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ABSTRACT

The use of techniques for feature selection allows one to treat classifi-
cation problems in spaces of reduced dimensions. This note considers a method
of linear feature selection for n-dimensional observation vectors which be-
long to one of two populations, where each population is described by a known
multivsriate normal density function. MHore specifically, we consider the problem
of finding a 1xn transformation matrix B for which the probability of mis-
classification with respect to the one-dimensional transformed demsity functions
is minimized. Theoretical results are presented which give rise to a numerically
tractable expression for the variation in the probability of misclassification
with respect to B, Using this expression we discuss a computational procedure
for obtaining a B which minimizes the probability of misclassification. Pre-

liminary numerical results are discussed.

ii

- L

P

eSS Y

PR

; ﬂéﬁﬁm‘m W AN A SR A LR 4




i)

PR o

!

ek

3

PreEGCeconot-.o..oo.oll..‘...o..-.-ol...c...lllon.o..l..ouoto

1.
2.
3.
4,
5.

TABLE OF CONTENTS

iv

InttOdUCtionl'o‘....-.Q-..o.-...o............lo.l!.o.ooo. 1

Differentiating the Probability of Misclassification..... 5
Complltational Procedur@ecesscacscsscsssssessscssscnscacense 15
Prelimin‘ry Nmrical Results......-...-................- 24

Concluding Rematks.......-.--..........-....-...........- 3"

ReferencesoconoonoocccooQo...l..c.‘..l.l!.'...ll..‘.l...l..l. 35

iii

W Rk HY g

'vﬁéi“&“;“'g"t"?éﬂ‘g‘%m '?'ﬁ”;‘f” sl o i ol

e Wt i

e,

i

e L g PR e,

Crew



ety L

LTI

o g

N PREFACE

Multispectral Scanners have been developed to remotely
collect data (from aircraft and spacecraft) from which earth
resources information can be extracted., The analysis and inter-
pretation of this data requires sophisticated mathematical
techniques. The ability to use the data for specific applications

depends to a large extent upon the accuracy and speed of the
analytical techniques together with the ability to compute © Y

[ T

-+ s

complicated mathematical expressions.
The specific problem addressed in this raport is that of

Ve

%
*
F

combining a given set of spectral features, to obtain a smaller

set of spectral features which retein '"to the greatest pessibie

degree" the information inherent in the original measurements.

Combining specfral features while retaining inherent informatiom,

is a preclassification technique used to reduce prohibitive

data storage and computation time requirements encountered in

the classification technique itself. A technique is developed

in this report for combining spectral features in such a way

that the opti. .1 retention of information is accomplished by

minimizing the probability of incorrectly classifying observations.
The mathematical expression for computing the probability

that an observation will be incorrectly classified is complicated.

However, it is generally agreed that it is both theoretically

and empirically the beat criterion by which one can messure infor-

mation degradation when attempting to . xmbine spectral feature.

iv




ON MINIMIZING THE PROBABILITY OF

MISCLASSIFICATION FOR LINEAR FEATURE SELECTION

+

1. Intiroduction

Consider two populations [11 and 112 with associated multivariate

T
uormal density functions defined for x = (X,,...,x ) € E" b
1 n ’

-n/2 ~1/2

p, (0 = @2z, | exp(—;—'(x-ui)'rzzl(x-ui)), 1=1,2.

If B = (bl""’bn) is a nonzero 1xn vector and x € En, then Bx € EL

and the populations [11 and I]z have transformed normal density functi-ms

defined for y ¢ El by

, 2
T.-1/2 (y-Bu,)

p; (1B = m 2z, 8Y) ™ Zexp(- y,  1=1,2.

T
ZBZiB

The linear feature selection problem considered in the sequel is to
choose a B w.ich minimizes the probability of misclassification of a trans-
formed observation in E* using a Bayes optimal (maximum likelihood) classi-
fication scheme, If the a priori probabilities that an observation comes from
either [11 or 112 are equal, then the transformed probability of mis-

classification in El, as a function of B, denoted by g, 1is given ([1] by

MY e & AREAPSIIRL LI s, 40
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1 1
g(B) = -5/p2 (y,B)dy + 5 jpl(y,B)dy.

