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A THEORY FOR SCATTERING BY DENSITY FLUCTUATIONS
BASED ON THREE-WAVE INTERACTION

by

K, J. Harker and F, W, Crawford

Institute for Plasma Research
Stanford University
Stanford, Califormnia

ABSTRACT

The theory of scattering by charged particle densify fluctuations
of a plasma is developed for the case or zero magnetic field. The
source current is derived on the basis of, first, a three-wave interaction
between the incident and scattered electromagnetic waves and ong electro-
static plasma wave (gither Langmuir or ion—acoustié), and second, a
synchronous interaction between the same two electromagnetic waves and
the discrete components of the charged particle fluctuations. Previous
work is generalized by no longer making the assumption that the frequency
of the electromagnetic waves is large compared to the plasma frequency.
The general result 'is then applied to incoherent scatter, and to scatter
by strongly driven plasma waves. An expansion is carried out for each
of those cases to determine the lower order corrections to the usual

high frequency scattering formulas,



Introduction

The scattering of electromagnetic waves by density fluctuations has
been a topic of general interest for many years, The first derivations,

given by Booker [l955],and Villars and Weisskopf [l955],were based on

the idea that density fluctuations give rise to dipole-moment density
fluctuations which in turn cause the familiar far-field electric dipole
radiation, Most studies since then on scattering use the same basic

idea., Rosenbluth and Weisskopf [1962] used a technique based on a far-

field expansion of Maxwell's equations,and a source current consisting of
Xp q )

a summation over discrete plasma particles., Birmingham et al. [1965],

although not specifically addressing themselves to the far-field problem,
showed that this scattering formula must be corrected by a factor equal
to the refractive index of the scattered wave,

When the densit& fluctuations are excited by the random motion of
charged particles, the scattering is referred to as incoherent scatter,
The study of incoherent scattering of electromagnetic waves by é plasma

has been given by a number of authors. Dougherty and Farley [1960],

Salpeter [1960], and Fejer {19607 independently calculated the cross-section
for random thermal fluctuations of the electron density, Hagfors [1961]

extended the theory to include a static magnetic field., Rosenbluth and

Rostoker [1962] generalized the theory to take into account departure from
thermal equilibrium. The subject of scattering by density variations, and in
particular, incoherent scattering, is thoroughly reviewed by Bekefi [1966].
To our knowledge, all of the previous work has beeﬁ based on the
high-frequency assumption, i.e, that the incident and scattered electro-

magnetic waves are much higher in frequency than the plasma frequency.



In this paper we generalize this previous work by dispensing with this

" assumption and derive a result which is valid for all frequencies. Of
course, we still must assume that we are not so close to a resonance that
we must include multiple scattering effects.

The source currents responsible for the scattering are determined on
the basis of two types of interaction, one depending on collective effects
and one on discrete particle effects. These two effects arise, in turn,
from the fact that the charged particle distribution function may be resolved
into two components. One is the spatially averaged part associated with
plasma waves and collective effects, and the second is the spatially
rapidly fluctuating component which vanishes when averaged over the
macroscopic volume, It arises from the discrete motion of the particles
and is basically a thermal fluctuation phenomenon.

The mechanism for the collective source cdrrent is basically no
more than a three-wave plasma interaction between the incident and scattered
electromagnetic waves on one hand, and a scattering electrostatic plasma
wave on the other hand. The plasma wave may be either a Langmuir or ion-
acoustic wave, A schematic of the process is shown in Figs. 1 and 2. 1In
Fig. 1, the incoming wave (®

B'%p

@D kK to produce a scattered electromagnetic wave (O = O + O k =k
yky) & (Co =% 9 ko =X

In the second version of the process, shown in Fig. 2, the incoming

) mixes with the electrostatic plasma wave

).

