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. NET RADIATION METHOD FOR ENCLOSURE SYSTEMS
INVOLVING PARTIALLY TRANS PARENT WALLS
by Robert Siegel_

Lewis Research Center

SUMMARY

The net radiation method is developed for analyzing radiation heat transfer in enclo-
sure systems involving partially transparent walls. One such system is an enclosure
with windows in it. The conventional net radiation method has been well developed in
the literature for enclosures with opaque walls. When one or more of the enclosure
surfaces are transparent or partially transparent, radiation can directly enter or leave
the enclosure. The enclosure equations are developed here to account for these effects.
Specifically treated are gray and semigray enclosures. Another system of interest is a
series of parallel partially transparent layers such as used in flat-plate solar collec-
tors. The characteristics of such a system are obtained here by the net radiation
method which appears to be more convenient and systematic than the ray tracing tech-
nique that has been used in the past. Overall transmission, absorption, and reflection
relations are developed for windows consisting of any number of parallel layers with or
without spaces between them, and that have differing absorption coefficients and differ-
ing surface reflectivities. Also considered are the characteristics of combinations of
parallel transparent layers and opaque walls.

’

INTRODUCTION

The net radiation method has been well developed in the literature, such as in the
textbooks (refs. 1to 3), for calculating radiation heat transfer in enclosures. The-walls
of these enclosures have been opaque. The object of this report is to show how the net
radiation method can be modified and applied for systems involving walls that are par-
tiagy1 transparent for radiant energy. Such systems would include enclosures with one

1

The term ''partially’’ transparent means that there can be absorption of some of
the radiation traveling within the wall with the rest being transmitted through the entire
thickness.



or more windows, or devices like flat plate solar collectors that consist of a series of
parallel partially transparent plates with an opaque absorber surface behind them.

The transmission characteristics of windows in the form of single or multiple glass
. plates have been derived by Whillier (ref. 4) using ray tracing techniques. It will be
shown here how these results can be developed by use of net radiation concepts that
provide a convenient systematic approach

 SYMBOLS

A surface area
a absorptance for path within layer
F radiation configuration factor

FO-A T fractional emission of blackbody in Wavelength interval 0 to A c

m number of opaque surfaces in enclosure
N total number of surface areas in enclosure
q . heat flux - ,
- th __ A th
r surface reflectivity Thm at m™ surface of n™ layer
T absolute temperature '
o overall absorptance of layer or system of layers

0q4 plate absorptance at plate in presence of transparent plate system

B " angle measured away from normal of surface

€ emittance of partially transparentvlayer; erhiseivity ef opaque surfé.ce
A wavelength of radiation

Ao cut-off wavelength for partially transparent material
p overall reflectance of transparent plate system

o Stefan-Boltzmann constant

T . + overall transmittance of transparent plate system
Subscripts: '

e - externally incident

k kth surface area

i - incoming radiation .



l loss to outside

o outgoing radiation

s for entire system

Superscripts:

i for radiation incident on inside surface
l long wavelength radiation x > Ao

(n) for system of n layers

o for radiation incident on outside surface
s short wavelength radiation A < Ao
ANALYSIS )

Radiative Characteristics of a Single Layer

To illustrate the transmission, absorption, and reflection characteristics of a win-
dow for incident radiation, consider a single layer as shown in figure 1. The reflectivity

© 01 0,1 1
\ -
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9,2 Absorbing
layer

g q
1,3\/ 0,3 3
L — r
/\ 4
G, 4 U, 4

Figure 1. - Net radiation quantities for ana-
lyzing overall performance of partially
transparent single layer.

9,2

at each of the interfaces is r and the absorptance of the layer is a. The relations be-
tween the outgoing and incoming energy fluxes at each interface can be expressed in
terms of the reflection at the interface and the transmission across the interface. Using
the net radiation concepts, the outgoing flux is written for each side of each interface to
give



Go,1 = TG, 1+ (1 -1)gy o (1a)

G, = (L=T)g 1 +7Tq 5 (1b)
o, 3 =T 3+ (1- r)qi’ 4 (1c)
Qo,4=(1-T)qy 3+7q; 4 (1d)

The internal qi's and qo's are related by using the absorptance of the layer to give
qi,Z =(1- a)q0,3 (2a)

qi,3 =(1- a)qo,z (2Db) -
The overall radiative behavior can be studied by considering energy incident on only one
side of the layer, and superposition used when radiation is incident on both sides. Since
it is the fractions of incident radiation transmitted, absorbed, and reflected, that are
desired the incident flux can be set equal to unity without any loss of generality. Then
any q in the calculation will be a fraction of the incident flux. Hence, using o 1° =1
and g 47 0 along with equations (2), the g;'s are eliminated from equations (1) to

yield
Qo1 =7+ (L-1)1- a)ﬁo’3 | (32)

