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ABSTRACT

A finite strip compressed between two rough
rigid stamps is considered. The elastostatic
problem is formulated in terms of a singular
integral equation from which the proper stress
singularities at the corners are determined. The
.singular integral equation is solved numerically
to determine the stresses along the fixed ends of
the strip. The effect of material properties and
strip geometry on the stress intensity .factor is
presented graphically.
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INTRODUCTION

The problem of a finite strip compressed between two rough
rigid stamps has been of considerable interest from both mechanfcs
and mathematical points of view. 1In particular, the problem is
very frequently encountered by the experimentalists in rock mechan-
ics, who use the standard crushing test for various rock specimens.
It is well known that rocks are-nonhomogeneous éh& contain rela-
tively large voids. However, the experiments [1] have shown that
the_fai]ure of a compressed rock specimen initiates at the corners
due to the high stress concentration at these locations. Hence,

a stress analysis, specifically near fhe ends of the strip, is
essential for a better understanding of the failure mechanism.
For the sake of convenience, a homogeneous and isotropic finite

strip will be ané]yzed in this paper.

Numerous analytical studies have been devoted to the finite
strip problem but none of the methods provides a solution which
can directly give the correct behavior of stresses near the cor-
ners without presenting convergence difficulties. The best solu-
tion known so far is given by Benthem and Minderhoud [2] who used
the eigenfunction expansion technique to solve a semi-infinite
and finite cylinder problem with remarkable success. The method
is equally well applicable to the finite strip problem; however,
it requires a prjor know]edgé of the stress singularities by

alternate means.

An integral transform technique has recently been used by

Gupta [3] to so]ve a semi-infinite strip probliem. In this paper,
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the method used in [3] has been extended for a finite strip prob-
lem, where one needs to use the finite integral transforms. The ’
final integral equation contains a divergent infinite series from
which a singular kernel can be isolated and a singular integral
equation may be obtained. This equation may then be solved numer-
ically by using the Gauss-Jacobi integration technique.

FORMULATION OF THE PROBLEM

Consider a strip of width 2h and length 2L compréssed between
two rough rigid stamps. Stamps have to be rough to ensure no
siiding at the ends. The shear modulus and Poisson's ratio of the
strip are u and v kespective]y. The problem described above can
be recovered by the superposition of a homogeneous (I) and a dis-
turbance (II) problem .as shown in Figure 1. Solution of I is

simply given as
I _ )
Oyx (Xo¥) = 0o, T (x.y) =0

I
o,, (x,y) = -p
yy 0
(1)
3-« ,

up(x,y) = eox 3 g0 = (Fgp) P
= . 1+«
VI(xa.V) = 's'ly s €'| ( 81 ) 0

where k = 3-4v for plane strain and ¥ = (3-v)/(1+v) for plane

stress.

The disturbance problem II must have the input function as
the displacement in x-direction at y=<L plane, equal to the nega-

tive of that in I. Since the problem is symmetrical about x=0 and
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y=0 planes, it is sufficient to consider one quarter of the medium

only. Hence, the boundary conditidns for II are written as

oyx(hsy) = oy (h,y) =0, lyl<t,
v(x,0) =0 (2)
‘ I x|<h .
oxy(x,O) = 0
u(x,L) = -EgX ]
' h 3
wony -] (3)

where voris an unknown constant determined from the following
equilibrium condition:

h ' o ,
/ oyy(x,L)dx = 0 _ (4)

Note that this problem is a special case of a general brob]em of

a parallel array of rigid inc]usionsl1ying in a strip.' The finite
strip problem is recovered when the inclusions extend to the strip
surfaces. Also, in the inclusion problem, the boundary conditions

(3) would be replaced by a set of mixed boundary conditions [3].

