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- 'BONDED HALF PLANES CONTAINING
AN ARBITRARILY ORIENTED CRACK™

by

F. Erdogan and 0. Aksogan™”
Lehigh University, Beth]ehem,iPa;
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The p]ane e]astostat1c prob]em for two bonded ha]f planes

~containing an arb1trar11y or1ented crack in the neighborhood of T
the interface is considered. Using Mellin Transforms, the prob-

iem is formulated as a system of singular integral equations.
_The equations are solved for various crack orientations, material
zombinations, and external loads. The numerical results given in

the paper include the stress intensity factors, the strain energy =
'r«]ease rates, and the probab1e c]eavage angles g1v1ng the d1rec— e

cion of crack propagat1on

‘1. INTRODUCTION

" The structura]‘strength of'composite'materialé iS'cbntrolled .

,'O a considerable extent by ‘the s1ze,'shape, orlentatvon, .and .
'f'strwbut1on of the flaws and 1mperfect1ons whlch ex1st in the_,u
material., Usua]]y these flaws and 1mperfect10ns exh1b1t them-'
salves in the form of entrapped gas or weak 1mpur1t1es on the
terface, ruptured bonds, cracks, 1nc1us1ons, and geometr1c
singularities arising from the pérticu]dr-shape of the pbnstitn—:

2nt materials. From the viewpoint of fracture initiation and o
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propagat1on in the med1um part1cu1ar1y 1mportant are the manufac—{
~turing flaws such as flat cavities wh1ch deve]op during bond1ng

yor cast1ng, small cracks resu1t1ng from the res1dua1 stresses,',

and fat1gue'cracks caused by the cyc11C-nature;of'the externa], -

_1oads.A‘Thus, in studies're1ating to the fracturexinitiation and
‘propagation in the material, it is necessary to have a good esti=

mate of those factors represent1ng the sever1ty of the externa]‘

1oads in the ne1ghborhood of the "1so]ated dom1nant f]awf.” Gener- .
a11y, the compar1son of these factors (such as the stress 1nten—'
sity factors, the stra1n energy re]ease rate, the crack open1ng
stretch, or the cleavage stress at a character1st1c d1stance from'-
the f]aw boundary) with the corresponding characterlst1c constant'

represent1ng the resistance of the mater1a1 to fracture constx—v‘_

o

e

tutes the fracture cr1ter1on.' Ifrthe,dom1nant 1mperfectionhlsﬂ_.t.h

completely imbedded'in-auhomogeneous phasefand isvlocated sufft;tl
ciently far from the phase boundar1es or 1nterfaces, then the Jd:
dlsturbance of the stress field around the 1mperfect1on w111 not
be affected by the ne1ghbor1ng phases-and the d1sturbed stress
f1e1d may be obta1ned by so]v1ng the problem for an 1nf1n1te o
homogeneous solid. On “the other hand 1f the f]aw is ]ocated near
“a phase boundary or a bi-materia] interface, then the so]ution

of the problem for the nonhomogeneous medium becomeslnecessary.

An up-to-date review of the available.solutions for variety
of crack and inclusion geometries in composite materials may be
found in [1]. The primary interest of this paper is in the

evaluation of the disturbed stress field around a cracki]ocated




near. a bi-material interface or, as. a limiting Specia]:casé,
~free boundary. The pkob]em was studied in a previous series of

papers fordtwo special crack_orientations, namely- the case of. a

crack Tocated para]]el to or-at the interface [2-6] and the-

"prob1em of a crack perpendicular to and cross1ng the 1nterface
:[7 8] In th1$ paper we will assume that the or1entat1on of
}the crack w1th respect to the 1nterface (i.e., the ang]e 6 and

. the d1stance d in F1gure 1) is arb1trary and the prob]em is oneAi

. of p]ane stra1n or genera112ed p]ane stress As’ 1n the prev1ous.:”

_ stud1es it will also be assumed that the interface in the non- |
: homogeneous med1um is e1ther a p]ane or has a suff1c1ent1y 1arge.
Vradius of. curvature so that the: d1sturbed stress fleld can be

: approx1mated by that of a crack 1n two bonded elast1c ha1f

p1anes (F1gure 1) -~ Even though the prob]em w11] be formu]ated

“and so1ved for the bonded ha]f p]anes,,the techn1que descr1bedﬁ

1n the paper appears ‘to be qu1te genera] and may-be used to treat'

: the prob]em of any number of bonded wedges with radja] cracks.

2. THE INTEGRAL EQUATIONS OF THE PROBLEM

~Using the conventiona]rsuperposition'technique the'solution :

.of the problem of a traction;fnee cracktin-the composite medium

under a given set of external loads can be expressed as the sum

of two solutions: the first obtained’for'the given external loads

and the given medium without the crack, and the second obtained

~for the two bonded” half planes with a crack where the only exter—"

. nal Toads are the crack surface tractions which are equal and

opposite to the stresses found in the first solution on the

-3-




'Figdre 1.

