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~ INTERACTION BETWEEN A CIRCULAR INCLUSION
AND AN ARBITRARILY ORIENTED CRACK™®

‘ by ,
F. Erdogan, G. D. Gupta, M. Ratwani
Lehigh University, Bethlehem, Pa. 18015

.'Abstract"'

The p]ane interaction prob]em for a. c1rcu1ar e]ast1c 1nc1us1on
" imbedded into an elastic matrix which contains an arbitrarily
oriented crack is considered. Using the existing solutions for-

"~ the edge dislocations [6] as Green's functions, first the general

~problem of a through crack in the form of an arbitrary smooth arc
- located in the matrix in the vicinity of the inclusion is formu-

lated. The integral equations for the line crack are then obta1ned ‘f‘

as a system of singular integral equations with simple Cauchy
kernels. The singular behavior of the stresses around the crack
tips is examined and the expressions for the stress intensity fac-
tors represent1ng the strength of the stress singularities are

obtained in terms of the asymptot1c values of the density functionsxn"

-of the integral equations. The problem is solved for various

‘typical crack orientations and the correspond1ng stress 1ntens1ty f’

factors are given. . , ‘ : c L -

1. - INTRODUCTION

In fracture studies of ceramics and other composite materials

‘it is'genera]]y conjectured that the fracturé:bf the solid Wil1"

'5nitiateiat and will propagate from aiﬁdominant‘ffaw". :ThisAméy '
be a manufacfuring f?aw, it may be caused by residual stfeSses or

some other type of loading before the part is put into'use; or.it.
may result from the gréwth of a "micro flaw" due to cyclic nature

of the operating stresses. In some céséS'it may bé,bossib]e fo}

detect such flaws by using nondestructive ‘testing techniqués.

*Th1s work was supported by fhe National Science Foundation under
the Grant GK-11977 and by the National Aeronautics and Space
Administration under the Grant NGR 39-007- 011 ‘
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'MOre often;'in studies re]ating‘to strutthra] lntegrlty and re11-;”

B ability one s1mp]y assumes their existence. Thus, pre]xmwnary to;‘ﬂgt?;g

the app]1cat1on of the re]evant fracture theory, one needs to

solve the mechan1cs prob]em for the comp051te med1um cons1st1ng of

inclusions and/or pores and the surroundjng e]ast1c matrix which = . ;5

. contains the flaw. | Genera]ly“the flaw is assumed to be an internaTh:"'ﬁ

crack the s1ze of wh1ch is of the same order of magn1tude as that
of the 1nc1us1ons ' The exact e]ast1c1ty treatment of the three-f}

dlmenSjona]_problem w1th a regu]ar or a random array of e]astlc f~”"“

inclusions imbedded 1nto an e]ast1c matr1x conta1n1ng an 1nterna1
‘eraek'appears to'be hope?ess]y comp]1cated However, one may have»f

some idea abeut the‘response of the compos1te sol1d if the so]utIOn"‘
" of the re]ated two - d1mens1ona1 elast1c1ty prob]em ‘were to bevh*n>'"/’

- ava11ab]e.

» In th1s paper such an 1dea11zed prob]em w111 be cons1dered
It w111 be assumed that the e]astlc matr1x conta1ns only “sparse]y“'.
d1str1buted 1nc1us1ons Hence the mechan1ca1 1nteract1on 15 pr1?'”a

mar11y between an 1so]ated 1nc1us1on or a. ho]e and a 11ne crack

varb1trar11y ]ocated in the ne1ghborhood of the inclusion 1n ‘the"

surround1ng e]astlc matr1x wh1ch is assumed to be 1nf1n1te1y ]arge

The body will be assumed to be in a state of plane strain or gener- I8

~alized p1ane stress. The special cases of this prob]em in which_

the geometry of the medium and the external loads contain a planeA
of symmetry were considered in [(1-43. -[4] a]so'includes the solu-

tion of the problems for two collinear cracks (one in the'matrix;

one in the inclusion), for a crack terminating at the inclusion-

matrix interface, and for a crack crossing the interface.
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2 'THE INTEGRAL EQUATIONS