The disp]acemeht and stress fields for the strip can be

~expressed as a superposition of two transform solutions. One is

the solution for a finite strip (|x|<h, |y|<L) with symmetry about
x=0 and y=0 planes, and the other is the infinite strip (|x]|<,
O<y<L) with x=0 as the plane of symmetry. Expressing the solution

4as’

R ST A PO 3 | .
U(X,Y) = nZO {an [f, 5~ 9, 1sinh(a x) + xg,cosh(a x)}cosay

Qéél [{x - g&Lcoth(&L)}cosh(&gy) + &ysinh(gy)]singxdg

v 2
m

oO~— 8
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vix,y) = nZO {é% [fn + E%l gn]cosh(anx) + xgnsinh(anx)}éinany
+ % £ iéél [gLcoth(EL)sinh(&y) - gycosh(Ey)lcosgxdg
o, (x,y) . o
XX i .
Sy % - n-"X-O [fnCOSh(ocnx) + anxgns1nh(anx)]cosany (5)

+ % I¢(€)[{5§§--£Lcoth(£L)}posh(£y)-+£ysinh(€y)Jc035xd£
0

o, (x,¥) | .
[(fn +,Zgn)cosh(ahx) + anxgns1nh(anx)]cosany

2{5
"
N~ 8§

n=0

- % f¢(£)[{5§l--ELcoth(sL)}cosh(ay)-+£ysinh(£y)]cosaxd£
o

o, (x5¥) o
—5l7ﬂ——— = nz1 [(fn + gn)sinh(ahx) + anxgncosh(anx)]sinany

- 2 [o(e)[{55 - eLeoth(gL) Isinh(gy) + Eycosh(gy)IsinExde
0o

and o, =

nm
n L

it may be seen that this solution identically satisfies the con-
ditions v(x,0) = 0, and oxy(x,O) = 0, of (2). The unknowns ¢(&),

fn and g, must be determined by the first two conditions of (2) and

the conditions (3). The first two conditions of (2) may be written
as

fncosh(anh) + unhgnsinh(anh) =D, )
| 6
f,sinh(a h) + g [sinh(a h) + a hcosh(a h)] = E |

where



6(£)[{55> - eLcoth(eL)}1;, (£) + I, (£)IcosthdE

o
>

(]
AN
o— 38

: (7)
E, = % / ¢(€)[{5§l - glcoth(gL)}I5 () + I, (E)]singhde
0o
and
sinh(&L) -0
el n= )
I]n(g) = .
(_1)n 2&51nh(£L) , n>1
(anz + EZ)L z
I,,(8) = (-1)" o nn(Et) o (8)
= = ) nz
3n (anZ + gz)L
1, (8) = £ &1, (2) ; I (g) = £ 9 1. (g)
Zn = dg Tintel e ~T4n dg “3n

It may be noted that in order to obtain the displacement in x-
direction at y=xL, certain shear stresses must be applied at those
planes. Let this shear stress be the unknown function in the
problem which has to be determined so that (3) is satisfied.

Hence, from (5)

o, (xsL) ©
2 = - KEL [ g(g)singx sinh(gL)dg (9)
0
- 81X | x| <h

The unknown function ¢(&) can be written in terms of the new un-

known G(x) by inverting the integral in (9) to give

s(g) = - —1 ? 6(t) —InEL__ gt (10)
u(x+1) o sinh(EL)

The first condition of (3) can now be expressed as



3 (x,1) = 2 [ ¢(£)[kcosh(ey) - ELcoth(gL)cosh(Ey)
0
1im
y-L
+ Zysinh(&gy)Jcosgxdg (11)
- Z (-1)" {[f -5—§ 9,Jcosh(a x) + xa g sinh(a x)}
= -g5 5 | x| <h R

Note that displacement derivatfve is used in (11) instead of dis-
placement in order to maintain a dimensional consistency‘in (10)

and (11). Equations (6) are now solved simultaneously to obtain

0 0
1. . Dn[sinh(dnh) + a hcosh(a h)] - E o hsinh(a h)
2 'n sinh(Zanh) + Zanh _
‘ - n>1 (12)
1 _ Dns1nh(anh) + Encosh(anh)
2 In sinh(2a h) + 2o h
where substituting (8) into (7), D, and E, can be expressed as
2 % n m£s1nh(€L) e 2’
D, =%/ S(E)L(-1) 5 {=5— + —3——}1costhde
o (o, +g2)L a © +E
_ ' (eL) (13)
© mo., sinh(&L
e 27 s(on(-nt oS et 28 nna
0 (a "+ &%)L o, 24 g2
where

