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IMPROVING THE AC_CURACY OF ANGULAR-MOMENTUM PROJECTION
| o by WiVIIiam F. Ford |

Lewis Research :Center -

SUMMARY

A connection is established between Ullah.'s new method of angular-momentum pro-
jection and the conventional Hill-Wheeler method. They are studied for the case where
series truncation of some sort is required. - It is shown that for a particular choice of -
angles the analysis simplifies greatly and at the same time leads to reduced truncation
error.

INTRODUCTION
Recently Ullahpropb_sed a new method (ref. 1). for performing é.pgular_-moment_u’m
proj‘ecfion, designed to a'v'oid the difficulties associated with numerical integration of
rapidly oscillating rotation matrices. Considering the case of axiélly symmetric intrin-
sic wave functions <I>K, he used Léwdin's representation (ref. 2) of the projection oper-
ator P JK to W;ite ’ P

Q; = (2 |aP

1k |2g)
.. Jmax'J . ca
_ 27+ 1) T+ K)! Z (1) J-Ken )
(J - K)! n!(2J +n + 1)!
n=0

where § is some rotationally ihi(ariant 6pérat6r “(us'ua'l_ly 'H or 1) and
n.n y
Co= (2gl@ley @
(Both ©; and C, depend on K, but for simplicity this dependence will be left implicit.)

Rather than evaluate equation (2) directly, Ullah showed that the coefficients Cn could
be found by means of a generating function



N

+ n A2n -
<I>K = Z (-1) ( )2 Cn N = Jma.x - K (3)
n!

n=0

A =M
Qe e

b

and then devised an elegant transformation to reduce the left side to

a - Az)‘K_<q>K e . ¥3’¢K> (4)

sin(-l- B) = A
2 .

If equation (3)'is considered for a setof N+ 1. d1fferent values of A, a simple matr1x :
inversion (ref. 3) will yield the ¢oefficients C, ' e C

where

CONNECTION WITH HARMONIC ANALYSIS METHOD-

Bas1ca11y, Ullah's method is an 1mprovement of one developed prevmusly by
M1ha1lov1c Kuhawskl and LeSJa.k (ref 4). Workmg from an expressmn wh1ch can be
wr1tten (for rotatmnally 1nvar1ant operators) m our notatlon as o '

8J 6J C Sl A
“On ¥ - E n ,2n _
<¢»K e Qe |<I)K> = 5 ] N = Jmax - K (5)

they obtain the coefficients C ~ by means of harmomc analy81s and then numerically
solve the set of linear equatlons ‘

J

max
C“:Z (I + K+ 0)!(J - K)! o Y
| ' (J -K-n)l(J+ K SR |
J=K+n

to find the desired quantities £ J* This is unnecessarily cumbersome, however, since
by writing .



Jmax

' N\ J+L+n)I@-K!' o5
¢ - E gL ey (7)
L-K+n J-L-n)J+K1 9
J=L+n
and using the identity
J-L
2L+ eLemt (DY, (8)
(J-L-n)!: n'(2L+n+1)' LJ R
n=0
we may easily solve the linear equations anal'ytica.ll_y,' obtaining..
L =(2L+ . 1) L+ K)! E (1) o )
(L - K)! n!'(2L + n + 1)! L=K+n
n=0

the form proposed by Ullah. The identity (8) may be established by noting that the left
side is proportional to the hypergeometric function oF1(L+J+1, L-J; 2L+ 2; 1).
This in turn may be written in closed form, and the left side reduces to

2L +1)/(L+J + 1)(L - )T - L)! EEREE S

Another difficulty is that the transformation used by M1ha1lov10 Ku]awsk1 a.nd
Lesjak to render their equations harmonic requires evaluation of equation (5)at 2N +1
different complex values of 6 to obtain the N + 1 coefficients C;l. Since calculation
of the overlap integral in equation (5) is difficult and lengthy on even the fastest compu-
ters, the direct method proposed by Ullah, which requires only N + 1 different evalua-
tions, is to be preferred.

There still remains a problem however, If the dimensionality of the model space
used to define QK is allowed to 1ncrease, or an ''inert'' core is allowed to become
"active'', the value of Jmax €20 become enormous. In that case the expansion (3)
must be truncated for practical reasons, and it is not clear how to choose the set of A
values so as to minimize the truncation error,

CONNECTION WITH HILL-WHEELER METHOD

* It is instructive to compare Ullah's method w1th the conventmnal one employmg the
Hill- Wheeler 1ntegral (ref 5), : S



b1 | ;o | o
2x dgx(f)sin f dp (10)

where

I (ay o
| dKK(B) = <JK

oy
B 3

e 1BJy\JK>
is an element of the"réduced rotation matrix. It has been pointed out by Ripka (ref. 6)
that direct numerical mtegratlon of equatlon (10) is hkely to be 1naccurate for large
values of J, because of the rapld osc111at1ons of d‘II{K(B) The factor
(Pi|® exp(- 1BJy |®), on'the othér hand, is relatively smooth except for a strong peak
at B 0 (and possibly at B = 7) (refs. 7 and 8). 'This suggests an expansion in powers
of some suitable function of 8, and from Ullah's work (see eqs. (3) and (4)) it is appar-
ent that one such expansion, with oniy,-a finite number‘ of terms;. is

| -ipJ 1 \2K N | 1 \2n
.<.<I’K Qe .y|‘I’K> = (COS—B> E (-1)* (si,n.—B) (11)
AL 2 Lo 2 o