As in many crack prob]ems, the solut1on of the present prob]em

too may be obta1ned through the superpos1t1on of two so]utlons. '

‘ : The first refers to the s1mp]e‘prob1em of a c1rcu?arve1ast1c,1nc7uf;f<w

sion-inserted into a:matriX'without the crack ..This brcbiem’tsy‘-'f
- solved under the g1ven system of externa] ]oads In the Second"
problem only the stress d1sturbance due to the ex1stence of the

crack in the matr1x is cons1dered In th1s prob1em the on]y exter- -
na1 1oads are the crack surface tractlons wh1ch are equa] 1n magn1-vpt
‘tude and oppos1te in s1gn to the stresses obtalned in. the ftrst |
'problem a]ong the ]1ne whlch is. the presumed ]ocat1on of the crackvh~
The nonhomogeneous med1um may be subJected to an arb1trary set of
, externa] 1oads (1nc1ud1ng qua51-stat1c therma] 1oads) app]ted to

the matr1x and the 1nc1us1on- However,_it is assumed that the

d1mens1ons of the matrlx are suff1c1ent1y Iarge 'S0 that 1n the

second prob]em the 1nteract1on between the outer boundary of the SR

matr1x ‘and the crack- 1nc1u510n comb1nat1on may be neg1ected ”Thus,ui
~in the second prob]em, which conta1ns the sxngular part of the».:
'so]ut10n, the matrix w111 be assumed as be1ng 1nf1n1te It w111
henceforth be assumed that the so]ut1on of the f1rst\proo]em is
known. For examp]e, 1f the matr1x is 1nf1n1te1y 1arge and is sub-
'Jected to b1ax1a1 stresses at 1nf1n1ty, this solution may be_
thalned by add1ng the results for two perpend1cu1ar un1ax1a]
stresses given in [5],.name1y. | . |

b

o 2 2 '
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j_where 00/13 the un1ax1a1 stress at 1nf1n1ty,'R 1s.the rad1us of

lthe 1nc1us1on, r and e are the po]ar coordlnates (r is measured

'from the center of the 1nc1us1on, 6 is. measured from the d1rect1on:
of ]oadlng, o ),'and ul,K1 and uz,Kz are, respect1ve1y, the e]ast1c‘1;

"constants of the matr1x and the 1nc]us1on

The 1ntegra1 equatlons for the stress d1sturbancevprob1em may‘h"
_be obta1ned by us1ng the so]ut1on for the edge dlslocat1ons g1ven f”:
din [6] as the Green s funct1ons Referr1ng to F1gure 1(a), 1et }Qt C
~the. matr1x 1 conta1n two edge d1s]ocat1ons at the po1nt (r Co’ y 0):f'

Y
po1nt P(x,y) in the matrix may be expressed as

with Burgers vectors b and b.. Following [6] the stresses at a

T oyy(x,y,§o)_ hyy]-(x’y’co)bx h‘yyz(}x,yj,"co).b‘y .
BT Ty (Xs¥s€4) = hXX](x,y,co)bXA+~hXX2(x,¥,co)by_,..
m{eg+1) | S S
BT 0xy(xayfco)‘% hyy1 (Xo¥sc0)b, + hxyZ( ,YsC )b B
(3.a-c) -

where




-"."-) o ‘P(x,y)'-

(b)

Figure 1. Geometry showing the dislocations bx and by, and the
crack L in the ne1ghborhood of the 1nc1us1on 2. ,
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Let us now assume that the matrix contains a cut a]ong a smooth

arc L going through'thé-point (t> O)I(ﬁigure Ta) Let o (s) and’

o (s), (se L) be the normal and tangent1a1 components of the stress

- vector on L in the compos1te w1thout the cut and subJected to the

|

g1ven set of externa] 1oads, where s is the arc length measured on r~1

‘[' L‘(J,e.;_the so]ut1on of{the f1rst prob]em). Let the point (c )
.'corresoond to‘s=.s0 on L. Onoe L is specified from-(3) we may