1, n=0
m_:
2., n>1

In order to reduce (11) to an integral equation in G(x), fn

and g, must be substituted from (12) and (13), and equation (10)
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must be used to eliminate ¢(&). Note that in this symmetric prob-
lem the shear stress G(x) is an odd function, i.e., G(x) = -G(-x).
Using this property, equation (10) and the relations given in [4],

the first integral in (11) yields a Cauchy kernel as follows:

h o i
-£G(t)dt g [kcosh(Ey) - ELcoth(EL)cosh(EY)*'EYSinh(EY)]%%%%ééf§ld5

Tim -
y-L
- (14)
= ¢ Jol(t) cotn(TLE=xlyqt fG(t)dt | —E— sing(tox)ds
-h o sinh“(gL)
h . h
- G(t)
= K_£ T dt * _{G(t)K]F(t,x)dt
wheré
K]F(t,x) = %% coth(ZL[t -x]) - ——— - ————————— sing(t-x)dg (15)
o sinh (gL)

Note that K]F(t,x) is a Fredholm kernel and is bounded in
-h < (t,x) < h.- Now substituting ¢(&) from (10) into (13), the

functions'Dﬁ and E can be written as

nu(K+1)Do l g (t)dt | iiﬂ%éﬂlil dg
0 .

‘?‘
n 2t 1 L 2%
mu(k+1)D = fG(t)dt f(-1) 5—=—— {"5— + —5—5}sing(h-t)de
| n>1 (16)
. h o : 2a 2
mu(e+1)E = - Ja(t)dt [(-1)" —5 Do (il . 25 jcose(h-t)de
-h o (o “+E°)L a, "+ € ~

Using the tables of Fourier transforms in [4], the expressions in

(16) can be reduced as

o

+1

2u(k+1)D, = 57- {G(t)dt =0
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: » h ~ =a_(h-t)
(D" E 6O + o (h-t)le "

2u(i<+'|)Dn dt .
- n>1 (17)
-an(h-t) ,
dt

h
2u(c+1)Ey = (-1 JE(E) G o (het)Te

Using (12), (14) and (17), equation (11) can be expreésed in terms
of the unknown G(t) and a constant 9, which cannot be evaluated by
the prescribed boundary conditions. This constant must be deter-
mined by usihg the equilibrium conditfon (4). The final singular

integral equation may be written as

h
JE(OIES + Kyp(tax) + K(E,01dt - (et 1326) p (1-2)  (18)

[ x| <h
where

oy

= 2u | |
A b, % | | (19)

9 being an unknown constant (see (]1)). From (5) it may be shown

that the constants g and v(x,L) = v_ are related by

0

_ k+1 .
Yo = "7 L9 (20)

-an(h-t)

K(t,x) = e k(tax,ap)

Ne~—18

n

k(t,x,an) = sinh(2aih)-+2anh [?osh(anx){[5%1~+an(h-t)][anhcosh(anh)

+ E%l sinh(anh)]4-[E%l-+an(h-t)][anhsinh(anh)-P5%§ cosh(anh)]}
- xansinh(anx){[5%1~+an(h-t)]sinh(unh) (21)

+ [55_1 +un(h'-t)]cosh(0tnh)}]



It should be noted that fhe infinite series appearing in the
kernel K(t,x) is a divergent series and becomes infinite for t-h,
x+>th. This divergent series can be reduced to a convergent
infinite sum by separating the singular part of the series. This
singular pért of the series is obt&ined by taking the asymptotic
value of the function kn(t,x,an) as n»», Let

—an(h-t) T

T e k (t,x,an) - % k (t,x,0) (22)

Ks(t,X) = -l-:

o]

ne~3 8

n=0

where Ks(t,x) is the singular part of the kernel K(t,x). From

(21) it follows that

-aph 2 |
kw(t,x,an) = e [kosh(anx){4an h(h-t)-PZan[hKi-(h-t)(K-Z)]

4 (K-i)z} - 2xansinh(anx){K + Zan(h-t)}] (23)

and

k (t.x,0) = (k-1)2

Using the following result [5]

