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SECTION I
INTRODUCTION

The current state of the design of physical systems is
in some respects as much an art as a science. Of the many
considerations involved in systems design, perhaps those
related to an evaluation of the physical performance best
lend themselves to formal automation. This report describes
the results of an effort to place this aspect of real-world
systems design on an analytical basis. In particular, a
computational capability, PERFORM, has been developed for the
evaluation of the limiting physical performance of systems
subject to transient disturbances. )

PERFORM prov1des the characteristics of the theoreti-
cally best, that is, the limiting, design concept accordlng
to response criteria. As a consequence, for certain mechani-
cal, structural, and control systems PERFORM makes it pos-
sible to approach a design directly from the design criteria’
with no a priori commitment to a particular design concept.
With this limiting performance capability, the designer can
determine the feasibility of his proposed design on the basis
of the specifications alone; moreover, he can monitor and
measure his success during the design process itself. Here-
tofore, without the characteristics of the limiting design,
the evaluation of proposed designs could be made only by per-
forming a multitude of analyses for each candidate design.:

This capability applies to systems with transient load-
ing in which response criteria are of concern. These criteria
are usually expressed in terms of constraints formed from
displacements, stresses, forces, velocities, or accelerations
that cannot exceed certain prescribed values. In addition,
objective functions of peak values of other responses are to
be minimized. PERFORM provides the time-optimal character-
istics of portions of a system such that these constraints
are satisfied and objective functions are minimized or maximized.

An outline of the capabilities of PERFORM is given in
Section II.

Section III of this report describes the components and
design of PERFORM. Also, the procedure for using PERFORM is
outlined. :

Section IV contains applicationsof PERFORM, including
some numerical results. Among the problems discussed are rail
vehicle suspension systems, train impact, aircraft ride con-
trol, launch vehicle control, missile/silo isolation, and a



nuclear reactor control system,

The Users Guide for PERFORM is given in Appendix I. The
details of the technical formulation underlying PERFORM are
in Appendix II. Appendix III contains the programming aspects
of the system, including programming documentation: The final

Appendix contains listings of programs.



SECTION II
CAPABILITIES OF PERFORM

PERFORM is a computer system that can be used to deter-
mine the limiting performance characteristics of a dynamic
system subject to transient loading. ,Ref. 1 considers in
detail the concept of limiting performance and its application
to shock isolation systems. The example problems of Section
IV provide an indication of the range of applications of PER-
FORM.

The dynamic system can be described and input to PERFORM
using the first or second order equations .

§=§§+§ﬁ+gfk

Mg + Cq + Kg + Uu = FE_

in which @ is a vector of time varying functions, called con-
trol or isolator forces, that have replaced portions of the
dynamic system. A, B, D, M, C, K, U, F are coefficient mat-
tices. § and § are vectors of response varables, e.g., dis-
placements, stresses, accelerations. fk is a ﬁorc1ng function
vector where the subscript k designates the k set of forcing
or loading functions. This allows the system to encounter
alternative sets of disturbances which might occur with equal
probability. ‘

The acceptable equations of motion appear to be linear.
In fact, however, they are_"quasilinear" since those portions
of the system replaced by u can be linear, nonlinear, active,
or passive. The remainder of the system must be linear as
must the overall kinematics.

The user must place his equations in one of the forms
of the above equations. The non-zero elements of the mat-
rices A, B, D or M, C, K, U, F are then entered as inputs.
This is accompllshed by 1dent1fy1ng the matrix, e.g., M MAT-
RIX, and then specifying an element and its value, e.g., i,
. and Mij' Elements not entered are assumed to be zero.

PERFORM finds the characteristics, including @ and trade-
offs between optimal response variables, of the dynamic system
such that bounds on some of the response variables § or § or
control forces G are not violated while the maximum (or mini-
mum) in time of other elements of § or § are minimized (or
maximized).



Régardless of the form (first or second order) used to
describe the equations of motion, the formats for the objec-
tive function and constraints . are the same. In the case of

the second order equations, a state variable vector § is esta-
blished as

~ .

q ’
I ‘ :

q

Any linear combination of state variables, derivatives of
state variables, or control forces can be used as an objective
function. 1In the case of the system described by second, order
€quations, these become linear combinations of acceleratlons,
velocities, displacements, and control forces. The objectlve
function is input to PERFORM in the form of

PX15 + PX20 +PX3%;

where PX1l, PX2 and PX3 are coefficient matrices. If more,than
one row of the matrices of this equation contains non-zero-
elements, then the peak values in time of the vectors result—
ing from the meaningful rows are to be compared. PERFORM min-
imizes (maximizes) the maximum (minimum) of the peak values.

Constraints may be placed on state variables, derivatives
of state variables, and control forces. The general form, -
which is again . linear, .is s

YL < Yls + Y20 + ¥3%, < Y0

where Y1, Y2, Y3 are coefficient matrices and YL, YU are lower
and upper bound vectors. Constraints can be imposed at every
time of the response or at specific times.

In summary, PERFORM acbepts system equations of the form
given above. _For prescribed initial conditions, PERFORM then
.computes the u vector such that the max |[PXls + PX2u + PX3fk|

is minimized ( or min | | is maximized) while the gboye con-
straints are satisfied. Any linear combination of s, u, and

f. can be tabulated or plotted versus time. A tradeoff curve
beétween the maximum objective function and any particular con-
straint can be generated by varying the bounds on that con-
straint.



25 o SECTION 111
S PERFORM SYSTEM _DESCRIPTION

To do the llmltlng performance problem calculatlons a
computer system named PERFORM has been developed. Because
several separate programs are used, it is referred to as a
system rather than a program. ..

In this section the system is described with increasing
detail. First, the system is presented from the "systems
analyst'’ point of view; the programs, data sets, and inter-
relatlons thereof are described and graphically presented with
a’ system flowchart "Next the- functions, subroutine calls, .
loglcd,etc "of each of the’ system programs are descrlbed Pro-
gram’ 1lst1ngs and dlSCUSSlonS are in Appenle III. o '

A. System Design

‘ PERFORM .is a system of several programs,the functions,
inputs;.:and outputs: of which are outlined here. Influencing
considerations. of. the development and operation environment
are.‘also dlscussed
- ‘::,') l’ '} N ",’ o .

seail System Flow Description

fzasv.on Figure 1 -is the PERFORM system flowchart. The three
separate system programs are represented by rectangular boxes,
these programs are: : -

. PREPROC (Pre-processor)
LP Solver (linear programming computer
. program)
. PSTPROC (Post-processor)

a. PREPROC -
. Using the mathematical model of the dyna-
mlc system, the pre-processor program computes and punches
the “Iinear programmlng problem from the PERFORM problem speci=
fications described in Appendlx I. There are three outputs of

thls‘program

Q

o . PSTPROC Report Specification. This card
SRRV file contains information necessary for
LSO \ . PSTPROC (to which this is an input file)

Tl . to determine and print the problem solu-
tion.

Linear Programming Problem Input.
This card output is the linear pro-
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gramming problem input in MPS/360 format,
which is accepted by most major LP solvers.

PREPROC Report. This report is a printed
record of the above files.

User options can control the contents of
this report. The curved-bottom box is the
standard flowcharting symbol for printed
reports

The data transmission links are restricted somewhat in
both the University of Virginia development environment and the
NASA/Langley operating environment. These constraints are dis-
cussed in the section entitled "Environment Considerations."

PREPROC is written entirely in FORTRAN and has been tested
on the University of Virginia Burroughs B5500,CDC6400, and the
NASA/Langley CDC 6600.

RIS b. LP Solver
This refers to any software package that

can solve large linear programming problems. Examples of such
capabilities are IBM MPS/360, CDC OPTIMA, and CDC OPHELIE.
All of these programs accept MPS/360 input format. Since MPS/
360 was used in the developmental stages of PERFORM, the LP
Solver in the subsequent discussions of this report will be
referred to‘as MPS/360. Anywhere MPS/360 is mentioned, other
software packages, such as OPTIMA, could also be used.

MPS/360, Mathematical Programming System/360, is an open
ended IBM software package capable of efficiently solving
extremely large linear programming problems. The latest ver-
sions can handle problems of up to 16,000 rows and essentially
unlimited columns. Several workfiles used by MPS/360 are omlt—'
ted for clarlty on the system flowchart of Fig. 1.

The input to MPS/360 is the output of "linear programming
input" of PREPROC.

c. PSTPROC

The post-processor program produces the
final report of the problem solution. Two inputs are:neces-
sary for PSTPROC: the linear programming problem solution
from LP Solver and the PSTPROC report specifications from
PREPROC. This program is written entirely in FORTRAN.

2. Environment Considerations

In Fig. 1 the programs are labeled "local" and "external"
computer and a communications link is shown to and from the LP
Solver step. This clearly awkward arrangement is used because



of the limitations of available computing facilities. The
Langley Research Center CDC 6600 computing facility has no
appropriate linear programming software. At Langley the PER-
FORM system cannot be run entirely locally, thus’the need for
an external computer. The system developed is a synthesis of
these above constraints and the desire for maximum utlllza—
tion of local facilities. S : :

Punched cards are 1nd1cated as the storage medium for
program data interchange. Cards. were convenient for trans-
mission to the external computer during development. Replace-
ment with tape would be desirable and easily accompllshed for
large problems w1th unmanagable card files. ;

The decision to use MPS/360 was based on economy and
availability. For development, the Virginia- Polytechnlc
Institute and State University IBM/360 50-65 multlprocessor
system, with an IBM 2780 telecommunications terminal was used.
Recently, OPTIMA on the University of Virginia CDC 6400ihas '
been used. i

i

Use of the system is much 51mp1er if a linear program—
ming package is available locally. 'The data can be passed
between programs on a disk, and the user does not have to be con-
cerned with this data. One can simply put his problem spec1—

fication data with some prepared control cards and receive
the problem solutlon with one run. #

B. Program Descrlptlons

Each of the three programs of the system is further
described in this section. The purpose of the description
is to relate the program coding to the limiting performance
problem model but without involving computatlonal details.

A detailed listing with more discussion is given in Appendix
IITI.

1. PREPROC

Figureiz is a flowchart of the main section of
PREPROC. This section contains all input, calls to computa-
tional subroutines, and varying bound calculations.

Some notes about the flowchart are in order. Predefined
blocks, the blocks with outward pointed sides and parallel top
and bottom, represent subroutine calls; the name in the block
is that of the subroutine. The trapezoidal-shaped box enclos-
ing most of the third page and beneath the label "For each
varying bound" is unconventional. It signifies that the se-
quence of instructions in the block is to be executed for the

* This is currently possible on an automated version of PERFORM at the
University of Virginia Computer Science Center, both for on-campus users
and for users accessing the computer from a remote, compatible computer
terminal. 8
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1CONTINUE )

Flg. 2 "PREPROC Maln Section (concluded)
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value of each varying bound, i.e., varying row of the YL and
YU vectors. This flowchart is not an exact representatlon of
.the actual program; from it one can tell what the program does
‘but not necessarlly how it is done. :
Because all flles except those for printed output in the

PERFORM system are either cards or in card format, the word

"record" used to describe file elements can be 1nterpreted as
"card" in this discussion. The records 'of the problem speci-
fications file are-of two types: data and indicator. Data
records contain values of program variables. By preceding
data records, indicator records associate values with varia-
bles; indicator cards also contaln problem proce351ng speci-
flcatlons.'

Before'each section of data records of values for pro-
gram variables there is an indicator card specifying the pro-
- gram variable array. The last card of a section contains a
1 in the key field; previous cards of the section have a zero
in this field. Following the last card of a section the pro-
gram presumes an indicator card. The program contains no '
error detection facilities so it behooves the user to double
check his input. Details of these records are found in Appen-
dix I. The first thing done by the program is to read three
problem specifications records; in Appendix I these three
records are numbered cards 1, 2, and 3. Next,most program
varlables are initialized to zero.

- The fourth block reads an 1nd1cator card. If the card
is a STOP indicator card the program stops. ' If a RESTART in-
dicator, control returns to the program beginning and a new
problem may be processed. A FINISH INPUT DATA record starts
the problem processing. Appropriate processing for other in--
dicators is performed - this includes such things as array
entry, ‘array printing, problem modification, etc.

- If the dynamic system equations are second order, sub-
routine COVERT is called to reduce the second order equations
to first order. The order reduction method is described in
Appendix II.

Subroutine MEXAP computes exponential functions of mat-
rices. These are array P and array AEI, both defined in
Appendlx II.

' The next routine ,BRIDGE ,computes arrays for matrices R,
T, and vectors C1, C2 and C as described in Appendix II.

Routine ELEMTP is called to compute those portions of

the H and G arrays that are determined by the objective func-
tion. These portions are shown in Table 1 of Appendix II.

12



The other portions of these arrays, determined by the prob-
lem constraints, as shown in Tables 2A and 2B of Appendix
II, are calculated in subroutine ELEMTQ. Subroutines ELEMTR,
ELEMTS, and ELEMTT are called by ELEMTQ for calculations but are
not shown in Fig. 2. With H and G arrays computed the next
step is to output the results.

. ( o Cr e e e

~ Subroutine LPDATA is called to produce the MPS/360

linear programming problem. - Other subroutines, not shown,
are called to punch different sections of the MPS input:. ;
CODATA for columns, RODATA for rows, RHDATA for the rlght hand
51des, and BODATA on the bounds. )

The POST routine punches the PSTPROC report specifica-
tions. Although this file is shown separately from the MPS/360
linear.programming file the user must separate the two from
the s1ngle card punch output. : e -

To prov1de a prlnted problem record subroutine PRNT prlnts
the H and G arrays. If a printout of the calculated arrays is
desired,.as indicated by a nonzero value of variable INT in =
the VERIFY section, it is produced by subroutine VERFY. The
problem specification is produced when the VERFY sectlon is
processed and varlable INP is nonzero.

Any number of the_ lower or upper bounds of the rows of
the matrix expression YUg » ¢+ + ¢ « « <YL may be varled
Appendix I contains details of how this is spec1f1ed

For each value of each varying bound the linear program-
ming problem is computed, punched, and printed by the sub- .
routine sequence. ELEMTP, ELEMTQ, LPDATA, and PRNT. If a print-
out of the problem arrays is desired as indicated by a nonzero
value of variable INT, it is produced by subroutine VERFY,
When the loop has been performed for each value of each vary-
ing bound, control returns to the indicator point for modifica-
tions or other instructions, :

There are several additional array manlpulatlon subrou-
tines in PREPROC not mentioned here. These are described in
Appendix III A. ' :

2., MPS/360

Mathematical Programming System/360 is an open ended
IBM software package for solving optimization problems. MPS
is not a program, but a set of procedures with linking facili-
ties. The procedures can do such things as read data, set up
files, write solutions, and, of course, solve linear program-
ming problems.. The procedure linking facility is known as
the control program. It consists of procedure call statements

13



in addition to ordinary programming facilities such as GOTO,
IF, MOVE statements, etc. This control program is compiled
and executed in separate OS job steps.

There are two outputs from MPS: the printed linear pro-
gramming problem report and the. punched problem solution.

If the punched linear programming problem output of PRE-
PROC is interpreted, a similarity to the PREPROC input can be
observed. Nonzero program variables are entered on cards with
array row and column numbers and follow section identifying
cards. Unlike PREPROC the alpha characters ROW, COL precede
the left justified numbers. The characters are necessary be-
cause MPS identifies rows and columns of arrays with FORTRAN-
like variables which must begin with an alphabetical character.
ROW and COL- serve to identify columns of the linear program-
ming tableau; RHS identifies the right hand side vector and
BDS identifies the variable bounds spe01f1catlons.

The control program of MPS/360 for PERFORM is rather sim-
ple; the data is read in, the problem solved, and the solution
written and punched. A listing and dlscu551on of the control
program is in Appendix IIIB. ) ,

Each,llnear programming problem pfoduced for each value
of each varying bound requires a separate MPS/360 run.

3. ' PSTPROC

Program PSTPROC writes the solution to the limiting
performance problem using the MPS/360 linear programming pro-
blem solutlon and the PSTPROC report data from PREPROC.

Figure 3 is a functional flowchart of PSTPROC First the
PSTPROC report data, punched by subroutine.POST in program
PREPROC, is read. Next the first linear programming problem
solution is read. Again it should be pointed out that no error
detection facilities are in the program. If a card is drop-
ped from the PSTPROC report specifications a linear program-
ming solution card will take its place.

For each row of the tabulation expression, i.e., the Ql,
02, and Q3 expression, the block inside the box is executed.
For all time intervals the value of the expression is calcu-
lated and printed. 1If a graphical ‘presentation of these cal-
culations is desired, as specified by a nonzero value ITR(I)
where I is the row number in Q1, Q2, Q3:matrix expression,
subroutine TRAJ is called.

After all the tabulation expressions have been procured

.14



_READ
MPS/360 LP / . -
- \soutton /-

. FOR_EACH TABULATION EXPRESSION (VIZ. ' ROW OF QI, 02, Q3 EXPRESSION)"

IR

COMPUTE -
YALUE OF = -

WRITE .
EXPRESSION -
LISTING

yES

‘ "F'lg"._' 3. PSTPROC Main Section, thcﬂ.of‘a“,: Fow Chart

15.



the next linear programming solution: is read and the calcula-
tion loop is repeated If all solutions have been processed

M

variable ITD is checked. VU e

If ITD -is nonzero, a trade—off diagram is printed by
subroutlne TRADE.
: After the trade off dlagram is: produced proce551ng stops.
Note that PSTPROC handles only one problem<a:run; different - -
problems, with dlfferent PSTPROC report decks, requlre sepa—
rate runs. .. . - L .