Rl(B) RZ(B)

where

R(B =y ¢ E' 1 p,(7,B) 2 py(y,B)}

and

B = {y ¢ E' : p (5,B) < p,(y,B)]}.

(1£ Pl(Y,B) = pz(y,B), we define g(B) --%). If g 1is to be minimized as

a function of B, it is natural to ask whether g is a differentiable function
of the elements of B. If such be the case, then the minimum value of g wiii
occur only if these derivatives all vanish.

In the sequel it is shown that g 1is a differentiable function of the
elements of B, and a formula for its derivatives is given. A method for
obtaining numerically a B which minimizes g 1is discussed., Results obtained,
using statistics from C-1 Flight LinevData as population parameters, are pre-
sented,

We remark that a more general result ig given in [ 2] ~oncerning the
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differentiability of g when B 1is a kxn matrix of rank k. Unfortunately,
when k 1s greater than 1, the result of [Z ] does not always guarantee

the differentiability of g, Moreover, when g 1is differentiable, the formulas
for its derivatives are not numerically tractable.

We have found it corvenient to work with the Gateaux differential cf ¢

at B with increment C, denoted by &g(8;C), and defined (if the limit

exists) by

Sg(B;C) = 11m‘3£pt§QL;L£d§l
§+0 S

€cr a 1xan vector C, Ir for a given B the above limit exists for each

Ixn wvieter C, then g 1is sald to be Gateaux differentiable at B [3, p. 171].

If g is Gateaux differentiable at B, then the derivative of g with respect

to, say, the j—t-:}—l component of B is given by 6&g(B;C,), where Cj is the

3

Ixn wvector with a 1 in the j—E—}l slot and zeros elsewhere, Similarly, if B

is a nonzero lxn wvector, and C 1Is a 1xn vector, we define

py (y,B+sC) - p,(y,B)
Gpi(y,B;C) = 1lim ; . i=1,2.
s8+0

We also dafine

By = 1 p;(¥,B)
y,B) = —_—
’ RENCN)
T 2
BZ,B (y-Bu )2 (y-Bu,)
_ 2 1 2
7l —5 - T ¥ T °
BL,B 2 BL.B 2 BL B
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Then

Rl(B) = {y € El : F(v,B) 2 0},

R,(B) = {y € El : F(y,B) < 0},

and we let

S(B) = {y ¢ El : F(y,B) = 0}.

Note that since ¥(V¥,B)

at most two points,

is a quadratic function of

Yy

S (B)

consists of

: ¥

“d
b
by
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&
4
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2. Differentiating The Probability of Misclassification

In this section we show that for a nonzero 1xn vector B, &8g{(B;C)
exists for each 1xn wvector C. We also obtain a formula for Ag(B;C) which

is numerically tractable.

THEOREM 1. Let B be a nonzero 1xn vector. Then &g(B;C) exists

for each 1xn wvector C and is given by

0, if pl(y.B) = pz(y.B)

8g(B;C) = 1 1
(5' 8p,(y,B;C)dy + 5 | &p,(y,B;Cddy, 1if py(y,B) ¥ py(y,B)
R, (B) R,(B)

-

Proof:; 1If pl(y,B) = pz(y,B), then g has attained its maximum (namelv

as a function of B, Applying the techniques developed in the remainde I the
proof, one can show that g is Gateaux differentiable for this B. Therefore

Sg(B;C) = 0 for all C.

If p,(y,B) 2 P,(y,B), then for small s # 0, we have

ESB+SC25_ g(B) =fé% fpz(y,B+sC)dy + [pl(y,B-‘-sC)dy - fpz(y,B)dy - fpl(y,B)dy}

(B+sC) Rgy (B+aC) Ry (B) Ry §B/

P (y,B+sC) - po(y B) P (y.B+sC) - py(y,B
_;_f 2 2% dy+% 1 _ 1 dy

R (B+sC) RZ(B+5C)
- (y,B) - p,(y,B)
1 [Pp(¥,B) = 5,(y,B) 1 P17 2
+3 g dy +3 s dy.

