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o. INTRODUCTION AND CONCLUSIONS

-INTRODUCTION : .

- This Beport describes 21l analysis, system design, pro-
gramming and evaluation of results of work done in performance
of Contract NAS5 11940 for the System Develobment and Analysis
Branch, Mission Support Computing and Analysis Division, Goddard
Space Flight Center, (NASA) Greenbelt, Méryland.

Contract work continues the effort of deveiopping, test-
ing and implementing generalized numerical integration methods.
Background material and basic results are contained in Repbrfs
{ 2] and [ 6 ]. Underlying and motivating all work is the son—
cept of efficiency in orbit computation. Efficiency is measured
by the amount of computing maéhine time required to generate a
solution trajectory with given-abproximate accuracy. Efficiency

depends on the machine, the code, the accuracy requirement, the

integrator, and the equations of motion and the problem among

 other variables. The effort is directed towards improwement

of efficiency. This involves both the réduction'qf'locai trun-

cation error and error propagation.

TheyobjéctiVes!Qf,the'WQrk embodiedfin'this,contract
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- - = To complete the final évaluation of generalized methods:
cyciic composite methods, matrix type methods and off-grid methods,
including the use of repeated off-grid points and the use of third
derivative values in the difference equations, in their appli-
cation to ;rbit computation.

‘ =
- = = To begin the study of the interaction of different formu-
lations of thé equations of satellite motion with different
nuﬁerical integration algorithms from the poinf of view of ef-
ficieﬁcy in generating fhe solution of basic orbit types. The
final goal in this kind of study’isva guide to the selection of

formulation/integrator combinaﬁ;ons for the orbit typés;

A study of the effect on local and'prdpagated error of
transforming equations of motion and intégrators loads to an exam-
Aination of the meéning of numerical stabiiity for the Keplerian

orbit problem as well as asymptotic error groﬁth rates.

- - = To continue'fheyeffort‘of devé?opning'efficient inte~
grators based on the extens1on to second-order equatlons of well
" known results pertalnlng to the reductlon of propagated error

in the numerlcal solutlon of flrst-order differential equatlons.‘

' LExper1ments 1n optlmlzatlon were comblned w1th an guided analytlcal_

k" fresults.v

‘ ;ﬂf';f"io‘pdnSider?the,ppdbléﬁ_of'high-Order»iferation;,
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ﬂmfstudled separately.'f'

Resume of Results

The error in multistep solution of a system of ordinary
differential equation has been modelled more exéé%I& than
has heretofore been accomplished. This has been done for the
purpose of analyzing the interaction of integrator and formulation
of the equations of motion. The matrix form of the multistep
difference operator given by Gear [ 8 ] has been found to be av
natural tool for this purpose. Prior analysis had been restricted
to linear or linearized systems. Present analysis begins at that
point (local linearization) and solves the system of error equa-

tions

e =8 e +bn

n+l nn

at each step time where S n’ the local error operator, is a matrlx

~depending on: predlctor and corrector coefficients, the Jacobizn

matrix of the system»and the step-size h. The vector bn‘repre-

sents local truncation error..

- This type of error analy31s results 1n the expllclt

determlnatlon of a composite error operator propagating an

‘1n1t1al error, eo, and a term describing local error and its

~propagatlond Thus these two facets of accumulatcd error can be
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Derivation of a composite error operator is particularly
valuable in the special case of Keplerian motioh. Step-sizes
may be selected which divide the period and global numerical

stablllty, eventual growth or damnlng of an initial parasxtlc

- error solutlon, can then apparently be studled in terms of the

non-pr1n01pal elgenvalues of the composite errcr orerator, i.e;;
the operator which moves the error through exactly oneg revolution,
Moreover, the general stability problem can be approached by an
analysis of the canonical form as well as all ejgenvalues of

the comﬁosite operator. Inferences can no doubt be made concefning
the stability of multistep numefical integration configuration

aprlied to perturﬁed trajectories in terms of an average period.

In the Keplerian case, the local error operator (Cowel1/
Class II) has elgenvalues equal to the (pr1nc1pal and non-
principal) roots of the characteristic polynomial resultlng
from the usual linezr analysis. The composite operator has

apparently‘four eigenvalues of unity correspondlng to the double

negatlve roots of the Jacobian of the systemn and two real positive

,mutually re01procal roots, near unlty, corresponding to the 31ngle

pos1t1ve elgenvalue of the system Jacoblan.u

-,

~In the 51mple linear analysis, it is well xnown'that-

"prlnclpal roots approx1mate certain‘exponential,functions of h,

S

and that tbe dev;atlon 1rom the exponentials repreSents'truncation fﬁk

e

i

e

it e i e
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error. In the present composite énalysis, it ies not clear what
function the eigenvalues # 1 are approximating. These eigen-~
values presumably reflect both the instability of the equations
and local truncation error. These roots (of the composite

error operator) are given in the text for algorithms PE and PECE.

The capatilities of the multistep Analyzer are demonstrated

in the text in the analysis of loecal and propagated error with

various algorithms and trajectories including the classical

"equations solved as both first order and second order equations

"on a portion of a high drag trajectory. Variation of parameter

integration is capable'of_analysis’if the system Jacobian is input

although the algorithm using a terminal partial evaluation is

not yét imrlemented.

It is shown in the report that change of basis [ 9 ]

applied to a matrix type multistep operator can produce an equiva-

lent operator which ylelds con51derably reduced error in a 51mple

computation applled to a first order equatlon. In connection

‘w1th Keplerlan orbital motion iwo dlfferent . basis changes were

studied. The basis correspondlng to the Adams, Class II 12

value method is of type,2-lO,;1.e., thewbas;s is comprised, of
two backufuncﬁiQnQvaluesﬁand‘ten back values of the 'eccnd”“

derivative. The two other bases inVestigated‘were of types 4-8

andv6+6;‘wTraﬁsforms of the Adams meﬁhodzwére derived relative to

Bl

P T R LR

.
izt b
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bases and computation done. Neither of the iransformed methods
vwas as efficient as the original Adams method as tested on a

two-hour circular trajectory.

Transformed methods involve corrections to back points.
Expreriments were performed in optimizing correction coefficients.
Efficiency can be increased by this means but was not increased to

the level of the Adéms method.

| R. Danchick has derived a class df methods using a Nbrdsieck

type basis. A 13th order method of this kind (Class II) was

tested against the Adams method of the same‘ofder. Propagated
error in Danchick's method was slightly, but not significantly,
larger. Step-size change in these methods is, of course, very
easily accomplished. If varistep algorithms will be continued

in use at Goddard Space Flight Center it is recommended that

these methods be‘seribusly considered for use. Derivation of
Danchick's methods fof first-order equations appears in Ap-

pendix B.

Basic results concerning efficiénQy and minimization of
propagated error for first-order equations have been extended to
éecohdforder equations in Appendix A. This effort extends the

scope of the contract work. .By application of.this'theoxy; many

;new*methédsfhavexbeen,cOnstructedg"Ihese‘methodS'are;defined

CEAL LT T e e
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in Bection 2 and results are given here of some computations of

one week of a circular trajectory with period of two hours.

The approximate Jength of the position error vector is given in
meters. The StOrmer predictor of corresponding order is used

throughout. Orders 7 through 13 were considered.

>§ h = 100 secs., Alg. PEC ’ h = 300 secs., Alg. PECE
_E; method order error method order error
i RW(.3) 11 .0004 WA(.3) 13 17.24
“§ W(.6) " .0016 W(.2) 13 20.70
T w(.7) o .0030 RW(.1) 13 23.66
W(.8) " .0030 WB(.1) 13 24.50
Ww(.8) 10 .0120 Adams 13 39.80
W(.7) 10 .0140 W(.7) 11 64.60
RW(.4) 10 .0150 ' . WA(L3) 12 140.00
W(.6) 10  .0160 ) 10 148.70
Adems 11 .0200 Adems 12 604.96
Adams 7 476.8000  Adams 11 1399.28

Adams 12 unstable . Adems 9 36581.38

Higher order Adams methods than are shown here are stable
N

at h = 300 (A1g. PWCE) The advantage of Optlle°tlon is di-

o mlnlshed at- large step—81ze us1ng two correctlons. In this case,
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optimization, which involves Qoving non-principal roots at

h = 0 away frém the origin of the complex plane, normally reduces
stebility. If the order of the Adems method is taken large enough
so that 1little unused stability is present, optimization is dif-

ficult.

Perhaps the most importsnt algorithm is PECE¥* where,
terminally, the central force only is reevaluated. Some experi-
mentation was performed with this algorithm by the simple ex-
pedient of subtracting out the predicted central force and ad-
ding in the corrected one. Computations were done at-theﬂsame
trajectory, with perturbations, for sbout ten revoiutions. Methods
used were the 9th order Adams and W(.7) methods. These reults
were rather confusing. Method V(.7) proved to be somewhat more
efficient at practical step-sizes (h = 100 secs., 120 sees.). At
h = 130 secs., the Adams method yielded over 82 km. of error while
method W(.7) was unstable. Method W(.7) also showed instability»
at very small step-sizes (e.g. h = 50‘secé.). Possibly the primi-
tive manner in which the E* function was constructed has invali--

dated resuits, although the reason for this is unclear to the

principal investigator. It is recommended that all new methods

be’tested'atbGSFcyusing the partial evaluation algorithm. All

“coefficients will be delivered.
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"‘capability of using a repeated off-grid acceleratlon y

0-9

Experiments were conducted with a method whose non-rrinci-
ral roots at h = O were those of W(.7) order 13. The order of
the method, however, was diminished by 2 znd the’(bi) coefficients
determined both by order conditions (order 11) and by formal
minimization of various simple models of truncction error. These
methods yielded slightly smaller errors, in all tests, than the
original method: W(.7), order 13. This work extended the contract
scope. |

It is felt that, further research in integrators should be
di;ected along these lines. More sophisticated truncation error
models should be used depending oh some or all of the followingr
items: The orbit type, the orientetion of the orbit plane,.
approximate position, and the coordinate being integrated. Compu-
tation of a given orbit would entzil use of a small set of inte~

grators usedvevclically Any further significant 1ncrease in

1ntegrator efficieney will vrobably require use of actual tra-
jectory 1nformation. The most significant advance in orbit compu-

‘tation algorlthms to date has been the Iactorivation of the inte-

grator into Class I and Class II components. In thlu, the actual

nature of the motion.has guided the model. The ideas presented

'above are a na+ural exten51on of this notion.

4‘ A coefficient generator vas produced Wthh prov1ded the

n-i-e
in the difference equation, of using thlrd derivative values at
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fg ‘ step times (often easily available) in the difference equation,

or any combinstion of these items. The inclusion of the repeated

‘u
1
P |
X
3

off-grid point capability was an extension of the original scope

of the work.

? Details of the coefficient generator and test results can

be found in Section 7. The program automatically performs tests
- by integration of a simple trajectory of the method specified by’

input and derived is stable at h = 0. The use of exact, enalytical

: predictors yielded excellent test results on a short circular arc.
These results were given in an interim reporf. However, tests,
using a fixed basis, 11th order, quasi-Hermite predictor yielded
no method which surpassed in efficiency the Adams method. The
reason may lie in the prediction problem, but it is judged‘that
thekreason is contained in the discussion of general purpose

(except for the Class I/Class II structure) integrators versus

highly special purpose integretors.
A program was designed and wrltten for the purpose of con- |
vertlng any tradltlonal (on—grld) Class II dlfference equation
;1n the usual ordinate form to the dlfference form and from the
dlfference form to the summed difference form and to the summed
7  ordlnate form. The progrdm converts both predictors and cor-'
'rectors;, uummed metnods were produced and tested in a two-body

d,integrator.,‘The p081t10n error propagated by summed dlfferenced
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equations was, as expected, less than the error in the unsummed
method. However, the difference was not as great as expeoted,

due probably to the fact that in the implementation,,sums wvere
initialized by use of the corrector formulas rather thah computing
them at a central point with a central difference formula and
back-dating them, with the recureion formulas, to the applicable
time. Coefficients were validated by converting Adams methode and

comparing coefficients with those given in the literature.

Dr. Pierce has continued his analysis of the cyclic
composite methods, partially supported under this contract and

under independent grant.

Four basic types of iterative starting methods are dis-
cussed 1n the report 1n~terms of convergence and rate of con-
vergence. It is shown eseentlally that the max1mal order ob—

taineble in a dlfference equation by use, for example, of one

'off—grid derivative value cannot be maintained in & system of

1ndependent dlnfereroe equatlone neceosary for 1terat1ve startlng.
Other off—grld p01nts must be 1nuroduced Therefore there does

not appear to be any advantage, as far as order is concerned,

- in. departlng from the on-grid framework using a larger step-

- number and/or smaller step-size to increase order. |
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Comparison of the efficiency of the various iterations

discussed is an interesting problem, but not considered here.

Interpolation for position, necessary in the orbit de-
termination process can be done with high-order quasi-Hermite
interpolation formulas. The coefficients in two such formules

have been accurately computed and are given in this report.

Coefficients of summed ordinate forms are not accurate
to the full possible sixteen digit pr901s1on. This is due to
the fact that the input is sixteen digit output from Progrsm 4/B.

More precision can readily be obtained by requiring Program A/B,

which uses the CDC 6000 series machine, to punch more precise

card~output.  Work on the summed forms was beyond the original

scope of the‘bontract,

S. Pierce has had primary reSpon31b¢11ty for sectlons
5 and 5. R. Haney p°r¢ormed some analys1s in conncctlon with
Section;l and was responsible for a major portion of the pro-

gramming'fbrkthe‘COntraCt éffort.f
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1. Other Formulations - Integrator Interactions

The purpose of this task is to study the interactions of various
formulations of the equations of satellite motion with various numerical
integration algorithms. In order to do this, the local truncation error
is studied independentl& (as independently as pos51ble) from the error
propagation characteristics of the formulatlon/lntegrator pair. The

final objective of the study is to provide an analytical‘tool for select-~

ing efficient formuletign/integrator vairs for orbit types whieh includes’

the:optimization of the numerical integrator. It is important to under-
stand what effect the’transformation from the classical equation to other
formulations has on error propagation, to»stﬁdy tﬁe effect of solving the
classical equations as first-order equations on high drag trajectories,
for example, and to investigate the efficiencies of the various integra- -

tion algorithms..

Partlal motlvation for the study cons1sts in the many, and some~

times oonqu1ng,'op1nlons and v1ewp01nts volced.by advocates of one meth-

'od or ‘another. _See, for exemple, 1 l, 3, 5 1. 1In addition, S. S.

f‘Dallas has recently'published interesting data on the nature of the growthi

(and reductlon) of accumulated error in a Mars orbiter trajectory in the E

flrst few revolutions. This kinad of 1nformat10n can quite possibly be of

use 1n the de51gn of better orblt cmqpu -ation procedures.

One reason for the lack of agreement in these matters is the com=

W:felfplexi%y of the problem and the varied technical‘background of those re-



porting results. Efficiency depends heavily on accuracy requirements,
on the integrator and the integrator algorithm structure. These factors

-

are often not given sufficient attention.

1.1 Error analysis in multistep methods

Much work has been done in the past towards the analysis of lo-
cal errors and error propagatlon in the solution of ordinary dlfferentlal
‘equations by multistep methods. Tt 1s;usua1 to apply the ana1y51s of pro-
pagated error to the greatly simplified problem in vhich truncation error
is assumed constent at each step and the Jacobian matrix, dF/ay, of the

given system

i = F(Y:t)
is constant.

The objectlve of 'the current analysis is to model the propagated

‘error more exactly in the multistep solutlon <~ i.e., the analyS1s and

the associated program (based on C. W. Gear's matrlx formulatlon of the

multistep operator [8]1) permits the variable error propagation matrix,

,as well as the local truncation error, to be computed at each step. In

this way, the true first-order effects of the error propagation are ob-

tained. The propagated error vector, in general, contains components

"’corresponding to predjctor error and predlctor-corrector error for each

r,,‘variable end at each timc point involved in the difference eqyations. 2 S

S CenlmE s | - éi:}

B
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The analysis and the implementationbare described more fully in the fol-
16wing section in the general multistep methods analyzer. Principai
application is, of course, to the orbit problem. 1In this application,

the causes‘of error growth can be isolated and studied in the perturbed
problem and, in addition, global, non-linear stability criteria are avail-
eable relative to the Keplerian problem. The composite error propagation
operator, which propagates an arbitrary initial error vector, through n
steps, is computed in the normal operation of the Program. If nh = p,
(i.e., the step size divides the period), then the eigenvalues 6f the com-
posite operator which propagafe# error through a revolution can
be'computed on optién and, as‘uSual, classified as principal or noh-
prineipal roots. In this way, the numerical stability analysis can be ex-

tended from the lineaf to the non-linear Keplerian case.  The effect of

instabilities of the equations can be studied as well as asymptotic error

growth rates. Moreover, inferences about numerical stability, instab-

1lity, in perturbed trajectory applications can perhaps be made.

The program is now capable of error analysis of the following

cases:

Cowell: Class II; FPE, PEC, PECE*
Cowell: Class I; PECE*
Cowell: Class I/Class IT; PECE* , R o

| YOP: PE; PEC -

Here, gné‘eiséwhere, E* indicates a partial evalﬁatidn..



The scope of this task has been increased beyond the original

intention -- which was simply to study the effect of change of formula-
tion and integrator on the local error acd on local propagation proper-
ties. It was later judged impcrtant to provide a complete solution to
the error eqpations, with & norm and complete spectrum of the local’and
. composite operators involﬁed, norms of local and propagated error vec=
tors and a plot routine, -as well as an analysis of asymptotic error : g
growth. The equations have been derived for a‘iccal error operctor for |
YOP/PECE*, but the analysis has not been impleﬁented. It was felt more

important to implement Class I and Class,I/Class IT for Cowell, PECE*,

1.2 General multistep methods analyzer (Thc program)

‘ The purpose of the Generel Multistep Method Analyzer is to
analyze the errors of general multistep numerical integration methods,

i.e., to compare methods,‘step—sizes, algorithms, and formulations for

RN T s

efficiency studies, and to relate errors to the controllable variabies. ;

In the past, one of the maaor llmltatlons of research in general

L

multistep methods has been in the use of the linear, Scalar, constant-

coefficlent differential eouatlon

e e T

sk

hcfor a model of the‘behavior of errors ‘of numerlcal 1ntegration. In act~

( ;

ual practice, for crbit computations, there are generally three or more
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components of errors, and the actual differential equations integrated are
similar to

”fé ' y(j) = AY, J =1 or 2 (1-2)

vhere y 4s a vector and 2\ is a matrix of variable entries, and ¢t

is sometimes a function of a new independent variable.

By applying the difference operators of the numerical methodu to

the actual differential equatlons integrated, we obtain a vector differ-

ence equation of the form

e = S e +b

n n. n_l n’ (n = l, 2, 3) e'e o) ) (1-3)

o where e, is the vector of eriors involving the current and several back

is

- a matrixwdéscribing the propagation of error from one step to the next;

points of integration, both for prediction and (any) correction; §

and bn describes the local truncation errors introduced at the current

step.  This Equation (1-3) has the geheral solution
= Epeoté (1-4)

: wheie' e is'the.initial starting error; éh is the special error solu-
”tion_with zero initial error; and En’vis,the matrix representihg the pro-
 pagation of an arbitrary initial error. E isfgi#en by




En = SpSpa1 0 ) . - (2-5)

-

- [We note in passing, that En e. 1is the general solution of the

0

A A B MRS T

- homogeneous difference equation

W T T
g s

e = E

n n en_1’ (n = 1, 2:»3) cee) ‘ (1‘6)

where eo is arbitrary. Roughly speaking, En 5

would get at step n if there were no truncation error.]

is the error one

Thus, by using the techniqpes sketched above, we are able to an-
alyze the erros and determine their sources for a variety of multistep
methods, step-sizes, algorithms (prediction, corrections, partial evalua-

tion), and differential-equation formulations.

AlgorithnisJ formulations and algorithm codes

The Algorithm/Formuletion combinations which can be studied with

the Ahalyzef are as follows:

Code lv(PE)ff}Denotes integration by prediction only, followed of course,
by evaluation of the function £, where the equation being integrated

~has the form

B o U




Code 2 (PEC): Denotes integration using one correction after each pre~

diction and evaluation, using the Formuletion (1-7) above.

Code 4 (PECE*): Denotes PEC above, followed by a partial evaluation,
that is, evaluation of the two-body Keplerian acceleration, without re-
evaluation of the perturbation component in acceleration. This casekas-
sumes that the system of Equations (1-7) is the system of equations of
motion in the Cowell formulation. That is, y denotes position in iner-
tial Cartesian coordinates and £f(t,y) denotes total acceleration with

respect to these coordinates.
Code 5 (Class I Special Formulation): Denotes integration of the first-

order equations

y' = v

(1-8)

v £(t,y,v)
in the PECE* made. The same coordinate and acéeleration definitions
apply as for Code &, Here, v ‘denotés the velocity in this coordinate

system.

‘Code 6 (Class I/II Special Formulation): Denotes integration of the

mixed first-order and second-order system of equations:

O]

1]

"f(t)Y;V)

| G (1-9)
- £(t,y,v) o

Syt
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using a Class II method for the first part and a Class I method for the
second part. Tﬁese ere integrated in the PECE* mode. Again, y de-
notes position in inertial Cartesian coordinates, and f and v denote
acceleration and velocity; respectively, with respect to the inertial

Cartesian coordinates system.

Input
I. Card Input
Cerd input for the Analyzer is required in the following form

and sequence:

Items ‘ Format
'1. Algorithm code, class code, number of equations 315

The algorithm code is an integer from 1 to 8, representing algdrithms
of method comblnatlons and/or ba51c formulations of dlfferential equa-

tions, The codes are given by the following 1ist (detalls are explained

later):
Code - _ ___Alporithm X
L e ‘ éE = o
|

3 Reserved for PECE -
L S e BECEX

' S -  ‘ N . ‘Class I special Cowell formulation .
6 B . Class I/IT special Cowell formulation
7 ; Reserved for VOP. - =
8 Beserved for K-S regularizatlon




caor

The class code is 1 or 2 for algorithms 1, 2 and 3, indicating

the class of differential equations for integration and the class of the

numerical method used.

The Class code is ignored for the algorithm codes L, 5, 6, 7 and 8.

The "number of equations” is the number of differential equations to be

integrated. The input value of the "number of equaticas" is ignored for

algorithm codes 4, 5 and 6.

Next Item : - Format

2. SBtep number : ‘ I5
3. List of predictor a's , 3D25.0
(x +1 values, punched on as many cards as necessary)

k. IList of predictor b's (as above ) 3D25.0
5. List of corrector a's (as,above) 3D25.0
6. list of corrector b's (as above) , ' .3D25.0
7. list of Class I predicfor a's (as above) - 3D25.0

Items 7,8, 9 and 10 apply only to algorithm

code 6 (Class I/IT Special Cowell formulation), in

) N ] 8‘.4

.

which case, items 3, 4, 5 and 6 are the Class II
coefficients, Otherwise, items 7 through 10 are

~List of Class I predictor b's (as above) 25,0

'Iist,df Class I corrector a's (aswabove) o 3D25,0

Y

¥
&
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10. 1List of Class I corrector b's (as above) 3D25.0
11l. pesired step size for simulated integration - D25.0
12, 8pectrum period, norm period, plot period, basic

print period, meximum number of simulated steps 515

This concludes the card input.

The spectrum period is the number of simulated steps per computa-
tion of the spectrum of Sn and En. The norm period is the number of
simulated steps per computation of the natural operator norm of En cor-
resfonding to the Euclidean vector’nprm. The "maximum number of simulat-
ed steps" over-ridgs the full use of the tape, provided this input value
~ is greater than zero and less than the number allowed by the full use of

the tape.

If the "sﬁectrum period" is zero, the spectrum is not computed.
If the "norm period" is zero, the norm En is not computed. 1If the
"plot period" is zero, no plot is generated. And, if the "basic print

period" is zero (or blank), it is reset to 1.

II. Tape Input

Binary tape input (file 1) for the Analyzer has the form:

‘Record 1: 100 integer‘wordé of character-string information (5 cards

worth) used as a label for identifying information.

St i i T R e T

*
e

bRt iy
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Record 2: Tape step-size (double precision), number of tape steps -

(integeg)

The tape step-size is the étep-size for generating the tape. The number

of tape steps is the total number of steps (records) written on the tape

(following this record). L -

Rémaining records (all double precision):

a)

b)

Type 1 format (for algorithms 1, 2 and 4):

NEQ‘ordinate components, Y5 NEQ first or second-derivative

components, yé' or y; (depending on Class); the NEQ by NEQ

 Jacobian matrix

% (tn,yn)

~ where y(j) = f(t,y) and where NEQ is the number  of scalar
"equations being integrated as a system. = (NEQ is assumed =3

for algorithm 4.)

rype 2 format (for algorithms 5 and 6): =

 3'ordinate components, Vo3 3 derivative components, VAR

'3,sec6ndfderivative cdmponents,~ y;, followed by the extend-

 ed Jacobian matrix

g
S  ~‘b[y,j|;,(tn’?h’yh) o



1=12

(2)

vhere y = £(t,y,7). The row indices of the Jaccbian ma-
trix are associated with the components of f, whereas, the
components of y, then §. The Jacobian matrix is assumed

to be written on tape, one column at a time.

Output for the Aﬁalyzer includes the norm oi bn, the natural
oorm'of En (using thé;Eculidean vector norm), tho spectral radius of
'Sn (computed only when the spectrum of S isAcomputed), and the norm
of the first three components of e(o), the special solution with zero
initial error. Output also 1ncludes the norms of T* S*, T** and
S*¥%, assuming three components for each. Ouantities not computed are

' printed as zero. Card input item 12 defines print controls (see section

on card input).

Details of graphed output are given later in this section, under

the heading "Numerical Results of Multistep Analyzer."

"Derivation of Error Eguations

In thie section, we sketch the derivation of the error equations

= of the form (1-3), discussed in the introduction.

Let R y(t ), b=ty + nh, where h is the step-size of

integration and y is the true solution of the differential equation



bora,

1-13

PACR PO S © (1-10)

where f may, or may not depend on 7.

. Also, let yfl']) = y(j) (tn). We define the truncation error

for the predictor. and corrector, respectively:

k k
J (3)
* = -
T }Z ey . +h }: b v o) - (1-11)
i=0 i=l1
"% = J (3) =
'I.‘n a ¥4 +h i 'bi Voot - (1-12)
1=0 1=0

In the mixed Class I/Class II case, where j = 2, we also inte-

gtate simultaneously

vt o= £(t,y,v) - (1-13)

and we define the Class I truncation errors for prediction and correc~

tion, respectively, as follows (c's and d's replace a's and b's

- to distinguish the Class I methods from the Class IT methods):

ok . k- LR ,

=0 42
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k k
Y@ Y e e
1=0 10

Difference equations for actual numerical integration (assuming no round-
off error) are given as follows, starting with the PEC case where yf:

denotes predicted values and y; denotes corrected values:

k k
P _ c J Jdp -
Yn ° Z & yn-l +h z b}f Yn-i (1-16)
i=1 i=l
_ X | k
1=1 40 |

" where yr(xJ e denotes the evaluation of f at (tn,yg). Using the defi-

. ; P ) c e .
-— - - -
nitions of T* and T** and el yI Y., e ¥ Y., Wwe obtain

kK k |
af e . + 1 Z b;% (b7 )e +T*  (1-18)

n-i‘"n-i
i= i=

1

[

G- o . R I P " -
e_n % Cpag t h i b '& (tn-i’ 1) n-i * Tn*' (l 19)

(%
n
lo X

= . The ' y*'s are . points close‘*t;,o the ¥'s. In the Analyzer we use the Jac-

’ o'bia;n'matrices? _of/dy, evaluated at ¥, 1nstead of y* A similar con-

. sideration and replacement is made for velocity values in other cases when Lk

o

Rt i s

it ‘ o5
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f depends also on velocity (i.e.,

1-15

(1)

y when j = 2).

Thus, for PEC we obtain the‘vector difference equation having

the form (1-3):

(1-20)

T*% + b J T*
n O'nn
A -

0

%

o-.on

,e e .-l
n n
. A . B .
c * . ec'
n-k+1l : n-k
p L) = A : 0500 +
‘e .
n .o “n-1
L e c . D .
b P
Cn-k+1 ®n-x
. = s - - p— e
We note that eg, eg, 'I.""‘HZe ‘and T* are column vectors whose number of

components is equal to the number of differential equations 1ntegrated.

' Call this number NEQ. A, B, C, D of (1-20) are glven by

R f'bOJnaﬁ
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.
The top entries above and the I's (identities) are submatrices of di-
mension NEQ x NEQ. ,
‘ * « s o
(byT + 1T BY)T (o, T + ’bo oI
B =
0
e S *
e.lI A a.kI
c = ,
0
[ o i
P31 ORI nek
D = I o
' 0 1 0
‘where, of course, K,'B, C, D are matrices of the same size and
- -
Jn, = by (tn’yn’yn) .
VFor simpllcity, the 'b's and 'b*'s ‘are assumed to ‘be multlplled by
h‘j already. |
Exactly similar considerations apply to the derivation of equa~ ’:}

) ‘tions for the other algorithms. They ‘are: summarized here.

e
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For FE:
(1-21)

] x* ¥, ¢ o o I ¥ T
P ? 8¥xT + len-l akI + kan-k

®n-k+1 0 T 0 1 | *

= -1 -
D [ ox .
n-1 D
. ¢
. x | : + . .
) P
en-k 0 :

" For PECE* (E* = partial evaluation):

(1-22)

- y r r 1T S ,f
Cc c :

. " ;

e €1 T; + ban',I‘;G1 | }
ef: ' A o B | o . , 5
n-k+l : n-k * : . j
";oo,ooo - ) : ) ceee +‘ O
p = -o:oo:oo-o. p .?00.,;’.7..-0. 3
“n=k+l -j n-k 0
. o b o L - [ a :
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where
F T k k.3 ‘ * e s e
£3T +biK g DT (aXT +D¥K _4) a T +kan-l; +bod, (ax1 XK
I
* 0
S A = ¢
o L]
1 0
L | 4
V
NEQ zero entries
. afk —
Kh = (yn) where f = e + fo
Here fk is the Keplerian two-body acceleration and fp is the pertur-

.bation in éccelera&ion.

Analyzer using the values of I
is given by
I— __E - _2 2
= Q 5 ¥;)
r T
a rS 1’2
S5 13

We note that the matrices X n? P

ol

n =90 " K

read from the tape input.

and Jn
2u
vy V¥
rs. 1Yo o 173
xh 2 Y2 25 23
Lo 3
Y3 5 (1 =z

X
n

Y2

)]

are computed in the

) .
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e el A MU L T A

vhere the index n has been dropped and r = Iyl, and Y0 Yo and

y3 are the three components of y (the position vector).

g
:

The remaining submatrices of Sn are given as follows:

§
| .
! ban--l + bO’J-nb?l(zpn--l tee kan-k + bOan}tPn-k
B =
0
of
P
P =
. > (v,)
* «a o @ . { )
8'l + b?I‘.er-l "i‘ + bﬁxn-k
c =
o ¥
r * . . 3 * ] %
b 1:'n'-l kan-k :
= I B
D = . . 0 * G
0 . I 0

I NS R SR A e Rt v

We"hote ,th‘at_for thefclass‘ I special formulation where the algorifhm is

PECE*, - wWe write,
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e
g Yy = v
v o= f(t:Y:V)

that is

I VR Py R
= + = f£f_ + 7T .
. v - Lgw £5(¥,v) KoP

So that the new K®s  and P's (denoted by hats) are given as follows:
o S
- f(“— BfK t . 0 I
; n e m ﬁ’yn,vn - oo;oo:c-uo-
i . K : 0
5 . ‘ h
: A o 0

? - _a_{‘_P__ - 'onoozooooocitoconaocnc-

n aly,v] . A’y

Pa v (tn’yn’vn_)

iL R - For PECE* (Class I/II special formulation:
F,
i - For this case we simultaneously integrate:
; 2o sy
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by & Class II methoﬁ and

vt = f(t,y,v)

by a Class I method. The error equation is given by the following (where

ép=vp-yrgi), éc=vc-yl(ll) P

c .
n n n n , and Vo and v, are, respectively,

the predicted and corrected volues of v, the #elocity):r

= (o3 h n a
.2- |
& .C
T : “n-1
: A : B .
eg-k+1' E ¢
.C : en-k
e ’ . «C
~k+1 .
DIOI.."‘,.- -oooco.ooo':ooco..lo. en-k
p :‘ ; B ® o0 O0s e
n .o e
} - 4 n=1
& . &P
: . n=-1
; c : D .
®n-k+1 : eP
. ‘v,n-k
é
n-k+1 P
L - [ L “p-k J
: ! TH% . *
“n + bOJn' Tn
S¥% |
- n dOJn S:
s o
- LR I ) O 2
X w
B i
ERe "
o 0
2 | O
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where
. \ . * * e
alI + blKn_l . 0 . bOJn alI +‘blKn 1t 0
. * *
4 Kper 1 oI 469n AfKpy  p eyt
I3
eq . 0
0 ¢ I 0
neq
- | M -
neq Zeros

Dots on the top row indicate entries 1ike the upper-left submatrlx of A
shown, except that the index 1 is replaced by an index running up to k
for subsequent submatrices. We gote that, for sxmplicity of expression,

the h!s and b*'s have been multiplied by he, whereaS»the d's and

d*'s have been multiplied by h.

PFacr [ | PoTn | | ®iPpa ‘

| + o T

fkdlphml' L | 4Fn-1 ' §

B ( by | b | l
0
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a *
eI +b{K , 1 0
¥* * * ]
4Kn-1 . ot
C =
0
~ -1
*
ban-l
»*
d1Pn-l
D = .
1

The upper dots in B, C and D have the exactly similar meaning as for

A.

1.3 MNumerical Results of General Multistep Analyzer

This section is designed to exhibit the capabilities of the Analy-

‘zer program; Four trajectories have been used in computations with the

'gkAnglyzer;

e Trajectoiy.l‘is a circular trajectory with a two hour period. (The

semi-major akis is approximately 8,059 kms., i = hso,)‘kTréjectory~2 is
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~

e similar Keplerian orbit, with a period of two hours, but with e = ,01.
Initial conditions are omitted, as they are not relevant.. Trajector& )
roughly simulates, in shape, and AEC trajectory: a ~ 8,54l kms., e ~
.2k, and i =45°, with drag cherascteristics similer to the GEOSB vehi-
cle. Geopotential coefficients are applied through 'lsth degree zonals
and 15 6rder tesserals. Solar and linear gravitational effects are in-

cluded. Drag and solar radiation accelerations are defined by

2-3

]

Drag Coefficient

Satellite cross sections are 1.23% me‘c:ers2

b5 x 10-6 newtons per meter?

Solar indication pré%sure

Reflectivity = 1.5

Ephemeris requested from 670510. In the related computations, perigree
occurs at approximately ,1630 secs., Trajectdry 4 is the same as Trajectory

1 with J, effects and solar and lunar gravitation applied.

Figure 1-1 shows the norm of En (the composite error operator)

~through one révolution, using Trajectories 1 and 2. Here, ”En”2 = spectral

radius '(E:En) = square of maximum scaling of any real vector in the unit

k ball of the relevant space. The combined algorithms of Coﬁell ClasvaI/

-Adams/PK are used with step-size h = 100 secs. and step number k of the

integrator = 11. The graph shows that the norm is quite independent of

~the,chéngé,in‘eccentriciﬁy.
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Figure 1-2 is the result of compﬁtation of the spectral radius of

the composite error operator En through approximately one revoluation

of Trajectory 4. The same formulation -~ integrator - integrator;algorithm

-- is used here, as in Figure 1. Thié figure would remain essentially un-
changed if perturbations were omitted. The behavior of the spectrgl rad-
ius is radically different from the norm of Figure 1. This behavior of
the spectral radius suggested use of the norm described asbove for error
growth measurement. The integration is numerically stable in the sénse
that, loéally, the non-principal roots (of,,Sh) are well within the unit
circle. These ejgénvalues are quite independent of position (of n), be-
- cause of the circularity of the trajectory. Because of{the symmetry of

the Jacobian matrix (Keplerian),'it is apparent that E is approximate-~

72
1y equal to E§6. Equality holds on the unperturbed trajectory. Little

can be inferred'about the norm behavior if the computation were extended

over several revolutions, éxcépt at the midpoint and‘theiehd‘of the cycle.

The spectral rédius of E72

exact two-hour period, is g;eatér than one, because of avprincipal root.

, without perturbations and with an

“This indicates both non-numerical instability and an asymptofic error
growth which is ixponential., This is discussed in the subsection on
asymptotic error. S - V |

F;gure;la3 compares local trﬁncaﬁion error levels in computations
f"?Of,Trajectpries 1 and 2, with‘the.sémé“iniegration bonfiguration as Fig-

ure 1-1: Cowell, Class 11 /Adams /PE, ‘and with the same step-number and

€
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Figure 1-3 COMPARISON OF LOCAL TRUNCATION ERROR, “bn"
f TRAJECTORY 1 AND 2




1-29

step-size. It is seen that the local truncation error, in this case, de-
pends heavily on the eccentricity. The vector norm used throughout is the

usuel Euclidean length (the operator norm defined above is the natural one

i
i
:

for this vector norm).