Vthation for'the_ihclfned'Crack.'




presumed 1bcation ofrtheiérack'.ilt‘is ciear thaf on]yAfﬁe-gecoﬁd'”'
so]ut1on wh1ch g1ves the disturbed stress field due to the ex1st-.f
ence of the crack w11] have s1ngu]ar1t1es. A]so note}that yn the -
. second problem, since the external loads are ]oéai and.Staticé]]y.'
self- eduilibrating, in the appTication of Me11ir transforms. the‘:
- regularity cond1t1ons required of the so]ut1on as r>wo will be
satisfied. F0110w1ng now, for example [9], in po]ar coord1natés.
the plane elasticity problem for a med1um hav1ng the e1ast1c'*"
constants u and Kk (k = 3-4v for plane straln, K_= (3 v)/(l+v) for;

p]ane stress) may be formulated as v ‘r

ol(r.8) = T . + i TS I YRR 1o
‘c(r,e) = Tpg * 1Tg9 = - 37 (7 39)”#vj_3r2,34' PR
= L ——az'x + 13x S
rr r2.362 r ar. : o | IR
(r é)' ur + Mo _ 1 {- 2% PR ) G ik
ar ar 2y 5 2 2 99 r ars6. -
. r r - /. L
¢ 12K 3y o5y B0, rlazw + ir? EEE]} (i a-c)
o 4 ) r arob '3r2 ’
vix=0, vw=o0, 2 =-v%.  (2a-)

Referring to Figure_T, the medium will be'éonsidered aé ’
consisting of three infinite wedges:' 1 (u],K]) 2< 9 < %f §_'
T o ut . :
2 (UZ,KZ),veo{ Q<-?.’ 3 (UZ,KZ) -T<o <6 _For an 1nf1n1t¢
wedge with an arbitrary ‘angle, u51ng the Mellin transforms to -

solve (2), from (1) we obtain




'h M[r?o;sij"z(s,e)f '

21(s+1)[Ase  f+ B(s+])ei(s+2)e_;'§e'i(5f2)9j'2

7M[r?rr;,s] - s(s+1)(Ae‘5e + Te ?Se) -
B - (341 (s44) e i(542)0 4 gprilsv2doy |
WIr2v.s] = V(s.0) T
s 5—”—’— .[Ase TIN Bl(s+1) ’“*2)6 T "(S"z)e] o
vf E 1,;- o E:Vﬁfﬁggblfhl"i: ' (3.a- c)

3where A and B are funct1ons of the transform var1ab1e S. ’fThe

- Me111n transform of a funct1on f(r) def1ned and su1tab1y regu?ar'j

-fh (0< r< =), and 1ts 1nverse are def1ned by

| _°F(S) ‘M[f s] = f f(r)rs ]dr R hxmfiiﬁg

SR 1 c+io s R o o
' f(Y‘) : '2——'] , (S)Y‘ ds , : _ o ,,f—(‘q";a_sb) .

where c 1s such that rc ]f(r) is abso1ute1y 1ntegrab1e in (0 °°)

-The transform of der1vat1ves nay be shown to be 3

e —ﬁ*’ e fgleo . @

'_providgd

R | S IR
ps¥m-1 d §_+ 0 as r > (0,) , (m=1,....,n).- ~ (6)
dr™” S S

In applications conditions'(ﬁ) provide the infdrmatipn to deter-
mine_fhe strip of regularity contaihingvthe 1fne‘ Re(s) = ¢ in

the inversion integral.

It should be noted that in working with Mellin transforms up to
the inversion-stage -in the manipulations the transform variable .

_5; j



. If we now 1et the subscr1pts 1,2, 3 stand for the wedges
_Shown‘jn Figure 1, the prob]em must be so]ved under the f0110w1ng

. boundary conditions:

ooy (r,n/Z) =.02(r,n/2’), ;o (og@)',’ |

o v](r 1r/2) ="v2(r,n/2) e (Oir<°°) e ‘_-('v5,.a,b). o
Coy(rian/2) = a3 (r,-1/2) L (ozrem), R

[ (r, 31r/2) - v3(r,-n/z) . i~"('(')_<_vr<_°§), ey
EACEREENTRRE B N
;lrg %0 ,2(?’9-)‘ ='p2(r) + 1p](r) | (a<r<b) (8)

| {vvg(r’ 0, )' - vslr, %) (0-<-r'<ab<r<°°) <9)
| f.tvz'(r;e ) -;vgn«_,e )]d';_ -0 ? B

where oJ and vJ, (3 1,2, 3) are def1ned by (1), ”2 u3, and notevf
that (9) and (10) correspond to the cond1t10n of d1sp1acement |
cont1nu1ty outs1de the crack ] In the solut1on of the prob]em as'v
. g1ven by (3) there are 51x unknown (comp]ex) funct1ons A (s),_
B.(s), (i=1,2, 3) to be determ1ned, ~ The homogeneous ;ond1t1ons; o

(5)- (7) provide five equations. The sfxth1equationﬂis.qbtained-

- from. the mixed cond1t10ns ngen by (8) and (9) 'fThus,.eTiminat- _:

1ng f1ve of the unknown funct1ons,.the prob]em may be formu]ated':f‘”

s is treated as a real-variable. The function F(s) is analyti-
cally extended into the complex plane from the real line when
the inversion is evaluated. In the present prob]em, the complex
notation in (1) and (3) is used only for convenience. Thus, for
example, in separat1ng the transforms of the stress components ,
Trg and Tgg in (3.a), s should be treated as rea] and A and B .~

should be treated as comp]ex quant1t1es

-6-




' as é system df'dual 1ntegra] equat1ons for two unknown rea]

';:'.unct10"S by us1ng (8) and (9) However, a somewhat more d1rect

~ ‘method to solve the prob]em wou1d be its reduct1on to a system

' of s1ngu1ar 1ntegra1 equat1ons for a pair of rea] funct1ons fli-

and f, defined by | | |
Va(ra8g+0) - vg(r,0,-0) = £(r) = falr) + ify(r) ,

- (a<f§pjﬁi; | (11)‘.."