Rl(P+sC)~Rl(B) Rl(B)~R1(B+sC)

I S RIS vt el e
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It is readily verified that

(pz(Y)B+SC) = pz(y’B) gy + l fpl(y,B"'SC) - Pl(_{,B) Q
2

18 {%, ;

s dy f
Rl(B+sC) RZ(B+5C)
1 1
= 5 | 8p,(v,B;Ody + 5 | 8p,(v,B;0)dy.
Rl(B) RZ(B)

Then the theorem will be proved if it can be shown that

Pz(y )B) = Pl(y 9B)

[Pl(YsB) - Pz(y’B)
lim p dy = 1lim 5

s*o _V s*o
Rl(B) Rl(B+sC) Rl(B+sC) Rl(B)

dy = 0.

We show that the first limit exists and is equal to zero. The second limit

is handled similarly.

First note that S(B) 1is the set of solutions of the equation

(*) F(y,B) =a(®)y> + 28(B)y + y(B) = 0,

where

a(s) = B(Z, - I,)B",

B(B) = -B(ZlBTBuZ - EZBTBul),

e an':: e

a -

3 e vk RN & Sy SRS
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and

BL_B!

lenT

T 2 T. 2 T T
Y(B) = BZlB (sz) - BZZB \Bul) + (BZlB )(BZzB )log

We make the following ohservation: Since pl(v ,B, % pz( %B), F¢,B) must
take on both positive and negative valves. (Otherwise, we would hzve either
pl(y,B) 2 pz(},,B) or pl(y,B) < pz(y,B) for all y. Since both P](y,B)
and pz(y,B) are continuous and have integral 1, either eventuality would
imply p,®,B) =p,0,B).) From this observation, we see that if .(B) # 0,
then (*) has two distinct real solutions, and if a(B) = 0, then B(B) # 0
and (*) has exactly one solution.

If a(B) # 0, 1let y+(B) and y_(B) denote the two distinct real sol-
utions of (%), Since F(y,B) is quadratic in y and (*) has distinct
solutions, it follows that 5%— F(y+(B),B) $#0 and 3%— F(y_(B),B) # 0. Then,
by the Implicit Function Theorem, there exist unictce functions y+(s) and
y_(s), defined and ccntinuously differentiable for small s, which sati-fy
y,(0) =y (B), y (0) =y (B), and F(y,(s), B+~C) = F(y_(s), B+s?) = 0 for
srall s. This is to say that the points of S(B + sC) vary in a cont.uuously
differentiable way for small s, and it follows that, for small s,

Rl(B) ~ Rl(B + 8C) 1is an interval or pair of intervals not exceeding K|s|
in length (for an appropriate constant K independent of s). Then, for small

s, there exists a constaut K' for whici

| PL(3,B) - P,(y,B) nax \
' -
s Ky R) (B)~R, (B+sC) P,(¥,B} = Py(¥,8) | .
lRl(B)~R1(B+sC)

SR
T TR A

LT
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Since Rl(B) ~ Rl(B+sC) is composed of intervals of length not exceeding
K|s|{ and having either y+(B) or y (B) as an endpoint, and since

pl(y+(B),B) - pz(y+(B),B) = pl(y_(B),B) - pz(y_(B),B) = 0, we have

linm

]
530 ~
Rl(B) Rl (B+sC)

=0

as desired.

Bu. + Bu2
If a(B) = 0, then (*) has exactly one solution y(B) = —

Since a (B+sC) either ~ (B+sc) = 0 for all

is a povlynomial in s, s or

2 (B+sC) # 0 in some deleted neighborhood of s = 0. If w(B+sC) = 0 for all
(B+sC)u1 + (B+sC)u..
y(s) =

2

s, then

is the unique continuously differentiable funct.on

of s satisfying y(0) = y(R) and F(y(s), B+sC) = 0.

