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HIGH-SPEED FLOW PAST WINGS’

By Helge Ngrstrud
Lockheed-Georgia Company

SUMMARY

The analytical solution to the transonic small-perturbation equation which describes
steady compressible flow past finite wings at subsonic speeds can be expressed as a non-
linear integral equation with the perturbation velocity potential as the unknown function.
This known formulation is substituted by a system of nonlinear algebraic equations to which
various methods are applicable for its solution. Due to the presence of mathematical dis-
continuities in the flow solutions, however, a main computational difficulty in the present
study was to ensure uniqueness of the solutions when local velocities on the wing exceeded
the speed of sound. For continuous solutions this was achieved by embedding the algebraic
system in an one-parameter operator homotopy in order to apply the method of parametric
differentiation. The solution to the initial system of equations appears then as a solution
to a Cauchy problem where the initial condition is related to the accompanying incom-
pressible flow solution.

In using this technique, however, a continuous dependence of the solution development
on the initial data is lost when the solution reaches the minimum bifurcation point. A steepest
descent iteration technique has, therefore, been added to the computational scheme for the
calculation of discontinuous flow solutions. Results for purely subsonic flows and supersonic
flows with and without compression shocks are given and compared with other available
theoretical solutions .

INTRODUCTION

The importance of having aircraft flying in the transonic speed range either in the
cruise mode or @ maneuvering mode has been expressed by both civilian and military
operators. Although the financial benefits from a commercial transonic airplane seems at
present to be somewhat questionable, no definite conclusion can be drawn before a
thorough understanding has been reached of the various operational problems involved.
The technical difficulties, however, associated with the development of such an aircraft
are well known to both the experimentalists and the theoretician in the area of predicting
the aerodynamic loads and the operating boundaries .

Early attempts to theoretically analyze compressible flow past finite wings at subsonic
speeds beyond an application of simple sweep or strip theory were based on the equivalence -
theorem which concerns itself with geometrically equivalent bodies (ref. 1). A solution was
thus obtainable for small aspect ratio wings, but required the solution to the equivalent



nonlifting axisymmetric case. A more general three-dimensional treatment of the transonic
flow problem, however, seems to have been first given by Alksne and Spreiter (ref. 2) who
extended the concept of local linearization to nonlifting wings, but were limited to_oncoming
flows which deviated little from the sonic speed (see reference 3 for a more recent and
detailed exposition). Similar restriction on the freestream condition also applies to the work
of Burg (ref. 4) which is based on still another linearized form of the governing transonic
small-perturbation equation. Ngrstrud (ref. 5) adopted the integral equation approach to
the solution of the same governing nonlinear equation, but results were confined to subcritical
flows. The analytical difficulties associated with the three-dimensional transonic flow problem
were clearly a matter which was inherited from the more familiar planar case and a solution

to the spatial problem dependent to a large extent on the progress made in solving the problem
" in two dimensions, see e.g. reference 6 for a comprehensive literature review of the subject.

The first'successful evaluation of mixed subsonic/supersonic three~dimensional flow
with embedded shocks were recently given by Bailey and Steger (ref. 7) who numerically .
solved the steady state small-perturbation equation using relaxation techniques. Their
approach includes a hybrid combination of the perturbation velocity potential and the per-
turbation velocities as the dependent variables and calculations for lifting, supercritical
flows are presented. Similar relaxation schemes have also been applied by Caradonna and
Isom (ref. 8) to the transonic flow problem of hovering helicopter blades at zero lift. Still
further numerical investigations of the transonic wing alone or wing=-body problem are found
in references 9, 10 and 11 and this has brought the subject-of transonic flow theory to an
initial stage of overall completeness.

The present study refines and extends the work of reference 5 to lifting flows with the
inclusion of shock discontinuities in three-dimensions. The approach taken follows some
fundamental steps proposed for two-dimensional flows by Oswatitsch in 1950 (ref. 12) and it
can be described as semi-analytical . The formal integral solution to the transonic small-
perturbation equation with associated boundary conditions is regarded as more amendable to
numerical analysis than the differential formulation. This is especially true for subcritical
flows. For supercritical flows, however, some additional considerations must be given
to guarantee the uniqueness of the flow solution. In either case, the governing integral
equation is first replaced by a system of nonlinear algebraic equations and then alternative
methods of solution to the algebraic system are given.

SYMBOLS
Ai' Bi’Ci velocity parameters
AR _ aspect ratio
Ci cosine integral
¢ speed of sound
E(ix -8|,1Z-¢|;r) influence function
F. functional defined in equation (23)



q(, Q)
R

r(x,Z)
S
Si

X,y,2Z
Yw

Greek Letters:
a

Y(,¢

functional defined in equation (37)

operator defined in equation (30)

Struve function of integer order v

Jacobian matrix
local Mach number
scaling parameter, see equation (22)

Neumann function of integer order v

source distribution, see equation (8)
distance function

velocity decay parometer

wing planform area

sine integral

specific entropy

transformed perturbation velocity components

~ velocity components

1/2

2
co) Y2

transformed coordinates= (1 - M

Cartesian coordinates

function describing wing surface distribution

angle of attack

vorticity distribution, see equation (%)

Laplace operator
incremental value

Kronecker delta
influence coefficients

ratio of specific heats
differentiation parameter
integration variables

arguments

Sy



2,3

~ Superscripts:

+

thickness ratio -

velocity potential

" velocity perturbation potentials

-~
downwash correction potential

functional defined in equation (36)

freestream value

with reference to the source solution
wi,f.h reference to the vortex solution
refers to the wing surface

two-dimensional or three-dimensional respectively

refers to upper surface value
refers to lower surface value
refers to x-direction

refers to Z-direction
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ANALYTICAL ANALYSIS

Governing fofe rential Equations

Three-dimensional irrotational compressible flow of an ideal gas around a finite
wing generates a velocity field (u,v,w) = grad & which is defined in a body-fixed Cartesion
coordinate system x,y,z. With the further assumption of small disturbances in the plane
normal to the direction of the oncoming steady flow (i.e., in the yz-plane) the governing_. -
partial differential equation for the velocity potential &= &(x,y,z) will be written as
2 oW |
- Me + +& =T+ 1) — -u J& (1
(1 Mco)@xx QYY @zz w+1 o [@x um] x

where Mcx: (= um/cm) is the freestream Mach number and « designates the ratio of specific

heats. Equation (1) is a particular form of the set of equations which can be deduced from
the transonic small-perturbation theory and it can be transformed to

Pxx * Pyy * cpzz - P Pyx (2)

after o normalized velocity perturbation potential ¢ =@ (x,Y,Z) is defined as

o+ M2
Q= 5 (-ux-vy-w2) (3)
(1 -MAu_ .

— . 2,1/2 .
.The employed coordinate transformation Y,Z = (1 - M_) / y.z corresponds to a form of the
Prandt!-Glauert transformation and we are thus limiting the present analysis to far-fields
with subsonic flow (M_<1). This restriction is arbitrary since a different coordinate trans-
formation would make a similar perturbation analysis valid for freestream Mach numbers
M =1, :

x

The introduction of a velocity potential & in equation (1) is equi:/alenf to imposing
the condition of irrotationality

rot(grad &) = 0 o (4)

on the flow field and, hence, equations (1) and (4) must be regarded as the system of equa-
tions to be solved under given boundary conditions. Since equation (4) implies a charac-

" terization of the subject flow as global isentropic (s = const.) and assumes no vorticity in

the upstream far field region, the entropy increase across any embedded shock surface is
regarded negligible. Thus, the entropy condition which forbids the occurrence of expansion
shocks must be incorporated in the analysis by means other than the use of the specific

entropy measure . This missing formulation will be dealt with in the numerical analysis section.



Boundary conditions. - Let the planform projection of the wing be situated in the plane

(+) (-)

y =0 and let the distribution yj/ = ht (x,z) define the wing upper' ' and lower * ' surface,

respectively. The simplified boundary condition expressing tangential flow at the wing
surface is then

y = £0: <I>y =vu_ hi (x,z) : (50)

or in fransformed variables
(n + l)M

Y =40: oy = ____A?)_:V-[h (x,2) - tanal ‘(5b.)

where a (= fcn-] (va/uw)) designates the angle of attack which will be limited to small
values. Furthermore, equation (5b) assumes w_ =0 for simplicity of the analysis. The

condition at infinity shall be that of vanishing flow disturbances and will be stated as
: 2
(x2+Y +22)]/2-°m: =0 (6)

In the case of circulatory (or lifting) flows, the Kutta condition at the trailing edge
of the wing must be taken into consideration in order to ensure finite velocities of the
flow as it leaves the wing surface . The associated potential jump Apat the trailing edge
varies in a fashion similar to the spanwise load distribution, but remains constant in the
streamwise direction in the so-called vortex wake behind the wing.

The harmonic solution. - For the purpose of constructing a solution to the nonlinear
partial differential equation (2) we will first consider the problem of obtaining a hormomc
solution to the chloce equation

Pex T OPyy TOz7=0 | | 7)

This equation is well known from linearized subsonic theory and we can identify a solution
® = gl,Y,Z)which satisfies equation (7) and the boundary conditions (5b) and (6) as a

transformed Prandtl-Glauert potential with the conversion factor (x + ])Mi(l -Mw)- ,

- see equation (3)

Analytical solutions to equation (7) for given wing configuration (or boundary
conditions) are rare and, in fact, it seems like Holme's solutions, given in reference 13,
are the only ones available . These are closed-form incompressible flow solutions for
rectangular and triangular wings with parabolic arc cross-sections at zero incidence .

- Of the various numerical methods available for the evaluation of & (x,Y,Z), e.g.,
references 14 and 15, the calculative technique employed in the present study is based on
an application of the method of singularity (ref. 16). Since the superposition principle
is valid in treating the linear equation (7), this method of solution utilizes a planar
distribution of elementary sources and vortices to represent the physical wing configuration
and the induced circulatory system. - :

é



Thus, for a constant source distribution of strength g(§, C) over an area element AS

in the xZ-plane where Z=(1- Mz)]/ z one is faced with an mtegmhon of the form
(ref. 16)
v, o= / /q(g,c) s 777 456C @)
o e lx-8)"+Y"+(Z2-07)
Similarly, a constant strength vortex distribution v(§, () leads to the representation N

/ €,0) =8 ! dgde +
/ y+(z—g) [(x-)+Y+(z g)J‘T

/ / YE, g)——L—dédg L )
y +(z—g)

Since the wing planform geometry is necessarily discretized by a number of small planar
elements, the appropriate limits of integration are defined by the corner points of the
individual panels. Within each of these panel elements the strength of the singularities
q(%,0) and Y(Z,Q) are assumed constant and a control point is selected at which the local
boundary conditions are to bé satisfied.

The associated computer program which implements the solution of the spherical

harmonic o =cBS +¢@ of equation (7) for given boundary condition is listed in Appendix B
v

as subroutine CARM . It should be noted that the original listing of this program as obtained
from the NASA Langley Research Center has been modified to consider perturbation
velocities in the x-direction only.

The Integral Equation Formulation

Equation (2) resembles a Poisson differential equation for which potential theory admits
the solution :

ox,Y,2) =3x,Y,2) +'(x,Y,2) - 4nfff[co§cp§ ng dgdndc  (10)

and where R3 = [(x - %) + (Y ‘ﬂ) + (Z - C)zj /

designates the inverse of the singular

fundamental solution for the domain of integration. To the harmonic solution ¢ is added
another harmonic solution 'which shall serve as a correction potential to the integral term

of equation (10). Since the boundary condition (5b) shall also be satisfied by the potential

© , the need for the correction term will become apparent when one differentiates
equation (10) with respect to Y and rearrange to yield



Oy, Y,2) By, Y, D) =y e, ¥, 2) ——fff (0 Pec)e 1 ¢ 3 %( >d€dndc

where the kernel

1<l_>= (Y -

Y \R 2
A T R A ke
is'an antisymmetric function with respect to the xZ-plane for Y =0,

. The derivation of equation (10) for symmetrical flows, i.e. withe'(x,Y,Z) =0, has
been given by various authors including Gullstrand (ref. 17) who gave a detailed derivation
in connection with the Green's theorems. Similar derivation is found in reference 18 and
Klunker (ref. 19) generalizes the use of the integral formulation of the transonic small-
disturbance velocity potential for the far field boundary condition in connection with
finite-difference calculation methods, see e.g. reference 20.

‘ Next, we seek to modify equation (10) for a necessary numerical analysis. Ifa
perturbation velocity vector in the transformed space x,Y,Z is defined as (U,V,W) =
grad @ and if we restrict ourselves to seek a solution for U(x,Y,Z) in the planform

plane (Y = 0) then a differentiation of equation (10) with respect to x will yield after
some manipulation .

1 1
U(x,0,2) -—U (x 0,2) = U(x,0, Z)+Cp (x,0,2) + (E, ,Q) ( >d§dndé‘
f/f 7m0 (g

(11)
To facilifate the solution of this nonlinear integral equation, an exponential decay in the
Y-direction will be assumed for the perturbation velocity component U =U(x,Y,Z), i.e.

U(x,£Y, Z) = U(x,20, Z) exp{3Y /r(x,+0, Z)} . (12)

where the parcmefer ri(x,Z) = r(x, +0,Z) is approximately derived from equations (4) and

(5) as
u(x,+0,z). - u 2
*(x, 2) = abs{ (1 -Mfo)’/?[ - ”}/" 5 ()
. : ] © dx

Eé}uafion (12) substituted in the integral term of equation (11) will then yield, after an
integration in the n-direction, the reduced integral equation




U(x,0, Z)-—U (xO Z) = U(x,0, Z)+cp(x0 Z)+——f/U (€,+0, Q)E dgd¢ +

+—ff U, 0,08 e )

where the kernel Ei = E(|x-£|,|Z- C_.\;r ) in the double integrals reads

\ e,
E(|x -§],1Z - Q\;ri) ;% f exp(-21/r") —8—2—<R]—3> dn

B YAR
=33 f evxp(-2ﬂ/r )£<R;/dn (14)

Inserting the relation (valid for Y = 0)

d (1 >_ (x -£) |
3E \R 2 3/2 -
B3 (x-2)?+nie(z-00Y
in equation (14) and mak-ing the substitution
t=n/ i.e. dn=rdt

_Where the upper superscripts to the parameter r have been dropped one obtains the
following expressions

E(x él 1Z-¢n =2

= /e"P(‘2f)' ‘ L dt‘
) |2 . | [<x-§>2+<z-g>2+f2]3ﬁ
- ,

r

:%'x-zg (-zcx—ﬂ)[%-Hl(c)+Nl(o)]‘ (15

2 \211/2
Here ¢ = 2[()( - g) +<Z - C) ] and the integral is obtained from standard tables,

r r

see e.g. reference 2],



rrom rererence << one can aegquce rthe rollowing properfies

adgH](c) =H°(o) -CI;H](U)
4 N0 = - NLO) + N, ()
do 1 2 o 1

for the Neumann function Nv and the Struve function Hv of both integer orderv and with the

aid of these relations the final evaluation of equation (15) will yield (see figures 1 and 2)

E(lx -&|,|Z - ¢lir) = _ZTn- [%(ii) -'l] [rgr— Hl(c) + N](o)}-l-

r
rao )

2 ‘ :
+§(xr_§> {Ho(o) -(—l—(H](c)+N](o)) +N2(o)} (16)
which reduces to _
.Ezz_%[ TZT—H](O‘)+N](O)] ' -
X = 2r_ni Ho(o) - C]; (H](c) + Nl(o),) +NL(0) ] 9

for x -€=0and Z - ¢ = 0 respectively. Equation (17) has previously been obtained in
reference 5, but omits the function r in the denominator as a result of-a typographical error.

