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Abs'frclcfv

This paper repdrf;-a reasonably compl'efé theéry of necessary and- sufficieﬁf conditions
v f‘or»'dlcovntro'l to be sdpérior with respect fo_d non-srcalar;vclAued performance criterion.

The l.ctte'r mdpé .info‘ a finite-di méhsion'al_ infegrally closed dirécfed pcrtidlly.ordered
linear space. The applicability of the tHeory to the .anolysis of.dynomic 'vect-'or estima=

tion -problems and to a class of uncertain optimal control problems is demonstrated.
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1. INTRODUCTION

For op_l'imél control and esr'imaﬂqn-prqblems, the Pontryagin 'mfnin;um principle
[1] allows finding the optimal parameters of a sysfem (controls, -gcihs', éfc.), provided the
Vperf;ormcl:nce criterion is a .scc.ldr-vdlued funcfién, of thé parameters and the state variables.
The user of.fhi-s opfimizdtion _fe;hnic%ue éftén expér'iences difficulties ln choosing
-a svifable scclar-yolued,b#timalify criterion, because herma'y_. be interested in several. -
cost functionals simultaneously, such as energy cohsuhpfion, transfer time, and integral
) quare‘d_error, or because in vector estimation prqblgms the esfirr.la‘fion error is described
more completely by the mean error \%ecfér' ana thé-er_ror cov‘aricnc-:e matrix than by the
traéé or the determiﬁqht :bf the latter. - |
It then i§ ncfﬁrdi to consider rion-scclar-'valued pe.'r,i-:or_mar_\ce criteria, :e.g..vvecfors,
matrices, Sefs,.efc. The'ﬁeaning of "Befter thn" has to Be ,defined,.'v_vhich maff)e_mcf’ically
| 'spéoking is done by int'rodlucing' a pgrfidl- drdér relation (4], [19], [2] in the space of fhé
cost functional. For nén—'scolor—valued performance criteria th-e' nofion of.opﬁmality‘
splits up into the m:Qre resfri‘ctive.superiority cndj the weaker non-inferiority (Pareto .
| optimality), _BécoUse "beffér than* is‘ not fhé..cc:méler_nenf of "worse than".
In [21], \./ecfor-vc‘l‘ued f)erformcnce criteria were introducéd. _ ln' this case, @
superio.r séluﬁon minimizes all o'f-the components of the cost vécfor s;imultcneou.;,ly;
~ whereas for noninferior solutions, no'oi;hér solution can be fOUna, which ;simulfcneous'ly
Emproveszo” of the compbné_nfs §f the cost vector. - Iﬁ [6],[7], and [8], a theory of nor'1=_
inferiér solutions to opffmql Cc.;Jntrol- pfoblems with vecfor-valu‘ed. perfdrméncé criteria
: has been developéd. In []'.4]‘, ﬂ’ﬁs 'r_he;or:y has been _ex'ténd:ed fo ‘qbstr,‘cct‘portiolly ordered

range spaces of. the cost functional.
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The problem of findi‘ng the more interesting superior solutions, catled infimization
pfob'len’i, has not been considered in the control -iitel'-ofﬁre, mainly on the qubnd that
‘ one'usqully has confrad__icﬁng'ccssf objectives anyway. However, Riffér [16] solved
infimizcﬁor{ problems of 'mcfhe;naﬂccl prdgrcrhming i-n abs-frccf infir_ﬁte.—dim'ensiOndl
pqrfiolly ordered spaces.w.ifh eqﬁqli.fy and ihequc:lify type of constraints,

The goal of ins: research was finding n'ec':essary conditions_.-ih the form of an, »
in'fimﬁfn principl‘e f_ét} o control to be dsterior.solut_ion.fvo a dynamic infimization problem,
where the cost c.r-iferion takes its \)alues in a s'uiféble finife;dfmen'sioncl partially order'gd
space. -Sbrl;l.e of ﬂ*\é re'sulf-s,.vwhich were ébtained, wére_ reported in [9] and {] 0]

The purpose of this paper is to publish a reasonably complete fhéory of superior
solutions to ;)ptimol confrﬁl problems with non-scalar-valued performance criteria, fdé
_géther with some nontrivial ‘appli;;ations.,__This theory is parﬁc':ulofl_'y»uséful in the analysis
of optimal !eastjsqudfg; yéCtor estimation proble_msv (ma.‘rrix-valued‘ cost) énd uncertain
épf_im’ﬁcfioh problems with set membership description of qn;érfqinty _(se.t-vol_ped.cosf). .

The most perfihenf,'defiﬁifions and facts of the theory o{"‘ partial ordén; relatiéns
can be found in the paper "Necessary and Sufficient Conditi:ons f.or Differehfiablé
N.on-Scalcr-Vquedl Functions fg Attain Extrema" -'[2], ]an‘d.‘ they d;é.widély used ‘in fhis
' pépér.’ Sémé additional facts ar'e-collecfed in the Appendix. | |

vSe_,éfions ] _ond ll.l .confoi_n the theo.r'efic-;-aarf of this paper. | In Section Il, two
optimal control problems a're‘ stated. Né&es’sary conditions for a control to be a superio;'-'
§o_l'ut:ion are develbped fc;r both of the probl‘ems. These new results are dis'cusse.d and -
compaf;ed zwifh the Pontryoéin minimum principle [1] and Wifh the r;ecebssary condi_tionS

for noninferiority (which is less rés‘trictive than Vsuperiority' is) [6],[7], [8], []4] o
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In Section 1, some>bo.F fhé sufficiency conditions for optimality for scalar-
;/clﬁed_cos;t functionals are éxtgh__d-éd to suffi.cien'cy' conditions for ;uperiority for
nqnfséalcr-vclded costs.

Section IV contains some némt_rivicl applications. The Kclmoﬁ-Bucy ﬁlfer- is
shown to be the superior solution to an o‘pfimi-zq_fion' problem with matrix-valued éosf
(partial order of poSiﬁve-ser-n'ideﬁnife "différ’e'nces) [10]. "Th'e"duél problem to the filter=
ing problem, viz. the Iineqrr-q;mdrati‘c r_égulctor problem is also aichssed. F'urtherm&re,
an uncertain oipﬂmiz:afio.n éroblem with set memEershiﬁ déécripti;ﬁ of the uncertainty _

i is sHo’wp to have a superior Qolution (parf‘i.val o_rdér of set inclusion).”
The confribQﬁon_g of this paper to the Sfcte of the art of optimal control fheory

are discussed in the ‘éoncluding Section V.



1. NECESSARY CONDiTIONS FOR SUPERICRITY

In the statement of the optimal control prob!ems and in i;he proic_:f of the vf.heOrems,
f‘his 'sec'tion ngfcc:lly-Follo.\/vs the approach faken b); Hélkin [H] for c;'pfimol confrol pr;ab= '
lems with scalar-valpéd cost ijnc'ﬁdhqls-. Thus, f'hé cost space i; a'-‘k-—dimensionc;l .p.arriql-ly '
» ordered 'subspcce of the '(exf'endevd) r%—dim'ensiénalv state spacé.

The statements of fv{-/'o dynomic:i.nfimi'z‘oﬁ'o‘n problem; -(supe'}iori.ty) are given in
Section ll.i.' Section 11.2 contains ‘fhe results of these opffmizatf-on problems m the form
of necesséry condbiﬁons for a confrgl to B_,e~'su.perior,_wﬁi'ch are ;;roved in Secti"on ll.3.
These results are new. A ‘prelin"\incry vr.eport Hos beén_giVen by fhé authors in [10].
Ho;vever, Ritfer has invesﬁ‘gcted a related problem éf méfhémati_cai prbgramnv'ningb in 16].
T'né-sblufioﬁ fo the dynan)i;:.rﬁinimichion problem (noninferiority) is essentially well
kn&v‘n [’6},' [7], (8], Bu't‘onlyAN"eus'tddt [14] cc‘m‘side'red db_st'ré'ct plavrticllylcgrdergd cost
| spaces. | | |
lr-m .S'ect‘io_rni 1.4, _the results of'Se;:fion 1.2 are c'ii.scussedcnd their relation to

[6], [7], (8], ond'[M], and to 'Ponfry'a'gin" s minimum principle (1] is explained.

1.1 Sfdfement of the Infimization Problems.

In the stotement»'t.)f the optimal control problems, the cost space is o k-dimensionvcl
qurfia’l_ly ordered $ubsp0ce o‘f fh:eA(exfended) ﬁ—dimensionol state space. Following Halkin
{11], .fHe dyndmic§ o>f the state are allowed to depend én all of the n s.fofe variables. - The
éo;t sp'a‘ce always is a finite-dimensional integrally qlosed: direcfe.d‘ linear poset [2,

Definitions 11.7, 11.9, dnd li.’lO]. Hence, by Theorem ‘Il.13 of [2], its positive cone'is clbsed
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6
and has non-em‘pAfy.infér.io;, and the complement of the positive cone is an open subs;err of
the cost space. All fiﬁi'rédimen;ionciispoces involved are Banach spaces, B_ut not nece;=
'sériiy.Euclideon spdc_'es. This -cllows frec.fmenf qf states, controls, ;Jnd Vcos_fs to b_e'vectors,
matrices, etc. WitﬁoufI'ué‘énlof'ic_cr?oﬁicc.:l frcns;foA'rmot'iohsf-_ All deri;/af:ives are f:-féch%af defi= =
voﬁb\:/es_., all mecsu‘ré‘s.d_n"e. Lébeséue ’rﬁéésures.
. J Given the d,.)/nam‘icc,lvs)-/stefn . |
x(t) %f[x(f),_u(f),t] . .c_e.’_f’e [ro,f]] | . : : | ('I)
where x(f) € »X‘n is the state, u(t) e Qe Xr_n} is fhé,-conf}ol,‘_ a_nd-'re{fb,fﬂdi is the.ﬁme-,‘
with fixed _z;j_n;dl srare’xo at the fixed initial ﬁmg‘,vto, -
| x(fo)‘:xo S __  _ -(2)
The.'final- fimé £y is fixed} . |
Assume, there exists ¢> 0, such A.thcz‘f f[x,u,f] and af[x,u,f]‘/'ax.are defined, mef:s-;-,
uréble with vvrespec‘:t to u and t pnifo'rm.ly equi'co_ntinuous. with respec‘f to x, and uniformly-
bounded fdr all (x,.f_,u) € N(x,t,é}X Q*, where _N(x,_f, £) isy any c.losed _a-neighbﬁo'ur.ho'od
~of (x,f)é th‘[fo'f]‘] and Q* énY CIQSéd and boun&ed sgbséf' of Q. - o
Th‘e admissible .co‘ﬁfrol f.uﬁ'ctiohs‘u_'ofe'. such fhdt u(f).eQ_ ‘for.‘olll te [ro,f]] .vond.
- that there egisté_ a state f}a]ecfory X : {to,f]] - : sotisfyihgv (2) (which is then granted
‘to be unique (1 1]) | -
| The k-—dime’n','c,ionc’li, cost space (X:£)|s an infe.grcl»ly closed dirécted linear poset -
and a's,Qbséoce of the s_fateASp_o:cé.Xn. Th.us, fhg state can be written as |
W= @
where J(f) is the qy'ompvonenf of the state, ‘which belongs to the cost spdce and S(f) the |
4vcorn>p,vovnenv:t, whichv‘belongs to the orthogonal 'cdmplemeht (Xk,£)L of fh'eAc:oSf space (inv

‘the sense of direct sum).
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" In this section, the following two. infimization problems are considered.