Qo9 = 1-T+1(l-2)g 4 | (3b)

%,3 =T -2)g, o (3¢)

9,4 = (1 - 1)1 -2)g, 9 (3d)

These are solved simultaneously to yield the reflectance p and transmittance 7 of the
entire layer as

: rl:l +(1-20)1 - a)é:l

=0y 4= (4)
1-r2(1 - a)?
2
7=q0,4=(1‘2) (1-2;) : (4b)
1-r“(1-a)



The absorptance is then obtained from the overall heat balance

a(l -r)

— (4c)
1-r(1-a)

a=1-p-1=

Equations (4) can be directly applied when the incident energy is from a single
direction. The r would be evaluated for that incidence angle and the a would be based
on the path length traversed within the medium (allow for change in direction as radia-
tion crosses interface of layer). If the incident flux is diffuse, the average p is obtain-
ed by averaging over all angles as (ref. 1)

/2 - 4
p=2 [ "7 () cos B sin g ap ' (5)
B=0 ‘ ‘

where B is the incidence angle measured away from the surface normal. The p(B)
is given by equation (4a) with the r and a inserted as a function of 5. The. 7 from
equation (4b) can be averaged in the same manner and the average « then found as
1-p-1. ' :

In the enclosure theory that follows, the p and 7 for a layer refer to expressions
such as equations (4a) and (4b), that is, relations that provide the overall performance
of a window for incident energy. If the window is hot enough to radiate appreciably, the
emittance of the window is also needed in the enclosure heat balances. According to -
Kirchhoff's law, the € can be found by evaluating a for incident radiation having the
-same spectral distribution as blackbody emission at the temperature of the window.
This assumes that the window configuration is such that a uniform temperature can be
assigned to its entire volume.

~

Enclosure Theory Equations for Gray Surfaces and Windows

The net radiation method in the literature will now be generalized to include enclo-
sure boundaries that are partially transparent to radiation. The usual restrictions’ of
the enclosure theory apply which include diffuse emission and reflection, uniform f'luxes
over each surface area and a uniform temperature over each area. A window such as a
smooth glass plate will reflect primarily in a specular fashion so that the assumption of
diffuse reflection is violated. However, within an enclosure there are extensive multi-
ple reflections and the directionality of each reflection loses its importance in contribut-
ing to the heat fluxes on the boundaries. Hence, the assumption of diffuse reflections is



usually satisfactory. The enclosure heat balances include possible emission from each
window. The formulation here is only general enough to account for a window that can
be characterized by a single temperature throughout its thickness. The formulation -
would require extension to account for a multilayered window with each layer at a differ-
ent temperature. No extension is necessary, however, if the multilayered windows are
kept cool by convection for example, so that emission from the layers is small relative
to the transmission through them. ‘

A typical enclosure containing one or more partially transparent windows is shown
in figure 2. In general, let there be a total of N surface areas with the kth area being
a typical area. There are m opaque surfaces and N - m partially transparent sur-

faces.
- : Outside
90 €0 v
!
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- Partially \ Layery
transparent i 1
o©
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ylaer —_ \ o [ )
{2 Y\ /I /L J
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Ay /i\ i X’ T/
i
Figure 2. - Enclosure with N surface areas, some p! €

being partially transparent. I nside

Figure 3. - Typical nonsymmetric window.

Each window can be nonsymmetric about its center plane as shown in figure 3. The
superscripts o and i refer to the outside and inside surfaces. The a® and po are
the absorbed and reflected portions of the radiation incident from the outside. The €°
is the emittance toward the outside and the 7° is the fraction of the outside radiation
that is'transmitted all the way through the window. A similar notation is used for the
quantities at the inside surface (it will be found later that, for composite windows,

70 = 7).

For the m surface areas that are opaque the conventional net radiation equations

can be written as:

Overall heat balance:

6



qk=q0,k-qi,k (1 =k =m) (6a)
Outgoing energy consists of emitted and reflected portions:
qo,k = eko’rﬁ‘ + (1 - ek)qi,k (1 =k =m) (6b)

Incoming energy in terms of outgoing fluxes and view factors:

N
A x =2 %, AFlxy (1=k=m)
]:

9 =E1 G, Frj (A =ks=m) . (6¢c) .