.also obta1n the norma] and tangent1a1 stresses on L due to the.f

";d1slocat1ons b and by only as follows:

-1oh(s,so)_= (s,s )b‘ + hné(s s )b
EHCENE t](s s )b hiplsasgdby, oo (T.a.b)
'where_hnj'and' “(i=1 2) may be - obta1ned from (4) by us1ng the

coordinates on L. If n and t refer to the pos1t1ve normal and
‘tangent to L at s (Figure 1a) and if a = a(s) is- the angle between
the x-axis and the norma] n, not1ng that (3) is a]so valid. for

(x,y) €L, o: and OE are given by

b _ 1 2 1.2 |
Op = Oyy COSTQ + ny.sjn aﬁf 20 sinacosa ,
b _ 1 1 . 1 2. - -
oy = (oyy - oxx)s1nacosa + oxy(cos o - sin‘a) (8.a,b)

,-7-




t-Sdbstituting x_ix(s), y= y(s) from. the equat1on of L, (3), (4),
(7) andh(8)‘giyelhni_and heys (1-] 2)

- If we now assume that bx_and by'are continuously distfibutedlx

(unknown) functions (of'so) on L, the stress d1sturbance prob]em

(the second prob]em) may be formu]ated asA

i , ‘%ﬁ A
- ks S S

1 __gn(s) y(sc.;)]dsol"»b,"

f [hn](s S )b (s ) + hnz(s s )
Fot(s) =.{ [ht](s s )b (s, 3 o+ htz(s 3 )b'(sb)]dsot;_n(éia;b)Ah

~ The s1ng]e va]uedness cond1t1on of d1sp1acement vector requ1res
'e-that the density functlons of the system of 1ntegra1 equat1ons (9)

satlsfy the fol1ow1ng re]at1ons

| f bx(so)dSOL= o;, . f b‘(soyd;0‘='eAff h_;*;s;'* »(10,a;h):

Super1mposed on the so]ut1on of the correspond1ng "f1rst prob]em",:’t

in pr1nc1p1e (9) and (10) give the so]ut1on to any prob]em of an.

."/

&0

arb1trar11y orlented arc- shaped crack in the matr1x.

~In particu1er_if the'crack is a1eng e:strefght arc LhShewh S

in FigUre ]b'the transformationsvwbuld be.considefably‘simpiiffed'7

Let (t,w) be the f1xed coordinate system and the end po1nts of thes':'
.cut be at (t],c)tand (tz,c) (F1gure 1b) Note that on,L

t=-s, g =0 =cb, o =-c"=-ob ‘ (i])r

oo ww “nn” “n wt ns =t

09
The relations and quantities necessary to express the kernels in.

(9) explicitly in terms of t and t  may then be wr1tten as

. : t A
Ssina = —2 — cosq = —— s
,/CZ + tOZ o ’ /CZ + t02
x = t sina + ¢ cosa, . Yy =¢ sina - t coso ,




" and define

blsy) = <fy(E) by (s,) = fltg) (14)’},".;"

| 2 -"2 2"- 2
(tto +c-R%) + ¢ (to -t

‘ +
c“Hty”

If we now let the Stresses on L:obtaihed from’thegsolufion_of}gzs

| the problem w1thout the crack be

“Oy(ts€) f Pl(t),:;‘b' -0 t(t C) . Pz(t) ish_f‘fh,b};,h(13)'ffl;5'f

"’ithe system of 1ntegra1 equatlons (9) and the cond1t10ns (10) may B

" be expressed as
DR | .
(e, +1) Y
1°
—5—— P, (t) = f
2u1.

¥ ,Kij(t’to)fj(to)qto s

IIMN C
— s

ts

It is not difficult to show that at t=t, the kernels K (t,t)) =

“have Cauchy type SingUTarities;,~Tn fact,dexémining the terms =~

'cohtaining x]/rlz ahd'y/r]2 in (4) we_find'

= . . 5

Y'-IZA , 1/2+t 1'-1"‘1 -,/2+t2 t_o

. . e (=) . an

-t °?