In Figure 1-4, the propagated position error (partial norm of pro-

IR, A kB Ay b i LI

pagated error vector) is compared in the computation of Trajectories 1 and

Sehamia SRR

2 with the same computational framework. The initial error vector ey = 0,

IS

throughout this report. 1In this case, the difference in the levels of pro-

pegated error, corresponding to the two eccentricities, is roughly equal
wtopthe difference in‘the.average levels of local truncation error. More-~
over, ; reasonable estimate of propagated errof, in this case, can be ob-
tained as a product of the average levei of local error and the norm of the
- .errof—operator. The observations are made: Errors committed early in the
’ computation are most important 1n the final propagated error, The trunca-
tion error level is relatlvely constant Thus, early errors reflect this
general level of local error. As time increases, only the composite error
opefator and the direction and magnitude'of the early established error
’J‘veotor are important in the propegation. ‘This méthod of crude approxima-
%¥tion”appafently is not valid in Ciaes I.integration,‘where the norm is

'characteristically much,larger (see‘Figure 1-6);

Haguges et e,

Figure 1-5 shows propagated error and local truncatlon error in:
: the computation of Trajectory 2 by Cowell, Class II/Adams, using 1ntegra-
tors with step-number k =4 end step-size h =100 secs. ‘The integra-

e tor elgort thm - P is compared with algorithm PECE* PRCE.
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The norms (not shown) of the two-operators, as functions of time,

Approximate norm ”En”

t jsecs} PE " PECE* = PE&E

500 38 7 )
koo 117 83
2300 . 265 183
’ 3200 W71 332
4100 680 180
5000 827 584
5900 | 880 620

j,fIt must bevpointed out that the local error vector, 'bn, (for
._algorithm PECE*), has componehts equal to the local predictor error and
~the local predictor-corrector error for each coordinate and for~every
ftime point in the‘differepce equation. kThe predictor error apparently
dominated, here, yielding‘apgroximately the same local error vector

5 norme for both PE and PEéE* \Although it is as yet unverified, the
congecture is offered that the propagated error is roughly approx1mated

by’the product of the average level of predictor-corrector error (a par-

tlal norm of vector,‘ b ) and the norm of the ‘error operator.

Figure 1-6 shows local and propagated error in the computation of
Trajectory—E w1th Cowell, Class I/Adams/PECE* - PECE conflguratlon, with
;h and h =100, The step-size used here is large for any except

"theoretlcal‘study. Error‘propagation is somewhat worse than the predictor-

\ "
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only error in the previous figure. It is again point out that the local

.

error vector has as components the pure predictor error as well as pre-

dictor~-corrector error.

In Figure 1-7 we compared the norms of the error operator, En

)

for Trajectory 2 with Class I and Class II integration. The Class I norm

exceeds the Class II norm by a factor of roughly 100. The factor may be

exactly 100 and differences due to inaccuracies in the norm computation,

although the reason for this is ‘not cleér, The tabulated values are:

Apptoximate‘norm‘”En”K

<

t gsecsz Cless I Class II
900 - 2535 27
1800 8039 83
2700 . 18363 183
3600 . 32865 ‘ 332

4500 47840 480

Figuré 1-8 is the result of the printer plot subroutine of the

dicated on the plot, The tlme scale is on- the ordlnate axis. The 1-
curVe 1s the norm. of the composite error operator ”E ” The 2-curve

displays the propagated‘pOS1tlon error vector norm and the 3-curve is

~ the localuerror vector-nprmtﬁtotgl norm).' It'is important to note
thatvthe three funéﬁions are individualiy normalized by dividing by
vtheir maximum~va1ues~in the indicated'domain. The log scale, used in

e previous figures, is not emnloyed in the pr1nter-p1ot routine.u

'Analyzer Progran. »Parameters in the computational configuration are in-
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The approximate individual normalization factors by which graphed

functions are to be multiplied are, approximately:

Curve Factor
1 }lOi X 10“'
2 .646 x 107
3 .100 x 0™

The results of this integration are shown in different forms in Figures
1-1, 1-3 and 1-4. The computation of '”En” is done infrequently, to

reduce computing expense. The frequency is optional in thé program,

" The remaining figures in this Section are concerned with applica-
tion of the Analyzer to a partially simulated AEC trajectory (Trajectory

3). The Cowell, Class I and Class IT equations are studied with Adams

- integrators of step number 4 and 11. Integrator algorithm PECE* is

used throughouﬁ. The step-size, although cap&ble of variation by simple

change of an 1nput parameter, was fixed throughout this experimental

analysis at 100 secs. Graphed results include the effeét'of,perturba-

tive accelerationS’given'aboVe in %he trajectory description, with the

exception of the flrst figure (1-9), where no drag was applled Small

,  arcs are studied up to 3900 secs., which is about one-half a cycle,

. As is seen from the first two graphs, perigreee occurs at about 1650

xseconds.

L o e e
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Figure 1-9 is the printer-plot output of a Class I/CIass IT inte-
gration, k =k, of the simulated AEC trajectory without drag. The
curves 1, 2 and 3 have the meaning defined in the description of Fig-
ure 1-8, The hecurve is the predictor error vector norm and:the S=curve
is the predictor-corrector error vector norm. The vector norms represent-
ed by plots 4 and 5 are partial norms of the total local error vector
bn’ whose norm is thekB-plot. The pure corrector error does nnt appear

explicitly as components of theAlocal error vector.

The normalization facto:s associated with numbered curves (by

which‘graphed functions are to be multiplied) are approximately:

1. 307
2.
3. 15
k. 15

The Sth scale factor does not appear directly as printed output of the

Analyzer program.

Figure 1-10 is the same AEC simulated computation as Figure 1-9,
except that all ebove described forces are applied. Normalization fact-

ors ate approximetely:

\'x{ Gir
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l. 328
2. 182
3. g
L, k7
- The Sth scale factor is not given. The remark given with reference

to Figure 1-9 applies here.

Corresponding printer plots for remaining computational config~-

uration are omitted. Rather, pertinent information is presented on

'semi-log'plots.

“Figure 1-11 coumpares propagated position error in the Cowell,

Class I and Class I/Class IT computation of the AEC trajectory, with full

" forces with algorithm FPECE* and Adams integration of step-number k = L

and step-size h =100 sécs.

Figure 1-12 présents the’same material on & short arc and for

k =11,

. The Euclidean norms of the total.local error. vectors for step-

‘number k h are compared for Class I and Class I/Class 1T integratlon

»in Figure 1-13, while Flgure 1-1h gives a comparison of these quantltles
vwith step—number k ll.,
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1.4 Asymptotic Error in the Orbit Problem

Given the error equations g
e = S e +b
n n n-l1 n

i

 'where e s 8 andwwbn vary according witn the algorithm and are de-

n

fined in the description of the general multiste;>knal&zer in this see-

tion.

let the step-size, h, divide the period: p = Nh. After one

revolution

e = fi S, e + fﬁ S. b
N 11 i 70 z : J i
i“"' i=l j""‘i

P
) I
S.b, = b
J i
&g =
and let -
ﬂ S = E °
= 1
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Then, after m revolutions

-1 m=2
en = E" eg + ("% + E + oo +I) .

To analyze the propagated error, emN’ for large m, it is ¢onvenient
to begin with the analysis of E® e, and to analyze E® in cannonical

T form. This part of the analysis is taken, essentially, from [ 7 1.
Assume for the moment that E has all eigenvalues less than one
in megnitude. For some non-singular matrix A, A-l EA =J 1is in block

diagonal'form, each of whose blocks, Ji, is in turn of the form

where A; is &n eigenvelue of E. Write Ty é'ki I +C, . vhere C is

of order Ni and haé ones on the superdiagonal and zeros elsewhere. It

is'cléar that the C* are as ones on the rth"super-diagonal and zeros
‘,eisewhére; Thus . | |

- St L | o (1-24)

oy S Kk R 7k - o ‘ -k k'N. +1 N "1
I e N T 5 g vt , AR
: % , , N, -1 |

.
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The last term in (1-24) dominates. Thus

Jk ' k=N, 41 N,-1 |
1 X < | )"1 Cy X, . (1-25)
N, -1
i
The definition of asymptbtic equality requires the above assumption on

the eigenvalues of E. Where the symbol means asymptotic equality [ 7 ].

N, -1

Cii is a matrix with a one in the upper right-hand corner and zeros

; N.-1

elsevhere, C 1 Xi is non-zero if and only if Xi has a non-vanishing
o | M-l

last component. It is then easy to show [ 7 ] that ¢ i X, is an

» i
'eigenvecﬁor of VJi and the only eigenvector up scalar multiples.

It is clear that only the Jordan blocks with Xl equal to the

‘spectral radius and with order "N;, maximal, need.be considered in the

-asymptotic behavior of 'Aﬁl,HkA_x.

Since EA = AJ, there is exactly one column Si of S5, corres-

,ponding to each block Ji’ which is an eigenvector of E. Any vector

X can be decomposed uniquely in the directions of the columns of 8.
Iet Wi denote the one in the diréctibn of Si' Wi is an eigenvector

of E belonging to Ao It follows that -

~EX~<"‘>E)\1”W'. | (1-26)
' ; i i
e o ﬁNi‘-l R : j

i

‘The sum is taken over all biocks with I =X end N =¥, where

X end W are maximal'va1ues'of7~[Ail “end N, .
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This relationship is true for almost every X -- i.,e., almost
every eg. {Because of round-off error, the statement is probably true

for every eo).

The assumption on the eigenvalues of E can be removed. Let
E be arbitrary and divide E by a real scalar s.- The following can

easily be obtained

k-N+1

(2= >k"‘6~"‘<§f1>2 b ke G

Relationship (1-27) is a statement of error growth in terms of eigenvec-

tors of E.

Application to the Growth of the solution to the Homogeneous Error

‘ )  m
Equation emN = Em eo

In the periodic orbit problem, E (Cowell) has been found to

" have one real principal eigenvalue, Al, with magnitude greater theh

- one, .one eigenvglue‘ x = 1/x , and four principal eigenvalues equal

to one. The princ1pa1 eigenvalue in the case Cowell/Stormer/PE ¥ =1,

,“h 100 secsS., 2-hr circular orbit is kl 1 00C08. The large princi-

pal root points out the L-instabllity of the equation of motion., Matrix

E is a product of large matrices and the multipllcatlon\introduces con-

T N 1

I

T T
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siderable round-off error in the product. Examples of these eigenvalues
are given below. In numerically stable cases, all non-principal eigen-

-

values are less than one in magnitude.

Applying the above analysis, we have that ﬁ =1 and that there
is only one term in the sum in (1-27) with Al = X, the large principal

root

<§)“ -~ Xy
s sk 1l |

~ It is clear that the asymptotic error growth is exponential. How-
ever,Aitiiskimportant to understand thatvthe large principal root is very
close to: 1. The situation closely approkimatés oné in which there are
six principal roots equal tovone; Thus, it is imiortanﬁ, for subasymp-
tbtic error growth to know the size of the Jordan blocks asSociated with é
- all rpincipal eigenvalues. Assume that these Jordan blocks arevof order |
6ne and two. Thé contribution to the error growth of a pair of eigenval-

ues equal to one is roughly

(o]
Koo,
pe

| With this assumption, in all practical computations, the exponential char-

‘acter of the errér growth isyprdbdbly,pqtggpparent'due'to thiskconsidera.

i
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Next, it is important to consider the operator T, = Ek +

; gl + eee +I. Only a sketch of the possible analysis of this oper-
; &tor will be given. Each EY can be put into canonical form and, as

before, consider a Jordan block J‘i ’ kj T>Ni -1

k k k=N.+1 N.-1
x’i‘1+< >x’i‘lc+...+< >x 1717
1 ‘ N, -1

k-1 k-1, k-N, N -1
1 i e e (07 TN
« 1 N, -1

e
1}

® & o 2 2 o e & e o & 6 o e & e = ® & o O 2 & & & o6 o & ¢ o o o e »

N,-1 N, -1 N, -1 x-N N, -1+ N.-1
, 5,k A I+<1 >x 1c+m+<i )Cl
: 1 N, -1

Assume )‘i real, Xi > 1 and consider the operator

After dividing the above expansions by

-k-N1'+1 ' k S
By
R .

i

oy
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the last terms of each of the expansions given are dominant.

k

< > R ! .
N, -1

The series given by the total ‘sum of the Jg

be investigated and the series

k-1 kN, k-2 k-N.-1
oo s o
N, -1 N, -1

1l + + . + cos

% - %k

- given by the sum of ddminant terms. If the total series is representf

able by the sum of the limits givén, we have, summing these limits,.

(3 2N, -1) should



1-53

D e R T

RLLE S AN N B
oy,

o

the case there is apparently no essential difference in the order of the

asymptotic rate of error growth in the two solutions, Ek € and
? | (Ek-l T I)b. Further enalysis should proceed from this
point. It is important to determine the ordef '(Ni) of the Jordan
blocks associated with the six principal eigenvaluee ki,' as well as to
understand the convergence of the series given by the sum of the expan-
sions of the Jg. A suiteble computer program for analysis of the eig-

~envectors of an arbitrary real matrix is obtainable from Argonne Nation-

al Laboratory.

The spectra of some error operators

It had been cqnjectured thet the eigenvalues of the error opera-
~ tor Sn, for small step-siie and applied to a cireular trajectory will
‘ ciosely approximate the roots of\the characteristic polynomial, as_genere
ated bybprogram D1/D1.5 if fhe eigenvalues 2u/f3 and -‘u/}s are}sub-‘
Stitutedrinto that polynomial, The reason ‘behind this is that eigenval-A
ues of J are constant on the c1rcle and the J i appearlng in the
rerror equations can be all approximately diagonalized by the same trans-v

formation.

The conjecture was tested on a 2-hr, c1rcular trajectory. The
; subroutine used to compute the eigenvalues of S was obtained from
,Atomics International, North- American Aviation Corp. The llth order

i}g;' - VAdams predictor and corrector were used,. The resulting dimension of ‘Sn

P
s
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wag 1l X 2.x 3 = 66. The first and last factors are associated with the
step-number of the integrator and the number of equations, rqspectively,

the factor of two results from the fact that both en and eﬁ are in-

volved in the propagation.

The eigenialues of Sn ~are independent of mn in the circular
prdblem.‘fIt was shown in the Finai Report for the last contract period
[ 6v], tﬁat the characteristic polynomial of the corrector-only algorithm
is invarlant under a- simllarity transformatlon of'the constant J n-i®
This fact undoubtedly holds for any algorithm and, moreover, it appears
true that the characteristic polynomial of Sn (for any particular al-

gorithm structure is identical with the characteristic polynomials as de-

rived in the abovementioned report. Program Dl/Dl 5[6] was used in

checking out the program whlch constructs the matrices- Sn.

A comparison of the eigenvalues of S n’ Cowell, Class II algor-
ithm PEC, "k = 11, Adanms integration, for the 2-hour c1rcular problem
h = lOO secs. 1s given below wlth the roots of the characterlstlc poly-f

nomials as generated by Program Dl/Dl 5 by substltutlon

B = &8 gy Fo- oo Bu
} ERE- R : r
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T

Non-zero Eigenvalues - a + ib Non-zero Roots Given by Program Dl/Dl.S
.of ' 8 _(1local operator) B= o h2/r3
a b ) b
Principal (1.131 .0 1.133 ¢
Roots ( .884 0 ‘ 833 0
-.858 .563 ~-.864 <571
-.858 563 -.86k -.571
-.116 679 -.113 684 -
=116 . -.6718 -.113 - .68L
179 65 .182 465
.179 -. 465 .182 , -.h65
«335 132 <336 <133
0335 --132 O336 0133
« 291 .82 292 .281
292 -.281 ; .292 -.281
.348 . ) 0 37 0
v h = - .uh2/r
Principal (.996 087 996 .088
Roots (.996 .087 | ) .996 -.088
: =.993 o o =.997 -0
1416 7L | -.k16 658
L16 -6k =g -.658
Nolitel o W543 050 o J5Lh
.0hg ~.543 ¢ .050 - 54k
303 . 202 <303 198
303 -.202 : 303 -.198
« 529 JOBL : 3% 064
329 . -.061+ : ) « 330 -, 06k
229 <351 .230 «355 -

229 =351 e ~=.355

27 rom‘.s of zero;

This 1ast group of non-zero elgenvalues of S is repeated, due

»to the fact tha.t - n/rj is a double root of J -ie Thus, the form of
the characteristlc polynomial s that derlved in [ 6 ]« The slight dif-  °

‘ "ferences 1n roots is computed from S and from Progra.m Dl/Dl S, arlse

';e k _‘primarlly 'because Jn-i ~is npnfconstant in Sn- and a sxngle transfor- _

ey T T O S e e e e i i et e e LT R v gl 8 e, S atitr et g g s



1-56

mation T approximately, but not completely, diagonalizes TSn T-l. It
the eccentricity, e # 0, then the differences are more marked, because
not only are the Jn-i

but also, the eigenvalues of Jn-i are a function of time. Sn has

not all diagonalized by the same transformation,:
twenty-seveh roots of zero.

Composite operators

Examples are given below of the sets of principal roots of the
composité error operétorv BE =1 Si’ ;the product taken over one com-
plete revolution of a Keplerian orbit. %he spectrum of E for the

 ':§ above ﬁroblem with algorithm PE is‘(to five decimal places):

a

99992
1.00008
1.00000
1.00000
1.00000
1.00000

o000 O0O0 (o

All other eigenvélues are less than 11-8 'in magnitude. E is a 33 x 33
matrix., - |
”Thé'spectrum of E for the problem: Cowell, Class I, Adams inte-

grgtor,;algotithﬁ ‘PEcE* = PECQ, k=4, nh =100, 2-hr. Keplerian or-

bit,“ e,=-;01 ~(to five‘placé accuracy) is'

%:—1-23‘4‘4:»%», TSI RO SUNHL O
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a_ b
.98180 _ 0
1.01830 o
1.00030 .00020 -
' 1.00030 -.00020
1.00000 0

1.00000 0

All other eigenvalues are less than .10-12 in magnitude, E is

a 48 x 48 matrix.

-’

The spectrum of E for the probler: Cowell, Class II, Adams inte-
grators, algorithm PECE* = PECE,, k =4, h =100, 2-hr. Keplerian or-

bit, e = .01 (to five place accuracy) is

a

99460
1.0054k0 "
1.00000
1.00000
1.00000
1.00000

BeleRoNoNoNonn g

All other eigenvalues are less than 10713 ~in magnitude, E is

a 2bx 21& ‘matrix.

In all cases, the first two kkeigenvalues )\1 and A, satisfy
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2. Reduction of Propagatdd Error by Placement of

Extraneous Roots i

2.1 Method Definition and Coefficients

Four types of corrector methods have been tested ageinst the
Adems' methods. These methods are: the W(r) methods, the RW(r)

methods, the WA(r) methods and the WB(r) methods. All methods are

of Class II.

The coefficients of these methods have been generated in Pro-

'gram,A-B?end used in'both the summed and unsummed two-hody integrator.

", Given a corrector for ¥ = f£(t,y):

kK | k ’ |

2 - : = -
}: 83 Yn-1 }Z b Yy = 0 & = 1, (2-1)
1=0 1=0 ‘

form the polynomial:

j P(x) =0 has a double root of l. The other roots are called extrane-
eous roots, arlsing from the fact that the second-order equation is re-

' placed by the kth' order degree dlfference eqnation.




Method (2-1) is strongly stable if the extraneous roots of

P(x) = O are within the unit circle.

Placement of the extraneous roots of P(x) was guided by re-
sults contained in Appendix B, resulting in the four types of methods

mentioned above. These extraneous roots determine the a The b

i® i
are determined to yield the desired order (k + 1),

The W(r) methods

In fhe w(r) methbds;'the;extraneous'roots are restricted in an
r, e arc, 90o <6< 270o The W(r) methods tested are of orders
7, 8 9, lo ll, 12 13 and 1' = -6, -7’ .8, 02 and 030

The RW(r) methods

In the RW(r) methods, the roots are. restrlcted in the region E
‘of the unit circle with 1140o <@L 2200 The RW(r) methods tested
are of orders 7, 8, 9, 10, ll, 12, 13 and rr = .2, .3 and .k,

 The WA(r) methods

The roots of the WA(r) methods are the same as those of the

W(r) methods, of belng two orders lower. Two addltlonal zero roots are

;addeda‘ The WA(r) methods tasted ore of order 13 with r =.3 ,5 and of

N’
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computed .and output in the form x * iy.(

2=3

order 12 with r =.3.
The WB(r) 'method

The roots of the WB(r) methods are the same as those of the

W(r) methods, ©of four orders lower, with four additional zero roots.

The WE(r) methods tested are of order 13 with r = .3 end .5.

For each method tested, all roots of P(x) are given, as well-
as coefficients 85 by (of 2-1)‘in the following computer output.
Roots are specified by moduiﬁs and argument under the heading "PRELIMI-
NARY ROOT." Conjugates mist be added to the set of 1nput complex roots.

Coefficients appear in the usual order ao,al,...,ak and bO’bl""’bk

as given 1n the descrlptxon of the coefficient generator used, Program

“A-B [6]. Roots of the h =0 characteristic polynomial P(x) are re-




s

‘INPUT

STEP NUMBER K = 6 : - ’ Lo : \

METHID CLASS J = _ 2 T - METHOD W(.7)
NUMBER OF PREDETERMINE PARAMETERS NP = =4 e b

'KR--INPUT NP = 4, NP IS RESET T0 K=2 = & S o ORDER 7

1-TH PRELININARY ROOT IS 1.cuauuaocoaauuoaoOoao -0o

2-TH PRELIMINARY ROOT IS  4.G000GG0036I00000D+00 =04

3-TH PRELIKINARY ROOT IS 7,00000000309000000-01 9,0000000003G003000+01
4-TH PRELIMINARY ROOT IS  7.00000000003000000=01 1,35000000000003000+02

" NUMBZR OF ARBITRARY PARAMETERS NA = -0

THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STLP
FROM -0 T0 -0 8y =0

 B-SUB=THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

FROM: = =G, T0 =G ) By =0,

XXXXXXXXXXXXXXX;XXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

COEFF ICIENTS ARE
=1,00C90006900U200000460  1,01035064133856750400 =1,01217822721637670-04  4.84975325885636870~01
=24 499495636573820800-01 - =4+ B751£574410192360-03— ~2.401000306000C0000-6¢ -~ - -

6o 706021233545536340-02 9;86363878709179030-01 8.57755763726593550~-01 1.0774699883703773D+00
Le15882953231262460-01 2¢77316461427445370-01 1.27132657417091780-02

HETHID 15 STAOLE

. -ROOTS: ARE

1, 00000300050006000D+0C0: -0, 9.99999939999983440=01 _ 0.
3.27562504489030020-08 =7.G0000000600333190=31  =4,94974712051855590~01 =4.94974781550002170-01
~4e36974712087L43910-061 LeI4974784574021330=01 - -3.27564276334619130~08 6499999999999939230~01 -

9«=TH TRUNCATION-COEFFICIENT = 2.128470580-03
10-TH TRUNCATION=COEFFICIENT = T.613945180-03
11-TH TRUNCATION-COELFFICIENT = 1.39223238u0=02

‘ THEYﬂ:= =Ge k X B=SUB=-THZTA = -0

STABLE




w0 RO R HETERD R{.3)

STEP NUMBER K = ¢ . , ’ | ' "~ ORDER 7 :
" METHOD CLASS J = 2 . . , . o
NUMBER OF PREDETERMINE PARAMETERS NP = -4 ' ;
KR==INPUT NP = 4, NP IS RESET TO K=2 = 4 S :

1-TH PRELININARY ROOT IS 1.00000000003600000+09 =0,

2-TH PRELIMINARY ROOT IS 14G0000000000000000+00 =0, '
" 3=TH PRELIMINARY ROOT IS 3.00000000000000000-01  1.4000000000006000D+02 o
4=TH PRELIMINARY ROOT IS  3.40000000000600000~04 1.,60100000000300000¢02 ‘ , o , R

NUMBER OF ARBITRARY PARAMETERS NA = g

THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP - ¥
FROM =~ ~G. . TO =0, . BY -0, ¢
B-SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP ' ;
CFROM =g, o -0, BY -0, "

.

‘XXXX*XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

COEFF ICIENTS ARE o

=1,90006060000000000400 9, 76557806602756140-01 6407739738328174960-01 =2,3726269%452370300-01 o L
"2:63025053250808860-01  ~7.59097973877519470-02 =8.100000)0050003000-93 e :

N U
64 78488436361191320-02 9.8870241663946836D=01 8+443975071768569150-01 583072567 42328276D-01 (Jn R
4¢59383335066903070-02 3.59225103918530020-02 =~2.66310471467465150-03 S )
METHIO IS STABLE . STABLE

ROOTS - ARE

1, 000000600000000G0+00 . 05 9.99999999999999800-01 0,
~2481907777699879620~01 =1.02606066449870380~d1 =2,84907777699879670-01 1.02606066449570420~01
T2:296133136898743470-01  1,928362996345493 g0~01 =2429813318698742250-01 =1.92836299634547530-01 -
" 9=TH TRUNCATION=-COEFFICIENT = 2.638718510-03

10-TH TRUNCATION-COEFFICIENT =  8.901133740-03

A1-TH TRUNCATION-COEFFICIENT =  1.565238260-¢2

THETA = ~Ja * B-SUB-THZTA = =0,



CINRUT

“STEP NUMBER K = 7

1=TH PRELIMINARY ROOT IS -

.. 2=TH PRELIMINARY ROOT IS

3-TH PRELIMINARY ROOT IS
4=TH PRELIMINARY ROOT IS
5=TH PRELIMINARY ROOT IS

" ..IMETHID CLASS U= 2 ;
NUMBER OF PREDETERMINE PARAMETERS NP = & =5

1.60000000000000000400
1.00000000000000000+00

~7.0000000030040000D=-01
7.000000035u33u0000-01
7.UG000000003000000-01

NUMBER OF ARBITRARY PARAMETERS NA = =p

.. 'THETA IS AN ARBITR
COFROM =0,
B=SUB-THETA IS AN ARBITRARY PAR

~FRON

-0

ARY PARAMETER

WHOSE VALUES STEP
T0 -0.

ANETER WHOSE VALUES STEP

T0 -0,

IR
-0,
0.
-0
9.,0000000000000300D¢C1
1.35000000000000000¢02

;14 =0
:14 =0

METHOD W(.7)
ORDIR 8

"XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX*XXXXXXXXXXXXXXX!}XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX,

. COEFFICIENTS ARE

=1, 000000006LG0000QD4TO

8. 95331644625644130-02 =1,7983988 0304269890~
. 6.39837233696452890-02

1,0434679906187345D0+00

" METHID I3 STABLE

" ROOTS ARE

" THETA = =g

3.10050641338567490=04

1.0590341 6495172500400
664b42095986240492D0=01

1.00000000066000G0D2C0 a.

=6499999999987136960-01

=k 94974712051855590~01

3.27564276334619130~08

J

0.
~4494974781553002170-01

699999999999999230=01

.. 40=TH TRUNCATIUN<COEFFICIENT =
© 11=TH TRUNCATION=COEFFICIENT =
[ 12=TH TRUMCATION~COEFFICIENT =

Qe 077774 4D~33
9,12807156D-03
1.807799430=02

4

3 B=SUB-THZTA

. memawr e

| 7406934231114275610-04
01 =2,43512630020871350-01

1.47223837913994360¢00
1,81505988839562940-01
{

9.99999939998984670-01"
3.27562504489001540-08
=4494976712087143910-01

=0

4.84904473409733720=014

=1.,680700000600J0000-01

1.806454302245078480+400
1,25176860041047690-02

0.
=7.0000000000003809D0=u1
bhe94974781574024630-01

n
1
(o))

STABLE




INPUT

v METHOD RW(.3)

CSTEP NUMBER K = 7
“METHOD CLASS J = 2 - ORDER 8
'NUMBER OF PREOETERMINE PARAMETERS NP = =3 o
KR=-INPUT NP = 5, NP IS RESET T0 K-2 = 8 [

1-TH PRELIMINARY ROOT IS . 1,u0000000002000030400 =0, ,

2-TH PKELIMINARY ROOT IS  1.0000006G000000000¢00 =Qu

3-TH PRELIMINARY ROOT IS  =3,00000000030000000-01 =0,

%<TH PRELININARY ROOT 1S
5=TH PRELIMINARY! ROQT IS

NUMBZR OF ARBITRARY PARAMETERS .

3.00000000002000300~01
340L00000600vII0000D-01

1. h0000000000000000002
1.600060000000060000+02

NA = > =0
THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP )
“FROM =0 T0 ~0e BY. =
.o B=SUB-THETA IS AN ARBITRARY PARAMETEf WHOSE VALUES STEP
FRD" -0 710 -0 . BY -0

L Th s e S

: XXXXKXXXXXXXXXXXXXX&XX!XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXX!X!

:,MW_G FFI’CI"N‘[Q AR

5460707080369001810~01 <~5,49407729539178130-02

=-1.0000000G00G000000+00 6.76557806802756140-01
=3 34203861626519950=01 =1.54817313374994600=01  =3,08729392163255840=02 =2+430000000060500060-03 ?3
6. 44185095678506550=02 1.033069400820843390+00 1.06854878132677180+00 9.56326781343250130~04 ~
. 1e00798411344278450-01 1.2174102587749811D-01 <=1,58986900749980860~02 2.63140265386608130-03
HETHJD IS STABLE

' ROOTS ARE

I-OODDDDCOSﬁOODOUUD*OD 0.
=2:9999999993999997D~04 0.
=2, 619077776993879670=31 1.0

9.99999999999999700-01 0.

=2.,81907777699879620=-01 -1, 026060666“9870380-01

2606066649870420-01 =2.29813318£98743470-01

1.92836299634549300-01

~2429813318898742250~01 =1.92836299634547530=01
10-TH TRUNCATION-COEFFICIENT = 2,204023130-03
11-TH TRUNCATION=-COEFFICIENT = 84557280160-03
12~TH TRUNCATION=COEFFIGIENT = 1.724865070-02
THETA = =0, y 3=SUB-THETA = -0.

RUN COMPLETED

STABLE



FEBRIS e
.

o e e ¥ e

INPUT

* STEP NUMBER K = 8

METHOD CLASS 4 = 2
NUMEZR OF PREDETEIMINE PARAM

KR==INPUT NP = 5,

s
7

i

NUMEBER OF A

; NF IS
1-TH PRELIMINARY ROGT Is
2-TH. PRELIMINARY ROOT 1S
3=TH PRELIMINARY RQOT IS
$=TH PRELIMINARY ROOT IS

5=TH PRELIMINARY ROOT IS -

THETA IS AN ARBITRARY PARAME
FROM ~ -g,
B=SUB=THETA 1S AN ARBITRARY

- FROR

-0

XXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

COEFFICIENTS ARE

, =1.0000000099200000D+00
4 36797657230548090-02 -
=4.66560000000000000-02

i
.

B

6.161599000%3521750-02
,'65707183UDQ7371983D-01

L 5.17232678383435270-04
METHOD IS sSTABLE

'

i
IS

R ..W‘"‘.'

T m e e b i, o)

" ROOTS. ARE

‘ 1.00000000000000000*00 -0

. °2.99999967579536033-01
; -2.999999b7579543830-ul
"»2.3076§355025559950-08

RBITRhRY;PARnMETERS

5-29562635192807660-01

“-5.19615260966582k30-01
5;196152609886201&0-01”"
5,999 9999939998760-~01

ETERS NP = 5
RESET TO K=2 = ¢ '
1.0000000000000000D+00 -g,
- 1.00000000000000000400 =g,
6+00000000000000000-01
6.00000000000000000-01-
6.0000000000000000D-01

“NA = -0
TER WHOSE VALUES STEP :
T0 -0, . 1) ¢ =0
PARANETER'NHOSE VALUES STEP
TO -D. 8Y -0

3.607€96832483613 0001 T 5.74922530259209760-01

1.66162607783977070-01 °2.35£k1219055039600-01

1.07%5%925ib070bb30000 1.36133629786“75260*00

1.“5501#6#701322360-01

!
9.9999999999%9.4.92200-01
~54196152166869951850-01
~5¢19615216865623190-01
2.80769379715387830-05

11-TH TRUNCATION’COEFFIQIENT = 1.828201560-93

"12=TH TRUNCATION'COEFFICIENT = 8.082761560-03

13~TH TRUNCATION‘COEFFICIENT = 1.845365480=-02
HETA = -0, » B‘SUB'THETA = -0

9-00000000000000000001
1.20000000000000000+ 92
1.50000005000000000+02

METHOD W(.6)
ORDER 9

-

e e —me

Sy e . . e

5.87600096629403180-01
=1.191322490510123280-01

1.972119932“#779520600
7.9“6?07#83019593#0-02

0.
‘S.ﬁﬁﬁUGO#USZQQQGISD-Dl
‘3.000000#0525129600-01
-5.999999999999993“0-01

xxxxxxxxxxxxxxxxxxxxxxxxgxxgggxxxxxxxkxx"' .

8=¢c

STABLE



\ 2-TH PRELIMINARY ROOT IS

e arin s e

" InpuT

7,}<‘ 5-TH PRELIMINARY RODT IS

NUHDER OF ARBITRARY PARAMETERS

IS
“d

b 5 ot e e | g

STEP NUMBER K = 8
-METHOD CLASS J = 2
NUMSER OF PREDZTEIRMINE PARA*:TERS NP = -5

KR==INPUT NP = 5. NP IS RESET TO K- = )

1-TH PRELIMINARY ROOT IS

| 3=TH PRZLIMINARY ROOT IS
: %=TH PRELIMINARY ROOT IS

NA = -0
THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STeP
FROM = =0, 10 -0

o e s e e e

W

1,00000000000000000+06 =0,
1.00000000000030000+00 =0,
7.00000000000000000~01
7.00000000000000300-01¢
7.00000060003030000-01

1) 4 =0

B=SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

FROM -0, T0 =0

.fco=rrxcxtnrs ARE .

84756463 0456421515002
~6.10317911029496180-02

~1,00000000000000000+00
2.93503296779405560-01
°1.176§9000000000000-01

1.,09695126958109900+00
1.35455300655635610400

~6009599203879673800=02
1.536865423505691 660400
4473906615059950120-03
NETHOD‘IS STA3LE

¥
H
H
H
!
{

ARoots ARE

1-00000000000000000&00 0. )
=3,49999962174928200-01 ~6..062178064487048960-01
~344993996217513453D-01 6,06217804486723500-01
. 3.27564282529354960-08 b.99999999999995560-01
“11=TH TRUNCATIUN-COEFFICIENT = 1.658986110 =03

12=YH TRUNCATIOM-COEFFICIENT 7.431288990-03

i3-TH TRUNGCATION-COEFFICIENT 1.?13370280-02

THETA = -0, v B-SUB~THETA =
i

:24 -0

5.06166098601342680-01
-3.35462809383222620-01

1.6447314655155853D+00
3+9165653365364857D-01

9,99999999979741400-01
~6406217755348312160-01

=6406217755343227060=01

3.2756427633461914D-08

3.00000000000000000+01
1,20006000000000000¢02
1.50000000000000000402 -

H
v

v - P s ek e v mekee w o aa g

_ MBTHOD W(.7)

- ORDER 9

t
]

‘ XKXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

8.50787304876415670-01
~2.23877732227413190-01

1 2.563089330024688604+00
1.6477055706762628D-01

0s-
=3.50000047279162170-01

3.50000047279317870-01
=6.99999999999999230-01

B e o vt e e 6 e L w o wee

STABLE,



RSO

S smam ol Rk

T e e, s

.
)

‘KR==~INPUT NP = S
L 1=TH
Lo 2=TH PRELIMINARY ROOT

oS B

O R VRN

CINPUT

STEP NUMBER K = " 8
_METHOD CLASS J = 2 ‘ .
'NUMBER OF PR‘DET:RMINE PARAHETERS NP = -5
NP IS RESET TO K-2 = 5

PRELIMINARY ROQT

3=TH PRELIMINARY ROOT
4b=TH PRELIMINARY ROQT
5=TH. PRELIMINARY ROOT

1

C U NUMBER OF ARBITRARY PARAMETERS
THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
CFROM =g,
"B=SUB~THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEF

FRO" Sl

"COEFFICIENTS ARE

a

-1.06000000000000000000
v Be2847933425987224D-01
S =2.62144006002000000-01

‘6.0167159%991776120-02
2:40497683443657560+00
1433571939486746098D-02

' METHOD IS STABLE

ROOTS ARE ‘
1.00100000000000000000

~3.99993956775532630-01_. _

~3.99999956772725170-01

3.74359313003412001D-08 -
11-TH TRUNCATION=- ~COEFFXICIENT
"12=TH TRUNCATION=COEFFICIENT
13-TH TRUNCATION=CO:ZFFICIENT

THETA = =0,

Is 1.00000600000000000400 =0,

IS 1.00006000000000000+00
I8 8.00000000000000000~01
IS 8,00000000000000000-01
IS-  8.00000000000000000-01

NA = -0
TO '00

70 -0,

-1.856“0“223355'827D~0lW”

1.5636370620287%06470=01

1.41202407546552123D+00
2.16697526034416L90+00

0.

6.92820347954626650~01
7+99993993999998350-01

6034702302003
1.499963220~ 62

"o

B-SUB-THETA t

3.4276866117936073D-01

=6. 926203“7985513850-01w

1.366839380-03

-0 -

.. METHOD W(.8). ...

_ORDER 9

-

3.00000000000000000¢01 =
1.2000000000000000D¢+02
1.50000000000000000+02

BY -0, T

:14 -0

=4409915163457415950-01

1.93106610808353670+00

841052251600321722D0-01

9.99999999850597970~01
~=6+92820291826642470-01
=6.92820291820830920-01
3.7435917295385044D-08

"

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX&XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

1+0737642670547-2310+00
-3.70950316988628280~01

3426567798823089260¢00

3434398505104022:10-01

0. N
-4,00000054033328190-01

4,00000054033506130-01

=7499999999999999120-01

STABLE




T e e s gttt one et o . o

S INeurs s ; _ ~ o
: R : R : k : 8
i i STEP NUMBER 'K = 8. R N R ST T e e T &_,-ORDEMR 9 e U
U METHOD CLASS J = 2 v , , ‘ foo
" NUMBER OF PREDETERMINE PARAMZTERS NP = . . . - : b

weio KRE=INPULNP.=. - -5, NP IS RESET T0 K=2 = & T e
' 1.00000000000000000400 =0, , SU
1.0000000000000000D+00 =0, : ' E
2.00000000000600000~01  1,40000000000000000¢02 b

2,00000000000000000-04  1.54G00000090300000+02

2.0000@000000000000-01 1.6800000000000000D¢02

e i L T I L T AR

. 1=TH PRELIMINARY ROOT IS
i 2-TH PRELIMINARY ROOT IS
3=TH PRELIMINARY ROOT IS

4=TH PRELIMINARY ROGT IS
.5=TH PRELIMINARY ROOT IS

NUHBEK OF ARBITRARY PARAMETERS NA = =g
THETA IS AN ARBITRARY FARAMZTER WHOSE VALUES STEP

o FROM -3, 0 -0, _ . BY =0, , o o
S BeSUB- ~THETA IS AN AR8I7RARY PARAMETER WHOSE VALUZS STEP ‘ -
© FROM -0, T0O -0, BY =0,

- XKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

R
: COEFFICIENT& AR.

