
gion. From reference 6 (p. 76, eq. (9)) the solution for Tw can be written as

®

) 1/2 :
T =(2_ _ 1 dn
Ty(@®) - To (nPe) U(@ - ) 1/2

13




Inserting the U(®) for the jet configuration as given by equation (27) gives

d
1/2
Tw@®) - Too = (?25"> : 172 " 34
e [,,, tanh _(_‘I’__JJ_]
0 P

The solution is thus a simplified form of equation (33) in which the infinite series ac-

counted for the effect of the opposite wall.

It is useful to evaluate equation (34) at the stagnation point as this is the region of
highest heat transfer. As & - 0 in this equation, the 7 and & - 5 will always be
very small. For a small argument the hyperbolic tangent equals the argument, so equa-

tion (34) becomes for small &

8 &
T (& ~0)-T =(._2_>1/2 dn _2 ‘/i __dp
w oo
7Pe [n ”@4- )}1/2 r ¥ Pe [n(‘P _ n)]l/z
0 0

Let 77 =n/® to obtain

T, (=0 -T -—J;f n(l- 1/2

to yield

and then let g =71/2

T (& ~0)- T, == ‘/ f -4 ‘/—-sm'lﬁ| 4 42T ‘/_2_
Pe ‘/—— Pe 2 Pe

(35)

14




From equation (30)

Nu(@ - 0) =—2 = ‘/E : (36)
5 2

2 /-5
Pe

Limiting Values for Large Values of Dimensionless Coordinate X

For large X it is possible to obtain a simple limiting solution. From figure 1 it is
evident that for large X the situation is a channel flow, and with viscous effects neglect-
ed, the velocity is uniform. The channel is bounded at the top by the free streamline,
which is assumed insulated, and at the bottom by the plate, which has a uniform heat
addition. This region is treated as a channel flow in appendix C, and the result for the
wall temperature at large X is

T (X)-T =-2%x4+1 | 37)
Pe 3

This is compared with the solutions with and without axial conduction in figures 3(a) and
4(a).

DISCUSSION

The condition considered here is for the impingement plate being heated uniformly,
and the analysis yields the temperature distribution along the plate. The results are
shown in figure 3; part (a) gives the temperature distribution along the plate, and
part (b) gives the value at the stagnation point. The solid curves are the exact solution
as given by equation (31), and as is typical of liquid metals, the results depend only on
the single parameter Pe which does not involve viscosity. Numerical values are given
in table I. As expected for a stagnation type flow, the highest heat transfer is at the
stagnation point, and this is shown by the wall temperature being lowest at X = 0. The
convective heat transfer should increase with the value of Pe, and the manner of this
increase is revealed in figure 3. The heat-transfer characteristics can also be ex-
pressed in the form of a local Nusselt number which is a reciprocal relation to the wall
temperature, as shown by equation (30). The Nusselt number distribution along the
plate and the stagnation Nusselt number are shown in figures 4(a) and (b).

15



An increase in convection, which corresponds to an increase in Peclet number,
should diminish the effect of conduction along the streamlines, and the solution in equa-
tion (33) should then apply. This relation is plotted as the long~dash curves in fig-
ures 3(a) and 4(a). It is evident that the conduction term can be neglected, and the error
will be within a few percent for Pe greater than about 10. Hence, unless Pe is some-
what lower than 10, it is unnecessary to evaluate the exact solution as the simpler equa-
tion (33) will suffice. :

At stagnation the neglect of the upper boundary and conduction along the streamlines
leads to the following simple relations from equations (35) and (36):

T, (X=0)-T, =2 4= (38a)

Pe

Nu(X = 0) = ‘/% (38b)

As shown by the curves in figures 3(b) and 4(b), these relations are very good approxi-
mations for Pe > 10. For low Pe the conduction along the streamlines at stagnation de-
creases the heat transfer somewhat, as evidenced by the exact solution in figure 4(b)
being below the solution neglecting heat conduction. Heat is conducted upstream into the
flow as it approaches the plate, and this tends to thicken the thermal boundary layer
near stagnation and decrease the heat transfer. Figure 3 shows that the wall tempera-
ture is fairly uniform in the vicinity of stagnation. Hence, the stagnation results in
equations (38) should also apply for the boundary condition of uniform wall temperature.