‘Whereas a]] the rema1n1ng terms can be shown to be bounded in the

c]osed interval t, <(t t, ) <t] Separat1ng the 51ngu1ar parts of ,

the kerne]s, (15) may be written as

s rpt = ——— 5 5 T. : ;::(1?) :~

C(i=1,2; tyetety).  (15)0

[foee=o0.  Genn . A
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. w(k, +1) T e
1 _ c. 0 . - |
e Pt = [ f(t) A [kttt
2 C™ %19 2 . ’
4 R L TS e R | |
2 C'v+t0 2 ,
RICTES DI t, -‘dto e
i Rt < () e Bt L RN
t ‘ o R |
1 Cdt 1 T |
c 0, - A : .
- [ fz(t ) + [k (t.tg)Fp(tg)dt, o
: t -t 22 "0/ 2Y 0’ "0 ?
L2 /c2+t 2 "o .tzﬂ,j T
o -'~,(t <t<t ), f(]8 a'b)t_vA

where kij(f,to), (1,3 —1 2) are bounded functlons 1n the c1osed o
"interva1 (t2 <(t ,t) <t ) _ For the homogeneous med1um “]"“2’ |

K]s=K25:ﬂl=1 A=0 =8, M'-]/(1+K1) Consequent?y, k;: may: be shown:'

ij _
to‘vanish. Thus, def1n1ng t,w- components of the d1s]ocat10ns by o

]
i

b,sina - bycosa”‘.bt f'~g](t ) . A‘h i.::; | ".a‘ i;/}/;A o
b,cosa +Abysina .Abw.= —gz(to)_, e' .L:T S : (19.§’b)7,.{

the integral equations (18)'mayjbe expressed as

m(kq +1) ) - ;1 9, (t,) Af

2p] -1 .t2 to' t f
H(K1-+]) ’ ,-"t]‘g](to).d N T ; S o .
BT Pp(t) = té -t o oo (Eystcty). v(20.a,b)

'(20) are the we]] known integral equat1ons for a stra1ght crack in
an 1nf1n1te homogeneous medium in wh1ch the norma] and tangent1a1

crack surface tractions p] "and p, are the only external loads and

-10-




e . -
where utA—:ut(t,c+0), u

_the dens1ty funct1ons g] and g, are re]ated to the crack surface

d1sp1acements by [7]
g (t) = (el - uD) L gzm a—t (uy -uy) o (21.a,b)

ut(t,c-o), etc. ) |

3. -STRESS INTENSITY FACTORS

Following [8] it may be shown that the indexes of the s1ngu1ar:,v

:1ntegra1 equat1ons (18 a.) and (18. b) are +1 Hence, the genera]

solution w111 conta1n two arb1trary constants wh1ch may be»deter-

'm1ned from the s1ng]e va]uedness cond1t1ons (16) | ~Also, the

fundamenta1 funct1ons of the system arei ”

'hHence the so]ut1on of (18) may be expressed as [8]

() =W (e)F(e) . (1=1.,'2- t2<t<t ), ".(zfs--f.”

where F] and F2 are Ho]der cont1nuous in the c]osed 1nterva1

' [tz,t]]. In order to 1nvest1gate the s1ngu1ar behav1or of the

stresses around the end points of the crack, we note that the =

"eXpressions (18) give the normal andfthe tangential compohents of

the stresses in the perturbatidn'problem outside as well as inside |

the cut L, i.e.,
o2 (t,c) = ':(tf- - ol (t,c) = p (t5 L (24.a,b)
ww' "’ p] o tw* ™2 2 > , et
for all t in the matrix. Let us now define the following section-

ally ho]omorphic:fUnctions

-11-




| ]'Fi'akj(to)fs(taj

¢kj(;) = F~t2. T, — dt,
_i t‘ ( o)F;(t,)
(k i=1 2),’ (s
where - ;
2 ='Fa22 - . o L ty -(26),_,_
1 ’ 12 = 31 = —Y—/———— - (2
o . : /c2+t02 o A /—2—+%—2 ‘

