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A necessary part of any simulation study is the sampling of values

of X , a random variable with cumulative distribution function F(X) .

F may be specified either by a mathematical formula or empirically by

a table of (X,F(X)) values. We consider here the special case where

X is a real valued continuous random variable. Regardless of the

specific form of F(X) , the probability distribution of the random

variable Y = F(X) is the uniform distribution U[0,l] on the unit

interval.

There are a great many satisfactory pseudorandom number generators

to obtain values from U[0,l] , e.g. [2J

': yn+l =31̂ 15926 yn.+ 27182818 (mod 2
35).

The problem of sampling from F(X) may be looked at, then, as equivalent

to finding an inversion formula

(1.2) X = F~V) .

When it is not convenient to express F (Y) as a mathematical formula

we may use an empirically obtained table [x , F(x,..,) ;

x(1) < x(2) < -.. < x(k), F(x:(1)) ~ 0 , F(X(k)) ~ 1} plus a good

interpolation routine F (Y) to take random values from U[0,l] and



obtain their approximate inverses as random samples from "nearly F(X)" .

A. random number generator is advocated which uses an interpolation

based on the highly stable piecewise cubic interpolation formula of

Akima [1] . The user reads in a table {x,.., F(x...) ;

x._. < x v < ... < x/i\ < xcv+^-' ' "^e routine then computes and stores

the coefficients of X = F (Y) . Calls on the random number generator

will first obtain a pseudorandom number y from U[0,l] . If

y < F(x . . ) , the random number given is x.1N , if y > F(x.. . , the

random number given is x. . . If F(x,1.) < y < F(x. .) , the random(K) (L) (,K;

number given is F (y) . A listing of the random number generator is

given in Appendix I .

Naturally, the quality of the random number generator proposed is

determined by the ability of F to approximate a variety of cumulative

distribution functions. In Appendix II , we show how the interpolation

errors of F (Y) compare with those of linear interpolation in the

case of the standard normal, Cauchy and double exponential distributions
_ 1

with location 0 and scale 1 . Exact values of F (Y) are given for
_ i

Y = .50(.02).98(.005).995 . Interpolated values of F_ and linear

interpolation are obtained at points between the mesh values and the

relative errors computed and compared.

\
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A P P E N D I X I

_BELEASE_JL._1_. MA .IN DAT. E_=_.Z2327 l.Q./l_9/A6_

C INTERPOLATION OF THE INVERSE NORML DISTRIBUTION .
COMMON N , P 1 ( 5 0 ) , P 2 ( 5 0 ) , P 3 ( 5 0 ) , P 4 { 5 0 ) , X ( 5 0 )

C N JS THE NUMBER OF INTERPOLATING KNOTS* N SHOULD BE_LEiSS_ OR EQ TO 50
N = 50 -

____CALL JL^I T_
C M IS THE NUMBER OF RANDOM NUMBERS TO BE GENERATED M SMALLER THAN 20

M = 20
CALL RNG{M)
C A L L E X I T .



Gl JLE_L E AS E !_. 1 LNJ-I . D A TJE_=__7 2 327 1.0/. 1.9 / 416

SU8ROUT tNE INIT .

C ******************
C THIS SUBROUTINE GENERATES THE PARAMETERS OF THE CUBICS THAT I
C INTERPOLATE THE DATA KNOTS
_C_ __ARR_AYS_P I 1LP2 .P3.P4 CONTAIN THE PARAMETERS

COMMON N,P1(50),P2(50),P3(50),P4(50),X(5O)
100 FORMAT (2F12.6)
200 FORMAT (. 2X , 1 OF 1 2 . 6 )
C ******* READ DATA *************************

READ 100, ({X( I 3 ,P4( I) ) ,1=1 ,N)
C__*_* *** * * * * * _R E_A D DAT A_ JF_I_N_I S HE §_*_** * *_* »** «*

N2 = N-2
S1=(P4(2)-P4(1))/(X(2)-X(l))
S2=(P4(3)-P4<2))/<X(3)-X(2))

_S_35̂ P̂ 4j3)-p4(4._L>_/J'AO.!zX-L4JJ
DO 10 1=3.N2
,_S4_=_ < P 4 ( I -t-2) -P4( 1+1 > 1/JLX.t 1+2.) - X( H-l) )
Wl = A3S(S2-S1)
W3 = AOS(S4-S3)
IF (W1*W3) 20,30,20