Reasoning as in the
paragraph abcve, we obtain

lim S
s*0 R, (B)~R, (B+sC)

Pl(y,B) - pz(y,B) o

If a(B + sC) # 0 in some deleted neighborhood of s ~ 0, then, for small
s #0,

the roots of (*) are

(6) = BE+s0) ¢ VB(Brac)? - 0 (BrsQ)y (BsC)
Y218 a(B + sC) y




>

» W’.’Wd A D

Without loss of generality, we assume that =-f(B+sC) > 0 for small s. Then,

for small s # 0, we have that |y, (s)] 2 X for an appropriate constant K
- s

independent of s. Furthermore, we have that

g (B+sC) -\ B(B+sc)? - o (B+sC) y(B+sC)

y_(s) = o (B + 30
= L%T%)-*- 0(8)
2Y8(B)
B Buz + Bul

5 + 0(s) = y(B) + 0(s)

for smail s, Consequently, we can find a constant K' for which

pl(YsB) - Pz(y,B) , max
5 <K Py(7,B) - p,(y,B) ||+
ly-y(®)] s K'|s|
R, (B)~R, (B+sC)

+T§r fK [p1(7sB) - p,(y,B)]
SN

[y
)%

for small & # 0. Since p (y(B),B) ~ p,(y(B),B) = 0 and |p;(y,B) - p,(y,B)|

approaches zero exponentially as |y| becomes large, it follows that

p1(¥sB) - p,(y,B)

lim = 0,

s
s+0 R, (B)~R, (B+sC)

This completes the proof of Theor.m 1.
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According to Theorem 1, for nonzerc B the Gateaux differential
8g(B;C) exists and can be calculated using the Gateaux differentials
6p1(y,B;C) and épz(y,B;C) of the transformed density functions. In the

lemma below, we calculate ‘“i(y,B;C). For convenience, we omit subscripts.

Lemma. Let B be a nonzero 1xn wvector. Then

T Cu T l
CIB 2
(v-Bu ) - ———> (y-Bu )
T (8TBT)2 f

Y,
Sp(y,B;C) = -?(y,B) <3 -

BIBL

BLB

for each 1xn wvector C,.

Proof: We have

py,8) = m 7t 2 @) 2exp(- 3 £,B)),

2
where fo(B) = BZBT and fl(B) = SZ_:_§¥2 - It is easily verified that

BLB

-1/2;_ 1

§B(y,B;C) = (2m) 2 £ ) %65 _(B;0exp (- 2£,(B)) -

-i/2

- 35,3 7 2exp (- 3£, (B8, (5:0))

= - 3P0, B (£ (B)7I6E (B;0) + 8¢, (B;0))

2
and that Gfo(B;C) = ZCZBT. Now fl(B) - £ ; %B , and one sees without
o

Reisoisdds, Sl i o
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lifficulty that

2
8£,(8;C) = -2G. (y-Bu) - & - By 6£_(8;C)

f {B) 2

o fo(B)

_20 2czBT 2
= -—,’E (y-Bu) ~ =———— (y - BW)".

BIB (BZB")

After a brief calculation, the lemma follows.

Theorem 1 and the above lemma provide an explicit formula for Jg(B;C).
Unfortunately, this formula does not lend itself to easy computation Lecause of
the integrals that appear. Remarkably enough, a short calculation yields the
formula of Theorem 2 below, in which no integrals appear. In order to summarize
the results of this section, we incorporate some of the statememnt of Theorem 1
in the s* tement of Theorer 2., We also recall that, if Pl(y,B) # Pz(y,B).
then either S(B) = {a} or S(B) = {a_,a+} for some a,a_,a_ in gt (with

a_ < a*). In the statement of the theorem, we use the notat.ion

f(a) 1if S(B) = {a}

£(y) =
S(B) f(a+) - f(a_) if S(B) = {a+,a_}

for a function £(y) on El.

Theorem £: Let B be a non~zero 1lxn vector. Then &g(B;C) exists for each

-Mm vector C anc is given by

G Rk B e Do
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/ 0 if pl(y,B) = Pz(y,B)
CI.BY LB l
*p,(y,BX[CG,~u,) + ———(y-Bu,) ~ ———(y-BL)) ]
1 271 _ 2 B5. B 10 S(B)

dg(B;C) = 2 1
if pl(y,B) # Pz(y,B), where the sign is taken to be

P (y,B)
%ig [sign log Etz;jiy].

Proof: We already know from Theorem 1 that, for nonzero B, Jg(B;C) exists

for all C and 6g(3;C) =0 if p,(y,B) = p,(v,B). If P,(y,B) #p,(y,B),

then, according to Theorem 1,

8g(B;C) = /épz(y,n;c) + /épl(y.B;c).