Fo]1ow1ng [8] the asymptot1c behav1or of the Cauchy 1ntegra1 _ _‘h

(25) may be expressed asf

¢kj(2) - ‘akJ(t s (tz)(t1 -t )_]/2(2 2 )-]/2 o

- o (e)Fs (e (g -t?_)'”z(z )2, 0kJ(z) N

(27)

where around t] and t2 ¢OkJ T ‘
- a s1ngu1ar1ty wh1ch 1s weaker than that of (z - J) 1/2,' Since .

(z) is ho]omorph1c outside the cut we may write

: }1 ékJ(t )F(tg )

T : dt, = ¢, .(t)
ﬂté- to-t. _ 0. kJ»

ai(t)Fs(t)) g (e)F;(t))

(6 - t) 2ty 172 7 (o= tp) 2k ¢

(t<t,, t>tg). (28)
From (18) and (28) it is seen that around the crack tips
t=t] and't=t2 the stresses Py and Py will have the_eohventionai

square-root singularity. If we now define the "stress ihtensity

-12-
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B factors" as follows:

Tim '/Zit ty )’ p](t)

t+t]

Tim V2t - t ) pz(t)

t+t] '

lim /2 ( 5 p](t
t+"2 B | N T
]1m VZ l t) Dz(t) s .v * -j _ AR (29;é—d)_'
t—>t2 _ R - SRR

=~
—
—_~
ct
-—
~
]

~
~N
—~ -
ot :
— .
~
1

’vkl(tzf

ké(tz)

‘ -and 1et

'['not1ng that

oty S A
{ ;kij(t,to)fj(to)dto‘f finite . (-§<t<w) o f(3]) o
2 A N e v o . R

we find

BUICITR R = < ——= [ef1(t) + £ Fp(t)]
ale”+ %) | |

] ‘ [tFq(tq) - cFy(t)] o

S TE¥el
J;é&2+£¥):
2u]
1-+K]
/a(c +t,
2u

1 +x
! a(c2+-t22)_

[cF (t )+ t, é(tz)]';"

==
ot
—
ot
no
~—
1]

n

kz(tz)- [tZF](tz) - ch(ﬁz)]‘, (32.afd)

where Fy and F, are the bounded functions defined by (23). It

should be obersved that if the transformation (19) is made before

-13-




as

solv1ng the 1ntegra1 equat1ons, repeat1ng the forego1ng ana]ys1s

or d1rect1y from (32) it is seen that in terms of the new unknown :}

functions 94 and 99 the stress intensity factors ‘may be expressed _' 1'

| t+t1 1

k,(ty) = - lim / ( t] g (t) s

2\t ¢ it ]+ 1 o

_ 1 _
,. ’ : . 2
Kltg) = Tin e T ‘2(t' £ 92(t)
P

ko(t,) = 1im o V/2{t- E,) g (t) , - (33.a-d)

2120 7 % Tk Fot) Rt n
| 2T < T e

"where 9 and 92 are the der1vat1ves of the crack surface d1sp1ace-1ﬁ

ments (see (2]))

4. NUMERICAL RESULTS ~ e

© Once the tractions p; and py are specified, fhe system of

singular 1ntegra1 equat1ons may be solved 1n a stra1ghtforward -

' ‘manner (see [9] for an effect1ve numer1ca] techn1que) . After

 solving these equations, a11~the desired fweld quant1t1es may be

evaluated by means of definite ﬁntegra]s with appropriate'kernels
and f; and f, as the density functions. Sineelthe main interest

in this paper is in the fracture of composite materials"the numer-

~ical results will be presented only for the stress intensity

factors defined byk(29) and evaluated from'(32). The results are
given for a uniaxial stress o, at infinity (see the insert in’
Figures 2-11). The calculated results are shown.in Tables 1-7 and