A 2

16



s -+~ . .SECTION IV
‘ ‘% ' .",g 2 . [T RS _L L

APPLICATIONS

A. Single-Degree-of-Freedom Shock ‘Isolation: System

We begin the applications of PERFORM by considering a
single-degree-of-freedom (SDF) :dynamic system subject -to. tran-
sient' loading. .Since this system has been thoroughly explored
elsewhere (e.g., Ref. 1), it is included here only to demon- -
strate the use of PERFORM in the study of the limiting perfor-
mance of a familiar system.

Consider the SDF system together with the acceleration
shock shown in Fig. 4. The equation of motion is given by

mz +u =20 ' 3 (1)
or, for a unit mass,

i+u=0 (2)
with initial conditions z(0) = z(0) = 0

The kinematic relations are

z =X +y _ ' (3a)
zZ=X+y (3b)
Z=xX+y=%X+ £ (3¢)

Substituting Eq(3c) into Eq(2) gives

¥+u=-y=-f

x(0) =y(0) =0

x(0) = y(0) =0

Suppose we wish to find the loweét possible peak acceler-

ation of the mass (Z) if the relative displacement between the
mass and the base is constrained. The function u(t) is the
system controller or the isolator function. Thus, we wish to
find u(t) such that the maximum acceleration of the mass

¢ = max |Z| = max |u|
is minimized while the relative displaéemént satisfies the con-

straint
| x| <&

17
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Fig. 4 A SDF System with Acceleration Shock Input
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We seek the trade—bff between minimum ¢ and a range of values
of A. The design value of this information is discussed in
Ref. 1.

Specifically, we choose to compute min d for A = 0.01,
0.02, and 0.03.

The formulation of the problem in the PERFORM format
follows. The notation is defined in Appendix I.

1. Eguations of Motion (X +.u = ~f)

Mg + Cq + Kq + Uu = FE,

where

3
i

[1]
[0]
(0]

1]
[-1]

g 1) |10
1 1 1

|
n

[x]
[x]
[%]
[u]
w = [ = [£)

£ Ql: Qe al
Il 1 ] I

(g}

2. Forcing Function (Fig. 4b)

£(1,5,1) = 10.0 for j = 1 to 5

C£(1,5,1)

0 for j = 6 to 9

where the first index 1 designates that this is the first
(and the only) set of forcing functions, j = discrete time, the

last index 1 indicates the first component in forcing function
set No. 1.

3. Objective Function (¢)

PXl1 s + PX2 u + PX3 £,

19



where - ' TR

PXl1 = [0 0] - - B
§=Hv |
X
PX2 = [1]
PX3 = [0]

4. Constraints (|x|<a)

YL < Y18+ Y2u + Y3 < YU -

o= ==tk N

where

Yl = [0 1]

Y2 = 0]

¥3 = [0]

: v
Since the constraint is for all time and of (< <) type we
set ST

MSP(1,1) = 0

MSP(1,2) = 0
To obtain a trade-off diagram the value of A is varied.

Thus ’ ' : ' ~

Vil = . ' o

YU = Ay * ndA) o

YL = A02 + nAA2
where _

A01 = SVAl = 0.1

A02 = SVA2 = -0.1

a
AAl = 0.1 i
AA2 = -0.1

n =1 to NIC
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5. OQutput

The time trajectory of u is obtained using the out-

put matrix
s +

0 O o ©
2RI R

6. Other Data Pertinent to This Problem

021 + 03F,
[0 0]

[1]
(o1 -

We set

NU =.

NF =
NSETS =

II =

NOB =
NOC =
ISp =

NOT =

and

ISET (1)

it

The whole input

™ =

0

1 (here we assume only one output is
required) IR

1

i

deck is shown in Fig. 5.:
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7.  Results

. : \ ! t :

Figures 6a through 6g show the output of PERFORM
resulting from the input deck of Fig. 5. These are the time
trajectories of the control forces “(u) (Figs. 6a to 6f) and
a diagram (Fig. 69) 1ndlcat1ng the performance trade-off
between minimum ¢ the objectlve function, and A, the bound -
of the constraint.
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< ...TB=.Q1°S+_0Q2*U+_Q3*F
. NMERE . e e - -

T 013 0.00 .. 0.00_ - .-——— . - —_
. Q2= 1,00 ' : o -
.033._-00 00_

TIME INTERVAL T8

_—— P2 e e e e e e iy - e e .. Lo .

0.000 TO <020 -8.333333

..020_70 « 040 =84333333____
«040 TO 060 -B8.333333

e e e — o e 060.TO .. _.. 080 _._.. _ .__=B,333333 __

' : o : «080 TO 2100 . - =84333333

e e . 10D TO . _4120. . =8,333333

'  «120 TO o140 -8.333333 -

_a140_TO 160 0,000000

«160 TO 180 0.000000

_ o L Fig. b6a. _Trajectofy of u(t) for |x|§0,01.
e - 182.Q1%S+..Q2*U+_Q3*E -
' WMERE e e e e e e e emmm -
012 0,00 0600 - e e 2
Q2=  1.00 .
-Q3=._0.00,
‘ R § 730 1) 1 3077 Y A T- S
T T T Teen00 To w020  e7.142857
e W020_TO... 4040, - .___ =7.142857. _

040 TO « 060 T eT.142857
e 4 060..T0. .., 080 . . =7.142857
«080 10 «100 T 74142857
- e e eimm—eee_ o .. <100 TO . 4120 - _*Te142857
v . .120 T0 «140 “7.142857

- 4314070 0160 ... 0,000000 _
: , «160 TO «180 0.000000

Fig. 6b. Trajectory of u(t) for lef_0.0Z.-
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—--=TB2-01%S+.02%U+_Q3¢E

-+ WHERE R - . - wem
— 7 Q3% 0400 000 . —— S
1025 1,00
_.-..-._A.l.'- - 032 . .0,00.... —_—
TIME INTERVAL 8
04000 TO 020 -6.250000
02070 —— o040 ... —.-=64250000.
<040 TO +060 -6.250000
e e e e e 20 060 TO ... 4080 -6.250000 .
4080 TO «100 ~6.250000
- e eer aimmen - 0100 TO. .. . 4120 ~6.750000
<120 10 «140 . «542:0000
«140_T0 0160 . _ ... 64730000 _
«160 TO <180 0e":0000
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B. Multi-Degree-of-Freedom Shock Isolation Systems

To use PERFORM in evaluating the limiting performance
characteristics of a shock isolation system the equations of
motion of the system, after the control forces are introduced,
must be linear. However, many dynamic systems are described
by nonlinear équations and we are invariably faced with the
problem of approximating the systems with various assumptions
and yet not losing sight of the &dctual system. In this sec-
tion, in addition to treating some multi-degree-of-freedom -
shock isolation systems, we will consider some of the reason--
able assumptions to be made for the: linearization of the equa-
tions of motlon for some dynamic systems of nonlinear nature.

1. Klein's Three-Degree -of-Freedom System

a. : Problem Descrlgtlon

In Ref. 2 a three-degree—of -freedom system as
depicted in Fig. 7 .was considered. :'The model to be analyzed
has the 240 2, plane as a plane of " symmetry. It is assumed

that the mass is a rigid body; that principal axes of inertia
through the mass. center p@rallel the edges of the body; and

that the motion of the mass will not afféct the motion of  the

base. In addition, it is assumed that the points of appli-

cation of the shock isolator forces Uy u2, Uy and u, remain.. -

fixed at the corners of the supported mass and retain their
horizontal and vertical directions despite the motions of the
base and mass. The kinematic conditions of the system are
shown in Fig. 7, to which the following definitions apply:

u, = the shock iSolators or control forces which are
to be optimized,

Y. = the two orthogonal input motions of the base referred
to a fixed reference frame,

z. = the two orthogonal motions of the center of mass
relative to a fixed reference frame,

6 = rigid body rotation of the isolated mass about the
center of mass.

The equations of motion for the system shown in Fig. 7 become:

mz, - u, + u, 0

(4)

mz, - u, - u, =0
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Fig. 7 Active Isolation System Used in Ref, 2
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Ié = au, cos 0 + bu=zcose —'du3.COsiQMt au, - COs @ :0 (hc)

_..x_ an . - i o S

where m is the 1solated mass and I is thé&’ moment ofllnertla of
the isolated mass about its center of mass. o :

‘It is further asshmeé:ih'Ref 2 thétre'ls'smali' therefore
allowing the usual small angle approx1matlons to be made. Using
the kinematic relations o S L

z; =X +t ¥q0 2y = x14+ ylz

BT T PUES T I S

Eg. (4) becomes

mx, - uy +u, ~my

3
"
]
c
!
o]
[

3 = MY, 3 o (5)
10 - au; + bpz - du3 + au, = 0

Letting I = mpz, where p is the radius of gyration, we find
for unit mass

) moug tuy =y .
X2 - u2 - u3'=“'Y2 ] _ . (6)
© - au, + bu, - du, + au, = 0

s & F F
The above equations define the behavior of the 1solated mass as
a function of the applied acceleratlons Yl and y2 and the control
forces ul, u2,.u3, and -u4. L
"For this 'linearized system the optlmlzatlon problem con-'m
sidered in Ref. 2 is: Find the control functions uq (t), u (t),
g(t) and uf(t) 80 as to minimize some function of the maximum
absolute values of the response acceleration, £(]Z; lmax

2|max,|9|max) when the base is subjected to 1nput ¥+ and/or .
and the mass is constrained to move within the rat%lespaces
dgflned by €, and e, as shown in Fig. 7.
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Since linear programming is selected as a solution tech-
nique, the objective function and constraints must be expres-
sible as. linear combinations of control forces. The objective
function chosen was . . :

=, . ® = max {max lwl(t)[, max |w2(t)|, max |W3(F)|} _ ,“(75
o wﬁéfé Ql = al(ui - u4) = alﬁi | f |
Wy = op(uy Fug) = agZ (8)
| =a_ 4y - b d_y., -2y, =
=T R R A S R B ©
»with Oys 0, as weighting constants.
Tthconstraints are
i |x, + a0l<e,
|x1 - e0|<e,
|x, - bo|<e, | | : »(9)
|x, + do|<e,
The forcipg function considered was
y(t) = t2e7t : ' o ao)
This gives an acceleration | '
§t) = e (t? - 4t 4 2) | (11)

To compare the use of PERFORM with results available in
Ref. 2, the forcing function is chosen to act in the .y, direc-
tion only.  Other pertinent data include: ' '

No. of time intervéls = 40

' 4 o, = 1.0
a, = 1.0
el = 0.1
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2

a= 0.0
b = 25.0
a=25.0
e - €0;9 

b. Formulation in. PERFORM Format

The Ref. 2 example outlined’ above will now be
reformulated in accordance with the PERFORM format. Since the
forcing function acts in the y, direction, u, and u, will be
inactive, as will w,. Hence o%ly two,functlgns w1l§ be includ-
ed in the objective®function. Due to €, = 0, only the con-
straints on Xy will be taken into account.

Equations of Motion

Using the definitions for w., Wo s and w3'as given in Eqg.
(8) and the values of the constr%lnts as deflned above, the
equations of motlon can be written as
17" T ™
., -w, =0 A (12)
Eq. (12) may be rewritten in the PERFORM format as
| Mg + Cg + K3 + UU = FE, ) (13)

where the vectors are defined as

— - ‘}g{ W ‘ 5&

X 14 , | "1

17 *2 a= % = | *2

v 0 . C:).d . | Lé
e = [yll
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1

u = w,

R J”

and the coefficient matrices as

=
]
o
=
o

(@]
[l
o
(=
o

=
i
o
o
o

(L]
]
o

-1 0

0 0 -1

|
I
o

Objective Function

The objective function given 5y Eq. (7) is to be minimiz-
ed. In the PERFORM input format the objective function becomes

PX1S + PX2u + PX3f (14)

k

" where
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. 2
| O
and
70000 0O )
PX1 = 000000 . ’
| 0000 0 0! !
ot e o] | A
BX2 = 1y 1 0 R
0 0 1 L
. 0]
PX3 = 0}
L0}
o

Constraints

The constraint is given on the relative displacemehtS»és'f:

lelis or

1

-e.<x.<
15X, %€

1-"1

In the PERFORM format this becomes

YL <Y¥Yls+Y2u+Y3E <Y

k —
where
YL = [-¢;] = [-0.1]
Y =1 ¢l =100.1]
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¥1=(00010 0]
¥2 = [0 0 0]
¥3 = [0]

The input deck is shown in Fig. 8.

c. Comparison of Results

The results obtained by using a linear programming opti-
mization procedure for this case given in Ref. 2 are dupli--
cated in Table 1. The results of the same problem solved by
PERFORM are given in Table 2a. The values of the objective
function from these two solutions are very close to each :
other. The tabulated output from PERFORM is the w; in Ref. 2.
Using the values of u; and u, from Table 1, the wj calculated
from Egqs. (8) are about the same as those given by PERFORM for
the first five time intervals. A comparison of the w, values
for the first 10 time intervals is given in Table 2b.”~ Since
the solution of the optimization problem is not unique after
the maximum value of the objective function has been reached,

it is not surprising that Table 1 and Table 2a do not agree
consistently at later times.

1

d. Modified System

Based on certain assumpticns, the above system can be
modified to include large rotations. Additional isolator
forces u  and u, can be introduced for rotational motion of
the isol3ted mags)and rotational contriputions of horlzon;al

and vertical isolator forces can be neglected (i.e., omission

of all but § in the third of Egs. (6)).. The equations .
of motion for the system shown in Fig. 9 are written as ”

_— . - o
T B e £

oo - - = -y ) . Lo 16
%, u, - uy ¥, . (16)
e + ua + uB = 0 - Py

Eqs:'(16) are applicable to the case where 6 is not heces-
sarily small. .

2. Missile~-Silo Isolation

Next we consider another problem which is quite simi-
lar to the one discussed in Ref. 2 but has a different arrange-
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2 o MULTI=DEGREE=OF=FREEDOM.SYSTEM _ .
5770 303 gy ay

0,15
e i et e e e
M MATRIX =
NS T R T
2 2 1
1.3 3 fe
U MATRIX
I SR SUVO Y
2 2 et
103 3 =g,
F MATRIX :
- 1 1 1t =%,0
PX2 MATRIX

o___ 1. __1 1,0

1 2 2 1.0

YI MATRIX -
1 1 (] n 100
FORCING FUNCTINN
1 .:. l . N . . .
1 1 0 o
| " 14612179
2 __0.9a1883
-3 0,857987 ;
[ 0,11732a6 .
-5 - T e0.118308
6 - _»0,2568925
7 “0,352623
8 “0,396840
9 =0,409288
10 ©0,399715
11 “0,375524
- 12 =04342280
<13 0304089
' 14 *0,263940
is *0,223950
16 =0.185566
17 -0,149732
18 =0,117012
19 =0,087688
20 fq.Oblﬂﬁzb .
21 “0,039081
22 =0,020233
23 ~0.004090
24 . 0,009276
25 TT0.020184
26 _ 0,02878R9
27 0.035481
28 0,0404R80
29 0.,080024
30 0,086339
kT 0,087618
32 0,088042
k}] 0,087769
34 040086936
35 0,035644

Fié:i8. Input Deck: for Multi-Degree-of-Freedom System
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36 0.048055 -
- 37 0,0a2198
38 0,080166_
39 8,038021 N
1 80 - 0,03581% L
BOUNDS OF CONSTRAINYS i
t - §---0 . 0 -
0
041
%041
Q2 MATRIX
1 1 - 1 1,0
VERIFY

1

STop

: !
FINISH INPUT DATA

Fig. 8. Iﬁput Deck for Multi-degree-of-Freedoﬁ

.
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Tus 01°Se O2°us Q3°F
MHERE

0tz 0,00 0.00 0,00 0,00 0,00 0,00
N2z 1.00 0.00 0,00 :

03 0.00 0,00 .
TIMF INTERVAL 10
0.000 TO ot50 o +5R9653
+150 10. “$300 . . L e 589650
450 TO “600: - - . .4589650
+600 TO: $750 . . . 4589650
.750 10. $900 .. 7 , 117460
»800 70 1.050 - 1=+589650
1,050 7O §,200 @ . =+587650
1.200 TO  1.3%0° 7 -,589650
14350 70 1,560 . 270.,000000
1500 TO°  1.€50 .. .- 105000000
1,650 TO 1,800 - - ~=.589650
_ 1,800 TO 1,950 '~ 04000000
S : 1,950 TO. 2,100 ‘ov000000
N : 2.100 TO 2,250 S e 176940
2.250 1O 2.400 . - 0.000000
2.400 TO 2,550 - - 7 04000000
2.550 10 2.700 . . 04000000
24700 TO - 2.850 - - 0.000000
2.850 TO  3.000 7+ 24589650
3.000 YO  3.150 [=+5896570
3.150 10 3.200 .. -+589650
3,300 710 J,u50 . ‘- =s159170
3i450 TO 3,600 _ . +589650
3.600 TO  3.750 . " 0..000000
3.750 TO  3.900 . 0.000000
3,900 TO 4,050 . 770%000000
4,050 TO 4,200 . 04000000
4,200 TO 4,350 ©10,000000
4,350 10 6.500 ©. 0.000000
4,500 TO 4,650 S UL.UYY
44650 TO 4,800 0,000000
44600 TO ~ %,.S$50 - - 0.000000 -
4,950 TO 5,100 0.000000
54100 TO . 5.250 . 04000000
54250 TO 5,400 " .311480
5,400 TO  5,%50 0.000000
54550 TO 5,700 0.000000
5.700 TO 5,050 .008950
5.850 TO 6,000 0,000000
DEJECTIVE FUNCTION = +589653 "BCUND = 100000

Table 2.a Results for Multi-Degree-of-Freedom System

41



i wit;) = uj-uy | u(t;)

1 0.2948257 -0.2948257 0.5896514 0.589653
2. 0.2848257 -0.2948257 0.5896514 0.583650
3. 0.2948257 -0.2948257 . 0.5896514 0.589650
4. 0.2948257 -0.2948257 © 0.5896514 0.589650
5. 0.2948257 -0.2948257 0.5896514 0.589650
6. 0.0 0.0 0.0 © 0.117460
7.-0.2948257 0.2948257 -0.5896514 -0.589650
8.-0.172954 -0.1727954 -0.34559080  -0.589650
9.-0.2948257 0.2948257 ~0.5896514 -0.589650

10. 0.0 0.0 0.0 0.0

ul (tl)

Table 2b. Comparison of Control Forces

Results obtained by Ref. 2 and those by PERFORM.

u, and uy
are taken from Ref. 2., u's were computed by PERFORM.