20 . P3 (_!)_ = _J_W3*S2 +_ W.l*S3J_/J_W_l_-»-_W3_j_
GO TO 4O

30^ P3 (:_!_)_ = _. 5, *_{ S 2±_S3J_
40 SI = S2

S2 = S3
10 .S3 = S4
___ O^_&0^±=_3_*J±2

A='X(H-1)-X(I)

P3(I + 1) - 2.0*(P4-< I-+1 ) -...P4JJ } > /A? x..( A*A

P2( I ) = (3oO*(P4( I'-f 1 )-P4( I ) ) /A - 2.0*P3(I> - P3(I-H))/A

_6QT_. __ CO_NT_1_ISMJE_ ___ __
RETURN
END •



LI -RE_L.EAS_E_..J._1 . RNG DA T_E__=.__72327 l_0/.1.9_/46_

SUBROUTINE RNG(M>
COMMON N.P1 (50) ,P2(50) ,P3(50) ,P4<50) , X(50)
REAL*8 9N(20) . I 34,I 35

100 FORMAT ( I6 .9F12.6)

_C * *_*_*.?L*_R.AN DO M NJJ M B EjR_GE NERATQR

134 =57721566
135 = 2»0**35
DO 10 I = 1 , M
134 = ( 31415926
134 = (DMOD( 134, 13

PRINT 100 , I ,RN< I )
IF (RN(I).LE.X(3))

10 IF (RN( I ) .GE.X( N-2
1C = 1
N3 = N-3
DO 20 I = 3,N3
OO 30 J=l t M

IF (RN( J )-X( I ) ) 40
50 IF ( RN ( J ) - X ( I-H )
60 YRN = Pl(I)*V*V*V
C YRN IS THE GENERATED

PRINT 100, IC,RN( J)
1C = 1C •*• 1

*I34 * 27182820 )
5) )

RN( I ) = X(3)
)) RN( I )= X(N-2)

,50,50
) 60,60,40
+ P2(I)*V*V + P3(I)*V + P4(I)

RANDOM OBSERVATION
, YRN

40 CONTINUE
I F_J_I C . 6_T . M I jGO JT0___9_

30 CONTINUE
_2_0_ CONTINUE
9 CONTINUE

RETURN
END



A P P E N D I X I I

N O R M

F(X > =
0.50000
0.50333
0.50667
0.51000
0.51 333
0.51667
0.52000
0.52333
0.52667
0.5300O
0.53333
0.53667
0.54000
0.54333
0.54667
0.55000
0.55333
0.55667
0.56000
0.56333
0.56667
0.57000
0.57333
0.57667
0. 58000

1 0.53333
0.58667

i 0.59000
\ 0.59333

0.59667
! 0.60000

0.60333
0.60667
0.61000
0.61333

'• 0.61667
0.62000
0.62333
0.62667
0.63000

1 0.63333
' 0.63667
: 0.64000

0.64333
0.64667
0.65000

| 0.65333
0.65667

i 0. 66000
' 0.66333

0.66667 ;
0.67000 '
0.67333
0.67667
0.68000 :
0.68333 i
0.68667 .
0.69000

A L D I S T

X=
-0, 00000
0. 00833
0.01666
0. 0250O
0.03334
0, 04168
0. 05002
0. 05837
0.06672
0.07508
0. 08345
0.09182
0. 10020
0. 10858
0,1 1698
0. 12538
0. 13379
0.14222
0. 15065
0. 15910
0. 16756
0. 1 7603
0. 1845 1
0. 19301
0. 20152
0. 21O05
0.21859
0.22715
0.23573
0. 24432
0.25293
0.26157
0.27022
0.27889
0.28759
0.29630
0.30504
0.31381
O. 32260
0 . 33 I 4 1
0. 34025
0.34912
0.35801
0.36694
0.37589
0.38488
0.39389
0.4C294
0.41202
0. 421 14
0.43029
0.43948
0.44871
0. 45797
0.46727

0.47662
0.48601
0 . 49544

R I 8 U T

E( AKIMAS)

0.00002
0.00003
0.00000
0.00001
O.OOC02
0. COOOO
0.00002
0.00002
0.00000
0.00001
0.00002
0.00000
0.00002
0.00002
0. 00000
0.00002
0.00002
0. OOOOO
0.00002
0. 00002
0. OOOOO
0.00002
0.00002
0. OOOOO
0.00002
OoOOC02
0.00000
0.00002
0.00002
0. OOOOO
0. 00002
0.00002
0. OOOOO
0.00002
0.00002
0. OOOOO
0.00002
0.00002
0.00000