+ k
Sy

electromagnetic wave (wb’E ) decays into an electrostatic plasma wave

B

(w E,) and a scattered electromagnetic wave (w =0 -0 k =k -k ).
7, Y 03 B 7’ X —~—B ~7)

A synchronism diagram showing the dispersion curves of the interacting

waves and the synchronism parallelogram for the conditions (%x = wb + w7 s

k k7 corresponding to Figs. 1 and 2, respectively, is shown in

=k <+
ky = kgt
Figs. 3 and L for the case where the electrostatic wave is a Langmuir wave

and an ion-acoustic wave, respectively



The mechanism for the source current arising from discrete particle
effects is an interaction between the electromagnetic waves again, and
the synchronous Fourier component of the fluctuating discrete component
of the electron velécity distribution function. This source currént is
responsible for scattering by unscreened electrons,i,e, scattering which
does not involve collective effects between the particles,

Our general mathematical approach is as follows. The far field is
first determined in terms of an asymptotic expansion of Maxwell's equation
(Lighthill, 1960). The effects of the two synchronous interactions
mentioned above are then evaluated by solving the Vlasov equation to second
order, and using the result to calculate the second order ;o;rce
currents, Once the source currents are evaluated, the far field and
scattered power are determined in terms of products of certain fluctuating
quantities, If the spectrum of the density fluctuations is known, the
scattered power is determined by substituting the expressions for these
products and carrying out the required mathemétical manipulations,

In the case of incoherent scatter,where the density fluctuations are
not externally driven, but are excited solély by the random motion_of the
plasma particles, it is possible to carfy the problem forward to a final
solution., 1In this paper we obtain expressions for the product of the
fluctuating quantities under this assumption, and obtain a closed form
solution for the incoherent scatter in terms of the unperturbed particle
velocity distribution functions,

Since the resulting expression for the scattered power is somewhat
involved, an expansion in inverse powers of the frequency of the
incident electromagnetic waves is carried out to gain greater insight into
the meaning of the results,and to provide a link with the results of previous

workers.



The general theory is also appligd to the case where the plasma
waves are so strongly driven by an external source‘that one can neglect
the effects of the random motions of the charged particles. Expansions
are again derived for a high frequency incident electromagnetic wave,

The results in this paper are based on the assumption fhat the
static magnetic field is zero, that the charged particle velocity
distribution parameters are isotropic in velocity space, and that the

medium is homogeneous,



Theory for Scattering in Terms of Current Sources

In this section we consider the scattering in general,without
specifying the current sources responsible, Our system is described

by Maxwell's equations,

oH
VXE:-HOF‘E’ ‘ (1)
3E (1), (2
ng_:‘eo'ﬁ'*'.'l +d ) (2)
and the Vlasov equation,
9 . Of
s+ - VME+N(E+yXxB) 5 =0, )

—~—

where E and H are the electric and magnetic fields, ,2 is the
magnetic induction, gﬁ and gé are the first and second order current
densities, f is the electron velocity distribution function,li_ is the
velocity, and T is the electron charge-to-mass ratio,

Taking the Fourier transform of Egs. (l) and (2),and then combining ,
yields the relation
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The first order current is given by

(1) €0 2
S '—?)q%l o, aﬁrga ’ (5)
where
2 2
W = noe /meO . (6)
Equation (4) then becomes
2
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where

Taking the dot product of this equation with respect to ga gives

Substitution in Eq. (7), and solution for E,

where

=

0/
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p

2
o
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ko By = wa —? .
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Determination of Far-field Power Flux Density

We nowvdetermine the electric fields in the far-field zone,by
taking the inverse Fourier transform,and then apply essentially an
asymptotic expansion technique [Lighthill, 1960]. The inverse transform

of Eq. (lO) is given by
[+]

(r,t) 1 J dk_ do®_exp j(® t -ik )___g’(wo"ko‘) (13) "
E(r,t) = < 1k e jlo -jk_.r .
(2:1)LL “foa ¢ @ @ i)
Qoo
=00

If we replace G by its spatial transform, we obtain

©
. exp[-jk -(r—r'f
1 J i o it ’ . ’
E(l;t) = Q,(‘D X )exP(J(D t)dk do_ dr
0

o a _
(14)