42 .



wa3SAg UOTIBTOST 9ATIOY POTIIIPON "6°314

(23
— - P
7a Ia
N% - NN = Nvm
9n 4 . , “n
= N
_ e
..b a
- — ’ i
¢, E)
t/
e
e |
awes 9yj oie / . :
$19u102 Ino3 TV : 3
: Rez/480444¢
f - |
ﬁ% - HN = Hx
1, €<—

L3




ment of control forces. It is a problem of suspending a’

- structure within an underground cavity so as to provide opti-
mum shock isolation. We consider the structure to be a mis-
sile suspended in a silo in the manner shown by Fig. 10, where

u;, Uy, g, U,, and u,. represent shock isolators to be opti-
mized. FOr purposes O0f analysis the missile is viewed as a
rigid body capable of three modes of in-plane motion, two
orthogonal translations and one rotation. The silo is assumed
to be disturbed by a shock pulse, resulting in an in-plane
motion of the silo enclosure. This motion can be.decomposed
into two orthogonal input motions, one vertical and one hori-
zontal component. Consider Fig. 11, in which the notation is
the same as that used in Fig. 7 except that B, = angles of
deviation of shock isolators from the original preshock direc-
tions. » ' I :

The equations of motion are.

L 4 o
5 Sin 85 + _Z' ui cos Bi

mz. + u =0 . - %
1 i=1 = o
mzZ, + u. cos B. + u; sin B, = 0 i ‘
S = oo (17)
I6 + ush2 sin (65 + 8
+ u,L, [cos (B - ) . sin (B, - 0)]
S s | P TR T ET 1
- w.,L. [cos (B, - 8) - 8, - 8)1
272 2 = ) Ty S Ry T
-+ u,L. [cos (B, + B) - - sin (B, + 6)]
371 3 2L 3

"

—u4L.2 [cos (84 + 9)%+,-é—

2L2 sin“(B4 + 6)] =0

where m is the total mass of the missile and I is the moment
of inertia of the missile. Since B. are functions of z., z,,

: . . & . } 2
Yyr Yor the terms such as,Biui in thie above equations afe
nénlinear.

Now assume, as in the previous section, that the isolator
forces retain their horizontal or vertical directions despite
the motions of the base and mass. Again, assume the 0 is small,
and in addition assume 8. is small. Then the equations
of motion are rewritten “as

44



1 3
— Uy — — U3 __1_
- L
z, 1
—D-Zl l
A
L
h : :
2 '4
1.15 y

Fig 10. Model Representing the In-Plane Three-
Degree-of Freedom Silo-Missile System

45



rT————"1

oy H

T JL: R
-

L - |
22, '

1

~ Fig. 1 'Kinematii:s.of the Three-Degree-~
- of-Freedom Model

46 -



i=1 *t
mz, + ug = (] (18)
I8 + u L, - u,L, + u,L, - u,L, = 0

171 272 371 472

The relations o

z, = %Xy + yl{ 2, f X, f‘yl, Zl.f x_l + ¥1

Zy T Xy T ¥pr Zy T Xy ¥ ¥y 5y =Xyt

and I = mp2 substituted in Eq. (16) yield, for:upit‘mass,

Xp P oy v uy +uy fu, =y,
A T T ' (19)
M S R O S A
02 02 - _upz 0?

The above equations are all llnear and in the desired form for
PERFORM input format. B
With additional control forces u ., 57 Uyae and ua4
shown in Fig. 12 and neglectlng the contrlgutlon of u
and u to rotational motlon, ‘the equations of mot}on éan
bg wrltteﬁ

Ry +tuy tu, tugtu, = -y,

1 1 72 3 4
(¥, tug = -y, (20)
6 + udl + uo‘2 + ua3 + ua4"= 0
p2 p? p? p?

Again we have equations of motion in the desired form for the
PERFORM input format and the equations are applicable where 6 amiB
are not necessarily small. .
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C. Train Suspension Model

The proper design of the wheel-to-car (or truck) suspen-
sion mechanism is essential to the successful operation of a
high speed rail passenger car. Simplified vertical and lateral
dynamic models of a high speed ‘railroad car have been developed
and' a trial-and-error optimization procedure has been applied
to determine the optlmum stiffness and damplng properties of
the suspension systems in Ref. 3.

The mathematical models used were a four-degree-of-freedom
model for vertical responses to vertical inputs and a ten-
degree-of-freedom model for lateral responses to lateral or
rolling inputs from the rails. The linear equations of motion
were solved by digital computer programs for 'sinusoidal in-
puts to both models and for one random input to the vertical
model. To include nonlinearities in the lateral truck suspen-
sion system, a real-time digital simulation computer program
was developed and utilized. Both linear and nonlinear accel-
eration responses to- sinusoidal, transient deterministic, and
random inputs were obtained for the 1ateral model by means of
this simulation program. '

In this work we formulate the applicationvof the computer

system PERFORM in evaluating the limiting performance of the
lateral train model, subject to transient inputs.

1. Description of the System

The lateral train model used in Ref. 3 is a ten degree-
of-freedom system as shown in Fig. 13. The motion of this
model is described by the following generalized coordinates:

b(t) - car lateral bending

yc(t) - car lateral rigid-body translation
eco(t) - car rigid body roll
ecl(t) - car torsion

n(t) - car rigid-body yaw

Yﬁg(t) - transformer lateral translation
yAr(E) - rear traction'motor lateral transiationA
yAf(t) - forward traction motor-lateral translation
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eAr(t) - rear traction motor roll
eAf(t) - forward traction motor roll

For a limiting performance study we replace the spring
and damping forces in Fig. 13 by the control or isolator
forces as shown in Figs. 14 and 15. Fig. 14 represents a
general case where the entire spring and damping forces of
the system are replaced by eleven . isolator forces. A
special case of only 3 isolator forces is shown in Fig. 15.

The eleven isolator forces considered are:

Uy, ~ ;ear lateral bolster force

Ug ~ forward lateral bolster force

Pgr —Arear'vertical bolster force . ‘
Uge forward ;ertical.bolster force .
ug - transformer lateral bolster force

Up, ~ rear traction motor rolling torque

Upe ~ forward traction motor rolling torque

Up, ~ rear vertical equalizer force

uAf - forward vertical equalizer force

u,,. - rear traction motor rolling torque)
Uye ~ forward- traction motor rolling torqﬁe

2. Operating Conditions and Objectives

The railroad car system is subjected to transient lateral
and cross—-level inputs which simulate the effects of a lateral
deviation of the track from a straight course and the bank on
a curve, respectively. ’

The objective is to find the isolator forces that minimize
a maximum lateral acceleration of the car. Furthermore, the
constraints are on the lateral deflection of the bolster springs.
Thus we wish to find the unknown isolator forces such that
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Fig. 13 Mathematical Lateral Model of Railroad Car and Truck Suspension’
(a) Top and Mid Section Views
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X
max |Ac£( ) |
is minimized, and -

YL<AY (t)<YU

VLAY (£) <YU

are satisfied. Here

Acz(f) f ?(t)W(x) + Yc - Ty (0, +.0

X L .
o cr %08 ) - G - X
. . o ‘ TX, o L .
= W{x)qy + 9, - h,q; - (h, cos —%)q4 - (3 - x)gg
Ay =

S . )
r. ~b(t)w(d) - Yc(t) + (5 d)ﬂ(t) + YAr(t) herAr(t)

. md
same as AY_ with W(d) replaced by W(L-d),
L. 'L .. md w(L-a)
(3 - d) by-(3 -d), 5 by —1—

and the subsciiptlr by f

3.  Modified Equat tion for PERFORM : '
The equations of motion for the original system shown in.
Fig. 13 were derived in Ref. 3 and expressed in the form
Mg + Cq * Kq = Ff

K (21)
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In order to use PERFORM the equations of motion must appear
as :

oR H]
Qe

Mg+Cq+Kg+Ui=FFE o (22)

'k

where the u's are the control forces that replace the springi ~
and damplng forces.

Formulatlon of equations of motion in the form of Eq. .
(22) is not unique and depends on the choice of the coordi-
nate system as well as the isolator forces to be used. This
will be shown in the following illustrations with a two- degree-
of-freedom system with its kinematic relations as indicated in
Fig. l6a. The equations of motlon in the coordinates z, and

22 are written as 1_
my2y + . ky(z=F) + k,(z;-2,) =0 -
_ _ B (23)
m,z, +-k2(22—gl)‘= 0

2

and x, the equations 'of motion become

Using the cobfdinatesx1 2

+ k.x . k x2 =-m f:

m; X 1¥1 7 k2 1

171
(24)

.m2_(x2+xl).+>_k2 X, = -mzf'

Now we write the equations of motion in the form oﬁIEqs._(23)
and (24) for the following six different cases of coordinate
systems'and isolator forces. : .

‘Case 1 (Fig. 16b)

'mlzl +'ul + u2 = 0
" (25)
My2y -8y =0 |
where
u, = k1 (zl-f)

2 = ky(z9-2))
Case 2 (Fig. 16c)

A mixl + uy +_u2 =-mlf
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Fig.16 Two-Degree-of Freedom System
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2(X2 + xl) -u, = —m2f (26)
where
up = Kyxg
u, = ~kyx,
Case 3 (Fig. 16d)
mi¥x, +u, +u, = —mlf
. (27)
my2y ~uy; =0
Case 4 (Fig. l6e)
- my2Z, + kg ozy +tu, = kf
(28)
m,z, - u, = 0
where
u, = k2(zl 22)
Case 5 (Fig. 16f)
m, Xy + kl Xy + u, = —mlf
Y 0 (29)
m2(xl + x2) u2 = —mzf
where
u, = “ky x,
Case:G (Fig. 1l6g)
m,x, + klxl +tu, = —mlf
- (30)
m222 - uz =0

In Case 1, where the coordinates z and z., represent absolute
displacements of masses m, and m,, the eqiations of motion
(Eg. (25)) do not have any forcifig functions. This would not
be an acceptable form unless only initial conditions of these
coordinates are specified. Furthermore, if for Case 1 we

hY
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define

ul = kl z, and

u, =k, (27 - 2z,),

the equations of motion become
(31)

Eg. (31) includes a forcing function and may appear to be as
acceptable as Case 4. However, we have here the problem of
a term with the system spring characteristics with k, not
being completely replaced by u, or u,. Cases 2 through 6
are all acceptable and the cholice of“a particular coordinate
system or isolator forces depends on the initial condltlons
and the nature of the problem at hand.

a. The Case of Eleven Isolator Forces (Fig. 14).

For this case the equations of motion in the form of Eq.
(22) will have the following vectors and coefficient matrices:

Displacement Vector

pemem . —

b = qq
Y. T 9
Oco = 93
, Ocl-= qy Zf

q = n = qg
Y1g = 96
Zy T 99
g = 9g
¢r = 99

| %2 7 91
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where

Zy T Yar "Y
2¢ = Yag g
8 ~
o= —.—r_ '
¢r eAr R
S
= - £
% T eAf R

The coordinate system used here is similar to that of Case 3 -
discussed above. . ' .

. Forcing Function Vector
~ -

f11
- £12
£y = .
- 13
£ . |
] 14J : - 4 .
where
£11 = May ¥p
CE1p = Mag Y
£13 = Iny S
£14 = Ias S5
and . :
. Y. - cos 27V (t-t ) | ; 2Y e ()2 o 21V (-t )
- _of —_ 9, - —
£ ) 08 X ¥ (a%) £ T+ (Aﬂ)tlz XF (AR
¢ - Yor (1- Cos 2nV(t-t2) : s -—2Yor(“v)2 ' cos 2wV(t-t2)
r 2 A+ (AR,)t ’ r~ X + (M,)t

Do+ (82,17
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- , 2 -
8 2mV (t to) . ZGOr (7V) ZWV(t t )

§ = —=—[1-Cos mm———— 1], & = - — Cos
r 2 A+ (A, 7 x [ + (A2)£]2 + (Al)
. o 2 v _
Gf = Egil[l-- Cos ;3;—%2%;32] éf =2§Of ) 'é Cos ;Ezigzé%l
Sl = [x + (82) ] et

The.Y's are lateral inputs and the §'s are the cross-level
inputs. The second derlvatlves of Y's and ¢'s with respect
to time are expressed as Y's and §'s. The quantities V, A,
and . (AL), represent the train speed, the wave. length of the
input diSturbance, and the wheel base of a truck suspension,
respectively. In the above equations t., is obtained from the

. 2
relations _ A+ (AR)
ty -ty s —
L -~ 24 - (AL), -
t, - t, = ' t
2 1 v .
where tl - t = time interval for forward truck to roll over
o
the disturbance.
t2 - tl = time interval between when the front truck

leaves the disturbance and the rear truck
encounters it.

. Isolator Force Vector.

u = [ugy ='Uys Uef = U2, Ugyr = U3,
ulf = u,, UAr = ug, UAf = ug,.

Ugr = Uld, Ugf = ull] .
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where the isolator forces are defined in terms of the confl—
guratlon of Fig. 13. They are St

. -"-d .

- ul = C s 1d - &

Yer = %1 7 Cgcr [W‘d)b * Yo + h3 eco_+ h3 cos 1 ecl (2 din

. . . Gr R .
—(zr tY) +hy, (o IS k,Q,cr [Wd)b i+ y, + h3 0,
nd &L - (z l S
+ h3.cos T %1 (2 d)n (zr + Yr) + h2r (¢r t R )]
U.g = 4, Same as with the subscript r replaced by £,
W) by WE-d),
L L d L-d
~E -d) by (& -a), and B¢ by "—(L——l
8
= = L 5 1 i TS X
Usy S U3 =G5 [5 0,5+ 7 C0S 0,1 73 (¢r + )
) $
1 1 md _ 1 r
Tk [T 0,708 T c1 7 W+ I
u = u, = Same as u with d replaced by (L-d) and the sub-
sf 4 . r
script r By f.
L ) . - .
= = (= .-
ug ug clg [W{ ).b + Yo + hT eco Yg]
L
szg [W(—2-)b + Yo +hT.ec.o Yg]

. - L d &r . 6I‘
Yor = Y6 T Cpr [zr'+ hy, (¢r + TT)] + kzr [zr +hy, (¢r + ?T)]
uﬂ'f = g7 = sa@e as ulg with subscript r replaced by f.

§
= u, = b+ L / _r
Uar = Y8 T ?Ar (o, + g * Kar (q>r'+ R)
Upg = Ug = Same as uAr.with subscript r replaced by f.
‘ : 6r | 6r
Yor = Y10 © Car (¢n Rt Kor (¢r + 5
Uysg = U991 = Same. as Usr with subscript r replaced by f.

. Damping Matrix

C = [0]
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. Forcing Function Matrix .

—

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

(10)

(1)
0

(2)
0
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b. The Case of Three Isolator Forces (Fig. 15)

The vectors and coefficient matrices of the equations
of motion in the form of Eq. (22) are defined as follows:

. Displacement Vector

-b=q1
Yo = 9
eco = qj |
ec1 = 9y
q= n =g
Yg = %
yAr =g, /
Yar = 98
far = 99 |
| %A = 910

Here we are using a coordinate system similar to that of
Case 4. '

. Foréing'Funétion Vector

f11
f12 _ .
£, = :
1 f13
fl4 |
J,
where

67



fll . klr Yt €y 3.fr B

£1p = kg Yg * O Yg | ‘
fl} = kAr 6r * cAr 8r

£14 = ¥ag 8¢ * Cap O

The rail ipputs Y's and §'s are the same as in the first
case. Y's and §'s are the time derivatives

Y v 27V (t- t, )
r + (AJL)t A+ (Az)

Y ™ 2mV (t—t )
i = .__o_f._.._.___ sin %)

£° X+ (B0, X F (B0,

The expressions for § and &_ are of the same form as for the

Y and Y_ with ¢ an8 § reéplacing Y and Y
r or of

f of or.

. Control Force Vector

ucr ='ul
4= U = Uy
ug = u,

where the isolator forces are defined in terms of the
configuration of Fig. 13. These are

= ¥ : P ‘ md 2 - _ L _ .
Uy = Cpor [W(d)b + Yc + h3 eco + h3 cos +— ecl (5 d)n
= Yar * Pyr O3.d
nd L
+ kSLcr {W(d)b + yc + h3 eco + h3 cos - ecl (3 d)n
T ¥ar Doy Oar!
u, = Same as Uy with thé subscript r replaced by £, and W(d)
L L md -
by W(L"d)s"(‘i' -d) by- (7 - d) ’ and T by __TT_(_i_._d_)_
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. L . . - .; . .L ;
c [W(E) b+y, +h 8 - yg] + kzg [W(E) b 4'hT 8

o] T c¢o co

+ Ye - ygl
. ‘Mass Matrix

M = same as in the previous case of 11 isolator
forces B

- +.Stiffness Matrix, K } - ' . .