Correction for lifting, continuous flows, -~ In the case of lifting flows, the integral
terms of equation (13) will give rise to a downwash in the plane of the wing planform. Since

the potential 5 is already required to satisfy the specified boundary conditions in this plane,
i.e., $Y = %y at Y = 10, the correction potential @' is added to the harmonic solution @ to

counterbalance this induced downwash. Furthermore, @' must also be a harmonic function,
but we can confine this requirement (or property) to the xY-plane since equation (13) does
not depend on any spanwise (i.e., approximately the Z-direction) derivatives of the function
', We will first consider continuous flow and define a correction potential ¢' = o'(x,Y, Z)

- which shall be antisymmetric with respect to the planform plane Y = 0 as

w'(5,Y.Z) = -T]; / V'(€,2) tan” xl_-gdg (19)
g=-=

10



The vortex strength y'(x,Z) is necessarily defined as

Y'lx,2) = 5 [UG,40, 2) - Tx#0,2) - U(x, 0, 2) + Uix, -0, 2)] 0)

and a differentiation of equation (19) with respect to x together with the limit value

1 Y
v'(x,Z) = lim —/y'(g,Z)-———-dg
Y-'OTTg (x-§)2+Y2

yields the identityq '(x,0,Z) = y'(x,Z). Since a unique circulation is already implemented
in writing equation (20) no further considerations have to be made regarding the Kutta
condition at the trailing edge .:

Correction for lifting, discontinuous flows. - With shock surface discontinuities in the
flow field a modification of equation (20) is necessary in order to assure the harmonic nature
of ¢'(x,0,Z) and, hence, enforce a smooth continuous derivative cp'x. However, instead of

defining the function o' we define its gradient in the x-direction as

0 (x,0,2) = ™2 1 TPy, +0,2) - Tx,0,2)] @1

and let m(x,Z) represent a spanwise-varying scaling parameter which shall depend on the
local circulation around the wing in order to satisfy the Kutta condition. Hence, one can
write

mix, 2) = 2 f [U(z,+0, 2)-U(z,+0, 2)-U(z, -0, 2)+Tz, -0, 2)1( U2, +0, 2) -4z, -0, 2)] e
55w (22

It should be emphasized that equation (21) is not unique and that a better downwash repre-

sentation at the leading edzc;e could be achieved with, say, an adoption of the Riegel's
factor [1 + (Byw/ax)z]—]/ . : '

From the elementary relation

U2(3,+o, ) - U(x,-0,2) = [TUlx,+0,2) - Ulx, -0, 2)1[Ulx,+0, 7) + Uix, -0, 2)]

where the first and second factor on the right hand side represents the linearized perturba-
tion velocity due to lift and thickness respectively. One sees from equation (21) that the
distribution in chordwise direction of the x-component of the correction potential is defined
to be of a similar form as the disturbance due to thickness. This distribution, however, is
modified by an amount proportional to the local chordwise lift. It should be noted that the
use of a different combination of the linearized velocity components in equation (21) could
- be better defined from known lifting flow calculations.

A



NUMERICAL ANALYSIS

The Algebraic System

The solution to the nonlinear integral equation (13) cannot be obtained analytically - .
for wing configuration of arbitrary planform and thickness distribution. Hence, a numerical .
treatment of the general problem is mandatory and the first step in this direction is to
discretize the area of integration in accord with the division of the wing planform as used
for the numerical evaluation of the harmonic solution. The range of integration shall
be confined to the wing planform and the nonlinear compressibility sources outside the
cylinder which encloses the planform and which have the generatrix parallel to the
Y-direction are therefore not being considered.

Let the upper and lower surface of the left (or right) half of the wing planform each
be represented by N number of trapezoidal panels and let the unknown function U = U(x, 0, Z)
assume a constant value within these specified panel boundaries, see figure 3. Then equation
(13).can be replaced by a system of 2N algebraic equations which are nonlinear (i.e.,
quadratic) with respect to U= U (x,0,Z), i.e.

2N
1.2

I Y 2_ . _
=U u: ui+ci+zeiiui 0 '1—1,2,...,2N (23)

FilUp g U = U =3
i

where the index i < N shall identify a value on the upper surface of the wing (or panel).
Consequently, the lower surface values are associated with the range N< i< 2N.

Due to the lateral symmetry assumed for the wing planform and its position relative to
the oncoming flow (i.e. w = 0) only one half of the wing need to be considered in the
algebraic system (23) since the influence from two panels which are positioned symmetrical
with respect to the x-axis can be lumped together as eii = eii + eii . (Note that Ui = Ui

: 1 2 1 2

~ where the indices 1 and 2 refers to each half of the wing.)

The influence coefficients eiiare integral representations of the influence function

E=E(x -&|,|Z-¢|;r) asevaluated over a surface element 4S, i.e. of the form
1
o fetx sz - amaac e,
AS

for |x-g|#0and |Z - ¢|# 0. Due to the particular and perhaps unfortunate influence
pattern of positive and negative contributions from the integral terms of equation (13)
care must be exercised in the numerical evaluation of the coefficients eii' see figure 4.

12



This is further illustrated by the series representations

X 12 4 2
E"(p) = -4 2 3etme | el =0 (24)
Z \_ 111 1 3
E7(0 =4 —2‘)?*-3-)(‘4—5)( +.. x| =0 (25)
X

of the influence function E in chordwise and approximate spanwise directions respectively
where p =2/ Z - {I/rand x = 2{x - @\/r Since both equations (24) and (25) show
similar behavior at the singular points p=x =0, but of opposufe sign, we let €. = 0.
Furthermore, we define the influence coefﬂcuenfs €. I

AS (), (2, (3, (4
i TF LETHETHET AR (26)
Equation (26) is derived from a simple oﬁplicoﬁon of the mean value theorem of integral

calculus by relating the influence strength e.. at the centeroid of each panel to the

influence measure at four points £=1,2,3,4 located on the four panel boundary lines
(see figure 5). A better approximation of €ii would be achieved, however, if a surface

spline function is utilized in connection with the four values E({) and the local value of E at
the centeroid, see e.g. reference 23. Note that for symmetrical flow problems it is sufficient
to consider only a system of N equations with the minor modification of doubling the value of
the influence coefficients eii(i'i =1,2,...., N). However, the following analysis will be

presented for a system of 2N equations.

The function Ci. (i=1,2,...,2N) appearing in equations (23) is a velocity correction
" function associated with circulatory flows and is easily obtained from equation (20) as

1 .
C.=5A i=1,2,...,2N (27)

for continuous flow. For circulatory flows with a shock discontinuity, equation (21) approxi=
mately defines the required correction as

N
1 i . _
C.= 5B, Z (-5.)-L i=1,2,...,2N (28)

where 6” represents the Kronecker delta and where

13



|u, -0, -u,,, +0, "~ isN

A= i iTN itN
i — — .
Ui -Ui -Ui-N+U.i—N ' i>N
and
-2 =2
3 - Ui - Ui+N i<N
i UZ._ U2 CS N
i " Yi-N '

In the case of non-circulatory flows, équations (27) and (28) wi!l‘yield the expected
corrections of Ci = 0. System (23) is now completely determined and the task of finding

a vector Ui(i‘ =1,2,...,2N) which satisfies .equations (23) for given e:ii and Ui will be

the subject of the following section.

Methods of Solution

Solutions to the nonlinear system (23) could be obtained by various iteration or
relaxation schemes and each method has .its own merits and limitation. The decisive factor
in selecting a solution technique, however, is the type of flow under consideration, see
figure 6. Since we are also interested in obtaining discontinuous solutions which shall
represent flows with compression shocks, we will distinguish between three different
types of flow problems, namely

o Subcritical flow o
o Supercritical flow without discontinuities
o Supercritical flow with discontinuities

and describe some numerical approaches for their unique solution. In essence, each one of
the numerical methods to be introduced should yield the same solution to the quadratic
equations (23) for identical given flow configurations. This isespecially correct in the
subcritical case where only the smallest roots of system (23) are sought (i.e., all Ui—vo|ues

corresponds to subsonic velocities) and this single solution is necessarily unique .
However, a supercritical discontinuous solution vector U, (i=1,2,...,2N) of

system (23) is signified by being a combination of roots which does not belong to the
same family, i.e. subcritical or supercritical where the critical value Ui= 1 correspond to

the case of two equal roots. Hence, multivalued solutions are possible and some additional
condition must be introduced in the calculation scheme in order to render the obtained
~ solution unique. Such a condition is in our case a substitute for the entropy inequality

14



which forbids the occurrence of expansion shocks in real flows, and the present study has
adopted a version of the method of steepest descent to be a svitable calculation scheme

in which the "entropy" condition can be introduced. This is achieved by an approximate
predetermination of the location of the critical points (Ui = 1) as indicated by the linearized

solution Ui (i=1,2,...,2N) and this again forces the calculation scheme to search for

one particular solution.

An intermediate class of transonic flow solutions are characterized by being both
continuous and supercritical in the sense that subsonic and supersonic velocities can
exist together within a certain control volume without being separated by a surface of
discontinuity . Both theoretical and experimental investigations made in the more recent
years have confirmed this type of flow phenomena and the introduction of the method of
parametric differentiation in the present study can be viewed upon as an ottempt to
calculate and to plausible explain such flows. This has been achieved by embedding the
solution to the system (23) in a Cauchy type problem in which a value of Ui = 3/2 appears

as the upper critical value for a unique dependence of the initial data upon the sought
solution,

In summary, it should be emphasized that the economics of finding a numerical
solution of the stated system of equations (23) has been considered in the selection of a
suitable alogrithm. Thus,the fast converging method of Newton is found to be far the
best choice for a subcritical flow calculation despite the fact that the other two solution
techniques could be applied as well. These two methods, on the other hand, represent
choices for the calculation of the more intricate supercritical flow cases and the ambitious
user will find ample opportunities to make improvements of the listed computer program.

The Newton's method. - An application of Newton's method of successive approxi-

{13 from

mation to the solution of system (23) will generate a sequence of vectors U
the relation
k+1}

o ool ey ey iz, o)

where the integer in the bracket { } identifies the sequence number and where the

"1 (k=0}

starting vector Ui can be chosen to be identical to the known vector U, . This

i
method is particularly valuable for subcritical flow calculations, i.e. U.{k} <1
(i=1,2,...,2N), for which the guarantee of uniqueness of a solution bellongs to a
classical proof in fluid mechanics. (See e.g. reference 24 and its list of references).
As long as the functional determinant (or Jacobian) is nonvanishing and positive for
all values Ui< I, the necessary inversion of the Jacobion matrix J(U',) = FU (Ui) or

i

UL e Uy =80 F e P /30U U,y Ug)

can be handled by numerous available computer subroutines.
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Method ot parametric ditterentiation. - A continuous application of Newton's
method to the solution of system (23) for values of U exceeding umty (i.e . for super-
critical flow), would imply some arbitrariness with regord to the uniqueness or the
usefulness (expansion shocks can occur) of the obtained solution. For our purpose in
controlling the development of an iterative unique and continuous solution to the system
for the case of U,> 1 we will adopt the method of parametric differentiation (see e.g.

reference 25) whuch has found wide applications in mathematical analysis, mcludmg
a treatment of the transonic flow problem in fwo dimensions (ref. 26).

Our method of solution will be based on the particular one-parameter operator
homotopy (embedding)

Gi(u;U],Uz,...,QzN) =U. -U +ulF (W) -U.+T)  i=1,2,..,2N (30

where 11 is a real-valued parameter in the range O<us< 1. From the implicit function
theorem as applied to equations (30) one obtains the differential properties

du. 3G,

T (u, UgoooUp) 55 P5 02N (31)

where the Jacobian matrix of the system is

iU Ug, . U ) = 3(G,,G,, .. 118y 73U, U, . o)

The first-order nonlinear ordinary dlfferenhol equations (31) together with the
initial conditions

u =0 u.=‘Ui i=1,2,...,2N - (32)

defines a Cauchy problem which at u =1 yields our sought solution of the algebraic system
(23). There exists various powerful methods for the numerical solution of system (31), see
for example reference 27, and we will confine ourselves to the use of Hamming's modified
predictor-corrector method together with a fourth order Runge-Kutta method for the compu-
tation of the starting values. Since the right-hand side of equations (31) includes the
parameter , the system (31) was solved at every appropriate stage of the integration
(0<u < 1) by including a modified Gaussian elimination procedure ,

A condition for a unique solution of system (31) in the range 0 s u s 1 is the non-
vanishing of the functional determinant (or Jacobian) of G. (u; U], C ey U ) with

respect to U for fixed u . This determinant is positive under the condition thnt the
elements on 'the prmcnpal dncgoncl are positive, i.e. from equations (23), (27), and
(30) we obtain ‘

l-u(ui-%);o i=1,2,...,2N 33)
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>ince the initial solution U, is necessoi’ily continuous and will yield a-positive

Jacobian, one can conclude by virtue of inequality (33) that a unique and continuous
solution of system (31) can at least exist for U. < 3/2(=1,2,...,2N).

However, it is more consistent with 'rhe present analysis to express this limit for
continuous flow dxrec'rly in terms of a maximal local perturbation velocity

u-uy |80 -MD
max 5 > :—-_mz
. @ ; 2(n + ])Mm

and then apply, for example, the isentropic relation M = M (s ,u/u M ) for the evaluation
o (=]

of the corresponding Mach number. The dependence between this maximal local Mach
number and the Mach number at infinity is given in figure 7. It is seen that the predicted.
limitation of shock-free transonic flow is in general accordance with the two-dimensional
results from Nieuwland's theory (ref. 28) and of Korn (ref. 29) depsite our underlying
assumption of small disturbances. Also depicted in the figure is the sfabf/éy criterion of
Spee (ref 30) which limits the value of the local Mcch number to (5/2) for u=7/5.

The method of steepest descent. For a certain value of the porcmeter u the
Jacobian matrix in system (31) might become singular and the solution curve to the
Cauchy problem, equations (31) and (32), can split into two or more solutions. Such a

point 1= pu* in the interval 0< <1 for which det J(y; U]’UZ’ . .,U2N ) =0 can be

regarded as a bifurcation point and the associated solution U* = Ui(u*) will be designated
: i

the bifurcation solution. Since the next step in the integration of system (31) would
involve the crossing of a line of a singular Jacobian matrix, a continuous dependence of
the solution on the initial data is no longer possible. The condition that the bifurcation
solution Ui*sofisfies equation (30) could be utilized in connection with the introduction of

a family of differentiation parameters in order to continue the solution curve past the
singular lines. "This difficult problem, however, will not be further pursued in the present
report. Instead, we will apply the method of steepest descent to the solution of system (23)
which represents a set of quadratic equations with respect to U, (i =1,2,...,2N) and the
roots of the system for the case of discontinuous flow are ec:SIIyl obfclned as

1/2
U.., =1+sgn{l -2 U.-c.-zze..u.2 i=1,2,...,2N (34)
|] 9 ! | o ' . :

where sgn = £ 1 depends upon Ui'% 1. Hence, a bifurcation of the solution to ééuofions (34)

subject to the initial data Ui = Ui occurs when the discriminants vanish and this is equivalent
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to considering the identity of the relations
N »
2 2 1{= 1 . _
e..U, 25{U, -C, -5 i=1,2,...,2N (35)
i i i 2
=1

Furthermore, the inequality of (35) gives the condition for positive discriminants and hence
the condition for real-valued roots of the algebraic system.