:', Ife(8) and (9) are rep]aced by | P
R '( f)_ (' ,. ) { (r) ., (a<r<p) , - .
Vo(r,6_ ) = va(r,6 ) =4 | L 12)
- 2 | 0 ) 3 ' 0 | 0 5 (Oir<a, b<Y‘<°°) , ’ ; '_. S
and if we define - : |
- U(s) = M[rz{vz(r,eo) ; (r ) )} s] = f f(r S+]“r>_;uinw.3nf-

- b tfﬂf ).; . 5+‘d"; b' ;;+..U‘_ SRR ]3: e
- £} o(r ._.1 ](r)ﬁr.v .rv- 2(s) 1 j>](§) > '.~£“')ﬂ

'ﬂby substituting frdm'(3) into (5)-(7)-and (13) we ebfain six g

1inear‘a1gebraic equations=in A and B » (3=1,2 3), Wh]Ch may bef'n

o so]ved g1v1ng A (s) and B (s) 1n terms of U(s) For examp]e,

for the wedge 2 we f1nd

Ho

?(é)- (1+K2)S(s+1)(e1“s-fef1n§)'?Fijff.)sgu" -
. 2 1(S+2)90

+ my(s+1)% - se'js(“+e°)e+m2e1(5+2)?°]Ué(S)

f(s+2)66

+ [my(s+1) (s+2)e' %0 + m (s+1)%

+ (s+2)e'is(“+60)'+ mzei(5+é)e°]iU](s)}';

Note that physically fy and f2 represent the densities of edge
djslocatipns distributed along 6 =6, in two bonded half planes.

gl




112'

5(s) - 7o {Lmyse®%0

Qe -
- m](§+1) }(S+2) - e*i(seof ZBQ-FSﬁ)]U2(§)

[m](s+2)e1390 + m](s+1)e1(5+2)60 .

whefe . | | | | - )
mp = e/ R (15)

\EXpressith'Similar'to (14) may be found for wedges 1 and 3.

V_.'Ail the field quantities in Wedge 27may'now be obtained ih'fu:'~”':h

terms of f(r) by subst1tut1ng from (14) 1nto (3) and us1ng the
1nvers1on formu]a.‘ In partlcular, from (14) (3.a), (8),,and :i~'
(4;b)_we obtain‘ | | o -

' 1+i<

2 1 : o |
) 01y ] o)

ctie 1s(e+eo)

: s+1

- ds Ty
. K -3 +7
C-joo p1TS _g=1Ts | 5+2

Ky(rr,,0) = {nys(s+)e

+ [m2-+m](s+1)2]e

i(s6 + 5604-26)

¥4mrs(s+1)e L m](s+])

+ (s+1)ej(se+ 26 - s8g =~ 260- sT)

+-m]se—i(se-+284-seo) +-m](s+])e—i(s+2)(e+90)
+ e ,

i-(seo +26¢p - s8 - 20 + S'ﬂ')‘}

8-

_'»e’f(seo,+29°/+'57’)]1"U1(s)} ', o o - (14'.a;b) B

i(s0 + se'o +260) ~_Seis_(e'- Bo- )

1(§+2f(e;éd)-l




o 'ctt¥ o ':-1541.tfhf; Sl - o
= - ds "o 1. is(6+6g) -
Kplr ro,e.‘)» £ 1‘oo e.ﬂs - e"iTTS r5+2 {m](s+1)y(s+2)e_ S :

+ [m2 + m (S"’]) ]e1(560+56+260)

1(se+ seo+ 20)

4 (s+2)e‘5(e S0~ “)_+ n, (s+1)(s+2)

+ m, (S+])2 1(s+2)(e+eo)

; (s+1) 1(se+ 26 - seo-zeo; sn) |

N m1(s+2)e 1(se-+seo +26) h ks+])é 1(s+2)(9+90).
e 1(390+260—se-26+sn)} v(”.a’b):f

In. (16) the order of 1ntegrat1ons has been changed : For 6> 60,
s1nce the re]ated 1ntegrals are un1form1y convergent th1s 1s
perm1ss1b1e (16) provide a system of 1ntegra1 equat1ons to J
determ1ne the unknown funct]ons f] and f2 To so]ve th1s system
the kernels K] and K2 must be eva]uated wh1ch may be done e1ther

by us1ng the res1due theory and expre551ng them as - 1nf1n1te ser]esg

e

or by reduc1ng the 1ntegrals to real 1ntegra]s and eva]uat1ng them-f77

numer1ca11y In either case,_1t 1s first necessary to determ1ne
the str1p of regu]ar1ty conta1n1ng the constant c. Let the 1nte~,
grands in (17) be ana1yt1ca11y extended 1nto the ent1re p]ane and

1et the poles sJ be ordered as

Let Re(s 1) <c¢c < Re(s ). Thus, ‘the 1ntegrals in (17) may be:

eva]uated by closing the contour to the 1eft for r< ro, ‘and to

the r1ght for r>r by means of sem1c1rc1es of . 1nf1n1te radius, .

0

and by summing the res;dues Not1ng that for r+-0, T3

(X) <1, and for r-»w, Tij‘“O(r_ ), Re(a)z_], and since the

. _9__'.




o re51dues are of the form r_(s +2) 4sj'thenfshou1d be 6rdeted_ Qﬁf'

.such that )
v'Re(S']) < -1 s Re(s+]

) 2 -1 _;ﬁ”*;;ﬂhvaf a9
Thus, Re(s ]) < Re( ) = c < 41 g1ves the str1p of regu1ar1ty,<i,"'
-1 belng the first po]e to the left of the ]1ne Re(s) =:-1.