. 0.00002
0.00002
0. OOOOO
0.00002
0.00003
0.00000
0.00002
0.00003
0. OOOOO
0.00002
0.00003
0.00000
0.00002
0.00003
0.00000
0.00003
0.00003
0. OOOOO

I O N

= EU. INEAR) =

0.00007
0.00007
0.00000
0.00013
0.00014
0.00000
0.00020
0.00021
O.OCOOO
0.00027
0.00028 '
0.00000
0 o 0 0 0 3 4
0.00035
0.00000
0.00041
0.00042
0.0
0.00048
0.00049
0.0
0.00055
0.00056
0.0
0.00063
0.00064
0.00000
0«00070
0.00071
0,00000
0.00078
0.00079
0.00000
0.00086
0.00087
0.00000
0.00094
0.00095
0.00000
0.00103
0.00104
0.00000
OoOOl 1 2
0.00113
0.0
0.00121
0.00122
0.0
0.00131
0.00132
0.00000
0.00140
0.00142
0.00000
0.00151
0.00152
0.00000



0.69333
0 .69667
0.70000
0.70.333
0.70667
0.71 000
0.7 1333
0. 71667
0.72000
0.72333
0. 72667
0.73000
0.73333
0.73667
0.74000
0.74333
0.74667
0.75000
0.75333
0 .75667
0.76000
0.76333
0. 76667
0.77000
0.77333
0.77667
0.78000
0.78333
0.78667
0.79000
0.79333
0 .79667
0.80000
0.80333
0.80667
0.81000
0.81333
0.81667
0.82000
0.823 33
0.82667
0.83000
0.83333
0.83667
0.84000

; 0.84333
0.84667
0.85000
0.85333
0.85667

: 0.86000
0.86333
0.86667
0.87000
0.87333
0.87667
0.88000
0.88333
0.88667
0.89000
0.89333

0.50491
0.51443
0.52400
0.53362
0. 54328
0.55300
0.56277
0.57260
0. 53248
0.59241
0.60241
0.61247
0.62259
0.63277
0. 64302
0.65334
0. 66373
0.67419
0.68472
0.69534
0.70603
0.71680
0.72765
0. 73860
0.74963
0.76075
0. 77197
0.78329
0.79470
0.80623
0.81786
0.82960
0.84146
0.85343
0.86553
0.87776
0.89012
0.90262
0.91 526
0.92805
0. 94099
0.95410
0.96736
0. 98080
0.99442
1 .00823
1 .02223
1 .03643
1 .05085
1 .06548
1 .08035
1 . 09546
1 . 1 1083
1.12646
1 . 14237
1 . 15858
1 . 1 7509
1 . 19193
I .20912
1 .22667
1.24460

0.00003
0. 00003
0. 00000
0.00003
0.00004
0.00000
0.00003
0.00004
0.00000
0.00003
0.00004
0. 00000
0.00004
0.00005
0.00000
0.00004
0.00005
0. 00000
0.00004
O.OO006
0. 00000
0.00005
O.OOO06
0.00000
0.00005
0.00007
0.00000
0.00005
0. 00008
0.00000
0. 00006
0.00009
0.00000
0.00007
0.00010
0.00000
0.00007
0.0001 1
0.00000
0.00008
0.00013
0.00000
0.00009
0.00015
0. 00000
0.00009
0.00016
0.00000
0.00012
0.00018
0. 00000
0.00013
0.00024
0.00000
0.00014
0. 0002.8
0. 00000
0.00018
0.00033
0.00000
0.00019

0.00162
0.00163
0.00000
0.00173
0.00175
0.00000
O. 00185
0.00187
0.00000
0.00199
0.00201
0.0
0.0021 2
0.0021 4
0.00000
0.00227
0.00229
0.0
0.00243
0.00246
0.00000
0.00260
0.00263
0.00000
0.00279
0.00282
0.00000
0.00299
0.00302
0.00000
0.00321
0.00324
0.00000
0.00344
0.00349
0.0
0.00371
0.00375
0.0
0.00400
0.00405
0.00000
0.00433
0.00439
0.00000
0.00471
0.00476
0.0
0.0051 1
0.00518
0.00000
0.00560
0.00569
0.00000
0.00616 .
0.00626
0.0
0.00680
0.00692 __~
0.00000
0.00759