R Q°
i i -1.nocououoooooouuou+uo 9, uzeosansgeocouuea-ozw: 6023672987371264650-01 ~2.03440442252374490=01 L : tj R
| S€e54969125637411930~01 ~9,0111902286797641D=02 ~1.63096101210210700-02 =1.563511033663992080-03 TR
( | =6.440000000000000000~05 ' '
T 3 - 6.28335007719286610-02 1. 02834404096330090+00 7.57450381886254390-01  8.51372035050366890-01 - T T

! e1471273789385182650-01
Ll =2420206394693550 090-03

METHOD IS STABLE

2.32296326566380360-01 =8.2910208435374534D-02 2.11487761248463610-02
o STABLE
"fRoors ARE

1.00000000000000000¢00 0. 1.00000000000000000¢00 0.

o v e i g

R
Y L

=~1.5320887926582816D-01
~1.35629516514803630-01
~1,79758802163152970=01

i1-TH TRUNCATIZ

N-COEFFICIENT

-=1428557533059698350-01

~he158235525196803410-02
Be7674263750419151D-02
2.019797860-03

=1379758602239647590-01

=1.95629516514453110=01
-1.53206879265828170-01

=8 767“2637‘13309840*02

4.15082355251840406D=-02
" 1.285575330896958350-01

i 12-TH TRUNCATION-COEFFICIENT =  8.863393060-03 ;
; . 13=TH TRUNGATION-COEFFICIENT =  2,011753590-02 ,
CTHETA = g, y B-SUB-THETA = =g,



gy
e by

e g s

-,NUHB R OF ARBITRARY PARAHETERS

SR

B :srsp NUMBER K = g .
* METHOD GLASS - J = 2
 NUMBER OF PREDETERMINE PARAMETERS NP = =5
 KR==INPUT NP = 5, NP IS RESET TO K=2 = 6
{  1-TH PRELIMINARY ROOT IS = 1,3000000000009C000+00

N

S

- 2=TH PRELIMINARY ROOT
~3=TH PRELIMINARY ROOT
4=TH PRELIMINARY ROOT
5+TH PR:LIHINARY ROOT

Is 1.00000000000000000+00
IS 3.,00000000000000000~01
IS -~ 3.00000000000000000-01
IS 3 00000000000000000-01

- .. . _....ORDER Q .

‘0.

"00
i. bODOOOOOUUOOOUOOD#UZ
1.54000000000000000+02
1.68000000000200000¢02

e e mee METHOD. RW.('03) oo o

b vty o

NA = -0

‘»jTHETA IS ‘AN ARBITRARY PARAH"TER WHOSE VALUES STEP

S

THETA =
! _

]
!
i
o
|
{

. FROM

T ek s ok s

B 1

TO -al

B=SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

FROH

=0

““”‘CDEFFICIENTS ARZ

L =1,000000000000000004+00

=3 41656335546787110-01

=7.29000000060000000~04

6416398156434884960-02
1.67504001522131130-01
=2,0883551695114084D-03

METHOD IS STABLE

I
!
!

i
|
!
!
i

" ROOTS ARE

1.00000000600000000+00
~2.69633203359473810-01
~2,9344L274771785280-01

1 *229313318398742250-01
11-TH TRUNCATION-GCEFFICIENT
‘12=TH TRUNCATION-COEFFICIENT
13-TH TRUNCATION-COEFFICIENT

=0

T0 =04

b, 14208405940006710-01

BY -0,

1.06747262752535220+00

-2.“5017098755533950»01-—-1.##09126629?k52060-02

1.07217093191471590+00

3.0925400675322174D-01

O
~1.31511365626988750=01

6.237353267782649100-02

1.92836299634547530-01
1.877927040-03
8425039814053
1.874920150~-02

s B-SUB-THETA =

1.,2626945919284449D+00
-6.06143297960252000-02

9.99999999999996210~01
=2e93L44L2747T72784740-01
=~2,69638203359361740-01
~2.29613318898742250-01

'
o
-

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

1.91517439378593310-01
~1.13859119118659460-02

1.40231249056705200+00
2.08849482071953120~-02

0.

=6.237353287782L3020-02

1.31511365624179630D~01
=1.92836299634547530~01

" STABLE



e

B AT DT AR

U NI HYSIE

‘11348 -
s ¥
H

s

. NUMBER OF ARBITRARY PARAMETERS

Lo,

NA = -0

‘THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

A FRU" ‘0- TO 0 . N BY -0
- B=SUB=THETA IS AN APBITRARY PARAMETER WHOSE VALUES STEP
FROM. 'U- T0 -0 . :3 4 -0.

e e i . _METHOD .RW (. 4)-. ...
: 4INPUT ST
" STEP NUMBER K = = 8 ] R L ORDER 9 L
METHOD CLASS d = 2 : :
'NUMBER OF PREDETEIMINE PARAMETERS NP = -5
KR=~INPUT NP = 5. NP IS RESET TO K=2 = 6 o B o
1-TH PRELIMINARY ROOT IS 1.0000000000000000D400 =0,
2=TH PRELIMINARY ROOT IS 1.00000000000000000#00 -0, ) !
3-TH PRELIMINARY ROOT IS 4.00001000000000000D-01 _ 1.,40000000000000000¢02 N . e
_ %=TH PKELIMINARY R3I0T IS 4+00000000000000000-01 ' 4.54000000000000000+02 '
5=TH PRELIMINARY ROOT IS %.00000000800000000~01  1,68C00000000000000+02

+
1

'XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

iy

’,
A

' COEFFICIENTS ARE

i
i
-

<

S 640524458003490042002

=1,0000090000C000000+¢G0

C=2.34079543771182320-01

<4, 09600000000000000D~03

Te7332304759633530D-01
“1,77328L6355301255D0-03

METHOO 1S STABLE

THETA =

~ _ROOTS ARE
L

f

1.,00000000000000000¢00
=3.59517604520722420-01
=3,91259033029047040-01
=+ 3, 06641775853155634D-01

/11=TH TRUNCATION-COEFFICIENT
12~TH TRUNCATION-COEFFICIENT
13-TH TRUNCATION=-COEFFICIENT

-0,

-1,143887920799910650-01
~4.47433368088732070~01 -

54285642104469448650-01

0. !

=1+753L8457522192820~-01
8.31647405037665460-02
2.57115066179396710~01
1.749129820-03
7.694626620-03

0

sy B~=SUB-THETA =

1.11474074594896680400

1.750920210~02

© 1.2659143€532507650420
~2,09897406859083350-01

1.79106763883247840+00
=2,4395156316468893D=03

9.99999999999846770-01 - .
=8.31647105037657 3€0=02"

«3491253033029046320-01

=3:59517604479148980~01.

=3.06417758531656340~01

1]
o
-

"':Kmedme"M ’Q’u" ." e

m«m

oA e e g T e e ameies men o e

7.89916400551166050-01

-4,59363530772477710-02"

2.1815160393364370D+¢00

2.545449012380423¢SD-02

1.75348487498906180-01
~2457115066179396710-01

STABLE

i,

B

T




‘KR--INPUT NP = 6

";braon

|

i

"INPUT R v
. STEP NUHBER K= . o

METHOD CLASS U = 2

'NUMBER OF PREDETERMINE PARAMtTERS ‘NP .= "~-6

1=-TH PRELIMINARY ROOT

§y 2=TH PRELIMINARY ROOT

3=-TH PRELIMINARY
“4=TH PRELIMINARY ROOT

‘ROQT

éi 5-TH PRELIMINARY RCOT

b= TH PRELIHINAKY ROOT

’ 'NUHBER OF ARBITRARY PARAME TERS
CTHETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

NP IS RESET TQ K=2 = 7
IS 1.00000000000000000+00

-

IS - 1.00000000000000000+400 <0,

IS - ~6,20000000060000000-01
I3 6400000000000000000-01
Is 6.0000000000000000D-01
IS 6.00000000000030000-02

NA = -~ =g

=0

“FROM - =0, 0 =0+ BY =0,
A-SUB-THETA IS &N ARBITNARY PARAMETER NHOSE VALUES STEP
-3, TO _ =0, BY =0,

9. 60000000000000000+08
1.20006000000000000402
1.50000000000000000402

e METHOD -W( 6 )

~- -ORDER .10 -

7?»XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXxXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

COEFFICI:NTS ARE =

?‘J'150000000000Q000000f00

- 3496233823700696720-01

U} =1418135349430507430-01

5466908075018635220-02

146854 2u82456582630400
1 2,18713750496060950=02

METHOD ‘IS STABLE

ROOTS ARE

=5.000000000C00090080~01

'g =5.,19615218669381350=01

*5419615216865623190=-01

{2,80769379715387670~-08

=0

1.oooonuonuuooounuu+oo‘

42+«TH. TRUNCATION-COEFFICIENT =
13-TH TRUNCATION=-COEFFICIENT =
14~TH TRUNCATION-COEFFICIENT =

THETA =

A A A TN

~2.39230316751638700-01"

~1.39934748350144190-01
~2.79935000060000000-02

1.13784494753565350+00
1.72055905005361020+00
3.23546211002051630-03

0. .
0

~3,00000040524996150-01
3.00000040525129600-01
-5.99999999999999340-01
1.5975688 0003
7.808923690~03
1.96996273D=-02

s B-SUB-THETA =

[

.

7491304340238226540-01
=3.34726783725425850=01

1,9007614383813875D+00
3.97528755565959900-01

» 9-9999999996#833520-01M,
=2,99999967579536030-01

=24¢999999675795436880-01

2.807569385025589800-08

- 9432553614602929G4D-01

=2.6015698048403614D=01

3.03463200142969380+00
2472072363758580960~01

Qo
-5 19615260986582#30 -01
5.19615260936620140-01

5.99999999999998760-01

1
H

3

STABLE @'



S T o et o B T R 4 i 52 e e 4 b i W et9 < 399 08+ o4 4 oo+ £ atn
. "

; . MBTHOD W(.7)

e e [T

;Hrnpur : ~ ST R : N ; . B
, S METHID CLASS J 2 s . : - s ~
EH - NUMBER OF PREDETERMINE PARAMETERS NP = = < -
Bl . KR=-INPUT NP = 6o 'NP IS RESET TO K-2 = 7o U U o]
R : i=TH PRELIMINARY ROOT IS 1,00000000000000000+400 =0, ’
‘o 2=TH PRELIMINARY ROOT IS 1.0000000000000000D+09 «0, : ‘ SRR
o 3-TH PRELIMINARY ROOT IS ~ ~7.00000000000000000~01 =0, e e e e e
© b 4=3H PRELIMINARY ROOT IS 7.00000000000000000-01 ~ 9,00000000000000000401 :
1 w70 5=TH PRELIMINARY ROOT IS 7.00000000000000000-01  1,20000000000000000+02
e h,; - 6-TH PRELIMINARY ROOT IS 7.00000000000000000-014  1,50000000000000000¢02 . e o
: 'NUMBER OF ARBITRARY PAQAMtTERS NA = -0
i THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP ‘ o R
FROM = =0, - 10 =0.- BY =0,
 B=SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
~ FROM. =0, 10 -0, _BY. . =0, . ) L

11349

COEFFICIENTS ARE
; .

| =1,00000000000008000+00

< b bl e en e 4

5:81396438965191890-02

P e

9.46959676749041730-02

: 6.89056441219289653D~01
1 =2e74363412559189240-01

2097567311660172850+00

P

~5.124353695463578490-01
1o 44420518042634280-01

' 5.67k613399206377k0~01 ’

=3.76185063155237350-01

=64235430000000006000-02

1.16500570227570990+00
2.78571364093567120400

243110674005302198D+00
.. 141029404631628498D+00

Be13762279686784210-03

“ XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

~4.58701696795669020-01

3.95130658116724640D¢00

 5.404601134573151€60-01

1.20510357389735550000

STABLE ©

; - METHOD IS STABLE
w""""""Roors ARE - T T -
e _4?_' 1.00000000003000005+00 0. e /1.00000000000004740+00 0. o ‘
-7.00000000030000200-01 0. =3449993952174928300-01 . =6.06217804487048960~01

=6+00217755348312160~01
=6+06217755343227060-01
3.27564276334618970-08

~3.50000047279162170-01
3.500000647279317870-01
-649999999999999923D-01

%
i
¥

12=TH TRUNCATION~COEFFICIENT
‘13=TH TRUNCATION=COEFFICIENT
16~TH TRUNCATION-COEFFICIENT

ruara = -0,

1.600933240-03
T775473720-03
1.951850180~-02

o

» B-SUB~THETA =

~3.49999962176134530-01

3.27564282529854780-08

=0.

6+06217804466723500-01

6.99999999999998560-01>'



JP LIS ST R

e - P

L T A

e e e g

' METHOD W(.8)

A i s b 8 i e s Stk e 1 e W sk e perd ey e e

' zupur

R ST R (S

'NUMBER OF ARBITRARY PARAMETERS

NA = -0

THETA IS AN ARBITRARY PARAMETER WHOSE. VALULS STEP

FROM -0,

FROM - -0,

T0 =0

B=SUB=THETA IS AN ARBITRARY EARAHETER WHOSE VALUES STkP

T0 ol i

BY -0,

BY =0

' ) XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

g :
_THETA =

COEFFICIZNTS ARE

.} =1.00000000000003000+00

 1.48749076390355070+00
| ~5.58904253590902630~01
i s.77232777231281280-02
L Be7070663412390546D+00

2.58700797585518430-01

~ METHQD IS STABLE

Y mmpwaili

‘ROOTS ARE

i 1.00000000000000000+00

;. =7499999999399850520-01
[ =heG2820291826642470~01

'3ﬂ x,7£7820291520830920~-01

[ 347T%w359172953850270-08

1" 12=-TH TRUNCATION~COEFFICIENT =
! 13-TH TRUNCATION-COEFFICIENT =
1b=TH TRUNCATION=-COEFFICIENT =

=0

-9.85640422335518270-01
6+86421087695504263-01
=2+ 09715200000000000~01

1.,190565712236899970+00
Lo b 0140963167566040+00
1.31456713654463630-02

0.
0.
-l 0000005k033328190 -01

%e00060054033506130-01

=7.+99993959%99992120-01
1.705873320-03
8.159707190-03
2+023619720-02

s B-SUB-THETA =

i e i wbim e

S PV S

' 1494256323310946110=01"

=2463005067227330780D-01

2.73855788786998510+00
2:33713415309039240+00

- 1.30000000000000470¢00
=3.99999956775532830-01

~3499999956772725170-01
3.74359180034119770-08

e, i e e e ams

T1434797921599821160400

=6+98882447754561050-01

5401749946388592670+00

 1.07151734344437730400

-6.92820347985513€50-01

v

6+92820347984826850-01
7.49999999999999835D0-02

- e e mm

... .. 'STEP NUMBER K = ° . oo ORDER 1O -
5 ,‘f METHOD CLASS U= = 2 . . ) .
i - ;  NUMBZR OF PREDETERMINE PARAW&TERS NP = -5 . : . -
- . KR =«INPUT NP = 6. NP IS RESET TO K= 2 = 7 T L e e I e e e e o B
‘ ~1-TH PRELIMINARY ROOT IS 1.00000000000030000+#00 =0, : ' ' A
2=TH PRELIMINARV ROOT IS 1.00000000000000000*00 =0, » ) ’ R
. 3=TH PRELIMINARY ROOT IS  =8.00000000000030000-01 =0 e
}“‘ b=TH PRELIMINARY KROOT IS 8.,0000000000000000D0-01 9.00000000000000000001f
it b 5~TH PRELIMINARY ROOT IS 8.000000&0000000000-01 1.2000600000000000D¢02
¢ 6=TH PRELIMINARY RUOT IS 8.00000000000000000-01_“ 1.50000000000000000+02

sTABLE




R VRN

RS RE R N

s13as

D e gl

'ROOTS ARE

P

{

: NUMBER OF kRBITRARY PARAML TERS
~THETA IS AN ARBITQARY FARAMETER HWHOSE VALUES STEP

JINPUT ,
STEF NUMBER K =

40 e bt e - Ly e n

e bk e ok e s i B4 e e e w

-0.' N
'
-0,

_.ORDER. 10 . e

1. “0000000000000000002

[

NA = =0

. 9 -
METHOD CLASS - J = 2 :
;- NUMBER OF PREDETERMINE PARAMETERS NP = =
,KRz-INPUT NP = 6. NP IS RESET TO Ke2 = 7 R
y 1-TH PRELIMINARY ROOT IS 1.00000000000006000+00
“2-TH PRELIMINARY ROOT IS 1.00000000000G0000D+00
3-TH PRELIMINARY ROOT IS  =2,00000000000000000-01
b=TH PRELIMINARY ROUT IS 2.000000006000000000~01
5=TH PRELIMINARY ROOT IS 2.0C000000000030000-01
6=TH SRELIMINARY ROOT IS

~2+00000000000030000-01

FROM. =0, . T0 =0 T ‘BY =0,
‘B=SUB=-THETA IS AN ARBITRARV PARAMETER WHOSE VALUES STEP
’0- T0 '00 BY ’ﬂo

__FROM

1.54000000500000000+02
1.68000500000000000¢02

e b e o oem

-METHOD RW(Q—)

,XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXX

]1

L e 4% i

CD:FFICIENTS AR:

=2495677214087886830~01

=3.76702206732798570-04

6+ 0409743335333418D-02

*340639781930345774D-01

=1.98761255454194190-02

HETHOD IS STABLE

t
}

i

|
o
l

|

“THETA =

1.00000000006000000D+00

. ©1,99999999999399500~-01

=1,79758802239647590~01

=1,95629516514453110~01,

=1.%3208879265828170~01

-3 .

]i;-1.ooooonuooououoonn+oo
E
t
!

v : -

 7442805603960004450-01

~1,41109727414280030D~-01

-1.28000000000000000~05

1.06272455806613990+00
5.0343400%5617688540~01
1.9653446465520632D0-03

d;,_._,_-m_;m,., [N
Lo

=8, 767#20375133096“0-02

4.15823552518404060-02

1.26557533089698350-01
12=TH TRUNCATION=CDEFFIGIENT
13<TH TRUNGATION=-COEFFIGIENT
. 14=TH TRUNCPTION—COEFFICIENT

1.748962030-03
8.564942830-03
24162991080~02

» B-SUB-THETA =

=3443319905763805990-02

8.7587192238610182D0~-01

. =2.40046567740994910-01

1.00000000000000580+00

=1.532085879265828160-01

=1.95629516514808680-01

=1,79756802163152970~-01

841223410816326554D=01

~4,82543305786682069D-03

1.20645933604649420¢G0

«7.8705844778121559D0-02

9.182200213158621720~-02

0.
=1.28557533069698350-01
=4+15823552519803410-02

8.76742437504191510-02

STADL

e i g = e

L




e
”‘INPur

,[sraP NUMBER - K -9
" METHOD. CLASS - J- 2

S B RS P P PISN

NUMBER OF PREDETEQMINE PARAMETERS NP :
‘NP--IS5- RESET TQ K=2 = 7

,,,,,

s e - A e e s i a8 e e we

,METHOD_RW(.3). __ ...

-6

bt e e e a

'ORDER 10

Ll KR==INPUT NP = 6. KP o ~ e e .
© 7 1=TH PRELIMINARY ROOT IS 1.00000000000000000400 =0,
. i - "2=TH PRELIMINARY ROOT I3 1,00000000000000000+00 =0,
eiiuel.} 3=TH PRELTMINARY RGOT IS . =3,00000000000000000-01 =0, } e
( ..u-ta PRELIMINARY ROOT IS  3,00000000000000000-01 1.40000000000000000+02
{ 5=TH PRELIMINARY ROOT IS  3,00000000000000000-01 1,54000000000000000+02
; f,s-ru PRELININARY ROOT IS  3.00000000000000000-01  1.68000000000000000#02

NUMBER OF ARBITRARY PARAM:T&RS
.THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

NA = -0

, OFROM T =0, T6 =0, : " BY =0 .
. ‘B-SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP i .
; FROM =0, T0 =0, 8Y =0,

ey

©2.9344L427477178474D-01
*24696382033593561740~-01
~2429813318898742250-01

~6+23735328778243020-02
1.31511365624179630-01
~1.92836299634547530~01

=2.93444L274771785280-01
~242981331889874225D~01

XXXXKXXXKXXXXXXXXXXXKKKNXXLKKX X XKEXKXNXKXXXNKKKKXXXKXXXNKKKXXK XXX X XXX KX XK KKK K KKK XX KKK XX XXX N XNKKKX

o L e ,?)
COEFFICIENTS ARE N H
. | =1,00000000000000000+00  1.16208405940006710-01 ~ 1.19173514930735420400 5,11759227636198970=01
3 ! =2,34201103733209110-01" =3, 47513999419570080-01 =1,47914256256405390-01 =-3.37096493008095070-02
W | ek 14507357356578370~03, ~2.16700000000000000-04 i
;  ‘§ 5.91985136971971650~02  1.11263462308438450400  1.4964586862363718D+00 1.98619050043405730+400
ei.) (2.80593300253533020-01  6,67109655642568790-01 ~1.7290776005853049D-01 _ 9.05876345348756690-02
| =1,77946170239747940-02  1,81479559543790850-03
METHOD IS STABLE STABLE
777 ROOTS ARE = T
- 1.0000000000000000D+400. 0. R © 9.99999999999948950-01 0. S
<2499999999982413860-01 0. =2469638203359473810-01 =1.31511365626986750-01 -

6.23735328776249100~-02
1.92836299634547530-01

-12=TH TRUNCATION-COEFFICIENT 1.61757145D-03
13-TH TRUNCATION-COEFFICIENT 7.929619590-03
{ " 14=TH TRUNCATION=-COEFFICIENT 2.004727360=-02

“,THETA =

B-SUB-THETA =

-0 - ) [

o e e wm e




|
PSR 14

B S P v FRpp——

e i e trn n 4y s s e i 1 brenk ik Yonatit wma e s i be o w e e eiw i e e .

i
T
¥

e ¥

e i i,
= e,

o ' METHOD RW(;Q)"__“WW“ ’

;rnpur ‘

.. STEP NUMBER K = 9 | R _Q@FR}OHWWWVwM

METHOD CLASS J 3 4 v
'NUMEER OF PREDETERMINE P“QAHETERS NP = “6 . - : ¢

ce . KRE-INPUT NP = 6. WP IS RESET T0 K=2 = 7 e e e

B 7 1=TH PRELIMINARY ROOT IS 1.00000000000000000400 =0, %
oo 2«=TH PRELIMINARY ROOT IS 1.00000000000000000+¢00 =04 -

) ; 3=TH PRSLIMINARY ROOT IS  ~4.,00000000000000000-04 =0e L o N
: 4=TH PRELIMINARY ROCGT IS Lo 00D000300000000000~-01 - 1. “0000000000000000’02 ' .
¢ 5=-TH PRELIMINARY ROOT IS “tDUQUUUUUUUUUUUOODfGl 4.5400000000000000D¢02

6-TH PRELININARY ROOT IS  .00000000000000000-01  1.68600000000000000+02

1348

s i 5

~FROH

' 'NUMBER OF ARBITRARY PARAMETCRS

NA = -0

THETA IS AN ARBITRARY PARAMETER WHOSE VALUES "STEP

FROM =0

T0 ‘U'

ey -0.

‘B=SUB=THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

=0

10 =0,

8Y =0,

-XXXXXXXXXXXXXXXXXXXXXXXXAXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

. Q

COEFFICIENVS ARE

: -1.nouuounnooaonnooorqb
T Ba13877166492841020-02

 =2426705412308991680~07
i 5.80756762595846230~62

1e¢33738236359942740¢060

T =1436305242511571960~02

‘HETHOD IS STABLE

ROOTS ARE

; - .
1 1.00000000000000000¢66

~3,9999999999499773D-01
=3.91259033029046320-01
=3,59517604479148930~01
«3s06417758531656340-01

~5.14388792079991050-01
=5.41064905597 204990-01
~1.63840000000000600+03

1.16098956484551160+00

1146641782324030550400

1.7394678896933683D0~03

- 342201580848649300010#00

©3.8887075609458218D-01

2+14880779443147000+00

. 3427965966807741270-03

B
0.

~8,31647105037657360=-02 -

1.75348467438906160-01
=2+4571150661793%96710-01

9,99993999997912020=01
=3.59517604520722420-01

=3+91259033029047040~01

=3.0641775853165634D-01

Brmte s s

THETA =

12-TH TRUNCATION-COLFFICIENT
‘13=TH TRUNCATIUN~COEFFICIENT
Ab=TH TRUNCATION=COEFFICIENT

1.502069240-03

1.864973090-02
y B-SUB-~THETA =

_1,2962821466011967D¢00
*1,295953166.20863510-04 -

»

3.10364076135748350¢00
1.12634826651740550-01

Do
«1.7534848752219282D-01
8.,31647105037665460=-02
2457115066179396710~-01

7.369866220-03 . L

6T-2

STAGLE

e

-




" visas

B

WvINPUT

~ STEP NUMSER K 10 .

 METHOD CLASS J = 2
NUMEER OF PREDETER&INE PARAMETERS NP = = .
KR==INPUT NP = €, NP IS RESET T0 ko2 = 8

e mmet

METHOD W(.6)
ORDER 11

S A e - s b e e e

! 1-TH PRELIMINARY .ROOT IS 1.000006000000000060+00 =0,
o 2=TH PRELIMINARY 'ROOT IS 1.00000000000000000¢00 =0, ..

R 3«TH PRELIMINARY ROOT IS 6,0000G6000000000000-01 9.00000000000060000¢01
i e=TH -PRELIMINARY ROOT IS 6.00006000000000000-01 ° 1.15000000000000000+02
' 5«TH PRELIMINARY RCOT IS 6.000000006000000000=-01 1.4000000000000000D¢02
: 6=TH PRELIMINARY ROOT IS 6.00000000000000000=-01 1.65000000000000000+02
NUHBER OF ARBITRARY PARAMETERS NA = -0

L THETA “IS-AN ARBITRARY PARAMETER WHOSE VALUES STEP

FROM. =0,

10 -0

BY . =0,

- 3=-SUB-THETA 1S AN ARBITRARY PARAMETER NHOSE VALUES STEP

FRO" =0,

. 'COEFFICIENTS ARE

6.02216841636114950-01

'?, 5.465491175583167300~02

ot 2e71691004S6208560+400
. 5,20115019401036090=-02
METHOD IS STABLE

ROOTS ARE
1.0060000006000000D+¢30
®5,79555482411882690-01
*4¢596266377'97484400~01
2.80765406232534340-08
2,60769379715536290-03

THETA = =-0.

T ‘1m00000000000000000400

L ‘2,3685%0“9956032970-01f

. :13=TH TRUNCATION-COEFFICIENT =
" 14=TH TRUNCATION-CQEFFICIENT
15«TH TRUNCATION=-COEFFICIENT

T0 =0

°b.85J06033Q02151390°01'

Tek€48034595H34955D-02
-8.70370494344107750~02

1,17942231910646260+00
3. 0656424788798151D+00
4. 16342751957770330-02

0. :
=1.552914768152508800~01
-3.,8567259492€909491D-01
~6.00000000000404950-01

5.99399999959999340-01
1.351336640~03
7.325603220~-03
2.042116340-02

y B=SUB-THETA =

BY -0,

TBel1luT0176782277170-01

=3.65432369052057210-01
=1.67961600000000000=-0.2

2420574758942236160+00

6.96082560157892460-01

~6449301873249932890-04

949999999999931660D-01

~4.5962663779748364D-01

=2493570924529393850-01

=2.53570924529641230~01
~5.79555482450887330=-01

”<XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

1.20086331557678010+00

=3,97773306784144840-01

4.05165272904419400+00

7.60118164192345160-~01

3.85672599269095150-01

=5.437846873643L564D~-01
5.437046873836736880-01
1.552914767819509%0-01

0c=2

STABLE



i b et vt on St A B U B Y

JEE T ey

e MBTHODWGWT).
| ORDIR 11

[ -

rupur
o srep NUMBER K = - 10

PR ST O ! - e s ma s el vk emR e ah ek AEA s el de Eesemenbeme SH e o i i

_¥13an

Sl BeTH

i 3eTH

'METHOD CLASS J =

KR==IHPUT NP = 6o
[ 1-TH PRELIMINARY

© 2-TH.PRELIMINARY
PRELIMINARY
PRELIMINARY
PRELIMINARY

4=TH"

2 T ‘ . ‘ .
NUMBER OF FREDETERMINE FARAMETERS NP = -5 . - o :
NP IS RESET TO K=2 = 8§

ROOT
ROOT
ROOT

ROOT
ROOT

ROQT

IS

IS 1.00000000000000000+00
IS 7.00000000000000000-01
IS 7.00000000000030000-01
IS "~ 7.00000000000000000-01
IS 7.00000000000G30000~01

1.00000000000000000400

-0,
-0,
9.000000009000300000¢01

1.15000000000000009¢02

1.40000000000000000¢02

1.65000000000000000402

|~ 6=TH PRELIMINARY

NUHBER OF ARBITRARV 'PARAME TERS

NA = -0

THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

FROM -0

FRO" -0,

- T0. =0 -

B~SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

T0 =0

By 0l

. B' "0.

ok B — i e

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

A
]

COEFFIGIENTS ARE

i =1,09000000000000300+00

1.471685827933387504400

'5.1115?722186856%90 01

5.58822506239700280 -2

i 4.33467299682046300+30
T 3.0439162440663544D-01

METHOO IS STABLE

"”ﬂ'Roots ARE
1.00000000000000000+00

“6476148062859323000~01
=5.36231077430333470~01

3427564276334792290-03

©13=TH TRUNCATION=COEFFICIENT =
"~ 14=TH TRUNCATION~-COEFFICIENT

i
%

o |

~] 3.27559733996311720-08
| 15=TH TRUNCATION-COEFFICIENT
(

TNETA = -0.

L i -

i
1
H
4
H
i

~1,01642370563584330400
. 6450248287669995710-01

~24395632112544351330-01
1,21087700933032972+040

4.967226579919624540400
9. 787478867€2362240-02

0.

; ~1.811.73389579639290~01

~4+499513658313944060-01
~7.00000000000472450-01

649939999%999999230-01
1,222519760-03
6.829152200-03
1.912581130-02

y B-SUB-THETA =

‘

1.567915394297262830~01

=244 718996684612670-01
=5.76480100000000000~-02

2.68974702582323600+00
2.0811361030535331D+00
1.564815736803484240-03

. 9499999999999988500-01
=5.36231077430397580-01,

*2.95832745264292830~01
=2.95832745284581430-01

«6476148062659368560-01"

e A ety e i mae

BT L vy

1438121324564941130400

=6+21534148498393570-01

5.29931623940601030+00

1.4877133820205324D¢00

1)

4.49951365813944330-01

=643441546861506991.0-01

6e364154686145253€0~01
1.81173389578942620-01

mia e ek edbeim o -

P e maon Vo s e

STABLE



PP SO

i,
¥
H
§
i
:

INPUT

B T ey

T STEP NUMBER K = 10 ; e
. METHOD CLASS" J . 2
- NUMbZR OF PREDETERMINE PARAMETERS NP = )
KR==INPUT NP = 6+ NP IS RESET TO K=2 = 3

[N

wafkTHETA =

= e e o

6= TH PRELIHINARY ROOT Is 84 00000000000090000-01 1.65000000000000000¢02
A NUHBER OF APBITRARV PAPAHtT”RS NA = -0
L THETA IS AN ARBITRARY PLRAMETER WHOSE VALUES STEP
FROHM 06 T0: D 8y =0.
B=5UB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
FRO" ‘bo -0 10 =0 - 8Y =0,

1=FH PRELIWINARY RGOT IS 1,00000000G0600006000+00

Sy kg

TR e e ke e sk e o o we we umcee e o aen e e e e

AR v

- reeieeen . METHOD .W.(.8)
. ORDER 11

S gremteeis e - S e e s

-

-0,
-n,
- 9400000000000000000¢ 01

- ..5=TH PRELIMINARY ROQOT

k:‘COcFF’CIENTS are

B

-1.00000000000000000*00
2041907253€224366630+00

o =9452351747062686610-01

5e515685107625833140~02
6.9287330729057744D+00
0¢68375839349548000~01

‘METHDO IS STABLE

" ROOTS  ARE

SR

PP

1,00000000090000900+00

e TeT 274 0643267848950

*Be12835517063312530~01
3.74353981710070360-08
3.743591729540648290~ -08

=G

R LS IR T )

13=TH TRUNCATION-COEFFICIENT
A4=TH TRUNCATION~COLFFICIENT
15=TH TRUNLATION~CO&FFICIENT

2-TH PRELIMINARY ROOT IS 1.00000000000000000+00
3=TH PRELIMINARY ROOT IS 3.00600000000000000~01
4=TH PRELIMINARY ROUT IS 8.00000000000000000-01

IS 8.00000000000030000-01

=1 44734137786953520+00
1.60565168524604610+00
-5.58155538160231430~01

1.24268996340043:.70+00
7492953031008914340+00
2.45306335334133590-01

0. |
-2, 07055302375947020-01

=5¢14230132353793210-01 -

-8.00000000000539940-01
7+999999999999991 20-01
1.079360700-03
5+9953956920-03
1.703464410-02

» B-SUB-THETA =

“4.33IGL715611197370-01
=7.75592477187525950=01

2.33957921032960060~-03

1.15000000000000000¢02
1.40000000000000000¢02

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

v

1430904 002¢12349430+00

=1.67772160060000000-01 -

3.1845374364012849D+00
4.45798023064467380+00
7.50897104328521170-03

9.99999999999996840~-01

~6412335517063311520-01

=3.33094566039191800~-01

=3.33094566039521630-01

~7.72740643267849760-01

R T N TP T T

6.78488091067226850+00
 2497041951322623920+00

Y

. 5414230122358793530-01 -

*7425046249845794190-01
7¢25046242845171850-01
240705530237593465D-01

éc=¢

STABLE

PTOTTRS wmtar o Lo



o
|
1

13

INPUT

 stEP NUMBER = K =

METHOD CLASS J =

 NUMGER CF PREDETZRMINE PARAMETERS NP =
‘KRc-INPUT NP =

1=TH

: ;: - 2=TH

b e

S 3=TH
4=TH
S5=TH

i BTH

6
PRELIHINARY
PRELIMINARY
PRuLIHINARY
PRELIMINARY
PRELIMINARY
PRELIMINARY

10

2

-f

NP IS RESET TO K=2 = 8

RGOT
ROOT
ROOT
ROOT
ROCGT
ROGT

IS 1,0000000000000000D400
IS 1.00000000000000000+00
Is 2.,00000600000000000~01
IS 24000000600000000000=01
Is 2.000000000000056000-91
IS '2+00000000000000000-01

 NUMBER 'OF ARBITRARY PARAMETERS
‘THETA IS AN ARBITRARY PARAMZTER WHOSE VALUES STEP

‘e e

-FROH

NA = -0

(SRRSO T T A,

METHOD, 3w (.2)
ORDER 11

bt Aoy 13 e et ok R e T

IV IO

P DO
1.40000000000000000¢02
1.56000000000000000¢02
1.60000000000000060¢02
4.70000000000000000¢02

b b a b wm wrbw

FRCM =0,

i0 =0

BY . =0,

B=SU3=THETA IS AN ARBITRARY PARAHMETER WHOSE VALUES STEP

-0

COEFFICIENTS ARE

-1,0000000003350G000+00
=3, Q44 39823994540210-01

’-;4 =14287279405847491650-03

1 5.83729332867844990-02

: =be283035131835661020-01
Vo= 9.b40852199515561420-02

'HETHOD IS STAGLE

'é
’.tneru =

i
|
a
'

i
|
!

L e

‘Roors ARE

e 1.00000070000000000+00

;51*1.9b9615479320?5850 133
=1e7-320507295773777D~01
~*1490961547532581240-01
,-1.?3205072957737770 =01

T0 -0

Ll

5773719563554 343540-01"

=1.913373:6670662050-01
=3.59281343325220130+05

1.093073116329056u0+09
. 70055123789935540-01
1.906491097605653560-02

0. .
-3.“7296529%28883538-02

=1.G0000013508522780=~01

34 47296529428961540~02
1.00000013508522780-01

~13=TH TRUNCATION=COEFFICIENT
14=TH TRUNCATION-COEFFICIENT
15=TH TRUNCATION-COEFFICIENT

e i b et o

=0

BRSSP

1.539590280-93
8.320943950-03
203132839470-02

» B-SUB-THETA =

—BY -0,

e s

T9.28496199678837610-01

2549397218318798793D=-02

-2.56000000000000000-06
9.605610865513353720~01

=5.83906791001277410-01 _

=1,71347112054189650-03

9.99999999999991150-01
=14087938518466566330=01
*1.53208879265828470-01
*1.87938518464158300-01
=1.53208879265828170~01

SRR e bt it s e

P

B IR PR

e e My e iy

;XXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXKXXXXXXXXXXXXX*XXXXXXXKXXXXXXXXXXXXXXXXKKXXXXXXXXXX

s

" 64180293303158692660-02

=14¢11209576779608060=02

1.60211445229473080+400
2496948061463392070~-01

3

0.
=6+86040442999110600~02
~1.,28557533089698350~-01
15.BL0LOLL265572293D-N2

1.28557533089698350-01

I L TH PO,

b e

¢2=2

STABLE



v b e s

- e

e < hskmbire o

e : L METHOD, RW(.3). .