Infimization Problem ll_.l.- Find an admissible control u*, such that the final state satisfies

the constraint

S(f];u*) = S] , 4)

- where S] is a fixed elemenf of ()\kls) c X" , and such that the cost componenf J(r],u )

of the ophmal fmcl stcfe x( ],u*) is mflmlzed i e o
O N R )

for ol] admissible controls u meeting the boundary constraint, S(t];u):. S] .

Infimization Problem 11.2. Find an admissible control u*, such that the cost component of

" the final state is infimized, i.e.,

; J.(t];u*)' g J(f];e) for all admissible u. _ - (6)

‘The Problem 1.1 is a fixed-end-point problem whereas the Problem 11,2 is a

free-end-point problem.

i1.2. Necesécry Conditions for Superiority

: Convenrio'n' 1.3. P(t) e-.f(Xn,(Xk,li)) denofes a Iineor map from the state space X" into

. “k
fhe cost subspcce (X ,4). Furthermore, P(f) is decomposed into P(t) = (Ps(f),P (t)), where -

P, (f)é (X ,<~) (X <)) and P (f)e i((x 4),(X <))

Defmmon 1l 4 Forallte [fo, np 1, the Hamiltonian 'is‘defined by

HIX(1), P8 (), 1] = PO, (e), o)
where f{x(t),u(t),t] is the right~hand side of (1). Note, fhatH attains its value in the

: k-’-dirﬁensbndl cost subgpace (Xk,i) of X"
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Theorem 11.5. Solution to l'nfimiidfion Problem 1.1

In order that the admissible control u* be a superior solution to the Infimization Problem

1.1, it is necessary, that there exist a nonzero map (PS, PO)_e ‘{(Xn,(Xk,g)),'whére Po is

positive (see Definition A.1), i.e., PO % 0e Z((Xk,<),(xk,,<),4), such thaf-lalong‘f‘h.e o

}a;ecfo;:es = (5%, J%) : [fo,f']] -X" and P* : ro,r]]—vgﬁ'(x“,(x",s')) satisfying
i*(f)=Af'[x*(f')~,§*'(.'r),r_]: ae. teftt] o | | ®
g A IRCY
s*(£])=.s] | | (10)°
'P*(Q = _g_)*;_'.[x*(’,),p*(r'),u*('f),r]'=-'-P*(r).g%[x*(f)v,u*’(f),f] oe 're[ro,f']]- a1

RCCAL N - - o
e w

the following condition Ho_lds
R (1), P (1), 0% ()4 4 HEx* (5, P* (1), u(t),1]
for all u(t)eQ and a.e. te [1o,t] | S (14)
i.e., the Hamiltonicn is glébélly infimized with reséec_t to u(t) along the fra]ecfory
(x*,P*) defined by (8) through (13).
- Remark I1.6. Unless the superior control is somewhat singpiar; the operator PO can be
~ chosen to be the iaenfify opefofor, PO:.-I e‘_af((Xk;zﬂ),(Xk,#),rS)., with rjo loss of generality.

- For further discussions, see.Section |[.4.



Theorem 11.7. Solution to Infimization Problem 1.2
'In order that the admissible control u* be a superior solution to the Infimization Problem
I.l.2,' it is necessary fhot there exist a positive map PO >0Oe a(((Xk,<),(Xk,4),<) such fhat_

along the trajectories x* = (S*,J*) and P* satisfying

e = e ] aerelignl s
x*(fo')‘:_xo }' '- , - - ' ~(16)'
()= - %‘}_{x* OESORICRE -.P*(r)%f[x? O] oo te [r'&q] 7)

»Pg('r]>=o" S - e
Pj(’ln);"o.f - o ’ o 09

fhe Hamiltonian is globélly infimized, i.e.,
Hx* (1), P* (5,0 (1), ] % H[x* (5), P* (1) u(t), 1]

forall u(f)eQ andace.teltord .  (0)

R'emc.ir'k 11.8, Clearly, the Remark 11.6 applies to Theorem 11.7 as well as to Theorem I1.5. E

For further discussion, see Section 1.4, ‘

11.3. Proof of the Infimum Principle |

The pfdof of the infimum princip‘l.le:stafed in Thé‘orerr.ls' 1.5 énd ll7 closely parallels
.fhe‘ prqofv‘of the maximum prin?iple for ;calcr-valued cost f_unctionalsA by Halkin ['l ]]._ The
_resQlts which are independeqf of the partial ordering of the cost subspace of the state
sbacé are taken .ovef wivf“ho‘uf proof.

TBe maior. difficulty in the proof of fhe infimum .princgiple stems-from the fact

that in the real line the complement of the positive cone is a convex set, whereas in an
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integrally closed directed linear: poset, the con'rpilerr_lentv of the positi\re cone is not convex.
~The-choice of norcfien in th.e following p‘.roozf should allow easy referencing to [1 1].
For an cdm’i:ssi»k.)-le- control v, whichlfcc'f is written ue F*, the Isolufion of the differ=
ehficl erqucfion (});Wifhni-hti‘ﬁcl cenditiorr (2),at ri_me r'is denoted by x(t;u) and fhe, correspond=
ing -whole frc]eetory % for t ever [fo,f] by x(u). Forany edmissible control u, rhe Fréchet
derivative D(t u) ts defined for all t e [O’ t] vb |

___B'f(x,u(’r),_t) o ) R (21)

D) =5

x = x(t;0)
By assumption, D(t; u) is bounded and mecsurable over [fo,f ] Furfhermore, fhe transition

opercfor G(t u) cssocrafed with D(t; u) is mtroduced by the operator differential equatlon

G(tu) = - G;U)D(0) ace. te [fo,f]] : @)
with boundary condition at ty
G(f];u)’_:,/ S , : . . (23)

where | : X --’,Xn is the identity operator. The transition-operator G(t;u) exists, is unique,
bounded over [fo,f]], and invertible for all te [fo,t]].

For every trajectory x(t;u*) corresponding to a u* € F*, a comoving space Y (u*)

~with elements y is defmed by

oy G(f u*)(x-x(f u )) , X E X | S - (24)
In the?comoving space Y (u*) of.c tro]ecrory x(u*); v e F*, a ‘fraiec'fo‘ry x(u)
co"rre'spo."nding' toueF* ié'deneted by

y(u,u* {(y(t u,u*),1) : rc[ro,t]} o : | .(25‘)

Furthermore, a flrsf order approxnmchon

7 o) = () ro,r]} IR (26)

- of y(u, *) is defmed for cH fe [fo,f] by
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is bounded by a continuous; nondecreasmg function O(r), such that lim —
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Y f Ul j\ G Sr f(x(sl *)IU(S)IS) - f(x(sl *)I *(S),S)]ds . . (27)

y (fu,u*)isa f:rs'r—ordercpproxlmctl_on in the sense that the sup-norm of y (u,u*) = y(u,u*)

o) _

- = 0, where
r-0

r :/‘A«'*;: u(t) f_u* (f), te [to',t]]})' v[] 1, p: 54] (}.A= Lebesgue measure).- For evéry pair
éf-admis;ible controls u and u*, both )/(LlJ,L;*) and y+(u,u*) exist, are unfq.ue, and continuous.
Now the following f‘reccﬁoble séfs‘f: ax:'e introduced : |
H={xf];u).:-_ueF*} A - o @
is the set of all final sfcfes recchcble from fhe initial state (2) by applymg an appropriate
admissible control. o | |
.H(u*) ={y(f];u,u*) : u‘e F*} for on? u* e F* o -- B (29)
is the.s'e't H of‘(28_) described in the ;:qordinctes of the comoving spd(‘;e_ Yh(u*) of u* e F*.
H+(u*)‘={y+(t];u,u*) :ue F<} for any u* € 'F* | D | - (30)
is the first~order approximation qf H(u*)ic:f y(f];u*;u*) ='0 € Yn(u* ) oﬁ'd is known to be
convex for évery u* e F* (11, p. :70] Observe, fhat by (23) and (24), the map from H to
H(u*) is snmply a franslchon, which depends on u* , i.e,

H(u*) = {x - xA(f];u,*) X € H} o ‘ | ' | (31)..

Problem 11.1 or [1.2, then the point x(t

Proposition 11.9. If the admissible control u* is a su;ﬁerior solution to Infimization

];u*) is a boundary point of the set H in X",

' Proof: If x(r]-;u*) = (S(r];u*),J(t];O*)) is in the interior of H, then there exists

€ > 0, sucht that z_='(SI('f_];U'*)-,J(f];u*) - Jé)v-is alse in H, AwhereA (O,Jf_) & X" has norm 3

and J; > O € (X",4) is a positive element of the cost subspace. Hence, there exists a

u_e F* satisfying the boundary constraints and resulting in the cost J(f];uzv) < J(f],-u*‘).
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Thus, x(f];u?) has to lie un'the boundary QF H, in order that u* be superior (or noninferior,

for that matter [12]).

" Remark ll.]O. 'Cl‘ecr'ly, by (31), evéry buundury point of H is dlso a boundcry point of
( *) for any v*e F*. In pcnrhculcr, |f x(f],u )i isa boundcry pomf of H fhen y(f],u ,u¥)=0

isa boundary pomf of fhe set H(u*).

Proposition ll.i]. If the point y = 0 is a boundary uoint of the set H(u*), then the point

| y =0 is also a-bdunddry‘ point of the set H+(u*).