Rl(B) RZ(B)

It must be shown that this expression is the same as the corresponding expression

in the statement of Theorem 2. We show below that

cz,B’
6p2(YsB;C) - ipl(Y,B)[CUZ + —T(Y'Buz)]
BZ,B 5(B)
(
Rl \B)
where the sign is taken to be %&3 [sign log EET;TET]' For simplicity, we

assume that the equation F(y,B) = 0 has only one root, i.e., S (B) = {al

CRHIHE e b T

P B S ¢ e s
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for some a ¢ El, and that Rl(B) = (=»,a]. The remaining cases und expressions
are dealt with similarly.

From the preceding lemma, we obtain

T a a
CZZB Cuz
&P, (y,B;C)dy = - p,(y,B)dy + (y~Bu,)p,(y,B)dy
. 2 T 2 T 2'%2
BI,B BZZB
Rl(B) Q0 -0
a
chBT )
+ _~Tr_—§ (y_Bu')) Pz(YDB)dy0
(BZZB ) <

Integrating by parts, we obtain

CEzBT 4 2 ngnm
5 (y-Bu,) P, (y,B)dy = - 7 (y=~Bu,)p,(y,B) +
(8Z,B%) BL,B y=a
a
CZZBT
+—— | p,(,B)dy
BZ B
2
=00
and
Cu, &
—— | (-Buyp,(y,B)dy = Cup,(y,B)
BZZB y=a.
-0

Since pz(a,B) = pi(a,B), substitution gives the desired result

4
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Kl &

[SP?_(y,B;C)dy = --pl(y,B)[Cu2 +

and the proof of Theorem

is complete.

CL B

BZ 2B

T

T

(y-Buz)]
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3, Computational Procedure

In this section we present a method for computing a 1xn vector B which
winimizes the probability of misclassification g. It is well-known [3, p. 178]
that when B is an extremum of g, then d&g(B;C) = 0 for each 1xn vector

C. It follows that if B minimizes g, then B must satisfy the vector

equation
\
58(§;C1) ?
.B_E- = . =
aB ~ . ’
8g(2;C ) 0
where C 2% 3j<n, is a 1xn vector with a one in the jEE- slot and

j!

zeros elsewhere. Our method consists of using a numerically tractable formula
for %%, which we obtain from Theorem 2, in a Davidon-Fletcher-Powell itarative
procedure, SUBROUTINE DAVIDN, for finding a local minimum of g.

Assuming that both the px]1 mean vectors ul and u2 and the nxn
covariance matrices 21 and 22 are known, we des-ribe below the way in which

the necessary functions are computed for SUBROUTINE DAVIDN.
To compute the error function
-1/2 ¢ 1.2
P (a) = (2m) f exp (- 5t }de,
a0

a double precislion function, DPHI, is used.

Ve AR 0 ax L BB 0 L e
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For a given 1ln vector B, let

a
Di(a,B) =.[ pi(y,B)dy, i=1,2, ~»<a<w>,

In computing the values of Di(a,B), one uses the relationship

a-Bui

(Bzirsrr)l/2 ’

Di(a,B) = ¢ i=1,2,

After computing the scalars Bul, Buz, BZIBT, and BZZBT, we solve the

quadratic equation

a(B)y® + 2B(B)y + Y(B) = 0,

(RN S

where
T T
o (B) = BZlB - BZZB
_ T T
and
BZ. B
T 2 T 2 1 T 2
= - " 1
v(B) (BZlB )(Buz) (BZZB )(Bul) + (BLlB )(BEZB ) log - BT .