_ 8.4
Ky —'(E'I)LBl L
K12-= cee = Kl,lO =0
Kypg = oo = K2'10_= 0
K31 T K3 =0
k_B®
Kyq = —
33 2 '
2
k B ’
_ kg nd m(L - d) .
K34 1 [cos 7, T cos L 1 = K43
K35 = e = K38 =0
$39= —— K93 K3,10= K10,3= K49= K4,10= K10,4= Koy
: ksB2 2 7d é (L - d) | GJE."AZ
1.(44 =T [cos 5, t cos L 1 + 2 (f)
Kyg = +oo =Ky =0
) K51 = e s @ = KS,lO = 0
Ksl = e = K6,10 = 0
K7l = e '= K76 - 0
K77 = eee = kz:r
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K = K = 0 . » o

78 = Xg7
Kgg = Ko - 0 e
Kgg = Kog =0 |
Xg8,10 = K10,8 = keghye o
K9y = Kgp = Kgg = Kgg = Kg 309 5.0 . -
Ko7 = RKyg = kgl
2 2
Kgg = kz - * kger * Kar +'h%rK£r
kB2 K RD 2
Kip,00 = "3 Y Ta ¥ Kop * Kgglye

. Damping Matrix, C

Identical in form to K except Cllfx 0,
cgB nd 7(L - d)
Cyq = ~%w~ [cos? -+ cos? —]
For other elements ks} kA, ky are replaced(byﬁés,

‘cA,'cq respectively.

., Control Force Matrix, U

_ ' - Lo
Uy, = Wid) U, =2-d
Upp, = W - 4d) - Ugy = U = Uy =0
oL = wky | YL, = UL, = -1
13 3 . Ugz = Up
Usp = Y32 =k o Ugy =1
U= By . o Ugy R0
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8]

U
U
U

. L )
-(5 - d)

. Forcing Function Matrix

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)

(1)

—

0

0

4. Notation

Acl(x)

B

b (t)

-
o
[

(2)

0

0

© o

lateral acceleration of car

-0
0

o

o wl™ o

(3) (4)

.l

0

o

&S o
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10,2

lateral distance between bolster springs
(see Fig. 14)

,generalized coordinate for lateral car

bending

(h-1) thelement of damping matrix

distance from end of car to centerline of
trucks (see Fig.

71
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Young's modulus.
_ : w
frequency ‘of gth degree of freedom, 5%, Hz

modulus of rigidity.

~vertical distance from - -traction-motor

center of gravity to line of action of

‘lateral equalizer spring (see-Fig. 13(b))

vertical distance from traction-motor

- center of gravity to line of action of

lateral bolster spring (see Fig. 13(b))

vertical distance between car elastic axis
and line of action of lateral bolster
spring (see Fig. l3(b)) :

‘vertical distance of car section center

of gravity from car elastic axis, p051t1ve
for center of gravity above elastic axis

. (see Fig. 13 (b))

vertical distance between car elastic

-axis and line of action of lateral trans-

former spring (see Fig. 13(a))

flexural moment of 1nert1a of car cross-
section -

mass moment of inertia of traction motor
in roll about 1ts center of gravity

: mass moment of 1nert1a of car in roll

about car elastic .axis, per unit length
torsional constant of car cross-section
spring constant

(h-i)th element of stiffness matrix

length of car (see Figs. 13(a))

‘(hfi)th elemeht of mass matrix

mass of car per unit length

traction-motor mass
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YL
YU

v (£)

'yc(t)

s (t)

(Az)'t

Ay (t)

car mass, mL
transformer mass

viscous danmping coefficient for qth
degree of freedom, where g = A, c&, cT,
etc., also see subscripts

lateral -distance between equalizer springs
(see Fig. 13 (b))

vertical displacement forcing function at
rails (see Fig. 13 (b)) -

car speed

lateral bending deformation of car (see
Fig. 13(a))

car bending mode-shape value at x

length along car, measﬁred from rear of

car

lateral displacement forcing function at
rails (see Fig. 13 (b))

lower limit
upper limit

generalized coordinate of lateral trans-
lation of traction motor

generalized coordinate of lateral rigid-
body translation of car (see Fig. 13(b))

generalized coordinate of lateral trans-
former translation

increment of vertical displacement at rails
associated with cross-level (or rolling)
displacement input (see Fig. 13(b))

center-to~center distance between axles
of a truck suspension system

displacement relation in lateral bolster
springs for nonlinear spring behavior
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n(t) " generalized coordinate of car in rigid-

body yaw

GA(t) " generalized coordinate of traction-motor -

. rolling degree of freedom

6. (x,t) . rigid-body roll and torsion of car

eco(t) generalized coordinate for rigid-car roll

ecl(t) : generalized coordinate .for ISt torsion
mode of car

Subscripts

A identifies properties associated with the
traction-motor-equalizer system

c associated with car

£ identifies forward trucks

g associated with transformer

h,i integers identifyin§ matrix elements

L identifies properties of traction-motor-
lateral-equalizer system

Lc identifies properties'of lateral bolster
spring-damper system

o identifies amplitude of forcing- function

r identifies rear trucks

s 1dent1f1es properties of vertical bolster

spring-damper system

Dots over quantities denote differentiation with respect to
time.
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D. Aircraft Ride Control System

To evaluate the candidate designs for the ride control
system in a STOL airplane, a limiting performance problem
was formulated. Specifically, it is desired to minimize
the maximum vertical center-of-gravity (c.g.) acceleration
subject to constraints on flap and elevator deflections. These
two deflections are used as controls.

The airplane is assumed to behave as a rigid body. The
nomenclature is:
a = wing angle of attack
8 = rigid-body pitch of airplane
v = perturbation in forward velocity
ag(t) = angle of attack due to gust
ag(t-T) = delayed gust angle of attack (at tail)

T = time delay between impingement of gust on
wing and tail

= elevator angular deflection, a control function
u, = flap angulaf deflection, a control function

0o = gust amplitude
w = gust frequency

Assuming quasi-steady aerodynamics, the equations of
-motion for the airplace in first order PERFORM format are

s =As+BU+DF (32)
where
7] .
Sl 6.‘-1
s, é
s = = (33)
S3 o
S .V
40 L2
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n (ff/secz)

Y —yt—

8 - only u, is active ( i.e. u, = 0)
© - both u, and'u2 are active -

0.035 0.07 0.14 0.21 - 0.28

- .Bounds on controls (rad.)

o

Fig. 17 Limiting Performance for
a STOL Airplane Ride Control

System.
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o
4= (34)
)
f Tf.fll | ag(t) (35)
fx = £ o (£ - T
[ F12 g -

Consider the specific case:

S 1.0 o - 0
0 -0.05662 - -0.58024  -0.0000262
27 . 70.97710  -1.75148 ~0.00L...
-4.77992 0 0.96138 0 L
0 | 0 ]
: -0.64961  -0.18396
== -0.15183  -0.64855
| 0 .. 0 -
0 0 ]
~0.13587 -0.10674
> |i1.65057  -0.14425
K o _

Select v, (s - §4) as the objective function, with v, =
308 ft/sec. The consé aints are imposed on the magnitude of
the control. Numerical solutions are obtained for two cases.
In Case 1 only u; is active and uz = 0. In Case 2, both u
and u, are active. The disturbance in both instances is al
step input, i.e., ag(t) = 0.649H(t) where H(t) is a unit step
function. The time“delay is T =.08207 sec. The total time
interval used was 0.95 sec with a time increment of 0.05 sec.
The trade-off curves for these two cases are shown in Fig. 17,
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E. Shock absorber

s for Freight Cars

Consider the

limiting performance of the shock-absorber

system (or cushion) of railroad vehicles used in protecting
passengers or cargos under crash conditions. Typical analyses

of freight car ‘lad
in Refs. 4 and 5.

The dynamic s

ing protection problems are described

ystem model of Fig. 18 is taken from Ref. 5,

‘with the following nomenclature:

Sy, = lading
¢ = damping

k- = elastic

Mc = mass of
= S '

ML mas ‘of
M_ = mass of
S u‘
u = cushion

d =Y1—Y2

V = impact velocity

The equations of motion are given by

Msy1 +u=20
Mcyz - k(Y3 -

M¥3 + kiyg
We will treat the

yl(O) =

n

¥,(0)

contact area

coefficient, due to friction in lading

constant, representing resilience in lading

3

struck car body |
lading

i
S O

striking car: = |

force

= cushion travel

y2) - c(§3 - §2) -u=20 (36)

-y, - elyy =¥y =0

impact conditions
y2(0) = y2(0) =0

\Y

where t = 0 is the time at which impact occurs.
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aw

;¢ Shock absorber. ...

or cushion e o
r Lading

| A A mad £ ‘ ¢
K L '
MS o-u-oz_{ 'jA‘A ML‘
—— a1 ol yon
(o]®] (@]0] 00 O
striking car =l dle struck car

Fig 18. Madel of striking car, struck car and
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For specified impact velocities, the problem is to mini-
mize the peak force transmitted to the lading while the cushion
travel distance is bounded. Thus, the u is sought that
minimizes

-max|k(y3 - yz)l (37)

with the restriction that
0<dc<a ' ’ ' (38)

where A is prescribed.

The problem has been put in PERFORM format for the fol-
lowing physical and material constraints:

c = 23,000 1lb sec/ft »
k = 341,667 1lb/ft ‘ )

M_ = 1630 1b sec?/ft

C
M, = 1590 1b sec’/ft . -
M_ = 5280 1b sec?/ft
S = 33.7 ft2
o _ .
vV = 10 mph f R

A PERFORM generated trade-off diagram between max1mum

transmitted force and- cushlon travel distance is shown in
Fig. 19. : .
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2500 -
S Pteviously claimed to be
TR the 100% effective cushion
P I (Ref. 5)
b 1500-
. O
I
v
§b~. _
£ 1000
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Ag 50_0 Performance/
% No shock absorber can
- Iead to a maximum lading force
below the limiting performance curve
/ // e /////// /J/ .

"0 .
S q:stumtravelda.stame,A (m)
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F. A Launch Booster Control Problem

We consider here a booster control problem known as the
constrained bending moment minimax drift problem. This is the
problem of minimizing the lateral drift from a reference
trajectory along a flight path where the magnitude of the bend-
ing moment cannot exceed a critical value (Refs. 6, 7). This
problem will be plaved in the PERFORM format in the following
subsections.

1. Eguations of Motion

' The rigid body equations of a typlcal launch booster are
given in the following form (Ref. 6:

¢ +Cla +CyB =0 o o " (39)

Z = K¢ + Kya + KiB o (40)

o = ¢ - & + a - ' (41)
\ w ' C ' '

where ¢, o, B, Z represent angular deviation from reference,
angle of attack, engine gimble angle, and lateral positional
deviation from reference, respectively. The wind contribu-
tion to the angle of attack is denoted by o and the vehicle
gpeed by V. We assume several transient wind disturbance-
profiles which might be encountered by the launch vehicle
during flight are known.

By substituting Eq. (41) into Egs. (39) and (40), we

have
. - Cl . .
¢ = -Cl-qb+ < Z - C1°‘_w - cze
.o K2 [ ] .
= + -
Z_ (Kl K2)¢ < 7 + Kzaw + K3B
Let
[ s,
- z S2
s = =
0 S5
Z s
4
| o
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and u = B, and fk = 0o,

Then the rigid body equations of motion for the booster take
the PERFORM compatible form

s=As+Bu+0DTf

k
where
- C —
_ 1 - :
0 v Cl 0
. _KZ: ‘
_ 1 0 ' 0 0
[ o 1 0 -0
[ -c, -C,
B = K3 aéd D = : K2
0 0

2. ' Objective Function and Constraints

'The bending moment, given by a linear combination of o
and B is constrained as follows:

l M7, @+ Mg B < M (42)

where M"_  and M”,; are bending moment coefficients and Mmax is
the maxiffum allogable bending moment. We choose as an objective
the minimization of the maximum |§ (t)l of the booster subject
to the constraint given by Eq. (42).

In the PERFORM format the objective function is Written
as

Px;é + PX2u + PX3 T

-

k
where

PX1=[0100]
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PX3 = [ 0]
PX3 = [ 0]

In the PERFORM input format the constraint given by Eg.
(42) -can be expressed as

YL < Yls + Y2u + ¥3 £ < YU
where
YL = -|Mm___|
max 1
YU = |M___|
max
Y1 = [0 -2 MO] |
= vy
Y2=;M'
¥2 = [M7]
¥3 = (M7 ]

The specification matrix is given bY'
MSP = [ 0 0 ]

3. 'OutEut

The rate of .change of the. lateral positional deviation
from reference, %(t), can be tabulated versus time. Also,

a trade-off relation between the minmax 4(t) and the maximum,
bending moment can be obtained by varylng the bounds of the

bending moment.

?
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G. A Pressurized-Water Nuclear Reactor Power Plant

As a potential application of the computer program to
a large system, we consider the control of a pressurized-
water nuclear power plant. This system was first used as an
example in Ref. [8]. Fig. 20 shows the schematic diagram of
the pressurized water reactor. Heat is produced in the reac-
‘tor by nuclear fission, with the rate controlled by insertion
and withdrawal of control rods. This heat is carried away by
the primary coolant which then flows to a heat exchanger where
it gives up its heat to make steam. The steam goes to a tur-
bine that converts the energy to shaft work to produce elec-
tric power. Pumps cause the primary coolant .to circulate
through the primary loop.

A pressurizer rides above the primary loop with saturated
water in the lower part and saturated steam in the upper.
Having saturated conditions in the pressurizer assures that
the water in the primary loop is subcooled.. The steam in the
upper part of the pressurizer acts as a "cushion" to allow
expansion or contraction of the water as its temperature
varies. Spray water taken from the coldest part of the pri-
mary loop condenses steam and lowers the pressure. An elec-
tric heater boils the saturated water, thus lowering the
water level and increasing pressure.

The principal disturbance to the plant operatlon comes
from sudden changes in steam demand from electrical load
changes. The most difficult case is a load drop from maximum
load. The reduced steam flow takes less heat from the heat
exchanger, causing temperature and pressure to rise rapldly
in the primary loop

A ten percent step drop in steam flow from full load is
applied with the plant initially at equilibrium. This load
change is treated as a forcing function. '

The objective is to maximize the minimum value of the
pressure of the pressurizer with continuous constraints on
maximum pressure and the three controls plus terminal con-
straints on a temperature and its rate of change. We sketch
the formulation of this problem in the PERFORM format in the
following subsections. The specific coefficients involved
can be found in Ref. 8.

l. ‘Povernlng Equations

The equations describing the system are expressed as

.

= _ - . - -
s A's Bu + 2 fk
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where

sy |
S2
s = . | state vector
S25
N u; =R Rod speed
Iﬁ = w\‘jﬁé?i@s _ .Spray Control Forces '~
T u, = Q : - Heater
3 j
fk = i fll Forcing Functlon
A = [ AijJ --25-x 25 Coefficient Matrix
| ot
B = [: Bij | 25 x 3 Coefficient Matrix
D = | pij 25 x 1 Coefficient Matrix
2. Objective Function

The objective function is expressed in the matrix form

PX1 5 + PX2 U + PX3 F

k
where
5, ﬁ, and fk are defined above.
PX1 =fbxi;] 1l x 25 Coefficient Matrix
pX2 =[bxi5! 1x3 Coefficient Matrix
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PX3 =[?xi5\ 1 x1 : Coefficient Matrix ..

3. Constraints

Constraints in matrix form are expressed as

YL < Yls + Y2u + ¥Y3f < YU .

where

5, a, and Ek are defined above.
T = ”YLiJT 6 x 1 A Lower Limit
vyl = [vl..|] 6x 25 Coefficient Matrix

- ¥2 = Izij 6 x 3 Coefficient Matrix
Y3 = ~Y3ij 6 x 1 Coefficient Matrix
: | ) . .
0 = —'Yuij 6 x 1- | : Upper limit. ~ -

The specification matrix is'gi&én by

— —

00
01
03
MSP =
00
00
4. * Output

The desired output vector V is given by

V=0ls+02u+03FE
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where .

Vl Pressure

V2 . Temperature

v, Time derivative of temperature
vV =

V4 Rod speed

V5 Spray

VGM - Heater
L = [-Qij 6 x 25 Coefficient Matrix
gz = , [ Qij 6 x 3 ‘ Coefficient Matrix
Q3 = [.Qij- 6 x 1 Coefficient Matrix

Trade-off relations between the minimum_value of the pres-
surizer pressure and the output_vector V_shown above can be
obtained by varying the bounds YL and YU,
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SECTION V
CONCLUSIONS

A computatlonal capability, PERFORM, for ‘the evaluation
of 'the limiting performance of transient dynamic systems has
been developed and is described in this.report. This capa-
bility is intended to be used by a designer -of dynamic systems
to determine the fea51b111ty of the proposed design specifi-
cations. Thus, PERFORM is meant to be a new de31gn tool

In addition to being able to use PERFORM to scrutlnlze
design specifications, this capability can be used during the
actual design process to measure the relative success of pro-
posed designs with the characteristics of the theoretically
best design provided by PERFORM. o

PERFORM is used in an engineering problem-oriented form.
The user prescribes in a simple fashion the system equations
of motion, sets of constraints, objective functions, and
classes of possible inputs. The capability then automatically
computes the llmltlng performance characterlstlcs requested
by the user.
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APPENDIX I

USERS GUIDE FOR PERFORM’

PERFORM is a computer system that can be used to determlne
the limiting performance characterlstlcs of a dynamic system
described by a system of first or second order equations of motion.
The 1nformatlon, 1nclud1ng input requlrements, necessary to use
PERFORM 1s descrlbed in this appendlx. :

A.J”“PERFORMlﬂtilization Procedure

C This. sectlon describes the steps necessary to solve a limit-
" ing performance problem with the PERFORM system. Essentlally this
is a statement of the details of the system flowchart of Fig. 1,
Section III.