‘n=0
Using equation (11) in (10) resﬁlts in

Ciggad S g e e
e;=22+1 %" cq R L - (12)
. l? n:o .

where =

N g
5 B)» ‘ _~dK1_<(B)S-1_{‘ BdB

x) {02 2K) ()ax (13)

- (n! }2

Here the reduced rotatlon matrix has. been replaced by its representation in terms of a
Jacobi polynomlal (ref 9) Because of the orthogonahty property of Jacobi polynomlals
the integral in ‘equdtion (13) vanishes ‘unless ‘n = J- K. Its nonvanishing values are

4



given by (ref. 10)

- 2(-1 14
A cr - K)' n'(2J+n+1)' e

and we recover Ullah's result.

A SIMPLIFIED METHOD BASED ON ORTHOG.ONAL POLYNOMIALS

The prevmus sectlon 111ustrates the connection between Ullah's expansmn and the
conventional Hill- Wheeler integral treatment The orthogonahty feature, however sug-
gests a different expansion of the 1ntegrand factor in equation (10), namely, that the .
terms in equatlon (11) be rearranged so that

. ...%..-.2K Jmax
-i - ™ ,
0,2K
<<I>K Qe l > <cos = B) . aJPfI K )(cos B)
4 . J=K. : _
Jmax ) o ) - . ‘ 7 . e .
z : J
= aJ dKK(B) (15)
J=K T oy -
We then obtain the remarkably simple result
Q5 = (2 |RP |2p) = a5 . (16)

Of course, this is really not so surprising, since equations (10) and (15) together form a
statement of the expansion theorem for orthogonal functions, that is, one implies the
other. The importance of equation (15), however, is not only that its coefficients
ay= Q g may be ohtaine‘d' by exactly the same procedure suggested by Ullah, namely,
matrix inversion, but in addition that for a particular choice of angles it is possible to
arrange matters so that the matrix inversion can be done trivially and yet furnish a
super1or approximation to the 1ntegra1 if the expansmn is truncated at J = J

This is accomplished by us1nb the roots- B of the first neglected rotat1on matrix

J +1 ' '
dKK (B) = n=0,7 17 s N __=-_J - 1;. _(_1.7)

(excludmg the 2K multlple root B = ), because for these angles:the Christoffel-Darboux
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formula (ref. 11) for Jacobi polynomials yields an ''orthogonality'' relation:

Jo

<2J + 1) dJ (B@)d‘II(K(Bn) =0 m#n (18)
JoK ' - e

W1th this relation the N + 1 linear equations obtained by settmg B = B in équation (15)
are eas11y solved, y1eld1ng '

N, |
DU AN VO : _iBhJ, : o
QJ:Z“W“ ( 2* ) KK(B)<KQe Y¢K> S 9)
where
' -1
JO . s .
| (2J + 1> d‘II{K(Bn')Z : (20)
J=K

Since the .Christoffel-Darboux formula is of the form
N

F_(x,y)
C.P P =_n "
E nEn®) n(‘y:). m—

n

it follows that if y = x + € with € — 0, then

This may be used to sum the series in'equation (20), with the result
Do @+ 1)sin B : ST e
W 52 e 2 R T 1 §)
J
o .
(Jo +1+ K)(J0 +1- K)dKK(Bn) A

These formulas have the appearance of an algorithm for the numerical integration
of equation (10) and in fact are identical to those which would be -obtained from:a Gauss. -



quadratﬁx;é method of order N o based dn the orthogonal functions d}J{K(,B)-. As such,
they are known to be exact if the integrand can be exprésSed in terms of the first. 2No+ 1
such functions. We conclude that, if the expansion (15) is terminated at J = J o and its

coefficients are determined by equation (19), truncation error will affect only those £

L d
for which J>2J +1-J .. ; thosewith J<2J +1-J .  Will remain exact. The
magnitude of the truncation error is difficult to estimate, but the Gauss method is known

to be remarkably accurate.

CONCLUDING REMARK

One caveat should be sounded: ‘if the dimensionality or number of nucleons is large,
the number of terms which can be taken is severely limited by the computing time re-
quired to evaluate (&, |® exp(-ipJ ) |2,). At the same time, the behavior of the inte-
grand places a greater burden of accuracy on the series expansion. In a typical calcula-
tion for 20Ne, for instance, with all nucleons active and states up to 1gg /5 included, the
left side of equation (15) falls from 1.00 at 8 =0° to 0.070 at B = 45° to 0.001 at
B = 65°. Here the strong forward peaking is of more concern than oscillations of
d‘II<K(B), and it may be profitable to consider a transformation on'the variable of intégra-
tion before attempting numerical procedures. In that event it would pi'obable be best to
treat the transformed integrand by means of a Gauss quadrature based on Chevyshev
polynomials, because of the ease in calculating weights and abscissas.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, July 2, 1973,
503-10.
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