These equations can be combined in various ways to provide other interrelations
between the variables that are sometimes useful. Combine equations (6a) and (6¢c) to
relate g and qo's,

qkzqo’k—z;qo,ij_j (1=<k=m) (Ta)

Combine equations (6a) and (6b) to relate q, T and q,

¢ _
q = " -ke ("Tﬁ - qo,k> (1 =k =<m) (o)
k

Combine equationé (6b) and (6¢) to relate the qo's and T,
N 4 -
G - (- ek)Z %, iFij =Ty (1 <k=m) + (7¢)
i=1

Now consider a partially transparent surface. Using the quantities in figure 2 an
overall heat balance yields

% = 9o,k ~ %,k * 97,k ~ e,k - (8a)



The % could be supplied for example by heating wires within the semitransparent
material or by convection on the outside surface. For cooling the q is negative. The
radiative flux leaving the inside surface of the window consists of emitted energy, re-
flected incoming energy, and transmitted externally incident flux,

_ i 4 i . 0
%,k = kT + Px% &k + "%, k (8b)

Simiiarly the flux lost from the outside surface of the window is given by

_ 0 _n4 0 i )
9 % = k%Tk * Prle, i * %, k (8c)

The incoming flux % % is given by the same relation as equation (6c)
b

N
9%,k =Z 9o, §Fk-j (8d)
i=1

Equations (8) are valid for m + 1 =k =< N.
Equations (8a) and (8c) are combined to eliminate q; to give

K Gﬁo’rl‘i * qe,k(1 N "12): 9%,k ~ qi,k<1 - i) (9)

Some additional relations are found by combining some of the previous equations. Com-
bine equations (8d) and (9) to yield :

- N
qk—eﬁcT13+qe’k<1—p§>=qo,k—(l— Ti{)qu,ij-j m+1=k=N) (10)
j=1 —

Combine equations (8b) and (9) to yield

.

¢ % :,)Li {[ffipi * (1 - Ti)ei]“Tﬁ - €li(qo,k - [Pli{(l - Pﬁ) - ’ffé(l - i)]qe,k} (11)
k : .

where the relation 1 - Ti( - pll{ = ai{ = ei{ has been used for gray surfaces. Combine

equations (8b) and (8d) to yield




N
i i 4 0
9%,k - ka; %, iFk-j = €Tk * %,k (12)
]:

The previous relations relate the Qs Tk’ qe,k’ and qo,kv for each of the enclo-
sure surfaces. By writing these equations for each surface there are sufficient equa-
tions to solve for the unknown values. For an enclosure with opaque walls this is dis-
cussed in detail in references 1 to 3. One convenient approach is to eliminate the
qo,k's thereby obtaining a set of equations relating the surface temperatures Tk'.s, the
surface heat flux additions qk's, and the externally incident heat fluxes qe's.

As a first step the qo,k is obtained as a function of Ty and 9 from equa-
tions (7b) and (11)

4 1-¢

9% k = 0Ty - - (1 =k =<=m) (13a)
k

A

o= {6~ Aot - A Pl D) - a1 =r=w

i
€
k : _ (13b)

Equations (13) are then inserted into equation (7a) and into equation (10) to eliminate the

q, k's. The summation Y, has to be made in two parts and equations (13a) and (13b)
’ j=1
used in their appropriate ranges. After simplification this yields for the opaque sur-

faces,



N
o.i i\ i
N,
i k-j777
i
j=m+1
N
i -49)- 56
+ ] ] ] Q. .
i k-j"e,]
€]
j=m+1
(1=k=m) (14a)

and for the partially transparent surfaces;

. 1-e. N . q. m
- iF, q (6. -l .)_3 .- Z ot
E P S _21 ik P Fe-g) 7 2 Py

i=1

N

Z fi RS (L4
€l

]
j=m+1

N

\ o i 0 o i
o5 _[pif1 - p%) - 2 - )]F
€5 %x [p](l p]) T]( BlRS

e
j

?qej m+1=<k=N)

Writing equation (14) for each k yields the final set of N simultaneous equations relat-
ing the N surface temperatures, the N surface heat flux additions, and the N - m
external fluxes on the windows. If 2N - m of these quantities are specified, the equa-
tions can be solved for the remaining unknowns.

The enclosure theory formulation contains within it the transmittance, reflectance,
and emittance of each window. If a window is kept cool by convection so it does not emit

10



appreciably, then the window emission is not of significance in the analysis. The window
can then be multilayered as the overall transmittance and reflectance can be obtained

for such a system as will be shown in subsequent sections. If a window is hot as a re-
sult of absorbing radiation or being convectively or internally heated and is emitting
significantly, then the emission term involves the window temperature which is specified
as uniform. This would restrict the formulation to simple windows for which a uniform
temperature can be assigned. The net radiation method can be applied for more com-
plex situations than those discussed here, including enclosures with multilayered win-
dows, with each layer emitting and at a different temperature.