" Proof': See {_H, p- 77];

‘Proposition ll 12, If fhe point y=0is a boundary pomf of the set t H (u*), fhen there exists
a nonzero lxneqr map P*(’t.l;u*) : Y ( *) - (X ,3), such fhat vb
P*(f];U*.)G(f'U*)[ f(x(t; u*)u(t) 1) = Fx(t; u*), *(f),f)] %0

forallu(r)esz ondae fe[ro,f] ' ' o o - (32)

,M:. Since .H+.(.u*),i.s convex and y=0isa bounc.chlrykpoinf of H+(u*), there v
ex;sfs a noniero hnear functional p(t],u ) : Yn(" ) =~ (R <), such that p(t 33V )y > 0 for
all y € H (u ). Consequently, there exists .a nonzero lmeor map P"(t],u ) Y (u*) -
| ,(X ,#), such that | | ’
| | Pt ;u*)y-;.o forcnyé'H*(u*j P SR '(33)"'
‘Assume, ‘thaf there exlsfs a confrol u satisfying fhe consframt u(t) e for all te [fo,f]],
such that | |

ENOE P*(f],u*)G(ru Fx(t; u*),u(f),f)-f(x(f u*)s *(f),r)]%o | (34)

for t € E, where E is a Borel ser in [t 0, ]of posmve measure,/A( ) > O In ofder to conclude

from this assumphon, that fhere exlsfs yeH (u ) nof sohsfymg (33) a Borel subsef F ckE
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is consfrucferd, su;h _thctbx.iJ](t) of (34) be!§ngs to one-cndA the same open half-space of
(Xk,s);for all te F, thch xs separcfé& from .the p_ositivé cone of- (xk,!;) .
_ Since fhe .;omplemenf of fhé po's_iﬁve cone of (Xk,-i)-,-.{J € (Xk,%) : J %O}, is an
open set, i;here exists e‘> 0, such that the cngulc_f _-.d_Is‘fancev d bgrwegn J] (t) of (34) and the -

‘positive cone is bigger thang, i.e.,

infd(J. (1), ’).‘A A L0 R as)
inf .. = inf min — : >¢, _ , .
tee 2 4EE Jy» 0 MJ]Zf)H '_2-‘ S
J2.>' O_ o o :

where ||.|| denotes the norm of (Xk,ﬁ), Also, since (X",4) is finite-dimensional, there
exists a closed polyhédrdl cone Q in (Xk,<); which iS-ci_chmscribéd to the positive cone,
" such that the angular distance d between dhy‘ element of Q and the positive cone is at

most £, i.e.,

1, = 3,0

sup ~ min d(J],Jz) = ‘vsup min 77 4 €. (36)
. = : . ,
‘-_"'Jle,Q J2>Q o J]EQ J2A 0 -_]
A _'J] #0 J] 7‘0_

Furthermore, si.nce/u(E)}» 0 q-nd Q has finitély ‘mcny fqées, f‘hel.'evexists_a hyperplane T(Q),

;/iz. c che of Q, s;;ch that J](f_) of‘ (34) ligs ivn the ope_ﬁ hélf spocfe R(TI(Q)),definéd by. |

—XT(Q)_ and nof‘con‘fainin.g VQ_, for ’olll t € F, where Fisa _Borel_;ubsef.of E of,éosifivé méﬁsu,re,
pEso. | |

” Sir\ce R(TT(Q)) i‘s.jdn open hélf sﬁéée of (Xk,ﬁ) cor{fafn"ihg J](f:) forall t e F;

' there exists 2

: > 0, such that the divsfdnlc,e‘ of J] (t) from the hyperpvlénev—ll_(Q) is always. '

"grédtér fhch. E], i.é.,

inf 0@ -Jl>e .. @)
e 1UTA | S |
. J2_¢ll(Q)v

Denoting by‘X(F_): the support function of F, it follows from the. definition of.ﬁ(Q) and (37)
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‘that the element -
A= J ‘P*(r];u_*)G(r;u*)[f(x(f_;u*‘))u(f),r) - Fx(t;0),u% (1), D]dt @9
teF ' ‘ :
lies in the complemenf of the posmve cone of (X ,<) fogefher with @ ball of radius £]}~A(F)
~and center AJ, hence fhat the cdmnssnble control [11, P- 45] |
V,( ) = U_(f) +X(*)(-U(f) -ue ) - - (39
. generates y: (t];v,u*) e H (u* ), .such that .
P*(t],u*)y (t],v, = AJ :}o - - - . (40)
'con.rcdlchng (33). N
This concludes the proof of Pfopésifion _II."]VZ:'.
Since 'Xn,ond Yn(u"‘:) are isorﬁorphic, viz. by the translation relationship (31),

P*‘(f ;U*) can be split up into P*(f];ﬁ*) = (P*(f];u*) px (fi;u*)), where P’J(f_]}u*)‘e

200K <), (X <)) and p*(l,u )e FCS A -

S

Proposition 11.13. In Proposition _llf'|2, fhe linear map P*(f.';uf‘) is such fhdt Pj(fi;u*.)

is a positive map, i.e.,'
k

Pj(ti;u*)zaOe:f((X A0 L W

Proof In the case of fhe free-end pomf lnflmlzahon Problem ll .2, the set H (u*)

~ must not intersect the open sub‘sef

V= {y SJ)eY(u*) J%OSe(x 4) | S (42)
of Y_n(u* ), because ofherwns_e ave F* could be found, whxch would Be nonirifér?or to u*,
since H (u*) is the first order convex approximation of H(u*) at y(f]-;u*,u*) =0 eY(u*).
-Hence, ’ . '
’ + 1 _ ' )
H (o) efy = G5, J)eY(u*) J¥0, Se(X AT | (43)

cnd fherefore every lmear map Pe X(Y (u*),(X X)) of the form P = (P S,PJ),wifh :
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o -
Pe =0 e (K, (K5, ) @
and PJ »0¢ £((xk,<),(xk,<),<) satisfies

Py »0forally e H'(u). ﬁ | | (45)
In the éqse of the .fixcd—end.-point Infimization Problem I1.1, Vthev interior of the
- set H+(u*) must not intersect the subset -

V={y=(5d) eY'(): S 40, 5=0} | - (46)
of Yh(u*), Eeccuse 6fherwise a-v' e F* could be fouhd Whicﬁ would be Anonin'fe-l;?or to u*
_snnce H (u*) is the f'rsf order convex approxlmchon of H(u ) at y(f],u u*) =0 eY" (u*).

Hence, H (u ) is con’rcmed in g set A of the form of the vector sum
CA=s®Cc, ) @
where B={y = (5,J) € ,h(u*) :S= 0, J ._%O}‘ahd.C is c;n n-k dimens.iondl_.subspace. of
_Yn(u*) which is. separated from B. - | |
| If Band C ore'disioint, éxcepf at the origin, rather than r'nerelny separated, the
ln.:mlch;on Problem .1 s called regular or nonsingular. In this case, every Ime&r map

Pe af(Y (u*),(X 4)) of the form P = (PS,PJ) with X(P) = C cmd P =1 satisfies (45) for all ‘

J
,yeH( )

[f B n C contains more than the origin, i.e., if B and C are separated but not dis=
joint, the Infimization Problem 1.1 is called singular.: In this case, there exists a linear

: ok ok - N : '
map PO > 0§ L((X7,4),(X,4),4) (but P07-’ 1), such that every linear map P E.X(Yn(u*),

(Xk,a$)) of the form P = (P P ) with X(P) > C and P

5P =P0 Sétisﬁes (45) for all y € H+(U*) .

J

This co'ncludes,the’ proof of Proposition 11.13.
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Remark [1.14. If the lfneéf md.p P (%) € X", (X5,4) is defined by ‘_ |

CPE(f;u*) = P*(f],u*)G(t u*) ) _ ’ | | . | (48)
-, fhen by (22) ond (23), P*(t;u*) scmsﬂes the operafor dlfferenhcl equation

(r w*) = - Pty )D(f ) aeteltgh] 1 - (49)
with boundary condmon | | -- _
P* (t; u*)' P*(f],u*) forf—i’] | (50) i
B .Furfhérmore, wlth fhe defm_l}hon‘ of the _Hami>lfohvi‘dh (7), the équc'fioh'(32) of Propo.si.f;»ori .
__“.:12 can be written c.s o o

HLx* (1), P* (1; u*), )14 H[ (1) P*(f u*),u(f),f]

N for all u(t)eﬂ. ond..q_.e. te [va,f]].v o , - - (5].)

Remark 11,15, Combining Proposition 11.9, Remark 11.10, Propositions 1111, 1112, and
11.13, equation (44), Rehdrk 11.14, and equation (21) completes the proofs iof the

The‘olrems 1.5 c.n>d‘ 1.7.

ll 4. Dis;bssion
The in‘fi'r.'num,principlre in the two Theorems 11.5 and 1.7 is stated fora globally
superjbr conf?ol u* as required in the Infimization ‘Préblerﬁs . c'r;d (1.2, resp'éci:f‘ively. ,
In the pfogf of the infimum principle in Section ||.3; the analysis is global with re;pecf -
' to the control u(t) chs éxpressed in (32), (14), fmcj (20). HoWev_ér, the a'ncly's.is is-only
'.Io‘cé:u‘l‘ irll the state ‘spacé‘ chnd in fhé §pc¢e of.-'éorhc;':ving Coord?ndfes Yn(u,"‘ » 5in;é .the .
.vfirsr order convex opprjoxivmafiér; ‘H+(u*)'of. the reachable set. H(u*) is invesfi.gafe'd_
- ((26) fhrough (UO)) | |
Therefore, the infimum prmcuple also applles to a coﬁfrol u* L which is locclly

superior in fhefollong sense:
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Definition 11.16. An admissible control u* is locally superior, if there exists ¢ >0, such _
that for every admissible control u sclisl"ying the boundary constraint.at l'] (i.e., (4) in
Problem 11.1) and generating x(f];u) in the i-neigh.bo‘urhood of x(f];u*) (i.e.,

il x(l u) - x(f],u*)ll < &), the cost componenf J(f.l,u) of x(t],u) is relcted to fl‘\e locally

._}supenor cost J(t],u ) by J(t],u*) < J(t ,u)

. 'Clear_ly, a .glo.bcxlly superior control islalgo locally ,su-perior.bul not _v_lce_versa.l
T'n_ere.fore,. when clpplying the infiniuln principle to solving infimization problé(ms, the
globality of thé superior solution has to bé ve'rllfled separately, in aa‘dlifion to investigating
the exi.s.r.encé of a sdperipr solufion.v |