Since £_>>.£I, the integral over Ea can be evaluated in the form

o]

2 . /- o . y
i« ) 25 exp[-lka(wa)|£"£ H _ an ['1ka(wa).§,r’(£'£ )]
> 2 ~a | r ’
k k(@) |z-z’|
(15)

expl-ik - (r-x)]

where g% = r/r . Finally, the integration over Ej yields
[=e]
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1 J o Qo QA
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where Ea(wa) = ka(wd)gr . From Eq. (2), the corresponding magnetic field is

given by
oo
, 2. expljo t-jk (® )-r] -
_ 1 c J g " o =
B(x,t) = 2f 2 r Js’a(wa) X E[wa’za(wa)]dma :
2(2x) we,

(17)



The time-averaged power flow is given by

T/2
P(r)= 1lim % fdt Re E(r,t) X E*(z,t), (18)
T -
-T/2

therefore
N i , NP emly(e ) t-gle (@ )k (@) ]-x)
P(r)= lim ———— dt dw dw’ Re
- 2T(2;r))1L o o r2w (w1)2€ c e’

T=0 dr/07 a o Toaa

8 Pode) x|k e xe (w&,g(;(%))]*}

(19)
If T is very large, we may take the limit
‘ T/2
7/ ' /
j = 2nd (0w _-w
/;exp[_](ma*ba)t dt = 28 (0 0’) , (20)
-T/2
and Eq. (19) becomes ‘
(o] 2 _ %
= 14 1 —< (o X ] 21
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T~ & 2T(21) T %efota |

-0

Upon substitution of Eqgs. (11) and (12), and simplification, we obtain

finally
/2 2 _ ’
. 1 o« (2) 2
2() = 1im — B iy x SB ok (o)) 1P,y L (22)
T = o T(2n) kar c eo ~

0
An extra factor of 2 has appeared in Eq. (22) because the integration is

carried out over positive frequencies only.



In what follows, it will prove more convenient to write

Eq. (22) in its differential form

/2 2
o
XB(r) tim —o_ ‘o’ k. x kX 5@ (e
aw ( )5 3. e to Ta
v - o\21) TVe €%y .

where (2 is the solid angle into which Wave Q

the scattering volume,

10

2
@))% e,

is scattered and V

(23)

is

34



Solution of Vlasov Equation

In the previous section, we derived an expression for the scattered

5(2)

power as a function of the source current 4, In this section, we
determine the latter quantity. In our derivation, we assume an isotropic

unperturbed electron velocity distribution function, and the absence of a

static magnetic field. The Fourier transform of Eq. (5) has the form

o«
: afo 1 af€
J(wa—ga.y_)fa+ﬂ(§a+1x§a)-&_+ o)t dog e dic dis_(Eg+vXBg) - o

- 8(k kgl )8 (0 o ), (2L)

where fO is the unperturbed electron velocity distribution, and the
subscripts Q, 6, and ¢ refer to waves with frequency-wavenumber pairs
(ma}ga) R (QB*EG)’ and (we}ge) , respectively, .Since the incoming wave

is plane and monochromatic, it has a spectrum of the form

.y ‘
E = E & - §(k-k
E = (2n) E (w s) (k-k.) (25)
and Eq. (24) becomes
afo afe
J'(‘Da-Ea'.Y_)fa+ ﬂ(.Ea”rY,xP_a)" P T\(Eéﬂl.x.._&) "W T o, (26)
6,€ '

where 6,6 in the summation run over the values

b =p s €=7, (27)

6 = 7 5 € B, (28)

and y refers to the wave for which the synchronism conditions

W =W 4 O
o J

’ (29)

+

S

hold.
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We may éolve Eq. (26) iteratively. The first order solution is

given by
. . 3
Q wa - Ea Vv uQe ’

where fua is the fluctuating part of the solution [Kadomtsev, 1965] P
which vanishes when averaged over the macroscopic volume, and satisfies
the equations

!)fua =0, (31)