INPUT
STEP NUMBER K = 10 ... ORDER 11
METHOD CLASS  J.= 2 ' : ' ’ P ) o
NUHB:R OF PREDET-RHIN: PARAMETERS NP = -6 . L : L o

ey i kg e b e

‘Nunc»a OF ARBITRAPY PARAHETERS

NA = -0

THETA IS AN ARBITRARY PARAMBTLR WHOSE VALUES STEP

FROM = =0

FRON “00

=0

TO
B8-SUB~THETA IS AN ﬂRBITRARY PARAH:TER WHOSE VALUES STEP

10 ‘00

YT gl

23 4 '0.

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX’XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

1

P

COEFFICIENTS ARE

'-1.nnuononcaaounnoao+ou
=1+41014037760777970-01

‘5471825085278238790~02
- 3+71609173351557890-01

~8.59185100379226450=-02
METHOD IS STAGLE

|
l
'1
] =1.36622711735907120-02
T
1
i

'ROOTS ARE

1,00000000000000000400
~2435442321299013770-01
=2.59807609436606650-01
=2.95442321299021870-01

13-TH

'i =2.5560763943656065650-01

‘HETA = =0

TRUNCATION=COEFFICIENT =
. 34-TH TRUNCATION-COEFFIGIENT
. 15°TH TRUNCATION-COEFFICIENT

=1.33942054668484690-01

=be14903103336933530-01
=1.42442375785332530-03

1.14765692513921220+400
1.26254179883031390+00

.1476192362197732250+02

0.

=54 20944796143325420=02

~1.50000020262784160~01
5:20944794143442300-0
1.50000020262784170~-01

1.4205449060-03

7.664557220-03

» B-SUB=THETA =

. 1.20517439460889930400

~243929013412328490D-01
-6.,56100000600000000-05

1.6830081766419943D+00

~4e24471593835376250-01

=1,56875542733390180-03

9.99999999999582590-01
-=24819077 7769967950001

=2.29813318896742250-01
~2481907777696237460~01
=2429813318898742250-01

2.138426720-02

“7.4175462377124046D=-02

2.61446081573733750+00

249192515182241374D-01

=1.92636299634547530-01
1.026060664268358440-01
1.92836299634547530-01

=1+02606066449866590-01

KR==INPUT NP = . NP IS RESET T0 K=2 = 3 e e T i e e o et et v e o e
1=TH PRELIMINARY RGOT IS 1,00000000000000000400 =0,
2-TH PRELIMINARY ROOT IS 1.00000000000000000+00 =0,
3-TH PRELIMINARY ROGT IS 3.00000000000000000-01  1.40000000000000000¢02
4=TH PRELIHINARY ROOT IS  3.00000000000000000-01 1.50000000000000300+02
5-TH PRELIMINARY ROOT IS 3.00000000000000000-01 1.600000000000600060+02
6=TH PRELININARY ROOT IS 3.00000000000006000-01 . 1,70000000000000000¢02

8.13302752589149250~-01... 7

S e st b e s ae e — e gans R
-

STABLE



_ FROM

i

Ciaweur
STEP NUMBER K =

METHOD: CLASS  J =

NUHBER OF ARBITRARY PARAMETERS
.. -THETA 1S AN ARBITRARY PARAMETER

10 :
2 : ’
NUMBER OF PREDEIERMINE PARAWETERS NP = )

NA = =0
WHOSE VALUES STEP

e e Severames e s e a e e dae

P AL ) et e et dcome g vk 07 Ae e s e s 8 4ot e o -

ORDER ll

_ KR==INPUT NP = 6, NF IS'RESET TO K=2 = 8 T O T -
S 1=TH PRELIMINARY ROOT IS 1.00000000000000000¢00 =0,
© 2-TH PRCLIMINARY ROOT IS 1.00000000000000000400 =0,
- 3-TH.PRELIMINARY RGOT IS  4.00000000000000000-01  1.40000000000000000402 —
4-TH PRELIMINARY ROOT IS  4,00000000000000000-01 1,50000000008000000+02
5-TH PRELIMINARY RCOT IS 4.00000000000000000-0% 1.60000000000000000¢02
6-TH PRELIMINARY ROUT IS 4,00000000000000000-01  1,70000000000003000¢02

FROM. =0, T =0 " BY =0,
B=SUB-THETA IS AN ARSBITRARY PARAMETER WHOSE VALUES STEP
-0. TO =0, 4 . BY e,

*

MR T
- COEFFICIENTS ARE

L BebLE60863473777570~01
=7.122323326748313360~02-

1 =1,00000000000000000+00
§

| 5.60812316783629000-02
£ 1699761368425679800400

=6 k274467 244506600-02

‘HETHOD IS STABLE

ROOTS ARE

¥
 { 1.00000000000000000*00mf
: =64945930568b3319670-02

=3,93923095065400360-01
~3e45410145915475530-01
=3.93923095065362490-01
*3o646101459195475530-01

;  13=TH TRUNCATION-COEFFICIENT =
b 14=TH TRUNCATION-COEFFICIENT
15-TH TRUNCATION-COEFFICIENT

THETA = =g,
RUN COMPLETED

¥

=B8,45256072891312920=-01

=4492103700395496120-01
=1, 034344837456268180~02

1.20010322174667600+00
. 2014472787899670090+00

1.74396313760735310=-02

-2.060000027017045550-01
6¢94593058857923070-02
2.00000027017045550-01

1.315664690-03

7.123352730-03

s B-SUB-THETA =

1.023u7205293272u60+on,,

=5.73929016870436170~01

;XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

«2.70735381333710490=-01

-6+55360000000000000~04

2.4452080197246784D+00

=8498750534505428420-03

=1.41928717505647320-03

9.9939939998 2075150-01

37537 703693317266D0-01

~3,06417758531656340-01

- =3475877036928316610-01

=3.06417756531656340-01

1,96405358D=02

-0._

4.0818636190332743D+00
3.63522182980540120~-01

0. *
~=1.36808088599822120-01
=245711506617939671D=01

1.368080885711445¢D-01

2.57115066179396710-01

et gk ey e o mmaes ee e swe

1.69611269722664620400

METHOD RW(.4)

B T N P

STABLE




TR i e

METHOD _W(.6)

,”‘]rNbUf“”"” T
___STEP NUMBER K= 11 , ORDER 12
METHOD CLASS J = 2

NUHBER OF ‘PREDETERMINE PARAHETERS NP =

-7

KR==INPUT NP = 7o NP IS RESET TO .K=2.=_ _9 _
5 1=TH PRELIMINARY ROOT IS 1.00000000000000000+00 =0,
1 2=TH PRELIMINARY ROOT IS 1.00000000000000000400 =0,
~——tmmet o 3=TH PRELIHINARY ROOT IS _ ~6.00000000000000000-01 =0,
L [ 4=TH PRELIMINARY ROOT IS 6.00000000000000000-01 9,00000000000000000+04 , By
5=TH PRELIMINARY ROOT IS 6.00000000000000000-01  1.15000000000000000+02 , T
_ , 6=TH PRELIMINARY Roor~xs"“m”5.oouoooououououoaorn;_ﬂ_i,qpooauooopoupocmufoz -
T T~TH PRELIMINARY ROOT IS 6.00000000000000000-01 © 1,65000000000000060+02 : :
,__m_____uunaER oF ARBITRARY_PARAMETERS _NA = -0
THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP T -
o FROM =g, T0 =0, 8Y =0, ; g
e B=SUB=THETA IS AN APBITRARY PARAMETER WHOSE. VALUES _STEP' _ o :
CFROH. =0 TO -0, BY -0,
e xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxgxgx XXXXXXXXXXXXXXXXXXXXX xxxxxxgggxxxxxxxxxxxxxxxxxxxxw,,- L _
‘ _ n
. ' : S Co !
coassxcxeurs ARE n .
e e g - v B i et P e el il ameeee —— S e o wem men e el - B & ) PR T )
=1,00000000000000000400 ~1,18550603340215140+00 256016655674 0966360-01  1,56774562164614640+00 >
. . 1.52273483098218300+00  5.5617873957730393D~ =01 =3.,20523188234686230-01 =6.17032725215385160-01 e I
: -~.75518034023519570-u1 T=2.29149479469230560-01 =6. 90183896966464650-02 ' ~1,00776960000000000~02 ’ ““‘,
el 5.43869789341376490-02 1.23713531450742260400 79%“833;655638930000 . 5473185415568715930+00 _ —
4e18917689640950540400 '5.54756512622780170+00 " 1. 53656000311504620400 ~ 1,89127344626617730¢00
1.5132952746596239D-01  1.91808800669668540-01 5.77138378246402490- =04  1.77219750022912100-03
_mm_“““j"ETHOO IS STABLE e e e e v e SVABLE
ROOTS ARE |
1T 140000000000000000006 gL T " T T T e, 99999999999982690-01 g, T T T T rem s e e
=5¢9999999997954458D-01 0, *5¢7955548241188269N=01 =1,55291476815258800-01 -

. 3.856725992690095190-01
~5,43784687334345640-01 ,
=2453570924529641230-01  5,43784667383878880-01 2, 80769379715535880-08 5.999999335939999340~01 _ o

..m5.79555482450887330~01  1.55291476781950990~01 L e o . -

14=TH TRUNCATION-COEFFICIENT =  1,160539370-03 , T o
15=TH TRUNCATION~COEFFICIENT

6.981806020-03
v 16=TH TRUNCAT{ON{CQEFF}CIENT« . 2+119937780-02

L =4¢596266377374830640~ -01
=2+53570924529393850~01"

-h.59626637797k6hk00°01
2.80765486282524050-08

~3.85672599269094910-01

-6.00000000000404950=-01

e A SN v ——— e s iy

ER I (]

et b . g et s e e e e e e v e

4 e mea Wb s e el mme e e o ol e L PR s e et v e s e e e ————

HETA = B-SUB=-THETA =

L et

-0 ; 9 -0,

e St et e 5

i s e n e aa et e < e

TR TR S i e M e et e et e e -t oy oo+ o

- mets LS et e o res it e Cmm v sm————

)

I AR R e S e e e, 4 s e e e



‘ﬁPUT”’

METHOD W(.7)

QTEP NUHBER K=
"METHOD CLASS  J = - 2

NUMBER .OF PREDETERMINE. PARAMETERS NP = -7
NP IS RESET TQ K=2 =

T T———

B=TH PRELIMINARY ROOT IS 7.00000000000000000-01 1.,15000000000000000+02
o B=TH PRELIMINARY ROOT ‘IS '7.00000000000000000-01  1,40000000000000000¢02
’ 7=TH PRELIMINARY ROOT IS .7.00000000000000000-01 1. 65000000000000000¢02
L . . t
NUMBER OF ARBITRARY PARAMETERS ~NA = -0 - )
"THETA IS AN APBITRARY PARAMETER WHOSE VALUES STEP ] )
FROM <B. T0 =0 BY =0,
h-SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
. 0 '0- BY -0,

frot b e

11

KR==INPUT NP = 7e

1-TH PRELIMINARY
2. 2=TH PRELIMINARY
3-TH PRELIMINARY
=TH PRELIMINARY

‘ROOT IS

ROOT IS
ROOT IS
ROOTTIS

i3
[P . W

"ORDER 12

9
1,000000005 uOOﬂOUUD*DO
1,00000000000060000+00
- =7.0000000000000000D-01
7+00000000000000000=-01

-0
-0,
'00

779, 00000000006000006+01

) rRoM "Do
X

. METHOD IS stasLe

XXXXXXKXXKXXKXXK X KRKXKKX KRN X XXX XX XX XNK XK X KX X RN KXUREXKK KKK X XXX KX XX KX KN XX XXX XXX KXXXKX XXHX K

COEFFICIENTS ARE

S N S o

-1.00000000003000000000
2443853609988797540+¢00

*9,46231626135731980~01 "

5.37529672299700200-02

9.94459198893706900~01

ROOTS ARE

1.630000000000000060+00° "™

- *5499993999999270130-01
=53623107743039758D~ =01

=2,95832745284292330-01"
=2.95832745284581430~01
-6476148062859368560~01

~THETA = -0

Toh(1530776854066770400

16=TH TRUNCATION=COEFFICIENT =
15-TH TRUNCATION~COEFFICIENT =
16-TH TRUNCATION-COEFFICIENT =

¥

-1.716“237056356#330000
1.6804304572233670D+00,
T=5.97393618075150870-01""

1.27341670443525830+00
9.02722669783095190+0§
%42268059523403521440-01

=5423531199647827470-01
2,10454844634364330-01

«2.253562568781045930~-01

3.42025033471196640+00

4+6655048282900124D-02

4 574465688B0026670+00

1.512754021657493530+00
=7.92837418177622430~01

TTe4,03536070000006000-02 T

7¢53347095040977627¢00

TT3,647172264001300800¢00

3.22465461012440200-03

o
0.

42 49951365813944390~ 01
TeB.34415468615069910-01
5 34415468614525360-01
1.81173389578942820~01

9,59999999999995220-01""" 0

=6+76148062859323000-01
__=5+36231077430398470-01
3.27559733996311020-08 -
342756427633479194D-08

3

STABLE

-1.81173385579639290~-01
=4e439513658139440€D=-01

=7.00000000000472450~01
6.99999999999999230~01

T 1.151018750-03
6.767955250-03
2.056574340-02

» B=SUB-THETA =

=G0




D e B VAP A S

METHOD W(.8)

YINPUT

S £0.. NUHBER K. .= 11

ORDER 12

At e o N wrerims o i e i

T METHOD CLASS g = 2 :
: 'NUMBER OF PREDETERMINE PARAMETERS NP = -7
“_m_“_m_~KR--INPUT NP = 7, NP ISRESET T0 K=2 = 9

1=TH PRELIMINARY ROOT IS 1,00000000000000000+00

. 2=-TH PRELININARY RGOT IS 1.0000000000000800D+00

- L . 3=TH PRELIMINARY ROOT IS __=-8.00600000060060000-01

©] 4=TH PRELIMINARY ROOT IS 8.0000000000063000D~01

' S=TH PRELIMINARY ROOT IS 8.00000000060000000-01
i b B=TH PRELIMINARY ROOT IS '8.00000000060000000-01

; v 7-TH PRELIMINARY ROOT IS 8.00000000000003000~01

-0,
-0,
-0.

9. 00000000000000000001
1,1500000000000000D¢02

1,40000000000000000¢02

1.65000000000800000+02

————

I NUHEER aoF ARBITRARV PARAMETERS NA: -0
L THETA IS AN ARBITRARY PARAMETER HHOSE VALUES 'STEP

P -

FROH ‘0. T0 - ‘0. 334 -0
_"_w,ﬁ___B°SUB~THETA IS AN, ARBITRARV_PARAHETER SHHOSE VALUES STEP —
FRO" 0. T0 - =0 BY -0,
,Lm*_;m_*&xxxxxxxxXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX e ‘?J'”"*“““
g SR i ' L g
33 ) G R a)
et e L —
] . . °1.00ﬁ06"00000000000#00 -2.2573#137766953520000 «1.59126481770682550+00 9462326651799536350~01
q di ol 3423795740158646170400 3, 3564319940729791 0400 —.1252366927162981690400 _=5.84402140361151900-01 e e
D : -1.77282572851c?1560000 1. 33003693581038090¢00 ~6.22296590528185150-01" <1, 34217728000000000~-01
1
%]_‘ ,,,,,,,, 5¢32156615015148050-02  1,30818813388225190400_ 4. 0718327 1376236240400 . 9.65308098766960080+00 _ )
ﬁ C 1e17154975452919630401 1. 43702131270282120¢01 9, 90408812010234390+00 7+.17794395389458915+00
d ) 2.9241413718542360D400 1. 04686375617253980+00 1.82382697433838520-01 7.95002609569667450~03
_METHOD IS STABLE STABLE

L

koots ARE

T T T 1,00000000000000000400 g, T ne e
-7.999999996895139310-01 = Q.-

=6412435517063311520-01 5, 14230132358793590-01

=3,38094566039191800-01 ~7.25046249845794190=01 "

=3.368094566039521630-01  7,25046249845171850-01

! =7e72740643267849780-01 2,07055302375334650-01
14=TH TRUNCATION~COEFFICIENT 1.185404240-03
15-TH TRUNCATION-COEFFICIENT 6.921369060-03

. 16-TH TRUNCATION-COEFFICIENT = _ 2.080115500-02

gullu

C{THETA = =0 y 8=SUB-THETA =

7778,99993999999822090-01""
«7.72740643267848950~01
_76412835517063312530-01

3.7435395171001974D-03
3.74359172954 04801008 -

o . - - PRPRON e e v o

0.
=2.070553023759470¢0-01
°5+14230132358793210-01
~8.00000000000539940-01
7.99999999999999120-01




T 'INPU‘"’ R

e i g o

METOD RW(.2)

. STEP NUMBER K = AL ORDIR 12
) M:THOD CLASS © 9 =, -2
NUMBER OF PREDETERMINE PARAMETERS NP = -7
KR==INPUT NP = Te NP IS RESET TQ Ke2 = 9

1-TH PRELIMINARY ROOT IS 1.00000000030006000%00 <9,
- 2-TH PRELIMINARY ROOT IS 1.000060000000000000400 =0,
o 3=TH PRELIMINARY ROOT IS _ =2,00000000000000000-01 =0,
. - 4-TH PRELIMINARY ROOT IS 2.00000000000000000-01 " 1,40030000006005606552
. ~5=TH PRELIMINARY ROOT IS ~ 2.0000000000000000D0-01 1.50000000000000600+02
.| .. B-TH PRELIMINARY RGOT IS __ 2.00000000000000000-01 _1,6000000000000000D+02
o ~ 7-TH PRELIMINARY ROOT ‘IS z.oaoocuoauonouoouu-oi 1. 70000000000000000«02 i
JUMBER OF ARBITRARY PARAMETERS NA = =g . B
" THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP ,
FROM =0, 0 -0, BY ~-0. : .
e B=SUB-THZTA IS AN ARBITRARY PARAMETER. WHOSE VALUES STEP ‘
‘ FROM -0, 10 8Y =0 , _
«_~4_g;“‘“xxxxxxxxxxxgggxgxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx - :
RELEN.L.3, XX IXXXRXXXKXKXXXXXXXKXXKXX X XXX XXX XEXXXXXXNXXXXX : —ro
- COEFFICIENTS ARE o e et ot 0
~1,00000000000000000+00 3, 7737196355%3“35#0-01 1.04397059238970630400  2.47502172967356510-01
..72.92079237380222620-01 _ -2,52225283469570930-01 _=9,76546620529313700-02 =2.30004 113417 205660-02
| 3.51147294406707800-03 23,4 3364076 027505310-04" =1, 97456388665 0k 030° 05— =5.12000000000000000-07
5.65254249465910690~02 1. 12507029472856300+00 1,07756353006852650¢00 2.09906570152932540400
 T8.17558374986565100-01" 1.71794327432256790¢00 1126344461941 265490F 01— 7489644455526968420-01 -
ToeB1857785034393640~01  1.01396165287673770-01 =1,82230806674563530-02  1.50461411608505050-03
METHOO IS STABLE

THETA =

ROOTS . ARE

‘

[ 1.0000000000000000D%00 ~ 0

*=1499999999999668210-01
_=1.87938518466586330~01

=1.53208879265828170-01"

*1.87938518464158300-01
°1.53208879°65828170 =01

14=TH TRUNCATION-COEFFICIENT =
15=TH TRUNCATION-COEFFICIENT
A;,éﬁffﬂ.TRUNC“‘IQE:CQﬁfEIQEENT

=0

BT AN

RN S —

0.
.-6.8h0h0k42999110600 -02
=1.26557533089693350=01

6484060442855722930-02

1.285575330896398350~04

— e = na i e

'97999999999999838905 01 g, T

=1.90961547532675850=-01"
_=173205072957737770-01
TTe1.9696154753268124D-01
=1.73205072957737770-01

b heaa ko e

STABLE

s

=3.4729652942886353D-02
=1.,0000001350852272D-01

3.47296529428961540~02
1.00060013508522780~-01

1.36343316D-03

___2.445557590=72

= 8.059879380 -03

y B-SUB-THETA =




\z

METHOD RW(.3)
INPUT X
S 'STEP NUMBER “K.=_ _ . 1% _ . ORDER 12
HETHOD. CLASS J 2
NUMBER OF PREDETERMINh PARAMETERS NP = -7
.__;__;wwxa--INPUT NP = 7. . NP-IS RESET.TO Ke2.=. .9 _ .

{=TH PRELIMINARY ROOT IS 1,0000000000000000D400 -0,
2-TH PRELIMINARY ROOT IS 1.00000000000000000¢00 <=0, :
.. 3=TH PRELIMINARY ROOT IS __ =-3.00000000000000000-0% =0, __ .
" 4=TH PRELTIHMINARY ROOT IS 3.00000000000000000-01 1. kODDDOUOUOOOUDOODODZ
.. 5=TH PRELIMINARY ROOT. IS 3.00000000000000000-01 1.5000000000000000D402
- &~TH PRELIMINARY ROOT IS_. _ 3.00000000000000000=-04___ 1,60000000000000000¢02_

[RREONET NSV ARPIE -

T=TH PRELIMINARY ‘ROOT IS 3.,0000HG00000000000-01 1.,700000006000000000+02:

Aesphisor Byt UL

»f~“___NUHBLR OF ARBITRARY PARAMETERS NA = =0
(THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP - ‘
FROM . =0, T0  =0. 8Y =0, .
. 'B=SUB=THETA_IS. AN ARBITRARY‘PARAHETER WHOSE VALUES_STEP
FROM  ~0. 0 -0, 8Y =0,
____,,_mxxxxxxxxxxxxxxxxxx5xxxxxx&xxxxxxxxxxxxxxxxxxxxxxx!axsxxxxxxxxxzrxx XXXXAXXXXXHNAXAXAXKXXXXXKX X KXKKXX, -5
‘ . N ’ )
o VBOEFFECIENTS ARE i s it e e oot o = oot 1 o e S < R
+1,00000000000000000400 ~4.33942054668484690-01  1.16499177820835450400 1,17485507097181920+00
1 1.02976738015366800-01 =4.57207329665166920-01_ =3.563761065124364960-01 =-1.45962502614109520-00
T +3.59149098867279260~ 02 T e5.52310510993053890-03 ~4.92937127355937600-04 =1.96830000000000000-05
o .l 5.53353000810642380~ 02 1.18492547062191540400___ 1,9256762896119777D+400  3.42407016244527650+00 _ R i
5.46533631142077660-01  2.22720385238873540400 =B8.9868688356589236140-01 7.73997461102482350-01"
«3.03047858206539470-01  9.34126477801766190-02 =1.65967774757579840-02 1.37608181855947030~03
e METHOOD: IS STABLE e e e — e e STABLE
'ROOTS ARE
T 71,00000000000000000¢007 0, T T T T T T TG0 99999999996 84870001 04 o T
 =2499999999965138100-01 0., “2.95442321299013770-01 =5.20944794143325420-02

| =2.8190777769987950D-01  ~1,02606066449866530-01 _=2,59807609436606650-01 _=1,50000020262784160-08
 =2429813318893742250-01" -1,92836299634567530-01 ~2.95442321299021870-01  5.20944794143442310-02

~2.8190777769523746D-01  1.02606066428358440-01 =-2.59807609436606650-01 1.50080020262784170-01

| -2.2981331£898742250-01  1,92835299634547530-01 L B o 3

“14=TH TRUNCATION-COEFFICIENT 1,253572900-03

15-TH TRUNCATION-COEFFICIENT 7.416503780-03

Lo b 16=TH TRUNCATION=COEFFICIENT =  24252283060=02 . i e s ot e oo v o e e e
THETA = -0 s BeSUB=-THETA = =0,

T

eeepeire e eberar st | 41 oane 28 v e 40 5 43 e 412 e 4 S 0 < < 9 | e el o e it . ¢ e atte o ot e v r 2 = 2 b rmnm & o A 8 o e 1 e ¢ 2 S

k)

&

W ...’4. . vty < rrie e - P - ' - — - e ._(.‘. .‘;- e . b et v - ot




AT R METHOD RW(.4)
: "‘INPUY‘ ,
L STEP NUWBER K= 1p  ORDER 12
T T METHOD CLASS g
. : ‘NUHBER OF PREDET:RHINE PARAMETERS NP = =7
) H“‘KR'-INPUT = LT NP IS RESET JO K=2 = 9
";b: | 1=TH PQELIHINARY ROOT IS 1'00000000000000000§00 “0
L : g1 2=TH PRELIMINARY ROOT IS 1.00000000000000000¢00 =0,
w1l 3-TH PRELIMINARY ROOT IS __-4,00000000000000000=01 =0,
i - B TH PRELIHINARY‘ROOT 1S h.DGOOOUUOUUOUDOUUU -01 1'“0000000000000000’02,
. . 5 ~TH ‘PRELIMINARY ROOT IS 4,00000000000000000~01 1.,500000000000000004+02
Lo H=TH PRELIHINARY‘ROOT I8 h.UﬂOOUUUﬂUUDOUUUOD‘Oii _1. 60000000000000000902
TVA o “T=TH PRELIMINARY ROOT IS - ».,00000000000000000-01 1 70000000000000000002
# NUHBER OF ARBI!RARY PARAHET:RS NA = ‘0
ﬂNETA IS AN ARBITRAPY PARAFETER WHOSE VALUES STEP
FREH =0, 10 -0, 8Y -0, ,
L b'SUB‘THETA IS AN ARBITRARY PAPAHEYER NHDSE VALUES STEP -
: FROH 'Uo 10 “0. [:3 4 -0 :

PR

‘LXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXX

g - N
'__A_;__MCOEFFICIENTS ARE ] N
COEFFICIENTS ARE . . I _ _— e )
} - =1.00000000000000000+00 =1, 24525607269131290+00  6.8537022377619944D-01  2.10550175839993600¢00
r1~;-;;__~s 1.22310594236451680¢00 _-2:74239355005985090-01 =7,70770497026634620~01 _=5.0030698308188496D=01
=1479517385801316030~01 =3, 86327421816955520-02 =i, 7927395498 2512740-03 =2, 62144 000000000 000-04
1. ‘_-Vu;5.62393011186597500-02”M"1.2%279695058055#8G{Q§ 2.82394312761168060+00 _ 5.36388536935315030¢00
& R— 3.022530046998098504060 "7 3,79474527152663310400 =24 068272564308686990~03 " 9.567764 2657 1252765004
7l =2.22937115967239200-01  9.2974833497961474D=02 ~1.47046707869511020-02  1.274215690159% 0000-03
____METHOD IS STABLE : STABLE

ROOTS ARE

9.999999998626236L0<01 0
=3.9392309506540036D-01 <=6.94593058863319680-02
| =3.,464101459156475530-01 =2.00000027017045550~01

"1.00000000000000000+00°" 93
-3.99999999999745250-01 0.

1 =3.75877036933172660~01_ ~1.36800083599822120=01
g =3.06417758531656340~01" =2.5711506561793967 1001 =
=3.75877036925316610-01  1,36808088571144590-01
=3.06417756531656340-01  2.57115066179396710-01

=3.93923095065362490-01 6. '94593058857923080-02
~3.46410145915475530-01 2.00000027017045550-01

““““ 14=~TH TRUNCATION-COEFFICIENT = " 1,15774Ch4G<03
15=TH TRUNCATION-COEFFICIENT 6.854517290-03
2.083224590~-02

16-TH TRUNCATION-COEFFICIENT

s s e

THETA = -g, ’
.RUN_COMPLETED

B-SUB-THETA = =g,




1134y

3

ki

INPUT

STEP NUMBER K=
| METHOD CLASS J = '
" NUMBER OF PREDETERMINE PARAMETERS NP = ot 4

NP IS RESET TO K-2 = 13

1=-TH
2=TH
3= TH
L=TH
S«TH
“B=TH

7=TH

NUﬁB:R OF ARBITRARY PARAHCTnRS

 KR==INPUT NP = . 7,
i PRELIMINARY'
PRELIMINARY

PRELIMINARY
PRELIMINARY
PRELIMINARY
PRELIMINARY
PRELIMINARY

12

2

ROOT
RQOT
ROOT
ROOT

RoOgT

ROOT

ROOT I

I3 1.0000002000007000D¢00
IS 1.00000C0G00330000D+00
Is 1.00000G600GC0030000-01
Is 1.00000000000003000=-01
IS 1.0000030C009000000-01
IS~ 1,00000C00c000200C0-01
Is 1.000000000060000000~-01

NA = -0

“THETA IS AN ﬂRBlTPARY PARAMZITER WHOSE VALUES STEP
FROM =0,

B=SUB~THETA IS AN ARAGBITRARY . PARAMETER WHOSE VALUES-STEP

_ FROM -0,

, COEFFICIENTS ARE

&.

s’ f o o

T0 =0=

T0 -0

-0,
0.

9,%0000000000000000+01

1.08000060000020000D+802
1.26000000000000000+02 .
1,44000000030030020+02
1.,6200000000000000D+02

BY =0

BY =8

METOD W(.l)

ORDER 13

'XXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

; -1.6€000000000000000’00
=GB TTIIEE7667294570-02
" =3.68746361283T716E00-05

"=1.00000000000030000~-10

5.67621573080203030~-02
~2431901675629160370+00
C=1415333991442669530+00
‘1.53907?55519%37600 ~02

METHND ‘IS STABLE

‘ROOTS ARE

: 1.03000763203939010400

=1e30499871741674490-01 "

=1,9856501644711424580=-02
~1.17619209331637530~01

e7.4535L309285549340=02

1.15620374677277970-02

15=TH TRUNCATION-COEFFICIENT =
16-TH TRUNCATION=COEFFICIENT
17=-TH TRUNCATION-COEFFICIENT

CTHETA = -0,

0

1.46062608931802437D+00
~2412950649847090460-02
-2.63622273651052910-16

1.05939579870158290+00
3.0003309697766689D+¢00
%.54301406398303210-01

0.

0. ,
1.17027862979663540-31
6.5719970612348790D0-02
~1.07926778C76746260=01
~9.365286259£9266020-02
1.391446680-03
8,918837830D-03
2.928683470-02

y B-SUB-THETA =

-8,842954L27549376220-02
=3.34083197788387920-03
-1.40652254258055100~-07

=7.9443561606243984D~-02
~2.39384715507848410D+00
-1,22358996233349690~01

9.9999236741012959D0~01
1.15820374656376370~02
=7.453543592868409C0-02
=1.17619209331653500-01
-1.,98650144711383000~-02

-2,58348279013163170-01
=3.98131957949817810-04
~5,11375106819756300-09

1.57837585681756840+00C
241169189464277423D+00
2.018290882665699€0-02

.

9.365286260108C4680-02

1.07926778076746110=-01
-6,571937061284059€0-02
=1.170276862979646300~01

2e~2c

STABLE



11248

R WA

C el

i R P

METHOD W(.2)
ORDER 13

R N g oS o S B

L B R e e e PSRRI —
_INPUT o .
STEP MUMBER K = 12
METHOD CLASS 4 ?
NUMBER. OF PREOETERHIN‘ PAREMETERS NP = -7
KR==INPUT tp = 7. NP IS RESET TO K=2 = 10 :
1-TH PRELIMINARY ROOT IS 1.000000000600030000+00 -0,
: 2-TH PRELIMINARY ROOT IS. 1.00000C000C0000000400 ~0, - .
: 3-TH PRELIMIMARY ROOT IS 2.00020000000000000-01 9.00000030000000000¢01
' 4=TH PRELIMINARY ROOT IS 2,00000CC0000000000-01 © 1,0800600000000000D+02
i~ 5=TH PRELIMINARY ROOT IS 2.0000060CC00006000-02  1,26000000000000000+02
. 6-TH PRELIMINARY ROOT IS  2,00000000000690000-01 1.44000000000000000+62
' 7-TH PRELIMINARY ROOT Is 2.00000600000000069D-01  1,6200000000000008D¢02

T e

T

e NUHGER OF ARBITRARY PARAHCTERS
THETA IS AN ARBITRARY

NA = -0

PARAMETER WHOSE VALUES STEP
TO

By =0

FROM =0, -0.
. B=SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
FROH -0, T0 =0 BY 0.

XXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

COEFFICIENTS ARE

-1.00000ﬂ00000000000000

" =240354005525118570D-01
| =2401354485770193330<03

=1<02400000000500000~07

5459731531436545970~02
1495197 159924086830+00
=1.08510113732016660+00
=1445160794530299170-03

HETHOD IS sSTABLE

ROOTS ARE

s

THETA =

1.C30009§0&00000000*00
- =1417557039858291760-01
=149021129305327946D=01

=1.17557039858473110-01
943538907904 3952930=~(9
“6418033841938374830=52

15=TH TRUNCATION-COEFFICIEN
16-TH TRUNCATION- COEFFICIENT
17=-TH TRUNCATION-COEFFICIENT

=0

9.37249786360487390-01
~1.13745618715917600-01
~3.00774973066492330-04

1.09955674140453010+00
2.88558565362725970+00
4e27962501979127930-01

0.
1.61803406576487220-01

60 180361LE966421620202

=1.618034C6576456000=01
~2.,06000000000132530=01

.90211306729530730 -01
1.317499920-03
8.448959160-03
2.775830890-02

» B-SUB-THETA =

5420781401704224300-01
=4.01255136897832610-02
~343363136543144954D=05

be34967712792661430-01
=2470029347999597620+00
=1.1530781706591294D~01

9.43999999999820770~-01..

«1.618033900733064710-01

~*1+6180339007327699D-01

~641803388193867724D-02
=1.9021129805327944D-01
9435897932384611940-09

=8.79736423623693428D-02
=1.0296056854612244D-02
~2,51584054691715220~-06

1,92565398190556050¢00
1.99418601849060050¢00
1.90294113105565570-02

0.

1.175570625732C47€0-01
=1,17557062573011610-01
=~1.902113067295181¢0~-01
~6¢18034148966421350~02

1.99999999999999780-01

ge—2e



‘113as

©INPUT

METHOD W(.3)

ORDER 13

i

COEFFICLENTS ARE
 -1.0000030060050000D+00

=1.21631764793860190-01
=149209%3791363990740-02
=5+9049700000C900000~06

5.52311035301332550=02
=1.26574222313145790+00

"j =14 04706775739779890+00

=1.37282224971766050~032

. HETHOD IS STABLE

' ROOTS ARE

i.UUUOOUUOOQBGUOPGD*UO

T=2485316947079919170~01

=1.76335559737433690~01
1,L038981736487648D-08
~1.76335559787438150-01
1.%0384737540611320-6%

15-TH TRUNCATION=-COEFFICIENT =
16=-TH TRUNCATION-COEFFICIENT
i7-TH TRUNCATION-COEFFICIENT

CTHETA = «g,

4. 05874679543731090-01
~24168756620259520660-01
-4,53586800449796760-03

1,13367422465517960+00
3.00614125805609390+00

4%.05581708054380290~01

0.

=9, 27051223449632330~02
-2.427051098664729370-01
'=3.,00000000000759150~G1

2,4270510985473035D~-01

3.000€0000000000400-01
1.250639200-03
8.023839400=~-03
2.637396300=-02

"

y B-SUB-THETA =

STEP NUMBER K = 12 - .
METHOD-CLASS ~J = 2
NUMBER OF FRFDETERHIN° PARAHETERS NP = -?
KQ~-INPUT NP 7. NP IS RESET 70 K=2 = 113
L 1=TH PRELIMINARYwROOT IS: 1.000000000C0030000+00 =0,
'ﬁ -2=TH PRELIMINARY ROOT IS 1.00000000006000000400 ~0.
o 3=TH PRELIMINARY ROOT IS 3,0000006000C0G60000=-01 9. 00090000000000000001
Yoo obe=TH PRELIMINARY ROOT IS 3.00000C00000000000-01 1.08000000000000000+02
. 5=TH PRELIMINARY ROOT IS 3.00000C000000000G60~01 1.26000000000000000¢92
ot 6=TH PRELIHINARY ROOT IS 3.03000000600030000-01 1.,44000G60000000G00CD*02
. ‘¥=TH PRELIHINARV ROOT IS 3.0000000000003000D-01 1.62000000000000000+02
.. NUMBER OF ARBITRARY PARAMETERS NA = -0 .
~ THETA IS AN: ARBITRARY PARAMETER WHOSE VALULS STEP
FROM “0: T0 =0, BY =0
A=SU3-THETA IS AN AR%ITRARY PARAMETER NHOSE VALUES STEP
FRO" “0. T0 ~0. 8y -0

8.27632833363485770-51

=1,42563014826230000~01

~7.8861415715332267D~04

9,7555678193391964D=01
=2.4335001038157806D+00
~1.06833€693067443330~01

9+9999959999379468D-01
=~2.42705085109936990-01
=9.27050822907465420~-02
-2.42705085109891170-01
=94270508229118480560-02

~2.85316947079919170-01"

XXXXXKXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX*XXXXX

3.3512730011853754D-01
=6.10508661877578600-02

=9.27807622753326330~05

2456043743749141080+00
1,913890463648060530+00
1,80057523927036420~02

0.
=1.76335593959502030~01%
=2.853169600942121€D-01

1.76335593859524C60-01

2¢8531696009641437D-01

9.27051223449632320-02

e=2

STABLE



ti3as

i

3

1 .
~1npur o

_ STEP NUMBER K. 12 A
 METHOD CLASS 4 = 2
NUMBER OF FPREDETERMIME PARAMETERS NP = | =7
 KR==INPUT NP =  7i NP IS RESET TO K=2 % 10
" 1-TH PRELIMINARY ROOT IS 1,00000006C00000300+60
t 2=-TH PRELIMINARY ROOT IS  1,00600C00000000300+00
1 3-TH PRELIMINARY ROOT IS  4.00070000000003000=01
4-TH PRELIMINARY ROOT IS ~ 4,00000000C00700000-01
5<TH PPELIMINARY ROOT IS  4.,000006000060300000-01

'00

-0
9.0000000000000000D¢01

"1,08000000000000000+02
1.26000000000000000+02

v METHOD W(.4)

ORJER 13

6=TH PRELIMINARY ROOT
T=TH PRELIMINARY ROOT

IS 4.00000C0000000000D=-01
Is - k ¢oo00CC000000000D-02

NUHEER OF “ARBITRARY PARAMETERS NA = =0
THETA IS AN AQBITRADY PARAMETER WHOSE VALUES STEP
FROM = -0, T0 -0,

B=SUB=THETA IS AN ARBIVRARV PARAMETER WHOSE VALUES STEP

FROM =0

T0 =0

BY 0.
BY ’09

144400600000000000D¢02
1.62000000000000000¢02

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXIXXXXXXX*XXXXXXX

COEFFICIENTS ARE

i -

=4,060001900000600000¢00

;2¢45403745179302760=01
=8.8238987204214955D-02
=1 04857600000000090-04%

5.45310522044636080-<02
~G94167307241748216970-02
=9.15287380304538310-01
~1e29742955604713750-03

 METHOD IS STABLZ

ROOTS ARE

1.60000000000600000¢00
=3+8042259610658884D~01
=2+ 35114079716584920~01
1.87186423153176190<08
“2435114075716586200-01
1.23717961005414757D-08

15=TH TRUNCATION-COEFFICIENT =
16=TH TRUMCATION-COEFFICIENT
17-TH TRUNCATION~COEFFIGCIENT

THETA = -0,

=1,25500427279025210-01 ...