.1, ,Prepare the 11m1t1ng performance problem spec1f1catlon
~data. This input is described in detail in the following
sections of this appendix. In the system flowchart th1s
1nput is labeled "PERFORM problem spec1f1cat10n data."

"2, Run PREPROC using the data of Step 1. There are two card
outputs of this program; the PSTPROC Report data and the
linear programming problem data for the LP Solver.

" Hold the PSTPROC report data output for use in' Step 6.

' If several sets of constraints are being run for trade-
~off relations, one LP Solver data deck w1ll be produced
for ‘each different constraint.

_ Deck preparatlon for compiling and executlng the PREPROC
program is shown in Fig. I-1. The details of the leading
control cards depend on the operating system*of the

..computer and any user desired system option.

3. Transmit the linear programming program data to the
external computer, i.e. the computer with either MPS/360
or a MPS/360 compatible linear programming software, for
solution of the linear programming problem.

If recurring use of PERFORM were anticipated, excessive recompila-
tion can be avoided by storing the program, in object form, on the
system library. The indicated deck structure would then have to
be approprlately modified. :
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4. Run MPS/360, or compatible software, to obtain the
problem solution. For each constraint deck produced
one execution of MPS is required; however, only one job
and transmission is required.

;]The ‘deck contents for ‘an MPS/360 run jg shown in Fig., I-2.
“This model, in general, would be correct for any MPS/360
1nstallatlon using 0S/360. Words in upper case letters

‘are’ invariant among jobs and installations. Words in
lower case letters depend on the job and installation.
Those dependent on the job are user chosen to identify
the problem. Those dependent on the installation should
be obtained from system personnel. : :

._BeoEuse of po551ble 1d1osyncra51es of the external computer,
‘:consultatlon w1th system personnel before attempted use is
" imperative."

- 5._ Receive from the external computer the linear programmlng
o ‘problem solutlon.v This can be either in card form via
.. courier or by telecommunlcatlons if faCllltleS are
;avallable._

. 6. Run PSTPROC u31ng the MPS/360 linear programming solution
- data recelved 1n Step 5 and the PSTPROC report data of
"Step 1. .’ _

Fig. I-3 shows the deck structure for this run. The de-
tails of the leadlng control cards depend on the operating
.nsystem,berpglused and any user desired system options.

The different linear programming solution decks must be
physically concentrated behind the PSTPROC data. The
.1mportance of careful card handling cannot be understated

. since the existing PERFORM system has no facrlltles for
error detectlon. :

The llmltlng performance problem solution is output in
~this step.

* . LN -.' 5 . . . . . c L ., A
As: indicated in ‘the discussion of Step 2, it may be advisable to
place the PSTPROC program on the system library.
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Job and other Control Cards
T ;
PREPROC program

Data Indicator (CDC 6000: 7-8-9. card)
Probigm Specification Data

End of Job Indicator (CDC 6000: 6-7-8-9 card)

(Lines Represent Decks of Cards)

Figure I-1 PREPROC Deck Structure.

CompiIe and Execute
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//
//
//

/*
//

_)*

Job-name JOB - account data
EX MPS-procedure-name
Compile-step-name. SYSIN DD *
A

MPS7360 ' CONTROL = ' PROGRAM’

Pov

]
hd .. . .-
. L . ke
' N S L K B S8 *

Go-steprame.SYSIN "D

TS IS

MPS/360 LINEAR PROGRAMMING DATA

(Lines Represent Decks of Card)

3 B ) o o b

Figure I-2 MPS/360 . Execution Deck
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Job and other Control Cards S s ey

A
~ PSTPROC program
, N - . . . . e

3

\
Data Indicator ’(CDC 6000: 7-8-9 card)

]‘A‘" J S O T

PSTPROC Report Deck
)

MPS/360 SOLUTION Deck

(REPEATED)

End of job indicator (CDC 6000: 6-7-8-9 card)

(Lines Represent Decks of card)
Figure'I—3‘.PSTPROC Deck Structure
Compile and Execute

v
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B. Input for PERFORM

l. System Described by Second Order Equations

PERFORM treats svstems described by the second
order equations of motion

£

’ n ' n
) K,.gq. + ) U..u, = ] F..f . (I-1)
j=1 1373 j=1 133 j=1 13 k]

3 -

3.‘1 lf
M, .d. + C..q. +
j=1 17 7] j=1 13°]

i=1¢ton
in matrix form these become

s

Mg+Cg+Kg+Uu-=F £ (I-2)
where
r~
9
a= |72 displacement vector
th nxl
g— i ! i
9= |49, |
t ' . velocity vector
9n nxl
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9;
qa=|ag,
qn nxl1
- '
Yy
G=]u,
u nua x 1
nu .
fr1
£= | £z
fyns nf x 1
- -
Myp Myp oee Mpgy
M= My My oo My
MM, e M

98

[Mij]n X n

acceleration vector

S

.control force vector ..

forcing function vector. The
subscript k identifies the set
of forcing functions, e.g.-f21

is the first element of the
second set of forcing functions.
This allows the system to
encounter alternate sets of
forcing functions which might
occur with equal probability.

mass matrix



Te
-
a

damping matrix

K = [Klj]n X n spring matrix
U = [Ul ]n % nu matrix of constants .
J . associated with control force
F=1IF_1 4 nf ' matrix of constants
] ' associated with external
disturbances

The user should place his equations of motion in the form
of Eq. (I-2). The non-zero elements of the matrices M, C, K, U,
F are then entered as inputs in the form explained subsequently.
This is accomplished by identifying the matrix, e.g., M MATRIX,
and then specifying an'element and its value, e.g., i, j and M,..
Elements not entered are assumed to be zero. ' 1J

Example 1 ‘
_ The equations of motion for a system shown in Fig. I-4 can be
written as - : :

my

X + k(x—y) tu=mgqg+ hk(t) 4 - ‘ (1-3)
M,y + oy + #(ij) =m,9

Put in matrix form

mi 0 X 0 0 % k -k X 1
+ + + [u] =
0 m, vy 0 c v -k k Yy 0
m, 1 g -
L ' (1-4)
m, 0 hk(t)

Now -define

X = q Yy =4,

99



(ko

TIIITI I
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. %
q = !
| 7 |
. :
q = i
Y !

[l ]
1]
V: Ly l
e
L

m 0
= | * “
0 m - .
L 21 S (I-5).
- ' R
0 0
g — S
0 qmj
i~ —
k -k
I_<. =
-k k
T
1
p_ =
0
rm1 1 '
g =
T2 0
7 I
= : !
Tk .
h, (t)
Note that the k subscript of f designates one set of forcing
functions. In our case fkl = g = gravitational acceleration
constant while sz = hk(t) = gome function of time, e.g. those
in Fig. I-5. If f12' f22, and f32 of Fig. I-5 were all to be

included in the input, then these disturbances would be treated
as though all are potential forcing functions that may occur with
equal probability. Using Egs. (I-5), Eq. (I-4) becomes

A}
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the

in the form explained later.

Mg +c

‘|_'Q|.

Kq+Uus=FFE

k-

(I=6).

2. System Descrlbed by First Order Equatlons

The first order equations of motion’ accepted ‘by
computer system are expressed as

where
3 =

s

A= Ia
B = [B.
D = D,

=]

5 - _A_-S- + Ea _‘; EE o 5 B - "u"_ e o e .':'.‘, -

51

52

Smj m
ij]m X m

ij

]
.1

ij’m x nu

m x nf

X

X

k

,‘i,

state vector

time derivative of

coefficient matrix

coefficient matrix

,cbefficient matrix

(I-7)

state vector

number of equatlons in the system of equatlons

The user should input non-zero elements of matrlces A, B, D
This is accomplished by : 1dent1fy1ng

the matrices;

to be zero.

€.g.,

A MATRIX,
its value, e.g., i, j and A(l,j)

and then specifying an element and

Elements not entered are assumed
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Examgle 2
Equations
be written as

of motion for the system shown in Fig. I-6 can

1 __ 172
1
ah h.-h,  h -
2 _ 17272 Sy
€23E T E] R, * Ep(t) or
s R SN R e(t) e
at = KRG, 17 Ry 2 91 ‘
dh : '
2 1 1 1 1
—e = == h, =(3==— + =—=—)h, + = E,_(t)
dt = RC, "L T'RC, T RC, 2T C, k
The system of Eqs. (I-8) is equivalent to
s = A5 + Bu + DF (1-9)

k

A
’G
1 1
(i + i)
RiCy  RC,

where
s =
h,
u = [el(t)]
-fk= [Ek(t)]
. 1
RiCy
A=
1
RIC1
1
o .Cl
L 0
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cl
¢,
By
h2
tank 1 <o tank 2 —_—
) N N X T
R Ry

h), h, = liquid level in tank 1,2 ;espectivel&fv
Cl’ 02 = cross sectional area of tank 1, 2 reépectively

Rl’ R, = orifice resistances

Flow rate throughAofifice = % (assumption)

Fig. I-6 Two-tank liquid-level system
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3. Objective Function

Regardless of the form (first or second order) used to
describe the equations of motion, the format for the objec-
tive function is the same. In the case of the second order
equations, the user should establish a state variable vector
s as ‘ T

g =|-

Qe Qle

. : (I1-10)

The user can choose any linear combination of state
variables, derivatives of state variables, or control forces
as an objective function. 1In the case of the system des-
cribed by second order equations, these become linear com-
binations of accelerations, velocities, displacements and
control forces. PERFORM finds the vector u that minimizes
the maximum (ISP = 0) (or maximizes the minimum (ISP = 1))
time values of the functions-used as objective functions
while satisfying the constraints. The objective function
is formed as

PX1S + PX2T + PX3E, ‘ (I-11)

If more than one row of the matrices in Eq. (I-11l)contains
non-zero elements, then the peak values in time of the
vectors resulting from the meaningful rows are to be com-
pared. PERFORM minimizes (maximizes) the maximum (minimum)
of the peak values.

Example 3

To illustrate the formation of an objective function, consider
the Z—Qegree—of—freedom (DOF) system in Example 1. The equations
of motion are given as Egs. (I-3). Suppose we have only one set of
forcing functions. We assume the objective function is to minimize
' the maximum of the peak values of liT; |¥1; |% - ¢|]. From Egs. (I-3)
Y and x can be expressed as

105



h, (t)

1 1 1
. -c . , k k
y=—y+—x-=—y+g
S M ) )
Then the objective function involves
h, (t)
: k
1 1l 1l
c . .,k kK
-——-y+—-x—-—-—y+gl (I-12)
) T2 )
% -y

PERFORM will minimize the maximum of peak values of these three
relations. 1In terms of the form required for PERFORM, we write

%
_ y
s=

X

y
u=[u]
- g
fk=

Re)

so that the objective function becomes

-k k - = L1 =
0 0 =< s + -1| 1 + 1 =—|F
ml ml ml k
0 -& X ;—k 0 1 0 | (1-13)
2 Ty 2
1 -1 0 o0 0 0 o0
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Thus in Eq. (I-11),

0 0 %5 55
1™
PX1 = | 0 %S ﬁE '%E
2 2 M
1 -1 0 0
N _
-1
PX2 = 0
0
]
1 ﬁl
1
PX3 = 1 0
0 o0
N ]

4, Constraints

Constraints, like objective functions, are treated the
same regardless of whether the equations of motion are expressed
in first or second order form. Constraints may be placed on
state variables, derivatives of state variables, and control
forces (accelerations, velocities, displacements and control
forces for systems described by second order equations). The
general form is

YL < Yls + Y24 + Y3F < ¥ (I-14)

b 225y 2

Each row in Eq. (I-14) represents one constraint. A
specification matrix (MSP) is needed to specify the nature of
each constraint. MSP 1s a matrix of two columns with rows
equal in numbers to the rows in Eq. (I-14).. The elements of
MSP are given integer values defined as follows:

D
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if the ith constraint (row) is continuous
(i.e., is to be imposed at many times)

MSP(I,l) = .
if the i constraint is imposed only at
some specific time. ' S
, . th :
. , means the i constraints
Msp(I,2) = are of the type respectively
‘Example 4 |

‘For the same system of Example 1 suppose we want the
constraints : :

- b(t) i.ﬁff) < a(t) . for ail't
| | dlli'x <4, .for;tl,onlf
| y 24, for all t‘
X(t,) = Vo I fo; t, only
In matrix form -
[oey] o o o o %] + [arar + fo o] [¢ T< [aee)
< ' .
d, “looo 1 ool g 0 Joo |hw o a,
- 0 0 0 1 | 0 0 O d3“
- 1 0 0 0] |y 0 0 b_J Vo
I 4 L L L L
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The .specification matrix ié'given by

p— -—

0 0 ,
: 1 0
MSP =
0 1
1 §J
5. Output

Any linear combination of s, U, f can be tabulated
versus time. The user inputs matrices Ql1, Q2, Q3 in the
equation N

QL § + Q21 + Q3 £

The dimensions of matrices Ql, Q2, Q3 are m X not,
nu x not, nf x not, respectively, where m is the number of
state variables and not is the number of outputs required.
A specific set of forcing functions, i.e., ISET(I), must be
designated for each quantity to be tabulated. The user can
also get trajectories of any one of the quantities tabulated.

A trade-off curve between the objective function and
any one constraint can be obtained by varying the bound of
that constraint. The bounds that can be varied must be of
the constant type (i.e., NCN = 0). For a constraint with
both upper and lower bounds the user can either vary both
bounds at some increment or keep one bound constant and only
vary the other one. The details of the implementation of the
constraint variation are given later in this Appendix.

Ay

Example 5
Suppose for the system in Example 2 we want to have the

water level h. (t), h,(t) and the controlled input e(t) to be
tabulated as unctio%s of time. Then

i

E o",
Q1 =10 1|
o 0!
| i
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o | v
Q2 = [0
1
0
Q3 = |0
If we set ITR(1l) = i;ITR(Z) = 1, ITR(3) = 1 then the time tra-

jectories of h_(t), h (t) and e(t) will be tabulated and plotted.
Let the goal in Example 2 be to minimize; the maximum value

of objective functions |h (t)| and Ih (t)| with the constraint

Ihl(t)l < D. Then for each prescribed value of D we can obtain

a minmax value of the objective functions. By varying D we can
compute a tradeoff curve.

6. Input Format

Words not underlined are variables used in the code.
The underlined words marked with * are required in the input.
Those underlined words marked with ** are required only if the
data they designate are to be entered.as part of the problem.
For example, for a problem with no initial conditions (i.e. all
initial conditions are zero) the card with INITIAL CONDITIONS
is not needed. '

The order of the word-cards is immaterial as long as
the appropriate data follows the proper word.. For example, the
K MATRIX card and its data can be placed before or after the
M MATRIX card and its data.

7.:'iaimitations'aS'tO'Size‘of'PrO'blemS

: The size of problems that can be solved by the
program listed in this report is restricted by the DIMENSION
statements in the program. The following are the current maxi-
mum sizes of important parameters.

NU=5, NF=5, NSETS=1, II=20, NOB=3, NOC=5, NOT= 10, and the
comblnatlon of the above parameters should be such that
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RH < 120, CH < 40 (See Section D of Appendix I11)*.

Card No. Columns

Variable Format

21-23
24-25

26-30

31-35-

blank
NPB
blank

TITLE

blank -

blank

NOE

blank

blank

NDF

- blank

CNU

NF

NSETS

(15)

(12A5)

(11)

(12)

(I5)

(15)"

Comments
problem number

any written title or
description of the problem

ot

= 1 input systém of 15t
order equations
nd

2 input system of 2
"order equations

number of equatlons ‘of -

vmotlon

number of controllers of
the system

number of elements in each set of
forcing functions of the system

number of sets of forcing

‘“functions (= 1 even if

there are no forc1ng
functions) B

* A variable dimensioned version of PREPROC is available for use
on the NASA Langley Computer Operatlng System (CDC 6600).
Dimensional constraints are removed in an automated version of
PERFORM at the University of Virginia Computer Science Center

(CDC 6400)
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Card‘No.

Columns Variable Format'
36-40  IT (I5)
41-50 ™ - (F10.6)
51-55 NOB (I5)
56-60 NOC (I5)
61-64 blank
65 ISP S (I1) .
66~70 NOT (15)
71~-80 blank

3 1-60 ISET (1) (6I10)

4 : ISET (2)
ISET (NOT)
61-80 blank
FORCING FUNCTION
R * %

4 1-16 FORCING FUNCTION
17-80 blank

4-1 1 - KEY2 (I1)

2-6 I (15)
7-80 blank

112

Comments

= 1 + number of time '
intervals for discre-
tizing control forces

value of time interval

total. number of objective
functions

total number of constraints

0 minimize.the maximum
of objective functions

1 maximize the minimum
of objective functions

- number of outputs

where ISET (I) designates the set

- forcing functions required by ith

output; read in up to 6 values pe:
with additional cards as needed

0 continue to read
data, e.g., cards 4-2
are still to be read in

1l last data card, e,qg.,.
if NSETS = 1, then last
set has been reached

the ith set of forcing
functions



Card No. Columns

©24-80

Variable Format

_KEY1

"blank

blank

KEY

K

. blank

F(I;K,J)

blank

(I1)

(15)

(11)

(I5)

(F12.6)

113

Comments .