§ o e-an(Zh-t){cosh(anx)] _d" § e-an(Zh-t){COSh(anX)}
= n =

n=0 : sinh(anx) dt" n=0 sinh(anx)
2 gq¢m T(2h-t-x) m
- (2h- -x) -r(Zh-t+x)
1 - e - 1 - e ‘

the singular kernel Ks(t,x) now becomes

2
K (tix) = o1 [{(K-1)2+ 2[h.<+(h-t)(.<-2)]%f + 4h(h-t)§;§}
. 1 + ]
w .
. e-f(Zh-t-x) . e-%(Zh-t+x) - (25)
d d2 1 1
- 2x{xgy +2(h-t -
Kt )dtz}{ -1(2h-t-x) - F(2h-t+x)
1-e 1-e

-10-
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Note that the second term in (22) does not have any contribution

in (25) since G(t) is an odd function of t and

h h S
[ 6(t) k_(t,x,0)dt = (k-1)2 { G(t)dt = 0 (26)
-h . | -

In order to analyze the behavior of the unknown function G(t)
of the Cauchy kernel and the singular kernel Ks(t,x) must be con-
sidered. For the purpose of analysis, it is convenient to express
the kernel Ks(t,x) in terms of a generalized Cauchy kernel and a
Fredholm kernel, i.e., expressing

1 L

= — + 0(2h-t-x)
-T(2h-t-x) "{Zh-t=x)
1 - e
‘and : (27)
L
, = + 0(2h-t+x)
-L(an-tex)  TOER-TEX]
1 -e ~
Ks(t,x) can be written as |
Ks(taX) = K]S(t’x) + K3F(t’X)
where
2
_1 g2 ovd e y2d 1
Kig(tsx) = 5 {x® -3+ 12(h-x)g¢ - 4(h-x) dxz} ST—Ex
+ 4 {62 -3 -12(hx)d - 4(h+x)? ¢’ - (28)
? dx X ix2’ Zh-T¥x

The dominant part of the singular integral equation (18) is now

written as

A |

. |
[ 65 + Kyg(ton)ar = LGB p (122) - a0 (29)

| x| <h
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where A(x) is a bounded function containing all the terms coming

from the Fredholm kernels, i.e.,
h .
A(x) = JG(t)IKyp(t,x) +K(t,x) - K (t,x) + Kap(t,x)1dt (30)
-h |

The unknown function G(t) is assumed to have integrable singular-

ities at t=+h and, following [6], may be expressed as

5

H(t)  _ _ H(t)e™'®

G(t) = . ,
(h2_t2)a (t'h)a(t+h).a

It]<h (31)

where Re(a) < 1 and H(t) satisfies a Holder condition in the closed
interval |t|<h. The general procedure for determining a from the
dominant part of the singular integral equation (29) has been
treated in detail in [7]. Also, the Teft hand side of (29) is
identical.to that obtained in [3] where the corresponding equation
is analyzed to determine the power of the stress singularity a.

Hence o is the first root of the following transcendental equa-

tion [3]:

2kcosma - (k2+1) + 4(a-1)% = 0 (32)
Note that this equation depends only on the Poisson's ratio of the

finite strip and yields a real value of o for any material 0<v<0.5.

SOLUTION OF THE INTEGRAL EQUATION

Without any loss of generality, the integral equation (29)
can be normalized with respect to h by using the transformation:

e=Lf, y=%,  &(t) = 6(ht) = é(1) (33)

Hence (26) can be expressed as
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— ey,

$(T) 755 + MK (ht,hy) + hKyp(hT,hy) + hKp(hT,hy)ldT

= B etl) oy (10) , Jyl<a . (34)

where

. ® -anh(1~T)
Ke(ht,hy) =+ ] e [k(htohy,a. ) - k (ht,hy,a )]
F L et n @ n’.

énd (31) becomes , '

o(7) = Tl (35)

' (1-12)

where o is given by (32). Equation (34) can now be solved by
.using Gauss-Jacobi Integration formula. This technique has been
described in [7] and has been used in [3]. Since the unknown ¢(t)
représents the shear stress at the end of the strip, it must be
unbounded and should have infegrab]é singularity, i.e., 0O<Re(a)<]1.
Hence the index-of the singular integral equation (34) is +1 and
it must be solved subject to the condition (26). A set of NxN

simultaneous algebraic equations are obtained.