Equation (37) provides a simple asymptotic result for large X. The results show
that this is a good approximation for X larger than about 6 with Pe greater than about
10. At smaller X the asymptotic solution begins to deviate gradually from the exact
results, and the approximation is not very good for X less than about 4 for the Pe
values considered in this report.

The analysis in reference 7 is concerned with gases and liquids, 0.7 < Pr = 10,
rather than the low Prandtl number range typical of liquid metals in the present report.
The boundary condition at the impingement plate in reference 7 is a specified uniform
wall temperature rather than a uniform heat flux like that treated in this report. For
0 < Pr = 10 the viscous boundary layer is almost as thick or is thicker than the thermal
layer, so that a boundary-layer analysis for the flow is required. The solution is ob-
tained numerically with the jet potential flow solution used for the external flow. The
analysis also includes the jet nozzle being at various distances from the plate. For
large nozzle distances from the plate, as in the present report, the variations of Nusselt
number along the plate have the same general trends as those obtained in this report.

16




At the stagnation point the correlation obtained in reference 7 is Nu = 0.51 Re 1/ 2Pro‘ 373

as compared with Nu = 0. 707 Pel/ 2 0. 707(RePr)1/ 2 for the present report. The cor-
relation in reference 7 can be rearranged into Nu = 0. 51(RePr)1/ 2/Pro‘ 127 _ . ‘
0.51 Pel/ 2/Pro' 12 7. Viscosity appears only in the Prandtl number, and since the
Prandtl number is to a small power, the heat-transfer behavior at the stagnation point
is not very viscosity dependent.

CONCLUSIONS

An analysis has been performed combining free jet theory and a transformation of
the energy equation into the potential plane to obtain the heat-transfer behavior of an
impinging liquid-metal jet. The jet is two-dimensional in Cartesian coordinates and
strikes a plate that is uniformly heated. The temperature distribution and heat-transfer
coefficient are evaluated along the plate as a function of the Peclet number Pe. As
would be expected, the maximum heat-transfer coefficient is at the stagnation point. At
a distance larger than about 6 jet half-widths from stagnation and for Pe > 10, the re-
sults can be approximated quite well by an asymptotic relation that considers the jet
region to act like a channel flow. Heat conduction along the streamlines is not very sig-
nificant when Pe is greater than 10. For this Pe range, the Nusselt number Nu at stag-
nation can be approximated quite well by Nu = m . This result should also apply for
the boundary condition of uniform wall temperature because the present solution yielded
almost uniform wall temperatures in the vicinity of stagnation.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, February 7, 1973,
501-24.
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APPENDIX A

SOLUTION OF ENERGY EQUATION

The solution can be obtained by starting with the equation for a stationary point
source of heat on one side of a moving slab with the other side of the slab insulated. By
superposition the point source is used to obtain the solution for a line source. Then a
superposition of line sources can be used to build up the heat source distribution speci-
fied by the boundary condition equation (27) along the positive axis.

For a slab of unit thickness, 0 < ¥ < 1, moving with a unit velocity (fig. 2) the tem-
perature distribution produced by a unit point heat source fixed at the origin, & = ¥ =
£ = 0 (the ¢ is a coordinate axis perpendicular to & and ¥), is obtained from refer-
ence 6, page 268, equation (7), as

2m

T(8,¥) - T, =L [K, <_1.’4£ Yol . &2)

1/2
2
+2 K, <—P—e Vo? §2> IE " <i> m21r2:| cos(mmw)| e2Pe/4

4 Pe

m=1 (A1)