In Theorevm; ll.5_cndll..7, the costate P(t) was chosen to be a linear map from x"
into the cosl—gubspcée‘(Xk,S)'olf Xh, i.e., P(f) € s((Xn;(Xk,i)). Now,. forj , 1 s i < k,.
let (XI ) denofe a [-dimehsioncl infegr_clly closed direﬁ:f.ed linear poset, in particular
forj=1, (X &)= (R,S). If ur, X, and P* -scfisfy the infinlum érinciblé, then lor e'\'/er.y‘
positive map P € di((x 4),(Xl £),4), P 0
H[x* (1), P* (1), u* (1), 4] = P, P (1) [x* (), oo (1))
& P H[x (1), P* (1), u(t), 1] = P, e (1) % (£), u(t), ]
for all u(f)esl and a.e. t-é [fo,f]] . | - (52)
By the lirlearify of the costate differential equation (11) or (17), re;pecﬁvely, this impliés
that fl'me :r.:ostcfe mép P(t) could have beerl.chosen'in {(Xn,(X‘l,ﬁl) forany 1< j < k rqlher
than in i(Xh,(Xk,é.)). However:,'.the in_l‘irﬁum princlplle 'Fbr i<k woul.d be weaker fhcl'n that
of Theorems 1.5 and ll.?,..becaus_e the -frufh of (52) for a pcrfil:ulcr positive rlmcp Pidoes
nof, in genercll, ifnply lhe truth of (52)>'l‘or éll positive maps P] (’see.l.emm‘c A2). Asa
nlo.‘ter of fact, the condi:tliclans 6btoined for | = 1 merely eonsfitufe necéésar}l conditions’

for nonin’feriér_ity'[é], [7], l_8], [14]
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In the proof of Proposition 11.13 and in the Remark I.l.6, an Inﬁr'nizqtiodprolblem
has been called regular ér r'ion-singu'lar, if PO ln (13) or (19), reséecfi\/elx, can be taken to
 be the id_entiry.operc‘tor, o_fherWise' the infimization problém'has béen called singularl In
épﬁmoAl control theory for sc_clar—volugd cost funcﬂonc;ls,ifihis type of singularity of an
optimal copfrol proble;'n,i_s well knan 1], [13]. In this case, the nonh,egarive constant
pé happens to be ie‘ro., It can be expecfed‘ fhd% singulqrify of superior gontrols does or
, does.nof occur'.un.der cohdifions qufe anélogous .fol the lcondiﬁdns, under which-singularif);
of opﬁ?na! céntrols for As.cald'r—vcxlued cost f'uncﬁona.ls does or doesvno_rr occur, rgspecfivélx.

In the sta%emen_m‘s of the Infimization Problems I1.1 and 11.2 in Section ll.i, the
. space (Xk,%) has beerﬂ.chose'n to ll)e‘_cl éubspcce of f.he state space Xn, and the dynamics (1)
‘of the system have been allowed to depend on all components of the state x(t) = (S(t),J(t))
(3). This is the most genefdl case. |

In the important special case, where f[x,u,fj in (1) oqfﬁally does not depend on the
césf éom;_:oner;t J(f) of the state x(t), the} ;bmpbnent PJ(_t) of f.he .cosvrcte P(t) = (.P-S(f),PJ(t))
(Convenfioﬁ [1.3) is constant, Henc_e, PJ(f) = Po in Théorems ‘l'.l.5 and 11.7. It fheh is more

convenient to use the following convention :

Convention ll 17. The cost space is a k-dxmensnonal mtegrc“y closed dlrected linear poset

k
(X /<) the state space is an n-dimensional linear space X" (prev:ously denoted by (Xk,<)l), '

of which (Xk <) is not'a subspace The state is x(t) e X (prevnously S(t). The cosfcfe
P(¥) isa lmear mop from fhe state space i'nfo- fhe cost spcce, i.e., P(t)e J{(Xn,(X )
In addmon, fhere now is a constant linear mcp P € ;,(((Xk 4),(X 4),4) (prevsously P (t )

in Theorems 1.5 and 11.7).

4ln.' this special case and using Convention [1.17, the Infimization Problem 1.1 is |
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restated as follows :

Infimization Problem 11.18. Given the system

k(r)='F1[x(t§,u(r),f] a.e. r'é[fo,’r]]' | (53)
x(t]) = x]-' ;. R | | _ (55)

" find an admissible control u* (in particular, u* (1) e for qll"f 3 [fo,f]] ); such that the

cost J(u) defined by

. | |
J(@J_fo foLx(t)u(t) lar (56)

is globally infimized, i.e.,
< )

for all admissible controls u meeting the boundary constraint x(t].) = X+

" Of course, the statement of the Infimization Problem 1.2 can be addpted ina .
- similar way.

. With the new Hamiltonian

SPONE] = P L u] + PORIx U] (68)

instead of .(7), Theorem 11.5 op-plied fo‘-fhe Infimization Problem 11.18 becomes

H[x(),P

- Corrolary 1119, In Qrdér that the admiﬁsible control u* be a superior sélution to the
Infimization Problem 11.18, it-is necessary that there exist a nonzero map (P*(t]),P(*)) |
€ ;Z(Xn x‘(Xk,é),(Xk'A)) with PS positive, such that along the trajectories x*, P* satisfying.
(0) = £ b t] e teltgrd N 12
=%, | - (©0)

e 20
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Pr(F) = - o0 [ PP () (01
Ry i | -
=- P-g) [ *(1),0* (1,1 - P(1) ———[x @ *(f),f] ae teft,rd (62)

the following condition holds

H[x* (f) P P* (f), (t)_,t] < VH[x*.(f),P‘a,P.*(f),u(f),f}

for all u(f)eS?. and a.e. f- e [to,f]], , | - (63)
i;e;, fhe Hdmilfoh_icn i§ glolbod.l‘ly -infirbizedr'wifh.réspécf to u(f)malo'ng. the frc.li'ec,fory (x*flP*)

defined by. (59) through (63).

- Of course, the Corollary 11,19 spe-cicliies to exactly the type of theorems given
n[1] fér %he case k =1 (scalar-valued cost). in' the nonsingular case, oQGi.n, PB =]
| koo k . | | |
e L((XT,4),(X7,%),4).
The reader should have no trouble in exfendill".g the necessary conaiﬁons-fof a
~ control .fo.be ovpfimcl'wif.h respécf to a .s.cqlcr-.vdluéd cost ﬁ]in problems with other -
boundary 'conditioﬁs or o'.f.her fyp‘e's of ;:osf functionals than those reported here;'to f'h_e'
cor'responding set of necessary goﬁditions for a coﬁtrol to .be SL.Jpe.lfior with respéCf _i’g a
non-scdlar-‘valued- ‘cost (frar_xs?eréqlitf ‘cohdi'rio_ns, final state henalfy'_férms, free finai

‘time, etc.).



. -SUFFlClENCY RESULTS
. The purpose of fhis secfién is to show how some of the known resultsvin 'fHe‘.theory
of optimal control for scalor_—vclﬁed éosf functionals concerning sufficiency conditions for
a control to be op'ﬁ-mol--[] 3] can be extended to fEe theon;y of suiperibr controls for non-
‘s-calc_'r-vc_iued pérforman;e c::iferic. |
lh, S_ecfionl lIlA.],ii'c quilton-Jdcobi—Bellman »ty;;e of theory is d_ey’éléped, which
iconstifufgs a sufficiency condition for a control to be superior. rellofive.fov a region Z. in
fhe product of the state space Xn and the time axis R. This theory is quife dnc-_l.ogo;;s to
the Hamilfon—Jccobi—BIellman theory in optimal control with Scalor—vc;lued cost.
‘ln Sec‘fvio_n.lll.2, somé suff.ic.ie_ncy results for global optir'nalivfyiare»generolized to
suffici.enéy results for g_lobdl suiﬁeriori'_ry-.. |
On the other _s‘i&..e, all of H"\e non-trivial exisfence' results of optimal control for
‘scalar-valued cost (e;g; (13, pp.A 259 ff. and 286 ff.j and (5]) géhefdlize to existence
resglfs fof the l,¢ss resfricAfiv‘e. non?nferio? controls (see [.15])‘_rafh¢r fh‘cri Fbr_fhe mvore..

restrictive superior control, in the case of non-scalar-valued performance criteria.

I, 1'..' Hamilton-Jacobi-Bellman Theory
Co.rimsvider thevdyn'ami.c. system |
i) = o] o M-
| where'fhe ;fofé' x(t) e Xn, the coﬁtrol u(t) is resfri;fed‘té a r;l.os‘ed Subsgt_ Q -me._’ and
f: X-nx Q x 'R_ ~xX"is cénfinpously differentiable on its domain. A control u is adrﬁissi=
| blé; if it is piecewise confinuo;Js and satisfies u(t) e Q- for all t of inferesf.'

' It is assumed, that for every admissible control u and any initial state

-21 -
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ig=x, o o @)
| there Aexisfs an dbso!ufely continuous solution x sdfisfying'(]) a.e. and (2), (which then o
\ 1s d_utomaﬁcqlly unique b‘y_fheﬁloccl Lipschifz.continuify o_f f with ’réspecf'fé x(f)).
The target set S is o subset of XnX'{f eR \ t > fO}. -The_ non-séclq}-vclued cost
: f§ be infimized is of the fd_rm |
o g |

Ju) = K[x(f.l)','f."]' + J‘to L[x(r),u(f),f]df o L (3) :

o attdins its value in the integrally closed directed k-dimensional linear poset (X,X),

. . . . ‘ . . ) . ) . . ) n . 7 o 7 - ) .
which may or may not be a subspace of the state space X . Here, L and K'are continuously -
differentiable on their respective domains, and the final time t] > fo is the first time, the

target set S is met by the trajectory x generated by the admissible control u.

. . A : n A a ) S
Convention !ll.1. Z denotes a connected subset of X x: R, which intersects the target

sét S Furfhérrﬁore, I leays denotes é ‘cbnnecfed subset of X(rxn,.(xk,x;)) x R.