N .
jZ]Ajw(Tj)[ijyi + h{KS(th,hy1)+ K]F(th’hyi)+ hKF(th’hyi)}]

- (K+]%(3-K) ﬂpo(]_k). (36)

N R
21 AJW(?j) =0

J
where from [7] 75 and y; are given as the roots of the following
equations:
('as'u) - s
PN _ (Tj) =0 ’ (J‘la---,N)
(1-0,1-a) L -
Pyo1 (y;) =0, (i=1,...,N-1)

-13-



and Aj's are the corresponding weighting constants [7j. w(rj) are

computed by solving (36) numerically and the shear stress oxy(x,L)
can then be expressed as
Oy (XsL) = G(x) = h-w(x/h) o xen (37)

(h?-x?)

Since X is an unknown conétant in equation_(36) (see (19) and

(20)), the numerical solution of this equation yields pG ?

o-)\

A in turn is determined from the equilibrium condition (4).

NORMAL STRESS AND STRESS INTENSITY FACTOR

After having solved for the shear stress in the disturbance
problem, the remainfng stress and strain fields can be computed
from the corresponding equation in (5). An important quantity of
interest is the normal stress at the ends of the strip. Also,
this normal stress will be used to determine the unknown constant
A. Starting from the fourth equation in (5) and using (12), (10),

(16) and (14), the normal stress cyy(x,L) can be expressed as
o | -L)‘- AP = 12 ? G(t) [priote + Kop(tox) + Koo (t,x)
Yy Xs Po (k+1 )T -h 2(t-x) 3F' ™2 2 °?

+ Kgp(t,x)1dt |x|<h (38)

where

-an(h-t)

=

Kpp(t,x) = nzi e [ky(toxsa,) = Ky (tss,a )]
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2 K+]
ky(tax,a ) = SinhIZanh)4_Zanh[éosh(anx){[57—4-an(h-t)](anhcosh(anh)

- sinh(o,n)] + (551 + a (h-t)1[e hsinh(a h) - 2cosh(a n)1}

- xansinh(anx){sinh(anh)[E%l + an(h-t)]

+ cosh(anh)[E-é—l + an(h-t)]}}

: -a_h : : .
klw(t,x,an) =.e 0Ln[cosh(ocnx){l - [k +2°‘_n(h't)](3'2°‘nh)}
- 2a xsinh(a x){x + Zan(h-t)}] - (39)
| 2 '
_ » d d 1
Kpe (t.x) = g%[?(1-3K)-+2[Kh “3(h-6) 1 + 4n(n-t) ) g rrwes
1-e
s 1 1 - ax{kd 4 2(|n-t)dz H- L
-T(zh-t+x) dt dt? -(2h-t-x)
1-e 1-e
- 1 }
: _e-%(Zh-Hx) |
KBF(t,x) - LI cotn(lt-x]) - £} - [ —Eb—— sing(t-x)de.
2 2L t-x 0 sinhz(iL)

Using the solution of (36) in (38), the unknown constant A can now
be computed from (4). This enables the determination of the shear
and normal stresses at the fixed end from the correspondfng

equations.

The behavior of oyy(x,L) neaf the corner points t->th can be
determined by considering the dominant part of the equation (38),

which can be written as.

-15-



h
(k#1)oy (x,L) = 1 N 6(t)[EZL + {-(3k+5) + 2(+7) (h-x)

2

- 4(h-x)? sz}'Zhlt-x + {-(3c+5) - 2(x+7) (hex) S
o2 d? 1
- 4(hx) " 5 gRea ldt (41)
X . .

Using (31) and relations from [6] and [3], the dominant part of
the normal stress becomes

]
(2h)%sinma

(k+1)oyy(x,L)4= [(k-1)(cosma+ 1) - 2(k+1)(a-1)

+ a(o-1)2pshl o HGh) 3 ay (a2)
(h+x)®  (h-x)

Defining the stress intensity factors as [3]

_ . I hoy)O
Ky = llﬁ /?}(h x) Oyy(x,L)
(43)
Ky = 1im vZ (h+x)® Iy (%sL)

Xx~+h
and using (31) and (41), Ky and K, are expressed in terms of the

unknown function H(x) as:

Ky = V2 H(h) [(k-1)(cosmatl) - 2(k+1) (a=1) + 4(a-1)2]
(k+1)(2h)%sinma :
‘ (44)
k, = vz 2h)_

NUMERICAL RESULTS AND DISCUSSION

The total solution of the finite strip problem shown in
Figure 1 is now obtained by summing the two problems I and II.