Semigray (Two Band) Method for Enclosure Analysis

The transmission of most window materials is very' wavelength dependent having
high transmittance in the visible and a portion of the near infrared and low transmittance
at longer wavelengths. There is often a rather sharp transition between the high and
low transmission regions. The cut-off wavelength at which this transition occurs can be
typically at about 2.5 micrometers for ordinary window glass or 25 micrometers for a
sodium chloride crystal.

In the semigray method (ref. 5) or two-band approximation the property var1at10ns
are accounted for by using two sets of property values, one uniform value for wave-
lengths shorter than the cut-off and a second value for wavelengths longer than the cut-
off. The notation es, ps, and so forth, will be used for the short wavelength region
0<A<A c and el, pl, and so forth, will be used for the long wavelength region
)‘c <A< . A common application of the semigray method is in dealing with devices
exposed to solar energy. The incident solar energy is predominantly at short wave-
lengths characteristic of visible radiation, while the reradiation is at long wavelengths
characteristic of the device surface temperature. In the present discussion it will be
assumed that the externally incident fluxes and their spectral distributions are known;
hence, qz and qe are known. '

If all the surface temperatures are known, then equations (14a) and (14b) can be
solved after small modifications. Two equations are written for each surface, one for
A< Ao and the second for A > Ao In each of these equations the 0T4 is replaced by
the blackbody emissionat T W1th1n the respective wavelength intervals O - Ae and
Ao - - These quantities are given by orT4F0 A, T and oT (1 - 0'~"‘cT) where FO—)\CT

is the fractional emission of a blackbody in the range 0- Ao for a blackbody at T; the
function FO- AT depends only on the product AT.

Since all quantities on the right of each equation are given, this yields 2N equa-
tions that can be solved directly for the unknown N values of qli and N values of qli.

11



Then the heat flux being supplied to each of the k surfaces or windows by means other
than radiation is

o < o + ap (15)

The set of equations for two wavelength bands is given in the appendix.

A complication arises in the simultaneous solution when it is the equilibrium tem-
perature of a surface that is to be calculated when the q, for that surface is specified.
In that instance the qk and qli are not known individually, and it is only known that
their sum is Qe - This introduces an additional unknown 1n the sunultaneous solution
since the Tk must be found with the separate values of qk and qk still being involved
in the equations as unknowns as it is only their sum that is known. The equations given
in the appendix still apply. There are equations (14a) and (14b) written for each A
range which gives 2N equations, and equation (15) written for each of the N surfaces.
In general, let there be p surfaces that have Qe specified; hence N - p surfaces
have Tk specified. The total of 3N simultaneous equations can then be solved for the
following unknowns: p values of Tk’ N - p values of 9., N values of qk and N
values of qli These equations contain, however, the term oT FO-)\CT and the tem-

perature is not contained in FO-A T in a simple way. Hence, an iterative procedure

is required to determine the unknown T values.

If the property variations with wavelength are such that many more than two wave-
length regions are required to adequately account for the property variations, then the
net radiation equations can be written in spé ctral form and the fluxes then integrated
over wavelength, or a summation made over a finite number of wavelength bands. This
is'an extension of the two band procedure and has been described in textbooks such as
reference 1 (chapter 10); hence, the procedure will not be further detailed here.

Transmission Relations for Various Types of Windows

Single layer with different surface reflectivities. - A geometry that provides a use-
ful building block to obtain results for more complex windows is a single layer with a
different reflectivity at each surface. A dual subscript notation will be used for the
surface reflectivities: For a group of several parallel layers, the first subscript desig-
nates the layer number and the second designates the upper or lower surface of that
layer (the layers will be drawn horizontally). Thus, rro would refer to the second or
lower surface of the kth layer. Referring to figure 4 the net radiation equations for

12



qi,l\/qo,l o
qi,/\qo,z‘

9
qi,3\/qo,3 . )

g, 4/\ o, 4

Figure 4 - Single absorbing layer with
different refiectivity at each surface,

the first of several possible layers are written as

9,1 =11%,1 ¢ (1= T9)g o | (16a)
Y,2= (- T9p)0 3 +719% 2 o (16b)
%,3 =T129%,3 * (1 - T12)9 4 (16¢)
Y,4=1-T19)0 3+ 7129 4 . - (ed)