0.89667
0.90000
0.90333
0.90667
0.91000
0.91333
0.91667
0.92000
0.92333
0.92667
0.93000
0.93333
0.93667
0.94000
0.94333
0.94667
0.95000
0.95333
0.95667
0.96000
0.96333
0.96667
0.97000
0.97333
0.97667

: 0.98000
1 0.98167

0.98333
0.9S500
0.98667
0.93033
0.99000
0.99167
0.99333
0.99500

1 .26295
1 . 28173
1 .30097
I .3207 1
1 .34097
I .36180
1 .38323
1 .40532
I .42812
1 .45168
1 .47608
1 .50139
1 . 52769
1 . 55510
I .58372
1 . 61370
1 .64521

. 1 .67844
1 .71363
1 .75108
1 .791 15
1 .83433
1 .88121 -
1.93264
1 .98975
2. 05419
2. 08990
2. 12849
2.17054
2.21681
2.26838
2.32679
2.39441

_ 2.47517
2.57624

0. 00044
0. 00000
0.00023
0 .00055
0.00000
0.00026
0. 00072
0. 00000
O.O0030
O. 00 099
0. 00000
0.00034
0.00142
O. 00000
0.00035
0.00220
0.00000
0.00023
0.00370
O. 00000
0.001 86
0. 00277
0. 00000
0.001 01
0.00830
0.00000
0. 00450
0.00335
0.00000
0. 001 74
0. 00562
0.00000
0.00661
0.02432
0.00000

0.00774
0.0
0.00852
0.00871
0.0
0.00968
0.00991
0.0
0.011 1 5
0.01 146
0.0
0.01306
0. 01349
0.0
0.01568
0.01630
0.00000
0.01 946
0.02039
O.OOOOO
0.02539
0.02697
0. 00000
0.. 03603
0 . 0 39 2 1
0.00000
0.02640
0.02805
0.0
0.03720
0.04050
O.O'O'OO'O
0.06224
0. 07186
0.00000



C A U C H Y D I S T R I B U T I O N

Ft X)
- — -0.

0.

--- 0.

0.

------ 0.
0.

-- 0--.

0.

— - 0.

0.

--- 0.

0 .

- 0.

0.

--- 0 .

0.

--- 0.

0.

----- O.

0 o

--:- 0.

0.

---- 0*

0.

--- 0.

0*

------ 0.

0.

---- -X) ,,-

0.
--- 0 --.-

0 .
------- 0~.

0.

---- 0 .

0.

50000
50333
50667
51000
51333
51667
-5-2O 0 0
52333
52667
53000
53333
53667
5400O
54333
54667-
55OOO
55333
55667
-5 60 00
56333
56667
57000
57333
57667
58000
58333
'5 8667
59000
-5 93 33
59667
6000 0
60333
60667
61000
61333
61667

0 .62333

0.62667-

0.63000

0.63333

0.63667

"0-V64000—

0.64333

"0.64667 "

0 .65000

"0.65333

0.65667

-OV6 60 00—

0.66333

"0 .66667"

0.67000

-0.67333 -

0.67667

-OV68OOO —

0.68333

0.68667

0.69000

X=
~0 « 0
O.01047
0.02095
0.03143
0.04191
0.05241

-0.06291 -
0.07344
0.08397
0.09453
0.10510
0.11570

-0. 12633- -
0. 13698
0.14767
0.15838
0. 16914
0.17993

-0.19076 --
0.20164
0.21256
0.22353
0.23455 -
0.24562

- Oo25676 —
0.26795
0.27921
0.29053

-0.30192 --
0.31338

-0*32492—
0.33654

-0.34824 -
0.36002
0.37190 -
0.38386

~Oi39S93—
0.40809
0.42036
0.43274

-0.44523 ~
0.45784

-Oi47056

0.48342
0.49640
0.50953
0.52279
0.53620

-OV54975—

0.56347

0.57735

0.59140

0.60562 -

0.62003

-0.63462—

0.64941

0.66440

0.67960

A K I M A S > =

0.00002.
0.00002
0.0
0.00010
0.00012
0.00000-
O.00005
0.00005
0.00000
0.00005
0.00005
o.oooo.o—
0.00005

0.00005

0.00000

0.00005

O.OO006

o.ooooo—
0*00005
O.OO006

0.00000

0.00006 -

0 .00006
0.00000 —

0.00005

0.00006

0*00000

0.-00006 —
0.00007

O i G O O O O —

O.00006

0.00007"

0.00000 .