(0t
<fuoc(v)fua'(.‘.’.l)> = (2:r)5 6(-‘-’-‘11)6(wa'1-5a°1)6(wa_wa')5(5(1_50/)%(’!)' (32)

Substituting in Eq. (26),we obtain the second order solution

(2) __4n = » [3TE, /oY)
" .vz (~E—:6+-‘-’—X§«6)'5v |
. a-s.a-... 6 — (D _k -V

(33)

Bg)

. ot
+—Jﬂ-.—Z(E+y_x —B:—e
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Second Order Source Currents

The first order currents, obtained by substitution of Eq. (30)

into the expression ©

(1) 1
_Q'a ‘= e f((l )_\_/_ dv s

-C0

need not be considered further, since the contribution from the first
term on the RHS of Eq. (30) has already been accounted for by Eq. (5);

thé second term does not contain EB as a factor, and therefore does

not contribute to the scattering,

Substituting Eq. (33%) into the expression

o~

gé?) = e fg?) v dv

gives a second order current

8
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(35)

(36)
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-(38)



Source Current from Collective Effects

(2)

sa ? the source current

We will concentrate first on evaluating J

due to collective effects.. A partial integration reduces this to
o] .

i

. XB, ) - X .

H2) =§ e | (Be 30’2 (Eg+yXBg ) -k, L, BB (s9)
~sQ R B e e 1 ‘
6, € € e - o~ o

-0
A second partial integration,followed by expansion of the summation

according to Eqs, (27) and (28),yields

In obtaining this equation, we have used the relations

0 B =0

J —-7 2

which follow from the transverse and longitudinal character of the

k «E =0

~a ~u ’ ‘IE’B'EB ) (1)

linearized electromagnetic and electrostatic waves, respectively.

o
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We will find it more convenient to write Eq, (39) in the form

. 2 ©
k Xk XJ - A £t (y)av Vv (v) (42)
a T sQ (Da Oe s
where .
o lk [(@-k v)(e k) + (k -k )e  v)]
X(_Y,)=.1S_ka"% B ‘132’”0«’ o BpT B
=TT T2 e (ke (@ ok )
. (ke U0k ov)(e k) + (k k) (e, x)J-v s (k) (e k) -(e ok ) (e ok )y
0 (0% v)? (@ -k -v) B (@ kg, X)ewﬁ(wfls?'!)
. (k, 57)[(038-},5IS ve, + k(e vl . [58(28 k) - 28(5,8-57)]
(k) 0, 2 DCRRDICE o
2 / /
. K (0 -k, v) (e k) + (k k) (e, ov) " (0 -k ve+ (e v) K
(o -k -v)2 w (o -k v)2 - (DB(CDa—_lEa-_y_)
Y Tr T pr o~
. 2 (kyk. ) . 2(e, k) (kyk )y . (g5ky) K (45)
W -k oy IRY: b e\l i . -k v)2(w -k -
B~ (0yky,w)™ (0 k v) (0 Ky v) (oK v) (00B ko rv)
We know from the synchronism conditions_[Eqs. (29)] that
(@g-kgov) = (@K ov) - (@K “v) . | (44)
5axgax_15q=gaxgax(}gﬁ+,lg7)=o. (45)

Substituting these into Eq. (43),and collecting terms,yields

15



(46)
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>
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Source Current from Discrete Particle Effects

The source current due to discrete particle effects is obtained in
the same manner as the sourcé current from collective effects; We
expand the summation in Eq. (58), using only the term corresponding
to Eq., (27); this is the only term which is dependent on the incoming

electromagnetic wave, and therefore represents scattering. We obtain
(=]

. of
(2) iTe uye
J sfe—=—— v dv (E+ v X B - el (’-1-7)
-0
A partial integration reduces this to the form
[oo]
(2) _ _E_ﬁ+1XB (E.+ v X B k.
J - g —B B B .
~uQ jMe fuyed1” ® -k .v + 2 < (h8)
o~~~ (w -k -v)
o~
-0 .