= 0 continue to read
data, e.g. 4-1-2

= 1 last data card

the jth element of ith
set

= 0 continue to read
data

=41 last data card

discretized time
(1 to (1I-1))

value of jth element of
ith set forcing function
at time K

. repeat until :‘all non-zero

elements of F(I,K,J) are
input

The whole deck would look
like :

4

4-1 4-2
4-1-1 4-2-1
4-1-1-1 4-2-1-1
4-1-1-2 4-2-1-2
4-1-1-3 4-2-1-3
4-1-2 4-2-2
4-1-2-1  4-2-2-1
4-1-2-2 4-2-2-2



Card No. - Columns Variable Format Comments

4-1-2-3 . 4-2-2-3

etc.

5 1-17 INITIAL CONDITION** only non-zero initial
conditions are to be entered
18-80 blank
5- 1 1 KEY (11) = 0 continue to read data cards
| = 1 last data card
2-6 I (I5) the ith element of the state
: vector §
7-10 blank _
11-22 s (1,I) (F 12.6) the value of s(1,I) g
23-80 blank continue with card 5-2, etc.

until all non-zero elements of
S(1,I) are input

5-2 has the same format as 5-1
The initial conditions are the

values of the response (state)
variables at the initial time

6 1-8 A MATRIX**
-9-80 blank
-1 1 KEY (I1) = ¢ continue to read data of A
= 1 last data card of A |
.2-6 I - (15)
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Card No. Columns
7-11 J (15)
12-23 A(I,3) (F12.6) value of A(I,J)
24-80 blank repeat card 6-2,etc. until all
non-zero elements of A are input
7 1-8 B_MATRIX** |
9-80 blank
7-1 1 KEY co(I) = 0 continue to read data of B
- 1 last data card of B
2-6 I (15)
.11 3 - (15)
12-23 B(I,J) (F12.6) value of B(I,J) |
24-80 blank repeat card 7-2, etc.,until all
non-zero elements of B are input.
8 i—8 D MATRIX** |
9~-80 blank
8-1 1 KEY : (I1) = 0 continue to read data of Q'
= 1 last data card of D
2-6 I (I5)
7-11 J (15)
12-23 7 D(1,J) (Fl12.6) value of D(I,J)
blank repeat 8-2, etc. until éll non-

24-80

Variable Format' Comments

zero elements of D are input.

SECOND ORDER EQUATIONS OF MOTION(Mq + Cq + Kg + UUO = gfk)

- - - - . = Sm - - . wn —S e e

M MATRIX**
blank

KEY (11)
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0 continue to read data of M-

1 last data of M



Card No. Columns Variable Format ‘Comments
2-6 I (I5)
7-11 J - (I5)
12-23 M(I1,J) (F12.6) value of M(I;J)
24-80 blank repeat until all non-zero
elements of M are input :
10 '1-8 C MATRix % ' !
9-80 blank
10 1 KEY (II) = 0 continue to read data
= 1 last data card of c
2-6 I (15) |
7fl; J (I5)
12-23 C(I,J) (F12.6) value of C(I,J)
24-80 blank répeat until all non-zero
elements of C are input
11 1-8 K MATRIX**
9-80 blank |
11-1 1 KEY (I1) = p‘continue to read data
' = 1 last data card of K
2-6 I (I5)
7-11 J (I5)
12-23 K(I,J) - (Fl2.6) value of K(I,J)
24-80 blank répeat until all non-zero
elements of K are input
12 1-8 F MATRIX**
9-80 blank
12-1 1 KEY (I1) - = 0 continue to read data
= 1 last data card of F
2-6 I (15)
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Card No. Columns Variable Format - Comments
7-11 J. ‘ (iS)
12;23 | F(I:J)' (F12.6) value of F(I,J) -
24-80 blank repeat until all non-zero elements
‘ of F are input
13 1-8° U MATRIX**
9-80" blank
13-1 1 KEY (I1) = 0 continue to read data of U
| = 1 last data card of U
2-6 I (15)
7-11 g s ‘\‘
12-23 u(z,J) (F12.6)value of U(I,J)
24-80 blank | repeat until'all non-zero elemenﬁs
of U are input
OBJECTIVE FUNCTION (PX1 + PX2d + PX3Fy)
14 1-10 PX1 MATRIX**
11-80 blank ‘
14-1 1 KEY = (I1) = 0 continue to read data of PX1

1l last data card of PX1l
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Colunns

Variable Format

Card No.

15

15-1

16

l6-1

17

;»":'2:-:6 RO

.7-11
12-23
24-80

1-10

11-80

-7-11
12-23

24-80

1-10
11-80

7-11
12-23
24-80

1-9
10-80

"blank :

I+ - 7 Y(I5)
J - .(1I5)
PX1(I,J) (Fl2.6)
blank

PX2 MATRIX**

blank

KEY (11)

T .- (I5)
J . (15)
PX2(I,J) (Fl2.6)
blank

PX3 MATRIX**

1

KEY (11)
I (15)
J . . (I5)
PX3(I,J) (F12.6)
blank

Y1l MATRIX**

blank

118

- Comments

value of PX1l(I,J) oo-
repeat until all non-zero
elements of PX1 are input

0 continue to read data of
PX2
T Tast data card of PX2

value of PX2(I,J)

repeat until all non-zero
elements of PX2 are input

-0 continue to read data of
PX3

1l last data of PX3

value of PX3(I,J)

repeat until all non-zero
elements of PX3 are input

.



Card No. Columns . ' Variable Format . . Comments

1 KEY (11) = 0 continue to read data of Y1
= 1 last data card of Y1
2-6 I S (1I5) ‘ f
7411 .3 (15)
12-23 . y1(1,3) (F12.6) value of Y1(1,J)
24-80 blank reééat ﬁntil all non-zero
elements of Yl are input
18 o 1=10 = Y2 MATRIX**:
| .11-80 . . .blank - -7
- 18-1. 1 KEY (il) = 0 continue to read .data of Y2
= 1 last data card of Y2
2-6 - I o (I5)
7-11 .- - .- 3 - (I5)
12-23  ¥2(1,3) (F12.6) value of ¥2(I,d)
24-80 blank repeat until all non-zero
elements of Y2 are input
19 . 1-10 ¥3 MATRIX**
11-80" 1 -blank
19-1 1 KEY (11) = 0 continue to read data of ¥3
= 1 last data of ¥3
2-6 .1 = (I5) N
7-11 - J- ‘ (I5)
12223 ¥3(1,9) (F12.6) value of ¥3(I,J)
24-80 {blank - - repeat until all non-zero
v : elements of ¥3 are input
20 1-21 BOUNDS OF CONSTRAINTS**
22-80 blank
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Card No. Columns Variable Format .. Comments -

20-1 1 KEYl " (I1) = 0 continue to read data card
(20-2)
= 1 last data card
. ~2=6 ‘ I . © (I5) the ith constraint
7-9 blank |
10 MSP(I,1) (11) = 0 ith constraint is for all
= fl?t constraint is for
specific time
11-19 ;blagk'
20 . MSP(ILg)-V(Il) = 0 £ £ type constraint
=1 g type constraint
=2 2 type constraint
=3 _ type constraint
21-80 blank
| MSP(I,2) = 0 GOTO 22-1AU
then go}to 22-1AL
If MSP(I,1) = 0 and MSP(I,2) = 1 GOTO 22-1BU
MSP(I,2) = 2 GOTO 22-1CL

MSP(I,2) = 3 GOTO 22-1DU

("MSP(I,2) = 0 GOTO 22-1EU
| then go to 22-1EL
If MSP(I,1) = 1 and \< MSP(I,2) = 1 GOTO 22-1FU
o o MSP(I,2) = 2 GOTO 22-1GL
\_MSP (I,2)

(Use the following if MSP(I,1) = 0, MSP(I,2)

3 GOTO 22-1HU

0) T .

22-1AU 1 blank
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Card No. Columns

Variable Format

2

3-80
22-1AU-A 1-12.

13-17

18~29
30-80

22-1AU-1 1

7-11

12-23

24-80
22-1AL 1

~ 3-80
22-1AL-A 1-12

13-17

NCN (I11)

blank

SVAl (F12.6)
NICl - (I5)

VICl (F12.6)
blank

KEY (I1)

K (I5)

blank

YU(K,1) (Fl2.6)

blank

blank

NCN - (11)
blank"

SVA2 (F12.6)
NIC2 (I5)

121

Comments

0 constant upper bound

" (GO TO 22-1AU-~3)

1 piecewise constant upper
bound (GO TO 22~1AU-1)

starting value

number of increments (use 0 if
there are no increments)

value of increment
(GO TO 22-1AL)

= 0 continue to read data

1l last data card
discretized time

NOTE: K = 2 to II if
Y2(1,J) = 0 for all J
K=1+to II -1 if
Y1(I,J) = 0 for all J
K=2 to Il -1 if
Y1(1,J) # 0

- and
Y2(I,J) # 0
for some J

repeat 1l1-1AU-2, etc.

= 0 constant lower bound
(GO TO 22-1AL-A)

=1 pieceWise constant lower
bound (GO TO 22-1AL-1)

starting value

number of increments (use 0 if
there are no increments)



Card No. Columns Variable Format Comments

' 18-29 VIC2 (F12.6) value of increment

30-80 blank
= 0 continue to read data

22-1AL-1 1 KEY (I1)

1 last data card

2-6 K (1I5) discretized time
NOTE: K = 2 to II if
Y2(I,J) = 0 for all J

K =1 to II-1 if
¥1(1,J) = 0 for all J

K-2 to II-1 if

Y1(I,J) # 0
and
Y2(1I,J) # 0
for some J
7-11 blank
12-23 YL(K,I) (Fl2.6)
24-80 blank repeat 22-1AL-2, etc.

(Use the followng if MPS(I,1) = 0 and MPS(I,2) = 1)

22-1BU 1 blank
2
2 NCN (11) = 0 constant upper bound
(GO TO 22~1BU-A)
= 1 piecewise constant upper
bound (GO TO 22-1BU-1)
3-80 blank
22-1BU-A 1-12 sval (F12.6) starting value
13-17 NICl . (I5) number of increments (use 0 if
there are no increments)
18-29 Vicl (F12.6) value of increment
30-80 blank
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Card No. Columns ~Variable Format Comments

22-1BU~-1 1 KEY (I1) = 0 continue to read data
= 1 last data card
2-6 K (I5) discretized time
NOTE: K = 2 to II if .
Y2(I,J) = 0 for all J
K=1+¢%to II -1 if
Y1(I,J) = 0 for all J
K=2 to I1I-1 if
Y1(I,J) # 0
and
Y2(I,J) # 0
for some J
7-11 blank
12-23 YU(K,I) (Fl2.6)
24-80 blank repeat 22-1BU-2, etc.

(Use the following if MSP(I,1l) = 0, MSP(1,2) = 2)

" 22-1CL 1 blank
2 NCN (I1) = 0 constant lower bound
: (GO TO 22-1CL-A)
= 1 piecewise constant lower ‘
bound (GO TO 22-1CL-1)
3-80 blank ,
22-1CL~a 1-12 SVAZ2 (F12.6) starting value
13-17 NIC2 (1I5) number of increments (use 0 if
there are no increments)
18-29 VIC2 (F12.6) value of increment
30-80 blank
22-1CL-1 1 KEY (I1) = 0 continue to read data
= 1 last daté card
2~-6 K (I5) discretized time

NOTE: K = 2 to II if
Y2(x,J3) =.0 for all J
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Card No. Columns Variable Format Comments

K=1 to I1I-1 if
Y1(1,J3) = 0 for all J

K = 2 to II-1 if

Y1(I,J) # 0
and
Y2(1,J) # 0
for some J
7-11 ~ blank
12~-23 : YL(K,I) (Fl2.6)
24-80 blank' repeat 22-1CL-2, etc.

(Use the following if MSP(I,1l) = 0, MSP(I,2) = 3)

22-IDU 1l ‘ blank
2 NCN (L,1) = 0 constant right hand side
value (GO TO 22-1DU-A)
= 1 piecewise constant right
hand side value (GO TO
' 22-1DU~-1)
3-80 blank
22-1DU-A  1-12 sVAl  (F12.6) starting value
13-17 NIC1 (I5) number of movements
(use 0 if there are
no increments)
18-29 vVICl (Fl2.6) value of'increment
30-80 blank |
22-1DU-1 1 KEY (I1) = 0 continue to read data
= 1 last data card
2-6 K (I5) discretized time

NOTE: K = 2 to II if
Y2(1,J) = 0 for all J

K=1 to II-1 if
Y1(1,J) = 0 for all J

K= 2 to II-1 if
Y1(1,J) # 0
and
Y2(1,J3) # 0
for some J
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Card No. Columns Variable Format Comments

7-11 blank
12-23. YU(K,I) (F12.6)
24-80 " blank repeat 22-1DU-2, etc.

(Use the following if MSP(I,1) = 1, MSP(I,2) = 0)

22~1EU 1 . blank
2 NCN (I1) = 0 constant upper bound
- (GO TO 22-1EU-A)
3-80 blank |
22-1EU-A  1-12 SVAl  (F12.6) starting value
| 13-17 NIC1l (15) number of increments (use 0 if
: : - . .there are no increments)
18-29 VIiCl (F12.6) value of increment
e 30-34. .. K (15). specify the time :
... -35-80° ' blank '
22-1EL 1 ' blank
')'”ﬂazf, C NCN (I11) = 0 constant lower bound
‘ RV (GO TO 22-1EL-A)
3-80 ‘blank ’
22-1EL-A 1-12  SVA2 (Fl12.6) starting value
13-17 - NIC2 (I5) number of increments (use 0 if
. s there are no increments)
~18=-29 VIC2 (F12.6) value of increment
.30-34. K . (I5) specify the time
- 35-80 * blank

(Use the following if MSP(I,1) = 1,MSP(I,2) = 1)

22-1FU 1l blank
‘2 ' NCN (I1) = 0 constant upper bound
Lo e S (GO TO 22-1FU-A)
3-80 - blank
"23-1Fu-A. 1-12 sval (F12.6) starting value
Tai 13-17-. NIC1 (I5) number of increments (use 0 if
: R . there are no increments)
18-29 VICl A (F12.6) value of increment

V‘l25



Card No.

Columns Variable Format Comments
30-34 K(I) ~ (1I5) specify the time
35-80 blank |

(Use the following if MSP(I,l) = 1, MSP(I,2) = 2)

22-1GL

22-1GL-A

1
2

3-80
1-12

13-17

18-29
30-34
35-80

blank
NCN (I1l) = 0 constant lower bound
(GO TO 22-1GL-A)

' blank | . *

SVA2 (F12.6) startiﬁg value

NIC? (I5) number of increments (use 0 if
there are no increments)

VIic2 (F12.6) value of ‘increment

K . (I5) specify the time

blank

(Use the following if MSP(I,L) = 1,MSP(I,2) = 3)

22-1HU

22-1HU-A

23

1
2

3-80
1-12
13-17

18-29
30-34
35-80

1-9
10-80

blank

NCN (I1) = 0 constant right-hand side
(GO TO 22-1HU-A)

blank

sval - (F12.6) starting value

NICl (I5) number of increments (use 0.if

there are no increments)

VICl (F12.6) value of increment

K (I5)

blank

Q1 MATRIX**

blank
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Card No.

Columns

23-1

24

24-1

25

25-1.

26

1

2-6

7-11
12-23
24-80

1-9
10-80

2-6

7-11
12-23
24-80

1-9
10-80

2-6

7-11
12-23
24-80

.1-10
11-80

Variable Format

KEY (I1)
1 (I5)
J (I5)
Q1 (I,J)

blank

Q2 MATRIX**

blank
KEY (I1)
I (I5)
J . (15)
Q2(1,J) (Fl2.6)
blank

Q3 MATRIX**

blank

KEY (11)
I (15)"
J (15)
Q3(1,J) (Fl2.6)
blank
TRAJECTORY**
blank

127

Comments

0 continue to read data

1 last data card

value of Q1(I,J)

repeat until all non-zero
elements of Ql are input

0 continue to read data

1 last data card

value of Q2(I,J)

" repeat until all non-zero

elements of Q2 are input

0 continue to read data

1 last data card

value of Q3(I,J)

repeat until all non-zero
elements of Q3 are input



Card No.

26-1

27

27-1

28

28 -1

Columns Variable Format = -  Comments
1 KEY (11) = 0’ continue to read data
e.g. 26-2
' = 1 last data card
2-6 'I_ o (15) the ith output
7-10 blank
11 ITR (I1). = 0 no plot wanted
_ f = 1 want to plot ith output
12-80 blank = . |
| repeat until all needed
trajectories are specified
1-17 TRADE .OFF DIAGRAM**
18-80 blank
1-4 blank
5 -  ITD (11) ="0 no plot wanted |
, . = 1 want tradeoff diagfam_
6-9 . blank
10 KSWT - (I1) = 0 the ordinate of tradeoff
I curve starts from 0
= 1 ‘the or&iﬁ%%é“of tradeoff
curve starts from the minimum
value of objective function
11-80 blank |

1-6
7-80

1-4

VERIFY**
blank

blankﬂ

INP : (11)

U, LN

0 does not print input data

1 print out input data

128



Card No.

29

30

31

32

33

Columns Variable Format Comments
6-9 blank
10 INT (I1l) = 0 does not print data
calculated by PREPROC
= 1 print data calculated by
PREPROC '
11-80 blank
FINISH INPUT DATA
1-17 FINISH INPUT DATA*
18-80 blank
MODIFICATION

1-14 MODIFY PROBLEM**

15-80 blank Put the modified data between

‘ : cards 30 and 31. The user can
modify all but the data in the
first three cards. The format
of the modified data are the
same as described before.