Let a function ¢ = 1L_J(F] ,f2, .. '-'fZN) be defined cs_
Co 2N
=) FUL Ugs o Up) - (36)
=

where

f.(U,U 1-U +sgn{1-2|T, -C. -

27 ""UZN) =

IN 1/2

, 2 .

-2z€iiui_ 1=1,2,...,2N . @37)
i=1 -

which is obtained from a rewriting of equations (34). In order to find the roots of system
(37) the method of steepest descent considers the variational problem of searching for the
zero value of | from equation (36). The calculation scheme in the method produces a

sequence of vectors {Ui} from the relations
{k} (k) (k3
Uy o)
BUi

where the step length A along the gradient direction of the function | is determined at each
sequence number k as

ui{"”} = ui“‘} LY = 1;2,.’..,2N .(38)

)
RO
N 2
k
au.
=t
The sign convention in system (37) is either determined from the condition
k .
Ui { ! 2 1: sgn == 1 or from some information which yields the approximate geometric

location of the sonic line and the foot of the shock discontinuity.
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The present method utilizes the linearized solution Ui (i=1,2,...,2N) to

approximately define any supersonic region on the wing surface or in other words to
enforce the sign convention in equations (37). This is accomplished by mapping the
region for

(e + M2
0> 2
' l-Mi G

* .
where <p is the critical pressure coefficient as obtained from the exact isentropic

relation and then shift the upstream boundary line one chordwise panel length downstream.
The resulting region is then our definition for the area of supersonic velocities and a
positive sgn-value in system (37) shall only be connected to points Ui which lies within

this region. An improvement of this rather arbitrary technique of defining a sonic line
and a line of discontinuity has been attempted with a partial use of the associated
bifurcation solution, but required compufcmon times have made such an improvement
impractical ,

RESULTS AND DISCUSSION
Two-Dimensional Flows

As first examples of continuous flow, subcritical pressure distributions past a
nonlifting and lifting NACA 9012 airfoil have been calculated using the Newton's method '
and are shown in figures 8 and 9, respectively. Comparisons are made with "exact"
numerical solutions, see reference 31, which are obtained from an application of Sells
method to the full two-dimensional gasdynamic equation. Furthermore, it is found that
the present transonic small-perturbation solution as seen in figure 9 is very similar to the
solution given by Krupp (ref. 32) which also assumes small disturbances to the freestream
condition.

Figures 10 and 11 show results for supercritical flow past the same airfoil configurations
as given in the two preceding figures, but the present solutions are continuous in the sense
that supersonic velocities exist on a portion of the profiles without being terminated by a
shock . These results are obtained by the method of parametric differentiation and are
compared with solutions which have been calculated with the Jameson program, see e.g.
reference 33. It is seen that these latter solutions exhibits small compression shocks, at
least in the solution given in figure 11. For freestream Mach numbers slightly hlgher than
those given in the figures, no continuous solution could be obtained. This.occurrence is
interpreted as the Mach number limit for which shock discontinuities start forming on the
airfoils.

The result for discontinuous flow past an 8.4 percent (T = 0.084) thick symmetrical
parabolic arc airfoil at zero angle of attack is given in figure 12 and compared with the
numerical solutions of references 20 and 34. The solution associated with the latter



reference is, for the given thickness parameter, related to a freestream Mach number
of M_ = 0.8496. The lifting case of a discontinuous solution is depicted in figure 13

for a NACA 0012 airfoil and comparison is made with the numerical results of reference

35.

Three-Dimensional Flows

To test the Woodward/Carmichael computer program which calculates the linearized
solution to the posed wing problem, a subsonic lifting case for a rectangular wing of '
parabolic arc cross-section has been evaluated and plotted in figure 14. The chordwise -
pressure distribution at various spanwise stations (identified by the spanwise coordinate C
which is normalized to the semispan) are in good agreement with the results of figure 10
from reference 7. The familiar singular behavior of the solution at the leading edge
region, however, is apparent. This is also brought out in figure 15 which compares the’
calculoted incompressible flow solution at mid-span for a high aspect ratio wing with a
blunt leading edge with the exact two-dimensional data (reference 36). A further test of
the accuracy of the linearized solution is depicted in figure 16 which compares the
numerically obtainéd results for a symmetrical wing with the analytical solution of
Holme (ref. 13). It is somewhat surprising to see that the numerical solution yields
higher perturbation velocities than the analytical. The reason for this might be in the
low number of panels (i.e., 100) used to represent the semi-wing planform in the
numerical calculation scheme

Figures 17 and 18 compares the present subcritical results, os obtained from an
application of Newton's method, for a high aspect ratio non-lifting and lifting wing
respectively with the "exact" two-dimensional values given in reference 31. For this

aspect ratio of 7 the flow at the midspan of the wing should be nearly planar and figure 18

also partly validates the downwash correction potential (see equation 19) employed for
this case. The sensitivity, however, of the number of chordwise and spanwise panels used
in the calculation scheme is brought out in both figures. Similar results for the same
non-lifting wing, but of smaller aspect ratio, is given in figure 19.

For an arbitrary wing configuration the planform of a trapezoidal half-wing is
defined by its four corner-points and the profile geometry is input in a table-form. This
is illustrated by the swept wing configuration of figures 20 and 21." The cross-section of
this wing is a RAE 101 airfoil and the profile surface coordinate, slope, and curvature at
various chordwise stations are tabulated in subroutine SECTIN as ZTAB1, ZPTABI, ‘
CUTAB1, ond XTAB respectively. Calculated supercritical results were obtained by the

method of parametric differentiation and compared with the experimental data of reference

35. Both types of data indicates that the flow solutions are continuous.

Discontinuous flows are obtained with an adoption of the method of steepest descent
and sample flow calculations are given in figures 22 through 25. The first two figures
show results for a non-lifting parabolic arc wing at two different spanwise stations .
Comparisons with the numerical solutions of reference 7 are not very encouraging and this

.20
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is even more true for the lifting case as shown in figure 24. However, if the dis-
continuous supersonic region is confined to only a small part of the wing (e.g. in the
root section area) a better agreement of the results are found (figure 25).

CONCLUDING REMARKS

The: compressibility effects on the flow past lifting and nonlifting wings at high
subsonic Mach numbers have been studied with an application of the transonic integral
equation method. This semi-analytical calculation method preassumes a solution for
the equation describing linearized flow around the same wing configuration, i.e. assumes
the availability of the Prandtl-Glauvert solution, and this problem is solved by means of
known analytical or numerical solutions. The aim of the study was to incorporate the
nonlinear compressibility effects in a pressure calculation scheme which also should include
the case of a shock compression surface in the flow field.

The present calculation method involves a summation of some compressibility effects
which are distributed over the wing planform area and which are a function of local
velocity and profile curvature. Since these nonlinear effects can attain different sign
convention an approximate numerical integration over the domain of influence depends
largely on the grid size employed. An alternative integration technique (approximate
two-directional) which involves one sign convention for the influence measure only,
has therefore been developed and applied to all calculation cases shown in this report
(see figure 3).

The practical desirable case of shock-free supercritical flow was studied by an
incorporation of the method of parametric differentiation in the numerical evaluation of the
governing algebraic system. Obtained results show that local supersonic velocities can
indeed exist in the flow field without a discontinuous recompression in the form of a
shock surface .. It is felt that these findings constitute an important contribution to the
subject involved.

For the calculation of supercritical flows with shock discontinuities, however, the
present methods seems less effective. The reason for this lies in the fact that points on
the sonic line represenf extreme values for the stream- densny quantity and an accurate
influence definition in the neighborhood of these points is required. Also, a different
iteration scheme for the evaluation of the nonlinear equations could greatly improve the
usefulness of the presented analysis technique. . ; Lo
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APPENDIX A - BASIC EQUATIONS FROM TWO-DIMENSIONAL ANALYSIS

For wings of infinite aspect ratio the analysis becomes two-dimensional and available
results for this case can be utilized in the calculation of flows about finite wings (see
reference 5). The appropriate integral equation (as compared to equation (10) on page 7)
will then read - ‘

[><]

o, Y) =50, ) + @', Y) - ge [l 0l ngmdzdn (A
! 2

where Rp = [(x - 5)2 + (Y - n)2] 1/2. A similar assumption for the decay of the perturbation
velocities in the Y-direction as made in the foregoing three-dimensional analysis will reduce
equation (Al) to an equation involving the unknown quantity U = U(x, £Y) of\fhe form

@©

UGx,0) - 5 U20,00 = T, 0) + 0, 0) # o= [ UE,20) Exflx - 2la¥)ds (A2

-0

where the two-dimensional influence function E2 = Ez(]x -El;r) is given as

B0 = E, <2 gr_ . >

sin(y) [-;l - Si(')()] - cos(y) Ci(x), . v (A3)_

=Rk

Here Si and Ci are the sine and cosine integrals respectively.

An analogous numerical integration of equation (A2) would involve the determination
of influence coefficients eii and this leads to a definition of

Ax/2
R
T f Ey &8
0
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which yields after a substitution of equation (A3) in the integrand of equation (A2) the
following value .

€ibkg) = eii(ér{)

=l

cos(xo)[Si(Xc;) - ;] - Si"(Xo) Ci(xo) + -g— o

The values of the coefficients €ij (where | £ 1), however, is determined direct from the .
influence function Ep as ¢jj = AxEo(|x = |;r)/(4r). These influence coefficients are used

in the approximate integration of the nonlinear influence measure over the wing, see e.g.
figure 3. :
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APPENDIX B - LISTING OF COMPUTER PROGRAM

A computer program has been written in the FORTRAN |V language to implement the -
numerical calculation schemes described in the foregoing sections. The program consists of
a main calling program designated MAIN and 17 external subroutine or function subprograms.,
Subprograms which are part of the particular Carmichael computer program received from the
NASA Langley Research Center are designated by an asterisk (*). A flow chart showing the
calling sequence of the program subroutines are given in figure 26.

Name

MAIN

CyL
SICI
ACSH
GAUSS

HPCG
FCT
ouTP

CARM*

WNGEOM*

FILL*

24

Description

Main program

A subroutine subprogram which evaluates the cylindrical functions N
(Neumann function or Bessel function of the second kind) and H
(Struve function) both of integer order v.

\%

A subroutine which evaluates the sine and cosine integrals (Si and Ci)

A function subprogram to evaluate the franscendenfal function y = arcsinh x
(arcus sine hyperbolicus).

A subroutine which solves a sysfem of linear algebraic equahons by a
modified Gaussian elimination method.

A subroutine to solve a system of first-order ordinary differential equations
A subroutine which defines the differential system (31)
A subroutine used for control of output from HPCG

A subroutine used as the calling program for the evaluation of the arbitrary
harmonic or linearized solution (i.e. a modified Carmichael program).

A subroutine to evaluate the geometric characteristic of the wing.

A subroutine for function interpolation in connection with WNGEOM.



SECTIN*

TAINT*

EVAL*

COMP*
(TCOMP)

INVERT*
FORCE*

VECON

A subroutine used to input the profile geometry. Note: The four data
tables XTAB, ZTAB1, ZPTAB1, ond CUTABI given in this subroutine are

for a RAE 101 airfoil and they represent 19 chordwise values for. the profile
chordwise station together with the associated measure for the thickness,
slope and curvature with reference to a profile thickness ratio of one. For
arbitrary profile geometry appropriate input data tables must be supplied by .
the user. If the number of chordwise input stations are different from 19,

a dimension statement and three sequential calling statement for subroutine
TAINT must olso be changed accordingly.

A subroutine used in connection with SECTIN to interpolate geometric data.

A subroutine to evaluate the aerodynamic influence coefficients in connection
with the harmonic solution.

A subroutine used for the calculation of the linearized perturbation velocities
due to thickness. This subroutine hcns an alternative entry point identified by

the name TCOMP.

A subroutine for the matrix inversion of the influence matrix evaluated in

EVAL.

A subroutine used for the calculation of the complete linearized soluflon in
terms of perturbation velocities.

A subroutine which converts local perturbation velocities to local Mach
numbers, pressure coefficient and pressure ratio.
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OO0O0OOO0O0ONO0OOO000O0O0

(e NaNg)

Listing of main calling program and associated external subroutines.

MAIN PROGRAM

THIS PROGRAM CALCULATES THE TRANSONIC PRESSURE DISTRIBUTION
‘ON ARBITKARY LIFTING WINGS AT SUBSONIC SPEEDS
BASEL ON A (NONLINEAR) INTEGRA; EQUATION METHOD.

THE PROGRAM wAS LARGELY DEVELOPED UNDER CONTRACT NAS1= 10665
SPONSOREDL BY THt LOADS DIVISION "OF THE NASA LANGLEY . .

RESEARCH CENTERs BUT INCORPGRATES THE WOODAARD/CARMICHAEL
COMPUTER PROGRAM FOR THE CALCULATION OF THE LINEARIZED SOLUTION.

THE PROGRAM IS DIMENSJONED FOR A TOTAL OF 100 PANELS _

TO REPRESENT THE wING PLANFORM AND THIS LIMITS THE NUMBER
OF PANELS wHICH CAN Bp USED FOR THE LIFTING CASE TO so.

A SYMMETRICAL NONLIFTING wINGes HOWEVERs CAN BE REPRESENTED
By A MAXINMUM OF 100 PuNELS. THE STORAGE REQUIREMENT

Is APPROXIMATELY 145 cOu IN OCTaL,

DIMENSION ‘ o . L
1 . Iux(ioc)e IDZ2(100), UL100)»  UOL(100), FINT(100),
2 DFUC100), PRMT(S)s EP(4) DELTx(su)oAUX(lo.loO).,.

-3 XSU(50)r  XSL(50)e xXU(50), XXL(50)

COMMUON /DY/ UDERY(100),Y(100) UL (100).DP

COMMUN /HOL/ EPS{1000,)s A(10100)

COMMON /PRNCTL/ UPG(140) r ILIFT ¢ NRUN SYMF

CCiMOIN /VEL/ MACHIMACHSUrBETASS3ETAY AAMl AAMZ;AAMS

COMMON /PARAIS/ NWING,PANELSSREF»REFMOMsCBARYSPAN,QC

COIMMON Z43tiGPMS/ ROOT(Q)ITIP(Q)aM'NvTYPE'F(lQl)'G‘lOl)'P(lOl)'
1 SHEAR(101) 2 ISECT,THICK(S) .
COMMUN/XZwW/Xa{1lu0) v 2W (100)

CUNMUN /CUuiV/ CuR(100)

REAL MACH#HMACHSS'RETASQrBETA

NAMELIST /FLOa/ MACHELMeNDELM '
NAMELIST /WING/ IWING, IINFLU»METHOD/ROOT»TIP, THICK ISECT LXeLZo
1 CPAH'TAU . .

NAMELIST /SHO»K/ XSU"SLoXXUvXXL

CONSTANTS AND Tnt INPUT

IT=1 )
ACC=0.001
PI=3.1415926555
PID=2.0*FI
Pl4z4.0+PI
PId3=45.0%F1/3.0



OO0

10

100

110

200

P1H=1.5707%963
PI22=0.3163099
PI12P=0.5/P1
P12=0.63001977
P13:5QO*PI
PI4I=1.0/P14
TYPE=4

0oc=2

READ(S» WING)

IF (IwING.£Q,9) GO TO 9999
READ (S5:FLOw)

ILIFT=0

IF (1wING.6T,0) GO TO 100
SPAN=2.0*TIP(3)
SEMI=SPAN/2.0 .