For an arb1trary value of 60, even though the res1dues 1n,

(17) may be eva]uated w1thout any d1ff1cu1ty, the resu1t1ng 1nf1-,;

nite series cannot be summed in c1osed form Hence, 1t is d1ff1-

cu]t to study the s1ngu1ar behav1or of the kerne]s. " For th1s ;  t

reason 1n th1s paper the kerne]s w111 be eva]uated by reduc1ng

(17) to real 1ntegrals.. For this we 1et c--l, s=-1+ 1y,_ev

: (—m<y<m), and 1ndent the contour in such a way that the po]e
The 1nte—"’”

v s+1'= -1 lTies to the r1ght of the 11ne of 1ntegrat1on
~grals in (17) may then be expressed as-ﬁg '7 .

- Kelr,rg,0) ='?hT Hk(s)ds
. c~io .
f H, ( 1+1y)1dy - 11mi wi(s#])H'(g) .
_ s»=1 - oo _ |
(k 1 2) (20):e-1"

Evaluating the residue at s = —1 from (17) it may be shown thatf-

. L 1, ‘ - | o
1im wi(s+1)H, (s) = = (m, - My - 2) k=],2 .o (21) -
Clim wEH(E) = (g 1_), (  ) _ <__)
On the other hand, from (10) and (11) we have -
(22)

,g_fk(ro)d”o =0, (k=]é?).

Thus, when substituted into (16), the integrated terms in'(20)~

-10-




,i will haVe'no cbntribution In the rema1n1ng 1ntegra1 in (20)
é the 1ntegrand Hk turns out to be the sum of an odd funct1on and
ﬁ;an even function® in Y g1v1ng KJ in terms of rea] 1ntegrals 1n :
f;(o;m).' As r-+r6 these 1ntegrals become d1vergent. S1nce the |
ff1ntegrands are bounded at y"O the d1vergent parts can be sepa-_'h
v'?; rated_by cons1der1ng_the asymptot1c behav1or of thev1ntegrands.as
il y>=. By defining DR
p = log(r, /r5 , . e= 0'- :3 ;f: o d;ﬁlhﬁh T "5(?3)‘”
'%' for sma]] va]ues of € from (17) and (20) 1t may be shown that
)Kk(r;ro,e);é'% [ {e” Ey[l + O( y(ﬂ 260))]51npy

’ S 5'0 ' T ‘ o

+ O(e Y(ﬂ 29°+€))cospy}dy .3h;21”

p2-+€2

7 = -r- p + Mrk(Y‘,Y‘O,-E:)F (0<60 23 k ] 2)3 (24)
o‘
e}osed'1nterva1 [a,b].

Subst1tut1ng now from (24) 1nto (16), separat1ng the real
and 1mag1nary parts, and 1ett1ng e~> 0 we obta1n'
_ . . ,:- 6' L A

}Z _[r 1og(r /r)

b e S
pi(r) == £ (r s )]f (r )dr s
(1 1,23 a<r<b) f ;_(25)-

where -the bounded kernels ki s (1,3-—1 2) are g1ven by

. _ '|~ 
kll(rfro) - 2r ’ sinhmy

O~ 8

—791——'sinpy[éoShzeoy(m]fh4m]yzcoszdo -mé) -

+ 2myy sin260'sinh260y + ZeEHy]',

* .
If not, it can always be put in that form.

-11-

where M, K (rs r 0) is bounded for all va1ues of r and r 1n5fhef7~hir»~d



T N i e

S 2 2
k]z(r r ) = i— £ 1nhﬂy [c05py s1nh26 y(4m]y cos 6

- m]_— mz) - 4m1y cosze s1npy s1nh26 y]
2

_T%l_, [c05py s1nh29 y(m1 - 4m]y cosze

O‘—-\S

kz-‘(r;ro) = _ZJ—-
N . : . )
+ m2) - 4m1y cos 8, s1npy 51nh26 y]

: k22(r?f§),= %f g_"T%%E? s1ppy[cosh28 y(m]-+4m]y c0526 - mz)_ ;‘ ff”

= Zm]y,sinQB s1nh26 ot 2o “¥1 ;
(a<(rr)<b) }:'(2&a4)15”

vi.*rﬁ the system of 1ntegra1 equat1ons (25) ‘the dom1nant kerne]s ,;'f, 

i jhaera simple Cauchyftype.51ngu1aTTty _ This may be seen by o

,i Obsefving that | ._ v . |
Sy |

T Tog(re/TT Ty Togll + (Fo-1)1

IR R 5 D LI |
= r(fr-‘l-l) [ "' ; n+l (_ré 1)) ‘s

Thus, the system of singu]ar'ihfegra] equations 1s Qf~tﬁe o

following conventiona1'f0rm:

‘ (i=1,2; a<r<b),
I e Ik
gy ol ijgiiiel ot 1og(ro/r) ry-r ij

(i,5=1,2). (28.2,0)




; The 1ndex of the 1ntegra1 equat1ons (28) is k= 1 hence the

{ so1ut1on w1]1-conta1n two arbltrary (rea]) constants wh1ch are.