The absorptance of the medium is used to relate the internal qi's and qo's to yield
. o=(1-ay)q. ' .
%p=0-295 ..o . (172)
q 3=(1-25)9, 5 (17b)
To consider the interaction of the layer with radiation incident on the upper surface,

let q; 4 = 1 and q; , =0. Using these relations and equations (17) to eliminate the
b
qi's f;'om equations (16) give

Go,1=T11+ -1y -2p)qg 3 | (18a)
%,2 = (1 -Tyy) +1y3(1-21)ag 3 | (18b)
%,3 = F12{l - 21)9 3 (18¢)

%,4 = (1= Tya){ - 21)a, o | (18d)

13



The solution yields the overall transmittance and reflectance for radiation incident on
the upper surface as

(1- rll)(l - r12)(1 - al)

711 =%, 4 = (192)

2
1-1ryyry5(1-24)

2
ry{+rqo(l - 2r..)(1-a,)
_T11+ 712 11 1
P11=%,1 = 2 (19b)
1-ryr1pl -2y)

The subscript 11 indicates that the T11 and Py are for radiation incident on the first
surface of the first of several possible layers. The overall absorptance for the layer is
obtained from the energy balance

ap=1-pP3-"y

Substituting the previous expressions for 711 and P11s this simplifies to

@y = ay(1 - ryp[t+ rpp(t - 2] (19¢)

2

If radiation is now considered incident from below (that is on surface 12), the only
change in the analysis is that ryq and ryg are interchanged. The overall transmit-
tance, reflectance, and absorptance are designated by T19: P12 %9 and they are
given by

(1-r)d-r; )01 -2))
2

T1g = (20a)

1-1yory;(1-2y)

2
Yy + i (1 -2r. o)1 - ay)
PO i 12 1 (20b)

2

Cay(t- rlz)[l +ryq(1 - al)]

2
1-roryy(1-2ay)

(20¢)

%12

14




This yields the relation T11 = T1g SO that the second subscript for 7 can be omitted
and the overall transmittance of the layer called - The emissivity of the layer can
be found according to Kirchhoff's law by evaluating o using window properties for in-
cident radiation that has the same spectral distribution as blackbody radiation at the
window temperature.

Two differing layers with all reflectivities different. - The behavior for a single
layer can be used to obtain the performance for two layers as shown in figure 5. The

q;, 11\/ O, 11
™
gier 1 a14§
12
4, 1/\ G, 12

G, 21\ / 99, 21

Layer 2 - a

3

7\ r2

G, 22 %, 22

Figure 5. - Two differing absorbing layers with
all surface reflectivities different.

'qo's are written in terms of the qi's using the overall characteristics of single layers,

%, 11 = 9, 11P11 + 94,1271 (21a)
%, 12 = 9,12°12 * 9,111 (21b)
9,21 =9, 21°21 + 94, 2272 (21c)
%, 22 = 9, 2222 * 9, 2172 (21d)

To obtain the overall characteristics of the two layer system for radiation incident from
above, let q. =1 and q, = 0. Also, from figure 5
i, 11 1,22

9, 12 = 9, 21

15



and

- 94,21 %, 12

These relations are used to eliminate the ‘qi's from equations (21) to yield

9,11 = P11 +“lo, 2171 (22a)
%,12 =%, 21°12 * 1 - (22p)
9,21 = %, 12P21 (22¢)
9,22 = %, 1272 (22d)

Now introduce the notation Ts1> Tg2 and Pg1s Pga- The subscript s refers to
the entire system. Hence, Ps1 and Pgo are, respectively, the reflectances for radia-
tion incident on the first and second surfaces of the entire system. The simultaneous
equations (22) are solved to yield

71 72

T = s —————— 233.)
s1 = 9,22 (
’ 1-p19P91
_ _ 2 Pa
Ps1=%,11 =P11 ¥ 1T o (23b)
P12P21
: T
_ _ 1
gy =1-Tg1 " Pgy=1-Pyy - (19 + TyP9y) (23¢)
p12p21 |

By changing subscripts to reverse the order in which the radiation passes through
the layer surfaces, the overall system characteristics are obtained for radiation inci-
dent from below on the two layer system, ‘ )

ToT
A— (24a)

16



P =p + (24b)
52 22
1-pg91P19
T . . -y B
@gp = 1- Pgg - 1——2— (19 + 79P12) (24c)
- Pa1P12

A comparison of (23a) and (24a) reveals that 7 s1 = Tgg SO that the system transmittance

can be called simply Tge _
Two layers with no space between them. - Two adjacent layers with differing prop-

erties are shown in figure 6. The reflectivity at the common interface between the two