RGT=RrOOT (2) =ROOTI1)+TIPL2)=TIP(1)
SREF=TIP(3)*ROT
REFMOM:O.Zb*(ROOT(Z)-ROOT(I))
CBAR=ROT/2.0 ;
TAU=THICK (1)
ARSSPAN®SPAN/SREF

Gp Tu 110 :
TaupP=TAU/PI

S=SPAN/2.0

SEMI=S

TAUS=TAU#SEMI"
MACHSG=MACH*MACH
BETASuU=1.,~MACHSY
BETA=SURT(ABS(BZTASQ))
AaM2=0.,2xMACHSQ
AAM3Z0 . 7*MACHSEA

AM=MACH

Nzl.X

mM=bLz .

LxZ=Lx*LZ

LL=tXZ+LX2Z

Li2=tL=LL

LX22=LX2*LX2
DELTZ=SEMI/FLOAT(LZ)
DL22=0ELT2/72.0

NRUN=U

THE PROGRAM HEALER

WRITE (5¢210)

(X aK e

210 FORMAT (1H1/,27X»36H VELOCITY AND PRESSURE DISTRIBUTION »
1 40HUN ANl ARSITRARY wli6 AT SUBSONIC SPEEDS /42X

2 ybr BASED Oiv A TRANSCONIC INTEGRAL EQUATION METHOD ////)

WRITS (6eWING)

WRITE (6/FLOW)

THE PRANDTL=GLAUERT SOLUTION
215 AMZzAbRAM

BET2=1.0=-AM2
BETAZSQRTI(BET2)



IWLl=IAING+Y .
60 TO (46002170420)s IW1
217 AR=2.,0%StMI
DLTX=1.0/FLOAT (LX)
DO 230 NZ=1.L2
DELTX(1Z)=0LTXK
Dx2z=uLTX/2.0
Do 220 NX=1,LX
2 Ko {NZ=1)*LX+[JX
dw(K)--DL£2+FLOAT(NZ)*DELTZ
XW(K)--DXZ+FLOA4(NX)*uLTX
220 CONTINUE
230 CONTINUE
DO 340 NZ2=1,LZ
NN=(iNZ=1) *LX+1
SMZ=(S=Z% (NN) ) xdETA
SPZ=(S+ZW (NN) ) =sETA
DO 300 NX=1,LX
K= (NZ=1) *LX+NX
X=2 . uXd (NX)=1,0
XPl=l.0+X
XM1=1.0-X
) B1=ACSH(XP1/SP2)
B2=ACSH(XM1/SP2)
B3=ACSH(XPLl/SI42)
By=ACSH(xM1/5M42)
BsSACSH(SPZL/XML1) -
Be=ACSH(SMZ/XM1)
B7=ACSH(SPZ/XxP}1)
B&=ACSHI(SMZ/XP1)
DUM=5PZ*(B1+32) +SMZx (g83+84) ~X* (B5+B6=-B7-B8)
UPG(K)=TAUP*DUM/BETA
CUR(K)==4,0%xTAU
IDX(K)ZNX
IDZ(K)=NZ
300 CONTINUE
GO TO 480
420 AR=4.0xSEMI
DO 35U NZ=1.,L2
DLTX=(S=FLOAT(NZ2~1) #DELTZ=DL22) /S .
DELTX(NZ)=DLTX/FLOAT (LX)
DLX2=DELTX(NZ) /240
DO 320 NX=1,LX
K= (NZ=1) %L X+1X
2vi{K)==DL22+FLOAT(NZ)2DELT2
XwlK)= l.O-DLTx+rLOAT(uX)*DELTX(NZ)-DLXZ
320 CONTINUE
330 ConTlNnuE
S=5+#BETA
$5=5*5
S0=1.0+55
S15(1.0+2.0%55)/7(5250)
S2=2.0/5%
S3=2.0%5/50
SY=14U/S0RT(50)
$5=1.0/5
X0F=(1.0=-0LX2)/S
DO 450 NZ=1,.L2
NHNE(NZ=1) *LX+1



2=Z2W(NN)*BETA
22=2%¢
SP2=3+42
SMZ2=5=2
21=5mZ2%5M2
23=5P2%x5P2
Ap=2.0%2
DO 450 NXz=1l.LX
K= (NZ=1)*LX+nX
X=Xi(K)
XX=X*%X . .
X1=(1e0=X)*%x2 - RS
XS2=2.0%S5%X
X2=SuRT(XX+22)
A1 (5*X=2)/50
A2=SPZ~XS2
Aus(S*x+2)/50
AS=SMZ=XS2
SXZMZ=SxX=2
SXZP=S¥xX+2
V1=(1e0=X+5%xSMZ)/SXZM
V2= (X+S*Z)/5X2M
VI3ZS(1l.0-X+5%xSPZ)/SXZP
VY= (X=S*2)/Sx2P
X10=1.0-X
Ve=SiHZ/X10
Ve=SPZ/X10
V7=2/X10
Be=ACSH(V])
B7=ALCSH(V2)
BO=ACSH(V3)
B10=ACSH(V4)
SH5=ACSH(VH)
SHO=ACSHI(V6)
SH7=ACSHIVT)
Bz=SURT(X1+4Z1)+3QRT(X1+23)
53 Se*SART(Xx1422)
By=S3*x2
B5=S4* (Al1=A2)
Bg=S4* (A4=AS)
B11=A2%SHS
B12=A5*SHs6
B13=Ag*SH7
DuM= 51*5L-b3-uu+85*(86+B7)+88*(89+810)+SS*(811+812+813)
UpG(K)=TAUP*QUM/BETA
CUR(K) ==ty 4UxTAU
IDX (K)=NX ‘ N PR -
Ip2(rR)=N2Z :

450 CONTINUE
GO TU 480

460 CalLL CARM
0O 470 NZ=zl,LZ 1
Ni=(iNZ=1) *LX+1 L
NNIZiNI+1
DELTK(NZ)-Xh(NNl)—XN([N)
UO 470 NX=1,LX
K {hd=1) #*LX+iNX
LoX(A)z=hNX
ILZ2(K)=NZ

i
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SO0 0

470 CONTINUE

480 CONTiNUE
NS=LL
IF (ILIFT.EQ.D) NS=LX2
NS2=NSxNS
IF (ILIFT.EQ,0) GO TO 500
00 490 I=1.LX2
1I1=I+Lx2
XwlIl)=Xw(l)
Zulll)=Zw (1)
CUR(II)=CUR(I)
IcX(1l)=10Xx(I)
IDZ(11)=1D0Z(1)
IF (1WINGJ.EQ.Q) GO TO 490
UPG(II)=UPG(I)

490 CONTINUE

THE REDUCED VARIABLES

S00 NIT=0 .
AMT7=u . 7xAM2
AM22=0,2*AM2
AMFZ10.,0/7(7.0%A12)
XMZAM*SQART(1,0/7(1.0+40,16666666x(AM2=1,0)))
cpST=2, 0/(1.4*Am2)*(((2.0+0 LEAM2)/2.4)%%3,5-1, 0)
FAK=Z .4 %aM2
FAT=oET2
RY=BETA
RUSFAK/FAT
RV=RU/RY
UCR==~RU*CPST/2.0
AMT=(2. “*AMZ)**U-33333333/TAU**0.66666666
EMR=(AM2=10)/(2.4%TAU*AM2) *%0.666b6666
HMT=FAK*%0+33335333/TaU**0.66666666
HMT=HMT/AMT
DO 8uU0 IZ1/NS
ULCI) =RUXUPG(])
Ucl)=uL(l)
vobk (1)=u(l)

800 CONTINUE

THE INFLUENCE MATRIX

IF (INFLULEQ.0) GO TO 5800
IF (INFLU.EQ.2) GO TO 2305
D0 2300 1z1.0NS
Di1ZI= OELTL#FLOAI(IDZ(l))-DLZZ
DO 2290 J=1,i{5
DI1Z2J=DELTZ*FLOAT(1DZ2(J))=DLZ2
Kz (J-1)*iNS+1
IREF=I0Z2(Y)
ERSABS(UPG(J)Z/CUR(J) ) sRY
ERZ=LR*ER
LJSIABS(1=J)
1F (1U.EQ,0,0R,1V, EQ.LXZ) GO TO 2090
GO TU 2100
2090 SczABS(ULELTX(INEF)/ER)
Cabl SICI(SeSINT»CINT)
EPS1=PI2P*{PIix(1,0=CCS5(S5))+COS(S)*SINT=SIN(S)*CINT)



2100

2110

2200

2205
2210

2250
2260

2280
2290
2300

2305

2308
2310

GO TG 2250

CONTINUE ‘

IF (1DZ2(1).EQ.IDZ(J)) GO TO 2110
60 TO 2200
UINZABS(FLOAT(IuX(D)=1DX(J)))
OISX=DELTX(IRCF)*DIN/ER
S=zAgS(2.0%D1SX)

CALL SICI(S,SINT CINT)
EPS1I=PI2P*(SIN(S)I* (PIH=SINT)=COS(S)*CINT)
EPS(K)=DELTX(IRCF) *EPS1/ER

GO TV 229U

CONTINUE ’ .
IF (IDX(1). EQ-IDX(J)) GO TO 2205
GO TO 2280

NEP=1

DINZABS(DIZI=-DIZY)

IF (WEP.EQe2) DIN=DIZI+DIZJ
DISZ=BETA*DIN/ER
DIX=ABS(XW(I)=Xw{(J))

DISX=DIK/ER

DXx2=LISX*DISX
DISR=SGWRT(DX2+DISZ*DI52)
DS=2.0%xABS(DISR)

Ds2=05%xD5

CALL CYLA(DS,FHO»FHL1F,,19FN2)
G1=Pi/DS

G2=Pi2=-FH1+F il
G3=FHU~(FH1+FN1)/DS+FN2
EFUNCGL®((4,0%xDX2/DS5=1+0)%G2+4.0%DX2%G63/05)
EPF=OETA*DELTZ*OELTX( IREF ) *EFUNC/ (PI4*ER2)
IF (NEP.EQe2) GU TO 2260
EPS1=EPF

NEP=2

60 TO 2210

EPS2=EPF

EPS(K)ZEPS1+EPS2

G0 TO 22990

EpS(K)=0.0

CONTINUE

CONTINUE

GO TO 2600

DO 2300 I=1,iiS
DIZI=DELTZ*(FLOAT(IDZ(1)})=DLZ2)
DO 2400 J=1.41S

D12J= DLLTZ*(FLOAT(IDZ(J))-DLZZ)
K=(J=1)%xNS+1

IJU=1AaS(1=J)

IREFZIDZ(Y)

DIX=ALGS(Xa(I)=Xi(J))

Er= Ao:(UPb(d)*RY/CUR)

ER2=cR*ER

D0 2390 JJ=1.4

EpS1=0.0

IF (IJ,EWe0.0R,IJ,EQeLX2) GO TO 2308
Go TO 2350 :

HNEPZ=Y

AUD:U-O

IF (Ju.EUel) ADUE=DELTX(IREF) /2.0

31



IF (JU.EQ.3) ADD=DELTX(IREF)/2.0
VISX=(DIX+ADD) /ER
Dx2=015X*DIsX
DIZ=ABS(LIZI-DIZ2)
IF (NEP.EQe2) DiZ=DIZi+DIZJ
ADD:U.O
IF (Ju.,EQ.2) ADD=DL2Z2
IF (JJ.Ew.th) ADL==DLZ
DISZ=BETA*(DIZ+ADD) /Ex
DISR=SGRT(DX2+DIS2*D152)
DS=2 . UxABS(DISR) _
DS2=uS*DS .
CALL CYL(DS+FHO, FHloFNIoFNZ)
G1=PI/0DS
Ggz=PIz2=-FH1+FN1
G3=FHu=(FHL+FHN1)/DS+Fn2
EFUNC=G1=((y, O*UXZ/DS;-l.o)*GZ+Q.0*DX2*G3/DS)
IF (NEP.EQ.2) GO TO 2360
EPS1=EFUNC
2350 NpP=e e
G0 TO 2310
2360 EPS2=EFUNC
2390 Ep(JJ)=EPS1+EPSZ
EPF=BETA*DELTZ*DELTX(IREF)/(PI4*ER2)
2400 EPS(A)‘EPF*(tP(1)+EP(¢)+EP(3)+EP(Q))/u o
2500 CONTINUE
2600 CONTLIUE
SYMF=1.0
IF (ILIFT.EQ.0) SYMF=2.0
GO TO (3000,5000¢5100)¢ METHOD

2 Xa X2}

THE NEWTON~RAPHSON METHOD

3000 CONTINUE
3020 Do 3200 I=1,NS
KKK=(I=1)*NS+1
SUMZU.0
DO 3120 J=1,NS
K= (uUu=1)*NS+]
IJ=IABS{I=J)
IF (1J,EQ.0) GO TO 3120
SUMZSUMHSYMF2EPS(K) *U (J) *xU{J)
3120 CONTIRUE
SUMZSUM+SYMFxEPS (KKK ) «UL (T ) *UL (1)
ADD=V.0
IF (ILIFT.EQ.O0) GO TO 3150
11=1+LX2
IF (1.6TeLX2) IIZI=LXZz
3140 ADDzvUS*{(UD)=UlL(I)=U(l1)+UL(II))
3150 FINT(I)-U(I)-U.a*utl)*U(I)-UL(1)+SUW+ADD
KKSNo2+1
A(KRIZFINTL(I)
3200 CONTINUE .
Do 3250 I=1,1S
DO 324U J=1eNS
Ka(J=1)*h5+]
1U=IALS(1=J)
IF (IJ.EW.0) GO TO 3230
ADD:0.0



3230

3240
3250

3310

3320
3330

3340

OO0

So000

5010

5020

5100

5030

5040

IF (1J.EQ.LXZ) ADD=-=0,5
A(K)=2.,0*xSYMF*U(J)=EPS (K)+ADD
GO TO 3240

ADD:U 5

IF (ILIFT.EQ,0) ADD=0,0
A(K)=1.,0=-U(J)+ADD
CONTINUE :

CONTLIWUE

CalL GAUSS(ANSeIT)

0O 3510 I=1.01S

KK=NS2+1

U(I)=U(I)=A(KK)

CONTINUE

NIT=NIT+1

Do 3320 I=1.MS
UTEST=ABS(ULLI)-UOL(I))

IF (UTEST.6T.ACC) GO TO 3330
CONTINUE

GO0 TO 5800

CONTINUE

IF (NIT.GE.15) 60 TO 5800
D0 3340 I=1eNS

Uol (1)=uU(l)

'CONTINUE

GQ TO 3020

THE METHOD OF PARAMETRIC DIFFERENTIATION

PRMT(1)=0,0
PRMi(2)=1,0
PRi1T(3)=0.2
PRMT(4)=0.1

NpD=0 )

DO 5010 I=1,NS
Y(I)=uL(I)
DERY(I)=1,0/FLOAT(NS)
CallL HPCG(PRMT¢ivSe IHLF s AUX)
DO 5u20 I=1,NS
vok(I)=Y(1)

U=yl

GO TU 5800

THE METHOD OF STEEPEST DESCENT

DO 5u5%0 Nz=1,L2

IFG1=u

IFG2=0

DG Su40 NXS1.LX

K= {NZ=1)*LX+NX

KK=K+LXZ

IF (IFG1l.EQ.1) 6O TO 030
IF (U(K)«GT, UCR) IFG1z1
XSU(NZ)=XW(K) +DELTX(NZ)Y /2,0
CONTINUE ’

IF (LLIFTLEQ.,U) GO TO S040
IF (IFG24EG.1) GO TO 5040
IF (U(KK).GT,UCR) IFGu=1
XSL(WNZ)=XW(KK)+DELTX(;s2)/240
CONTINUE

33



34

5050

4830

4840
4850

4000

4010
4020

41s1

4152

CONTINUE

DO 4350 NZ2=1, LZ

IFG1=0

IFGe=

DO 4b4%0 NX=1.LX
HNAZLX=NX+1

K (NC=1) *LX+NNX

KK=K+LXx2

IF (IFG1l.€Q.1) &0 TO u830
IF (U(K)«GT,UCR) IFG1c=1
XXU(NZY=XW{K)+0. S*DELTX(NZ)
CONTIMUE

IF (ILIFTL,EQ.U) GO TO u484gQ
IF (1FG2+EW.1) 50 TO 484Q

“IF LUIKK) WGTUCR) IFG2=1

XXLANZ)YZXWIKK)I+JsS*DELTX(NZ)
CONTINUE
CONTINUE

WRITE (6¢SHOCK)

NH=NS/2

LMINZL

LMAXZNS

IMIN=]

IMAX=NS

NIT=0.