Here again we find it more useful to write this as

R JTe E :
E Xk x g2 o 2B /f v ¥ (

~Q -~ ~ud (Da uye u.v;) (49)
where
@ _k : +k ¢ O -k ‘k : k Kk .
C)m e xk xo Cekpwegtalepy) (9 v)le k)4, k) (g )
“u~T gt o a0 (o -k ev)

Eaad ‘ — 3 2
o~ an(wa k, v)
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Scattering Formula:

We are now in a position to obtain the final scattering formula,

Substituting Eqs. (42) and (49) into Eq. (23) gives the equation

/2.2 2 2 ®
2 /et E | V,
3P , Q B
= lim ME k_[£. (v)dv v_(v) (51)

-0

Since the incoming flux is given by

s =2 1/2

2
B GO EB cIEBI 5 (52)

and the classical electron radius by

ry = &%/ (i echQ) , (53)

the scattering formula can simply be written as

3°p rg 5V (¢q &l - / ' )

T = lim —QE (-e-—) M Eykyji‘?be(y)_dx v (¥) + fyye Y v (W%,
a TV — o nTV kCX : B ® o

- (54)

Expanding the squared term gives the equation

| > 1/2 7
2 r . SV [e 2
a i
o S _0-_%(-@) 12 kstEyE;];/fOe(x)Y.s(.‘L)dl
Q TV - o TV ka B Y ,
-2 ne Jnky( / £y vs<y,>) ( / [fuyem Ey} zg(yax) (55)
+/d1 dv’ [fuye(y,) fﬁye(x'ﬂym(y__) (x")



This equation is the general scattering formula we have sought to

derive, If one knows the spectrum corresponding to ‘E7l2, and

E

2 uye y ’

|f* I R and the unperturbed velocity distributions then the scattered
uye

power is determined.
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Incoherent Scatter

We will now take up the case of incoherent scatter, where it is possible
to evaluate Eq. (55) explicitly. In this case the assumption that the
charged particle motions are random allows one to evaluate the products
of the fluctuating quantities in the equation, In the appendix we show

that these products are given by

. l ‘ .
lim e uye(”) % (v ) = 2ﬁ6(¥_l’)6(w7—57ﬁ!)fOe(X) , (56)
TV —_
lim = #* (9)E =222l ¢ (v)s(w -k -v) (57)
™V = uye ™ vy eoe k Oe Ny =y =

o . o
im = |E |? = —2"__ K - K -
lim o= |E7| "3, |2k2t—/ v £, (0)8(® -k -¥)+ / ayf o, ()6(e -k .Y_)J
' (58)

Substituting these expressions,and integrating over Xf,reduces Eq. (55)

to the form

1/2 3 ‘ o 3
p 2 e ‘ . e . .
A ers 8.V (-G—B 4( L¥) £0e()0(e K * w)dv +f £, (x)8(e -k “y)ay

=0 -0

+2 Rel " l"~2 +.1'_J._5A , (59)
where ‘
L, =28 / £0 (W (vay | (60)
Oy /
L, = / fOe(y,)é(wo—g,y-x),_Vfl(x)dv - (61)

L / ay £,,(V6(0 -k DY, (2) T, (W) (62)
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Because of the delta function and Eq. (4k4), we can replace the

® -k . © -k v )i R .
factor ( a,\alg) by( 5 EB_K)ln the definitions for L and L Carrying

~2 5 .
this out, along with the application of Eq. (45),yields the simpler equations

=]

8 _ .
/ av 15, (08(® &y

L= v) ¥ (v, - (63)
*
L, = / v o ()8( -k -v)¥ (v) ¥ (v) , (64)
where
w (e, 'k Jv-(e_ -v)k (k k )e. vy
L O i -t B (65)
B P g% (¢, )

Equation (59), along with the definition given by Egs. (146), (60), (63-65),

is our final result describing scattering by random density fluctuations.
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High Frequency Expansion for Incoherent Scatter