1;18j FINISH MODIFY DATA**
19—q0 blank
RESTARTING A NEW PROBLEM

1-7 RESTART* * ,

8-80 blank ‘ 'Put data from card 1 through
card 31 after this card. This
permits the user to run two.or
more different problems at a
time.

END OF THE PROBLEM

1-4 STOP* Use this card when there is
no more data to be read

5-80 blank
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APPENDIX II

LINEAR PROGRAMMING FORMULATION OF THE

- LIMITING PERFORMANCE PROBLEM -

In this appendix the limiting performance problem is
formulated as a linear programming (LP) problem. We consider
dynamical systems in which those portions for which the per-
formance is to be measured are represented by time dependent
control forces. Although the control forces can replace non-
linear system segments, the remaining portions of the system
must be linear. In addition, the kinematics of the whole
system must be linear. Although the engineer frequently
describes a dynamical system with second order differential
equations, it is more convenient for us to work with first
order equations. Hence, Section A of this appendix considers:
the conversion from second to first order equations.

The unknown control forces are discretized in time. ,
Integration of the equations of motion for known disturbances
yields the response (state) variables as linear combinations of
the control forces. The objective functions and constraints
comprising the limiting performance problem are formed from
these response variables and hence are also linear functions
of the discretized control forces. The limiting performance
problem then can be formulated as a linear'programming problem.
Section B of this appendix treats the integration of the first
order equations of motion containing the unknown control
forces. Finally, we formulate the limiting performance prob-
lem as a linear programming problem in Section C.
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-A. Conversion of Egpafions of Motion of a Dynamic System to a

System of First Order Equations

Consider the general equations of motion of a multi-degree-of
freedom system in the form '

M3 + g_%; + K3 + Ul - Ff | (II-1)
where ‘ |
. q@ = displacement vector (n x 1)
U = control force vector (nu x 1)
f.= forcing function vector (nf xll)
M = mass matrix (n x n)
C = damping matrix (n x n)
K = stiffness matrix (n x n)
U = Tgtiiﬁu?f constants associated with control forces
F = ?atrixf?f constants associated‘with_external disturbances
n xXx n

Letters with bars over them refer to vectors, e.g.,

[tel]
]

q3
a2

an |

is the displacement vector,

while letters with bars under them refer to matrices, e.g.,

[@]
I

€11
c21

‘Fnl

c12 ® o o 0 CIn

022 s e 00 C2n ) . ]
: is the damping coefficient matrix.

® o500 00880 Cnn‘

-These equations can be converted by the following procedure
a system of first order equations.
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into




Let § = [---

where 8 is -a partitioned vector. Also define

-~ o : i
ﬂ - '.:‘—_——' ————— —
M [}
- ! Cl2nx2n
L .
K -]
E = ————— -:— _____
0 i K
- 1 =|2nx2n
L I J
v -2
}l‘ 2nxnu
02
E = [ m——-
1E 2nxnf

“

Then the system of second order equations can be written as

WS+ X8+Yu=232F

(II-2)

or s=As+Bu+0Df ¢
where ;
1 -u~lc I -l k
}_\. = v_q & = |cmmenccacc—ma— IL ——————————
I { © |2nx2n
L .
. -M~1 y ]
B=-wlys=|-S---"-
i 91 2nxnu
_l E
D=w1lz=|"---%
92 2nxnf
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O, O0; and 05 are null matrices of order nxn, nxnu and nxnf
respectively.

1 is an nxn identity matrix. .Here we have been made use of

1=
i
|
|
I
(
{
{
{
{
1
!
{
l
- o o oo

0
= d2nx2n

Note that A, B, D, W and wl are partitioned matrices.

B. Integration of a System of First Order Equationsl

We wish to integrate the system of first order equations

S = AS + BU + D | (1I-3)

with initial conditions

The vectors 5, G, £, and matrices A, B, D are defined in the

previous -appendix.

To solve Egs (II-3) let

At -
e

s(t) = z(t) . (I1-4)

Substitute Eq. (II-4) into Egs. (II-3) to find
ae2t z 4+ e‘_\t‘-a—\;_- = aeAt 7 + BT + DI (II-5)

If we substract égéti‘from both sides of Eq (II-5) and then

4

premultiply both sides by e At we obtain

4z - ¢-At [BT + DF]
dt
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and Z(0) = §(0), since s(o) = e2{®)2(0) = 1Z(0) = Z (o).

Then,
Z(t) = 5(o) + [ e AY[BTG(y) + DE(y)lay (II-6)
We see from Eqgs. (II-4) and (II-6) that the solution of the

system (II-3) can be written as

5(8) = eAt(s(0) + ST e AY[BU(y) + DE(y)layl (IT-7)

where y is a dummy variable for integration.

_ To complete the integration in Eq. (II-7) we must know T(t)
and £(t). The loading functions ¥(t) are prescribed. The
forces i(t) are unknowns to be found as solutions of an
optimization problem. We discretize u(t) so that between two
discretized times U is represented by constants. This_will
permit Eq. (II-7) to be integrated._-For convenience, f(t) is
discretized in the same fashion as u(t). :

Piecewise Constant Discretization

Assume 4 is discretized as a piecewise constant function
of time as shown in Fig. II-1l. Here, between t = iT and
t=(i+ 1T, u(t) = G(iT), where T is the time increment At.

4

Then, at any time kT

s(km) = e2kT[5(0) + [T e™AY[BT(y) + DE(y)ldy]
k=1 (i+1L)T -
= eBkTS (o) + eBKT § s e~AY(Bd(y) + DE(y)ldy
i=o iT -
Now,
i+1)T
fi(.;-‘- ) e-éy[gﬁ(y) + g_f(y)]dy :
= s{I*NT "By [Bd(im) + DE(iT)ldy
= e~B(i+1)Ta-1[AT - 1]([BE(iT) + DE(iT)]
Thus, ’

S(kT) = e2KT 3 (o)
-1 , -
+ § eb(k-1-1)Tp-1(eAT - 1)[BG(iT) + DE(iT)]  (II-8)

i=o
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t f uy, Y111

uy u, L'"'—'T —— "1 |
[ I
;...tlT k£ £, t. t t
|3— i tin -1 trr
- (i-l)'p--l T

Ty

Flg. I1-1 Plecemse Constant Discretization of u (u is any
Control Force Function).
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is the requlred discrete formal 1ntegratlon of Eq.«(II-3);ﬁfor
a piecewise constant representation of fi(t). Note, here

3q3

- - A .

él(eéT—£)=Al(';[_+éT+é + = + eee = 1)
- 21 31

' 21 . '3!- C41

Even 1f A is 81ngular, the solutlon, i. e., Eq. (II 8), is.
still valid since the series on the rlght—hand side of Eq.
(rI- 9) always ex15ts. ; :

C. Formulation of the Linear Programming Problem

v In this Section the 11m1t1ng performance problem is formu-
lated as a linear programming (LP) problem, with discretized
control forces as unknowns. This is accomplished using the
objective functions and constraints in the form described in
Appendix I together with the solution of the equations of
motion given in Section B of this Appendix.

The solution of the first order equations of motion’ are
given in Section B for the piecewise constant dlscretlzatlon
of the control forces as:

o i o | .
S(kT) = eBKTE (0)§T eA(k-i-1)T p-1(eAT-1) (B G(iT) + Df (iT)]
1=o . (II-10)

In order to be compatible with indices in F@RTRAN, let E(l) be the

initial condition 5(0). We rewrite equation (II-10) as:
k-1
s(k) = (eRT)k-15(1) + 1. (e Tyk-1-ip~1(eAT - 1)[Bi(i) + DE (i)]
' (II-11)
where §(1) = 3(0) R
s(k) = s((k-1)T)

Now, define the following matrices:
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P = eAT

= a~1l(eAT-1 . _
AET = A7{e="D) (II-12)
R(n) = PP~1aEI B

T(n) = PP"1AEI D

Note that R(1l) = AEI B, T(l) = AEI D

Here R(i) and T(i) (i =1,2,...n) are matrices of order m x nu,

m x nf, respectively, where m = number of first order equations

to be integrated and n is the number of discretized time 1ntervals.
In terms of those new matrices Eq. (II- 11) becomes

s(k) = p¥"15(1) +kzi[R(k-l)u(1) + T(k-1)E(i)] (11-13)

Now, definé
RG(k) = [R(k-1)iR(k=2)3---% R(1)]
TG (k) = [T(k-1)% T(k-2)i-+-i T(1)]

T = B

£(2)

é}i—l) _ (I1-14)
Sk = [@@ ] \

G(2)

3 (k-1)

Usiﬁg Egqs. (II-14), Eq. (II-13) .becomes

s(k) = P¥"15(1) + RGN T (k) + TG (k) E(k) (II-15)
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Let

" (k) = CI(k) + C2(k) | © (II-16)
where CI(k) = pK"15(1) - | (11-17)
C2(k) = TG(k)f(k)

We can simplify Eq. (II-15) to

S(k) = C(k) + RG(k)u(k) ' - (II-18)

For a system subject to several sets of forcing functions,
Eq. (II-18) becomes
S(s,k) = C(s,k) + RG(k)U(k) . (II-19)

where

T(s,k) = CI(k) + CZ(s,k)
CI(k) is given in Eq (II-17)

C2(s,k) = TG(k)E(s,k)

£(s.,k) = [E(s,1) |

Lis.2)

£ (s,k-1)

L. -

Eq. (II-19) expresses the state variable vector s as a
linear function of the control forces, initial conditions, and
forcing functions. Here the initial conditions and forcing
functions are prescribed, the only unknowns are the control
forces (u).

Since the objective functions and constraints are all
formed as linear combinations of §, U, £, they are all linear
functions of the u's. Then the problem of finding the u's that
minimize the maximum or maximize the minimum value of the ob-
jective functions subject to constraints becomes a problem in

linear programming. We will now define the limiting performance
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problem in terms of the LP problem and explain how to set up
the data in the proper form.

The LP problem is to find z such that € Z is minimized (or.

maximized) subject to Hz$G (II1-20)
Where ¢ = (1, 0, O, ceeenen «,0) is a row vector
z =|.9.

u_(I1)

Gl)_ (IT-21)
, = 4(2)
with U (II) = ———--
u(II 1J

H and G are a matrix and a vector constructed from the
objective functions and constraints, respectively.

The objective function is formed as

¥ = PX15 + Px2i + PX3f(s) : (II-22)
where the index s designates the sth get of forcing functions
are being used. There are two cases of interest: minimizing

the maximum value of § or maximizing the minimum value. The

minimization of the maximum value of § is equlvalent to finding
the minimum of ¢ such that

l Wi' < ¢ for all i = 1 to NOB
or - ¢+ ¥; <0 (II-23)
o+ ¥ >0 | (II-24)

th

where Wi is the i row of ¥

Using Egs. (II-19), (II-22), Egs. (II-23),(II-24) become

-¢ + PXl; RG(k)u(k) + PX2;f(k)< - PX1;T(s,k) - PX3. f(s,k)

¢ + PX1;RG(k)U(k) + PX2;d(k)> - PX1,C(s,k) - PX3if(s,k)
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R

Egs. (II-25), (II-2¢) are valid for k = I1, I1 + 1, ... L

. s =11,2, .... NSETS

where PX1;, PX2;, PX3. are the ith rows of the matrices PX1,
PX2, PX3-respectively. The values of Il and L depend on whether
PX1; or or PX2: are zero. If PXl; = (0 0 ... 0) then Il =1,

L = II-1. If PX24= (0 0 ... 0), then Il = 2, L = II. If
PX1lix (0 0 ... 0) and PX2; X (0 0 ... 0), then 11 = 2, L'= II-1.
The contribution to H and G for a typical objective function _
(e. gy ith row of V) can be found from Egs. (II-25) and (II-26).
It is put_in matrix form in Table II-1. The total contribution
to H and G from the objective function is a matrix contalnlng
NOB submatrices. in the form of Table (II- 1), where NOB is the
number of objective functions. ‘ ,

To max1mlze the minimum value of ¥V is equlvalent to
flndlng the maximum of ¢ such that|W1|> $. Note that to find
maximum ¢ is equlvalent to flndlng minimum -¢. Thus the LP
problem for this case is still in the form of Eqg. (II-20) except
now the row vector ¢ 1is (-1,0,0, .... 0).  The formation of

- arrays H and G for the objectlve functions remain the same as

above except the inequality signs are reversed.

. The constraints are formed as

Y15 + Y2u + ¥3f(s)

The type of ith constraint depends on the value of the ith row
of the specification matrix, i.e. MSP(i,l) and MSP(i,2). The
specification matrix has been defined in Appendix I. For
MsP(i,1) = 0, the constraint is applied at all times.

1. MsP(i,2) = 0

The constraint is

YL, <¥l;s + ¥2;0 + ¥3,£(s)<YU; (II-27)
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Using Eq. (II-19), Eq. (II-27) can be written as °

Y1,RE(K)E (k) + Y248 (k)<TT; (k) - ¥1,C(s,k) - ¥3;F(s;k)

(11-28)
Y1;RG(k)U (k) + Y248 (k)>YE; (k) - _Y_ZLIE'( k) - ¥3;E(s,k)
for K = Il to L 4 L (11-29)

The contrlbutlon to H and G of Egqs. (II~-28), (II-29) are summarized
in Table II-2A, and Table II-2B, respectively. The value of Il and

L depends on whether Yl.or Y2, is zero. If Yl, = (0 0 ... 0),

then I1 = 1, L = II-1. “If ¥2; = (0 0 ...0), then I1 = 2, L = II.
If Y1, # (00 ... 0) and ¥27 % (0 0 ... 0), then II = 2, L = II-i.

2. MSP(i,2) =1 ,
"~ The i N constraint is

Y138 + ¥2;0 + ¥3;8(s) N0y © (1I-30)

=

The contribution to H and G is the same as Eq. (II-28).

3. MSP(i,2) = 2

Here the constraint is expressed as

¥1.,8 '+ ¥2.4 + ¥3;F(s)>¥L; (II-31)

The contribution to H and G is the same as Eq. (II-29).

4. MsP(i,2) =3

In this case the constraint is given by

Y1;8 + ¥2,T + ¥3;€(s) = YU; (I1-32)

The contribution to H and G is the same as Eq. (II-28), except
now the 1nequa11ty becomes an equality. ,For MSP(i,1) = 1, the
constraint is applied at a specified time only. The formal
contribution to H and G for all cases is the same as for
MSP(i,l) = 0, except k is now restricted to a SpelelC time,
i.e. ,» KS(i).
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D. Dimension of the Linear Programming Problem

system.

The dimension of the linear programming problem depends
on the number of controllers of the system,the number. and
hature of objective functions and constraints, the number of
time intervals, and the number of sets of forcing functions.
It is independent of the number of degrees of freedom of the
The dimensions of the matrix H and vector G can be
calculated as following:

[(II-1) x (2N7 + 2Cj + C3) + (II-2) x (2N, + 2C

2C5

1 + Nu x (II-1)

Ry

Number

Number

Number

Number

Number

Number

of

of

of

of

of

of

rows of matrix H
columns of matrix H

rows of vecter G

objective functions for

objective functions for

constraints for which

MsP(I,1) = O0,MSP(I,2) = 0 and Xii
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2 2 ¥ C4) +

+ C6] X NSETS

which pPX1l;= 0 or PX2,=0,

which PXli # 0 and PX2i #0



C, = Number of constraints for which
MsP(I,1) = 0,MSP(I,2) = 0 and Y1, # 0 and ¥2; # 0

|

C3 = Number of constraints for which
MSP(I,1) = 0, MSP(I-2) # 0 and ¥2; = 0 or Yl.

L
o

C4 = Number of constraints for which

MSP(I,1) = 0,MSP(I,2) # 0 and ¥l; # 0 and ¥2, # O

C5 = Number of constraints with.MSP(I,l)

1,MSP(I,2) = 0

Cg = Number of constraints with MSP(I,1) = 1,MSP(I,2) # 0

II

Number of time intervals used (see Appendix I)-

NSETS = Number of sets of forcing functions

As an example, consider the dimensions of the linear progfammiﬁg
problem for the SDF problem shown on page 17. Here II=10, Ny, = 1,

C1 =1, NSETS = 1, Nu = 1
Ry = [(10-1) x (2 x 1 + 2 x 1)] x 1. = 36

10.

Cy=1+1x (10-1)
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APPENDIX III

PROGRAMMING DESCRIPTION OF THE COMPONENTS OF PERFORM

This appendix contains descriptions of the three major
components of PERFORM: PREPROC, MPS/360, PSTPROC.

A. PREPROC

This section includes a description of program PREPROC.
Appendix IV A contains a listing of program PREPROC.

Table III-1 contains a listing of the arrays used in the
program with explanatory notes.

The variables beginning with an IVE card followed by a
number are used to communicate to the printing routine those
arrays which contain nonzero elements or special conditions.
"Table III-2 relates IVE numbers to program arrays.

The main section of the program is described in the
PREPROC section of Section III of this report.