Defiﬁifion Il.l.2.‘ The Hcmilfoniah H: X" x ;,_é(Xn,(Xk,%)) x QxR "(XE,A) c;efined. by |
H(x,é,u,f} = L(x,u,t) + Pf(x,u,t) - | ' . : (4)
is called normal relative to Z and Tl,lf for each (x,'P,f) with (x,t) € Z and (P,t) e 1, the
Hamiltonian has a unique absolute infimum.wifh respecvaf-é allueQ, viz. at fh.e point
o=l en , | )
which is called the l.-i—in.ﬁ.m_ol control relbdftiv'e‘fo Z and .
Néw‘, fhe follow_ing"thebrem can be stated, which is the analogue to the

‘Hamilton-Jacobi-Bellman theory of optimal control for scalar-valued cost functionals '

[1, p. 351], (3, p. 315].
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" Theorem !11.3. Suppc-J;e. tﬁof fhe_"HcmiIroniar:m (4) is normal relative to regions‘ Z and 'I.TanAd -_
let uo(x, P}f)‘denote fh>e H-i_nﬁmol control: relotivg to Z énd . Suppose‘ fhct-u* is an
cdrﬁ:ssxble control, whlch 'rrcnsfers (xo, 0) EZtoS, such that the'_i:br'r‘ésponding'fraiectory
x*_ gfcys enfirély in._-Z,_ i.e_., |

‘(s&(f),-f) erordllge[fO,tij . o o | - o (6)
A Suppbse that there exists a cphﬁndously differentiable function J(x,t) on Z sd_ﬁ'sfying'

the partial differential equafi'ori

3J 3 0 : - R ' '

2= (6,1) + Hlx () [x,B (x,r>,1 t=0 W
 with onnacry condition '

xt) = Kxt) for (xt)€SnZ , @

such‘ﬂ.\cf %(x,t) s‘rcys entire_ly inf{T,'i:e.,

(et el for all teltpt] e
*(t)-u Or (f), (x ), t)t] for all te [fo,f] o (10)

then u” Lfo,f ]-*_Q_ is @ superxor control relcmve to the set U -—of admissible controls
u generanng-trclecfones x and 9 lymg enhrely in Z and 1, respechvely, and the

X

: mf:mal cost is glven by

*)‘J(x "y ) 2 J{u) forcllueUz.n. | | . - (11)

Remarklli.4. Clearly, if the Theoremll1.3 dpplies to the case of the initiallzpoinf (XO"fO)
e Z, then, it also applies to any initial point (x* (t),t) with t € [fo,f]]»Cnd the corresponding

"cost to go" J(x*(t),t) . -
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Corollary 111.5. le‘—‘XnX[ f] and S €Z, and ll——;f(X ,(X ,4) [f t] then the

Theorem 111.3 provides a sufficiency condition for global superiority for all initial states

(?‘Q’fo) eZ.

Cdrollary 111.6. lf'in co‘di.‘ioﬁ to the d'ssur_hpfions of Theorem 111.3, the Funcfion‘J.(x,f) is

.'rwi»ce continuously dffr’efenfiable on Z, Z is open in Xn x R, and the H-infimal control
o (%, gJ (x,1) f] is conhnuously dlfferenhcble with respecf to x and continuous i in t; then
the function P : [to,t ]— i’(X ,(X <) defined by P(f) = —(x (f),f) is a costate funchon

in the i"nfirhizdfion problem (1), (2), (3). This follows directly from fhecorrespondmg

" ‘proof by Kahﬁon in(3, p. 320] at ile_os'r,in the case where Q= X",

Proof of Theorem 111.3. ‘With X = x* (t), (7) becomes

E’i(x* (t),t) + H[x* (f_'),%(x* (r),t),uo[x*(f),-gii(x*_(f)_,f),f],_f]_

e (1) + L (0 (10, 26,00, 811]

oy x(x* (f),_f)f[x* (f)luo[ x* .(f), %(x* (t),1)t], t]v

= 000 # Lt (e (1) 520 <>r),n,]_ S
Integrating (12) from t to H éﬁd using (8) yields
: . ’ t . .
Jx* (1)) '—'J(xo;fo)ff .L:,[x*(t),'uo[x*(f),'aa—i(x*('f),r),f],f]df
ool |
= KO ()0 - Jxt) fﬂ L 02,0700 1, 3 6 At
= U - dxgty) =0 . S B (N

For ény_odmissiblé control v ‘[fo',’le—-gl tronsfer.ring A_('x-O'fO)l to (xu(fz),tz) e S,. such that
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the fréiec;to'fy x . [t,t.] = X" Ii-es .entirél‘ in Z and -a;J-(x (.),.) : [t rz]——af’(x" (Xk 4))
“ X0 Yo' . Y _ ax vl e . - ’
o lies entirely inA-lI_, equgtion 7) récds at every t € [fd,fz] and with x =‘xu(f),

- aJ
af

L+ Hx <f>,a—<x OO OO0 =0 e
And by the normalify of H, (14) yields | | |
-§§<xu<r>,r> + H[x 020, <r>,f),u(r>,r]
_”aj e
= ==(x (1),1) + Lx (f),u(r),r] +==(x (flx (1u(t)t]
V] U X V] ¥) .
| _ { >0, \‘N.hehe.ver u(t) # uo[x'(f'),ﬁi{_(x (1),1),t] o
= 0, whenever u(t) = Vlx ROR=To t),f),f] I (O

lnfegrdfing (15) from tgto fy and using (8) then resulfs' in
J(u) - J(xo,fo) 0 . ) _ » o | (16)
~ Subtracting (13) from (16) results in

YA

J(u.)—J(u)>0 forailueU . L (]7)
- Combining (13) and (17) complefesfhe proof of (11) and of the Theorem 111.3.

[11.2. More Sufficiency Results

| In_this section asufficiency result giQen by Lee and Markus [13, p; 341] is
generalized to the case of non-stalcr-valued performdncé criterid.
" Consider the dynamic system
x(t) = A)x(t) + h(u(t)t) , ae. S (18)
c n o 'm, : on Ay .
where the state x(t) € X', the control u(t)e 2 ¢ X is measurable, A(t) e (X ,X")is.
confihuous int over [to',lf']],'ond h: Qx [fo,ti] — X" is continuous on its domain. The

Ois

initial state at the fixed initial time t
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Cg =y e
The fcrgef'sef Sc Xn at the fixed final time f] is closed cndvc_o‘nvex (and possibly S = Xn),

x(t)€S . - o o (0)
The non-scaler-valued cos-f to be infimized fs of the form -

P L SN T |

CJu) =4 (k) 1)+ ho(u(),t)dt A . (21)

~ dnd attains its value in the integrally closed directed linear pqsef (Xk,<). “In (21), fo,'
_ Bfo/‘avx; and h™ are ossufr_\ed to be continuous on _fhéir domains. Furthermore, fo is
assumed to be convex in x (Definition 11.19 of [2]) for all te [fo,f]], i.e.,

_ C : 0 . 0
. 'fo(sx] + (1A- s)xz,t)'4 sf (x],t) + (1-s)f (xz,f) N

1 2

forall s e (0,11, all x, and x, in X", andall t e frot] o (22)A
" Theorem Hl7 1f the op‘f‘imcl- control probl‘er'n‘ is nonsingular and if theré exisfs,d measur=
able confrol».uv*: :[fo,f]];s'?_ ﬁctisfyihg' f.he necessary conditions of fhe‘ in'f_ir'nun.'n principle,
»fhen u* is globclly superior (although not ﬁe‘cessori'ly unique), pr'ovide'd that one of the
féllov;ing cond_ih;ons hél'ds . | o |
| c) .S =Xn vqr x* (f]) € inf(S)_ -
b)) x* (f])e"as and P*(t,)(x - x (t,)) 4 0
for all x é.-S, thch <‘:.1Vre feaéhab_le .af:f]

(23)

c) S '={><.I}

Proof. Since the opfimc:l 'Confrol'probl‘ém is norisithiar, Pa € Ag(((XkA),(Xk,ﬁ)A) | |

can be taken to be the idénfify fndp, P6 = 1, by Remark 11.6. Hence, the Hamiltonian is _
HOGPu ) = 1)+ hu,t) + PAMX + Phiut) . - (24

Now, défine the quantity xo(f)_é (Xk,4) forall te (to,t]]_ by
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")’(O‘(f)=- (x(t),f)-i-h (u(f),t) ae.te [f f] : I -(25).‘.
Q=0 ey
yv'here X : [fo,f]] -~ X" _-is fhe‘.froiec_fory-gc-angré‘fea By the admissible control u : [fo,f]]-'.Q,
and consider the quanﬁ}y- o | o
Loreowmenda @

where P*() is the dpfimAc_l'c'ostc_fe, which satisfies

)= - S e - AN e teltgr]  (28)

~ according to the infimum principle.

.Diff‘erenﬁdfin_g‘(27)- and using (18) and (28)

| z‘fﬂx"(t) + P ()x(1)) = °<O 1)+ B (xt) + PHI0) |
= Pty + b ( )) - 9*—( (0 () + PR @O

lnf.evgrating (30) Wifh respec_f 'fovf oyer- [‘fo,-_t]]' yields
K1) + Pt ) = PGt )
ety 0 . o afoﬂ | | | o : R
= _{f (x(0), 1) + 7 (u(t), 1) = (< (1), 0)x(t) + P*(Dh(u(r), thdt .- - (B1)

- Eycluaﬂng (31) for u* and its corresponding state x* and subtracting this equation from (31),

L=t v )((ﬁ_{x*(;])).’

f (Pt - ot - I a0 e |
+h ()t) + 2 (H)h(u(t),t) - hO(u* (£) 1) = P*(1)h(u" )} . (32)
~ The convexity and the differenficbility of FO in x fogefher with Lemma [1.20 of [2] imply

: ‘\rO : ' i .
00 = 0 1) = Tl 0 - 2 (1) %0 forall re [r,r 1. (83)
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Sy hypothesis, u* glo}oolly infimizes' the Hamiltonian _H(x-* (f),P’;(r-),u,t) for a:e. t € [ro,r]],
| whi;'h-impl.ies_

ROu(e)t) + PRt 1) - RO (1) - PR (1) 0 -

fora.e. t € [fo,f]] . | : -_ } N ' | (34)
Combining (32), (33), and (34) yields |
) =) PG e 20 @8

In case (a), where § = X" or x* (f]) € int S, necessarily P*(f]) =0 in (29) and (35). Hence,
o) = Hu* » = xo(?])' - xo* ('r]) 0 for all admissible v . . (36)
In case (b), where x* (f]-)é aS, the hypothesis P*(t]_)(x - x*(t])) 40 for all x & S, which -

are reachable at t combines with (35) to (36). In case (c), where S #.{x]}, only the

~ controls u meeting the boundary condiﬁon»x(f]) ="x = (t]) are admissible. Thus, (35) '

1

reduces to (36) again. "

If in the opf'imcl control problem  (]8), el (21)v,‘.the.tc|"gef set S= X" and the non-

Vscdlcr-vdlu.ed cost to be infimized |s of the form
, | ™ 0 5 - | _ o
J(u) = Kix(t,)) ff (F-(x(t)t) + h™(u(t),t))dt (37)
| e R -
rather than (21), where K : X" - (Xk,$) is convex and differentiable on X" ond fo and

ho_ have the same properties as they have in (2]), then the following sufficiencAy _resu‘lf
is obfained :
" Theorem H1.8. If the optimal control problem is nonsingular and if there exists a

" measurable control u* : [fo,f]]—» Q satisfying the necessary conditions of the infimum

| princip'e, then u* is globally stérior (although not necessarily Lmiqbe).