-1, 88591942796018950-01
-2.96362060049005150~02

1.17683711949780180+00
3.60159052504060480+00

3.9521857781446208D-01 -

0,
~1. 23606829793235710*01
~3.23606813152972500-01
=4.000G0006002012200-01
3.23606813152973860-01
4.0C00000000000C530-01
1.1£985083D0-03
7.6370453020-03
2451136736D-02

i

s B-SUB-THETA =

$.32120L752246846790-01
-2,80936914247980240~01
=7.22663819502352620-03

1.,54136462711082920¢00
-1,30554036889860340+00
-1.01§838%232?172k93-01

K

9.9999999997688558D-01

*3423606780146562650=01

=1,23606776387662060-01

~3.2360678014652156D~-01
=1.2360677638824641D-01
-3.3042259610655890D0-01

84.3495993847571358D-01
=1.9106920981467814D=-01
«1.18325276002158200~03

3449906519232286020+00
1.96711550123223850+00
1.72523091499358420~02

C.
-2.351161251“6002780-01
=3.80642261345894955D~-01

2.3511612514603208D-01

3.806226134618685620-01

1.23606829793284310-01

q¢=-c

STABLE

e e



1Tvas

1

INPUT

R RN P s

B B

STEP NUMBER K. =. 12

METHOD CLASS U = 2

HUMBER OF PREDETERMINE PARAMETERS NP = -7
KR==INBUT NP = 7+ NP IS RESET TO K-2 = 10

. 1-TH PRELIMINARY ROOT IS 1,000650C00000003000De0C
! 2~TH PRELIMINARY ROOT IS 1.000C0000C0009000D+00
: 3-TH PRELIMIMARY ROOT IS 5.,00000000000030000=01

i
4+
i
]
l

NUMBER OF ARBITRARY PARAMETERS NA = -0

e b P b L

-0,
-0
9.00006003000500000+01

et L e s st iy s M W e 2
* .

METHOD W(.5)
. ORDER 13

t=TH PRELIMINARY ROOT
S=TH PRELIMINARY ROOT
6=TH PRELIMINARY ROOT
T=TH PRELIMINARY ROOT

IS 5.00000C800290000C0-01
IS "5.030CC000000000000-01
Is 5.00000000060000000-01
IS 5.000G0C00000000000-01

" THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

U FROM b e :
P=SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

0. !

FROM -0

T0 -0

T0 'U‘l

N

BY -0,
BY -3

-1.0800000000000330D#02
1.26000600000000000D+02
1.44060000000000000+02
1.6200000000000000D+02

KRXUAAXXXXXXXKXXXXXXHXKXX KX XXX XXX XX KK KXHOOOCKK KXY XKXXKXKK XXXXKXXXKX XXX X XK X KK KX KOXXAXX XXX KNKXKX KK

- COEFFICIENTS ARE

¥

L =94 T656250000562000D=-04

«1.30000000000009000¢30

8.91802750156995960=01
=2.566200035882597340-01

5.32684204831893670-02
1.74B834495672135720400
=6.70689622155869530-01

- =141921073823767756D-03

METHOD IS STABLE

- ROOTS ARE

© 1.02000000007600000¢00
~4e7552824513319863D-01

=2.933925996457 3115D-01
243359830#94 145511008
=2.93892593864573325D0-01
22397 4512567683700-¢8

15=-TH TRUNGATION=-COEFFICIENT =
16-TH TRUNGCATIOHN~COEFFICIENT =
17-TH TRUNCATION-COEFFICIENT =

THETA = =0,

=6.56375524098781510=-01
1.5598018523684531D0=01
-1.21%30836796155060f01

1.21412868131895390+00
5.01163199247920670+30
4.330799815357 0843061

0.
-1.54508537241605390~-01
-4 G4508516441215620-01
-5.000000000C1265250-01

LoDL50B51064L1217250=01

5.00000000000000660=-01
1.1338€7020-03
7+261002200-03

s B-SUB-THETA =

2.395387160-02

5.34257158336307350-01
=3.24976505764182570=01
-3.92743147314353590502

2413149828079616020+00
=7.65851273619854230=-01
-8449352406263904970-02

9.999939993999348420-01
=4.0450847518322231D-01
=1.54508470484577570-01
-4 ,04508475183151940-01
~1.,546508470465308010~01
~%475528245133198620-01

1.2355266628353148D¢00
~3.99407671737016200~-01
-8.4252950$50733653D-03

4.75728354561495770+00
243860127977262824D+00
1.78724252184715070-02

Y

0.
=2.9389265643250348D-01
=4,75528266823686940-01"

2.93892656432540100=-01

4.7552826682735728D-01

1.54504537241605350-01

g

9¢-2

w8

"STABLE



13343

B -

P D

[ P N

v ey )

DR A

iy b bovie

i
|
‘i
i
H
:

INPUT

NETHOD CLASS 2
- NUMBER ‘OF PREDETIRMINE PARAMETERS

_KR==INPUT NP = 7, NP IS RESET TO K-2 = 10 — .

! 1=TH PRELIMINARY ROOT IS 1.00000000000000000+06 <=0,

L. 2=TH.PRELIMINARY ROOT IS 1.0000000000000000D¢00 =0,

Fo 3-TH PRELIMINARY ROOT IS 6.00000000000000000-014  9,00300000000000000¢01

¢ BSTHOPRELIMINARY: RGOT IS 6.00000000000000000-01  1,08000000000000000+02

jo '5=TH PRELIMINARY ROCT IS 6.00000000000000000-01  1.26000000000000000+02

{ . 6-TH_PRELIMINARY ROOT IS 6,0000000000000000D-01 1.44000000000000000¢02
- T=TH PRELIMINARY ROOT IS 6.00000000000050000-01 1.6200000000000000D¢02

NUMBER OF " 'BITRARY PARAMETERS NaA = -1

THETA IS Ak "RBITRARY PARAMETER WHOSE VALUES STEP

FROM - =1, T0 -0 8Y -0,

B-SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP :

FRO" -0, R £ ~0. By -00

STEP NUMBER K = 12

B T S U R

METHOD W(.6) - -

ORDER .13 ., _.

J o=

I

b SR T ENO U

JXXXXXXXXXXXXXXXXXXYXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

YCOEFFICIENTS ARE

'

[

-1-00000000000000000400
1.70958554154209930+00

=5e¢GETHTTHTE95988240-01
~6e0LES1760000000000-03

5.32368246071915320-02

Le44001044350136340400
=1.08602591353597780~02
~8.8859871908973234D-04

Hzruao IS STABLE

‘ ROOTS ARE
1.n00000000000000u3+00‘

-5.70633896119916390 =01

=3.52671119574477380-01

2:80779634729754530-08
=3.52671219574376290-01
2.30756941503121991D~08

15=TH TRUNCATION-COEFFICIENT
16=TH TRUNCATION-COEFFICIENT
17=TH TRUNCATION-COEFFICIENT

THETA = -0,

~1.183250640918537 8000
9.66041739001252710-01
-3.66829942773246680-01

1.25065309163422640¢00
7.68417958063971590+00
6+34282003628512550~01

0.
1.85461024468868672D-01

4o 65410219729458740=01"

6.00000000001518300=-01
~4.85410219729460700-31
-6.00000000000000300=-01
1,079374600-03
6.236805650-03
2.283882390-02

1]

» B-SUB~THETA =

.

=645969948363132546D-02

=-3.5892699137107119D-02

=~1.52869619546280300-01

2+74496665411505340400
1.55224834052290160+00

- =24927457793999€67960-02

9+99999999999977580-~01

~4¢356410170219873970-01

T =1.85410164581493080-01

~4¢35410170219782330~01
~1.35410164582369610~-01
~5.70563389415983835D0-01

"05

f

1.3608316633034974D400
=5.8239457512758644D-01

~bke1457132684970306D-02

' 6.3508843195506108D¢00
3.64883565526550960+00
2+51231803338318860-02

0.

3.52671187719004170-01

5.70633920168424330-01
=3.52671187719048120~01
=5.70633920192828730~-01
=1,85410244689926460-01

TLETHEET T 0 am e s e

" STABLE




11348

i

P e

s o e

~INPUT

STEP NUMBER K = 
METHOD CLASS J = 2
NUMBER OF PREDETEZRMINE PARAMETERS NP = =7

12

-+ -MBPIOD- V(T )~
_ORDER 13

lv‘\—‘—v T P

‘YKR-*INPUT NP = 7« NP IS RESET %0 K=2 = .10 e e el e © e e
, “1=TH PREUIMINARY ROOT IS 1.00000000000000000+00 =0, o - '
g o 2=TH PRELIMINARY ROQT IS 1.0000000000000000D+00 =0, '
o 3-TH PPELIMINARY-ROCT IS 7.00000000000000000-01 9.00000000000000000001 N
' 4=TH PRELIMINARY ROOT IS ~7.00000900000000000-01  1,0808000000000000D¢02
5=TH PRELIMINARY ROOT IS 7.00000000000000000-01  1,26000000000000000¢02
6«TH PRELIMINARY ROOT IS 7.006000000G000000D~014 1.4L4000000000000000+02 : .
7~TH PRSLIMINARY ROOT IS 7.00000000000000000-01 1.62060000000000000¢02
NUMEER OF ARBITRARY PARAﬂtT:?S NA = -0 , , o i
THETA IS AN ARBITPARY PARAM:YER WHOSE VALUES STEP R ,
FROM  <p, T0 -0, BY -0, . S
B=SUS=-THETA IS AN ARBITRARY PARAHtTER WHOSE VALUES STEP . L
FROM ad /1N . T0 ‘Do s ) BY -0

) 'XXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

‘coarFxcxcnrs ARE

; —1-00000000000000000+OU
1 2448d55642655257990¢00
-1-0508#585302788800*00
=2.82475249000000000-02

5.26215060363809600-02

C 0 Be17138780954571310+00

1.637242467456529420+00.

2059483673999671700~04

METHOD IS STABLE

ROOTS ARE

1,00000000000000000+00

=6.65739543156478060-01

ehe $1649639504023€1D-01

. 342757624051804151D-08

: -u.11u49619)u+a?23u0 -G1
b 3.27564317594756260-08

*1¢71962574773829440+00
2431687945611662090+900
~8.0705933945534025D0-01

1.,28662215110142380+00
142189439035563833D+01
. 1429621173329556350400

g.
«2.16311952138247520-01

=566311923017701870~01-

~7.00000000001771350~01
5.66311923017704150-01
7,00000000000000930=-01

-

=9.68556567851472890-01

. 9¢10921283688209630-01
-h.709106?1138733750-01

343801533367459571D+00
5487954762019305630¢00

1455490024577589300-01

9,99599999999885390-01
=5.,66311865256519636-01

-=2+16311858678408600~-01

=5.6631186525641272D-01
-2.163116856679431210-~01
-6.65739543186478070-01

1.03487962998641.40+00
~4.63056889830224130=-01
=1.57933972501874660~-01

8.29768198243922450+00
6062411176555180750+400
547698226050484721D-02

0.

“4,11449719005504870-01

“646573957355316171D-01
4.11449719005556150=-01

6.6573957355830019D-01

2¢16311952138247540-01

"0 16=TH TRUNGATION=-COZFFICIENT

THETA =

15~TH TRUNCATION-COEFFICIENT 1.,01494050D0-03
6454042517D~-03
241£8324080-02

Huu

17=-TH TRUNCATIOM~COEFFICIENT

-0, » B-SUB-THETA = =g,

'B8¢=2C

STABLE




’Nunasp OF ARBITRARY PARAME TERS

$.00000000000000000~-01

NA = =g

‘gﬁ'g
.F = ‘ )
| '; f y R
E'} e
neur - e eete—cees coNRIHOD W(LB) <o
oo ... STEP NUMSER K = 12 e i ORDERAB e T
METHOD CLASS ™~ J = 2 _ S 3 > , B
NUMBER OF PREDETZRMINE PARAMETERS NP = <7 : - ) B |
o 5 KR=‘INPUT NP = 7+« NP IS RESET TQ0 K=2 = 10 ) o - e e e e e B L
) 1=-TH PRELIMINARY ROOT 1S i.00000000000050000¢00 =0, o ‘ . Lo
©,  2-TH PRELIMINARY ROOT IS ~ 1.00000000000000000400 =0, ;
.1 . 3+<TH PRELIMINARY ROOT IS 8.,00000000000000000-04 9.00000000000000000+01 L
1 4=TH PRELIMINARY ROOT IS  8.00000000000000000-01  1.06000000000000000+02
5=TH PRELIMINARY ROOT IS 8.00000600000000000~-01 1.26000000000600000+02
6-TH PRCLIWINARY ROOT IS ~ 8.00000000000000000-01  1,44000000000000000¢02
7=TH PRELIHINARV ROGT IS 1.62000000000000000¢02

L
v

THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP B : LT

_poerrrc15~rs ARE

:
i

-ia00O00300000000000000
2.91630372872059200+00

~1,39806685+36098550+00

-1;&737#152500000000-01

5.19812970093145410=02
1. 31192533033165110+01
5¢33814567254903070400
4427295171036276950~03

 HETHOD IS STABLE

‘;Roors ARE

4

v

3

"THETA =

v
x
v
3

S g e B T R e T B SR L L L A

1.60000600000000000+00

-7.608645192213117730~-01"

4, 70228159433159840~01
3.74372346306332640-08

fo=be70228153L633168390~01

3,74359220108292730-08

15=TH TRUNCATION-COEFFICIENT
16=TH TRUNCATION=-COEFFICIENT
17=-TH TRUNGATION- COEFFICIENT

=0,

]
I3
#

=2, 25100065#558050“0000
%.13023939551685880+400
~1.79195863741848070+00

1.322539149669689230+00
1.,92692356491414600+01

3.08595780527128960¢00 '

0.
~2.4721365955656891D~ 01
~6s4721362630594499D-01
-8.00000000002024400~-01

6.47213026305947590-~01
- 8.00000000000001060~-01
9.043652590-04
5.889959350~-03
1.960542980-02

II [ 1]

y B-SUB-~THETA =

IR AT IR T R e LT et 15 ) e oo

-

=2417350270012871370+00

T 2e87252444712838900+00
~1.21735041919497270+00

4.0333856282495606D+00
1.33407271059688010+01

9.999%9999993714230-01

-6.47213560293165300=-01 "

=2447213552775324110~-01
-6.47213560293043110-01
=2.47213552776492820-~01
~7.60845192213117800~-01

6495150566326740820-01

FROM =0, T0 - =0, BY =0
"~ B=SUB~THETA IS AN ARBITRARY PARBMETER WHOSE VALUES STEP . e S T
FRGM “0. : T0 -0, BY =0 ;

‘XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXX XXXAXXXX

8.16732529902308180=-02
4.3586408443618241D-01
=4.98451230731049960-01

1,0622832673731594D¢01
1.27683067282623070¢01
1.72079166600661570=01

0.
-4.7022825029200556D0-01
=7.60845226917699100-01

4.70228250292064170-01

7.608452326923771650-01

2.47213659586568620-01

S 3,"7.7’?"'7::'-""'"'"".3 R e

ae~2¢




o T e e e

SR N

o
.

o

“NUMBER OF ARBITRARY PARANETERS

1.0000000C00000000D~01

NE = -0

THETA ' IS AN ARBITRARY PAPAH:TER WHOSE VALUES STEP

P =1417516211112912710-01

~6.25557150145335660-02

S e146138543095859916D-01

=1.7514124180728569D0-02

15=TH TRUNCATION=-COEFFICIENT =

1, 00#67309193781510-01

-1.0401436222902941D0=-01"

6.07092306980698390=02
-6.63018747352734240=02
1.338396630-03

=1,17516211112912700~01
=1.61385430853041470-01

- =6.2555715014888696D-02

~ ROOTS ARE" N ;
| 1.00000646605937940400 - 04 - - 9,99993513555311860-01 0., .
~1.77890558093916920-01 0. =1,75141261806366260-02  6.63016747349807260-02

-1.00462309193781510~01
-6.07092306983760120-02
1.04014362229029370-01

INPUT ’ o . METHOD RW(.1) .
1
STEP NUMBER K = 12 .
'METHOD CLASS 2 1 ORDER 13
- ‘NUMBER OF PREDET&RMINE PARAMETERS NP - =7 ;
‘,KR—-INPUT NP = 7. NP IS RESET TO K- 2 = 10 - ; !
1~-TH PRELIMINARY ROOT IS 1. 00000300000000000*00 =0 '
2=TH PRELIMINARY ROOT IS 1.000C0000000000000+00 =0, \
- 3=TH PRELIMINARY ROOT IS 1,000060C00000030000=-01 1.40000000000000000402 .
- 4=TH PRELIMINARY. RDOOT IS 1,00000600000500000-01 . 1.48000000000000000402
_-5=TH PRELIMIMARY ROOT IS 1.00000600000000000-01 - 1.56000000000000000+02
6=TH PRELIMINARY ROOT IS 1.00000600000000000-01 1.64000000000000000¢C2
(T=TH PQ:LIHINARY ROOT . IS 1.,72000000000000000¢#0C2

~FROM . =90, T0 =B CBY =0,
- B=SUB=THETA IS AN ARBITRARY PARAMETER WHGSE VALUES STEP :
FROM =0, 0 e BY =0, ) 1
'xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
;‘ R l ' : g - . e memim r'\)
COEFFICIENTS ARE . ’ o : ; ~ B 5
g =1.£000000000000CC0D#00 ~ 1.,10416647898220980400 4,213127685155826820~01 ~-2.468116122812553980-01
- =2.€0067005132934G80-01 =6,34566316308666880-02 =1.21330191552687930-02 =1.5567947243533907D=03-
. =1e38761524763188450-C ~8,567561376E7735640-06 «3.52537586459395700-07 =8.75833521017790160-09
1 =1,00000000080900000-10 :

5.62058767504202890-02 1,06727677151973620400  2,65249458565716550-01 1.73203282087185150+00
=2.13678974398360620400  2,68046071443606530400 =2,76439347781278380+00 2.02612216558622780¢00
-1.1045315909065%490400  4.35285954722958970-01 =1.17285227031978410-01 1,93524284131349140-02
~1.%7612929982956560~03 : ;

METHOD IS STABLE STABLE |

16=TH TRUNCATION-COEFFICIENT = B,5861855530-03
17-TH TRUNCATION~COEFFICIENT =  2,819004470-02 -
THETA = -1, -

‘ B-SUB-THETA = =0,
RUN COMPLETED :




‘19343

[RETN

"UTHETA =

CINPUT |

STEP NUMBER K 12-

METHOD CLASS J = 2

 NUMBER OF PREDETZRMINE PARAMETERS NP = =7
NP IS RESET TO K=2 = 10

' KR~-IN?UT NP ‘T

1
i
¥
v

1=TH PRELIMINARY
2-TH
© .3-TH
u=TH
5-TH
6-TH
7-TH

ROOT
“ROOT
RGCOT
ROOT
ROQT
ROOT
ROOT

PRELIMINARY
PRELIMINARY
PPELIMINARY
PRELIMINARY
PRELIMINARY
PRELIMINARY

.. NUMBER OF ARBITRARY PARAMETERS

1S 1.00000C00000000000+00 =0,
1S . 1.00000000000000000¢00 =0,
1S 2.00000000000000000-04 1,40000000000000000402

IS 2,00000000000003000-01
IS 2,00060000000000000-01
IS 2400000000000000000~01
IS~ 2.,00000000000000000-01

NA: = -0

THETA IS AN ARSITRARY FARAMITER WHOSE VALUES STEP

FROH =T 10 “De . BY -0,
B~SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
L FROM =0 i T0 ' BY =0,

COEFFICIENTS ARE

-METHND IS

=1,0000000000000000D+00

2,44710546639196250-01
=7476153372307035860-03
- =1.02400000000000000~07

5.,49323726451049760-02
=1.42440778152566518D¢00
=9.97339293327449610+-01
=1433959150539380530-03
STABLE

ROOTS ARE

A

PR chgiy

PRNRE

1.00000000000003000*00

i =1,98053611255057450~01

=1+8270908493%636170-01

L =1453208879265828370-01

=1,92252330L485744750-01
«1.6960961107565682D-01

15-TH TRUNCATION=-COEFFICIENT =
16=-TH TRUNCATION=-COEFFECIENT
17=TH TRUNCATION=COEFFICIENT

=0

=3.01144784860249100-01
=~1.,00527716719979350-03

1,15373294951743390+00
2.8L796948542841900+400
3-9&330?86915931999-01

0.
-2.7€346379033956410-02

C=8413073434348678350-02

-1.,28557533089698260-01
5.51274375569630360-02
1.05983665898373560-01

1.222433580-03

= T.84464371D~03

= 2.57910464D=-02

s  B-SUB-THETA =

2+0833295796L441968D-01 -

1410149170565521546D+00
-1.,42096616576891250-01
«8.57397545059342130~05

1.16304247629755340D400
=2.,4238717644283754D+00
-1,06292799922382310-01

9.99999939999929840~-01

=145225233453453964D-01
-1.69609611075655210-01

=1.98053611259080240-01

-1.8270908489805018D-01
=1.53203879265828170-01

-0,

‘ METHOD' RW(.2)"
~-+ORDER-13 -

1.48000000000000000+02
1.5600000000000000D+02
1.64300000000000000¢02
1.72000000000000000¢02

'

44272220865682971€0-01
-4, 0662816297131050D-02
-4.38186762761108560-06

2.63759179534801380+00
1.84238510532373040+400
1.7553420169860704D~02

0o
=5.512748759141691€D~02
~1.05963865896414840-01

'XXXXXXXXXXXXXXXXXXXX*XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX7

24783463790402974€D~02

8.'13473435408862220-02
1.,2855753308969635D~01

TV&Z:

Lo

T T

e e

STABLE




g e ettt 2w G e mh kew

TP

_ORDER 13

4

- INPUT
s STEP NUMBER X = 12 R
METHOD CLASS J = 2
- NUMBER OF PREDETERMINE PARAMETERS NP = =7
By KR==INPUT HP-= -~ 7, NP IS RESET TO K-2 = 10 R
- 1-TH PPEZLIMINARY ROOT IS  1.00000006000000000+400 -0,
. 2-TH PRELIMINAKY ROOT IS  1,00000000000000000¢00 -0, ’
somiee B0 3-TH PRELIMINARY ROOT IS 3.00000000000000000-01 1.40000000000000000%02
‘ 1 b-TH PRELIMINARY ROOT IS  3,00000000000070000-01 1.48000000000000000%02
: © 7 '5=TH PRELIMINARY ROOT™IS  3.00000000000000000-01 1.56000000000000000%02
Lo '6-TH PRELIMINARY ROOT IS  3.00000000000000000-01  1.64000000000000000+02
T 7-TH PRELIMINARY ROOT IS  3,00000000000000000-01 1.72000000000000000+02
.1 _ NUMBER OF ARBITRARY PARAMETERS NA = g _
SR THETA IS AN ARBITRARY PARAHETER WMOSE VALUES STEP
U FROM L =g, T T0 -0, BY  -0.
. B=SU3-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
FROM -0 TO -0 BY ’00

16349

£

t

- COEFFICIENTS ARE

=1.00000000000000000+00
4.16822599713631700-01

"'7.62002550828528960 =02

i
i

1
g
v
i

'-5.9Uk90000000000000 ~06

b.3766051§5575906h0‘02
6.63343708185548090-01
-8483145849132909170-01
~1.22276492524451000-03

- METHOD IS STaBLE

~ ROOTS ARE

'1.0000000000000000D+00

=2,7406362751379912D-01

=2.970804168884588810-01

™2.83378571730357480-01

V=2 54414416625855490-01
o =2e54414416611311900-01

|
|

CTHETA =

15=TH TRUNCATION-COEFFICIENT
16~=TH TRUNCATION=-COEFFICIENT
. 47=TH TRUNCATION=-COLFFICIENT

’Un‘

«6,8750056305337043D-01
~4+19917888375024430=01 -
-1.565613272“8839350—02

1.217776470704173320+00
3.63792665729443150400
3.62686742372082740~-01

0.

~4417519568557263030-02

8.26312313353369990-02

1.58975798850613050-01
-1.56975798852552660-01
1.122268170-03
7.207067610-03
2.371291150-02

sy B-SUB-THETA =

=1.220210151£81895460=01.

1.064181231418897750+00

=4.81386037830231910~-01

=2+08314535550418630-03

2,12347673379898170+00
~1,77050663729936220+00
~9,66141713589316280=02

9.9999999998284383D-01
=2.88378501730358280~01-

-2.9708041€568855652D~01
=2.7406362739526667D-01
=2:2981331889874225D-01
=2.29813318896742250-01

_XXXXXXXXXXXXXXXXXXXXXXXXXXXKXXY?YXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

1.46806194081695250400

=2443734900285741670-01
=1.64517111961931640-04

4.27178341626763530+00
1e79755145448535000+00

1.603098006905217SD-02

0.

~84+26912313353367550-02

44175195685589€£6300~02
1.22021015152456530-01
1.9283629963454754D-01
=1.92836299634547530-01

METHOD RW{.3)-. .

STASBLE




11348

ey

P

HUMBER OF PREDETERMINE PARAMETERS NP = =7
KR=-INPUT NP = 7. NP IS RESET TO K-2 = 10

1-TH PRELIMINARY ROOT IS 1.0000000000000000D+80
i 2-TH PRELIMINARY ROOT IS  '1.0000000000000000D+00
100 3-TH PRELIMINARY RUOT IS ¥,00000000006000000-01
{- w=TH PRELEMINARY ROOT IS 4,00000000000000000-0%
. 5=TH PRELIMINARY RCOT IS 4.000000000006030000-01
i '6=TH PRELIMINARY ROOT IS 4,00000006000000000-01
i T-TH PkEUIMINAPY ROOT IS 4.00000000000000000~-01

" NUMBER OF ARBITRARY PARAMETERS

K i

ey e e iy

L e s

CINPUT

STEP NMUMBER K =

METHOD CLASS J =

12

2

o B e T SRR -y

Y o ponem et

-0,

1.40000000000000000+02

1.48000000000000000¢02
1.56000000000000000402

‘4.72000000600000000¢02

1.64000000000000000¢02

-ORDER

10 -

NA = -0

"THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

fCOEFFICIENTS ARE

~1,00000000000000020+00

-~ 1495851196427077920+00 -
~3.625681890180545750-01
~1,04857600003000000~04

" 5426927693478301880~02

4413370730957756220+00

-6.50745307617876620-01

=1+41810437362039120~03

METHOD IS STABLE

'ROOTS ARE

x

THETA =

1,000000000000G0000+00

=3,96107222523110790~01-

=3.65418169861272340-01

. =3e06417758531656750-01

=Z.B4504668973489510~04

=3, 39219222151313¢e40-01
15=TH TRUNCATION=COEFFICIENT
16-TH TRUNCATION-COEFFICIENT
17=TH TRUNCATION-COEFFICIERT

-0.

RUN COMPLETED

Tc1.56333408407116060+00
1.60167637692558960-01
-1,06165221191704840-01

1.,27966183753809120+00
6.12893568900937440+00
3,61405597791170850~-01

g,

- =5.56692758118990330=-02

=1.6269+58686973577D=01
=2.571150661793956510-01

1.10254975113926070=-01

20119067731796747120~-01
1.03506138D0-03
6.651520420~03
20190013710-~02

1)

y B-SUB-THETA =

FROM  -0% 10 =0 BY
' B=SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP | A
FROM -0, o -0, BY -0,

2-“1000058066297290-01
~8.4966811118911682D=-01
=~1:96796465281976430~02

3.14368049023037430+00
=8.48421832063574430-02
«8.,5132L829385568446D-02

9.9999999999943034D-01

=3.34504669069079290-01- =1,102549751682833640-01

=3.39219222151310410-01
=3.96107222518160470-01
-3.65418169796100360~01
=3.06617758531656340-01

"hXXXXXYXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

72.316“627“060781120000

=7.72449931245382100-01
=2.1386586253368758D-03

6.685280432745436390¢00
242293031252563046D¢00
- 1.49322160771145260-02

0.

=2.11967731796829660~01
5.5669275808059497D0-02
1.6269468708177244D-01
2.57115066179396710-01

';"WMETHOD'RW(IE)““

!

STABLE

S P

*
.
i
[
®




i) ‘W:«m < et & CINSE S ERENY -
.
INPUT g
STEP NUMBER K = 12
"METHOD CLASS- g =- 2
" NUMBER : OF  PREDETERMINE PAQAHETERS NP = -8
KR==INPUT Mp = 8¢ NP IS RESET TO K=2 = 190
1=-TH PRELIMINARY ROOT IS 0. :
<1 2=TH PRELIMINARY. ROOT 1S 0.
; Yoo 3=TH PRCLIMINARY ROOT IS 1. oouuuoooooouuuooo+no
: 4=TH PRELIHINARY ROOT IS 1.000000/60000000000+00
K . 5=TH PRELIMINARY ROOT IS 3,00000000000000000-01
R . 6=TH PRELIMINARY ROOT IS = 3,00000000000000000-01
z e 7=TH PRELIMINARY ROOT IS 3,00000000000000000-01
o B a-TH-PPFLIHINARY ROQT IS \3 00000000000000000-0%

~ NUMBER OF ARBITRARY PARAMETERS

‘NA = -0

THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP
. FROM =0,

B~SUB=-THETA IS AN ARBITRARY PA

FRO" =D

TO0 : =04 . .
RAMETER WHOSE VALUES STEP
TO -0

-0.
-q.
L2/ %
=0
9. 00000000000000000001

©1.1500000000000000D+ 02

. 1.40000000000000000402 .

1.65000000000000000402

BY ) -0,
BY -0,

£

METHOD WA(.30
ORDER 13

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

COEFFICIENTS ARE

“frias

=1 00000000000000000000

4"2000656?“7593732650.01
2 i=543883684L289444335D0-03
=B

545645753656 8495700~02

. =1.70919183020172160+90
-+ =149571025583294093D¢00

=1e41645497483489950-83

METHOO IS STABLE
ROOTS: ARE

1.00000000000000000D400
=248977774122544367D-01
=229813318899742200-~01
1.403327431461233020-08
1.40384689857774750-08

15=TH TRUNCATION-COEFFICIENT
16-TH TRUNCATION=COEFFICIENT
17-TH TRUNCATION-COEFFICIENT

THETA = -1,

 7.0724698329892431D-01

~1.66123574923610200-01 -
- =8411196949175084180-04

1.11662326310679880400
2.8916144326407512D+400
bo1742337497328003D-01

0. -
-7 76%5738390975“890-02

'=1,9283629963654745D-01

~3.00000000000202480-04

2+99993399999999670=-01
1.287633250-03
8.259127200-03
2.714023610-02

noawu

v B-SUB~THETA =

6.95620560896644990=-01
=7.620138078208355890=02 .

=-6.5610000000000000D-05

6.65377704620375200-01
~2.6048521866609252D¢00
=1.1247896620425538D-01

9.99999999999960460-01
~2,29813318894741820-01
=1.26785462264696930-01
=1.,26785L6226482061D-01
=2489777741225443670-01

T.042862404267971430~-02
=2.4019309644068477D-02

-0

2.15949257032141800+00

1.949205765765517204+00--

1.8565%“%1563366810-?2

0.

1.92836299634547600-01
=2.71892343692172820-01

247189234369193944D-01
TeT645738330975494D-02

\‘Wr

yv-¢

STABLE




SEM'
‘ : / :
! .
. ! :
i : ; ! L
" INPUT : © METHOD WA(.5) L
.- STEP NUMBER " K = 12 . S
 METHOD CLASS g 2 : ORDER 13 ~
- NUMBER OF PREDETERﬂINE PARAMETERS NP. = =8 : .
~KR==INPUT NP = . 8, NP IS RESET TO K-2 = 10 o : :
1-TH PRELIMINARY ROOT IS 0. -0s ' ! -
2-TH PRELTMINARY ROOT 1S 8o ‘ -0, ' ; o
3-TH PRELIMINARY ROOT IS 1.00000000000000000+00 =0, ; 3
. 4=TH PRELIMINARY ROOT IS 1.00000000000000000400 =0, '
5~TH PRELIMINARY ROOT IS 5.00000000000000000-04  9.00000000000000000+01
'6=TH PRELIMINARY ROOT IS 5.00000000000000000-014 1.15000000000000000¢02 .
" 7-TH PRELIMINARY ROCT. ‘TS 5.00000000000000000-04 1.4000000000000000D#02
8-TH PRELIMINARY ROOT. IS 5.00000000000000005-61  1,6533000000000000D+02 -
! NUMBER OF ARBITRARY PARAMETERS NA = = =0 {
© . THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP ,
L FROM - =0, 0 -0. ‘ BY =0, i .
B-SUB-THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP '
FRO“ 0. T0 -0 8y =0 1

‘XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXfXXXXXﬁXXXXXXXXXXXW-—

Gh=2

EOEFFICIENTS ARE

13348

'1.00000000000000000000

2.,74452248482094700-01
~9.10693693568027250~02 .

L4

5.4491993714509680D0-02

| =3.603620193309385650-02
~9,26326398385194500-01.

=1429792444336612940~03

NETHOD IS STaOLE
ROOTS ARE

1‘00000000000ﬁ00000*ﬂ0

2+.3397123856880047D-08
2.3397448309628881D-08

15-TH TRUNCATION=-COEFFICIENT

‘-1.5use5361165u5°~90 01

~1.86913669778873190-01
~2456529431432571800=~02

141789427802523036D+00
3.61381480946305610+n7
3.87632854765471250-01

=4 ¢R2562902042406010- =017 =1,294095639286959090-01
- =3,0202219816457033D0-01

=3,21393832724245760-01
-5.,00000000000337460-01

4,99999999993999450-01
1.186442230-03

16-1H TRUNCATICN-COEFFICIENT = 7.61532967D0-03

17-TH TRUNCATICN=COEFFICIENT

THETA = -p,

2.50428525D-02

s B-SUB-THETA =

8437272632043845640=01 _

-3,011189438343938800-01
-3.30625000000000000-03

1.57191666375022150+080
~1.90540168611077850+00
-1,02725721723285070~01

9.99999999979490630-01
=3.8302219816456970D~-01
=241130919377449488D-01
=2411309103774701020-01
=4482962902042406110~01

8.6056563477352068D-01
~240684097801766464D-01
=0

3.54564508436223530¢00
1.9426716928050433D¢00
1.70001724471222370-02

v

0.
3.21393332724245990-01
=4.53153906153621370~01
4.,53153906153232400~01
1.29409563984959160~-01

¥

STABLE



? INPUT

. _ METHOD WB(.3)
STEP NUM3ER 'K = 12 ‘ , , . »
" METHOD CLASS J = = .2 et L ORDER 13
' NUMBER OF PREDETERMINE PARAMETERS NP = -9 ‘ : , . .
C KR=E<INPUT NP = 9. NP IS RESET.TO K=2 = - 10 A :
" 1=TH PRELIMINARY ROGT. IS 0. , -0,
2-TH PRELIMINARY ROOT IS 0. . -0,
3-T# PRELIMINARY ROOT IS 0 g -0, : ;
4=~TH PRELIMINARY RCOT IS 0. -0. :

S=TH  PRELIMINARY ROOT IS .~
L 6=TH PRELIMINARY ROOT IS
rec s P=THO PRELTIMINARY "ROOT IS
: “8=TH PRELIMIMARY ROOT IS
9~TH PRELIMINARY ROOT IS

1.00000000000000000000 =0, o
1.n0000000000000000+00 <0, ! S o R
3.00000000000000000~-01 9,00000000000000090¢0% - . p oo
"3.00000000000000000-01 1.20000000000000000+02 ) T
3.00000000000000000~01- 1.50000000000000000+02 | &

- NUMBER-OF ARBITRARY PARAMETERS NA = =0

ROOTS ARE

1.00000000000000000+00

~2.59807609435606290-01
1 1.4038468859332R460-08
1,4037896283314585D-08

15-TH TRUNGCATION-COEFFICIENT
16=TH TRUNCATION~COEFFICIENT
17=TH TRUNCATION-COEFFICIENT

THETA = -0,

: 0.
-1. 5000002026278“#20 01

"=24+99999995999993570-01-

3.00000000000136720-01
1.352188560-03
8.669352140-03
2.847501460-02

s B-SUB-THETA =

9.99999999999222860-01
=1.49999983791994170-01

~=1449999983790035520~-01

-2.5980760343660665D-01

0. )
=2.59807630493442420-01
2+5380763049449746D-01
1.50000020262784260-01

\ t N
. THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP o E.‘ . ke
FROM =D T0 =0, BY -0, ! '
. B=SUB=THETA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP f : -
FROM -0, T0 -0. 8y -0.
. R i
N
‘XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX,V £>
: . ; o , o _ -
=1.0000000000000000D0400__ 1. 1&038“8&162“18060000 2133457909481221790=01 . a1415326830599672200-01 .
=1.56915268486406003N=01 =7, 75103922690977680 -02 ‘2.57808%17566262“90 =02 =5.18088278284413670~03 !
=7.290000000000000N0=04 =0, -0 -0
=0,
: 5-6339508286%757230-02 1.08106598563552370400 . 2,022438688249835610-01 1.,79141802257486480¢00
=2,11328793711073090+00° 2.94033870543997450400 =2,792847317863363604+00 2.05113082827825051D¢00
«1411744893089500080400: ° %.40314051494993600-01 <«1.1362509200544230D0-01 1,9571435996200394D-02
 =144927038679521293D~03 .
~'METHOD IS STABLE STABLE



SN
i
[
1
INPUT - : . : METHOD WB(.5)
' STEP NUMBER K = 12 : ' ?
X METHOD GLASS J = 2 C A S ; ORDER 13 .
. NUMBER "OF PPEDETERHINE PARAMETERS . NP = =9 LT : :
KR==INPUT NP = 9. NF IS RESET TO k=2 = 10 ‘ o ; P , ;
1=TH PRELIMINARY ROOT IS G 0 TR -, i ;
. 2=TH PRELIMINARY ROOT IS 0. S =D ) : ’
< 3=TH PRELIMINARY ROOY IS 0. ' 2 -0. ! ‘ ) . a
. &=TH PRELIMINARY R0OOT IS 0+ -0. : : :

5=TH PRELIMINARY ROOT IS 1.00000000000000000000 bl Y
6=TH -PRELTMINARY ROOT IS
7=TH PRELIMINARY ROOT IS,

; 8=TH PRELIMINARY ROOT IS

1.00000000000000000¢00 =0, !
5.00000000000000000~01 S.00000000000000000402 -
%«00000000000000000~01 1.,2000000000000000G0+02

11338

;*:%%sgf'f'g ~TH PRELIMINARY ROOT IS

NUMBER OF ARBITRARY PAPAH“TERS NA = <0
~THETA IS AN ARBITRARY PARAMETER HHOSE VALUES STEP

FROM =0,

76 =0

1m5 0000090000000000D0-01 1.50000000000000000¢02

8Y =0,

8-SUB-THZTA IS AN ARBITRARY PARAMETER WHOSE VALUES STEP

FROH ~0.