Equation (59)-is a final result in the sense that it specifies
completely the scattered power once the unperturbed velocity distribﬁtion
functions are known., It will be useful, however, to expand this equation in
powers of l/wB, in order to interpret the meaning of the result,and to
compare with previous work,

Let us first expand L

, in Eq. (60) to second order in ¢gl . This

yields, upon applicatiop of Eq. (44),the relation

_ Ele -
) @, [,lsa(gﬁ-z,,)](%8 v)k (e kv
Vv (v) =k, Xk, X —= = +
’ T ok oS (w -k -v) a)(a) -k_*v)
B By vy~ Br Yy Yy~
2 .
L VA O T R S
(@ k -v)7 “6 s s
Y Y
(k -k )(e -v)v
te 4 TB B~ ) : (66)
B 4

If we substitute into this equation the vector identity

=L [k 'k- -k Xk Xv] (67)
v=g ikl y) —k Xk xol,
V4
and collect terms, we obtain
w : (k, -k)(s° )
v (v) = & k Xk Xle +—2rB BT [w —(w k -v)°lk
~s'~ o (© -k y)2 @ "o )P kuwe
5(7 2 7y B
t i kK Xk X . 68
+ terms 1in (0_7 < «‘L) ( )

Finally,substituting into Eq, (60) gives the result

22



@, (‘Ea.l{ﬁ)(‘e‘ﬁ.}‘{’a) e,
Ly = "5 XX E ey (&g F T g B (69)
By k) B
2
(za-gﬁ)(sﬁ-ga) ©
+ )+ o _157 3
k B
Y ,
where o
£ (v)dy
X = -5 / 2 (70)
07  (0k-y) ‘

is the charged particle susceptibility. _In obtaining this fesult we héve
ignored the terms in ‘Ks(x) containing (57,x‘57 X v) , since these give
rise to terms of order (ve/c)z,and higher,when deéling with isotropic
electron velocity distribution functions.

-1
Let us now expand 22 in Eq, (63). To second order in B we obtain

&F
e
4

. k v
a . . ‘ 1 —_—
fOe(x)6(<D7-57 ) ok Xk X £, +[(£B X L).Y-(sﬁ'x)k] o T :ﬁg_

~Q ~y
g B wB
(k 'k )e, v)v
y —7B ;ﬁ (71)
“s

We again expand v according to Eq. (67),and ignore the component perpendi-

the result

ailar to 57 . This yields, after replacing (57{1) by my ,

' (wa) w

L =2k xk xe+—7-)

=p o |~ " ~a = ©
B P (fs

A similar procedure for L

(=]

k .k )k
“a=p"%y .
/ foe(v)8(@ -k cv)av .

7 L0

(12)

yields the expression

>3
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/ foe(¥) (0 K ~v)dy . (73)

—co

We now substitute the expressions for L., L  and L, into Eq. (59)

12 =2 3
to obtain
1/2 2 2
2 c 2w (k -k )(e k)
9P a o o ~B B U
=rsv/[= k X . £
D~ Yo% ((—:B) e [Ble? (Xl ga) "Y|bo* EXfegt 2 ¥ 25
Yy OB Y 5]

: 2 2 2
X -2 R e* + |e £ 6(w -k * v)dv + f. . (v)é(w -k -v)d
[(I e e X, &+ le | )/ 0e(WO(@ K« w)dy + |x_ |7[%, ()6 (@ & -¥) y__]

—C0

er/ fOi(g)5(w7fl<_7°x)d,y,

r [ Al
0

+ Re(xe‘y-ey)/ foelw)é(e -k -v)dy

(74)
Using the identities
€ =1+ + X,
y Yoy +Xip (15)
2 * 2 2
€ - 2 Re ¢ - + = |1 +x.
|7| tee - X, Ixeyl | x17| , (76)

and rearranging,gives the final form for the expanded incoherent

scattering formula as
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2 1/2 b
P 2r°S V Je w
P 70" o) Q [ 2 [ .
Xaw l 2l ( ) (a) 5 |1+X17| J foe(—y-)é(w.), ‘-—.)k, «‘.’.)dl (17)

o
67 5 B
2 (e, -k ) (e -k )2(k -k )° o
+ x| £ (v)6(® -k *v)ay| [1 - B Lo BT OB 7
—o o o 5y A
(e, k) (e K )°
+ E[Re.xe7 foi(l)ﬁ(&3_57:X)deRe(l+Xiy) er(X)é(w7f57ﬂ!)dX] kz k&
-0 Yo 7