AC=0.0

IF (ILIFT.EQ.D) GO TO 4020
SUM1=U.0

SUM2z0.0

DO 4G10 I=1,NH

I1I=IeNH
SUMIZSUMI4+UITI)=-UL (D)= (IT)+ULL(I])
SUM2~SU12+UL(I)xUL(I)-UL(II)*UL(II)
CONT INVE '
ACZ=0+.5%SUM1/7S5UM2

CONTINUE

DO 4173 I=LMINsLMAX

SuUMz=y.0

SUM1z0.0

KK=(l=1)4NS+]

V0 4151 J=IMInds IMAX

K-td-l)*NS+I

syM1zs SUM1+SYAF*LPS(K)aU(d)*U(d)
CCHTINUE

SuMi= SUAL+SYMr*nPS(KK)*UL(I)tUL(I)
CC=u.0

IF (iLIFT.EQ,O0) GO TO 4152
JISI+NH

IF (L.GTelNH) 1IsleNH
COU(TIaul (T =ul(IT) s CIT)
TERS10+2, U (SUALaULIT)+CC*AC)
TERZSURTLABS(TER) )

2GN=Y.0

IREF=ID2(1)

IF (1.GTaLXZ) GO TOC Qle

IF (Ka(l), ¢GT o XSUCIREF) ¢ AND«XW (L) o LT XXUCIREF)) ZON==1.0

GO TO 4loo



4155
4160

4165

4166

4170
4171

4172
4173

4178

4179

43180

CONTINUE

IF (AW(I).GT. XSL(IREF).AND.XW(I).LT XXL(IREF)) ZGN--I 0
SuMiz2eU*(U(1)=1.0+42GNxTER)
SUMM=0.0

DO 4172 J=LMINsLMAX

IF (JoEQ.I) GO TO 4172
KKZ(J=1)%NS+J

KKK=(1=1)*MNS+J

SuUk2=0.90

DO 410% MJI=IMIN IMAYX

K= {MJ=1)*NS+J

IF (MJeEwed) GO TO 41465

SuMz= SUW2+SY1F*tPS(K)nU(MJ)*U(MJ)
CONTANUE
sumz-su%a+sv\F*LPS(KK)*UL(J)*UL(J)
CC=0.0

IF (ILIFT.EQ.O0) GO TO 4166
JJISJ+NH

IF (G«GTJHNH) JIzJd=NH
CCUL(J) »UL (J)=UL (JJ) xUL (JJ)
TERZ1,0+2.0%x(SUM2=UL (J)+CC*AC)
TER=SART (ABS(TER))

ZKN:l +0

JREFZIGZ (W)

IF (J.GT.LXZ) GO TO 4170

IF (X4(J) 0T ASUCJREF) e ANDeXW(J) s LTeXXU(JREF)) ZKN==1, 0
GO TO 4171

COHTINUE

IF (Xd(J) «OT XSL(JREF) ANDeXW(J) oi T, XXL(JREF)) ZKN--l 0
SU4z2.0%(U(J)=1.0+ZKN%TER)

SUS=ZZKi/ (2. 0*TEIK)

Spb= 4.0*U(I)*SYMF*EPS(KKK)

SUMMZSUMM+SUL*SUS%SUB

CONTINUE

DFU(I)=SUuM+SuMM

SuM2=0,.0
DO 4189 I=LmINsLMAX
KKS(I1=-1)%NS+I
SUMI:OQO ’
DO 4178 Jz=IMIN, IMAX
Kz (J=1)*NS+]

IF (J.cQ.I) GO TO 4174
SuM1= SUM1+SYMF*LPS(K)*U(d)*U(J)
CONTINJE
SyMy= SU41+SYMF*QPS(KK)*UL(I)*UL(I)
CC=0.0 .

IF (ILIFT.EQ.0) GO TO 4179

IISI+NH S
CezuL (D) Ul (1) =-UL(I ) xUL(II)

TERZ1 U042 0% (SUML1=UL(])+CCxAC)
TER=SGRT(ABS(TEK) ) R
2GN=1.0 '
IREF=IDZ(I)

IF (L.6T4LX2) GU TO 4180

IF (X& (1) OT<XSULIREF). Aho XW(I) LT XXU(IREF)) Z6N=~1,0"
G0 TO. 414d1: Pl

CONTINUE

35



36

OO0

IF (XW(I)¢GT XSL(IREF) ANDeXW(I)eLToXXL(IREF)) ZGN==1.0
4181 TERI=ZU(I})=1,0+2Z3N*TER
4189 SUM2ZSUMZ+TERLIATER]

FFF=SUM2
SUMZ0.0
DO 4190 I=LMIN,LMAX
4190 SUMz=SUM+DFJ(I)*DFUll)
ELL=FFF/SUM
DO 4200 l=LmIieLMAX
ucly=su(r) ELL*UFU(I)
4200 CoHTINUE
NIT=NIT+1
00 4700 I=1,t45
UTEST=AB5(U([)-UlL(I1))
IF (UTEST.GT.ACC) GO TO 4710
4700 CONTIMNUE
. 6O TU 58UO
4710 CONTINUE
IF (KIT.GE.25) GO TO 5800
DO 4720 I=1sNS
4720 UOL(I)=U(I)
G0 TO 4000

WRITE OUT THE SOLUTIO;; FOR THE WING

5800 NwR=1
IF (WRUN.GT,0) 60 TO 010
G Tu (5810,589005910)» Iwl
5810 wRITE (6:582))
5820 FORMAT (1HO»3Xs11H PLANFORM- )
WRITE (6+5830)
5830 FORMAT (1H »3X+10H PRGFILE= )
GO0 TO 5950
5890 WRITE (6¢5900)
5900 FORMAT (1HU»3X»20H PLANFORM= RECTANGLE )
60 TO %930
5910 WRITE (6059290)
5920 FORMAT (1HO»3Xe19H PLANFORM= TRIANGLE )
5930 WkITE (605940)
5940 FORMAT (1H »3X023H PRCFILE= PARABOLIC ARC 1}
5950 WRITE (6+596U) TAUWSEMIWAR
5960 FORMAT (1H o3X0»
1 18H THICKNESS RATIO = F12.5 / uXy
2 17H SEMISPAI/CHORD = F13.5 /7 uXo
3 15H ASPEC) RATIO = F15.b)
6010 wRITE (& +6020) AMIBETA¢XM»CPSTEMR
6020 FORMAT (1HUe53Xe26H THE SOLUTION FOR THE WING // 4Xs
1 15H MACH NUMBER = F1lveD / 4X¢
€ 8H BETA = F22.5 / uX,
3 22H MACH NUMBER (STAR) = Fge5 Z4Xr
4 13H CP (STAR) = F1l7.5 7/ 4Xoe
S eH X1 = F2u.5 7/ 41X,
6 $2H VELOCITY AID PRESSURE DISTRIBUTION ON UPPER SURFACE /)
6025 WRIT: (8e6030)
6030 FORMAT (1HOs4X»
1 2H le5Xe8H x/CHORD.?;-ZH UrlliXe4H U+Le7Xe7H U(RED) »9Xe ZHCPOBX'
2 8H CP(RED)seXe5H P/P»10Xe2H Me8X18H M(STAR) /)
00 6200 J=1,12



c

6040

6050

6060
6200

6300

8000
8030

8040

8050
8060
8070

9000

9010
9020

9030
9040

9050
9060
9070
9080
908S.

NN=(J=1) 5LX+]

25=2w (NN) /SEMI

WRITE (6:6040) Zw(NN),2ZS

FORMAT (1HO»3X»2c9H SPaNaISE STATION, Z/CHORD = FB8.5¢2Xe
1 15H (2/SEMISPAIN = FB.5¢1H) /)

DO 6200 I=1.LX

Ks(J=1)#LX+]

KUK=K+LX2Z

IF (NWReEGQe2) K=KUK

LVyR=U(K)

Uw=UwR/RU

WW=UPG(K)

WiwR=ww=RU

RTT=UW+1.0

WYT=ww+le0

CALL VECON(U&»CPeRTM)»iMS»PPP)

CALL VECON(WWswWP o WTMy  MS»wWPP)

CPRzAMT=*CP

WPR=AMT*uP

XLCHL=(FLOAT(I1)=0,5)/FLOAT(LX)

WRITE (6¢6050) 1sXLCHLeUWeRTToUWR¢CP+CPR»PPPsRTMIRMS
FORMAT (5X0I1201%X¢9(1X,E12.5))

WRITE (6r6U60) WWoWTT,WwRIWPsWPRYWPPeWTM WMS
FGRMAT (21x.e(1on12.5))

CONTINUE

NwR=NWR+1

IF (WWR.GE3) GO TO 8000

IF (ILIFT.EQ.0) GO TO 8000

WRITE (6+6300)

FORMAT (// 39X
1 53H VELOCITY AND PRESSURE CISTRIBUTION ON LOWER SURFACE /)
GO TO 6025

wRITE (608030)

FORMAT (1HO»48Xo»
1 36H THE LINEARIZED ScLUTION IS BASED ON )

IF (lwING,6T,0) GO TO 8050

WRITE (6,8049Q)

FORMAT (1H »50X,32H CARMICHAEL*S NUMERICAL ANALYSIS /)
- 60 TO 8070

WRITE (6:8060)

FORMAT (1H o¢52Xs28H HOLME*S ANALYTICAL ANALYSIS /)
CONTINUE

WRITE (609000)

FORMAT (1HO»y0Xs
1 4lH THE NONLINEAR SOLUTION WAS OBTAINED WITH)

GO TO (9010,903G,9050)r METHOD

wRITE (609020)

FORMAT (1R +56Xs,20H THE NEWTON'S METHOD)

60 TO 9070

wRITe (609040) LP

FORMAT {1H »4oXs4iH ThE METHOD OF PARAMETRIC DIFFERENTIATION /
1 55%X¢19H AT THE VALUE DP = F6.4)

G0 YO 90U85

wRITe (609060)

FORMAT (1H »47Xe31H THE METHOD OF STEEPEST DESCENT)
wrlTE (6090680) NIT

FCRiMAY (1H v»58X» 7H AFTER I2+11H ITERATIONS )
CONTINUE
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38

9090

9999

NRUN=NRUN+1

IF (RUNGGTLHDELM) GO TO 9090
ANM=AM+DELM

GO TU 215

IwInG=9

Go Tu 10

CONTINUE

STOP

EnD

SUBROUTINE SICI(S,SINT.CINT)

20

30

S2=9%5

$6=S2

Sy=S2#S2

S6=S4*S2

S8=S6*S2 :

IF (S.6Te1.0) GO TO 2p
S3=S5*S ,

$5=53%5S

57=55%SS

$9=57%SS

$3=%5/18.0

55255/600.0
$7=57/3%280,0
$93$9/3265920.0

SINT = S=53+55~57+59
S2=52/4.0U

SE=S4/96.0
S6=S0/4320.0
$8=56/322560.0

CINT = 0.57721566+ALOG(S) -52+54-56+58
GO TO 30

F1255+38.027204%56+265.167033%54+4335,67732%52+38. 102495
F2=S6+40.021433%56+332.624911%S4+570,23628%52+157,105423

FO=F1/(5%F2)

G1=S0t42.242855456+30,.757865*S4+352,.018493%52+21., 821899
G2=S5+480196927%56+482.465964#54+1114,978885%52+449, 690326

60=61/(55%62)

‘SINT=1.5707963-F0%L0S5(S) - -GO*SIN(S)

CINT=FQ*SIN(S)=50xC0S(S)
CONTIiNUE

RETURN

eEnD



40

50
60

70

80

90

‘SUBROUTINE CYL(S»FHO»FHLFNL1sFN2)

PI=3.1415926535

P12=0.63661977

IF (SelTele0) GO TO 4g ;
T1=4.0/5 . R
T2=T1*xT1

PO=(({1(=0.,0000037043%72+0,0000173565)%T2=0. 0000487613)*T2
1 +0,00017343)%T2~=04001753062)%T2+0.3989423
QO=((((0.0000032312+«T2~0.0000142078)%T2+0.0000342468)%T2
1 »0,0000869791)xT240,;0064564324)%T2=-0.01246694 .
P1=((((.0000042414*T2.,000020092)%T2+,0000580759)*T2
1 «e000223203)*T2+.,0024215826)*T2+.3983423
G1=((((=.000003653U*T +, 00001622)*Ta-.0000398708)*72
1 +.0001064741)%T2=.00,6390400)%T2+.03740084 :
Az2,U/58RT(S)

B=AxT1

C=S~0.,7853962

YO=A*PO*SIHN(C)+3*Q0*CS(C)

Y1==-A%P1*COS(C) +B*01x5INIC)

Go 70 90

S8=S/2.