COEFFICIENTS AR:

‘°1o00000000000000000#00

=1+3274049116140895D-01

-‘1.56250000000000000 02
=0

. 5.55737713%20021950-02
S =14%6415869422472151D+00

. =140535332807953722D+00

L =1441143140311199180-03
HETHOD IS STABLE

ROOTS ARE

1.00000000600000000¢C0
 =2449999972967434E30-01
-, *244399997298295323D~-01
2¢33974L48752133370D0-08

15~TH TRUNCATION=-COFFFICIENT
16=TH TRUNCATION-COEFFICIENT
17-TH TRUNCATION-COEFFICIENT

THETA = =0

T0 =0

6. 3397%736040301080-01
~1.7688290487633119D0-01
“0a

1.12135130761 301620400
4.15783002932621590~01

0.
=633012717475566270-01

Le330127174390516780=-0%

%.99999992999993970-01
1.283055970-03
8.223766570-03
2.704377050-02

s B-SUB-THETA =

3.03432253464229020400

8Y =0,

5.#9Q379562k2961970-01 .

—1.&“62%98%92&1“6600-01
-0,

Te56472773602314790-01
=2,51193473459053060+00
=1.,12080456261840270-01

9+39999999999899400~-01

=he33012682391651550-01

-4433012682388019330-01
2.3397448309616525D0~08

i
1
{
1
l

- XXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXYXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX -

3.169872676761064870~-01
~5,4126578997481182D~02
-0

2,4235979842469456D+00
1:95325112712501190+00
1.8499513066720614D-02

0.
=2.50900033770830120-01

2+.50000033770941330~-01
=4,99999999999999450-01

Ly=2

'
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2.2 Comparison of Methods on Circular Trajectory
Traditional Two Body Integrator
L ' All tests were mede on e circuler orbit, with radius of 8 x 10
‘~é meters and period slightly less than-two hours. StSrmer predictors of
f the same order as the cérrector were used in each case. Length of the
J% pbsitibn error vector was recorded after 84 revolutions (epproximate-
; ly one week). Results are shown in the following table:
TABLE 2-1
COMPARISONS OF PROPAGATED ERROR
- - | Step-size H Maximm Absolute
S : - Method - Order Algorithm ‘(seconds) Position Error (meters)
| Adams « order 13 PEC o o .00328 -
-y . con " " 1" 60 . .00207 ’ <
‘: ( ’ " ] " ] 80 ; Unétable ;
| " how PECE | 180 14961 ;
" n . “" 1t . 21"0 ‘ . h’.u’?lhs Y, ‘
n L1 " i " ! 300 . : 39.75582
Adams - order 12 PEC 60 : L0022} I 5
W uoow ’ " ; 8o . _00167
. o " .ol 7 100 . Unstable ' .
{ . o " " "o ‘PECE - ; 18() = N .88490 ; »
R ' L R oo | | 35,8114 o
I : 4 L. ] [— : 300 ; ! 60’4.9&6)4‘93
Adams - order 11 | ®mc | 100 | . .01548
 u : “" " . ; con ‘ : 120 . ’ ‘ . .12669
. ™ L. pEcE | | 180 | 8.3%2973 j
" R D T 1 2ko ; - 16k4.60818 , , :
| " :  " O o . 300 L. 1399.27667- ‘ I
o | Adems - order 10 |.  EEC w0 | 08671 Y
! o : u s it 1 v " B 120 . .52}4_21 : A ;
v owom o pECE ] 280 ) 3499581 f
* : {150 1] : 11 1] eho . ’ 823'07395
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TABLE 2-1 (eont'd)

Method - Order

Algorithm

Step-size H

Maximum Absolute

(seconds) Pcsition Error (meters)
Adanms - order 9 PEC 100 2.78891
" " " " 120 14.83%160
" v PECE 180 460,42099
" B " 240 L670.17085
" " " n 300 56581, 3814'35
Adams ~ order 8 PEC 100 7.5381
-1 " 1" i 120 llrl.92)+23
Adems -~ order 7 PEC 100 Y76,78478
n " " " 120 1766. 11#615
7" " " PECE 1 180 26%2.05203
" " " " 240 189349, 40678
| | 1 L 1} m ; 855255.6%%
W(.7) - order 13 PEC 40 .10153
" " 7 " : 60 .wIOS
" " " " 80 Unstable
" " " PECE 180 Unstable
W(.7) - order 12 ‘PEC 60 . 00066
" " " L 80 .05213
" wooom " 100 Unstable
" v " PECE 180 Unstable
W(.7) - order 11 PEC 100 .00251
L] " 1] L] ; 120 . 02)488
" " v PECE 1180 « 29679
(1] ! A 1! 2)40 : B 6.)49085
[ S 1" " n m i 6“‘06067)""
W(.7) - order 10 PEC 100 L L0146
o " "woooon " lm | : . .15316
o 1] " PECE 180 ‘ ’ ’.1#9258
" ]} " R 11 . 2h0 : ‘ 13. 19697
" " it fim 300 i 1148.69)4-98
W(.7) - order 9 PEC 100 { W51177
"o " "i n 120 ;3. 23379
" " v PECE 180 . Lo, 37668 ,
(1] " " 11 X 2)40 . 531.32660
" »" " . ‘ll s mo

3521.20609
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TABLE 2-1 (cont'd)

Step-size H

Maximum Absolute

Method - Order Algorithm (seconds) Position Error (meters)
W(.7) - order 8 PEC 100 1.51706
" " " " 120 10.8626k4
W(.7) - order 7 PEC 100 12&.#0579
" ”" " [1] 120 510. 27195
" "o PECE 180 5015.92314
”" " n " 21,'0 3713)4.1‘9315
" " 1" L wo 168840. 18203
W(.6) - order 11 PEC 100 .60159
” " " (1] lm .02616
W(.6) - order 10 PEC 100 .01581
1t n 7 1" " lm .1%99
W(.6) - order 9 PEC 100 .61817
X " 1" " " - 120 3.78216
W(.8) - order 11 - PEC 100 .00265
1" 1 " " lm . .02362
W(.8) - order 10 PEC 100 .01285
" nooom n 120 .130711,
W(.8) = order 9 PEC 100 L2897
1t " n 1] lm 2.809)41
W(.2) - order 13 PECE 180 05462
] 1" Y |1 I i 2‘4—0 1.7219)‘,
" " 4 1] 300 | 20.70266
W(.3) - order 13 PECE - 180 .03113
" " 1 o o 240 1.01814
1" ) " 1" 1 300 Unstable
S St PEC 100 Unstable

: 1 o ; o

RW(.3) - order 12 PEC €0 00580
w oo " | " S - ! 80 O0k26
B " " PECE 180 LOlh27
" meeom " 240 Unstable
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TABIE 2-1 (cont'd)

Step-size H Maximum Absolute
(seconds ) Position Error (metérs)

RW(.3) - order 11 PEC 100 . 00041

R 1} " 1 1" lm .03055
" v " PECE 180 1.05460
" von R 240 22,79531
" oo " 300 221.71056

Method - Order | Algorithm

RW(.3) - order 10 PEC 100 P .02060

" " " " 120 - . . 16125
" " " PECE 180 2.93285
" 1] ] " elm 73‘ 6114_65
" moo. " 00 | 861.824 3

RW(.3) - order 9 PEC 100 - , 8742
= " 1 n " 120 ; )4.6)4,361
2 " " "1 PECE 180 92.96631
oy . " " " " 21‘0 : 1193.15883
" it " 1" . 300 : ! 8060. )4_2573

RW(.3) < crder 8 PEC | 2100 - 2.)0032
" 1 " o " 120 . 13.89388

RW(.3)-order 7 |  PEC | = 100 187.16553
‘ L] S 1] 11t IR 1 120 73)4.67982
i n.ooon PECE 180 8818 .52277
; ey 240 1 65087.05119
L n ”" ’ " o m : ; ‘, 297633.oh892

RW(.1) - order 13 FECE 180 . .068kl
o o " 1 . 240 : 2~08$5
"o woon n : "300 , o i § 23.66179

RW(.2) ~order10|  PEC 100 | Lloze7hs |
T w n "wo ‘ :

, 120 | L2009
- | RW(.2)-order 9 |  PEC 100. | : ' 1,%-111"80 ‘ * k
E N B 10 | 63w | |

. i - : : g B
! RW(.b4)-order10|  PEC 100 i .01548
" S o 120 . 6.22581
5 SR . . ""' = B "N X I? : . ’ 100 ‘ .59986
i - :?.,;j{"‘ R o e ,",.," LI 3 LU B 120 o ; 3-68‘#66

g LR R Sy,
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TABLE 2-1 (cont'd)

Step~-size H

Maximum Absolute

Method - Order | Algorithm (seconds) | Position Error (meters)
WA(.3) - order 13 'PECE 180 -042B5
" " " " 40 1.38030
" " 1 1 300 17. ahlio0
WA(.3) - order 12 PECE 180 - +18970 -
" " " ~oon 2’40 8 . 11058
" 1] " n 300 1&0.802&8
WB(.3) -~ order 13 PECE 180 -06728
" " n 1" 240 2. 10079
" " " 1t mo 2‘4 . 50652

S
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§:§ 5. Minimization of Truncation Error

T
e S AR Al oy o

The purpose of this research is teo reduce the pro:pagated truncation

EaRl S

'f{ error in the integration of perturbed satellite orbits by balancing the
local truncation error against steability. The approach taken was to min-~
imize the constants in the local truncation error expansion, Ci’ sub~

Ject to conditions on the extraneous roots, T The analysis applies

to the traditional, Class II integrator

a +h° E: b,y = 0
, % Yneg 1 Yn-1 y

i0 . i=0 -

H

As a first look at the problem, the coefficients a, of 12 back~
point, order 11, methods were chosen to place the extraneous roots r, at
reasonsble places, as in methods W(.7) and RW(.3). Most of the coeffi=~

cients b, were used to solve the order equatiohs perametrically in terms

i

of by, by and by 1

of the first few non-zero Ci' To decide what f should be, consider the

and b, were chosen to minimize some function, f,

ideal situation where the parametric order equation solutions, linear in

bo and  b,, are algebraically Substituted into the expressions for ci'

1’
ere, then, linear in bok and bl The local truncation error,

The Ci

‘ T,‘ can be expressed as the sum of the C. 37 times the higher derivatives ‘ i3

of the differential;equatlon, times the powers of "h. T 1is, therefore,

linear dn by ead b

5?;‘(@3 & [ , Considering‘constant step-sizeyvh,e at e fixed plece in the orbit;
: T B oroit,
B0 Tt in a partlcular coordlnate directlon, T is an plane in ZR3 which is not

parallel to the b rbl plane, since T ‘cen. change vith bc and 'bl.~v




3=-2

Therefore, there is a line in the b bl- plane where T =0, i.e.,
there is absolutely no truncation error. However, since the errors in
all three directions are important, we must add their‘abeelute values,
meking T nonlinear in bO and bl‘ Also, the higher derivatives
change in magnitude and sign through the orbit, so we must at least take
the sum of the absolute values of the terms making T nonlinear. For
the'latter reason we must also assume all the higher derivatives equal

if we wish to derive & method good for the whole orbit. Three expres-

sions for f weie used:

('Y
!

i Z W le, |

" The weights, W&, were chosen to be proportiocnal to powers of h. For

example, W

13 = 1007, W, = 100, W5 =1 for h =100 seconds.

15 ©
Since these~are compliceted'nonlinear fuhctions,‘no expiicif ex-
 ;press1ons were derived The next section will describe the optimization
algorithm.i The following table summarizes the results of optlmlzatlon.

; The 1ntegration error are glven in another section of thls report. The

‘notation used is that of I—Iennci.

Ty




3=3

AT

The - Ci starting values were those obtained with the original
-:é' order 13 W(.7) coefficients. Tt appeers that more experimentation

with f = i LW ICiI will yield better ‘results than obtained so far.

Since part of the reason for the successful optimization of the
cyclic methods is due to ailowing the ri to vary inside the unit cir-

cle, it was felt that a similar approach might yield more significant re-

sults for traditional methods [see the midyear report for NASA - Cal.

State Fullerton Grant, Dr. S. Pierce]. An effort was begun in this di-

1
e

\
; i

rection.

In addition to these computational considerations, there are an~
alytical formulations of the problem which may. vield improved methods.
For example, a detailed study of the higher derivatives (for circles, el-

lipses, ...) could lead to improved weights and an expression for the

propageted truncation error (for circles, ellipses, ...) could be opti-

mized. The latter approach would involve the (. 37 the »r and products

i’ :
of the coefficients of the algorithm arising from the propagation process ;3

g ; - and would probably take the form of & constrained optimization problem.

¢« 3,1 Algorithm Description

The basic optimization'algofithm'is the conjugate gradient method

' fPolak; Computing Methods in Optimization, Academic Press, N. Y. (1971)]
o with fitting of quadratic polynomials to search for the minimum.‘ The al-

o gorithm allows for functions which must be computed numerically and whose




ue, the Ci; and the present values of b

C 34

derivatives must be computed numerically. The algorithm was specialized to

optimize traditional methods by modifying the input, output and function

-

subroutine.

The main Program reads in the number of backpoints (K = 12), the

number of nonzero Ci to be minimized (NC = 2,3,4 or 5), the number

of parameters used for optimization (N = 2), the weights (Wi), and

the "a" coefficients chosen for normalization and positioning of roots

W(.7) or RW(.3). Values and derivatives of the object function, f,
are computed which determine the direction and length of the optimizing

step to be taken in the parameter space.
The function subroutine uses the present values of bo and bl

3 to solve the order equations C2 = eee = 012 =0 for

byseeesby,e The 8, and computed b, are substituted into the expres-

and the given a

sious for Cl}’clh”"’012+NC' These are combined with the Wi to com-
pute f. ;

We_worked with 12 step, order 11 methods using twvo parameters
to minimize f. At each iteration, the program prlnts the functlon val-

O' and bl. At the end of the

end C, are prinﬁed.‘

run the final values of all the & 'bi :

i)

Two methods resulting from this analysis have been tested in

‘the integration of the usual clrcular tragectory w1th two-hour perlod

: (one week arc) These methods are optlmlzed versions- of W( 7), order

"13. They are the second and third methods appearing in Table 3-1 below.

51’Computations were done with different step sizes and with algorithms

Feig

v
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PEC and PECE. In all computations, optimized methods showed a consist-
ent, but limited, error reduction when compared with the basic W(.?)
method. TFor example, the position errors (meters) in computations with
the third method of Table 3-1 were compared with W(.7)

(algorithm PECE). The :;vor reduction at h = 100 secs. was seven per-
cent and at h = 140 seés. fifteen percent, Thé order 13 Stdrmer
predictor was used throughout. Little change in stabilityvregions was

observable.,

Interésting, although bésic, research problems suggest’ them-
selves as a result of this experiment, It is believed that significant
improvement in efficiency can probably be obtained by deriving several
methods, depending on orbit type, orbit plane orientation and vehicle

position, and by considering variable method algorithms,

It is to be noted that the first three non-vanishing error coef-

ficients of method W(.7), order 11, are:

- -3
013 = 1.25><10

- 6.85 % 1073
clu = 5.85,x 10

_ -2
cls = 1.91 x 10 .

These coefficients can be comparéd“with’those_of the;(llth~ order) meth-

i~dds7giveﬁvin Table 3-1.

& \r'f‘

e
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TABLE 3-1

' 12 BACKPOINT, ORDER 11, OPTIMIZED TRADITIONAL METHODS

| coetticients | £ Wy |y g [ [ | Ci} Cyy Ce Cre S
_ WT) zw ol Sl or] 1o ol o |aems |uims. 7.2E-10
o w(;z)‘ ; zW, ¢t ]200° |00 | 1| 0 | o |15m6 |9.hE-6 |9.88-k | 1.0E-7

_ ‘iw(.7) | ' wi Cf; | 1003 100° | 100 o 1.7E-6 | 1.1E-5 | 9.8E-4 | 6.5E-3 1.4E-}4
CWGT) |z cf | 10t | 107 [10% |10 | 1 |s.6e-5 | segm-n | 188k | 3.98-3 1.7E-2 | 6.0E-k
 ’RW(;3)_‘ £ wi c? :y5“ 521 52| 5 | 1 |1.083 | 3183 | 2.08-3 | 8.28-3 2.88-2 | 3.1E-3
 ‘w(;7)" ‘vfzkwi 2| 1| 1] o] o | o |a6-5 |bis 2.7E-5
W) szilcilv 1] ool o | o320 3, 08-10
jkw(.7) | _z‘wilcij__ 10° ] 10 | 1| o | o |7.0812 ] 1.78-4 8.5E~6 1.7E-3
B W.T) ! zywilcil 12 1] 0 | 0| 0 |1l.AE-11]1.48-10 " 1.6E-10
RW(.3) £ wi'cf 11 1| o | o] o |s.5E-4 |8.68e5 3,18-7
- RW(.3) ) Wi el 102 10 |10 o 7.08-% | 8.58-4 | 5.9E-3
V‘Ika(,S); =W, ci 100° |200 | 1| 0o | o | 1.oE-b |23 | 1.7m-2 1.08-2
w7) Starting |Values 9.8B-11 | 6.28-10 | 1.0B-3 | 6.5E-3 | 2.2=-2

\N
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i, Traditional Methods in Summed Coordinate Form

This section describes the general mathematical procedure and
programming for converting the coefficients of the coordinate form of

the difference equation to the summed coordinate form.

4.1 Mathematical Procedure

The coordinate form of the Class II difference equation is de-

fined as
X , , k |
Z a + 12 Z b, ¥ = 0
[ B Yn-g i Yp-i © .

The difference form of a corrector difference equétion is de-

fined as

< ‘,’Zk,ai Vi,)yn-+h2,< Z ;‘51‘7:L )yn =0 .
S i=0 lh,;y, : : v

i=0

Given cdefﬁicientsf.ai,vbi, i =0,1,...,k, of the coordinate

l form of,the‘differehce équafion,'we canbfind cqefficients o&,'Bi,

: i. = 0, .o -‘:k: “of the differénde‘ ‘fbrm" "

S eam vk

o ey o

T e iy
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A similar simple argument shows that o

Multiplying the difference form by V-e, we have:
T k |
-2 -7 -2
<rab VT o+ = v ‘> Y +-<: }: o v :>yh
, i=2

. . » k N,
2 -2 1\ .2 i-2 N\ o
+h <Bov‘+ﬁlv )yn+h< Z Biv" )yn..o .
i=2 :

It turns out that ay = o = 0. Since the functions y = 1,

Y =%, Yoth satisfy the coordinates form of the difference equation, it
foiltws that they also satisfy the difference form. For y =1,

Vy) =0, 1>0 end y = o .

Therefore, we have

1 =0 also. .

Ve ha,ve:
S ( i ai‘rvi‘a >vyn +1° ( Bo V'e + al v'1>3}n (4-1)

i ""V~‘*'vh2<‘~ Z B, vi-?'")Yn P

:i=} :
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Reconverting Equation (4-1) partially, to the ecoordinate form, we get:

k=2 k=2

- 2 .
Z % Ypy *h Z By Yp-s (4-2)
i=0 1.=0

rd
2 G2 ool N L
+h (Bov +py v >yn = 0 .
Equation (4-2) is called the summed form.

The Predictor

The summed form of the predictor equation is:

k=2 k=2
- L 2e L= . 2 -2 =1i.. A
Z % Yp-g * R Pioa oy * P (B VT 4 V), 4 = 0
i=0 i=1 ,
“ The coefficients 5&, Ei; i=0,1,...,k~2, are obtained from convert-

ing coefficients ai,,bi, i-=0,1,...,k, of the coordinate form by the
following steps: |
1) a! = Bl = by, =01,k .

i ai+1? i

2) d&, Bi,*'i =0,..45k are computed as:

D = BY




Ehekih
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3)
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Ca kil x e S e

4-4

where

o
]

c (BysByreverB )

1

[a0’°'1’ ses ’Ok}’

A= [a('),ai,...,a.l'{}, B = {'b('),bi,...,bl'(},

end Y is & matrix, the Pascal Triangle of the proper dimen-
sion. (The program now permits.conversion of a method with

k < 16.) The entries of the Pascal Triangle are obtained
from the equation ai,j = ai-l,j - ai-l,j-l’ i being the
row index and j the column index. The entries of the first

row and column of the matrix sare:

1 for all i

)
#

a =0 for 22 .

= C 1 = &= ‘
aj'. . ai+2, Bi Bi +2, i o,l, e -,k .

a&, Ei are ébmputea
- oyt
F = D'Y
whe:e_
E = {ao’val"‘."‘ak-Ql’ F %{EO’Ei""’Ek-Q]’
= [Bé’ﬁi"';’ﬁiié)'

Q
LS
)
o“.
WL
S e
.
§E
N
N
-
o
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;f The Corrector
ii The summed form of the correétor equation is:
o k=2 k=2
; - 2 - . 2 -2 =1y,
B % Ypg *B Biyn-i"'h(ﬁoV *HYV )yn =0 .
1=0 i=0
‘ The coefficients ai, Ei’ i =0,1,.e05k~2, are obtained by convert-
‘i.li ing coefficients &5 b, 1 =0,1,...,k, of the coordinate form by
A ‘
A the following steps:
: 1) %, B, 1 =0,1,...,k are computed

¢ = AY
D = BY

where

¢ =la,00,0000 ), D =(By,B5.00s8),

A

{ao,&l,...,‘&k), B = (bo}jbl,.!o,bk],

and Y is the Pascal Triangle matrix.

‘ oA = ‘ : = ‘ ; = Y
2) ai : ai +2’ ﬁi'. Ei+2’ i . o,l, .o o,k .
3) ai’ Ei are computed
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where
E = {aoyalyu-)ga{,gl, F = {EO’E]_""’E}(-Q}’

(BB - esB o)

C' = [a('){ai,o-o’%'{-2], D'

The Backward Difference Operator

The backward difference operators & y J§ 20, of Equation (4-1)

are defined in the usual manner.

The sums V.l and V_g are defined by

v—l

V~2V2 = I .

v

n
]

Thus, V';L yn and V.Q’ y, Bare uniquely defined, up to an additive con-

stant and linear function, respectively.

The initial V'y end Y2y  of Equation (k-2) are computed

by the following method:

- Given the following data:
Yn Yn1 Yp-2 "t Ypg

yn yn-l yn-a s yn-k

The initial sums V-l,yn and V2 ¥, 8re computed by using the corrector
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S

equation with two different data sets:

k-2 :

2

-l (1]
+ ﬁl v )Yn_l = O b4

k-2

- 2 ' = . 2 -
% Ym-1)-1 *B 4 By Fpoayeg tBT(BG Y
1=0

i=0

From (4-3) we have:

~r
o H
]

f R P oo % Y(ne1)g *P

';(Bo‘v~, + By V3‘)yh el | = TBo.

[/

AR IR ok e P R e i L e e

<t Faanyn

Applying the recursion fbrmulas,(Which are derived from the definitions

<
¥
"

o

+
<
<

|o

B e
e
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'T‘ne sums V1 5;
'and V

"are used, also, to Lglate the operators v l y

B R LY PR NS NP AP S 14

4-8
to (4-4) we have
B0 V" Yoy + By VT F, = Ay
Bo VoV, +(BO+51)V Yp-1 * (Bg + BV, =-3B.

Subtracting these two equations

-l .. ) ..
i BO v .Vn__l - (BO - Bl)yn B - A .
l .o -2 .e
F:mally, solving for V Yy and V7" y _, we have
n-1 n-1
1. - (B +B8)¥, +A-B
v yn-l = , Bo s
N -1 s
G2y L ARV

2..

5 y'n computed.

©° k.2 Progrem GENRTE

Program GENRTE converts coefﬁclents 8y b

4

and V-a yn are computed from the initial vis

and Vey

i,

yn-l

nFl us:.ng the recursion formulas. The recursion formulas

for every

1 =0,1,.00,k of




4~9
the corrdinate form of the difference equation into coefficients '&i, Ei ,
i =0,..0,k of the summed form of the difference equation. The program
consists of the main program and a subroutine CONVRT.
c? Input coefficients are determined as predictors or correctors :
, and are converted by calling subroutine CONVRT, which performs the oper- ,
3 ation AY = A
A= [ao,al,...,ak}, A' = [ao,al,...,ak], :
and YA breing the Pascal Triangle matrix. ;
Program GENRTE is coded in FORTRAN double precision and coded to ‘
',6perate on the CDC 6000 series machines, i.e.: ‘ |
: ,
; - . __Ttem -~ Format
’ - . 1. X : IS ‘ K is the step number }
2. J=1 or J=2 IS5  J=1 if method is a predictor,
Co ' - = J =2 1if method is a corrector.
‘ 3, a, i= Oyeuesk  325.0 | |
b b, i=0,...,k  25.0
1 ~ The px‘iixted output forbea.ch case consist,s of KX, the étep-nﬁm‘oer;
I‘wa e ; J -"l':.‘heprjed,ic‘bor.o'r corr’eétork:i‘ndiéator; vt‘he" &y by, 1 = O,l?,.f.,k ‘ (un- &;

i
i
z

E
{
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rerror in the summed method, e(s), 'was'smaller than in the unsummed

-

4-10

summed coefficients, under the heading "A-B COEFFICIENTS;" the % ﬁi,

Y

i=20,1,...,k (difference form) coefficients under the heading "ALPHA~-

‘BETA COEFFICIENTS:" and the 0., B,, i =0,...,k (summed ordinate form)

' coefficients under the heading "ALPHA~BETA-BAR COEFFICIENTS." The punch-

ed output consists of « ¥ B » 1 =0,400,k=2, with format of (3D25.16)

and By, B, with the format of (2p25.16).

Program GENRTE is also written in as part of a program, the

SUMMED TWO-BODY INTEGRATOR, which has not been documented. 1In this pro-

~gram, the coefficients of the coordinate form of the difference equation

are converted to the summed coordinate form and used directly in the pro-

gram. The SUMMED TWO-BODY INTEGRATOR is designed to be run onkthe IBM 360.

Coefficients in the summed coordinate form have been generated for

‘several methods. The COeffiCIGHt generator GENRTE accepts card output

from program.A-B. The program vas valldated by comparing coefficients

generated by GENRTE Wlth those given in the GSFC document [11] for var-

dous Adams lass 1T methods. GENRTE output is given below.

The methods were tested against the unsummed methods on the 2-hr.

‘ clrcular orblt W1th algorlthm PEC, step-sizes h = 60 sees., and 100

. secs., and Wlth algorlthm PECE, h =180 secs."andv 300 secs.- The arc

lengths varled from 1 rev, -to‘ 84 revs. In all cases, the position

%

‘method e(u), and

.h8,"<' e(s) < 8y .

e(u

'1The summedtStSrmer predictb: was usedrwith'Suﬁmed methods.




=0,

 ORDER : m 9 -
| A=B COEFFICIENTS ARE
 =1,0000000000000000D+00

=0,

1,5258793540564374D+00

. B U95210B686067019D400

2,0000000000000000D+00
-0. -: ) .

=0y

~2,5378053350970018D400
=5,6031294091710756D+00

 ALPHA-BETA COEFFICIENTS ARE

6,5U95756172839506D=02 0,

3
t

. o., : B . ! o' : ;
‘ 0y : . O. .
49 . : o R D0, !

''9,9999999999999998D=01 =3,7999999999873216D=17
T+91666h666R66ATTOD=02 - 7,4999999999999994D=02
6,5495756172839506D=02 0,

 ALPHA=BETA~BAR COEFFICIENTS ARE

=1,00000030000000000400 0,
00 0o

L 5,2587935405643746D=01 &1, 4860466269841269D+00

- 1e3948040674603175D+00  =4,6117890211640212D=0%

=1,0000000000000000D+00
.0, A

3

5.89469466490299820400
2.3626576278659612D400

7

=1,00000000000000000¢00
0,

8,3333333333333538D=02
7.1345899470899458D~02

0,
0.

2:3967220568783069D+00

“&5495756172839506D-02

;0.

J=1

-Q.

R

~®8,6318334 1287477950400

»5.9217041446208113D=01

0o
0,

B8,333233533333331140%02
6,8204365079365082D=02

0,
=2,35234237213403880+00

04

METHOD: ADAMS




|| ALPHA=BETA COEFFICIENTS ARE

1 =5,999090608U4656086D=02

§

ORDER.c® 9
A=B COEFFICIENTS ARE

=140000000000000000D400  2,00000000000000000400

-o. ‘ -o’

‘.0;.

6,5495756172039506D+02 ~9,3641754850088 83001
=3.7936783509700176D=01 . 2,4374559082892416D=01

 =2,7086089065255732D=03

0. : | -0
0‘. R 0.
. 1 0. ) Lo e

i ‘1.00000000000000000¥dﬂ ={.0000000000000000D400
=l 1666666666066890U=03 U, 16666666666665768D=03

. =2,70860890652557320-03
ALPHA=RETA=DAR COEFFICIENTS ARE

=1.00000000000000000400 0,

' 6,549575617283951 0002
1.9393187830687831D=02

6.,7409N608U465608u6D=02

1,0000000000000000D+00
«f,

Te1,7995811287477954D=01

=1,01485890652557320=01

«1,00000000000000000400
0,

8,3333333333333327D~02

»3,6541005291005306D=03. -

0.
0.

*141063574735u48973460=01
»2,70860890652557320=03

METHOD: ADAMS
- J =2

LT/ PO

0,

 3,93051146384479720=01
--2,0810005643738977D=02

0.
0,

2,8199999999984892Nhe17

=3, 44453439153439-14Dw03 -

0,

1,043705%082892416D=01

{

[

T Rl 4




" ORDER ‘w9
 A=B COEFFICIENTS ARE

=1,00000000000000000+00
2,9350329877940556D=01

™11 764900000000000D=01

6,0959920387967380D=02
1.5368654235069186D+00
4,73906615059950120~0%

| =3,0000000000404779D=18
Y w2, 11147UBURSLUTIAED40Y

=1, 1764500000000000D=01

C B.B1831A6226U64BITD4+0N

2,02831R3T420123130+01
4,73906615059950120=03

" B4T5646304564215150=02
=6,10317911029496180=02

1.09695{2695810990D400
143545530065583561D+00

ALPHA=BETA COEFFICIENTS ARE

1.,5000000000480068D=17
1.,3363585024177962D+01

=2,8537154849305862D+01
=7.4300619125339715D+00

. ALPHA=BETA-BAR COEFFICIENTS ARE

C el 00N0000000000000D400

“1e13616527383804900400
C1e9TT979814T0UTI4GD+0Y

© Te35414B964U069963Dm0]

4

-1,91243536954357850400
“4,59175732227413190=01

1,2119392714369917D+01
1,7424868936882528D=01

~

5,0616609860134268D=01
=3.35062809383222620=01

1,6447314655155853D400
3,91656583853648570=01

~8,8183166226064894D+00

=5.,1967789349751149D+00

4,1560446370656390D401
1,6777443355438186D+00

*2,3187006000858143D400

*1,1764900000000000D=01

6,1037187472080791D+00
4,7390661505995012D=03

Dk L T,

. d = 2

8,50787304876415670=01
*2.2387773222741319D=01

2,5630893300246886D400
1:6477055706762628D=0}
1,9718838226659372D+0)

1,1650697322274132D+00

»3,6121569968509387D+01
“2,0268308627242229D=01

=1 ,8701866065516344D+00

o .
2.65113411007093010+400

o METHOD'W(.?)'

,,,,,,

CT-v




(X1 1]

T 4
p——

L ORDER' e 10

A=B COEFFICIENTS ARE

ooh

RRERE S

«1,0000000000000000D400

*0e

=0,

1.,5870197861552028D+00
1,6451905313051146D+01
- 643375964506172840D=01

9.999999999999996 70 =01
6,54957561728395120=02

. =1,0000000000000000D+00
0y

0,
5,89019786155202440m01
3,6047191909171676D400
0o

2,000000000000006¢0400
-o. . : )

. -0.

«3,10606922398589070400

-»1,3558823853615520D+01

=6,3140832098765432N=02

 ALPHA=BETA COEFFICIENTS ARE

0 0
* EET I
o) , S S

 £,8800000000358630D=16
7.91666666666675680=02 . _7,4999999999999732De02 -
6.3140432098765U320=02 |

'ALPHA=BETA=BAR CDEFFICIENTS ARE

0.
04

=1,9280296516754851D¢00
©1,78712797619047620400

=1 ,00000000000000000400
-0 o
-0:

T B,1677502204585538D400

7.68645392416225750400
0,

=1,00000000000000000400 —-

0.
0.

8,3333333333333248D=02
T.13458994708995120+02

0.

0,

3,72267113095238110400

5,0747878086419754D»01 "

METHOD: ADAMS

Jd =1

-

0.y -
. =0,

=1,3935629409171076D+01

~e24865225970017636T70+00-

O
0.

8,33333333333323880~02

6,82043650793650520=02

0,
0,

«4,56225749559082870+60

=6,31404320987654320=02

G

sttt L]

ST T T AR e T e P T ® -l n e TR,

4

e R
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SR

deER . 10 5‘

[ A=B COEFFICIENTS ARE ’
= =1,00000000000000000400

B Y
gk TN

e ’
6,31404320987654320=02 -
»6,7613666B43033510D=01
=2,3906525573192240D=02

| ALPHA=BETA COEFFICIENTS ARE

1,0000000000000000D+00
U 166666666660T63UD=0F "
. ®2,7086089065255731D=03

ALPHA=BETA=BAR COEFFICIENTS

=1.,00000000000000000400
°.’

6,3140432098765423Dm02
1, 420272486772486RD=01

~

1 240000000000000000D400

)y

-ﬁ’

9.,57615465167548500=01
5.4051642416225750D=01
243553240740T40741D"03

0,
0,
0,

=9,9999999999999999N=01

~U,1666666666665966D=03
=2435532407407407410-03

ARE

0,
0,

B,38963293650793590=02

- 648854993386243382Dw02

«1,00000000000000000400

=0, ‘

-2,6474977954144621D01
~2,9933311287477954D=01

=1,0000000000000000D+00

8,33333333333332980=02
*3,65410052910055560=03

0.
0,

*1,6009755291005292D=01

*1,9195877425044092D=02 .

[P

- METHOD: - ADANS -

J = 2
0,

-o.

5,90898368606703194D~01

1,0960207231040564D=01

0,
0,

7.5599999999843693Da1?
»3,.1415343945343876D=03

0,
0.

1,8680693342151675D0~01
2,3553240740740741D=03

ST-¥




OROER " ® {0

e DR e

A=B COEFFICIENTS ARE

»1:00000000000000000400
8,8905441219289653D=01
*2,74363412559189240-01

5,8139643B89A5191890=02
2,97567311660172850+00
9,4695967674904173D=02

_ALPHA=RETA COEFFICIENTS ARE

»5,0000000000009884D=17
=4,969B259061914905D+01
 =1,0155521¢255918920+00

L 1,4991138258499032D+01
5,97665106593T775020+01 -
1-09934572806710750-0]

Cwia0N0N0NNN0N00NG0INH00
w2, UUR0958984241931D+00

349752986265069995D+01
. 24H492U990962896640D+00

=64 1243536954357849D=01

1.,0642051804263428n=01
=8,23543000000000000=02

1,1650057022757099N+09
2,7B571364093567120+09
6,13762279686704210=03

1.,5000000000043355D=16
3,749841R438912737D4+01Y
8,23543000000000000=02

=S, U6R59848796725080+01

. =2,6B829333590716370D+01

=6,13762272686784210=03

ALPHA=BETA=BAR COEFFICIENTS ARE

~1,25449142391404750+00

2,59849933527431920+01
T.48264923197727030+=01}

 5,67061339920837740=01
=3,7A185063155267350=01

2:31106740053021980400
+$21029404631628498D¢00

*1,4991138258499032D401
*1.,81890337063822690+01

9.,0642367224629967D401
8,0532087091982715D+00

-

;2.61903536950357RSD0n0“;i3:651ﬂ593991663!920100

4,3907201255918924D=01

1,452B067B40946609D401
1,0697121326863986D=01

LSO R

1,2051035738973555D+00
*4,58701698795669020=01

3.9513045811672464D+00
S.U0U60119457315160D=014

3.96948466211734760D¢0)
5,6183637992691829D+00

®9,05045814059254310+01
=1{,518982268154379090+00

©3,4972798548917044D+00
«8,23543000000000000=02

7.,02244691031727220+00
6,13762279686784210~03

e

ey

9T~
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e ey
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TR e8RS IR

R

~ A=B COEFFICIENTS ARE
~1.0000000000000000D+00
=0 ' :

=0,

© 1.65009243601691520400
2.92771617840107620+01

3.38202538383876470400

 ALPHA=BETA COEFFICIENTS ARE

_UI -
0
0o

'9,99999999339999510-01 -

7.9166666666665720D-02
64549575617283954.00-02

“ALPHA-BETA-GAR COZFFICIENTS ARE

~1,0000000000000000D4+00
[ PO
[ P

6+50092436016914760~-01

. Te8798046312369727D+00
641072643861712362D=-02

2+00000000000000000+00

'00';

~3.71679572260301430+00,

«2489451316187670350+01

~6+73866930715883050-01

0.
g.
0.