1
Layer 1 a
-2

Layer 2 ) 3y

22

Figure 6. - Two differing adjacent absorbing
layers.

media is called ry_g- The configuration in figure 5 will correspond to this case if we
let ri9=ry 5 and ry, =0 (or using rgy =Ty_g and ryo =0 will yield the same final
result). The overall transmittance of the system can be computed by using equation (24a)

T4 T
7y = 12 (25)
1-pg91P19

where from equations (19) and (20),

) (1- rll)(l - r1_2)(1 - al) (262)

2
1-ryry ol -2ay)

Tg = (1 - Tgp)(1 - ay) ' (26b)

17



r +r..(1-2r )(l-a)
ppg - 12711 1-2 1 (26¢)

2

The expressions in equations (26) can also be used in equations (23b and c) and (24b
and ¢) to compute Ps1» %g1r Pga and Qgo for the system of two immediately adjacent
layers.

A general system of N layers. - The overall characteristics of one layer were
used to build up the overall behavior of a two layer system. This procedure can be
continued and the behavior for one layer and two layers can be combined to yield the
behavior for three layers; two layers and two layers can be combined to yield the be-
havior of four layers; etc. To accomplish this it is desired to have relations for deter-
mining the performance of a combined system of n layers and k layers, where
n+k=N. '

Referring to figure 7 let 'r(n+k) be the system transmittance for the entire system

and let ’ré ), Ték) be the transm1ttances for n and k plate systems, respectively.

The quantity p(n) is the reflectance for a system of n layers by itself for energy in-
cident on the second (lower) surface of that entire n layer system. Similarly, p (k)

1 h
Fayerl ﬂ ;
12
21
Fayer 2 ap ‘ ; n plates
22
Tal
[ Layern al . ) J
n
n+11
Lovern +1 11 renz |
F j k plates
— )
N1
FayerN=n+k an+k‘ ™2 J

Figure 7. - System of N =n +k plates.

18



is the overall reflectance for a system of k layers by itself for energy incident on the
first (upper) surface of that entire system.

Comparing figures 7 and 5 indicates that the results for the two layer system can
be applied if we use the overall properties of the separate n and k plate systems in
figure 7 to replace, respectively, the properties of the first and second single plates
in figure 5. Then from equations (23a), (23b), and (24b),

. (n), (k)
e .
1- ps%psl
, (k)
2
pgiJrk) - pé‘i) . Tén) —%IT(IT) (27b)
1- psI}‘Z Ps1

(n)

(m+k) _ (k) ,r(k)z Psg (27¢)

o

th

If the spacing between two plates is zero, say the m™ and m + ISt layers are in per-

fect contact, then let r o = Tm-(m+1) and let Tm+1)1 = 0.
As an example, compute 7_ for a three layer system. Letting n=2 and k=1

in equation (27a) gives ®
2) (1
O N
s 2) (1
1-p&elY
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where

A2.___ 172
S
1-py9091
(1) _
Ts =73
2 ]
ToP
oY) =pgp + —212
1-pyqp
21P12
1) _
Ps1 = P31
Then
3) _ T17273 717273
g =

(1 - pygPgy)|l - PogP3y -
1-py1P19

where the required characteristics for single layers are

2 ) 2
ToP12P31 | (1 - P1aPgq)(1 - PgoPg1) - ToP1aPgy

(28)

given by equations (19) and (20)

as
(-r PA-r 01 -2 ) A
T =
m 2
1-rm1tme(l - 2ay)
a1t rmz(l - Zrmlj(l - am)2
Pm1 = 5 > m=1,23
1= 11T - 2p)
r_o+r_.(1-2r )(l-a.)2
_"m2" "ml m2 m
Pme2 = >
1-rootmni(-2y) )

As a special case if there is no absorption in any of the plates, a. = 0 and, if in addi-
tion, all the surface reflectivities are equal, then equation (28) reduces to
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+3) _ T
° 2 2 72p2
(1 - p%)|1 -
1-p2
where
T=(1-r)2=1-r
1-p2 l+r

r+r(l1-2r)_ _2r
2 l+r

p =
l1-r

If 7 and p are inserted into the expression for TS) it simplifies to

(3) 1l-r
's 1+ 5r

This agrees with the general result in reference 6 for a series of n layers with a space
between each of them and with all surfaces having the same reflectivity r

(n) - 1-r (30)
1+@2n-1r :