:%:determlned from the add1t1ona1 cond1t1ons (22)

3. sOLUTION OF THE INTEGRAL EQUATIONS AND STRESS INTENSITY
’ "FACTORS . | - | o

Referr1ng to [10], 1t may be shown that the 1ndex of the"“ |

system of singular 1ntegra1 equat1ons is +1 and 1ts so]ut1on 1s

j;-of the following form: o o S 7rh“ﬁfv td" 'hxl‘ g

£5(r) = g; (r)[(b r)(r- a)]'”2 _— (ai<r<'b, 1-='1,'2'),”;_ <29)

where the unknown funct1ons g; (r), (1—1 2) are bounded in the - ;;v o i

c1osed 1nterval [a b] Even though in pr1nc1p]e, the SyStem RS

can be regu]ar1zed and reduced to a pa1r of Fredholm type 1nte_- B

gral equations, 1ts solution may be obta1ned w1th much less ‘com- e

putat1ona1 effort by us1ng the techn1que descr1bed in. [11] 'In;f-37

 the numer1ca1 so]ut1on the main problem is the eva]uat1on of the s

| kernels k i3 g1ven by (26) for wh1ch in th1s paper a mod1f1ed

version of F1lon S 1ntegrat1on formula has-been used [12].”- ;_Lf_': : g

i S ASRIN S i B dimeniomsmai g

“In the app11cat1on of the resu1ts to fracture prob]ems in

compos1tes, of part1cu1ar 1nterest are the stress 1ntens1ty

factors and the probable p]ane of c]eavage at a g1ven "crack t1p

The normal and shear components, k] and k2’ of the stress 1nten-

PSS R YRR
AR A e A

sity factor are defined by and may be evaluated from the:followf"

¥ Al m'mk&dvﬁl.th;f:.1..:‘4‘ I
W

ing éxpressions [2, 4, 5]:

| : - ; 24 ' .
ki(a) = 1im /2(a-r) réeé(r 8 ) = 1im 4/ V (r- 5 4 (F) >

r->a r—>a

o il i Kahgr o, ey




o s o g

R RN UK AAR

. oy

vt 5 b, >

KRNI

: k1(b)" Tim VZZr b) TZee(r 0 ) = - 11m ]+2 / {b ri f (r)
o y b !

r>a

T 47 9yl e U 0
TS,

R Rt gy

= 11m /2 I -r) T2re(r 8 )
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5 The constants k] and k2 are a measure of the 1ntens1ty of

the stresses around the crack t1ps For examp]e, at the crack

: w;-.v—.‘-..',.- b L .
*:w‘gﬁbﬁtlw‘-em%nmwﬂ«w-mwu
—
w
o
.
o
]
(=
~

tip (r b, 6= 6 ) the c]eavage stress may be expressed as’ [13]

¢(p,¢) = 7%g_cos % (k1cqs2,%r— g 251n¢) + o(/") ;i (31)

where.(p,¢) are the po1ar coord1nates at the crack t1p, ¢ be1ng }'{ o
i measured from the 11ne wh1ch 1s ‘the pro]ongat1on of the crack
%?'-(ngure 1). _ Thus, once k] end k2 are determ1ned for brittle 1_
.SO]idS theiprobable angle ¢ of crack propagat1on may be postu-vtl?:
‘lated as the ang1e of the rad1a1 plane correspond1ng to the L
“'-'max1mum c]eavage stress and may be determ1ned from ac¢¢/ads=>0;_il““

and 32

o ¢/a¢ < 0,vor - |
ko (1 - 3cos¢c) -vk]sin¢é =0 , -

3k251n¢c."k1;05¢c <.0‘. - ' A' f'-',’f'(32'a?§)l

B I an energy balance type critehion.is used to estimate the‘creck
propagation load, one maylheed to ca]cu]ate-the strain energy' o

release(rate-which is giﬁeh in terms of k] and k2 as fo]was'[13k

A SRR ":: SRR

R O I
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4. THE RESULTS =

The material cdmbinations; the extefnél'ToédS; and the

s geometr1ca1 conf1gurat1ons used in the numer1ca1 examp]es are

summar1zed in Tab]e 1 (see F1gure 1 for the notat1on)

"Tab\é 1;d”The cases considered as nUmerica1féXameesd

1 Pr) =gl 0 f=pg| O |-pg| O [-pg| O |=pg| O |-p

E,/E, | 22.22 | 0.045 | 0 2222 | 0. | 0

vy | 03 foess | - o | |
B 0.35 [ 0.3 | | 0.3
Fixed | d =2ao Ad;;gao 3d = 2a c_§2§o' ofq?od edfo§9°

Var1abf 8y |8y v'veo'l~ P R P R

'The mater1als rough]y correspond to a meta] hard po]ymer comb1- .
nat1on (say, a]um1num epoxy) (cases A B,:and D) and an e]ast1c
half plane (cases C, E, and F). The crack 1s along ‘the l1ne

(9=8_, a<r<b) and the distances c, d, and the crack 1ength 2a

0
are defined by (F1gure 1)

2a_ = b-a , (a+b)/2 , d=c cose, .- (34)
As 1nd1cated by Table 1, the résu]ts‘ake obtained.fof uniform
‘tractions | |

T268(rfeo) = p(r) = -py 5 Tppelra8g) =0, or

-15-




¥ ) _program for ver1f1cat1on

? The quantities kiv

;.The 11m1t1ng cases 6

'pi(r)-é 0, pz(r)~=°;p .. ';Q(aéf;b),tff;~ | (35 a b)

| applied to the crack surface. The resu]ts are glven 1n Table 2 o

(i=1,2) shown in the tab]e are the stress .

1ntens1ty factor rat1os def}ned by

ki(Cj) = ki(cj)/(pofig) { - (4= 1f23_¢iéa’f§é=b)_ (36)

where.po/ao' is the stress intensity factor in a homogeneous

" infinite plane with a crack of 1ength 2a6; The c1eavage angle.

8
C

. : C * ' N . .
obtained for the p]ane strain case (i.e., Kj==374v,,_3=1,2).

In cases A B,,and C the d1stance d from the 1nterface 1s f“*

":;fixed as d =2a and the crack ang]e 8 ‘ls varxed (see F1gure 1)

=0 and 6, =90° of th]S prob]em were g1ven

in [7] and [4] and were reproduced w1th the present computer

stiff mater1a1 (i.e. E] >E2,>case A), generally there is a

‘reduction, and if E]< Es (case B and C) there is an 1ncrease in -

the stress intensity factors compared to the values for the

nomogeneous medium.