When the frequency of the incident electromagnetic wave,
wB , becomes very large compared to w7 and d% ,the high frequency inco-

herent scattering formula [Bekefi, 1966] s

©

2
3P _ 2r,SaV 2
S 0 [l 2| o080, 0 (w
[y a . -0
|2 . (:Qe I‘EOL)Q
+ lxe7 fOi(x)é(wy-B,y'x)dx 1 - 3 )
- 04

is retrieved. In the case of backscatter, where (S%.Ea) =0, Eq. (77)

reduces to the even simpler form

2 ‘ 3 ©
2 2r<s v , -
3p 0B 2 2
%55, |2 e, | / £0e(2)0(® -k -¥)dy + lxeyl/ £05(2)0(@ <k -v)dy
0! €q /. /

(79)
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Scattering in Case of Strongly Driven Plasma Waves

In the case where the coherent waves are so strongly driven by an
external source that the random fluctuations of the charged particles can
be ignored, we may ignore the terms involving fuye in Eq. (55), and

the scattering is then given simply. by

2 2o V( /2 F L
p _ 0B (u 5 2 2
e B \e ) Ll k7 /foe(x)l’,s(y,)d,g lim _l_TV . (80)

a i TV = =

As in the case of incoherent scatter, it is useful to determine the
behavior for a high frequency incident wave. Substituting Egs. (60) and

(69) into this formula reduces it to the form

2. /2 22 2
2 r SV je ke 0 K 2 o
e os(oc\ zo(a)l 2 <e~> N k )“(k k)
= = =) 3Ix_ | B Tw B /__1_
N, w \gg) T2 \B) e |t —F r2 3 T \o.))
- (04 a 7
) 2 ) 2 o
(e -k ) (x 'k )° [® | |
+2Rexe7{- B;‘u"aﬁ £ lim —L— . | (81)
L Sa®y p TV
\
If we let mh — © and note that '
€ k E 2
\n7\2= _Of_gr__J_L\ , (62)

we obtain the standard high frequency formula [Bekefi, 1966 given by

-2 2 2
ris.v (e, k) In_|
aep =08 f; BT | gip — (83)
K)B(Da n K2 TV
Q- TV = o

The (e0/66)1/2 correction to Eq. (83),contained in Eq. (§0),was previously

derived by Birmingham et al. [1965] by a different method.
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Summary

A general theory for scattering of electromagnetic waves by density
fluctuations in a plasma has been carried out. The general scattering
formula is given by Egs. (55), (46), and (50). 1Its applicétion to incoherent
scatter is given by Egqs. (59), (46), (60), (63-65), and to scatter by
strongly driven plasma waves by Eqgs. (#6) and (80). The theory generalizes
previous high-frequency theories in that it is valid for all frequencies
of the incident and scattered electromagnetic waves. It does assume,
however, a zero magnetic field, isotropic unperturbed charged particle
velocity distribution functions, and the absence of multiple scattering.