-14-




F1gures 2 ]1 The stress 1ntens1ty factor rat1os, | (1,3 1 25

: shown 1n the tables and the f1gures are norma]wzed w1th nespect to :
' % va wh1ch 1s the stress 1ntens1ty factor 1n a un1ax1a1]y stressed '
: 1nf1n1te p1ane conta1n1ng a crack of 1ength 2a perpend1cu1ar to
“the. d1rect1on of loading. Thus

- where‘ki(tj) is defined by (29). - Thevlength parameters a, b, c,

~ and R are'shown in thevinsert of-Figurest-lllseIn the.numerical

"ana1ys1s it is assumed that the crack is perpend1cu1ar to the N
d1rect1on of externa] ]oad1ng, Oy
have been cons1dered ' The f1rst refers to a. c1rcu1ar ho1e (1 e. ,'A*7

fuz = 0) and in the second it is assumed that
(“2/“1)_= 23, 0 k18 kg jfg )
which rougth corresponds to a‘meta1Tic incluston‘imbedded into'ant'

epoxy-type matrix. o e

. Table 1 and F1gure 2 show the resu]ts for a rad1a1 crack -

| 0n1y two mater1a] comb1nat10ns'_ o

perpendicular to o_. | Note that as the crack t1p t2 approaches the-';=";

, )
hole k]2 goes to infinity and as it approaches the 1nc1us1on- :'

Amatrix interfaCe (where u2> u]) k]2 goes’ to zero Thls-problem,h»'
of a crack terminating at and going through the 1nterface was’ |
extensively studied in [10, 11, and 4]. It shou]d also be noted
that for u, = 0 and b/a = 3, ky; will be finite (see [47).

-15-




b/a

F1gure 2. The stress 1ntens1ty factors for a symmetrlcaﬂy ,
located rad1a1 crack (R/a—2, c-O) ' :

~




- "Table 1. The stress Tnten$1ty factors f' 
~for a symmetrically 1ocated radial crack
(R/a-2 c=10). o

'Au2==0}, | Wy ;v23u]f
b/a | kyp | Ky kip | Ko
3.0 | v - >0 b
3.2 [ .1.417 | 2.274 | 0.827 | 0.467
3.5 1.290 | 1.722 | 0.874 | 0.671
14 1.188 | 1.394 | 0.918 | 0.821
5 1.102 | 1.174 | 0.957 .| 0.924
6 | 1.065 | 1.099 | 0.973 | 0.959
'8 |1.033 | 1.045 | 0.987 | 0.982
o 1.0 | 1.0 1.0 |1.0

Table 2. Stress intensity factors for a symmetr1ca11y‘fi
-Tocated "tangential crack" perpend1cu1ar to the 1oad
(b— 0, R= 2a) o _ , '

uZ/p] = 0 1 .uz/u]_= 23 .
c/a | kyy = kyplkay = -kap | Ky = Ky ikay = -kap
2.1 | 0.0626 | -0.170 | 1.201 -0.105
2.5 | 0.260 | -0.101 | -1.196 0.171
3 0.395 | -0.0644 | 1.196 | 0.202
4 0.574 | -0.0175 | 1.180 | 0.180
6 - 0.768 0.0274 | 1.110 0.109
10 | 0.906 0.0361 | 1.046 | 0.0567
o 1.0 f 0 | T.0 0o

. -16-




3
?'