In cases D and E the rad1a1 d1stance c of the crack center;a

is flxed as ¢ ~2a and aga1n 6 “is-varied. In case D where

]/E =22. 22 for e =n/2 crack becomes an 1nterface crack for

which the closed form solut1on is g1ven by (e.g. [2 ].

“See L7] for the compar1son of the plane stra1n and the plane
stress results. : : :

-16-

given inrthe tableﬂwas obtained from'(32)..}A]l;resuTtsfare;d_f :

Note .that 1f the crack is in the 1essﬂ»l




o -t A
(ltl <T)

f (t) + 'lf (t) ~'——(TT‘_Y—)_ (t - 213)R(t)

= (05 - it )[(t - 21B)R(t) - 1] .

(T - it ) ;
a0 T Tiaret, oy _ °
S utm)
ST IS L B VL T‘ 1+ y e
| I L “2 “'. Y
'bl'* + K T U, *Kal, ° bz"u + K, U +u + KU,
| A B T L Bt RoBp o Hp Ry T
(orb-a)/oea) L | .
k, - ik, = 11m (T - T ) (£—~) (r a)(r y
. : 2 r+b+0 1200 zre 6 ‘ﬂ/2 'tié | (b -a)/2

u

(oo - it )(1 - 218) V( 57 tg7:.:](37)ﬁlja
-(ov'+it ) = p](r) + 1p2(r) ?fvf o S e

. uhere 1t shou]d be noted that for the un1form tract1ons cons1dered
in (37) the stress 1ntens1ty factors at r=a and r= b are the same. -

Tt is seen that- in th1s case the stress s1ngu1ar1ty 1s osc111at1ngv

in character and the def1n1t1on of the stress 1ntens1ty factors
=n/2 one wou]d not. -

Ky and k2 is s11ght1y d1fferent Hence, at 9,

i expect the stress 1ntensxty factors and the c]eavage ang1es to be_
cont1nuous funct1ons of e The quantity whjch s expected-to be

continuous in 80 is the straih[energy'release %ate_given‘by (33)

§‘; for a»homogeneous,medium; “For thE-fnterface crack this quantity

is given by [14] | |

. (U]+K]U2)(UZ+K2U]) (kz + kZ)- A
2 U]Uz[(]"'K]jUZ + (]+K2)U]] 1 2 ,'127--

(k] +ky) L AR S (38)

_17_f;




i i

'_,us, for the crack 1mbedded in med1um 2 1f we eva]uate the

s “.ﬁ“-,n»«é‘«w..h-‘..awd:»h..-
% IR IR R

rain energy re]ease rate rat1o as

.4u

2 3 2

W, = ( ) =k, "+ k7, - (39)

2. 2 *9a T 2 S - B NS

| n(1+K2)po a, 0 2 - A ,
om (38) and

vim 3y =@y - e0)
should have

o | | 2 ., 2 L

- - g . k& + k S T

lim (k]'z + kéz) - Eg_wm ='a2 1 > 2 - a2 (1 +3),-
B +W/2 , o 2]-»e_f,, 21 pgyag N 2]

case'D;v_a211=3.93086, B =0.13420 vand the 11m1t becomes‘ ; |
> 0. 51796' which:is gfven in Table 2. I one plots I, vs._e
may be seen that there is in fact a smooth trans1t1on from

he 1mbedded crack to the 1nterface crack

o
e

In case. E as e +m/2 the crack approaches the tract1on free
iléﬂrrace hence, as shown in the Tab]e, the stress 1ntens1ty fac- Lev
L g0rs tend to 1nf1n1ty It should be po1nted out that the ana1y51s
iﬁfhvnn in this paper 1is for a crack 1mbedded 1nto a’ homogeneous'
A{j,ed’uw' In the half plane prob]em_for 6, =7/2 the crack dlsap1 -
f?feérs, there is a discontinuity intthe so}ution,eand_hence_the

“alucs given in the table for eo= n/2 simply indicate,the_trend._

fhe esu]ts given for case F show the effect of the rad1a1

't e
",4

wnee ¢ (Figure 1) on the stress intensity factors k; and the
f; leavage angle ¢. for a fixed'value of the crack ang]e,”é0 = 40°,

1 c

- Seen that as c increases the resy]ts,approach the va]ues‘

@ C  esponding to the infinite plane.

-18-
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i Table 2.

The stress intensity factors and the probable
~crack propagation angles for the crack or1entat10ns, the

mater1a1 combinations, and the Toads shown in Tab1e 1.
= (b-a)/2).

1 (= kirng/a,, 1

1,2,

Case 0

20°

40°

60°

90°

0.9617

0.9349]

-0.306

1-1.492

0.9307

0.9572]

'0.0025

1 0.0125

0.9216
0.00001

-0.001

-2.53T

0.9457
~0.0071

0.0209}

0.9144

0.9318]

0.0237
0.889

~2.915

.0.0215

1-2.666

10.9143

0.9206

~0.0153

1.911

0.9160

-0.0188{ ~ - -

7Q;9160'

‘0.0188) -
2.362

g
o
2 .
;-g. i
1 I
I8 |
—" ‘;‘E %
-
= 1
3 !