An expansion for both incoherent scatter and scattering by strongly

-1
driven plasma waves in inverse powers of the frequency, wB of the

b4
incident electromagnetic wave has been carried out [Eqs. (77) and (81)
respectively]. These expansions show that two types of lower order
corrections must be applied to the high frequency theory as the incident
electromagnetic wave frequency approaches the plasma frequency. The
first type of correction is of order (pr/(DB)2 , and must be apﬁlied

irrespective. of the value of the difference frequency, wy 5

between
the electromagnetic waves. The second correction is of order (Ct)y/wﬁ)2 ,
and is clearly of importance only for scattering by the Langmuir waves.
These lower order corrections disappear for the case of backscatter,

As the frequency, ab , of the electromagnetic wave comes closer to
mp , then of course it is necessary to use the full theory [Eqs. (59),
(46), (60), and (63-65),or Egqs.(46) and (80)]. It is important to note
that the full theory has non-vanishing higher order corrections for the

backscatter case, even though the lower order corrections mentioned in

the previous paragraph disappear,
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Appendix

In this section will be derived the expressions for the space-time
averages given in Eqs. (56-58). Our first step is to derive a relation
for the averages in terms of the ensemble average of the Fourier components,
According to Parseval's theorem, the average of the product of two variables,
A(gdt) and B({,t), is given by

2]

1
Alzr,t)B(r,t) = lim ——— /A B¥ dv dk . (A.1)
— - —— L!. -,

W~ o (27) TV 7Y o7

The ensemble average, on the other hand, is given by

@©

. * . . .
(A(z,t)B(z,t)) = J/f daw dao , dk dk (A Byl>eXD[J(w74571)t-J(Ey‘E7')'£].

8 | -
(2n) e Yy r v v 7
(A.2)
All of the cases studied in this paper have the property that
(A B*,) =c (aB*)6(w -w ,)8(k -k
5y ), 7( ) ( y 7') (Qy *71) (A-B)
and therefore
m .
1
(aA(z,t)B(r,t)) = /dwd;g c (aB¥) , (A.4)
- (2n)8 J YT 7

w

Equating the two averages given by Egs. (A.l) and (A.M) yields the desired

relation

1 ! (a.5)
lim = Any;_ ny c7 (aB*)
TV =
Equation (3%2) shows that
¢, L (D1, (x)] = (2x) 6w )8(2, e, )5 (0) - (5.6)
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Substituting this into Eq. (A5),with A and B equal to :fu('_y_) and fu(!,),
respectively, yields Eq. (56) immediately.
In order to prove Egs. (57) and (58), we will need to use the

linearized Poisson equation

© ) @

. . -e
e k E =— f . (v)dv + f . (v)dv] . A,
s / uye(J v / u71(..) 34 (A7)
" .

~L0

If we multiply this equation by f*u7Q§VI)’ take the ensemble average,

and assume that the ion and electron motions are uncorrelated, we obtain

* ’ je * ’
eyk’y(fuy'e(v )E7>= -GJ?(; / <fu71e(v )fuye(V»dV . (A.8)

Substituting Eq. (32) shows that

5.
% (en )’ je A.9)
ClEf (v)] = ——— £ (v)8(® - k .v) . (
7 ue €.€ k Oe*~ Y Ty~
O yy
Substituting this result into Eq. (A.5),with A and B equal to E 3and
% .
f o » Tespectively, yields.Eq. (57).
If we multiply Eq. (A.7) by its complex conjugate,and take the
ensemble average,we obtain
=] x
82 7 7
(E B*,) = ————r (f v)f v ))ql dv’ + (f . (v)f . (v')) dv dv
77 k k 1626 e*/ uey(’*) ue7l(~ - aiy &ouiy -7 .
7y Ory|= . =
(A.10)

*
Substituting Eq. (3%2) allows us to determine C7(EE3). If this is in turn

substituted into Eq. (A.5),with A and B equal to E, we obtain Eq. (58).
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FIG. 1. Mixing of an incoming transverse wave (EB)
and an electrostatic wave (k ) to produce a

scattered transverse wave (Ea).

2

FIG. 2. Decay of an incoming transverse wave (56)
into an electrostatic wave (k ) and a scattered .

transverse wave (k ).
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EM WAVE a,B

B,a

LANGMUIR WAVE Wy 14

FIG. 3. Synchronism diagram for the interaction of two transverse

waves and a Langmuir wave,
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FIG, 4. Synchronism diagram for the interaction of two transverse

waves and an ion-acoustic wave,
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