Integrating over ¢ vyields the temperature distribution for a line source along the ¢

axis
};: )
Te,v)-T, -1 [ KO(EJ¢2+§2>
27 £ =co 4
9 1/2
+ 2 K0 <P£ V@z + g2>E + (Pi> m2n2:| cos(mn¥) e(I)Pe/4 d¢
e
m=1 (A2)

To carry out this integration the result from reference 12, page 417, is used that

18




o0
V2 2)
Kv<a R AV TIPS B 1o JURS VIR

> ! A3
(t2 2>(1/2)V aI-H-l?V- p-1 V'U'l(a?) a 0 ( )
4

Since the integrand in equation (A3) contains only 92 » the result should be the same for
negative 4 as for positive 4 Hence, to allow for negative ¢ the result in equa-
tion (A3) should more properly be written as

‘/2 2>
Kv<a AV TS U 1 JURS)

(tz . ,2>(1/2)v a[J.+1l?| v-u-1

[ o]

KV_,_L_I(alﬁl) (A4)

A specific case for v =0 and p =-1/2 is

« 1 1/2
(=
K t2 2 dat = 1 <2>|7| K ( l I)
ol@ 't +2 —:/_;————1/2 -1/21@1%
a

Using the relations K_ 1/2 = K1/2’ r'(1/2) = V7, and V(n/27) K1/2(?) = (rr/27) e ?
(see ref. 13, p. 444) yields the simplified form

/w KoéVt2+,2)dt=-"_e‘a|?| : (A5)
0 : 2a

From symmetry equation (A2) can be written with integration limits 0 - « as

o0
_1 Pe 2 2
TW-TOO_-[ K0<— <I>+I;'>
™ Jo 4

0

2 1/2
+ 2 KO <_11_e tI>2 + §2>|E + <_i> mznz] cos(mn¥) e<I>Pe/4 d¢
m=1 (A6)
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Equation (A6) is integrated by use of equation (A5) to yield
~

T 4 (Pe/4)|®]

T(®,¥)- T, = T
e

o |
AL

o N

11/2

-(Pe/4)[1+(4mn/1>e)2_ / |3
+ 2 TE cos(mrr\If)?e(I’Pe/4
2 9 71/2
Pe l} + <i> m2n2
4 Pe

m=1 - J

Simplifying and evaluating at the wall ¥ =0 give

_.2 [ (Pe/a)(@-|])

T (®)-T
w « Pe

1/2
(Pe/4){d>- | & [1+(4mn/1>e)2] /}

2 e
e

m=1

V(A7)

Equation (A7) gives the wall-temperature distribution produced by a line source of
unit strength per unit length along the £ axis in figure 2. Superposition can now be
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applied along the positive & axis to obtain the effect of the source distribution 1/U(®)
which resulted from the imposed uniform heat flux in the physical plane being trans-
formed into the potential plane. If H(®) is the response to a unit line source, and F(®)
is the distribution of sources, the wall-temperature distribution can be obtained by
superposition as " N ' o

T,@®) - T, = fo FH(@ - n) dn (a8)

Using equation (A7) for H(®) gives

_1 | (Pe/4)(@-n-|2-n])
U@m)

P j: 1/2
| (Pe/4){(¢’-n)- | & [1_+_<4mn/Pe>2] }

2 e
511/2 -
(2]

m=1

dn

(A9)

The U(n) is inserted from equation (27) and the integral is divided into two regions de-
pending on whether n < & or 1 > & to obtain the final form




T (@)-T. - 9 -(Pe/2)(n ‘I’)
w ® Pe tanh M 1/2 1/2
=0 4 n=0

& 1/2
(Pe/4)(d>-n){1-[1+(4m1r/Pe)2] /}

+ 2 e dn
51/2 1/2
1+ (ﬂ) : <tanh M)
Pe 1n=0 4
m=1
.
0 1/2
- (Pe/4)(n-<1>){1+ [1+(4m7r/Pe)2:| / }
+ € 72 dn (A10)
(tanh M)
n=0 4 |
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APPENDIX B