0.9349
0.9617
'-70.53

-70.53

0.0223

10.0030

0.9395

0.9629|

-70.08

-70.47

0.0338
0.0020

0.9492

-69.85

-70.49

0.9655

0.0333
£0.0042
0.9580
,019671
69.87|

-70.61

0.0251
Q6;0142
0. 9644
0. 9672

'i70.03

-70.81]

0.0197

-0.0191

-70.91

:0.9663 }
0.9663

-70.15] "~

1.0780

1.0464]

1.0929
1.0571
-0.0098
-0.0220
1.024

'2.384

1.1165

1.0796
-0.0077
-0.0377

0.793

3.985

1.13#9
~1;1091
-0.0062
~0.0433
-0.623_

4.462

1.1459}

1.1344

0.0242

-0.0382
-2.417

3.852

0.0321

3.210

1.1420(

1.1420(

-0.0321

-3.210
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Table 2 (cont.) -

Case

- .

20°

- 40°

60° .

80° -

- 90°

-0.0386
-0.0082
1.0749
5.0465

71,22

| -70.68

-0.0586
-0.0092
1.0590
1.0418
:571,59

-70.70

-0.0566

-0.0002

1.0468

1.0385)

1 -71.56

-70.53

-0.0399

0.0184

1.0400
1.0376
-71.26

-70.19

-0.0291

0.0291

1.0390]

1.0390

-70.00

- 1.1049

1.0644

[-0.0114

- 1.184

11.1349
1.0018
-0.0093
40.0431
b}94j‘

4.512

1.1604

1.1257

0.0067
-0.0498
-0.663

5.041

1.1677

1.1543

10.0276

.0.0439

-2.703

4.339

1.1621
116211

~0.0367}—

~3.61

3.61

1

|-0.0440
1-0.0095

1.0842|

1.0523

-70.70

-0.0669
-0.0109

1.0686

1.0484}

-71.73

-70.73

-0.0646

-0.0003

1.0540
1.0444
~71.70

-70.54

-0.0453
00205
1. 0452
-1;6425
;71{36

270.15

-0.0331

0.0331

1.0440
1.0440
-71.05

-69.93

-20~
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' Tab]e 2*(cont;) .'.-f.  . |
o0 | O | 20° | 40° | 60° | 80°
cj(a)] 0.9349| 0.9201) 0.8749 0.8034| 0.7334| -
-.’k{(ﬁ)  0.9617 0.9523 0.9217 _94355‘  0;7753
ko(a) 0 >.o.0018'-b.ooé3 -Q,d5§9_50;1é§7
ké(b) 10  d.oj39 0.0319  o;oséé'j0}D96o’
¢C(aj 0 -0;227;»,1.221"_57608i Z'ié.9§
§¢(b) 0 f;i -1.670 -3.956 -j}?oif.f—13772"
lwca) | 0.8740| 0.8465 Vo.jsss‘ 0;6454 fbisé#é
w(b) | 0.9248] 0.9070] 0.8505| 0.7483] 0.6108
kj(a)| 0 | 0.0259| 0.0608| 0.1124| 0.1547
kj(b)| 0 020025_-6-0008 jo.éésé ~0.0819]
ky(a) 0.9349| 0.9299  ¢.9150 10{3§{6'1b:8012
ky(b) 0.9617 -5;9586' 0.9493 '0.9305 .o:ésés
2 ¢;(a) 470.53 ';70.00 .¥69.27  ;85?14  466559 v:":ﬁ
5.(b)| -70.53| -70.47 “475.55 1471:66 r2ss|
n(a) 0.8740] 0.8654 f0.$427 :0.8064:'6:6558 10.5180
u(b) | 0.9248| 0.9788| 0.9012| 0.8664| 0.7476
kj(a)| 1.0013| 1.1222] 1.2437| 1.6218 4.0850
k{(b) 1.0539| 1.0725| 1.1468 f.3871 3.0851
HOI -0.0121{-0.0041] 0.1125| 1.4986
ké(b) 0 -0.0287 -0.0762 -0}2059 REPPEE
s.(a)] 0 1.235 | 0.373 |-7.859 |-33.458
o(b){ 0 13.063 7.540' 16.494 36.013




S

Table 2'(c0ht{)b'

g

case| 8 | 0 | 20° | 40° | 60° | '80° | o90°

:
é

| j§§ Clky(a)| 0 [-0.0524(-0.1357|-0.3262|-0.9288| > - =
g ky(b)| 0 - |-0.0104|-0.0151| 0.0056| 0.1336| » =

N S

ky(a)| 1.0913| 1.0979] 1.1177| 1.1381] 1.2538] > =
ky(b)| 1.0539| 1.0589| 1.0767| 1.1187| 1.2702| > «
6.(a)| -70.53| -71.44| -72.86| -76.08| -84.91|

|9, (b)| -70.53| -70.72| -70.80| -70.43| -68.53

c/ag |11 | .2 | 1.a | 1 |20 | 4.0

B |x(a)| 2.5263| 1.9959| 1.5947| 1.4150| 1.2437| 1.0543|

ky(b)| 1.4694| 1.3772] 1.2764| 1.2168| 1.1468 1.0423

ky(a)| 0.2103| 0.1091| 0.0400| 0.0141{-0.0041|-0.0073| _—

i
et -

x~
N
—~
o
~—
{
o .
N
O
—
—

-0.2308{-0.1625(-0.1221|-0.0762(-0.0171| [

16 (a)|-9.388 |-6.219 |-2.870 |-1.144 | 0.373 | 0.796

't |6c(b)| 20.92 | 18.08 | 14.08 | 11.24 | 7.540 | 1.882 ;

f ki(a)[-1.0299|-0.6667|-0.3819(-0.2538/-0.1357-0.0227 o g

|k (b)[-0.0716|-0.0491|-0.0300{-0.0219}-0.0151|-0.0066 :
kp(a)| 1.6185| 1.4100| 1.2580| 1.1884| 1.1177| 1.0288