S2=55%5S

T=ALOG(SS) +, 577&156649

SuM=G.0

TERM=T

YO=1

DO 70 L=1r15

IF (L=1) 50,60s50

SUM=SUN+1 . 0/FLOAT(L=1)

FL=FLOAT (L)

TS=T-5UM

TERMZ (TERM* (=S2) /FL*%2) %(1.0-1 0/ (FL*TS))

YOSYU+TERM

TERM=SS*(T=,.5)

SUM:U-D :

Y1STERM :

Do 8U L=2+16 . .
SUMZSUM+L . /FLOAT (L=1) '

FLSFLOAT (L)

FLI-FL-ll

TS T"SUWI
TERM-(TERM*(-SZ)/(FLl*FL))*((TS-.S/FL)/(TS+.5/FL1))
Y1SYLI+TERM

Yo=PI2xYU

Y1==P12/5+PIo*Y}

Y2=2.0%xY1/5~Y0

Frul=vi

Fne=ye

SH=S/2.0

SHZ=SH*SHt

ADSE.0/7(5,0%P1)

BOS4.0/P1

ANE=4 « (*¥S5H2%A0/15,.0

BNS=4,0*SH2*10/9.0

SUMzZAU+AN
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Z2uM=80+BN
00 110 I=1r156
FLIZFLOAT(I)
AN==SH2/((FLI+2,5)%(FLI+1,5))*AN
BN==SH2*BN/ (FLI+1.5) %x2
SUM=SUM+AN ’
110 ZUMSZUM+EN
FHO=SHxZUM
FH1=Sh2+SUM
GO0 TO 130
120 S2=5x*S
$3=52%S ' -
S4=52%52 ’ ,
S5=54x%S
SE=S2%SH
S7=56%S
$8=52%56 . . ‘
S9=Su*S o ' )
S10=%2xS8
$11=510%*S
$12=52%5S10
FHO=YO+Pl2%(1+0/5=1,0/5349. 0/55-
1 22540/57+11025.0/59~-:93G25.0/511)
FHLI=FN1+PI2%(1,0+1.0/52=3,0/54+45, 0/56-1575 0/SB+
1 99225.0/510-9823275.0/512)
130 CONTINUE
RETURN
- ENDY

FUNCTION ACSH{(CA)

CQ=CA%*CA
IF (CA.GT.1. 0) GO TO 40
C3=CuxCA
Cs5=CwuxC3
Cr=CasCS
Co=CwxC?7
C11=CuxCy
ACSH=CA~C3/6,0+3.0%C5/4040-15.0%C7/336.0+
1 105.0%C9/3456.u=945,0%C11/42240.0 :
G0 TO 50
30 Cyu=CuxCQ
Coe=CuxCh
Cg=CuxCh
C10=CuxCy
ACSH=ALOG(2,*CA)+1.0/(4,0%xCQ)=3,0/(32,0%C4)+
1l 15.0/7(268¢0%C6)=105,,/(3072.0%C8)+945,0/(38400, 0*C10)
50 COTINUE
RETURN
END :
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SUBROUTINE GAUSS(ArNeIT)

LIMENSION A(Nel)
REAL MAX

1t=0

E:l.E-B

NN=N+1

00 12 I=1/,N

IF (I=-1) 33,1

Do 2 J=IeN

Mzlei

00 2 K=1eM
A(Jel)=Aa{UrI)=A(JrK)®xa (K1)
Kev=l i
MAX=ASS(A(LI,]I))

DO 5 K=I!N

IF (MAX=ABS(A(KII))) 4o5esS
KEY=h
MAX=ABS(A(KeI))
CONTINUE

IF (MAX=E) 60797
It=1

RETURN

Do 8 K=1/NN
MAX=A(I¢K)
A(LeK)=A(KEY »K)
A(KE{»K)=MAX

l1=1+1

MzI=1

DO 12 J=IIeNN

IF (I-1) 9:11+9

DO 10 K=1M
A(IrJd)zA(Ivd)=A(TI9K)Y*A (Ko J)
A(Led)=A(Ir D) ZA(1, 1)
CONTINUE

Lo 14 I=Z,N

JzN+l1-1

JJzJ+l .

DO 13 K=JJrN

A(Jr NI ZA(JeNNI=A(JoK) A (K s NN)
CONT ANUE

RETURN

END
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SUBROUTINE HPCG(PRMTpNDIMoIHLFpAUx)

DIMEISION PRMT (1) e AUX(1601)

CoMMUIN /DY/ LERY(100), Y(lOO)vUL(lOO)'DP
Nel

IHLF=0

X=PRNT (1)

H=PRMT (3)

PRMT(S5)=0.,

D0 1 I=1,NDIM

AUX(l6.,1)=0,

AUX(15,1)=DERY (I}

SAUX(1e1)Z=Y(])

IF (Hx(PRMT(2)=X)) 324
IHLF=12

GO TU 4

IHLF=13

CALL FCT(Xx»HDIM)

CALL OUTP(X»ndImMe ITHLF)
IF (PRMT(S)) 69596

IF (IHLF) 7+706
RETURN ‘

00 8 I=1,NDIM
AUX(8¢1)=DERY(I)
Isw=zl :

GO 10 100

(= X~h

DO 10 I=1.NDIM
AuX(2,1)2Y(]) |
IHLF=IHLF+1

X=X=H

DO 12 I=1.NDId .
AUX(4e I)=AUX(201)
H=0¢5%H

Nzl

Iswz

G0 T0 100

X=X+H

CALL FCT(XeNDIM)

Nz2

00 14 I=1.NDIM
AUX(221)=Y(])

AUX{9» 1)=DERY(])
Isw=J3

60 TO 100

VELT=0.0

DO 16 I=1sHDIM

DELT= DFLT+AUX(15vI)*A~S(Y(I)-AUX(Q )
UELT=0.066060074DELT
IF (DELT=PRAT(4)) 19019¢17 .
IF (lHLF=10) 11+,18218
lhHLF=11

X=X+H

GO TO 4

X=X+t

CALL FCT(xeNUIM)

DO 2uU I=1eNDIM



: AUX (32 1)=Y (1)
20 AUX(10,I)=DERY (1)
N=3 ' L. f
Isviz4 ‘ ' '
6o TO 100 ,
21 =zl o
X=X+H
CaLL FCT(XrNOIM)
X=PRMT (1)
Do 2¢ I=1eNDIN
AUX (11 I)=DERY(I)
22 Y{I)SAUX(1rI)+H*(0.375%AUX (B 1) +0, 7916667*AUX(9'I)
1 «0.2083333%«AUX(1091)+0.04166667*DERY(I))
23 X=K+H
NoN+1
CALL FCT(XxeNDIM)
CALL OUTP(X»iDI#i» IHLF)
IF (PRMT(S)) 6r2446
24 IF (N=4) 25,200,200
25 DO 20 I=1,WNDIM
AUX(Ne 1) =Y (D) . ;
26 AUX(N+7¢I1)=DERY(I) , b S
IF (N=3) 27+29+200 :
27 Do 23 I=1,NOIM
DELT=AUX(92 1) +AUX(9»])
DeLT=DELT+DELT
28 Y(I)=Aux(1r I)+0 3333333*H*(AUX(8-I)+DELT+AUX(10-I))
6o TU 23
29 Do 3u I=1,NDIM
DELT=AUX(QeI)+AUX(10,1)
DELT=DELT+DELT+DELT
30 Y(I)=AUX(L2I)+0.375%Hx(AUX(8,I)+DELT+AUX(11,1))
Go TO 23
100 Do 1ul I=1,NDIM
Z=H*AUX(N+7,1)
AUX(5r1)=2
101 Y(I)=AUX(N»I)+0.U4%2
2=X+0.4xH
Call FCT(zZepNOIM)
00 102 I=1.NDIM
Z=H*xJTRY(I)
AUK(OeI)=2
102 Y(1)=AUXINII)+0.2969776%AUX(521)+01587596%Z
2=X+04557572*H
CalL FCT(zeNpIM)
DO 103 I=1eNDIM
2=H*DERY(])

AUX(7rid=Z
103 Y(I)ZAUX{NeI)+0. 2181004*AUX(591) 3.050965%AUX(6¢,1)+3,832865%2
2=X+n1

Call FCT(zZonNDIM)
Do 104 I=1eNDIM
104 Y(I)SAUXIN?I)+041747653%AUX(5¢1)=0.5514807%AUX(6¢1)
1 +#1.205536*AUX{(7¢1)+0,1711848%xDERY(I) '
GO TU (3913915921 ) 0 [Sh
200 ISTEP=3
201 IF (N=8) 204,202r204
202 Lo 203 N=2»7
Do 203 I=1ehvlM
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AUX(N=1+1)=AUX(NS 1)

203 AUX(iN+orI)ZAUXIN+T»I)
© N=z7

204 NziN+i

DO 205 I=1»NDIM

AuX(iv=101)=Y(1)
205 AUX(iN+6+ 1) ZDERY(I)

X=X+H

ISTEP=ISTEP+}

DO 207 I=1,NDIN

DELT=AUX(N=4,1)+1, 333333*H*(AUX(N+6.I)+AUX(N+6;I)-AUX(N+5:I)+

1 AUX(IN+U D) +AUX(H4G0 1)) :

Y(1)=0ELT=0.9256198*AuX(16°1)
207 AUX(16+,I)=DELT

CALL FCT(XeNOIM)

U0 208 I=1sNDIM

DELT=0,125%(9.0%xAUX(N=1" I)-AUX(N-3o1)+3 0*H*(DERY(I)+AUX(N+6-I)+

1 AUX(N+6r 1) =AUX(N+5,1)))

AUX(16eI)=AUX(1loo 1) =DELT
208 Y(I)=DELT+0,0743817#AUX(16°1)

CELT=0.0

DO 209 I=1+NDIM
209 DELT=OELT+AUX (150 I)*ASS(AUX(16,1))

IF (DELT=-PRMT(4)) 210,212,212
210 CaLL FCT(xeNDIM)

CALL OUTP(XsNOlusIHLF)

DpP=x

IF (PRMT(5)) 212¢211s212
211 IF (IHLF=11) 213'212'212
212 RETURN . . : B
213 IF (H*(X- PRMT(Z))) 21&-212.212
214 IF (ABS(X=PRMT(2))=0.1%ABS({H)) 212+2010201

Eno

SUBROUTINE FCT(XsNDIM)

CoMMON /;x/ EX(350) v
CoMMON /DY/ DCRY(IOO)uY(IOO)vUL(lOO)'DP
COMMOUN /PRANDTL/Z UPG(1y0) e ILLIFT#NRUN,SYMF
CCcMMUN /HOL/ EP(10U00)»A(10100)
11=9
NH=NOlida/2
D0 1200 I=1,nN0Im
Syii=u .0
D0 1120 J=letiuli
Kz(J=1)«iiDIM+1
TUZIAGS(I=-J)
IF (IJ.2€ued) GO TO 1130
SUMSSUNM+SYMF#EP (K) *Y () xY (J)
G0 TO 1120

1110 SU”‘:U-+bYMFtLP(K)*UL(J)*UL(J)

1120 ConTInNJE

' KK=NUIM*ND I 4+

IF (ILIFT.E3.,0) GO TO 1130
T2+
IF (1.GTaiNH) II-I-NH



OO

1130
1200

1230
1240

© 1250

1310

A(KK)= 0.5*(Y(I)tY(I)-1(I)+UL(I)*Y(II)-UL(II))-SUM
60 YO 1200

A(KK) = UeS*Y(I1)xY(I)aSUM
CoNWTINUE

DO 1250 I=1,iD1x

DO 1240 J=1,NDIM
K=(J=1)#NnDIM+l]
KKS(J=1)*NDIM+]
Iy=IABS(I=J)

IF (IJ¢Euw.0) GO TO 1230
ADD=0.0

“IF (IA3S(I=U)EJdeNH) 4DU==0.,5%X

A{KK)=2. DtSYMF*A*Y(J)sEP(K)+ADD
GO TO 1240 o
A(KK)IZ1leU=Xx(Y{J)=0.5)

CONTINUE

CONTINUE

"CALL GAUSS(ANDIM,IT). Sl .o £

DO 1310 I=1,NOIs
KKSNTIM*NOIM+ I
DERY(I)=A(KK)}
RETURN

END

SUBROUTINE QUTP(XeNDIns IHLF)

COMMON /70Y7 DeERY(100),Y(100) UL(100)DP o
OPTIUN FOR USER TO PRINT 0UT INTERMEDIATE SOLUTION
RETURN

ENO

SUBROUTINE VECON(XrCP,AM»AMS»PR)

CONMMON /VEL/ MACH,MACHSGrBETASQr BETA:AAWlo%AMZ'AAMB
REAL MACH»MACHSGP»BETASQY bETA

X1=X+1.0

X12=XK1%x1l

CPL=ABS(1,0+4AAM2%(1.0-X12))

CP=AAMLI*(CP1%#%3,5-1.0)

AMEMACH*X1/SORT(ABS (1, 0+AAM2%(] . 0-X12)))
AMSZAMESURT (ABS (1. 0/(1.0+0 16b06666*(AMtAM-1 0))))
PR=AAM3*CP+1,0 .

RETURN .

END
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SUBROUTINE CARM

COMMON /VEL/ MACH/MACHSG'BETASQ!BETA,AAML »AAM2,AAM3
COMMUN /PARAMS/ NNING,PANELS»SREF¢REFMOMyCBARISPANIOC .
COMMUN Z&NGPMS/ ROOT(4) e TIP(Y) yMaNeTYPE, F(101) 6(101)vP(101)o
1 SHEAR(101),ISECT,THICK(5)
CyMMON /HtL/ HH(100010)
REAL MACH,)MACHSW&¢BETASQrBETA
INTEGER PANELS.UC:TYPt
LOGICAL SYM -
LOGICAL THK
S'YM: +FALSE,
DATA PANELS/Q/
OATA HALFPI/1. 57079633/0PI/3 14159265/
Calb wNGEOM .
Ny ING=PANELS ,
IF (THICK(1)+e6Te0,0+0ReTHICK(2)+6Te04+0) THK-.TRUE.
Cabkl EvAL (THK) L
NiSNwING+1
CaLL INVERT (HH,NWING)
CalL FORCE
PANELS=0
RETURN
EnV

SUBROUTINE WNGEOM

COMMON /VEL/ MACH,MACHSGrBETASQeBETAAAML»AAM2,AAM3

COMMUN /PARAMS/ NyING,PANELS»SREFREFMOM, CBAR»SPAH oC

COMMON /WNGPMS/ ROOT(4)TIP(4), M'NoTYPEoF(IOI).G(iol)oP(lol)o
1 SHEAR(101) s ISECTyTHICK(2) rPERCHD»2TeDZDX»CURX

COMMUN /PSIiNGS/ PW(100) v ALPHAT(100)

CoMMON /FDATA/ XBAR(110)» AREA(lOO)ocOSTH(JOO)'SINTH(100)'SYM(100)

COMMOM /SCRAP/ 2(100+,4)¢Y{100¢2)¢2(100+2) ¢ XCPT(101),

1 sLoPE(lul)oCH«uOT(ZOc)'CHTIP(ZOZ)cZUROOT(lOl)oZUTIP(lOl)o
2 2LROOT(101)2LTIP(101)9SCF(101)

COMMON /CURV/ CUR(100) . S
REAL MACH»MACHSG+BETASQeBETA .
INTEGER PANELS»PANMAX,0Ce TYPE

LOGICAL SYMyFIN

DATA PANiMAX /100/

HELL=L. 000001

IF (MeLECDORMNLESD) RETURN

M1EM+]

Ni=N+1

F(1)=ROOT(1)

G(L)=TIP(1)

F(N1)ZRO0T(2)

G(N1)I=TIP(2) ) .-
P(1)=K00T(3) . ) i o
P(ML)=TIP(3)
SHEAR(1)=KOOT (4.
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SHEAR(MLI=TIP(4)
DK=RUOT(2)=R0OOT (1)
DI=TiP(2)-TIP(1)
SSPANZTIP(3)=RO0T(3)

PAREA= (DK+0T) *SSPAN

SCl:l. '

SCa=1.

IF (TYPE.EQ.1) 60 TO 20

IF (1YPE.EG.2) GO TO 10

CaLL FILL (F,N)

CablL FILL (GoMN)

IF (TYPE.EW.3) GO TO 20

CALL FILL (pP,M)

CALL FILL (SHEAR!M)
XX=T1P(3)-R0O0OT(3)

DO 3u I=1,RH1

CHRQOT(I)=0,

CHTIFP(I)=0.
SLOPE(L)=(G(I)=F(I))/xX
XCPT(I)=F(1)=ROOT(3)*SLOPE(I)
DO S0 I=1.N

IF (A5S(OR) (LT.HELL) (C TO 40
CHROOT(I)-((F(I)*F(I+1))/2.-F(1))/DR
IF (RB8S(DT).LT.HELL)Y GO TO SO0
CHTIP(I)=((G(i)+6(1+1))/2.=G(1))/DT
CONTINYE

IF (UT.GT.0,.) GO TO 7¢

DO -6U I=1.N
CHTIP{(1)=CHROOT(I)
U0 U J=1h
Y1=P(J)

"Y2TP(J+1)

YPER=((Y1+Y2)/2.=P(1))/(TIP(3)=R00T(3))
YPER1=1.0=YPER

THCK= THICK(Z)*YPER*TH;CK(1)*YPER1

00 90 I=1.i

PANELS=PANELS+1

IF (PANELS.GT.PANMAX) GO TO 210
X(PANELS»1)=XCPT(I)+Y1*SLOPE(I)
X(PANELS»2)=XCPT(I)+Y-%SLOPE(I)
X(PANELS»3)=XCPT(I+1)+Y1*SLOPE(I+])
X(PANELSs4)=XCPT(I+1)+Y2*SLOPE(I+1)
Y(PANELS»1)=Y1

Y{PARELS 2) Y2

Z({PANELS» 1) =SHEAR(J)
Z(PANILS»2)=SHEAR(J+Y)

IF (AbS(THCK) .LTeHELL) GO TO 80
PERCHD=CHTIP (1) xYPER+CHROOT (1) xYPER]
CaALL SECTIHN

CUR(PALELS) =THCA*CURX

ALPHAT (PANELS)=THCK*DZDX

FIN=FALSE,

I
3

IF (ABS(YL1) LY HELLJALDABS(Y2) «LT.HELL) FIN=«TRUE.