" Proof. As in the proof of Theorem [11.7, with 6= I, and with the defini'fions,(25) :
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and (26), the inequality (35) is obtained. vS-ince,necess'arily ’

ax

Pe(t)) = 5= (1, )) : S e
' ecuation (35) reads S |

BB R )+i“i(x*<£ Nt )-'x*<{ D¥o . @y
- -Addmg cndr subtrcc;fmg ldénflcal ferms in (39), viz. K(x(t )) and K(x (f )), respechvely,l
(39)becomes | :

x(f)+K(x(f ))-x*(f)- K(x (,f,_))- Kix(t, ))+K( *(t ))

£ S0 D) - ¢HE0 . o - @0)

By the convexify'c_)f_K, t'he-vsum. of fh.e'lcsf three ferms in (40) is in the négaﬁve cone
of (Xk,=§). Thus, |
J(o) = J(u¥) = x <r )+ K(xt, - Pet) = Kiet (1) %0

for all cdmxsmbleu . g - . o | - (41)



1V. APPLICATIONS

| In this section, the infimum princfple is appliéd to nontrivial infimization problems.
In Section V.1, the Kalma.n—BucyTil.'fer is rederived as the superior solution of?: dynamic
Aoptimizcﬁon problem IWth a mcfrix-Qalﬁed cost ériteri_on, viz. the error covariqnce matrix
of_%ome final fime. In Section V.2, an i_n'f%fnichion probAlem is vdisciJ;sed,r which is dual to
the Kcl.mc.m—Bucy filtering problem. Fun;fhermoré,. thé’s.o-cclled sép’crdﬁon theorem fér a '
stochastic Iinecr.éc;nfrdl problem -wifh? quadratic Co;f funcﬁonc;ll is discussed. 'In».Secfion‘
I\'/-.3, a superior solution to an x-Jn.:c_e.rfa-irn'opi;imdl,,iconfrol pni'ob‘ler;lvw{tih sef-\‘/alued ;:osf is
found, where the uncerfcinfy -is described by ;ef rheﬁ)bership.
~In this section, Mnm denéres the linear space of n ‘b'y m rmatriceé with _ré_é l 'epfries,
Mn the obridged nofc‘:fiovnuo'f Mnn,' M;].f.he'.lin-ecr space of n by n S_)'mmetrib_ matrices wifh
rgal énfr?es, and (M;\#) the Hne’cz;.s..pcc_e M; pcrficlly-ordefed by Posifivefﬁemiaéfihi'té

 differerices (Example 11.3 of [2]).

Definition IV.1. The linear operator U :'.Mh -~ M;‘ is défined forall A e Mn‘ by

UA=A+A' . D i oy

Definition IV.2. The linear operator T: M__ =~ M__is defined for all A e M by
, nm mn T 7 nm

TA=A' . | R V)

OBvioUsly, by Definitions IV.land V.2, Uand T satisf} the operator equality B
ur=TU=U, SRR ()
provided di_méhéion; mateh.

S -30-
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h IV.1. Réderivdfion of the Kclmcn-Bucy-Filfer

- Aslightly simplified version of the problem considered below has been;pr:esentgd

by_'fhe cUthprs in []O]. R

tatement of the Infimization Problem

Consider the n~th order. l_inecr 'fiin‘e‘—vqrying dynamic system
M =ADKOFBOUW @

x(fO)_=xO TR S ' : o . | - (5)
fhe m-vector input u(.) is @ white sfochcsficjbiocéés with

- E{u(r)}=0f_oranfiﬂ R | S )

Euu O = QOSGs) I
wheré Q(f) ?0 € (Mr'n,4) foir all t. ‘The initial state %o is a rcindom vector wifh— o o
'awz% - - - e
Heg Rl RI RO M o)
The p-vecfor’obég'rvafion | |
Coym=cexm e a0
is corrtifi:t'ed by a white gfociicsfic process v() with a - | l.
EG(Y=0forall t - R . (1)
ELOV Y= ROS(-s) S

where R(t) & 0 € (M;),ﬁ) is a .posifi've‘—definité matrix for all t. The noises u and v dre -

assumed to be correlated according to

ELV Y = SO50-) B 13
- where S(t) € fv\./\mlp is such that fhé dugménféd.mofrix ' |
am sl L
0 (Ml(m_“fp)‘(mntp)’#? (e

s RG]



. L
= -

:'r o anet ~V' ot 'n"-ﬁ oo . ‘_A ) . L . o« a.e .
is ositive-wemidefinive for ali t, Furthermore, the random initial state x,, is assumed to

0

@

oI e

sendent of both ul.) end v(.).

i+ is desired to find en n-th order linear unbiased estimaior with infimal conditional

error coveriance matrix af some given final time t, > t . In other words, the error &{t)

0

 between the true state x(t) and the state estimate w(t) by the n-th order linecr time-

varying dyncmic filter

M= W 00 s
-w('fo)':w"(’)_' ‘ o | ) ' (161)

has to have conditional mean zero, i.e.,
Ele(t) | y(5) ty< s < th= Ex(t) - wit) | y(s), fo s € 13=0 forallt,  (17)
* . - * . — : ]
and F [fo,f]] Mn’ G ,'[fO’f_]] an, and Wy eR _hc.Jvle to be found such that

Z*(‘f]) = E{e(_f].)’e"(f]) | y<§), g€ s g t}

< T(r.) = Efe(t )e'(t,) | y(s) tocs<tt] C(18)
o 1 1 "0 o
- A FG,w
) o 0
for all other choices of F, G, and wo.' |

For a discussion of the matrix-valued performance criterion, see[2, Remark lV.2]. '

Anclysié of the Necessary Conditions of the.Infimization Problem

- For arbitrary choice of F, G, and W the estimation error e(t) = x(t) - w(t) satisfies the

differential equation

&(t) = (A(t) - F(t) - GICHx() +"F(r)e(f') + B(Hu(t) - G(t)v(t) o (19)4

= x, -w

e(t 0~ Yo - '(20")

o
Re_éuiring unbiased estimates for all t € [to,f]], (17), yields

w.tk)‘z..;o' R _— - I (1)
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_ 'opd |
F*(r) AlR) - G ()C() S @
| ;.nce o and v are zero-mean and Efx(: :)3 #0 |;1.ge;'\erc| Replacing F(f) by A(f) - G(t)C(t)'
(19) and wnfh (21), the error d:Fferenncl equcmon (19), (20) becomes . ,
| &)= () - GEIC(Ne) + BE(H) - MY O
Celtg) = xlt) =Ry - S (4
In order fo obtain deterministic o;srimc( conf;cl problem, the error covariance matrix
| RIORE mfroduce& - | | | 7 |
Z(f —E{ef)e(f ]y(s),ros ssf}, o 7 - - B ,l (25)
which satisfies the matrix dlfferenhcl equahon - _ | |
2(t) = U(A(t) - G(f)C(f))Z(t) + B(f)Q(f)B (f) + G(r)R(f)G () - UB(H)S(1)G' (f) (26)

St )='"Z

0 (27) -

0
In_.fhe remdiﬁing deferminfsﬁc infimization probleh, Z(t) is the (exfendedj state and G(t)
is the ‘cc;‘nf.rolv. The cost foli.ae irjfirﬁized is ' '

J<G>=‘Z<r>: I e
In this problem, the cosf space. is the entire state space (of dlmensmn n(n+1 )/2 The )
.costaf_e P(t) belongs to X((Mn,i),(M;]'A),ﬁ) qnd fhg Hcml_ltonqlan is |

H=PMH)Z(t) . - | ' . ’_'(29)-'
By The‘o}rém Il.?, if G* ﬁ"[fol,'t]] " th)'"is s;ppérior, fhen.‘.fh'e fol'l.o;vi‘ng relations hold:

E5(1) = UA() - GH(CI)Z* (1) + BOQUB! (1)

FOUERGH - UBSIGH Y @0
U9, e
Pr(r) = - P <r>u<A<r> _ermery @)
Pk(t )= 50 ;(((Ml )'(M;,':' Q- (33) |

O
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H(Z* (1), P*(1), G* (1), 1) < H(Z* (1), P* (1), G(1),1)

forallt et t] andall G) e M . ‘ | L (34)
011 np _ .

Since no singularity condition arises, P. in (33) could be taken to be the identity map

0
.by Remark 11.6.