kp(b)| 1.2639| 1.2054| 1.1461| 1.1134| 1.0767| 1.0227

s.(a)| -82.94| -79.73| -76.41| -74.65| -72.86| -70.95

6.(b)| -71.61| -71.31| -71.03] -70.91| -70.80| -70.65

-22-




The results given-in Table 2 may be:used-to dbtain‘the"

tress 1ntens1ty factors in an arb1trar11y loaded two phase

oo

fromposite medium with an arb1trar1ly or1ented crack prov1ded
he medium is 1oaded suff1c1ent1y far away from the crack reg1on
kO that 1n the perturbed prob]em the crack surface tract1ons

p](‘) and pz(r) can be approx1mated by un1form stresses ~ Thus

A o .
wxmm;mmwwammm

,;‘1f (r) + 1p2(r) 1_+ 1p2v=ﬁeonstant, wenf1nd A:

kj(cm) f /_— 2 k (em)pj , _i(1?3,me t%Z c]-a, c —b)
ﬁhcrelin kiJ 1—1 and 1-2 respect1ve1y correspond to the norma1<;‘*‘
and the shear components of the stress 1ntens1ty rat1o g1ven 1nr

Table 2»as k1<and k2, and j=1 and j=2 respect1ve1y refer to the e

eiterna] 1oadszp]#0, p2—0 and p]-O, p2#0. For example, if the

nndium is']oaded para11e1 to the interface awayxfrom ‘the crackd-

region, the uniform‘streSSes in the uncracked material will be™

N
e
.
P
oy
5
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-
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e
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i
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_ff“lated by -

RITIE 0) Trg(rs0) = 0

]-\)2

‘ , 1 - Yy
4 . T1ee(ro0) = E, 209

(r,O)h,

3. Tlse(r,O)A=h0] R Téeé(r’o) =0y 5 (43)

3 inEre oy and-d2 are constant. In this case the stress intensity

O s S
b3 Snci ot g
- L TN

4 ‘actors may be expressed as

' | k](cm) | ] ‘ 1 - 2 . | 1 . L .
. ;;;g:— = kyley) = kyylep)cos®e  + kyp(cp)sing coso, ,
0 .

g ] ' _ o -23_
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et aniiess

g ——;::f = kZ(Cm)~* kZT(Cm)Cos‘GO + kzz(cm)s1neocosgo-,

s

;gFigures,Z-Q show some. of the results obtained from.k44) nguresfv
5M2 and 3 g1ve the results for the material comb1nat1on and the '

Lﬁ'c:ark orlentat1on correspond1ng to case A in Tab]e 1. S1m1]ar1y,,“.i

5"(a51de from the externa] 1oads wh1ch are g1ven by (43)), F1gures
F1gures 6 and 7 correspond to:_y 7‘

E: and 5 correspond to the case B,
Note

M 4

:.Acﬂe case C, and F1gures 8 and 9 correspond to the case D.

shown 1n F1gures 3 5;“7,

nat the probable cleavage angles ¢

and 9 are all negat1ve and the direction of crack 1n1t1at1on 1st DR

‘approx1mate]y perpend1cu1ar to the d1rect10n of the externa]

'road. The angle ¢C_= 70 53 shown in the f1gures corresponds to

Cthe cleavage angle for an infinite p]ane conta1n1ng a‘crack and

z‘bjected to a uniform shear at infinity parallel and perpendic—'f':

u‘ar to the ‘plane of the crack [13] For a fixedvexterna1 1oad'

Tha f1gures cIear]y show the effect of the crack or1entat1on on

stress 1ntens1ty factors, and hence, on the fracture res1st-u'

T rhnna
LN

~anca of tne compos1te med1um
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Stress intensity factor ratios in bonded half planes

ot £
0

et @D =N

=0.35, d=2a =b-2a =

[V}
't

in
;TaceA (t]/E2=:22.22§.v]‘é073, Vo

g an arbitrarily oriented crack and loaded parallel to
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N W(b)
) 2

-7053

IIV\Q(.G) - N\ ’g_?:(_-b)‘ :

-

3. C]éavage angles and the stkaiﬁ energy release rates
@ bonded p]anes shown in F]gure 2 (E]/E2= 22.22, vy = 0.3,
-35, d=2a_=b-a -constant) T o
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Affff§ 4. -Stress intensity factor ratios in bonded half planes
© -4iring an arbitrarily oriented crack and loaded parallel to
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Figure 5, C]eavagé angles ¢¢'and the straiﬁ'energy release .
rates Wy for the bonded planes shown in Figure 4 (E.‘/E2 =0.045,
V1 =0.35, v,=0.3, d=2a_  =b-a=constant). . SR
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“iGure 6. Stress intensity factor ratios in a half plane
-értaining an arbitrarily oriented internal crack and loaded
#¢rallel to the free boundary (d= 2a, = b-a= constant). '
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containing an arbitrarily oriented crack and loaded parallel to
the interface (E]/E2= 22.22, v]==0;3, v, = 0.35, ¢c= 2ao= b-a =
constant). . : . . A ‘ .

Figure'B; Stress'intenSity'faCtor'ratibs in bonded half planes

gt AR AP, ¥
i e

G T P
. LG S B




o o X en by W o oR Nl By

kmc) - ! -?} | o  , :  :v - ,J;1'

T

i

1
)
O

Figure 9. oc and Wo for the bonded planes Shown in Fighre'S»S

‘(E]/E2= 22.22, vy = 35 v =0'35f c= Zao==b-a= constant). .
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