1

As uoted in the proof of Theorem 1, this quadratic has either a single root

or else two distinct real roots. We treat these cases separately.

o
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Single Root Case

The quadratic equaticn has a single root precisely when oa(B) = 0,

that

‘ is, when the transformed covariances are equal, If a denotes the single

root, then it is easily verified that

. Bul + Buz

a5

1
- 5[p,(a,B) - Dz(a,B)]. if Bu, < a

—*—‘-“\\
o

g(B) =
101
\-i' + -Z—[Dl(a,B) - T (a,B)], if BUZ < a,
‘ and
( @, + ZZ)BT
Wy, = H, - (Bu, - Bp,), 1if By, < a
172 g gTyepppr 1 27 1
1 2
3g . 4
3B
, + ZZ)BT
U, = u,+ (Bu, ~ Bu,) if Bu, < a.
k.z 1 leBT + BZZBT 1 27 2

Two Root Case

Let a a

10 3 denote the two distinct roots of the quadratic equation

arranged so that a; < a,. Then one can easily verify that

5= K, if Rl(B) = [al,a2]
g(B) =

1
2+ K, if RZ(B) = (al,az)

e

B b

e d

;;’V
%
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where
._l —r( -
K = Eﬁ[nl(az,s) - Dl(al,B)] LDz\az,B) Dz(al:B]},
and
zlaT 223T
K.t, - K. 4, + K, —~— ~K , if R,(B) = [a,,a,]
1“1 2v2 3 55 Bl 4 o5 o7 1 1292
1 2
%s=
B ZZBT leT
K. i, - K,p, + K - K, =——, if R,(B) = (a,,a,)
\\ 2M2 1¥1 4 5r B 3 5y Bl 2 1292
2 1
where
K._

1 - pl(az’B) = pl(al’B)

~
n

2 Pz(aer) - Pz(al,B)

=~
]

3 (3-2 - Bl'l)pl(aziB) - (a] - Bul)Pl(al’B)

~
]

4 (az - BUZ)pz(ang) - (al - Buz)p2(319B)c

It should be noted that for the case of equal n*n covariance matrices,

we always have the single root case, and one can verify that

T -1

"

satisfies %% = 0, T is suggests that one should stert the iterative procedure

using this B as an initial guess, even if 21 # 22.
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A flow chart for the preliminsry version of our procedure is presented

in the remeinder of this section.
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MAIN-1
Enter MATI
Read In:

NN - dimension of obs. vectors
KDIM - dimension of feature space (=1)
ICLSS - number of distinci classes ( ?)
IST -~ flag for input of class parameters
1Z - flag for initial guess of B

Read: Compute :

Initial guess for B Initial gugss for 5:1
into XBAL(I) B= (py=Hy) (31 +35)°

Store in YBAR(I)
T

Y

aaE: No “1(E£>

Yes

Read:
Class means into
XMEAN (I,J)

.a8s covariance matrices iuto

COVAR (1,J,K)

v

= Sl oA,

PIEEN

. w2

1 AN« M. tp3 e T LAY P

TR AR 2 AR LAABEIS



AR

SRR -

21

a
Display class means I
and covariance mairices

!

Initialize:

RMaT (1, 1)=XBAR(I)
H = iden*ity matrix, order NN
IOUT = 0

v/

CALL DAVIDN
Returns ..ith vector B which
minimizes g(B)

Set IOUT =1 and

CALL SHUTLE
t. compute *nd
display normalized B,

g(B), dg/dB, B, BngT

.

H

B S 6

T~

s do
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"ENTER SHUTLE
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- 2
. Normalisze B-vector
for final pass
a 2
- ﬂ
Compute:
a(B), B(B), Y(B)

Display:

8, 22
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’ Compute single roor
a = BP'}. + B“Q -
-2 %5
iy

Compute vector Compute prob.

of gradients, dg/dB, of misclass. , g ,

for two root case for single root case
B ‘
f Compute prob, ‘;
E of misclass, , g , 3
:, for two Toot cass :
IPART < 0? 3
Yes No .

Compute vector ]
T of gradients, dg/0B,
BZiB > B for single root case

B, g(B), 0dg/dB
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4., Preliminary Numerical Results

= In this section we present some preliminary results of the computational
procedure discussed in the previous sectiom. Mean vectors and covariance
watrices for several pairs of classes from C-1 Flight Line Data were used

J as population parameters. These parameters are given on pages 29 - 33 ,

- In each of the Cases 1-4, presented in the following pages, the formula
T -1
Rk = -
(%) B, = (4, —u) @, +1,)

is used to compute the initial vector, Bo’ for starting the iterative pro-

§§ cedure., The final vector B, which minimizes the probability of misclassifi-

; cation, was determined using the computational procedure discussed in the

‘ previous section, The values of the transformed means, transformed covariances,
and probability of misclassification for Bo and B are given in each case.
We have also given the number of iterations (computations of g) needed to

determine B for each of the cases.