5,29999999993006290~16
74+49999999999988760-02
6e31304320987654300-02

%

0.
0.
0.

~2441661085056918430+00

~5.207196356844636830+00-

0.

~1.00000000000000000+00
-0,
=0

\
1.09160194642356100¢01
2.05117103951218530+01
6.10726498617122520-02

- =1,00000000000000000¢00

0.
0.

~8433333333333320900-02
7.1345899470900420D=-02
6.10726498617123620-02

0.
0.

B5a43270532708032670+00"

2421751297699214370+00

O T O E T TP

METHOD: ADANMS
e .
J=1

=0
-0
'Do.

~2+126434739257€5550+04 "
~1,01939439534,23120D+01
0.

8433333333333345600-02

6,82043650793647620~-02
0.

=7.98232588784672130+00
=5¢51721630992464330-01

LT



¥
4

SRR |
[]

Order =11

A-B COEFFICIENTS ARE

=1.00000000006000000+00
=0
oot

6.1072649861712362002
-1.11037293821147990+00
~1.1635672624 058 041D-01

" ALPHA=BETA COEFFISIENTS ARE

B : K
0% =

9,99999999999939940-01

~4e16666666666700600<03 =4, 16666666666649720=03

=2.70860890652557600-03

- 2400000000000000000400

on.
~0e

9,78293287538079200-01
1.06153754789963120400

. 2030331464446047780-02

’00'
Qs

0,
=9+999999939999999740-01
~2.35532407407407400-03

- ALPHA-BETA-BAR COEFFICIENTS ARE

- =1,00000000000000000400

o Qe

D
'6410726498617121600-02
=2.,87172005270963610-01

=2.06778223705307040-03
~ RUN COMPLETED

0.
0.

1.00438587261503780-04
1.86650798661215320-01

=3,577.99980206334380-01

=7+3356738265592432D0-04
=2.0677822370530704D~03

=-1.00000000000000900D¢00
0.

0.

€.33333333333328400-02
=3+65410052910060200-03
-2406778223705307040~-03

=2,17995L55547538970~-01
=7.70937800625300650-02

LI

" METHCD: ADAWS ™

. 1,‘....4...4'..,.4' — 2

'=1,00600000000000000+00
"n- .
“0.

8.39032237053070390-01
3.57735340756774090-01

0.

0.

5+15999999999717290-16
=3.14153439153437000-03

0.

%

3.026027386964886€D-01
1.88975819704L986370-02

8T-V
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P "" N . N .p‘»

ORDER * ® 11

AsB COEFFICIENTS ARE

=1,00000000000000000400
1,47168882793334750400
=5, 111577221R6R5649D=01

5,588225082347002RD=02
4.3946729968204630D400
3,04591620406B83584D=01

=2,0000000000026357Da17

=9, 8776156715097R21D+01
=5.,26156T0R50860185D4+00

. 242590402R16018205D401

L 1.46UR606U19961178D402
1.2556814307045297D400

=1,0000000000000001D+00
=4,26783332041937460+00
C m5,T7648010000000000D~02

6,8601088644066055D+01
643690609737102234D+00
145648157380348494Dw03

R 1 Ty e

»1,0164237056%58433D400

6,50248208766999571D=01
»2,3958321254435133D=01

1.2108770093303297D400
4,9672265799196244D400

9.787478R676236224D~02

ALPHA=BETA CUEFFICIENTS ARE

79,0000000000608491D=17

- B,T20989R83139561760D+01

B8,1606331254435133D=01

*9.11356092092608900+01
=7.84685121266453%4D¢01
=1.1352294605658B472D=01

© ALPHA=RETA=BAR CNEFFICTENTS ARF

=3,0164237056358433D+00
*2,59319127050516050400

8472774450882015495+018
2¢3963802%981505130+00

Sannge e rarnage,

4

1.8791539429726283D=01
=2,44718956684612670=01
“5.TELBO10000000N0OD02

2,6897470256232360D+00
2,08113A610305353310400
1,5648157380348494D=03

=2,2590402816018306D+01
*5,1138946171130861D+01
=5,76480100000000000=02

1,6920389667674193D402
2,9568188AR14373813D401
1.5648157380348094D=03

4, B449320169T44238D400
*1,16326817727555920+00

2.86435485581602790+01
5.,048356489734§244D=014

METHOD W(.7)

103812132456494113D+00

*b,21534140849839357D=01 -

5,2993162394060103D400
1,4877133820205324D+400

6,85452063932425050401
2,02535527775898930+01

»1,9169815556182421D¢02
*7.6341166581839019D+00

£5,29222708266359290400

=3.54R7923254435133D«01

1,5308968267525020D+01
1001004420452305920=01

> Lt
Fadtine
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T

i

ORDER : & 12
. 'AeB COEFFICIENTS ARE
=1,00000000000000000400
s

-0.
wl,

1,70933300014029180400
4,BB2654T944725028D401
1.3156721969195928D401

0.
ALPHA-BETA COEFFICIENTS ARE

1,00000000000090000400

7.91666666666928100=02

- 0.54957561728404050~02

0.

=1,00000000000000000400
0.
0,

7.09333000140293350+01
1,53641157607824280+01
5,94237726972101970=01

0o . S

2,00000000000000000¢00
«0, i
"0

«d,36844192796015710400
=5,63182722437670350+01
=3,9320979575016033D460

»1.5469999999946114D=15
7.49999999999751R460m02
6.3

14043209B765365D=02

© ALPHA=BETA=BAR COEFFICIENTS ARE,

»2,94977592767957190400

] ,26715074479918220+0¢"

=5,92405641233766230=02

1,00000000000000000400

0, -

uo.

1.4174250491021324D+01
4,7880851020821853D401
7.1271B655218855220=01

=1,0000000000000000D400
0.

7.13458994709141740=02
6.1072649861712367D=02

0;
0.
O,

Te5653656355218868D400
T.19372036335578060400
0.

8.3333333133340835D0=02

ey e A T et SRR

' METHOD: ADAMS

Jd =1

=0,

-0,
=0, .

=3,10390004729337020401
w2,9743330114137406D401

"5.9240564123376623D~02

8,33333333133155950=02
6,8204365079359990D=02

5,92005645233766230=02

0.
0,

*1,29568533274210357D+01
=2,68438193943402270400

-n

0z-¥



o

o o SERTRT R o | METHOD: ADAMS
J=2

ORDER 4 = 12 | | :
. A<B COEFFICIENTS ARE . . . . | - | IR

i’ =1,00000000000000000490 2,0000000000000000D+00 .ooonoﬁooonooonooo+oo 0,
‘r‘ .o L . N -o N R -o. —o.
-0, -0, 0y -0,

5,92405641233766230=02

. *1,71496123186227350400
U 19250R7306597723D=01

ALPHA=BETA COEFFICIENTS ARE

9, 96006230659772330—0L

1,9080211590107423D+00
1423797862053070390=04

*4,58564695817299580D=91

=1,5799909937870354D400
=2,22207253587461920~02

1.141326383878a6720400
9.6232423440756774D=01
1,63208573833573830=03

0, 0, " =1.00000000000000000400 0,
0. b :‘0. 0. o B n&
0, .0, 0. 0.

1.0000000000000000Q100
-ﬂ 1666666666657U10D=03 "
52;7086089ﬂ65é554050-03

*1,0000000000000001D+00

e, 1666666666HTUL06D=0T
=2,3553240T40740765D=03

ALPHA=BETA=BAR COEFFICIENTS ARE

6,3333333333333727D~02
«3,6541005291001254D=0%
~2,06778223705307070=03

=7:59099999999851S1D=16

*3.,14153439153453900=03
=1,8320857133357383D0~03

© =1,0000000000000000D400 0, 0. 0.
' oa ol 0. O.
O 0,

5,92405641233767250=02

=5,18014R083012665RD=01

;. *1,85565538820747150%02

s et mg @.»,.‘.,,,..-Vwm;m; B ORI

1,1692735890652566Nan]

441549360169151837D=01
1,8320857383357383D=03

~2,8395054212762530D=01

"2,30986982082732070=01

445649794071669077D~01
8,48526685505852210~02

Te-v

-~




ORDER , = 12

T
. A=B COEFFICIENTS -ARE

«1,00000600G00005007+00
2.438538099R879750D400
“9,4623162613573198001

5,37529672299700200=02
ToU01S307785U966770400
9,9445919889370690D~01

. ALPHA-BETA COEFFICTENTS ARE

'9.99999099999h55990-17
«2,1590111089093410D402
- =2.,3122150988959157D+01

' 3,84036B4787231119D401
3,A321501R0T2A1697D402
T44785400929264318D400

ALPHA-BETA=BAR COEFFICIENTS

#9.9999999999999979D=01
*=759723922782838896D400
- m3,0606347278104593D=01

1.323938856069551RD+02"
LRSS 16817049028196736D+01
. ©543104357503148928Dw02

=].7164237056358433D+¢00
1,680470067223764700400
*5.,9739361807545087D=01

1,273416704u3525880+00
9,0272266978909519D+00
4,2805952340352144D=01

=2.5999999999949856N=16
2,17000136A3029397D402
5.0704045908856102D+00

=~1,7074381762695633N¢02

=2,3593671555502531D+402

=1,0719660097893648D+00
ARE

»3,716423705635R431D+00

»5.5806745947987227D+00 -

=4,0353607000000000D=02

9,5317370691389287D+01}
Te1230126T01932086D4+00
3,22465U6101244020D=03

=5,2358119964782747D=01

21 0USLRUY6BUTIRUIID~0Y

~2,25356258781045930«01

3,42025033471196640+00
4,574465688R06266TD400
4,6655048282900124D=02

«3,8403684787231119D+01
«1,479R3137310691790402
~6.69245935781045930=01

3.51441550796263900402

1.,05193R7947309742D+02
8,212624899426R546D=02

=b,9564286109195140D400

ce2e9TB502066629171SD+00 -

6,1661105910535363D+01
2,0034420089899478D+00

METHOD W(.7)

T =2

1.5127540216574953D+00
*7.92837418177622430=01
*4,0353607000000000D=~02

T 7.5334709504097768D400
3,6471722400130080D400
3,22465461012440200=03

1,32340132R3972521D402
7,0228302041694421N401
44 0353607000000000D=02

=4,4U329592128540510+¢02
*3,36757304R89TA503NeN]

=3,2246546101244020003 .

=B8,68367949454568950+00
=1,16916695663724270¢00

3,5538312080091216D+0%
S,31043583799694890=01

22-¥

e T L



 ORDER = 13
‘fﬁpa COEFFICIENTS -ARE

- w],0000000000000000D+00
. X e : ruo. )
N PR : j .

=0,

Lo 1.76693662692981680+00
Y 7.73403432320373350401
L 4,1670517283005657D+01

5,7603626950115459D=02

- 949999999999999147D=~01
©7491666K6666596505D=02

L 6,5U957SK1TPBULASEDN =02
5,76036269501154590=02

d

ALPHA=RETA=BAR COEFFICIENTS

el 400000000000000000400

i 0
7.6693662692977845D=01
24 TUUORTTIULON0T2275D401)
- 3,186400938268198370+00

RUN .COMPLETED

" ALPHA=BETA, COEFFICIENTS ARE

-~y

2,0000000000000000D¢00
-.0,-
"Oo

“04 z
=550596854495950478D¢00

et 0194034U4T14065T0D402

*{,6604R958776945300+01
O o

A

4,6881999999989276D=14
~7+5000000000012852D=02

6,3140432098764970N=02

0,
ARE

0,
0,
0

~3,52581219573544400+00
=2, 7187621419186523D¢01
~6,35276833463940770=01

»1,00000000000000000400
-0.
-o.

1,7976089860896471D+01

1,01106602247835750+402
4,51455823215998070+00

={,0000000000000000D+00

8,3333333333228R44D=02

741345899470908336D=02

6.1072649861712004D=02

0. 7
0
0,

1,0157528842495805D+01

1,92904R20093904300401
5.76036269501154590=02

8,

o d=1

-Q"
-o.

-o.

=4,3711838375461681D+01
7,5365402605634004D+01
~7.,50484087364171690=01

8,3333333333452870D=02

6,8204365079358172D=02 -

5.,9280563962786182D=02

0,
0.

«1,9870968494734628D401
=9,5968171676666218D400

0,

METHOD: ADAMS

¢e~v




e e

| ORDER', ‘w13
. AeB COEFFICIENTS ARE
. =1,00000000000000000400 -

. -0,
'-0»'.

5.7603625860394627D207  1,01806948981555630400

Lafly Lo

-O.

EoOOOOOQQPQQOQOOOOD*OO-

#2,5252u56720363618D400. - 3,2004762632924835D+00

L w1,22953531324206550400
*146369382629819965Dm03

ALPHA=BETA CPEFFICIENTS ARE

9,99999999999999830n0 1

=2.7086089065256375D=03
*1,63693R2629819965D=03

. MLPHA=BETA=BAR COEFFICIENTS ARE

 =1,00000000000000000+00

0.

5:7603625860393788D=g2 -

~8,617718435274B606D=01
*9,2218775716264557D=02

£,8392427990910961D=01

0,
0,
0,

o »9,9999996999999899N=0]
L mU 1666666666T01275D=03 =l 1666665666644640D=03

=2.35532407407406000=03

0,
o,
0.

143329674153634489D=01
B428002043962981390=01
1,820146836B155703D=02

Rl sl R T T T

*1400000000000000000400

= ). . P

=0,
"5,6660262117411175D=01
~3,09252194876240020+00
1,3625865071555796D=01

T =2

=0,
-0,
o0, ;

1,50145280173450640400

2.25877933868930RA90+00

2,1475344894119696D=02

P

=1,00000000000000000400_ _ 0, _

*

0e . .

 8,3333333333330821Dw02
=3.6541005291014740D=03

~2,06778223705307300~03

0o
0,
0,

“3,57612763961A1576D=01
»S5.TLTU4601730895136D=01 "
*1,6369382629819965D=03

0,

,0.

3,65000000000100550=15

*3,14153439153411200=03
=1,83208573833573800=03

0,
0,

6,5293053227452999D=01
2,8128526010842479D~01

METHOD: ADAMS

ye=p




onosn }V:- 13
A8 COEFFICIENTS ARE

’1000000000000000000*00
L2 URBSSAU266525799D400
*1,0508458630278880D+00
»2,82475249000000000=02

542621506036380960D0=02
B8.1713878096467131D400
1e637202U6TU6529420400
2:S9UB3ETII99671700=04

'ALPHA-BETA COEFFICIENTS ARE

u, 90999999999799080-17
=3, 309465886255076770+402
®7.02669513076782RAD+01
«2,B8247524900000000D=02

o 4a902R6672053013340D401
~Te18973131954070BRD+02
2499B818514300767550+01
249948367399967170D=04

ety 7196?5747738290 D400

2. 316879“561166209D+00
-8.870593390553“0250-01

1,2066221511014238D+00
1.2189435038563833D+01
1,2962117932955695D400

=2,80000000000075550=16
3.,8667066181275043D402
2,04969902164457R84D¢01

=2,3517752969313972n+02
=5,0771931366829255D+02
=6,092600880172804990+00

ALPHA-BETA ~BAR COEFFICIENTS ARE

=9 99999999999999770 =01
M. =1402258576078R2180D401
2 ®B,715212108424R3070=01

R 1,86201483999834770402

3,03510015917836B8LD+01
1 247206492770055776D=01

A ittt i et el T U e

=3,71962574773829390+00
=8,07372441071632920+09
~2,1442902230187466D=0}

1.38512060451631240402
1,47002402109758830401
S.8417193398484064D=02

-9{66556567851“72590-01
9.10921783688209620=01
=4, T0910691138733750=01

3.3801533367459571D400
5.87954762019305630+00
1.5549002457758930D=01

»479028667205341333D+401

=3,0425959906675298D402-

=4,07252103205935500¢00

5.2920047101598694D+02
2,6661455821630518D+02
8.0949643361689956D=04

«7.,407R080633280610D400
25,010670129862268UD+00
=2,8247524900000000D=02

9.4202790240173664D401
4,9290264503611383D+00
2. 5946)6739Q967!7OD-00

d =2

1.03487942998641T74D+00
=4, 68056689R3N224130e0}
*1,5793397250187466D=01

8,2976R19824392245D+00
6,6201117655518075D+00
5,7898226050484721D~=02

1.8614R86249%798380+02
1,7150849359751226D402
4,9690027130187466D=01

=7, 4154895327564373D+02
=1,04356U0467969308D+02
»5,1012030138480781D~02

©1,0063110948931411D+0%

#2,41567273R8384317D+00--

5,8191202011155319D+01
1.7819244552982009D+00

METHOD W(.7)

Tonn 4
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5. Cyeclic Methods

The investig atlon of the five and six backpoint cyclic
methods derived under contract NAS-51187 was “divided into five
tasks. ZEach task includes analysis, computer programming and
the running of computer programs. The first two tasks were
funded by this contract, the last three by NASA grant NGR
05-071-005 at Califorﬁia State University, Pullerton under

Dr. Sam Pierce.

1. TIocal correction error (algorithm).
2. .Local truncation error (order).
3. Eigenvalues (stability).

4, Comparisone (computatiohs).

5. Analysis and conclusions.

1. Local correction error (algorithm). Iterating to

convergence on elliptical orbits implied;that the predictors

used caused instability in some caseo. Correcting twice re-
moved thls 1nstab111ty qowever, correctlng more than tw1ce

did not s1gn1flcantly 1mprove the computed solutlon whlch

remalns poor.'

'2;j‘ Local truncatlon error (order) The order equatlons were

;satlsfled in all cases. The flrst few non-zero coeff1c1ents’
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in the local truncation error expansion, Ci, are comparable to

Cowell's. TFor example, for the k=5, order 7, cyclic methods [&6].

Method # 1 2 3 4 )

09 -.0005 .003 -.0003 = -,0007 -.0009
3. Eigenvalues (stability). The remaining tasks considered
the equation y" = y. Since the behavior of the cyclic methods

on this equation is similar to that on orbit eouatlons it was
felt that 1mprovements on this equatlon would be reflected on
orbit equatlons. ThlS work should be extended to y" = -y.

From equation 2.4(2) in [ 2 7. Let

F - = 2 =1 - 2
- A= (Al h Bl) (Ao h\Bc).

This "stability matrix" describes the error propagation proper—

ties of the cyclic method applied to the above equétion. The

elgenvalues were computed u°1ng computer program HESSEN\supplled

by ' Dr. Velez)for h =0, 107, 107, and 1072, 411 metnods

showed excess1ve error in computations at h = 10 l The h -0

; elgenvalues were. not computed as accurately as the others
bsince the CQWell and cycllc matrlces were 1ll-cond1t10ned,

. the eigenvectors correspondlng to A= l were equal
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. ) !
the Jordan canonical form was not diagonal. In the vector

(r, 1) r is the real part, i the complex.

Cowell K=5 Order 6

h\root i# 1 2 _ 3 4 5
o o 1 5210723 | _9x10735  |_3x10735
10-6 1.000005 | 0.999995 | 1x10~28 -8x10728 | 1570728
. 10°% 1.0005 0.9995 1x10°28 | (C2,.4)10" 18 (-2, +hy0 ~18
1072 1.05 0.95 231071t | (q,-2)10"* [ (s 420022
‘ Cyclic K=5 Order 7
o krh\root # 1 2 3 " 5
‘ 0o | 1 -1x107% | (.7,1)10°%] (L7, -1)10"¥
10"6, 1.000005 | 0.999995 2x10'§ (-1,2)10'6‘(--1;.-2)10‘6
et 10°% 1.0005 | 0.9995 | 1x10~% -1x10"5 | -9x1075
o 1072 1.05 0.95 | 2x107% | .1x1075 | -s5x1073

The principle eigenvalues of the cyclic method behave the

same as the Cowell. The“Cowell extraneous values remain well

'ewithin the’unit circle when error becomes excessive in compu-
*tftations et:h = 10'1, One might say Cowell is "over- stable.
The cyclic extraneous values exit the unit circle at the same

R ‘time error growth becomes excessive 1n comput.ation . 'Since ;
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the cyolic method is not "over-stable" it may improve if the K)

extraneous root behavior with h is improved.

L, Comparisons (computations).‘ In solving y'"=y without
using a predictor the Cowell and cyclic method blew up at h—lO'l.

The relauive behavior of theCowell and cyclic K=5 methods at

6 -4

h=10" 10 7, and 10~ -2 was the same and is qualitatively

| sketched below for h—lO'h

4 b ’
1070 | Cyelicy

10710 |

error

10715

J

{ .
"2 10 20° 30 - 40
- cycle number

The Cowell curve illustrates a stable method. The cyeclic curve
implies a stable method in the third cycle and beyond, in fact

slightly more stable than Cowell since the scope is slightly

smaller.

5. "'Analysis and conclusions. Tasks 1 thru 4 imply there

is only ‘one thing wrong with the cyclic methods: the‘error »
_sjump~1n the first cycles.' This 1s not a stability problem since§ 
1'the latter would be a 1ong range effect What is the cause of .

'fe;this problem? ‘Since both Cowell and cyclic stability matrices f:}
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are degenerate at h=0 but not at h#0 (since eigenvalues are

S
T A
~a . . . -

unequal ) this cannot be the cause as was originally expected.
S Since the first cycle error equals A times the initial error,

e it must be that norm (4) is too large. 1In fact the elements

e of the cyclic A are’as large as 7000 while Cowell's are less than
I ; 6. There are two ways to look at it:

1. The coefficients of the cyclic method are too large,
1 _

‘2. Since A = PJP™, P = the normalized eigenvectors, and J =
the eigenvalues then P'l is too large, P is i1l-conditioned,

1 ' and the eigenvectors are nearly dependent.

i : Methods of correcting this problem must be discovered

| and analyzed and computer prégrams written and implemented.

Once corrected, the many degrees of freedom?available with

N eyelic methods can be used to improve them abové Cowell's. Fof 
i example, minimizing the first few non-zero Ci’ improving the root

behavior at h#0, extending these improvements to other equations

fﬂ . including orbit, and including predictors in the analysis.
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6. Off-Grid Algorithms with Higher Step Number

Various off-grid difference equations of the form (Class II)

k k :
2 T [ &4 2 . _
}; 8 Ypg *h° ) B Y, +h7 by Ypg = © (6-1)
R i£ . i=' o -

have beeh examined for h =0 stebility by use of Program A-B on the

GSFC 360/95 computer. In all computations © and by were varied as

.follows:

] T - 08 (.2) 08

- .5‘( 1) .5 .

)

Methods are then specified by giving step-number k eand the coefficients
8, bi set eqpal to zero, in the golution‘of order equations [ 10 ] for
the remaining coefficients.

Cases studied are listed below. fndicééllisted in the table be-

low are thdSe;of the cQéfficient ci‘ arbitrarily set equal to zero. For

- “this purpose, we define

1=122,...,k;

Rt e R Bt



i

I
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|
L
B

R = U A A N

The order of the method is

2 + 1,

to zero. The indices specifying methods are:

Order 12

9
10
1
12
13
14

6:7:8'«
7’8’10 :
7,8,11
7,8,13
7,8,1%

““7)8115

5) 6)7)8)9

6)7’8)9)‘11
6)7)8’9)12
6,7,8,9,13
6,7,8,9,14

: 6}7’8’9,15

Of ﬁhe cases exam;ned, stability‘was encountered only for k=90

Q,and the s»ts of 1ndices

. {h’5) :7, :9;1A])

6,7,8,9,16

set equal

6-2
minus the number of ei
Order - 11 _Order 10
6,7 5£6:7
7,9 5,659
7,10 5,6,20 -
7,11 5,6511
7,12 5,6,12
7,13 5,6,13
k751u 5:6,1h
556,7,8 4,5,6,7,8
6’7)8,10 5)6)7)8)10
6’7}8’ll 5)16}7)8’11
6,7,8,13 5,6,7,8,13
697}8’11"’ 5)6)7)8’l)+
6,7,8,15 5,6,7,8,15
5,657,8,9,1k 3,4,5,6,7,8,9
6,7,8,9,11,1k 4,5,6,7,8,9,11
6,758,9,12,1& h,5;6)7)8;9312
6,7,8,9,13,1k 4,5,6,7,8,9,13
‘ ' . h’5}697:8:9)14‘
657,8,9,15,14 4,s,6,7,8,9,15
6)7)8)9’l6) l)"’

%,5,6,7,8,9,16

[3,h 5:6:7: )9]: (k 5, ,7, ,9,12] and

all of‘order .10. The firstzgroup of methods is, of
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course, stable for all bé, since the stability polynomial is x9'-23§ -
1

x'. The remaining groups are stable for some pairs e, b Label the

eo

groups, Group 1, Group 2 and Group 3, respectively.

Group 1.

The extraneous roots are all zero. The magnitudes of the pri-

mary error coefficients C12 are in the approximate range

Group 2.

Stable configurations were found for the pairs, e, be, as

follows:

e = 0 by = - .5
e.= 0 by = .5
6 = .2 bé = .5
e,'= .6 by = .5
o = .8 By = =5
e = .8 by = 5 .

The magnitudes of the‘coefficients, Clav for thesé methods were ‘

- 4in the range
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L0007 < el < .03 .

The largest extraneous root in these cases satisfied

Group 3.

Stable configurations were found for the pairs @, bgs &S

follows:

The primary error coefficient is C12 =.,0003 and the extraneous root

with largest magnitude is 1y = - .93.

Program GENCOB was used in a search for stable 7-step methods.
As described.in { 2], coefficients in the off-grid Class II difference
equation (6-1) are determined by‘the second-derivative of quasi-Hermite
interpolating polynomial P, evaluated at t’=7k - 8, This polynomial is
‘explicitly computed by'requiring‘cértainlcond?tions, c(i), on P and

P, at points of our interpolatiﬁgyset. A definition of the conditions,

~with their’indexing,‘will describe what methods have been examined for

stability.

Interpolation is on a set, k[tn’tnéli""tn-k}’ where k is
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the step-number of the method., A sufficiently differentisble function,
y(t), is here being interpolated on the set. The conditions c(i)
are defined as:
c(i): P(t, ) =yt ), 1=12..k ;
c{i): Bt i) = V(b gyl 2 =k+1,000,2% 41,
”L; ; Methods are then determined by SPQle‘LHE k and the conditions omitted
3 |
1? from the 2k +1 Possible ones. The polynomial degree of the method is %
J? Zk +1, diminished by the number of conditions omitted. Indexing of
,E conditions corresponds to the indexing of coefficient, explained zbove.
;5 Program GENCOB is capable of der1v1ng methods in which be is
‘é essentlally determined by order equatlons." Such methods cannot be ob-
{ tained bykProgram A-b., For this reason, the following methods were de-
o , S ,
L rived by GENCOB. Stability was examined for values of ©: .2 (.05) .5
A k=7 7
i Conditions Eliminated Order
None = : { 15
| c(9)" o R R RO 1?
‘c(10) ARV E RGeS o {
e 13
e a3




Conditions Eliminated
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c(8),
c(8),
c(8),
c(8),
c(8),
c(9),
c(9),

c(9),

c(9),

c(10),
c(10),
c(10),

~¢(11),

c(11),
c(12),

c(8),

o »»'C (8 )’

c(8),
c(8),
c(7),

- c(8),

c(8),

) 0(8)’
c(8),
- fc (8 )v’

0(7):

“‘0(7))

e,
i '»jc(7)}

:'I_C(7), 

e,

c(9)
c(10)
c(11)
c(12)
c(13)
c(10)
c(11)
c(12)
c(13)
c(11)
c(12)

c(13)

c(12)
¢(13)
c(13)

c(9),
c(9),
c(9),
c(9),
0(9):
c(10),
c(10),
c(10),
c(11),
c(11),
c(8),

c(8),

c(8),

c{9),

c(9),
c(20),

c(10)

c(11)
c(12)
c(23)
c(1k)
c(11)

c(12)

c(13)

c(12)

c(13)
c(9)
¢(10)

ic(ll)‘
c(10)

c(ur)

c()

Order

12
12
12’
12
12
12

12

12
12
12
12
12
12
12
12

11

11
11
11
11

11

9

e

AL

EEEEE

11
11 -



Of these methods, stability at h = O were found in the follow~

ing instances. The approximate range of © is also given.

-

Approximate Stable Magnitude of Primary Error
Method Range of @ Coefficient 8 = .3
€(9), ¢(10) 25 < 8 < .35 1.7 x 1070

The following methods may be found to be stable if examined with

a finer 6-grid.

c(9), c(11)
c(9), c(12)
c(9), c(13) .

Plots of the magnitude of the largest extraneous root in -the dif-
ference equation (6-1), as a function of 6, were made at GSFC for var-
ious configurations of conditions imposed on the corresponding interpo-

leting polynomial. These plots display many stable Class I and Cléss IT

. methods. Programs GENCOA and GENCOB were used for this purpose. These

results havé been included in the first interim deliverablé.




7. Methods Using Third Derivative Values and Repezsted 0ff-

Grid Accelerations

,QQ 7.1 Motivation

The usefulness of methods derived by Previous coefficient gen-
j}:\ erators GENCOA, GENCOB and Program A-B, have motivated the extension

of the latter program to include the capability of generating methods

i :

Qé vwhich use more than one off-grid derivative value Yn-g-1 and also,
! :
&}

methods which use third derivative values at grid points.

;& The orlglnel off~grid methods use a s1ngle off-grid derivative
value yn_e = f(y* O,y* ,t), where the starred quantities are predict-
ed values, Since this derivative value is never reused, it need not be
B corrected. Presently investigated methods use the derivative?valde in
subsequent computations (as n increases) and the off-grid point is cor-
: X o rected once, The new coefficient'generator is designed to produce off-

grld correctors and all necessary predlctors. -Use of more off-grld

‘points permlts methods -of much hlgher order for the same step-number in

: comparison W1th the orlglnal off-grlnd method.,

Methods uS1ng thlrd derlvatlve values are suggested by the
,avallablllty of thlS derlvatlve 1n some modes of operatlon of" the sys-
- tem, €iL. 1f the equatlons of motlon are § = F(y,7,t), ~the par+1al
‘_derivatives BF/ay and af/ay are avallable when variational equa-
‘ftlons are: being solved permittlng 1mmed1ate computatlon of the third

,'(tg, f‘ﬁderlvatlve.. Possmble advantages 4n accuracy of these methods are’
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examined. Use of the third derivative extends the scope of this task.

The coefficient generator ABX

The coefficient generator ABX is designed to compute the

coefficients in a method of the general form

X |

| 3 2 _
Z (a5 ¥4 + n® by Vpog *h7 ey Vo 0T Y o vegy,g) = O
10

A grid for @ can be specified, if desired, or a grid for the peir, K
dgs ‘can be specified. This capability was found useful in Program A-B
in searching for stable methods. The grids can consist of a single

point, or a\single pair.

The order equatlons are produced and solved in a manner S1m11ar,

to that of theé parent progrmn, Program A-b. Stab1lity at h =0 is

- examined and the first three error coefflclents are computed The mag-

E nitude 01 the largest non-prlnclple root is prlnted

In addltlon to the above capabzllties, stable methods found
are eutomatloally evaluated by 1ntegratlon of a clrcular tragectory
: for 8 specifled 1nterval and the error printed. In connectlon with tﬁe
integratlon, 1t is necessary to use approprlate auxlllary‘dlfference

equations. For methods u51ng more than ‘one off~gr1d p01nt, we have'
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used an on-grid predictor, an off-grid predictor and an off-g;id correct-
or. For third derivative methods, the off-grid corrector is not used.
As a standard of comparison, the old off-grid method, © = ,21, is pro-
cessed along with the new methods. Because the integration procedure is
different for third derivative methods,'there exist separate programs:
Program ABXMO generates and tests methods dhich need no third derivative
information and use more than one off-grid point, while Program ABXJRK
handles methods using only e siﬁgle off-grid and may or may not require
third derivatives. A few mixed cases have been generated which involve
more than one off-grid acceleration as well as third derivative valuee.
: Tpese have been run in Porgram ABXJRK. Methods tested by Program ABXMO
‘'should be compared with each other. The same is true of methods tested
éé : with ABXJRK. Methods from one group should not be compared to those of
| the other.’ Methods from ABXMO are integrated with a correction of the
off—grideacceleratien. ABXJRK does no correction of the off-grid accel-

eration. A descrlptlon of computer programs is found in 7.k4.

Methods Génerated and Tested

Methods processed are‘giveh below. In case the method is stable

an 1ntegration 1s performed as described above. The additlonal preci-

s1on of the CDC ‘6400 was needed in the computatlon of difference equas=-

~tion coefflcients. In view of this fact all computatlons, 1nclud1ng

the numerical 1ntegration, were done on that machine.
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Generated methods are defined bélow. In all cases, ey = o,

a, = - 1. In case the method contains more than one off-grid point,

an off-grid corrector is generated at the time of integfation. This
auxiliary corrector has the same specifications, except thaﬁ 5
a0'= 0. These methods are.produced by program ABXMO. In off-grid

cases, @ was varied on the grid, i.e., 8: - .6,(.&) .6. For the

meaning of coefficients ai, bi’ c, and di refer to the general

i
difference equation above. Methods are defined by specifying coeffi-
cients constrained to be zero. For each group of methods, the right-

hand column indicates which deck was used to generate and test the

methods.
Coefficients Constrained to‘r _
Order Equal Zero Program -
k=3 " eg= ey =0, j =0,1,23 . ABXMO
.1' 9 k R ‘
2. ' 8 " dl
3. 8 d3
| 4, 8 | ‘al;
5. 8 'a3
k=3 - e=0 a4 =0, .j=1,2,‘3‘  ABWRK

=-l,
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e
of

‘ Coefficients constrained to
Order Faual Zero Program

SR AN S

ST

kK =14 e, = e, =0, j=0,1,2,3}4 ABXMO

E 1. 12 -- ‘
L 2. 11 ‘dl

§ 3. n d,

- b, 11 a,

1% 5. 10 ' | d;,dy

15 6. 10 : 4y,

7. 9 3

8. 11 &,

k.‘ . 11 ‘_‘a

10. 11 &),

'f k =6 ey =0 éj=m 3 =0,1,...,6 . ABXMO :
: L Ak o 4y,dydsdy
'Eg 24 15 | dz’d3’du’ 57 6‘ E
e ‘ |

3. ;1 2 | | aj,ah,a5,a6 du,ds, 6

k=5 e :=‘O | c v=-0', j = 0’1)2:3:’4’,5, - ABXNO

1% R | B

e a2 dpdpdy o
e om s

B ad,54,,4,

1 g | 1 | 1 13 | . 'Vd




T-6
k =4 (cont'd)
5. -1 a3,ah,a5,d2
6. 11 33’9-&:&5)61
Te 11 alp,za.s,d)‘\,d5
8. . 11 ai’ak’aS’dS
k =4 e =0 4, =0, §=1,23k ABXJRK
1. 13 -
2. 11 C5rCy
3. ll bO,’bI
L, 11 ey,
Se 11 'bl,b2
6. 11 5-3,8.)4
k=5 éO =0 d;] = 0, j = 1,2,3,11,5’ ABXJRK
1. N 11 - B ' aB,ah;as,co,cl
2, ; n 83,8, aS’bO’bl
3. 11 a3,sah,a5,cl,c2
1{. 1 ' ;8‘3’,al+’a5’bl’b2
54 11 : aj,za,h,as,cg,c,3
K B
‘ - 8. EE : ~ 11 ; | | : | a3’a4’a5’b5’°5
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} ‘ 7-7
5 ( '

[ SE

H 1 sl

T

k =6 ey =0 d, =0, j =1,2,...,6 ABXJRK
aj,a.h,as,a,6
cE’Ch,cs,C6

k =k (nooff-grid point) d, =0, j =0,1,...,k ABXJRK
L e, =0 J :
Ly . ) d
1. 12 . . A - -
2. 11
1 co
; . > | A ’ ¢
| k. : 1n ¢
‘;‘ - lo . -
B ’ ; €1%
| 6. 10
. ' | 37
7 10 aprm,

k=3  (mixed methods) ' | " ABXJRK

eo =0 .
o

o 1 | - a,,d
2. 11 4y,

s

BT P
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Methods are easily identified and evaluated. The off-grid
second derlvatlves are positioned by 6, e.g., © = .2 means terms

such as’ h2 dl yh-i-.2 which appear in the difference equation for
non-zero di' Prlnted coefficients are indexed from current time, for
example, in the order 8y = -1, el,ae,..., ete. Coefficients either
eppearing as zeros (o; missing) have been arbitrarily set to zero.~ In-
dexed error coefficients are given, Stability (at h =0) is noted,

as well as the magnitude of the largest extrancous root. Flnally, the
reﬁult of an integration of a circular trajectory is given. These com-
‘prise the final two llnes of the output. The first of these lines shows,
respectlvely, time, true xq component of position, true X, component
component.

2
"~ of position. The last line indicates relative error in position, error

of position, computed X, component of position, computed x

in the first component, error in the second component, Xl, 22, respect-~
ively. Basic units are, of course, meters and seconds. In every case,

the step—size'for the integration is indicated on the output.