- Observe, that the ho}mogé-neou.s differential equdtion in M:_]
() = WAG) - GHCHZE) R (35)
_Z(fo) = ZO : . - | . (36)
has a positive-semidefinite solution Z(t) for all t, whenever ZO is positive-semidefinite,

I =2 e(*'*o)zo_ . (37)

where the transition operator @G(,,‘;)'is -fhé_ solution of the operator differential ‘eqqcfion'

aF alhigh T UM - Gy e
Sltgtg) =1 - | | o . ,(39)
Hence, the fronsitibn:oﬁércfor éfG(i_*,'fo) € f((M;,%),(M;,%),A) is _posifive (Deffnition A1)

for all t‘ € [fo,t] and alln possible chqlces of G [fo,t]] — an

ki

Now, sincé the solution of the costate differential equation (32), (33) IS

P = Po'éé*(r],t) . o | | -

it follows, that the costate p () is positive for all + and all P, > O. Therefore, the - - |

0

: infimi'zcﬂon.of the Hcmilfohion» (29), (34) is achieved by infimizing i(f), hence,

o U(A(f)- G* (r)C(f))Z*(r) ,+‘ G* (vf)R(ij*'(t) - UB(t)S(t)G*'(t) + B(t)Q(t)B*(t)

< UA-GTINZ* (1) + GIRM G (1) - UB(r)S}(r)G'(r')_ + B(HQ(NB'(1)
| forall te [fb,f]] ar@ all .G(f) € M_np‘ . o (41)
Since i(f) is q‘uadro‘ric in G(t) with positive-hemidefinite ([2‘], Definition [1.18) second

A Fréchet derivative (by the positive-definiteness of R(t)), it is‘necess'ory'_qnd sufficient, |
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_that 'rHe"r'irsf Fréchet derivative of Z* {t) with respect to G(t) vanish at G* (t) m order

" that Z* () attain an infimum (by Theorems Hl 1, and lll 2, and Remark 111.3 of [2]) Thus,

with (3) |
ze = UG R - Z*OC' () - BOSEIT =0, (42)
- G = G*(t) S _ : o A
.whivch_' :impli'es _ _ o
eH=@EHCO SO W . @)

Solution to the Infimization Pro'slem
,:The superior ‘n-fh order linear 'u.nbiosed ﬁ‘lrer for the plant @), ..., (14) is

(1) = Alw() + (ZC ) + BOSEIR ()= Clwlr) e

wlty) = %4 - - sy
and the érror covorrarlce matrix Z(t) € (M!,<) is precompufcble from the matrix ‘R_i_oéafli -.
.\ differential equation N | .
R0 = (AG) - BSOR (e +i<r><A<r) -'B<r>s<r>R“]<r)c<r>>'

+ B(t)Q(f)B () - Z(f)C (f)R (f)C(r)Z(f> B()S(HR™ (f)S (f)B (f) (46)

'Z(t (47)

o) "’
This result and 't‘he, 'rc,cf fhcf.-fhe error covoricnce rrrdfrix Z(f])‘_is r‘nfimized are
’ weH k"no.wn[]8], :dt least for S(t) = 0. .However, the derivcrion is new. The specidl case
p=m with v(t) =u(t) may oe of some inreresf, if only for d,emonsfrcf‘ion purposes, when

only one noise generator is at hond.. In this case, R(t) = Q(t) = $(t) = s'(f) for all t.

Suffrc:cncy Anolys:s o

"..ln the sequel it is proved that fhe Kalman-Bucy filter mdeed isa globally superior soluflon
" to the infimization problem. If in (13), the matrix S(t) is set 1dent1cally_ equal zero for the o

sake of simpler arithmetics, then, the deterministic Kalman-Bucy filtering problem consists
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of the dyncmic system

i(f);(A(f)-. GHC)Z() + Z()A(r) - G(f)C(f))' | e
+ B(H) QB! (t) + G( R() G (1) » ' N CO

».Z(“o) =%, | @)
~and %he mcfrikévdiued cost _
J(6)= ) - - - sy

In f_h'e"'_c‘onfex_f of the Hom'ilfqn:Jccebi-Bellmen fheofy of Sjecﬁon. 1.1, this pr'oblemi is
"inférpre.‘ed cs‘fello.wsv '.. ln (3) of Sechon " | v |

Eepn=I) e
LGN <0 Y
| The fc;gef set is S= (M' 4) {t B, the regions Z = (M',<) {f eR| <t } and |

= (posmve cone of K((M' <,),(M' 404 % {r e R l t< f]‘; The Hcm.lromon (4) of Sechon |

. “l is = : | . . . .

" H(E,P,Gt) = P((A-GC)Z + Z(A-GC)' + BQB' + GRG' y i (53) |

_ »wnere the notation of fhe time dependence is suppressed. Since the cosfcfe P(t .) with |

: bovundar)‘/; condiﬁon»P(f]) = —a—i-('i(f]),t]») = | necessarily isa posihve map for all f_A’s f],

the H,;fn‘Fimcl control is - “ o .
Go(z‘9f>=ic'()R ® . __ I (54)”:

 With (54), (48) and (49) become o A

| £ = AZE) +ZOA) + BOQMB() - Z(’r)c,'(_f_)r_z‘;’(r)co)zm", S (59)

i

ERIAES A - (56)

' After defining the 2n by 2n matrix -
[ At o amaumB)

o (57)
C'{t)R (H)C(t) 'f’_'A,"‘(t).
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- jc_nd> itsQn-By 2n transition matrix
4 (t,t) "i’ (t,t) , , o c SR _
n o . )
the closiéd—form solu_fioh of (55), (56) can be written as _ _
Z(n) = (Yt )z + \Y] St (Fop (i) + ¥ (1 )Z0) (59)
' :ln rhe confexf of the Hcmnlfon-Jccobl Bellman theory, where the initial state is denoted'

by Zond ’rhe initial time by 1, the cost (50) then is
-;J(G) Sz = (‘Y”(f,,f)i + le(t,,t))( ot ) +Y. (t,.r)z) . (e0)
'__'AClearly, J(?: f) of (60) schsﬁes the boundcry condmon (8) of Sechon [l on S,
L Ea=TeREs) e
| since »\P_”(fll_f]) = \.{220]”])_ =1 and 1}7]20],*']) = \YZI(TI’f]_‘) =0. In order fo.vie.rify- fhe
Iv,chmil"r'on‘-Jdcobi;Be'llﬂr_ncn partial differential equation

-—(z 1)+ H(z, ('z f>,<s ) r),r>,r> 0, T (e
the denvahves — Z t) e ﬂ(R M! ) (whuch is lsomorphlc to M') and ——f(i t) € {(M‘ M )

are calcu!oted

‘aéri(i'*)% (=¥ DAZ - W]é(’lf’)ctg-]cz"- ‘iﬁ1V(,’1")BQB"+"P12(’1'*)A') .
| () + 8B | |
T T ) + Dy 1 D)
y (-.WZ](f‘i-,f)BQB' +’V2‘2(:r1;r_)A_- - ¥ (1 AT -“Pz'z(f],r)c'g"cz)'
22<f],r>+wé]<_f],r>z>_“ e
%%—(Z,f) | ‘}’”(t],t)T(‘P 2(f],f)+ : (t],t)Zi‘"]T
| --(‘Y”-(t r)2+‘¥ (f],f))( 22(f],f)+‘}’2](f],f)2)

\I"z]'(r],r)T(‘if22(f f)+q”2](f1,f)2) L (64)
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viazre in (63) and (64) (and 'below) the matrices A, _B., C Q -and R orebundérsfood to be
: eyclucred at time t and T is~th<; transposiﬁon operator (Déf‘niﬁon v 2)

Combmmg (53 (54 (63) and (64), it is easnly seen that the Hcmulton-—Jccobl-
Bellman equohon. (62) is ;afisf_ied, smcg'cll terms cancel. Hence, by Theorem [11.3 and
- Corollaries .lll..5 and [11.6, the Kclmon-Buéy' filter is a-globolly superior solution to the‘
dynarqic inf%mizaﬁon problém (48), (49), (50), since the.coéfafe‘ P(f) Vis necessarily a |
posifive‘ mop.v_ | T |

- - Clearly, the above qnclvy-siis g_iv_es fhg",samg result for the hore g.enerc] case qf
}.Sr(f) #0. Then,thematrix (57) is |
A - BOSOR S BOQ0) - SR ()80
C'(t)'R-](f)C(f) - - =AY+ C'(HR™ (t)S‘(f)B'(t)- : )

and the analysis goes through in an analogous fashion.

IV.2. Related Infimization Problems

~ The Dual Infimization Problem o the Kalman-Bucy Filtering Problem

The defermi_nisfi'c linear quadratic reg'ularor. problerﬁ dn.d the lecsf-squéres :i’il.refing prbblem
for fhe' linear sysfem (4) are pffén ;élled dual to éach’other. In the context of non-scalar-
- valued pe'rformcn'cel criteria, the que'sﬁon‘cxris‘es, in what sense t_he. linear quadratic regulo=
tor pfoblem is dual to the infimizaﬁoﬁ pr§blem‘ of Section l\v/.f'l. wh"h 'ilts. matrix-valued -
performc-mce criterion (]8) . | | |
The c_onfl;ol' u* :‘[to,f_]] "an for the n-th order linear Syster‘n. , ’
A1) = AWK+ B | )
x(tg) = x5 . o @)

which is opfima'l with respect to the cost functional
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Jw) = (1 )Fx(t) + | (M (OQx(E) + o' (DR(Bu(t))dt
. t ,

F>06(M' 4), ()?Oé(M"), andR(f)g‘-Oe(M;nA)

(i.e., positive-dafinite) for all t & [ro,f11 o L (e8)
is Soperior in the sense, that it is opffrhol for>ever'y arbitrary‘inifi.al state xb € Rn In other
- words, u* mflmlzes the Funchon-valued cost J L (fo,t ) (C(R ),4) ([19, p 2, Example 3

i.e., C,(R ) parhclly ordered by the pomtwnse total order of (R <) ), -
J(u) = x'(f],xo}Fx(f],xo).q-‘ t »(‘x'»(f'],XO)Q(f)x(.f],ké) +U(HR(Pu(t))dt  (69)
The easy verification by the resultg"of Sections 1l and 1l is left to the reader

- (see [s, p; 83])

The Separation Theorem - .

An infe.resfing éxercise f'oxv'lbfhe 6pél.icatibr'1 Aof the infimufﬁ prin-'ciple fs.p;§vidéd by the
" s0- called separahon fheorem for the stochastic lmear quadrahc chssnan regulator
problem [9, Sechon V. 3] Since fhe sepcrqh_on of.the esflmcf‘or from the regﬁlotor is
:imp!‘evmenfed in the constraints of the ihfimichio'n problem, the analysis .o'F fhis exefcisé ,
cv;lec‘rly do'.es not prove the s‘ep‘ar<.:.|ﬁon theofem; it mérely verifies the fact, that the
.qucdroﬁc Eqst funcﬁono} S and f_he esﬁrhéﬁon erré( V<.:vovoricm'ce matrix Z(f])‘ c.r_e i'nfi.mizé‘d
simulfdnéc;us!y, Thus, the corf\pounded noh—séqlchvdluéd cost to be infimizédfis:v

S IEEI @I 00
| where the partial order of- R X M' is deflned by - | a

5=, ‘Z)AJ (s )5S <5, m(Rs)cndZ-é’z'. n 4. 1)
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IV.3. ‘An Example wufh a Set-Vclued Cost

ln this section, an ophm:zahon problem w:fh a sef—va!ued cost 4s mveshgafed
A supenor soluhon in fhe sense of the pcrhcl order of set mclusnon [2, Excmple H Al is

found The problem mvolves a linear uncerfcnn dynamlc sysfem, where fhe uncertomty

is described by sef-membershrp.