Stress 1ntens1ty factors for a crack

arem

. '.Table 3. pe}rpe'n'dicvu]é‘r'
“to the external load (R —2a, b=3a). o ' ‘
u2'=0‘ Uy F -231—1.I o o
cfal kyp o kgp | ko [ kg Ky Ky | Ko kg
S S > © .=> 0 +.0 _ >-0 > 0 +0
0.3| 1.607| 4.267| 0.072|-0.391|.0.784| 0.225(-0.004| 0.072
0.5} 1.544| 3.070| 0.113|-0.412| 0.792| 0.341[-0.006| 0.101|
1.0{ 1.430| 1.969| 0.177[-0.316| 0.817| 0.613|-0.005| 0.057
1.51 1.357} 1.552 0.1841-0.241{ 0.839| 0.763 0.008 -0.007 R
2. 1.299 1.337 0,150 -0.243} 0.860| 0.845] 0.034 ~0.021 1} - -
3 [ 1.189{ 1.083| 0.052(-0.2821 0.905| 0.953| 0.089|-0.001
4 | 1.091| 0.957| 0.011{-0.261| 0.951| 1.014; 0.117| 0.002
-8 0.955| 0.911{-0.0141{-0.114: 1.020 .1,043 - 0.088(-0.026
© [ 1.0 | 1.0 0 0 1.0 1.0 10 0
Table 4.  Stress intensity factors for a cr’ack.‘ pérpendit:ular j:‘"- o
' vto the externa] Toad (R=2a, c=a). N L
blal kg | kg | kpp | kg 11 ] K2 | okey o] Koao
/372 1+ >ew | 0| .| +o0
2.8] 1.562| 2.700{ 0.206|-0.790| 0.781! 0.483]| 0.002 0.167
3.0{ 1.430] 1.970{ 0.177{(-0.316] 0.817| 0.613}-0.005 0.057
3.5 1.274} 1.548| 0.134}-0.047} 0.878} 0.752 50.012(‘-0.047
4 1.1931°1.364} 0.107] 0.023| 0.914} 0.833}(-0.012 |-0.068
6 1.070( 1.109) 0.048! 0.032} 0.970}! 0.952{-0.006" {-0.041
8 1.036; 1.049| 0.025| 0.015) 0.985} 0.980;-0.002 }-0.021
10 1.022 1.028} 0.014 0.007} 0.991 0.989]-0.0004{-0.012
© | 1.0 1.0 o :|o 1.0 1.0 0. 0 -
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Table 5. Stress ihtehéity factors for a crack pérpﬁndicUTar . L
to the external locad (c =R, b-a =0.2R; a =constant, R variable,
~or R=constant, a variable). o 3 co '

SRR K] Kz | R ) ke | K] K | ko | kpp |

5 | 0.366[0.0582(-0.102 |-0.0210| 1.120| 1.096[0.0256| 0.124|

3 | 0.882/0.257 [-0.0774|-0.349 | 0.984| 1.063[0.139 | 0.150 '
2 | 1.247/0.600 | 0.0935|-0.826 { 0.868| 1.022/0.172 | 0.162
1.5 | 1.354]0.926 | 0.246 [-1.226 | 0.829| 0.990/0.168 | 0.162|

20 | 1.312)1.384 | 0.400 (-1.719 | 0.839f 0.9510.165 | 0.153

.75 1.225]1.679 | 0.453 [-1.972 | 0.866| 0.929]0.176 | 0.144

.51 1.092{2.180 | 0.486 |-2.239 | 0.899] 0.9090.194 | 0.129

:  ‘  to the external load (R=2a, c=2.2a).-

Table 6. Stress intensity factors for a ;rack”pérpendicu1ar 7,V

b/a) kyy | kg f kar o ke | Kyn | Kz | ke | kg

0 | 0.146| 0.146{-0.113 | 0.113| 1.199| 1.199| 0.127 |-0.127

0.5| 0.549| 0.008|-0.124 [-0.101| 1.096| 1.214| 0.202 |-0.026

1.0/ 0.952| 0.796(-0.043 [-0.372 0.972| 1.156( 0.272 | 0.031

2 | 1.315]| 0.926/°0.092 |-0.526| 0.847| 0.994| 0.122 | 0.035

4 | 1.188| 1.268| 0.123 |-0.060| 0.911] 0.871| 0.011 [-0.066
1.084| 1.126| 0.0765| 0.025| 0.961| 0.941-0.0016[-0.060
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Table 7. Stress intensity factors for a crack

' perpendicu1ar to the external load (c=R/2).