2. -Subroutines (Alphabetical Order)
a. BODATA

This subroutine punches the BOUNDS action of the
MPS/360 linear programming problem. The default bounds for
MPS/360 variables are zero lower and unlimited upper; because
solutions to limiting performance problems can be negative,
the default overriding BOUNDS section is necessary.

b. BRIDGE
This subroutine calculates the arrays R, T, CI,

C2, and C as described in Appendix II. It is called from the
- main section.
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Array \ .
Identifiers Dimension- Notes S - Common' Bloc

A m* x m ‘First order system A is **7 ABD
T -input. Second order A
computed by subroutine
COVERT

B - m* x nu .First order B is input. ABD
- Second order computed '
by subroutine COVERT

CAY . .nxn Matrix K in model : EKC
cc - nxn A Matrix C in model  EKC
CM nxn Becomes &—19 in sub- INV
- routine COVERT.
CYM nxn Becomes gflg in sub- INV
routine COVERT. ‘
D . m* x nf ' First order D is input. ~ ABD
i Second order computed by
COVERT. ‘
EM nxn o Matrix M in model "EKC
- EMI nXn Becomes gfl in.subroutine INV
MIV. ‘
F nsets x II x nf Subscript 1l: forcing FOFUN

- function set number, 2:
time interval, 3: row of
equations of motion with
which associated. This is
not model matrix F.

FF n x nf Matrix F in model. © EKC

FM . n x nf Becomes M™1F in subroutine EKC
_ COVERT
¢ number of LP Right-hand side of LP
: rows (See tableau . RHV
Dimension of
. LP problem)
H number of LP " Linear programming PVAL

rows; number of tableau.
LP columns (See
‘Dimension of LP

problem)

_TABLE III-1. PREPROC ARRAYS
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°.

Array

Identifiers Dimension
ISET not
ITITL
ITR not
IXX noc
" KS noc
MSP noc x 2
NRE number of
LP rows
PX1 nob x m
PX2 nob'k nu’
PX3 nob x nf
Q1 not x m
Q2 not x nu
'Q3 not x nf
S 2n
UM n x nhu
uu nxn

TABLE III-1.

Notes

.» ISET (1) identifies forcing
function of the set to be
used in tabulation row I

Alphanuméric problem title
ITR(I) is 0 if plot of Ith

output is not desired.
Otherwise plot is made

Common Block

TAB

PIT

- IXX(I) indicates the behavior
of the bounds of Ith constraint

no varying bounds

YU varies
YL varies

YL and YU vary

w NN = o

"KS(I) spec%gieS‘the specific
'time for I constraints

Specific type of constraint

ISP

See Appendix I for description.

with its right-hand side
"G" means >
"L" means <
"E" means =
* %
f
* %
* *
* % %

* % %

‘k %k ok

Used for initial condition
in program

Becomes M~1U in subroutine
COVERT

Matrix U in model

'PREPROC Arrays (continued).
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OBJ
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OBJ

TAB

TAB

TAB

INIT
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Array

Identifiers Dimension Notes ] . Common Blo
Y .. member of . Array‘qf v&rying bouﬁds_”; A%%UPLO
R varying bounds PSTPROC tradeoff diagram ’

Y1l noc xm ' ok k& ok , CONST
Y2 noc X nu * * k % _ , ] - . CONST
Y3 noc x nf | *RRE _ _ CONST
YU | I1 x noc Upper bound vector. UPLO

Subscript l: time interval
2:  number of constraints

YL . II x noc _ ~Lower bound vectoflvsub- ' UPLO
'~ scripts have same meaning
as above. )
C " nsets x ITI x m Arrays pertinent to the forma-.

tion of right-Hand side of the
Cmaemie LP problem., (See Appendix II).
S ' "Subscript 1 forcing function CCS

set -
2: time .
3: row number 'in state
", . (response) vector

P m xm - Becomes e2T in BRIDGE
C2 Arrays used in form array C.
cl II x m Arrays used to form array C.
R ITxm xm Arrays pertinent to expressing BRG

responses as function of the
control forces.

T II xm x nf Arrays pertinent to expressing BRG-
responses as functions of
forcing functions.

AEI mox m Becomes -A! (et - I)in BRIDGE MYAP

TABLE III-1. PREPROC Arrays (continued)
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-~

Symbols used in array table.

nob =

noc

nsets

not
nf =

na =

* %

*k*k

*kk*k

NDF

Number of objective’ functions (rows 1n le PX2, PX3
expression ).

Number
=Number
Number

Number

Nuniber

of
of
of

of
of

constraint expressions.
sets of forcing functions.
tabulation expressions.

forcing functions.

isolators (control forces).

m = NDF For flrst order system. m = 2(NDF) for second
order system. '

Arrays related to input of objective functions,
see Appendix I. ‘ a

Arrays related to input of required output,
see Appendix I. '

Arrays related to input of constraints, see Appendix I.

‘Number of equations in the system of equations.

TABLE III-l. PREPROC Arrays (concluded)
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IVE Array Read or Command

A
2 ' B
3 | - C
4 . EM
5 CL
6 CAY
7 FF
uu
9 | S (initial condition)
.10 . ' | F (forcing function)
11 | PX1
12 . PX2
13 \ . PX3
14 | | v1
15 Y2
16 ‘ Y3
17 . MSP
18 . | (Not used)
19 01
20 Q2
21 _ Q3

TABLE III-2. 1IVE Variable Array Relation
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c. CODATA

This section punches the COLUMNS section of the
MPS/360 file. The coefficients of the tableau array H are in
this section, CODATA is called by LPDATA which is called by the
main section.

d. COVERT

This subroutine reduces the equations of a
second order system to those of a first order system. It is
called from the main section.

~e. ELEMTP

ELEMTP is called from the main_section to compute
the objectlve function portions of the H and G arrays.

f. ELEMTQ

The constraint portions of the H and G arrays
are computed by subroutines called by ELEMTQ which is. called
from the main section. The routines called depend on whether
the programming tableau rows are equalities or inequalities

and whether YL, YU, or both are part of problem constraints.
g. ELEMTR

Subroutine ELEMTR computes the appropriate
portlons of the H and G array for the problem constraint I
which is a passed parameter from ELEMTQ. Table II-2A of
Appendix II shows the computation of ELEMTR. As can be noted,
this routine computes only the YU array.

h. ELEMTS

4

This subroutine completes portions of the H

. and G arrays dependent on problem constraint I which is a passed
parameter of ELEMTQ. Table II-2B of Appendix II shows the
computation of ELEMTS. Note that this routine works only with
YL.

i. | ELEMTT
Routine ELEMTT is called when the constraint of

passed parameter I is an equality. Note that equalities always
involve the YU vector. :
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3. LPDATA

The subroutine LPDATA punches section header
cards for the MPS/360 linear programming problem and calls other
subroutines to punch the actual section records. Subroutines
RODATA, RHDATA, BODATA, and CODATA are called. LPDATA is
called from the main section.

k. M12X3

This subroutine multiplies a two-dimensional
array times a portion of a three-dimensional one, both of which
are parameters.

1. M22X2
This routine multiplies two passed arrays. '
m. MEXAP
This subroutine evaluates the matrices P and
AEI used in Section C of Appendix III. These matrix functions
are computed using approximate formulas described in Ref., 9.
This routine can be replaced by any routine that uses other
algorithms to compute matrix exponential functions.
n, MIV
This routine computes. the inverse of array EM

and stores it in array EMI

o. POST

Subroutine POST punches the PSTPROC report
specifications. It includes arrays Ql, 02, Q3, ¥, R, F, C,
ISET and ITC. No subroutines are called by POST.

p. PRNT

After the linear programming problem has been
compiled subroutine PRNT is called to print the H, G, and
NRE arrays. Array NRE shows the sign (< =, >) of the linear
programming row.

g. RHDATA

Subroutine RHDATA is called by LPDATA to punch
the RHS section of the MPS/360 linear programming problem.
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r. RODATA

. Subroutine RODATA punches the ROWS section of
the MPS/360 linear programming problem. The ROWS section
associates names with the tableau rows and specifies the re-

lation of each row to its right-hand side, i.e., <, =, or 2.
s. SEARCH

This subroutine sets a parameter to 1 if there-
are nonzero elements in the given row of the passed two-
dimensional array. Otherwise a zero is returned.

t. VERFY

If a VERIFY indicator record is encountered and
variable INP is not zero, subroutine VERFY is called to prlnt
all of the PERFORM problem specification data.

u. VERFY2

If variable INT is nonzero, subroutine VERFY2
is called to print out the 1ntermed1ate resulting arrays.
These include A, B, D R, AEI.

!

B. MPS/360

A listing and discussion of the MPS/360 control program
is in this section. The material about MPS and its relation
to PERFORM in part B of the Section III of this report is useful:
background information to this appendix.

Consider the listing of the MPS/360 control program.
The first two statements, PROGRAM and TITLE, identify the
program name and the title to be printed on each page of the
solution report.

The first instruction is the macro INITIALZ. Macro
instructions direct the compiler to include at the point of
appearance a predefined set of source instructions identified
by the macro name; macros eliminate the need for tedious
programmer coding of repeatedly used sets of instructions.
The INITIALZ macros initializes values of certain tolerances,
standard frequencies, etc, and specifies actions to be taken
should errors occur during execution.
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MPS/360 Control Program Listing

//UVAAEOO! JOR 60%5R0,WANG »MSGLEVELX]

J#FORMAT PU»DDNAMEXSYSPUNCHsDESTXLOCAL
J*MAIN TIMEXI0,LINFSx10 ‘
/7 EXEC LP
7/LP.SYSIN DD«
: PROGRAM [t1PMt)
TITLE [t UVA EXAMPLES 1)
INITTALZ
MOVE TXDATA,I1EXMP11)
MOVE TYPBNAME, tLTMDYNT)
CONVFRT [1CHFCKS, 8SUMMARY L)
BCONDUT CINNF1)
CSETUP (IMINS, tROUNDI»3ADSLE)
PICTURE
MOVE rXORJ»$NRJF 1]
MNAVE T XRHS,»tRHS1]
PRIMAI
SOLUTTAN
MOVE TXDATA, $ANSWERS )
PIUNCH [ILISTs,tVALUES)
EXITY
A PEND
/% -
" 7/GN.SYSPRINT DN SYSOUTxA
//G0.SYSIN DD » o

. (Place MPS/360 Linear Programming Problem Data Deck here)

/=
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The next two move instructions set data cells XDATA and
XPBNAME. Identifiers beginning with X are predefined special
variables for passing information to the procedures. The con-
tents of XDATA, which is set to EXMP1l, identifies the nam— of
the data to be used by the following procedures. " If the input
stream has several named decks one can be picked for use by
setting XDATA to the name on the deck NAME card. XPBNAME is
the name to be given to the problem file — an internal MPS
flle, omitted from the system flowchart and des1gnated PROBFILE.

Procedure CONVERT writes on PROBFILE in converted for—
mat the data deck named by XDATA. The contents of PBNAME
identifies the converted data.  Parameters’ 'CHECK' ‘and 'SUMMARY'
specify special checks to be performed and" a summary of the data
to be printed. o

The next procedure, BCDOUT, ‘prints the problem on the
PROB file identified by XPBNAME. Parameter 'ONE' spe01f1es
one value per printed line. .. o

Certain computations that must be done before the solu-
tion is found are done by SETUP; XPBNAME identifies the problem
to be set up. Parameter 'MIN' spec1f1es object function mini-
mization; 'BOUND' and 'BDS' identifies BDSI as the vector name
of the bounds specifications.

PICTURE causes a picture of ‘the matrix to be printed.

The next two move statements identify vector'OBJF to be
used as the objective function coefficients and RHS1 the rlght-
hand side vector.

PRIMAL is the optimization procedure. The next procedure
SOLUTION produces .a printout of the solution obtained by pro-
cedure PRIMAL. ‘ ,

The linear programming problem solution card file is
produced by procedure PUNCH. Parameter 'LIST' produces a
printed listing of the output and 'VALUE' is necessary for
values to be punched.

Procedure EXIT is the final statement and returns con-
trol to the system from the program. It is equivalent to the
FORTRAN CALL EXIT or STOP statements.

PEND, like FORTRAN END, specifies to the compiler the
end of the program.
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C. PSTPROC

A discussion of the program PSTPROC is given in this
‘section. Appendix IV B contains a listing of program PSTPROC.
There are three subroutines in PSTPROC in addition to the main
section. Each of these is described below.

1. Main Section _

. The main section is described in the Section III of
this report. Arrays have the same identifiers in both this
program and PREPROC.

2. Subroutines

a. SEARCH

Subroutine SEARCH sets a parameter to 1 if a
nonzero element is found in a given row of the passed array.
If all row elements are zero, a 0 is returned. .

b. TRAJ
Subroutine TRAJ plots the tabulation function
against time; a tabulated listing is printed in addition to the
line printer plot. :
The logic of the program is stialghtforward-
the position of the star is determined and computed GO TO

statements transfer control to a WRITE-FORMAT pair which prints
the star.

c. TRADE

The logic of this subroutine is much 11ke}that

of TRAJ. It plots the tradeoff between the objective functlon

values and the values of varying bounds.

LT
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APPENDIX IV

LISTINGS OF PROGRAMS

Program PREPROC

AI

((21°%7 = m..m.JhH»Hv.mazv (22%9) 311dM §27000

.mu.«uax:.muwnwnmmu CSTSSX T XN TTIANG) LYWL 02 627000_

hoz.amu DON*BON* WL IICSIISNEINSANCJONIQORNION (02¢5) Ov3Y 120000

e e ... tayers x...mu.x: lvWd04 0T ____ 3.0000D

TOG2T4T = 1€ (I) UILINGAdN) (0T*S) QvIN § 660000

15 % — e (O3CVYYIH9e) = B2WNI 450000
(YR 4 (A3I¥IAHY4) = J2WNI 250000
6% 3 - (¥ViSI¥HG+) = 92WNI 360000_
TR (aHT+) = G2WNI 240000
VLI e o . (JdOLSH4+) = %2WNI -~ 9403000
94 1 ) (HSINIJHY+) = £2WNI wnC000
66 1 - _(30VHLHS4) = 22WNT _____ £%0000
LE I (LYW E£DHS+) = I2WNI 190000
£9 1 . s (LUR 20H9+) = O02WNI __ 040000
29 ¥ ' . (1YW TOHO+) = 6TWNI 9£0000
1 2 (AJICOWHY+) = @TWNI ______  SE0000 .
0% 7 ‘ : (SONNOUHI+) = 2ZTWNI ££0000
O T el flvW SAMO+) = QTWNI  _ 2£0000
-2 S 4 (LYW 2AH9+) = STHNI 0£0000
81 (VW TAH94) = WTWNI 220000_
TR (VW E£XdHO+) = £TWNI 6290C0
[0 4 (VH 2XdH9+) = 2THNI ___ %20000
LT3 ; (VH IXdHI+) = TTWNI 2206000
£ ¥ (NIQHO4HO+) = OTNNI _ _ 120000
T (VILINIMO4)= 6HNI 210000
I3 (MIVW _NH9+)= BNNI 916000 _
(T3 ] (H1VH 4H9+)=  ZWNI %10600
623 (HL1VH MHO+) =  OWNI _ £10000
82t (YLVH OHO4) =  GuUNI 110000
e . C(B1VW WHO+)= %WNI _ . 030000
92 ¥ : (Y1VK OH9+) = .EHNI 93000
52 1 (UIVH 8H9+) = Z2HNI . 500000
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_ M23IAT4E23A1¢ «~u>H.=~u>H\~mm>\zozzcu--||:|,: £00000

BTINTCLTIATOOTIATSTIATSNTIAT  STIAT 2T3AT ¢ TTINT/TUIA/NOHHOD £00000

OT3AT 63ATOIATCLIATCOSATCSIAT HIATSLIATC2IATCTIALZ8IA/ NOHHOD __ £60000

S13SN /2¥04/NOWHOD £00000

30N/LIW/ NOWHOY =~ £00000_

ZIP300H AON AN IH AN N HEN®TT 71dNI7 NOHKHOD £00000

e WL /17 NOWWOD _£00000_

1ON‘GON‘I0N 4 JBON /SHY/ NOWHOD £00000

. e AB)SN'YLINI /TVIV/NOWHWOD 00000
(2V)ILILI/1T1/ NOWKOD £00000
(9602¢T) 4/NNA03/NOHKHOD. _ £00000_

(02)A%(602) M (5€02)INA/0TdN/NOHKNOD £00000

AECE IEDC(EE 1204 (02°E HITD/BYL/NONWOD _ £09900

TNt SIEAC (n4G)2AN (02°G) TAZLSNOD /NOHKOD £02000

i ) (0T)L3SI/LSTI/NOWWOD ___ _  £00000

R EOTINAS (0T OFTAVIS(A40T) 43 (0T40T)22° (0T “0TIN3/0%3 /NOWHOD £60000
.;.m.nxnimmnm~mm@w.DN.m.«xm\ﬁmoxzozzou £05000_

(ht aw.a.., 02)8¢(02°02) v/02V /NOWKHOID £00000°

- _ . t82%021d* 102402213V /AVXN/ NOWWOD___ £00000

(026T)S /1INI/NOWNOID £00000

.N.e.umz. ..... dSI /O0TIHY/ NOWKOD _ _£00000_
INSHEOLT“(RINLT /711d/7 NOWMHOD — £00000 -

(9)XXI_NOISNIWIQ naoooc

(HONNd *1Nd1N0=93dV1¥21NdNI=63dV 1" »:&h:o.h:uZw-oomnuma HYY903d

169



.l

525000

q.n..«u>m
0=¥LINI %2£000
INNIINDD 6172 025000
. - 0°0=(I¢PéTYS  G1IR000
6°0 = (FCI)TIXd £T£000
N N 0°0 = (F€I) YA TTL000
00 =-(r¢1)10 . 908008
' 02¢t=r '5172:.00 SO0EC00_
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0°C = (réIden 222300
0°3 = (F*I)EA 022000
0°0 = (r¢1 o 992000
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. €£¢T=I 9112 00 . 092000
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0°0 = (r‘na 002200
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%é1=r 6112 00 £27000
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0°0=tr*mI3v ___ _ £97000
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