‘
=



T e emme

1
Population Parameters:
z

<
y

Initial vector, Bo’
computed using (¥*)
.152381
103120
-.210958
~-.271028
-.049500
" 485537
.375000
.003148
-.203273
-.673343
.054181

.082849
g(3)) = .017290986

T
Boleo

T
Box2Bo

Boul =34, 301838

= 4, 517525

= 4, 413498

By, =43, 232862

Case 1

= Class 1

= Class 2

Final =zcor,

which wminimizes g

«149740
.101319
-.207372
-.266399
~-.047121
477211
.368575
.003040
-.199847
-.661844
.052954
. «081234

g(8) = .017290920
Number of ifi.:.rations: 8

U
T
8828 =

5“1

By, = -42, 629203

4, 361629

4, 257698
=-33, 855418



¥
%

e
26
Case 2
¥ H2
Popularion Parameters: = Class 3 ; = Class 4
L L,

Final vector, B,
which minimizes g

Initial vector, Bo’

computed using (**)

-.213967 -.196691
-.469183 -.438855
.177938 .179309
-.001497 -.018567
.188612 .140462
-.103755 -.274768
-.097442 ~.156862
.009932 .081037
.601157 .729173
-.086085 .009754
-.084609 -.145805
-.145998 .~.238270

g(Bo)'- .003018366 g(B) = .002715326

Number of iterations: 49

T

T
Bozlno = 10, 706851 HIB 25,185144
T T
Bozzno = 2, 607698 3228 = 45,544406

Boul w =35, 144301 Bul =08 ,456476

Bouz = =48, 458851 Buz =-68,128863
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Case 3
. M1 Y2
Population Paramete~ : = Class J ; = Class 6
2t %

Initial vector, Bo’ Final vector, B,

computed using (**) which minimizes g

.878819
+231155
-.290136
.193884
.118042
+755009
+164943
-.362365
-.447546
440773
014834
-.083220

N c,) = 024515472

T
BOZIBO =

T
=

BozzBo

4,523550

3.145724

B, =111.417584

B u, =103,748308

577773
.167764
-.205380
. 140068
.088422
«540627
.118282
-.253C48
-.3140C9
-.310622
.011237

. -.053831
g(B) = .024407769

Number of iterations: 19
'len'r - 2 443916
T
Btzn = 1 586862

Bu, = 85 707183



.

Population Parameters:

Initial vector, Bo’

computed using (**)
2.243915
.945839
.308322
1,222243
~.500153
-1,406996
-1.643716
-1,009229
.829381
-~.490735
-.610768
-1.316042

= Class 7

g(B_) = .20299 x 1071}

T
Bozlno

T
BOZZBO = 38 391677

Bu, =-176 557149

= 56 866767

»-27], 815594
M, 5 9

28

)
= Class 8

L,

Final vector, B,
which minimizes g

Same as B
o]

.S(B) = Same as g(B )
Number of iteratioms: 1

T

T
BZZB

Bul -

Bu2 -

Same as for Bo
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5. Concluding demsarks

Although the thzo-y and subsequent computatioral procedurc pres:nted
herein yield ¢ncouraging numericel results, there is still much work to be
done, Extensive testing of the existing preogram is needed. Other optimization
techniques should be tested as substitutes for the Davidon-Fletcher Powell
routine. Theoretical 1 .sults are nceded which justify the use of the for-
mila  (**) of Section 4 for computing starting vectoie,

The theory for the two population case can be extended to the case of
u popurations. The associated computational procedure is in develcpmental
stage.

Finally, we note the possibility of developing a suboptimal methcd,
using the computational procedare discussed hereirn. wkich determines a kxn

matrix, B, one row at a time so as to wmimi:.. . . . prcbability of mis-

classification in k-dimensional space. Such a procedure has not been developed,

even in the case of twc populatioms,
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