SYM(PANELS) = NOTL.FIN
CALCULATIOUNS OF WING ROFILE
RTMAX=THICK (1) *0R
TIPMAXSTHICK(2) »DT

LO 13u I=1+N1

IF (A3S(hTHAX) LT, HELL.OR ABS(DR),LT.HELL) GO TO 100
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.. PERCHO=(F(I)=F (1)) /DR
"CALL SECTIN '_
ZUROOT (1) =ROOT(4) +ZT % TMAX -
ZLROOT(I)=ROUT (4) =2TxrTMAX
60 TO 110
100 ZUROUT(I)=ROCT (4)
ZLROUT(I)=KOOT (4} :
110 IF (ABS(TIPMAX) LTJHE_L. OR<ABS (DT). LT HELL) GO TO 120
PERCHD=(G(I)=-6G(1)) /DT :
CALL SECTIN
ZUTIP(I’:TIP(4)+ZT*TIPMAX
ZLTIP(I)=TIP(4)=2T*TIPMAX
6o TO 130
120 ZUTIP(I)=TIP(4)
2LTIP(I)=TIP (L)
130 CONTINUE
210 RETURN
- END

SUBROUTINE FILL (AFILL#NFILL)

REAL AFILL(1)
IF (MFILL.LE.1) RETURY .
DEL= (AFILLINFILL+1)=AFILL(1))/ZFLOATINFILL)
DO 10 I=2sNFILL
10 AFILL(I)=AFILL(I~-1)+DEL .
RETURN
END

SUBROUTINE SECTIN

COMMON ZWNGPMS/Z ROOT(4) s TIP(L) +MeNeTYPEF(101),6(101),P{101)
1 SHEAR{101) » ISECT»THICK(2) e XeZ»DZDX s CURX ’

DIMENSION XTAS(19)r 2T7AB1(19)r ZPTAB1(19)r CUTAB1(19)

THE FOUR DATA TxBLES wIVEN BELOW ARE FOR A RAE 101 PROFILE

AND THEY REPREScNT 19 CHORDWISE VALUES FOR THE PROFILE -
X/7CHORD STATION TOGETHER ITH THE THICKNESSe, SLOPE AND
CURVATURE MEASUKE RESFECTIVELY AS GIVEN FOR A PROFILE

THICKNESS RATIO OF Otx, FOR ARSBITRARY PROFILE INPUT THE
APPROPRIATE UATA TASLES MUST BE SUPPLIED BY THE USER,

IF THE NUMBEK OF CHOR{pwISE STATIONS USED 1S DIFFERENT

FROM 19, THE DIMENSIOr, STATEMENT ABOVE AND THE THREE

SEQUENTIAL CALLING STATEMEMNTS STARTING WITH STATEMENT 100

MUST ALSO BE CHANGED rCCORDINGLY.

DATA XTAB ) /0.I0005'00125'.0250'0050.075'-1"15"2'.25'.3'o“'
1 .Sv.bro7v.d'.9v.9591 /

DATAZTABL /o...ue71..1369..1917'.2559..3191..3607-.4220o.u6300
1e48890.49979 88019442077 035317.26610421789¢.08%+.0847,04/

DATA ZPTABL /39.0518¢085¢15¢265¢3.709¢2446221863¢1.,434,1.001>
1e69759 3079106409 =,30381=e65087=,£0581=¢88231=e6943+=,8943»
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2=.56945r=. 8944/
DATA CuTABl /=7000¢0¢r~420,0+,-120.0+-83, 1'-32.60*1906011-12 e 35¢
1 =8,102+=6¢915¢=5,929«4,988¢=3.3841=2, 1171'1.1730-0 602v
2 =0,331+=0,182¢=0.,150,=0125 / . . .
IF (XelLTe0eeOReXeGTWl,) GO TO 130
IF (ISECT.EG.0) GO TO 1060 ] o o
GO TO (10e30e50)e ISECT - ;.}" f} -
Zz2.%X*%(1e=X) . e ) B
DzOX=2e*(1le=2e%X) '
CUKRXZ=440
RETURN P o -
IF (X«GTes5) GO TO 40 . . - R
=X . Lo
0z0x=1,
CURX==4 .U
RETURN
Z:lo‘X»
0z0x=~1.
CURX:-QOU
RETURN
CONTINUE
IF (KeGTe0e0) GO TO 6y
Z:UOO
0z0X=100.0 e .
CURX:-SQO ' ’
RETURN
SX=SWRT(X)
2-X*X ‘
S0%(0. 2969*SX‘0 125*X 003516*n2+
1 0 26U43xX2*X~0,1015%X2%X2)
DZUXZS.O*(0.14855/SX“U.126-0.7032*X+
1 (+8529%X2-0,406*X2*X)
CURX==5.0%x(0,074225/(5X*X)+0.,7032~
1 1.7U58*X+1.218%xX2)
RETURN
CalL TAILT (XTAB2TAB1 9X02¢1902)
Call TAINT (XTABrZPTAR1¢X,D2DX¢19¢2)
CALL TAINT (XTAG'CUTABLle X, CURX:19'2)
RETURN
Dsz:o. ' C '
CURX=0.0
RETURN
EnD )
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SUBRUUTINE TAINT (XTALFTAByXeFXoNtK)

REAL XTAB(1)oFTAB(1)»C(10)eT(10)

DO 16 I=1,N

IF (XeGTXTAB(I1)) GO 70 10

J=1I

GQ TO 20 : .
CONTINUE : . -
JazN .
Jdod=(K+1)/2 : ' -

IF (J.LE.U) J=1

M=J+K

IF (rl.LEN) 6O TO 490

Jsd=1 '

GO TU 30

KP1=K+1

G0 TO 350

ENTRY TNT

DO 6U L=1+1KP2

C(L)=X=XTAB (W)

T(LY=FTAB(J)

J=Jd+l

0O 80 J=1+K

I=J+L

T(I)=(CUD =TI =C(I)xT(J))/Z7(C(JI)=C(I))

I=l+1

IF (1.LE.KP1) GO TO 7p

CONTINUE

FX=T(KP1)

RETURN

END

SUBROUTINE EVAL (THICK)

COMMON /VEL/ MACHyMACHSGsBETASQrBETArAAMY » AAM2) AAM3

COMMUN /PARAMS/ NWIMG,PANELS»SREF +REFMOMyCBARSPANY OC
COMMUN /PODATA/ XBARS(100)¢+AREA(100)eCOSTHS(100)¢SINTHS(100)»
1 sYNM(100)

CoMMON /CONMPS/ XPRIME, YPRIME ¢ ZPRIMEsU»V v eBeBTERMIEPS,SUBBPOS»XPM
17

COMMUN /SCRAP/ x(lOOou)vY(IOO'Z)'2(100v2)vXCS(lOO)rYCS(lUO)'
1 2CS(100)¢A(100) 1 XBAR({10GU)exC(100),YC(100)92C(100),
2 SINTH(100),COSTH(100)uWT(100)

CoMmuM /hEL/ HH(10091,,0)

COMMON /HOL/ HH1(1002300),HH2(100,100)
COMMUN/XZw/XV(100) 02V (100)

REAL MACH»HACHSWeBETASQYBETA

REAL LE

INTEVER PAINELS»uC

LOGIVAL SUB»BPOS»BNEG,BINEG»B2NEG,DIAGs WING» THICK » TWING
LoGICAL Sy

DATA PI1/.3183099/¢P1>/.1591549/

DATA PI4/7.957747163E-2/¢PI16/3.978673581E=2/



10

30

40

50

STOTAL=0.
BNEG=.FALSE .

‘DO 10 I=1,PANELS

CR=X(Le3)=X(Irl)
DELY=Y(I+2)=Y(I,1)
DELZ=Z(I1e2)=2(1,1)
SPN=SGRT(DELY*DELY+DE(2*DELZ)
CT=a(l r4)=X(102)
AREA(II=(CR+CT) «SPN/2,
STOTAL=STOTAL+AREA(I)
YPER:(I.*CT/(CR+CT))/3.
YPERL1=1l.~YPER :
LESYPERXX(1s2) +YPERL*X(I101)
TESYPER®=X(1o4) +YPER1%x(1¢3)
XCS(I)=e95*TE+,05%LE
XC(I)=xCS(I)/oETA
ABARS(I)=(LE+TE) /2,
XV{(I)=XBARS(I)
XBAR(I)=XBARS(I)/BETA
YCSU(II=Y(101)*YPER1+Y(Iv2)*YPER
Zv(I)=YCsS(I)

YC(I)=YCS(I)
ZCS(I)=Z(1+1)*YPERL1+Z(1+,2)*YPER
2C(I)=«£CS5(1)
SINTHS(I)=DELZ/SPN
SINTH(I)=SIRTHS(I)
COSTHS(I)=DELY/SPN
COSTH(I)=cosTrHS(I)
STCTAL=STOTAL*2,

IF (SREF+LT,0e) SREF=STOTAL
IF - (CBARLT.0+) CBAR=SQRT(SREF)
EPS=AMAX1 (SPAN/CBAR) /10000
IF (BETASG) 40e40030

SUB: . TRUE .

XBTERM=1,

UCON=PIS8

UTCOnN=PI2/BETA
VaCONZBETA*PIS8

VWTCOn=PI2

6o TO 50 ;

Syb=.FALSE.

XBTERM==1,

UCON=PI4 ~

UTCON=PIL1/BETA
Vi,CONZBETA*PIY

vwTCunz=PI]

‘T 260 l1=1+PANELS

COoST=COSTHI(I)
SINT=SINTHI(I)
WING=,.TRUE.
TwINOG=THICK,AIIDWING
X1=xX{(I,1)/08CZTA
Xz=X(1s2)/82TA
X3=x(Ie3)/BETA
X4=X(1r4)/8ETA
Y1SY(Is1)
Yo=Y(1¢2)
21=2(1.1)
22=2(1¢2)
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60
70

80

90

DELTAY=2(Y2=Y1)*COST+(22=21)*SINT
B1=(X2=X1)/DELTAY
B2={X4~X3)/DELTAY
BINEU=BleLTaQe

B2NEOGZB2«LT .00

81=Ac5(31)

82=AUS5(82)

BTERIIL=ZSURT (ABS(31*B1+XsTERM))
BTERMZ=SGRT(AUS(B2*B2+XBTERM) )
00 25U J=1+PAMELS
DIAG=I.EGeJ.AND.NING _
Xw=SINT#COSTH(J) - , .
XXSCOST#SINTHJ)
XY=COST*COGSTH(J)
XZ=SINT*SINTH(J)

SINTR=X4H=XX

COSTR=XY+XZ

SINTL=XW+XX

CoSTL=XY=X2

BEGIN THE EIGHT SEPARATE SETF=-UPS FOR COMP -AND TCOMP
BPOS=.NOT.B1NEG

B=81

BTERM=B8TERM]

SETUP 1

DELTAY=YC (J)=Y1
DELTAZ=2C(J)=21
XPRIME=XC(J)=X1
YPRIME=ZDELTAY*COST+DELTAZ«SINT
YP3::YPRIME

IF (B1NEG) YPRIME==YPRIME )
ZPRIME=DLLTAZ*COST=DELTAY#SINT
2P3=ZPRINE

CaLL CoMmp

AAVR=V

AAWR=V

IF (DIAG) GO TO 60

Uu=u

"GO TO 70

UU=0.

IF (MNOT.TWING) GO TO 90 . .
XPMT=XBAR(J)=X1

CaALL TCOwmP

ut=u

IF (UIAG) 60 TO &g

AAVRT=V

AAWRT =+

GO TU 90

AAVRT=0.

AAWRI =0,

ABN=V -

SETUP 2

DELTAY--YC(J)-YL
YPRIME=DELTAY*COST+DE_TAZ%SINT
YP3IN=YPRIME

IF (J1NEG) YPRIMEZ=YPRIME
ZPRIMEZDELTAZ*CUST=DEL TAYXSINT
LPIN=ZPRIME

caLtL Cowp

AAVL=V



100

110

120
130

140

AANLEW

Uu=uu+u

IF («NOT.TWING) GO TO 100
CallL TCowmp

utTsuT+u

AAVLTZV

AAnLT=w

SETUP 3

DELTAY=YC(J)=Y2
DELTAZ=ZC(J)=22
XPRIME=XC(J)=X2
YPRIME=DELTAY*COST+DELTAZ*SINT
YP4zYPRIME

IF (81NEG) YPRIWEzS=YPRIME
ZPRIME=DELTAZ*COST=DELTAY%SINT
ZP4=ZPRIME

CaLL CoMmpP

AAVR=AAVR=V

AAWR=AANR=W

IF (UIAG) GO TO 110
Uu=uu-u

IF («NOT.TWING) GO TO 130
XPMT=XBAR(J)=X2

CaLL TCOMP

Ut=ui=u

IF (DIAG) GO TO 120
AAVRT=AAVRT =y
AAHRT=AAWRT =W

GG TO 130

AgNzAph=V

SETUP 4

DELTAY==YC(J)=-Y2
YPRIME=DELTAY*COST+DELTAZSINT
YP4N=YPRIME

IF (S1NEG) YPRIMEs~YPRIME .
ZPRIMEZDELTAZ*COST=DELTAYXSINT
ZPYN=ZPRIME

CaLlL Comp

AAVLZAAVL=V

AAWL=AAWL=-W

Uy=vu=-u

IF («NOT.TwING) GO TO 140
CALL TConp

UrT=uT=U

AAVLT=AAVLT =V
AAWLT=AAWLT =W

BPOS: «NOT, BZNEG

g=B2

BTERMZBTERM2

SETUP 5

XPRIMESXL(J)=X3
YPRLEZYP3 .