SOLUTION NEGLECTING AXIAL CONDUCTION

In reference 6, page 112, the transient temperature solution is given for a heat flux
suddenly imposed at one surface of a slab with the other surface of the slab insulated.
Since equation (32) has the same form as the transient heat conduction equation, this
solution can be applied after changing the nomenclature. The & is analogous to time in
the transient problem, and since the heat flux varies with & in the present case, the
solution is the same as a transient solution in which the imposed heat flux varies with
time. The superposition theorem for the variable-heat-flux solution is

&
T, (®)- T, = 1 dFg, (B1)
0 U(¢ - n)dn

where 1/U(®) is given by equation (2'7), and F is the response to a suddenly imposed
heat flux of unit magnitude.
From the solution in reference 6 the F is given by

o0
- r— -— r— -
1/2 '
F(®) =2 2% ﬁierfc — M |:ierfe _m+1 >
\ Pe 9 1/2 9 1/2
Y =&
L Pe | \Pe _J
m=0
where
1 -2
ierfc & =—e€ -t erfq £

m
The derivative of this function is given by

4 jerfe £ = ~dlerfc £) df _ = (-erfc §)
dé ¢ dé
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Using this relation gives

r h -‘W - d I -
+ ierfc —9—%175 >+ (2_'I’>1/2 ——ﬂﬁ erfc _n_ll—/z
, > P
U | AN 3 R
e e e
- F N —T
+—£—-1—erfc _m+1 > (B2)
(2 )1/2 9 1/24( -~
= & — & ;
Pe ; _<Pe > J .

When the definitions of ierfc & and erfc & ?.re used, equation (B2) reduces to

dF _ (L)l/ P [e-mz/@/Pe)q» . e-<m+1>2/<z/1>e)<1>] 53)
d® \&Pe \/;
m=0

Substitute equation (B3) into equation (B1) and use equatién (27) for U to obtain the de-
sired final result for the wall-temperature distribution

0

1 - Z [(a-_mz?e/zn . e-(m+1)2Pe/277] dn

[ﬂ tanh l(%—n—)] m=0

(B4)
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APPENDIX C

LIMITING HEAT TRANSFER AT LARGE VALUES
OF DIMENSIONLESS COORDINATE X

For large x the flow as shown in figure 5 is a flow with uniform velocity in a chan-
nel with one wall heated and one wall insulated. An overall heat balance is now taken on
the flow region from the fluid entrance at large y to the region at large x, where the
velocity is uniform and equal to v . This yields for large x

QX = bvaCpF(x) - too] (e

where t(x)is the mean temperature for uniform velocity (see eq. (C7)) obtained as

— b _
tx) = % ./(; t(x,y) dy. Equation (C1) determines the t (x) since q,, is a specified quan-
tity. v

A heat balance on a differential element in the fluid gives

2 2
k(ézﬂkz;>=vacpaz 2)
axz ayz X

For fully developed heat transfer with uniform heat addition the temperature distribution
rises linearly with x and hence has the form

t(x, y) = Cyx + £(y) (C3)

The axial conduction term k(azt/ ax2) is thus zero, and substitution of equation (C3) into
(C2) yields

2
k4L o pC,Cy (C4)

dy2

Since in the fully developed region the shape of the temperature distribution is not chang-
ing, equation (C1) yields

T q
AV __¢ (C5)
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Then combining equations (C5) and (C4) gives

Integrate once and apply the boundary condition that ot/dy = 0f/0y =0 at y =b to ob-
tain