T

Systems of Parallel Partially Transparent Layers and Opaque Plates

A system of partially transparent layers with an absorbing surface below them. -
This is a typical solar collector geometry and is illustrated in figure 8. It is desired to
know how much of the incident solar radiation is absorbed at the surface N. For a unit
flux incident on the first surface of the first layer, i, 11 = 1, the fraction absorbed at
the plate can be obtained from

%at plate ~ 1 N1 qo N1 (31)

The net radiation method with q. =1 yields the following relations:
) i, 11

%, (N-1)2 = %, (N- 1')ng§) + Tén) o (32a)
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qi,11=1\/qo,11
moA

‘ Layer 1 a] M2
21
Layer 2 -
; ’ K ? 22\ nplates
L i}
: L TN-DL
) Layer N-1 L) ; W I)ZJ
Absorber, - ‘N‘DZ/ \ %, IN-1)2
surface N ¢; N1 9 N1
e \/ , -

Figure 8. - System of n absorbing layers followed by absorber
plate.

qO,Nl = erqi,Nl (32b) .
%, N1 = %, (N-1)2 (32¢)
%, (N-1)2 = %, N1 - (32d)

where n =N -1 layers. Solving for q. and q, and substituting into equa-
i, N1 , N1
tion (31) yield

- (n)
o o -rNTs” | (33)
at plate ~
1-r p(n)
N1%s2

"~ As a simplified case, if there are n nonabsorbing layers all having the same surface
reflectivities r, then using equation (30) and the fact that p =1 - 7 for a nonabsorbing
system, yields,

T(n)_ 1-r
g =
1+(2n-1)r

@_,0) _ 0 __ 2
Ps2 = Ps1 s 1+ (2n- 1)r
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If these relations are substituted into equation (33), the fraction absorbed by the plate

becomes

(1 - 1y - 1) (- ry( - 1)

= (34)
1+(2n-1r - ryp2nr (1- r)+ 2nr(1 - er)

®at plate ~

where n =N -1 layers.
Some additional results can be obtained quite easily for the systems shown in fig-

ure 9. For the situation in figure 9(a), ‘Tén) =Ty9 = T9q from equations (19a) or (20a)

m
. 4
12

~ Opague surface

Vi

UMW ™1

{a) With space between layer and surface,

- 51!
. a
,— Opaque surface TN
W‘ <

N

(b} No space between layer and surface.

Figure 9. - Single absorbing layer inter-
acting with opaque surface.

and pg}z) = p;9 from equation (20b). Making the substitution in equation (33) yields

(1- er)(l - r12)(1 - rll)(l = 31)

®at plate = 2 9 (35)
1-ryoryy(1-2)" - rygryg - Tyl - 2ry9)(1 - 2y)
1f ry;=Tryg=r asa special case, equation (35) reduces to
(1- ry)(t - 021 - a)
at plate 9 9 9
1-1r91- al) -t - err(l - 2r)(1 - al)

If in addition the layer is nonabsorbing, a; = 0, the result simplifies to
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1 - er)(l -r)

o = : 37)
at plate l+r - 2rN1r ,

For the situation in figure 9(b) the Ut plate ©3N be obtained from equation (35) by
letting ry9 =r;_y and ryy =0. This yields

%at plate = > (38)
1-ry Nl -2y)

Transparent layer between two opaque plates. - As a further illustration of the ap-
plication of the net radiation technique, consider the effect on the heat exchange of plac-
ing a transparent nonabsorbing layer between two parallel plates as shown in figure 10.

q

j > To €9
tOpaque /\

surface Ui, 1

qi,Z\/qo,Z

a=0

%,3 /\qo, 3
Opaque

surface 4 q"'d\\/’qo'4
X H \T\ T ¢ _

q

Figure 10. - Effect of intermediate transparent
layer on exchange between two opaque par-
allel plates.

Go, 1

The net radiation equations are written as follows:

At plate 1

qi, 4+t 4= qO, 4 (39a)

4
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At plate 2

9,19+ 9,1 (402)
9,1 = €20Tp + (1= €3y 4 | (40b)
For the transparent plate
9,2 = 9,37+ 9, 2° (412)
9,3 =%, 27+ Y 3P (41b)

where p and 7 are the overall reflectance and transmittance of the transparent plate.
- The connection between the qi's and qo's is given by '

9% 3%9%,4 9,2%%,1
(42)
9% 15%,2 9,4°%,3

The relations in equations (42) are used to eliminate the qi's from equations (39) to (41)
~ to yield '