Wy =0
R/a | b/a no| ke | ko 22
5 5.5 | 1.866 | 2.426 |8.22x1074| -0.816
3 3.7 . | 1.721 | 2.668 | 0.148 | -0.791
2 | 2.8 1.562 | 2.862 | -0.206 | -0.727 | |
1.5 | 2.35 | 1.448 | 2.993 | 0.217 | -0.645 | -
.0 | 1.9 ] 1.309 | 3.139 | 0.205 | -0.472
0.75 | 1.675 | 1.232 | 3.185 | 0.188 | -0.319
0.5 | 1.45 |'1.153 | 3.120 | 0.165 | -0.0976
5.5 | 0.654 | 0.508 | 0.050 | -0.025.
3.7 0.716 | 0.483 | 0.010 | 0.178
2 | 2.8 0.781 | 0.469 | 0.002 | 0.156
1.5 | 2.35 | 0.827 | 0.463 0.008 | 0.139
.0 | 1.9 0.881 | 0.460 | 0.026 | 0.113
75 | 1.675 | 0.911 | 0.464 | 0.040 |. 0.094
5 1.45 0.940 | 0.481 0.056 - 0.062
-19-
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Tab]e 2 and F1gure 3 show the resu1ts for the other symmetr1cAv:*
.ffcrack geometry, name]y, b= 0 and c var1ab1e In th1s case 1t 15'”‘
seen that the stress 1nten51ty factor ratio k]] for the c]eavage‘c.f

mode may be greater than 1 for the st1ffer 1nc1us1on and may be |

'cons1derab1y less than 1 for the ho]e | Th1s and the s1m11ar

resu]ts observed in some of the subsequent f1gures may at flrst

appear to be somewhat paradox1ca1 However, 1f one. cons1ders the .
d1str1but1on of the stresses obta1ned from (1) in the absence of f”-:
the crack which is shown in F1gures 4 and 5 the exp]anat1on forf’tr

these trends wou]d be c]ear The stresses g1ven 1n F1gures 4 andib.ff'

5 are re]ated to the 1nput funct1ons in (]8) by

R N R R

Other resu]ts wh1ch may be of 1nterest 1n the app11cat1ons

are g1ven in Tab]es 3- 7 and F1gures 6-11. S1nce the shear compo- _.,51,
nents, sz (j= 1 2) of the stress 1ntens1ty factor are . not zero,;slf
in a br1tt1e or quasi- br1tt1e matr1x the crack propagat1on wou1d }f{:'

not be expected to be in the p1ane of the crack. From the resu]ts;h-;'“

g1ven in th1s paper, 1t is not d1ff1cu1t to show that, genera]ly
for the. crack tip near the 1nterface,_the crack wou]d propagate
towards the 1nterface 1f uz-—O or u2<1ﬁ, and away from 1t if

Ho > Hy. A quant1tat1ve mode] for this phenomenon was d1scussed

in [127.
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c/a

Figure 3. The stress intensity factors for a symmetrically .
1ocat§d "tangential crack" perpendicular to the load (b=0,
R=2a). : ' : :




c/R

- 0.5

L — 1.5

o.8 | . ' 0.5

Figure 4 The stress distribution in a plate with a circulaf
hole. : :
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The stress d1str1but1on in a plate w1th a c1rcular o

elastic inclusion (“2"23“]’ K]'-l 6, K =1.8).
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Figure 6. Stress intensity factors for a crack perpendicular
to the external ‘load (R—2a, = 3a). -




Figure 7. Stress 1ntens1ty factors for a crack perpend1cu1ar
to the externa] load (R=2a, c=a).
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. Figure 8. Stress intensity factoré~fdr a crack in the matrix
containing a circular ho'le_(u2= 0, c=R, b-a=0.2R, a=constant).
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Figure 9. Stress intensity factors for a crack in the matrix
containing an elastic inclusion (u,=23u;, c=R, b-a=0.2R,
a =constant). ‘ _ o : .




Figure 10.
-containing

Stress intensity factors for a crack in the matrix
a circular hole (u2=so, c=2.2a, R=,2a).} - '




Figure'Tl. Stress intensity factbrs for a crack in the matrix
containing an elastic inclusion (u2=23u],'c=2.2a,_R= 2a).