L. ¥(y-p)
dy kb
A second integration results in
qQ. 2
f=—"(L -by)+C,y (C6)
kb \2

The integrated average temperature is’

b b
_ _/(; utdy Voo tdy

t(X) = =

1
b
_/(; u dy f dy

Substituting for t by use of equations (C3), (C5), and (C6) gives

- bl q Ay [ y2
tw -2 [ (¥ g c,|ay
b bv,,pC, kb \2

fb t dy (CM

Using t(x) from equation (C1) gives

W W W
bv,,pC,, ® bv pC, 3k
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so that

Q0
C2 = tOO + —

3k

Combining equations (C3), (C5), (C6), and (C8) gives the temperature distribution

q Ay [y2 QP
P . b TR
bvoopCp kb \ 2 3k

Evaluating at y = 0 to obtain the wall temperature yields

q,X qu

t x)-t = +
w ° bv,pC, 3k
P
In dimensionless form the final result is
A 2 1
T X)-T, ==X+=
w ®  Ppe 3

(C8)

(C9)
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TABLE I. - WALL TEMPERATURES ALONG

IMPINGEMENT PLATE

[From (eq. (31 )]

Dimensionless | Dimensionless Peclet number, Pe
coordinate, potential,
X & 5 10 20 50
Wall temperature, TW(X) - T,
0 0 1.324 10.893 | 0.630 [0.397
1 . 1960 '1.366 | .902 | .633 | .400
2 . 7673 1.487 | .935| .648 | .409
3 1.6105 1.749 11.032 | .692 | .435
4 2.5700 2.106 [1.191 | .764 | .474
5 3.5611 2.496 11.378 .852 | .519
6 4.5592 2.893 11.574] .946 | .563
7 5.5629 3.29511.774(1.045 | .607
8 6. 4835 3.663 11.958|1.136 | .646
V= - Vo
3 2
P
to
2h =
rFree streamline

. ]

. A

y.v 1

4 xu l"tw(") b T Ut Ve

!

Figure 1. - Inviscid-irrotational jet impinging on plate with specified uniform

heat addition.




Dimensionless wall temperature, TyX) - Tg,

Y
AY
2 Ny | Seel !
— oy
Uniform *
T velocity
3 ‘ 4 ,/‘UJ = 0‘ 5 &
T ST 1
“—-=0 | A S S
L 3 FTRVES)
Figure 2. - Jet region mapped into potential plane,
40—
Solution Equation
Exact 31
3.6T— —— —— Without conduction (33)
along streamlines
— ——— Asymptotic for large X  (37)
32— 4
2.8—

Peclet
number,

—
™~

OO0

F=y

Dimensionless stagnation temperature, TX =01 -Teo

Ay
4 - Solid and long dash
lines fall on same curve
[ | | | | I | | | | | |
0 1 2 3 4 5 6- 7 8 0 10 2 30 4 50
Dimensioniess distance from stagnation, X Peclet number, Pe
(a) Distribution along impingement plate. (b) Dimensionless wall temperature at stagnation (X = 0);

can be approximated with very small error for Pe> 10
by Ty ~Teo® 2v2Pe.

Figure 3. .- Dimensionless wall temperature for impinging jet.




Solution Equation

— Exact (31)

—— —— Without conduction (33
along streamlines

- — —— Asymptotic for farge X (30

5.5[——

5.0

Peclet number,
Pe

~Solid and long-dash
lines fall on same curve 5

(Pe/2)V/2 -

Local Nusselt number, Nu(X)

Stagnation Nusselt number, Nu(X = 0)

.5 | | | | J
0 1 2 3 4 5 6 7 8 0 10 2 30 40 50
Dimensionless distance from stagnation, X Feclet number, Pe
; (a) Local Nusselt number along impingement plate. {b) Nusselt number at stagnation (X = 0); can be approxi-
mated with very small error for Pe>10 by Nu=
(Pe/21/2

Figure 4. - Nusselt number for impinging jet.

,r-lnsulated boundary .

/ ! dx
1 ZA
X 'r-tw(x) dy.‘_EJ b Ve
LR
Gw
Figure 5. - Geometry for derivation of heat-transfer behav-
ior at large x.
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