Statement of the: Infimization Problem -

Consider the observed unc’:er’fcih n-th order linear dynamic system

x(f)—A(f)x(>+B<r><u<r)+w<t>> A )
x(fo) | | | o o -‘ (73.)_.. -
o) = c<r>x<f>+v<r) I O

B(t) is an n by m matrix of full rank rﬁ.s oy A1) is n 'by o C(f) is r by n; and they all are

. p;ecev;nse conhnuous on [fo,t 1. The mmcl state xo € R fhe control uncerfcmfy

w(.) e L2 (fo,f ), and the observahon uncertamty v(.) e L (fo,f ) are merely known fo

. belong to a set, i.e., (xo,w( ) v( )) eScR" X L (to,f )x L! (ro,r ). The convex constraint |

set S is descnbed by its supporf funchonal [17] G'(q],qz( O, q3( J):S), qi e R" , q2(.) € L2 (fo,f]), '
()eL2(O'1) o - -
6(ayay(- ),q3( )is) = ( Fq] J (a5(1) Q(f)qz(f) + q3(f)R(r)q3(f))df) .

o .0 _
where F > Oe (M',<), ( ) >0 € (M' ,%) for aII t e [f f]] and

R(f)> 0 € (M' '4) (i. e., posmve-defmlfe) for all t 3 [to,f] B o (75) ,
In the specucl case, where F and Q(r) are unverhble, rhls ser-membershlp constramf of the
' ,.un'cerroinfy is equivol,enf to fhe. energy constraint®
. XbF"xo*f W OREWE +VOROVEE €T L 78
L TR . o .
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For t e_[to,t]] find an m By r rﬁafrix N* (f) ;uchfhct the _Iinear' output feAedbock- control law
u(t) = N*(t)y (1) | S N o

generates a set {x(t])}N* of uncertain »fi'nol s*ates x‘(f]‘), which is infimal in the sense

of set Inclusion, i Q, |

| J(N*)‘{x(f 3 NESHIOIN forall N() . | (78)

N*'

Anclysis of the Infimization Problem

.. ) Wlfh the lmecr output feedback control Icw u(f) N(t)y(t), (72), (73), .and (74) combme to
x(1) = (A1) + B(f)N(*)C(f))X(f) + B( )(W(f) + N(f)V(f)) k ) . (79)
xgh=xg - § | o RCY

. For any éatficular uncertainty Xgr w(;),Av(.), the uncertain final.state. can be written as
- ot g ‘ o
X(f]) = .Q(tl,fo)x'o'+ é(r],t)B(t)w(r)dt + @(fl ABHN(v(t)dE , . (81)
. o ' Yy ’ e

where &(.,.) is the state frqhsifioh matrix associated with the systems matrix A(t) + B()N(1)C(t),
or .

x(t)) = Lixgwiv) I BN

where Lz R” x L2 (to,f ) X L2( 0, )-th is the linear operator defined by (81). With

the usual inner producf on R” x L2 (fo,f_]) X L;(tb;f]) and with the ddioint operator'L*_ of
L, the support functional G(q;{x(f])}N), q€ Rn, can easily be written as [17] S

Slarblty ) = St = Sras9)

= G'(‘f’“]'*o)F‘?"(*v’o)»* J @(t],r)B(f)Q(_f)B'(f)<I>"(r],,t>dt
o :
- 1/2
f (1, DBIIN(RIIN' (1) <r>¢<r],f)dr) ) ,
O : , ' -_ :
<q'M(,>Nq>/ T
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Clearly, M( € (M;,#) defined in (83) is positive-semidefinite. Furthermore, the

HIN

following partial order inequalities are equivalent :

{x(f ) € {x(t 3. a (partial order of set-inclusion |
1°N 1°N . : _ .
_ o , _ [2, Example I1.4])
> 6(q;{x(f_] )}N*) £ G'(q,{x(t])}N) - - (partial order of pointwise total order

of (R,€) [19, p. 2, Example 3])-

(partial order of positive-semidefinite

<—%-f> M(t,) %M(f])N
- ' differences (2, Example 11.3])

N*
Thus, the in%imizotiori pro»blemvdf hqli\d ired'uices to the following infimization pr’bblem : For
) = (A + BONBCOME) + MOA® +BONBCE)

4 B(HQB () +‘B(f)N(f)R(f)N'(f)B'(f)l . | o (85)
 find N :'[fo,t]j —;Mmr, such that | | - |
.- M(f]) is infimdl \V~>i'th re'spec'f‘ to N() - ‘ | N | o - (87) |
Thi; infimization problem is quité analogous to the in'fimi.zqtip,n ‘prob-lem (26),
| (27), (28)‘ in the onélysis of._fhé K‘clmo.n-Bucy. filter. Heré, the s;'afe is‘M(t) 4-‘-Ml"l and the
cc_mtr'ol is N(t) e Mmr.‘ Th'e‘;osf'-s;.acce (.M;l,4) is thé entire state spo'ce-e‘. As in (2:9)__fhroughv
(41), rh; costate P(t) ¢ ;(((_M;‘A),(M;]A)A) turns out to be a positive map for all t € [to,f]] .
Th;fefore, the infim'izc;fiqn with respect to N(t) of the Hamiltonian o

= PR | - - B )

" reduces to the infimization of M(t) with'r'e.specf to N(t). For the latter, by Theorems lll.1, '

and 111.2, and Remark 111.3 of [2], the Follo‘wing conditions are necessary and sufficient

%A,;,A i_‘U(M(t)‘C'(f)'*‘B(f).N(t)AR(t))TB(.f)‘:'O " R )
GZM(N,°N) = BOANR(INB' (1) > O for all NZO -~ (90)

‘where U and T have been defined in the Definitions IV.1 and IV.2. Equation (89) is



-
scffsfieci.A-by ony matrix N* (1) satisfying |
BN (1) = - M( NCH (R 'mo. I CIY
Since B(t) is of full rank m < n, A(90) is satisfied, and (91) can be wriften with the
p'seudoiﬁv_grs; 8T(t) of B(t) as
N = - BT MR 0 = - B OBOT B OMOCERT () . (92)
As in fhe case §f'fhe Kalman-Bue} filter, the Hamilfon--BeHman—Jci.é'obi. rhec;ry of
' Section m 1 venf:es, that N*(t) of (91) and (92) is a globally superior feedback matnx

The infimal ell:psondol set {x(f )}

*

of all p055|b|e final states is des;rubed by the support
Funchonal ‘ o | o
6 (a: b, }N*)% @M%, - ®)
~ where M* (t ) can be cclculcfed from the matrix Riccati dlfferenhal equation -
| M* (t) = A(t)M*(r) + M*(HA'(t) + B(t)Q(t)B (f)
- M*(t)C (f)R (r)C(t)M*(f) - DS (94)

M*(f)—F . S S o - 63)



V. CONCLUSIONS

This research has been concerned with superior solutions to optimal control problems

~ with non-scalar-valued performance criteria. The main contribution to the theory of optimal

control is the infimum prirrmciiple,in;Section 11, which cdnsﬁfufes ne&esgory conditions for a
control to l-ae-superibr with reséect to a'néﬁ-scolar-vdlued: bérformcﬁc.e criterion attaining
its value in a finite—dimehéic;nd] ;JESfr;]c:f-.parfi‘.(JI_ly _ordered_éést space, the posiﬁ_vg cone of
whiqh,i; closed and has nénerhpf-yliilnferi;)r. ,Fu‘rfheri cbnfriBufions ir;_cl.ud:_e'the sufficiency
resulrs. for;x confro‘l to be steriér’ m Sectio;m I1l, most nd-fobly the extension of the -
Hcmivaon-chobi-Bellmén theory to fhé ca'se-pf non-scalar-valued performcmée criteria.
'. l.n Section 1V, the oppliccbili.'ry_ of the theory of Sections Il and 11} has been demonstro_fed '
with two non-friviol e#omplés, viz. the Kalman-Bucy filter and an thefrdin optimal control
'bfob}giﬁ with sét-members’hip dé;cripti‘oh_of t._he_vuhcerfainty. :
o in prdér to keep the proofs ;imple, the cost spdces have begn ;Qstri;fed to be -

Ar"inife-d_ifnensionol. Conéépt@lly, fhke fEeory of this paper ¢an be e>'<fve_nded fd_'?nfinife;
‘ di‘me'ns.ibncl cost spaces, pi".ovido.ie‘d their pbsi‘f_i\‘/e‘cgane'_s ;Jre endowed‘:Wifh suitablle topological
proper’ties. The addific;na‘l properties needed hﬁv_e béen discussed in [16], where a theory of
superior solutivons to 'pfc)b_lems.of_mafhemafical pn;ogromming in:absfrqcf infinife-'dimensi.onal
pq'rfiolly ofdered kspdces has been published.

In fh-evfhebry lo'fs'épt.imcl control for .noﬁ-scalor-v,olued performcnéé criteriq, the .
'problelrr'l of existence of supgriof solu_fioﬁé still ié.open to further research. Presently, it
is.unclear what fyPeS.o'fvreaso‘ncble qssumptions are needed ilrlmllthe‘ pfoblefﬁ statement, in
order to obf(-':ih' e;(istence of superior solutions rather than exfsten'ée of nbr;ife;ior solutions.
‘Thé maior_diffi;::ulfy in fhe'éxis;encé én;oblerﬁ has been des?:rfbed in [2, E*ample lV.5} and
Sécfio_n_ V, last paragraph].
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_ APPENDIX

A Derxmhon All. A mop f from the linear poset (X,%) into the Imecr posef (Y,%) is called

order—posmve, if x > O € (X %) lmplles f(x) » 0 e (Y 4) Furthermore, ;{((X A),(Y,%),#)

denotes the linear poset of all’ hnear maps from X into -Y,_whlch is partially ordered by

- the cone of all positive linear maps.

Lemmo A 2. The posmve cone of the dlrecred linear posef (X 4) is the supremal [2,

Defmmon H 5] set (in the sense of the porhol order of sef—mclusmn) of the subsets of

f (X,<),‘»which are mOpped' info the posiﬁ_ve cone of fhe linear poset (Y,4) by ﬂ,posifive

—
. .

linear maps.
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