IF (L2HEG) YPRISE==YPi IME
ZPRIMEZZP3

CALL Cowp

AAVR=AAVRK=V

AAVWRSAAUR=W

IF (DIAG) LO TO 1s¢C
Vu=uJ=v
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i1s0

160

170

180

190

200
210

220

IF («NOTL.TWING) GO TO 170
APMT=xpAR{J) =X3

CalL TCOmP

UT=UT=U

IF (UIAG) GO TO 160
AAVRTZAAVRT =V
AAWRTSAAWRT =«

G0 TU 170

ABHNzZABN=V

SETUP 6

YPRIMEZYF3N

IF (02NEG) YPRIWE==YPRIME
ZPRIME=ZP3N

Call ComP

AAVLZAAVL=V

AAWL=AAANL=-W

Uu=uu=~-u _
IF («NOT.TWING) GO TO 180
CALL TCOMP

UtT=urT=u

AAVLTZAAVLT =Y
AAWLT=ZAAWLT =W

SETUP 7

YPRIMEZYPY
XPRIME=XC{dJ)=X4 _

IF (B2NEG) YPRIME==YPKIME
ZPRIME=ZPY

cal-L. CoMpP

AARVRZAAVR+V

AAWRSAAWR+W

IF (UIAG) GO TO 190
Uu=uutu

IF (+NOT.TWING) GO TO 210

APMT=XBAR(J) ~XY4

CALL TCOMP

UT=uUT+U

IF (VIAG) GO TO 200
AAVRTZAAVRT+V
AAWRTZAAWRT+wW

GO TO 210

ABNZADN+V

SETUP &

YPRIME=YPYN

IF - (beNEG) YPRIMEz=YPRIME
ZPRIMNE=ZPG4N

CALL CcoMmP
AAVL=AAVL+V
ApnL=AAwL +w

UU=UU+U

IF (oNOT.TWwIMNG) GO TO 220
CALL TCOmMP

UT=uT+U
AAVLTYZAAVLT+v
AAWLT=AAGLT ¢4

CONT INUE

A(J)Z(AAVRASINTR+AAVLASINTL+AAWRXCOSTR+AAWLCOSTL ) *VWCON

Uk PVAL=ZUU*UCON
IF («NOT«TwING) GO TO 240
UnT(J)=UTUTCON



240 Ua

245

250
260

370

10

G0 TO 245
T(J)=0.

HR(Jr I)ZA(J)
HHl(leJ)ZUuwPVAL

"HH2 (I s J)=URT (W)

CONTINUE

CONTINUE

IF («NOT.THICK) WRITE
RETURN

(6¢370)

FORMAT (49HOWING THICKNESS MATRIX CALCULATION WAS SUPPRESSED)

END

SUBROUTINE COMP

COMMON /COMPS/ xeYeZooVewrBeBTERMIEPS»SUB»BPOS» XT

LOGICAL SuUB.B8POS

DATA PI/3,14159265/¢HaLFP1/1.57079633/
DATA PI32/4.712389/+2ER0/0+/2ONE/ 1</

D2=0.0
CONTINUE

~IF (A35(B).LT.1.,0E-8) GO TO 150

120

121

X2=X*X
Yo2=Y*xY

IF (ABS(Z).LT.EPS) GO TO 120

22=7%7Z
=Y2+22
BR2=t*R2
D=SQRT(X2+R2}
AzX=psxY

RPRInb SURT(A*A+BTERM&BTERM%Z2)

Fe=(X+D)/Re

F2=ALOG (ABS ((B*X+Y+BTZRM*D) /RPRINME))
UzATAN2 (Z2£U,BR2=X*Y)+ATAN(Y/2)

VzZxFo-3%U

W=BTERMAF2-Y4F6-5%xALOG (ABS ( (X+D) *RPRIME/BR2))

GG TO 19¢
AzX=p*Y
AATALS(A)
D=SGRT(X2+Y2)
F2=0.0

IF (ABS(o*X+Y+BTERM*0),LT.1.0E-8) GO TO 121
Foz ALOG(AdS((n*x+y+BT;RW*D)/AA))

CONT inUE
UzHALFPI

IF (A.LT.ZERO) GO TO 140
IF (Y«6T.2¢RY) GO TO 130

==HALFPI

60 Tu 140

130
140

150

Uz=PIs2
Vz=B*xU

WoBTERM*F 2~ (X+D) /Y=B#,L0G (ABS({X+D)*AA/B/Y2))

oo TO 19u

IF (A3S{2).,LT.EPS) GO TO 160

X2=X*X
Y2=Y#*Y
Ip=2%*2

55



56

160

170
180

185
190

270

271

RazY2+22

U=SQRT (Xc+R2)

UZATAN2(Z2*%Ur=XxY)+ATAHN(Y/2)

Fe=(X+u)/R2

Vz2aF6

WSALOG(ASS((Y+D)/SART(X2+22) ) )=Y*Fb

GO Tu 190

D=SGRT(X*X+Y%xY)

UzHALFPI

IF (x.LT«ZERO) GO TO 3180

IF (Y.GTI.ZERD) GO To 170 : » -
Uz=HALFPI .

GO TGO 180

U=PI32

v=ZERO :
W=ALOG(ABS((Y+D)/7ABS(X)))=(X+D)/Y

CONTINUE

IF (8P0OS) RETURN

Us=uU

Wo=w .

RETURN

ENTRY TCOMP

X2=XT*XT

Y2=Y=*Y

AzXT=-BxY

IF (ABS(Z)+LT+EPS) GO TO 270

22=2%2

R2=Ye+22

R=S@RT(R2)

D=SGRT (X2+R2)

RPRIME= SuRT(A*A+BTERM*BTERM*ZZ)

Fgo= ALOG(ABS((d*xT+Y+BTEkM#D)/RPRIME))/BTERM
Us=F2 - -

V=B*F2-ALOG(ABS((XT+D)/R) )
WSATAN2(2*DyB*R2=XTxY) . .:

RETURN

D=SQRT(X2+Y2) -

F2=0.0 : '
IF (AdS(ctXT+Y+bTERW*U).LT 1. OE 8) Go TO° 271
Fa= ALOG(ABS((d*AT+Y+BTERM*D)/ABS(A)))/BTERW~«
CONTINUE : . .

WsZERO . & '

IF (A*Y GT. ZERO) W= PI ¢’
Ve B*Fz ALOG(ABS((XT+D)/ABS(Y)))
RETURN

END
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10

20
30

50

60

SUBROUTINE INVERT (AA,NN)

REAL AA(100,100)

NpMNN=Z NN )

DO 30 I=1,ihN

ITEST=1

PIVOT=AA(II)

AA(I+I)=1, ' ‘ ' -
DO 10 L=i.NN . o )
LTESTI=L : ' -
ATEST=AA(I,L) :

ApCI»L)=hA(L L) /PIVOT

DO 30 M=1sKN

‘MTEST=M

IF (MJ,EQ.I) GO TO 30

TT=AA(Me 1) :

AA(M'I) O.

0o 20 L=1+NN

AA(Me L)‘AA(M.L)-AA(I:L)*TT

CONTINUE

RETURN

END

SUBROUTIKE FORCE

THIS SUBROUTINE INCLUuEb THE NAMELIST /LIFT/

WwHICH SPECIFIES THE GLOWAL ANGLE OF ATTACK (IN DEGREES)
OF THE WING PLANFOKM AND THE CAMBER OR LOCAL ANGLE :
OF ATTACK (IN RAUIAMS) OF EACH WING PANEL.

CoMMON /VEL/ MACH¢MACHSGsBETASQ'BETA+AAML s AAM2, AAM3
COMMON /PARAMS/ NWING, PAVELS.SREF:REFMOM:CBAR'SPAM oC
COMMON /PSINGS/ Pw(10() rALPHAT(100)

CoMMUN /PDATA/ XxBAR(1uy0)rAREA(100) COSTH(&OO)'SINTH(IOO)'SYW(IOO)

COMMON /SCRAP/ UW(100)DUMMY(200) ¢ CAMBER(100) v ALPHA(100) » CP(lou)o
1 AV10U)e8CL0OD)+CPUCLIOL) P CPL(100) DELCP(luO)vUNT(IOO)
COMMON /HEL/ HH(100+1.0)

COMMON /HOL/ HHE(1U00,100)HH2(100,100)

COMMON /PRNDTL/ UPG{1,0) ¢ ILIFT+NRUN»SYMF

REAL MACH,MACHSGYBETASQrBETA

INTEGER PANELS (0]08

DATA RAD/57.2957795/euLFA/0.0/

CNAMELIST /LIFT/ ILIFT,CAMBER.ALFA

IF (NRUNJGT,Q) 60 TO 50

READ (5¢LIFT)

wRITE (6eLIFT)

ANGLC=ALFA/RAD

ARADEG=ALFA

wRITC (50200) ARADEG

IF (NWING.EQ.0) GO TO 80

D0 60 I=1/NWING

Pull)=0.

DO 70 J=1,HWING
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70
80

90

100

140

200

AXX==~CAMBER (J) =ANGLE*COSTH(J)
DO 70 I=1/,NWING
Pu(I)=Pa(I)+HH(IvJ) xAKX
CONTINUE

DO 90 I=1,PANELS

UwT(1)=0.0 '

Uw(I)=0.0

‘DO 1UU J=1/NWING

PuTJ=ALPHAT (J)

CLJ_PN(J)

0o 1vi .I=1. PANELS ) -
UwT (L) =UNRTOI) +HH2(Jr 1) xPwTJ !
Uw(I)=uw(I)+i4H1(Jy 1) %CLJ

CONTINUE

‘DO 140 I=1eNwING

UXSUA(I)+UWT (L) 4PW (1) s4,
UpG(i)=UX ]
IF (ILIFT.EQ.0) GO TO 140
UXSUW(I)+UNRT (D) =PW(I) /4.
II=I+NWING

UpG(II)=UX

CONT4NUE

RETURN

FORMAT (QX'31H CONFIGURATION ANGLE OF ATTACK 9F77308H DEGREES)

END



APPENDIX C - SAMPLE INPUT AND PRINTOUT

[ : b .

The sub|ectcomputerprogrom is dimensioned for a totcl of IOO pcnels to represenf the
wing planform and this limits the number of panels which ‘can be used for fhe lifting case to
50. A symmetrical nonlifting wing, however, can be represented by a maximum of 100
panels. The storage requirement is approximately 145,000 in octal.” The input data which
defines the wing geometry and its relative position to the oncoming flow of given strength
are arranged in the following sequence of namelists. These namelists are read in from the
main program except the namelist LIFT which is read in from subroutine FORCE’.' '

Note: The given numbers in the mpu'r data correspond to rhe sumple colculotmn case
shown in the printout. Namelist $ SHOCK 'is only used for the output of the

calculated locations of the shock and sonic lines in connection with METHOD = 3.

$ WING

IWING =0 Type of wing, i.e., arbitrary input (0), rettcngbldriplanform with
parabolic arc cross-section (1), triangular planform with parabolic
arc cross-section (2). oo

-~ Note:- An'arbitrary half-wing. planform is defined as a trapezoidal
planform with the two parallel sides in the direction of the axis
of symmetry (i.e., the x-axis). The coordinates of the four
corner points is the required input, see ROOT(i) and TIP(i),
together with the two thickness ratios THICK(1) and THICK(2).

INFLU =1 . Type of influence matrix to be used, i.e., semi two-directional
(1), complete planar (2). INFLU =0 for linearized solution only.

Note: It is recommended to use the option INFLU =1 unless the

program has been modified to account for a large number of wing
panels, i.e., N = 200-300.

METHOD =1 Method of calculation, i.e., Newton (1), parametric differentia-
tion (2), method of steepest descent (3). '

Note: METHOD = 1 should be preferred for purely subsonic flows
whereas METHOD = 2 applies to slightly supercritical flows. For
the calculation of discontinuous flow the option METHOD = 3 is
the only one applicable.

ISECT = 3 Type of wing sectioﬁ, i.e., orbitrory input (0), parcbolic arc (1),
double wedge (2), NACA 00XX (3).

Note: The guidelines for arbitrary section input is described in
Appendix B under subprogram name SECTIN.

X=10 - Number of panel division in the chordwise direction.
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LZ=5
ROOT (1) =0.0

ROOT (2) =1.0

ROOT (3) =
ROOT (4) =0.0
TIP (1) =0.0
TIP (2 =1.0
TIP (3) =3.5
TP (4) = 0.0

THICK (1) =0.12

" THICK (2) = 0.12

SPAN =N .A.
TAU =N.A.
"MACH =0.72
DELM =0.0
NDEWM =0

ILIFT =0

CAMBER =100 * 0.0

60

Number of panel division in the spanwise direction.

x~coordinate of the leading edge ot the root. )
x—~coordinate of the trailing edge ot the root.
z-coordinate of the root section.

y-coordinate of the root section.

x-coordinate of the leading edge at the tip. Not
_ : requtred
x~coordinate of the trailing edge at the tip.  for

IWING =1,2

z~coordinate of the tip section.
y-coordinate of the tip section.

Thickness ratio of the root section.

Thickness ratio of the tip section.

Span to root-chord ratio for the cases of IWING =1,2,

Thickness ratio for the cases of IWING =1,2.

$ FLOW
Initial freestream Mach number (Mm) .
Desired increment of the freestream Mach number.

Number of increments deswed of DELM.

Note: The options DELM and NDELM are introduced for the
convenience of the user to reduce the number of input data cards
for the case where only a change in Mach number is desired.

$ LIFT (required only for IWING = 0)

Type of flow considered i.e., noncirculatory (0), circulatory {1).

Local slope of each planar panel element which defines o combered

wing (in radians).

Note: The subscripted quantity CAMBER (i) is read in as an array
of indexi=(m -1D)IX+mwherelsnslZond1<ms X and



ALFA =0.0

the indexing starts with the panel! located at the leading edge of
the root section. The input con be simplified by use of the notation
shown for the sample case.

Angle of attack (in degrees).

The printout lists these namelists for each calculation case. The results from a flow
calculation are written out in two rows for each chordwise calculation point. The upper
row refers to the final nonlinear solution, whereas the lower row refers to the linearized or

Prandt!~Glauert selution.

The calculation points are located at the centeroid of each wing

panel and results are given for each spanwise station in the following notation:

X /CHORD

U+l
U RED)

- CP

CP (RED)

P/PO

M (STAR)

Note: .
CP(STAR)

Chordwise sequential number of wing panel

" Chordwise location of panel centeroid with reference to local

chordlength

Normalized perturbation velocity, =

. . U
Normalized velocity, = o

©

(n + I)MﬂzD u-u

Reduced perturbation velocity, = 5
u
1 - Mm ®
2 o u/(u 1)
Pressure coefficient, = — 1+ 3 (u - l)M (l - —2) -1
*M_ v,
Loct HmA/3
Reduced pressure coefficient, = 73 cp

T

Pressure ratio, = ;-u M2 c +1
= p

-1,,2 2
Machnumber, = M -U—\ 1+ 4 M7 —<U—> ]
U 2 ® v

Critical Machnumber, = M*

The critical value of the pressure coefficient (C*) is evaluated
from the exact relation.
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~ APPROXIMATE (TWO-DIRECTIONAL)

INTEGRATION PATTERN

FIGURE 3 - Geometric division of an arbitrary planform into a number of

trapezoidal panels .
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FIGURE 4 -

Influence pattern with reference to the mid-point
of a rectangular wing.



FIGURE 5 - Integration points for the definition of the influence measure from an
elementary panel .
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FIGURE 6 - Block diagram of the computer program.
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FIGURE 7 - Limits for shock-free transonic flow.
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FIGURE.'IO - Supercritical flow past a non=lifting airfoil.
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FIGURE 11 - Supercritical flow past a lifting airfoil.
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FIGURE 12 - Discontinuous flow past a non~lifting airfoil. -
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FIGURE 13 - Discontinuous flow past a lifting airfoil.
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FIGURE 14 - Linearized solution for a lifting wing.
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FIGURE 15 - Comparisons of analytical and numerical results for a symmetrical wing.
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FIGURE 17 - Subcritical flow past a non=lifting rectangular high aspect ratio wing.
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FIGURE 18 - Subcritical flow past a lifting rectangular high aspect ratio wing.
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FIGURE 19 - Subcritical flow past a non-lifting rectangular wing.
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FIGURE 21 - Continuous supercritical flow past a non=lifting swept wing (€ = 0.6).
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FIGURE 24 - Supercritical flow past a lifting rectangular wing near the mid-span station.
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FIGURE 25 - Supércriticol flow pﬁsf a lifting rectangular wing.
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