Hence,

-16-



T I
s + 3>
Syy (x,L) Syy (x,L) cyy(x L)

yy
- (45)

cxyT(x,L) oxyI(x,L) + cxy(x,L) oxy(x,L)

Note that equations (18) and (38) depend only on the Poisson's
ratio of the strip. If the Poisson's ratio of the strip is zero,
the disturbance problem ceases to exist and the total problem as
shown in Figure 1 becbmes identical to the‘hémogeneous problem I.
.Thé same coﬁc]usion can also be arrived at by putting x=3 in

equation (17). Thus, for v=0

[}
o

_ Tio oy . I
Oyy (Xs¥) 7= 0, " (x,y)

(46)

T I o
Oyy (X,y) Syy (x,y) = -p,

The efféct of the aisturbance problem increases as the Poisson's
ratio of the stfip_increases (to a maximum value 0.5). These
effects are presented in detai]iin [3] for a semi-infinite strip
problem, hence, will not be repeated here. In this study, since
the effect of the strip size on the disturbance problem is of
primary importance, the results are presented only for one value
of the Poisson's ratio v = 0.3. Figures 2 and 3 show the varia-
tions of shear and normal stresses, respectively, along the fixed
end of the strip for véfious values of strip length to width
ratios. For a value % = 10, the results are identical to those
obtained for a semi-fnfinite strip [3]. Figures 2 and 3 show
that the effect of the disturbance problem decreases with a de-
crease in the length of the strip. This implies that the effect

of the decrease in strip lTength on the edge stress field is simi-

“Tar to that of reducing the Poisson's ratio. The two effects are
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not identical, however, since the power a of stress singularity
decreases when Poisson's ratio is decreased and it remains un-

changed when the strip length is reduced.

The variation of the stress intensity factor Ky (as in (44))
with respect to the strip 1ehgth is given in Figure 4. As
expected, the stress intensity factor decreases with the reduction

in the strip Tength. In limit, it would go to zero for h + 0 and

would tend to that of a semi-infinite strip for % >> 1. A similar
trend is predicted by Benthem and Minderhoud [2] for a finite
“cylinder prob]em; ‘As is seen from (44), the stress intensity
factor K depends on Kys and their ratio K2/K] is only a function

of the Poisson's ratio of the strip. From (44)

_K_Z_= } (k+1) sinmo (47)
Ky [(k-1)(cosma + 1) = 2(k+1)(a-1) + 4(a-1)%]
The power o of stress singularity in (47) is related to the >

Poisson's ratio via equation (32).

This ratio K2/K] 1s.not affected by the size of the strip.
Figure 5 shows a variation of K2/K1 with respect to v. The result
is quite significant for this finite strip compression problem.

If the rigid stamps are rough enough so that the coefficient of
friction, f, between the stamps and strip surfaces, is greater
than KZ/Kl’ the contact condition may be assumed fo be that of
perfect adhesion, i.e., no sliding would occur and the solution
| given in this paper would be valid. If f < K2/K], the problem
becomes that of a finite strip compressed between two rigid stamps

with friction. Figure 5 shows that in a crushing test, to
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determine whether the end condition is that of perfect adhesion
or sliding, as a first approxiﬁation one méy assume that K2/K] = v,
The above comments and the results shown by Figure 5 were included
in [3]; however, they must be repeatéd here since they are even

more relevant to the physical problem considered in this paper.
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Figure 2. Shear Stress vs. the Strip Length
for the Finite Strip. v = 0.3
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Figure 3. Normal Stress vs. the Strip Length
for the Finite Strip. v = 0.3
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Strip Length. v = 0.3



Figure 5. Ké/K1 vs. Strip Poisson's Ratio v.