0.00006
0.00003
o.-ooooo—
0,00006

0. 00008 -

0.00000

0.00007 ~

0.00009

o.ooooo—
0.00007

o .ooo io
0.00000
0.00008
O.00010
ovooooo—
0.00008

o.oooi i
0.00000
O.00009 -
0.00012
O V O O O O O —
O.O0009
•0.00013-
o.ooooo

EC'LINEAR) =

o.aaoio
O.S0012
o.aoooo
0»fl0032

O.SB0034

-O.SOOOO

O.«0054

O.OQ056 -

o.ooooo
0.00076

•O.O
0.&Q098
O . B f f i l O l
O. 'OOOOO
O.OO121
O.OO123

-o.ooooo-
0.00143

0.00146

O.OOOOO

O.OO166

0«QS)169

-o .ooooo
0. 04M90
0.00192
0.0
•-0-. OO21-3
O.OO216

-06 OOOOO

0. OO237

0-. 00240

0.0

0.00262

O.OO266

-O^rO —

O.OO287

-O.OO291
O.OOOOO
O.OO313
0.00318

-Oi-ooaoo
O.OO340

O.OOJ44

O.OOOOO

0.00367

0. 00372

-QiO

0.00396

O.O0400

O.OOOOO

0.00425

0. 00430

-ovo
0.00456

0.00462

0*0



0.69333
0.69667

0.70000
U . /0333
0.70667
0.71000
0 .71333
0.71667

0.72000
' 0". 72333

0. 72667
' 0.73000 '
0.73333
0. 73667
0.74000

"• 0.74333
0.74667

•- 0.75000

0.75333
0. 7 DO 6 7
0.76000

" 0« 76333
0 . 76667

"0.77000
0.77333
O. 77667
0.78000
0-73333 ~

i 0.78667
Gi 790 00
0.79333

. - 0.79667
: 0.80000
:" 0 080333

0.80667
Oo 81000
0.31333
0 ."8 1 667
0.82000
0. O2333
0.82667
O . B 3 G G O
0.83333
0V 83667

0.84000
~ "•" 0.84333

0.84667
Oo 85000
0.85333 .

"~ 0. 85667
'• 0.86000

0.86333
0.86667
0 .87000
0.87333
0.87667

0.88000
O.O8333
0.88667
0.89000
0. 89333

0.69502
0.7 1066
0.72654
0.74267
0.75904
0.77568
0.79259

"0.80978
0.82727
~0i 84507
0.86318
0.88162
0.90040
0.91955
0.93906
-OV95897"
0.97927
1.00000
1.021 17
1.O4279
1 .06489
1.08749
1.11061
1 .13428
1. 15851
1. 18334
1.20879
1V23490
1.26169

" I .28919
1.31745

~ 1.3465 0
1.37638

"1 ."40714'
1.43881
l» 47146
1.50512

"" 1.53987
1.57575
1.6 1283
1 .65120

-"- "1.69091
1.73205
1.77471
1.81899
1.86499
1.91282
1.96261

2.0 1449
- 2. 06860

2. 12510
2.18419
2.24604

" ' 2<i3 1 086
2.37890
2.45043
2.52571
2. 60509
2.68892
2.77760
2.87161

0.00010
0.00014
0.00000
0.00011
0.00015
o.ooooo -
0.00012
0.00017 — -
0.00000
0 .OOO 13
0.00019

" 0. 00000
0.0.0014
O. 00020
0.00000

" " O .OOO 15"
0.00022

" O . O O O O O
0.00015

" 0. 00025 "
O . O O O O O
0.0001 7
0.00029

~ o .ooooo
0.00019
0.00031
0.00000
0.00021
0.00034
0.00000
0.00023

- - - - 0.00039
0,00000

~ 0.00025
0. 00044

~ "" "o.ooooo "
0. 00028
0.00049

0.00000
0. 0 OOJO
0.00056
o.ooooo —
0.00034
0.00065

0.00000
0". OO037" "
0.00076

~ " 0.00000
0.00041

'" ~ — 0.00089" "
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