9,3* 29 4
q, =e0T4+(1-e)
,4°€1%1h 1'%, 3
9%,2=4% 9,1
=€0T4+(1-e)
9,1 = €29 %2 2%, 2
9,2 = 9, 47 * %, 1P

9,3 =9%,17* %, 4°
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The qo,2 and q0,3 are eliminated to yield
G, 47 €10T] + (1 €1)la 4~ a)
9,1 = €20T§1 +(1 - €5)(q +qg N
A+ 9,1 =%,4"* %, 1°

9,4 9%,17* 9%, 4°

These relations are solved for q which is the heat flux being transferred from the low-
er plate maintained at T1 to the upper plate at T2° The result is simplified by using
the relation p =1 - 7 valid for a nonabsorbing layer to yield

4 4 -
. "(Tl - Tz)
Q- (43)
1,1,.1_,
El 62 T

For a single transparent layer with surface reflectivities r, equation (4b) yields

so that by substituting into equation (43) the final result is obtained that

4 4
—1—+i-1+ 2r
€1 €9 l1-r

The 2r/(1 - r) term is the contribution provided by the transparent plate.

CONCLUS IONS

The net radiation method has been generalized to situations where partially trans-
parent layers are present, such as an enclosure having one or more windows. The
utility of the method is further illustrated by applying it to determine the overall trans-
mission and reflection characteristics of systems of parallel plates with or without par-
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allel opaque plates. These configurations arise in solar collectors, solar stills, and in
coated surfaces where the coatings are thick relative to the wavelength of the radiation
so that interference effects do not have to be included. The method is found convenient
to apply and provides a systematic approach that is not difficult even for complex sys-
tems. Most partially transparent plates have spectrally dependent properties. The net
radiation equations can be applied for various wavelength regions and the energy quanti-
ties then summed over wavelength. The semigray (two band) approximation has been
specifically discussed here which utilizes two spectral regions in each of which the
properties are constant. The utilization of multiple wavelength bands proceeds in the
same fashion as has been well documented in the literature for systems with opaque
walls. T

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, May 17, 1973,
770-18.
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APPENDIX - ENCLOSURE EQUATIONS FOR TWO BAND APPROXIMATION

The equations for the short wavelength region are for the opaque surfaces,

m
ik _ j S _ j s }
- Fi-3]9; Fr-i9 = Z O - Fx-199 T Fox T
S S 1,8 rom c j
€] ej €] j=1
j=1 j=m+1
N
0,8 i,s i,s, i, s
€’°p:?" + (1 - F Yei?
- 1) 1 1 F onlFo_h T
j=m+1 )
N
1 S(l S) _ .0 S(l ,S)
]
: i, s Fk_qu’]
?
i
j=m+1
1=k=<m, >‘<>‘c) (A1)
and for the partially transparent surfaces,
1-¢5 qjs m 4
F- )ql * E ®5 p T is El Fie- 0T FO‘ACTJ'
_m+ s].’ j=
N .
+ {‘ el Gt S 1}
ei.’s
j=m+1 1 (Az)
0,85 _[pls8(1 - pg,s)_ 0 s(l - A8r )
XUT?FO_ACTj - {E] ik [ i = ] k J}q:,j
€.’
]

j=m+1

(m+1=<k=N A<
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The equations for the long wavelength region are for the opaque surfaces,

O 1€ L oy LN 4
i Fr-j) 9 - — Fx-j9 =Z O = Fi-j)0 T <1 - Foox 'r.>
l 4 l,l P c’j
] € & j=1
=1 j=m+1
~ _N
o, i,1! A,y 1,1
) LA
e@’l
jom+1 -

4
X By 0T} (1 - FO_Ach>

N
1,00 _ 000y _ 0,00y _ 0
py? (L= )" %) - 75 (lﬁ)

i1

€3

j=m+1

l
ka-jqe,j (1=k=m, A<2))

(A3)
and for the partially transparent surfaces,
= 1
2 m
1-¢ 1 q; 4
é i Fk_jqjl + ®y - oy Fy ])i_l - 21 Fi 0T (1 - Fo_chj)
€ . €. ]=
)= ! j=m+l ]
(£°l+£l l) Xk e?’lp§’l+(1-7i.’l)§’]k
' { R x ’ o (l ’ FO"‘ch)
b
I i
j=m+1 (A4)

o, i, 0,1 0,1 i, 1

A TR i b N S P TS S

€' %k [P] (1-p"7)- 7" i )] kil maels<k=N A<a)
] qu,l ’ c

j=m+1
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The total heat fluxes are found by summing the fluxes for the two wavelength regions,

qk=qf:+q1l{ (1 =k =N) (A5)
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