It is important to note that in the integration, an evaluation
is doen after evefy Prediction or correction . wAlso, in methods using
a third‘derivative,'that derivative is computed assuming that  » = 0O,

Furthermcre,rthe analytical formula for ¥ is used.

Although methods can be identified as described above, 1nput

o parameters are included in the output. These are described in the pro-

'gram descriptions. See Section 7.2 for a complete descrlption of out-

Y

. put.
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The methods defined above were initially tested by integration of
one revoiution of a two-hour circular trajectory. The results of this
initial evaluation comprised the first interim deliverable. Although
the computer programs, with slight modifications, are capable of pro-
ducing any type of predicting method, exact (analytical) predictors

were used in the preliminary evaluation.

On the basis of the Preliminary screening, many methods were
réevaluated by an 84 revolution computation of the same trajectory,
using a fixed 11th order quasi-Hermite interpolating polynomial for
prediction. This polynomial is the basis of the predictors in the pri-

ginal, 6 = ,21, off-grid method.

The computer cutput is given below for methcds found to be

stable at:step-sizes greater than 200 secs.
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(ABXJRE  H=200 SHOS. ‘

| A=ZzR0 IS =g, ‘(IAZEZ§ b I )
EEINDIIES~=0R‘D?QP’EOTD COEF S 1. .2 3 4

THETA START = 5.00805003600005000-01.7 THETA STEP =

1.050020C03230000000~01,

THETA STOP =

o

6.006530360C0000030-01

.

0T-L

e e



H=200 SECS.

K =

THETSE =~ 5,0060303G006663000D-01
TRUNS COZFS = 1+05925222027983930~11
TRUNZ INDICES = T

A COIFS ARE.. -
=1.00030060033267CC0+00
. =1438573353345937L0D-02
18 COITS ARE.. v

Y 2440327 275266877550-02
1.36333564555935730-03

G CUSFS GREee

C =1.7157500892w57466D-03-
. 1.105022636065603360~04
ja] COEFS ARK:.- A
2:53365274595531230=01
s : '
STad.k
STABILITY =
T-E
5.38200000303G2000D¢05
3.42803781031552980~11

OREIT CUMPLETCO.

2,432763123835206390+00

«e91935209064374800-01

=1, 87548675304275200-32

Je

2.321014685313929940-01

X1-21
7.966965+9301266068D+00
=3.950098527406572160~l0

9.90365653287122700~-12
16

=1.6348d413450449850+02

=1.55064347064050870-01

5.37991159580663000-02

0.

X2=£2

2.23324323663026440D¢05
2e74142084 08824154004

=~2429140541866097770-12,
i7

A
XXXXKXXKXXXXXXXX(XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

DET =
4e71478896503385350~-01
: »
=3.34346632925651070=02
=1.,12091976C3803596D=-02
0.
U1-uoD1

7.99696549902183b6%0+06
~6422581257460553040¢00

6.55456727949461190+32

.

TT-L

STABLE

u2=Lap02
2.20324323368883880¢05
=14715273053527303905~014



j“ifﬂ =

STABLL

 H=200 SECS.

K2 &4

i

TRUNG. costr=

JRUNS INJICES =

A COZFS AREs.

T =1w00J00600030030CC0D¢0C

2 ?9%654/3653(39953-b2

B 3 ARE.s
: TH7O77SR0439050-02
-1->3wu7dd/32°d39110 03

3 2

DOCUIFES ARZes
‘9-725353$Zh%57§3b20"0

=1e722127563 JlBlb:ﬁD O

0 CLiFS ARZes
‘(<*$JDSDI’QQU
STABILIFY =
: T=g
J.QSZUGuJ?GOLn703u0+05
2,45113396029317330=11

ORBIT COMPLETED.

)D 01“_7’

5+03000500aC3003300-01
-1.915u71zau»11e76=u 10

15 . -

4s 2967087 4744B6433D=01

-3, 6765313257554272D0-02

2

 1.7906cea556a9“59z0-o1

: X1~E1
7.996965499312880680+ (0
«3,1£799(094L351384320-0%

T N LR

-4e11957318410203630=40
.

A T AP LA

s R A S

1e 953275%2123016640006"-8 82610295106959300-01

144902358672110G300-01

3.6209157670L010190-02

¢

R

X2=£2
2.20324323663026640+05
1.991224412b7945320-04

“4e55381774404519580-10,
A

'XXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

DET =

«9, 461467 3494550749002

-8,720716673125964C0=04

7,0714730612130£8960-03

O

U1-U0D1
7.9969b549902107430+06
-6,22581257460189200+00

4.(90918144L04LB84370+32

cT-L

STABLE

u2-unb2
2.20324327163906030¢05
=1,71527305411051390-01

o ‘r.}«"m‘gk

i Y s 5‘\\:1'#9.”"’5@'

f%ﬁf,»'

TR T TEIEIRY et vy




. ABXJRK  H=200 SECS.:
K= 1 : : ’
8-7ER0 TS -t. (IAZEZ= 1) |
INDICES FOR OROPRED D COTFS.s £ 2 3 &
THETA = 5.,00000293056060050-01

|

i
L
¥

R




H~200 SECS

w:: & : '
XYXXXXXXXVﬁXXXXXXXXKYXXYKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXX‘XXXXXXXXXXXXXXXXAXXXXX

f
;
.
[
H

THETA = © 5,000009€90C0000000-01
TRULE COSFS = €,9096565 3237122700-12 -2,29140541866097770-12, OET =

CHIUNG THOTCES =
CR GRS AR b
=1+ NLL03020G800TTI0D €00
“1.
g bD FS 39;..,
hﬁJZT? ?ﬁga/7590°ﬂ7

. 1.35C‘3ﬂﬁ~>:“90r7‘ﬂ-03‘
G CQCF" ﬁ%“-u‘ :

5-1.?1?7“033°?§07Q§9W-C3
ot 195222 A3645H52360= 004
‘ﬂ CUEFS ERT e

2 5&8:)274398‘“1230 -01

bTuBI ITV =

. Y-r i
1.550000829006302004C3

a.9;2

T-E

1, GOCuborncnncaasun+o3

7. 142895R9215300120=14
uonc=

I' Tt :
'X.SJCGOOLﬂﬂnDnﬂuOUUOGJ
6+9126035503212 7500-15

T=£
loGGGUDPCUUCULQUQOF0O3
Qe 1G7139161323063010~17

yooo=

S 1-E

5.9320606003000700200405

3.428407E1031562630-11

ORSIT CCMOLETED.

1,059252 7?u:7933930-11

3;75&&33%3907 QD -52

6ﬂ3@5032127509-15

J.MZEQQé:bLi7300110-B3

9.“2‘999&6“ 72£02D-03

15 ; |
2,43276312383520390400

+491935269084374500-01
~1,3754£675804275200-02

G

3.821014€3310929940~01

CX1-E1
1,65520310933497300¢05
-5,21935056464320000-03

i X1-£1 o
1426707435303430320+05
~L,70Y98T7A78217219790~07

X1-L1
1.9682030093349730D+C6
=54215350664L€432000N~08

¥1=g1
1.267075E530343032D+406

6.356930461261457800~-10
~L.7037919G752532330-04

© X1-E%
T 9“69r5h9301?5‘%30*06
~3.9500G925274€5721€D~05

~2. 7&’7019°7°2b12320°0Q

10 - ;
-1 Ebhd&“i3hﬁﬂ%k9650+00

~1,55064347004050870-01
5,37991159530603900-02

X2<E2

7.75663343L716A3715D0406

-1,£27862039576972139D0-05

. X2-g2
7 8S902027479377930+406

; X2-£2
7.75663343471697150+06
~1,£2762233573971390-0¢

X2=£2

7.239020274793779380+06

~2,£0283103207454970~ 10

X2-£2
2.20324323663026440405
274142564068 20150004

17

236098412266204 30~ 07'

S L ARt e e

4.71478896503385350-01
=3,3434663292565107C=02
-1.12091973038035560-02

c.

G1-UDD1
1+9682031063350252C+06
~1.5245033563103164C+00

U1-ubD1
1.26707435903477420+06
~9.564454950212036£0~01

U1-UDDy
1.95326310933502520+406
«1,52450395631031640+00
! U1-UDo1
1.26707435903430250+406
= G.8584454950207+E330-01

U1-ULD1Y
7.996665499G213.3636G+26
~0642258125746055304L¢00

6.55496727949461190¢32

STABLE

uz2-ubn2 :
7e75¢633L267168E5701405
~6.03E712736318632E0+¢00

u2-u002

7.8580232747934562D0¢06
=6s149560070995761060¢06

uz2-ubn2

7.750b32L34715E3970406

=6.03E712736816€32280+00

uz-ubD2
7.39G0202747937301D¢06
=6.14955007499546¢E504¢00

u2-ubn2
2.203243233b686£6360D405
=1.715273065352730390-01




H=200 SECS.

K= 5 - ‘

B-ZERO IS‘-1. (TAZEZ= 1)

INOICES FOR OROPPED A COEFSes 3 & 6
INDIGES FOR DROPPID © COEFS.. 1 2 '

INDICES FOR DROPPED D COEFSes” 1 2 3 & &

 THETA START = =6,00000000000000000-01, THSTA STEP

4,00000000000000000-01,

THETA STOP =

6.00000000000000000-01

3
1
=
wm




H=200 SECS.

;_:xxxxxxxxxxxxxxxxxxxxxxxxXxxxxxxxxxxxXxXXxxxxxxxxxxxxxxxxxxkxxxxxxxxxxxXXxxxxxxxxxxxxxxxxxxxxxxxxxxxx

© THETA .=
" TRUNC COEFS =
TRUNC INOICES =
A COEFS ARE..

e .
B8 COEFS: ARE..‘

=3 IhRS8352508675000=02
CCCOEFS ARE.,.
. 1.32740300555300670-02
; J-1.7aecosazsusu7rsao-oz

D COEFS fREes -

3. 1a9h43:a~70511550 -01

Lo ;
CSTRBLE 0T
f§7K§ILITY = - Qa

: " . T=E - )
;' 98700000000000000005
: 5.*&173392&608}2050 12

" ORBIT COMPLETED.

~1s 00000000300000000*00

~1.0699281305114633D-01

2.00000000000000000 01
-Z.b30520551b9167530 -07

2.00000000D00000000+00

0

6.8536277331£502490-01
~3.36659253296857460=03

g.

O
0.

Xl Ei
7.9“6965“9901285680006
-1, 4924332333599470D~06

~6.1708877970651928D-07 -
14

~7.39931661856661860-04

-1.00030000000000000+00
2.1176296697130030D'01
0o
0.

X2-E2

2.20324323663026440+05
#-36279535369055750#05

-7.71633623763175620 <07,
15

DET =
0.
=2,40247878653321030-02
-6.zu21s;2639a795320-oz
g,
U1-UDD1

7 99696:#9901#38630006
=6.22581257460230920+00

4.940726960384L05830+31

STABLE

U2-uUDc2
2:2032432361919846D+05
~1.71527305532166320~01

L

!
—
[0 )

I S



ABXJRK ~ H=200 SECS.
‘Kb= _5 lfv;: ; S
A=ZERQ. IS =1a - (I42EZ2=.1)

INDICES. FOR DROPPED € COEFS..

., INDICES FOR DROPPID O COZFS., -

~INDICES FOR DROPPED A COEFSae

3 48
3 4 .
! 12 3 v .

' THETA 'START = =6+0000000000.0000060D~01, THETA STEP = 4.00000000000000000~01, THETA STOP = 6.00000000030000000-01

4 5

R R STV TN

LT-L




i . H=200 SECS..
K= 6" L

xxxXXXXxxxxxxxxxxxxxxxxXxxxxxxxxxxxxxxxxxxXxxxxxxxxxixXxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

THETA =
TRUNC COEFS =.
_TRUNG INDICES =
‘A COEFS ARE,,
e 50000000000000000!00
0. it

Cia rosro ARFae .
2, 04546366442109780=02-

~'1 FI 3758 5707633747004

" C.COEFS ARZ e,
#2e33949595640596440~03

Y 0- ’ -

D COEFS AREe.

R 0.

STABLE | RREEaN
STABILITV o De

| Teg
5,982000000003000090+05
e 362043A63683974GD=02

_ORBIT COMPLETED,

6.00000000000000000-01
1.92554192373816520-08
DRSS .

b 3’717639611555310 01

2.00000000000000000«00
0.

4.177309a235115119070;*
3.02828354050805840-05"

-1.065#94979557@7960‘01
8.3751475796S303420-06

‘dt
0o

Xi=E1
7 99695549901288680+05
-1.58&11062%00200720+06

LA P - I S ISR G

5.44029447273193950-08
B & T

-1,00000000000000000+00

1.17246249750501450-01
2.616488181131033270-02
0.
x2~g2

2.20324323663026440+35
3., 48647759152545690+05

7.87224798543340530-08,
15

DET = 5.86511738208593490+30
C.
2.01882415424082090-03

0.

0.
STABLE

8T~-L

u2-0002
=1.,28323435439519250+05
9.96233263085957560=-02

U1-UDD1
8.01180660525290650+06
~6.20744339797917310+00




ABXJRK H—ZOO sEcs. ,
K = /6 : . o k : o ' 5
A-ZERO IS =1. (I3Z2E2= 1) ' . L

INOICES FOR DROPPED A COEFSes 3 4 &

INDICES FOR OROPPED. 8 COEFSes 5 )

INDICES FOR :OROPPED C COE FSaee 5f'i
¥ INDIGES FOR DROPPZ0O 0 COEFS.e 3 4.5 )
THEYA START = -b 00000000000000000-01, THETA STEP z &L.00000000000000000~01, THETA STOP = 6.000000000G300000D-01
1 :
By
i 3

) ;

3. '
B | R
t ©
?v i . é-
i i
- i



TRUNG COEFS = '3, 5933327179119306D~-09 1.06127287125433468D-08

TIUNG. INDICES = ,,L,NNLJ“W,;M E BN 14

A -COEFS ARE., - - , '
-1.00800000000000000*00 ~2+0000000000000000D¢00 ~1,03000000000000000+00 0.

» 0. : ‘ !

B CDErS th-o‘ o

3. 225%52»593&511930 =02 .. 4.2329%619#75175030 =01
:2.v963119'k5é6k2F50~0h7; 0.

¢ COEFS ARE.,. - ‘ '
-2 639752%1»08796960 -03 -9.79958375821709160 OZ;ﬂ
. E¢6q9182“5008§Q10 «05: . 0«

D COEFS AREee L e - - : ‘
Q.,7Q6427221923'320 -01 0. - O . - B

DET =

S i PN VR FEREN S v *ﬁxm.‘mum‘ww‘\‘fw Bl LA St
.~fﬁ\ a
H=200 SECS. ; | S
K= 5 v
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXxxxxxxxxxxxXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 'KXXXANXXXXXXXXXXXXXXXX P
L OTHETA = 6 00900000000430330 -0t .

157567260908859200-08, «9,88829707393000550+26
15 -

6.08383493221456180-03

R T T —

1.20665013841034250-01

3.2&199052663365380-02k 2.08249326305381860-03

G- : Qe ’ b
SIABLE , ' STABLE - i
STABILITY = 0. ) i
i : - , n i

T-E Xi-€14 X2=g2 U1-U001 u2-ucn2 Q

5.98200000000000030405 -
1.35745017220652170-03

7+996965L9901268680+06
~5483030901307053910+02

2,20324323663026440405
1.08639391850430860+04

7.9975485299146939D+06
~6.225565854 30956860400

2.0943038447797735D405

'*1.63067234100964710-151

| 0RBIT COMPLETED.

4 e o




ST ARSI i R et b SRS W BRI o 7 P L R
" ABXJRK H=200 S7TCS.
T S
“A%ZE‘(QL.!IS'_ =Le: {IAZEZ= 1) .
INUITES FOR OROP2:D 5 COZFSee 3 :
INQISES FOR OROPIEY C COEFS.. I 1 2 3 4 5 ¢
 INDISES FOR DROPED D COZFS.. 1 2 -3 4 5 6
.‘IHETA R ;_,#2,‘108006000‘000;00000-01
.
~3 :
v
n [
i T
! \ - B
N




H=200 fsEcs,.j

K=

XXXXXXXXXXXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

TNETA = ZoinﬁGOOOUUUUDOuUOD ¢t
TRUNG COzFS = =2, 913“2065294253600‘06
xThdhC INDICES = L 13
‘A COIFS ARE.s : !
-i.u.OuJCQDUGCJOGULDOUGQ
Ye319705600564750330-01"
1} CO:F.: Ap‘tjo
=2e20019040037514150-02
C 334563 0319494‘%290 -01
0 COZFS AREe.

Le 7567
=3.57 3465275950 65700=~01

7.53310417639616160-01

1-760219269+353 S40-01 g,

Jo Uq
STaB.< - S
STABILITY = 6,61926112145759570-01

. T=E
14558009¢00003233950+03
2 3190737/7173'5350 1&

X1-E1
~1.73135173250286295D=07

‘ ‘ X1l-E1
.aEObJGGduUuJODJuD*GB 1.26737435953430320+65
7+15285569215300160=1% =4,73967 575217219730 37

UDDU= :-~2599:50QF730U110°03

1 -k

: T-E
1.95600055500303"“0063
3;?073/7717376’50 =14

X1-E1
1e55836 164703402579+ Co
=1.73195173256262950-07

T-g
1-:0»00000000390’00003
343332419555%379620-16

UuoD= 5.4259953084587250590-03

L o—ox1-E1
1267074859534 30320+ 05
-2, 4925719636 3441870-39

Xi-c1
7.99u905~)901286650*33
T Be3ek56335260172210-Cu

T=£
.9620C0u00000403uDv0b
3.-b5$292111:33k“10 =09

ORBII COMPLETEOD,

~9:3i0544L81468496100=106

535357760750D4¢00

3.7GE10715615661730D-02

155830 104703402570+ 06

14

“4+5169352664974443D=01
~5.85565940521110890=-02

3.31153503397117520-01
2.60193377873909950-03

g.
Be

X2=-g2
T-+84665217563555620406
6447211365417 00400-28

X2=£2
7.8430232747337798D¢05
3.235099416265620430-07

-c.?0373199792612320-0“

X2-g2
7.84b65217503550620+26
047211305417 03400-98

X2-£2
74839020274679377980¢05
1.99172591159613600-09

=84 7057&199/:2932890-06

X2-c2
2422324323653020440+05
=2.773403510535617210~32

=1.53716155711040990-05,
" 15

B R U= ST ST il

—“‘ 'mV m‘ m@ i » V‘;‘

QET =

=8440921565330964160=-01

Ce

Ug-u001
1.55866164733419830+06
=1.,21360739231466620+30

Ui-uD01
1.26707485903u77+2D+06

=9, 866445695021203660=01"

Ui=-ubo1
1.5533861b47034193%0+46
=1,2135078923146662D400

U1-UD01
1.26707435903430570+06
~9.8644549502074E340=-01

'
Ui-UDD1

7.99696549817643040+06

=6.2258125741163766D+00

=1.69708632885210770+30

STABLE N
n
N
U2-uDo2
7.84605217563553170¢06
=6410879036424864770403

U2-UDD2
7¢33902327479345620+06
=€e14950600749%57816D4+00

u2-udn?
Te84655217563550170+06
=641C0872036424864770+00

uz2-ubn2
7089902027073377730+06
=€.1495636749554708040Q

uz2-uboez
2420324351397 07746490+05
=1.7152732716733540D0-014




K= 5 -
A-ZERO IS =1,

INDICES FOR DROPPED A COSFS.s 3 &
INDICES FOR DROP?ZI0 B CO027S.e 2 3
. INDICES FOR DROPPED D COEFS.e 1§

"~ THETA START =

o

. ABXJRE  H=300 SICS.

(IAZZZ= 1) -

5

7 2 3 4 5
=6.00000000000000000-01, THETA

STEP =

4.0000000000000000D-014,

THETA STOP =

6.00000002300000000~0¢

c2-L

ez

£ e, e

TR TR TR



K= §

THETA =
TRUNC COEFS =
TRUNC INDICES =
A COEFS ARE+s

0. 3

8 OOEFQ AR‘;.. !
-2.530115&9730639?30-03
© . be3315337454563047D-02
C COEFS ARE.s

' 2427669397935942050-02
COEFS PPC!Q

B 7>F31202176658330-01
0.

STEABLE
STRABILITY = g.

S TeE »
5.98200000000000009005
1.““1011#9363893150 -08

" ORBIT COMPLETED,

~1,noonououououuouoo+on,

3.3883855921115321p-03

H=300 SECS.

XXXXXXXXXXXXXKXXXXXKXXXX(KXXXXXXXXXXXXXXXXXXKXXX*XX*X

G.ODOOUOUVOUUUDOOUD-DI
5.08“81550716397980‘07

2-00000000000000000*00

2, 76070“1771b855220 -0t
h 81216151702960220-03

°2.192807915h6#16550-01
1.08329302221347630=-03

2.
8.

X1-E1
7.9962&5&9901288630006
3.1668357901436356710-03

-1.00000000080000000+00.

1.39798280423280420-02

0.

X2-E2
2.20324323663026440+05
1.15222539240479320-01

XXXXXXXXXXXXXXXXXXXX?XXXXXXXXXXXXXXXXXXXXXXXXXX

1 60133295091907560-05'““2}18161072662396390-06. DET =
14 v

0.
R
 6.09570406445406450=02
R
U1-uDD1

7+99696549534452890+06
~64225681258771573460+00

6.19696714241639110+31

STABLE

Uz2=-u002
20203262084 40467200 ¢0°
«1.745272163029627+0-01 -

ye=L



K= §

. ABXJRK

 H=300 SECS.

A=7E90 IS =1, (TAZE7= )

- INDICES FOR
INDICES FOR
“INDICES FOR

THITA =

CRUPPEN ¢ COEFSes 3
ORCAPED € COEFS,, @
1
|

‘ 12
DROPPED. 0 GOEFS, s 2 3

‘2.1C&CUDCOOOU$GGOUD- 1

- v:

I 4 5
4 5 &

6

S VSIS ST S U

Toaad A



 H=300 SECS.

K= 6

XXXXXXXXKXXXXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXYXXXXXXXXXXXXXXXXXXXXXXXXXXXXX*XXXXXXXXXXXX

THETA =
TRUNG COEFS =
TRUNG INDICES =
A CNEFS 2RE.,

lz.cﬁaedaaecooncaoﬂr+ga

T 9.5197086055475033Pe01

VRUGOERS AREL . j

T3 2CELA0LNGITSIL P2
3.8456833155QuEL20p-C1

O COEFS ARS.,.

1.7802152594 30665401
a.f :

STa8Lg

STABILITY =

o TeE :
2.33706¢9600050300D+03

3.72735997260683570~-12

T-F
2.40035505000CC0000+03
1,31228101982974510-11

upn=

CTes
2e3775000009050L060+03
3.??739997253583ESFF12

i T-C .. . e
2+5000503CCOG0CI00 G2
QT 30650565 22526R 1014

Uudi9=
T=€ .
3.97206000000600000+85
3.b9344585555631750-07

ORBIT COMPLETED,

‘zgtcaancnaooaaonuonéei,
~2.912420452042¢3

~Q369LC4899213712220-E3

beGULLLATT19Fa4GE7N-03

13

-3.5735652759&;05700-01

B 7453310617639614140-014

Se70816716615664780-02
L ‘
G

B.61924112136750R 7N~ -

X1-F1
=3e773653€1545201C6N+N6G
=2.76U90967C 1778 7R D55

X1-F1 A
~4e15975767565831580+ 06
'q.71319257&2h092519-06

X1~F1 ! i
=3.77358361545201060+ 6
=2+76396967517757610~15

CXL=FY

=4+.15976767565531580+406
=R AQIARKT (5023500707

X1=E1

74996965L0901265640+06

Be40550337u8295826N=32

a60-06 =9.310564814€8496100=06, =1,
N 14

1.75675363577607500400

i it el st nt, hcaketos

~4,5189952684974 443001
 ~5,8556594052111096P=02

343115350339711752rpy
2,601983778739096N~03

a.
O

, ¥2-€2
7.05“023067031“6250456
1.126423065456525an-08

X2-F2 :
6e833L71510u804683N406
3.9834592133371916D~55

2eB576280535400780N=03

X2=F2
7.05“028567531“525”*06
1. 126LJR0R5L55525GD05

. U X2-g2
6eE33471510L8 046330406
2.5963874195G8411ap~g7

2eSETHRRCEUE02133N03

X2-£2
2.2032432366302R4 40405

‘2.793“9299093&305QD000

£3716155711040990-05, fET =
} I

~8.40921565330964 1AD-01
0o

0.

U1-un01

~2.773683R15424L015Ps 06
2.9378952439622744N+09

. Ur=upp1t
=40159767675561184L20+05

. Te?334L7C01354440422N400

Ul<1prie
*3.77268701542L4015N406
2. 9378952439622 7440+00

Ut-unp1
=k 159767475657625u4N4 06
3.238470130618175404+00

U1-UnD1 7
7.99696541495288310+06
=6.22581252571991060+00

=1.69700632885110770+30 5

-3
.
N
(o))
STARLE
u2=uyonz A
7. 054G28G6702029840+06 B

=5.49171E157J8654310+30

uz-uon2
6. 8I3471651044L56338D406
~5.326067C532 25965004 04

uz-unn2
7. 054028067u202954N4+06 :
=5.049171515708656310+00 S

Uz=-upnz e
6+8334715104301087N456 ’
~5.3200073530993854LN+30

uz2-unn2
2420327117156017380+05
=1.71529480817915120-01



ABXJRK  H=350 SECS.

K = 550 : ;

A=ZERG IS =1, (13Z2:Z2= 1)
INDIGES FOR DROPFED A COEFS.. 3 4 5
INDICES FOR OROPPED -B COEFS.» 23 .
INDICES FOQ;DROPPED‘D COEFSes 3 2.3 4 §
THETA START = 96-000000000“0900900-01,

THETA STEP =

4.00000000000000000-01,

THETA SToP =

6.00000000000000000-01

Le-L

% :



H=350 SECS.
-! : ”i f . ‘ R : . . . . oo
K3 5 : ' . L
XXXXXXXXXXXXXXXXXXXXXKXX&(XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXKXX !

THETA = 6.00000000000000000 01

TRUNG COEFS .= '3.06h81>:01l0397960 ~-07 1 60133295091507560-06 2018161052642398390-06,y DET = 6e13400L711241639110+31

TRUNG INDICES - i 13 R (N . .15

A COEFS AREee . : T R

-1 00000000000000000+OD 2.00000000000000000+00 =-1.,000000000000600000+00 0. BT
. D. Fln

g CQ‘-‘FS ARE.s : : : * )

-2 53011539730933730 ~03: - 2.78070487718855220-01 0. 0.

4y 38103374R45530470=-02. 4.81216151702980220~-0% : :

C COZFS AREa. , ; ‘ ‘ ;
3.38096559214159210-03 " =2419230791546416550-01 1.397982E41%23280420-02 64 095704066L4L5406450-02 ;5
24 21609397935992050 -g2 1:083293?22213%?650'03. R ;

O COEFS ARE.y s % ’ &
0.75831202176698330 -04 Oe L e 0. : 0. {
Ge Oe : . I L

STASLE . E B ) g : . . : STABLE

STABIL;TY'=- 0. |
o TeE o x1eEt ‘ X2=E2 U1-UDD1 U2-U002 N
5.98500070000000000+05. 75607944 1366721300406  2,30482731417224980406  7.66191871638195010¢06  2.30263502153197750¢06 [
3030071774009546020-06  =1,12430245473677020403 2. 38926264027233160+403 ~5.96410193002717740+00 =~1.79223713333632340+00 O

ORBIT COMPLETED.

RUN COMPLETED. ¥ ‘ , _ L | e

S “}‘v‘ .‘ ' o . : s Rk g‘\

AN N, A A, 51 8 M M 5 A S5 e TR




. ABXMO  H=250 SECS.

Koo 4 ' :

A=ZERO IS =i, (IAZEZ= 1) ‘ =

INDICES FOR DROPPED A COFFSes 3 &

INDICES FOR DROFPED C COEFSes 0 4 2 3 &
“THETA = 5,000000C000900060D=014 :

6¢-L




)
b
i
'
W
4
]

!

i

i

t

K o=t

xxxX&xxXx XXXXXXX¥XY¥XXXXXXX¥¥XXXYXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

H—250 sec

THETA™
TRUNG COFFS
TRUNG INDICEQ =
A C{J(:Fq ARE-. .
G
0.

i

B CIEFS ARF,,

-5, Qh675q1“062061170'0“
3,0357142357142 8“7D-0Q
0 COEFS ARE. :
2.089373960500%29100-02
~7:8356126543209877P-06
E~ZZR0O IS

THETA =,

TRUNC COEFS -

TRUNG IHDIGVQ

A COEFS ARE.. .

-1. ODCDOBGOCDOCDUUODGDO
0,

B Cﬁ‘FS APEq,

ia k695’671957f719ﬁ0'02
=hbe3694BIGIE1662024N-03
D COFFS ARE¢a

2.612736596'119929¢50=01
h.3209576“q32L9“?70-G§'

STAALE
STABILITY = Ge

T-E
1. 87*30000300000000*03
1.26120899222216550-09

RE

2.0CLU00005050000G0DYQ3

2;3329§5h7 ZTEET?SO -39

Tw E. :
1087500d00030€0d000#03
2.01278770309158970=12

T-8
2.000600962L00G0000D+03
245706123429127766N=12

T-€
5.98250300u0000000000;
14409 11668?1uﬁ79u10-us

ORBIT CO*PLETFD.

’ Fogit?.

ITELISAL R

Lt

S.ODOJUUJDOOUJOOOUO =01
~6e2175375807069241D-08
2

1.50009300003000040400
2425730406746931750~01

1.05626240079365080-01

=14 000006I0U0G00000N+00

KKXXYXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX\XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

0000000&000000800 01
3.8047889610389593N-07
S -

Ez.ounnqqounoonuhoamna

39§$2733686067019BD~01

368770723104 05640=01

V'¥1°F1

*6.679319223601333804+05

69032519163%3?“3510263

. Xi-£1
'1.5Q13721950“80’15n‘06
1.104800123329€04670-02

Yi-gt
=6.6793392236013333N+y5
=7.5896970217204300DN=04

X1-£1

=1.5413521530430715N+06
~1.2997286374 9627 34N=05 4

X1=g1
7¢97946TR1245472610+06
6.3333230612“673780090

'l. 83?0220639035700-07
13

Tob3L4730890251594D-07

-5,0000000066000000N=01 .
3.5579943783068753D=02

=1+497426083531746032D-02

~

+1,000000000900000G0+00
“9.787477954144620 8002

9., 56437389770723100-52

X2=£2
7497206775400234280406
6;0876“35525”321570-03

X2-%2
?. 653110*1“320Q6310006
1440634292124 736410=02

¥2-F2
TeR720677540623L280+06
1,420196444312399600=05

- X2=F2
7.!‘0110“1“ﬂ209031n006
1459369259053744500~05

X2=72
547279719075799336D+(5
'101210003“912812800002

+=1.419106242152511500-57,
14

7.6177217332680137D-07,
1

NET =

0.

1.0423693783068783N=02

=3, 7355324074 0740740=03

NET =
0.
=5.3985890652557319n=~02

1.992945326272659AD=02

Ut-uany .
~6.67933923392643540+05
542030117576172932D=01

Ui1-unng
*1.5613521690960727N+0%
1.1999763363154019N+§3)

ui-unog
=64 679739223525446AR0405
5¢2000114060889077N=01

Ut=unny
=1.,56135215803507420+46
1419997637211692620+00

Ui=-UN01
74979459279126664L8D+06
~He2121842529966892N407

Te55421374652746480+21

74556213746527464 60421

STasLs

u2-upnz i
7.97206774L597469%30+96
=6.20642914550055970¢00

uz-unng
7¢85311639997753390+05
~6.111682069505000L140000

U2-ubpe
Te97266775L06315090+06
=542104291355:30105D¢00

uz-upne
7Te85311U4143050261D¢36
=6¢111482€79132615801400

u2-uone
5.729u929093291688D+05
~4e460224629439213€0-01

0¢-L
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ABXMO  H=250 SECS.

K= 1 : i S

A=ZERO IS =1, _(IAZE7= 1) o }

INDICES FOR DROPPED C COFFS.. B 2.3 b :
. INDICES FOR UDROPPED D COEFS,y 2
o THETA = =6+ 00006060009000060D-01 .

VL g e

LA SR T

Te-L

B T




H=250 SECS.

ﬁk = b

‘xxxxxXXxxxxxxXxxxxxxxXXxxXxxxxXXxxxxxxxxxXxxxxxx

THETA = .
TRUMC COFFS =
JRUNC INDICES =
A‘GOEFS ARE.,
‘ 1;31“53335353@ﬂ3329*00
“BICOEFS ARE 4, :
'-h-13k46679660592&k0-01
'3.50095359145&&1“90’02
b COEFS APF., .
" 1.97055955“1871665D‘02
“5;700019513“35“3190'01
E«~ZERO TS

XXXXXXXXXXXKXXXYXXMXYXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXYXX

THETA =
TRUNC COFFS =
TRUNC INDIGES. =
A-COEFS ARE, . - .
*1.000600006600CG000D+00
5439597 02L4LLAERGETD=02
BCOEFS apg,,
495001365515 03506N-03
=1:0791120942386973n-93
D COEFS ARE,,
1.2127L622535232930-34
*2413659356184L014180=-02
STASLE
STARILITY =
L TeE
5:962500006C0000000N+45
1432655506449891636D-05

| ORBIT COMPLETED.

_76.0000000600092060N=01
£413229336549144290-07 1

13

3.22663665661501340-01

1.50167199343460250¢400

'1193197677176579339-01

=1.000L0CU00030000CD+00

7*6.03060000b00000000-01
" 2426885153380 7855)0-08
213 ‘

2,53753880195725L604 00
5.48156761024452800-01

2.16018341183092140~p1

6424318560510126020=01

X1=E1
7.979*57612#5#72610+06
7.80310329010&3#910*00

217075235392 047 34D=9

£.03808358655L63210-08
T ,

14 .

44 268712062351103050400-

2.1#“5679923131“01“}00

~2.0216179014695412D+00
-7.98537179%81965210-02

0.

X2=€2
5.72797190797993360 405

- =LeC503u58210724419N402

1.323085

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

3533936478D+06, DET =
15
~4490541534400656510+00
~3.1832446043505253N-92

=640265212721572445N-01

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

54 77272455665319910-08, nET =
15 :

%e29969397067318460-01

~243948780755732449N-02

=24 34B47348470657160-01

Ui=-unn1

7‘97QQSQBOh3b6b36DD+06
=6.21218463021252220+00

1.373277803#“!1“71002“

ee-L

1.3732778u304116471D424

StTanLe

U2-uno2
5¢729u222538010031D¢05
~4elh0169593413109/0=01
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L. ABRMO | H=250 SECS.

%

K= oe | . : '
- A=2ERO TS -4, (IAZEZ= 1) . ;
INDICES ZOP DROPPED A GOEFS,, 3 6

C 3

i 4 5 ’ :

i INBICES FoR URGPPED € COEFS. , 12 4 5 @ L

INDICES FOR DROPPED D COEFS.., S . , .
THETA START = 1200000300000000000D=01,  THETA STEP = 4.0000000000600090D-01, THETA STOP. = 6.000069063000600000-01

E

7
. W
Y i
Ci




LA
LA

H=250 SECS.

vE .

'
_v 5
K= 6

XKXOOOOOONOOEXX XX KX XX XXX XXX XXX XKXKEXXKE XXX XXX KK KXX KKK KA KX KXKHNN XXX KEXKHANKXK XK KKK XK KKK XX

THETA = |
TRUNC PO‘IS s
TRUNC INDIC
A COEFS Aﬁcno
Ve
Do i
B CCEFS ‘ARE.,

=1.7205654850741178D~02

5»31209934153565730-03
D COEFS ARE .-

o.95119331573kk7730 02

[
E-Z:R0 IS

THETA =

2.60000000600393000=01
~-3.172h2557268616390-07
13

1.800000000000000080+00

0.

7.2650890351987407N=01"

~246985286894 002683004

=2.61767954744816590-01
O

~1.0006000000000000D+0D
)X(XXXXXVXXXXXXXXXXXXAXXXXXXXXXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXYXXXXXXXXXX

z.oounnuaonﬂoooaoan -01
TRUNC COEFS = -k.b776k653926u673J0~07
TRUNC INDIGES =. - - .- 13 -

A COEFS APE.. & .
~1.0000080C0200060GD+3T
0.
8 COEFS Ap;..“
~2.4999648416L 38466002
- 3,06227238413992332D-03
D c:)l‘FQ AJ‘~.00
1.52¢ 01797e99c«17zu-a1
e
STADLE : ,
STABILITY = 0e
1- -E
5, 95?50000009&00000*05
4433548212081378230=05

CRBIT COMPLETED,

2,000000000040000GC0N¢00
O

1.U6805773053405€3N+00
~441099851726679212D-04

-l 81945772?16066’40 -d1
0.

X1-E4
Ta9794676124547261N¢06

“‘23570128272&8523250001

=1.14%96097483754196D-06

=1 7090#137790‘30900~06
14

_1h

-=8,00000000009090000N=01 "

7.1332102953823954N-31

'=2.120L1508132279108N=06,
is

DET =

0«

1.96987780144300140-01

1.1287536078178728D-05

~5.8LE685827668 344410-01
1S

=1.00002000000000000+00
G.

1.0401620936673080D+00
1,72237223479283370-05

“8.65138053733698340~01
0.

X2=F2
5472737190797993G6D +05
3.4588%00614168209D+02

=3, 2715#22“079657270-06.
i5

~1,27900763104530150=01

DET =
Oe
2.96798925097536210-01

=1.9310555396512625n=04

Ul1-udD1

7.979“93313737“410“006
=642422080517400265N+0,

A R R B et £ i e

be?7376637916643257D+29

TSIy Y

-k

4,73786379166432570+29

STAALE

U2-uno2
5.72651305791551380+05
=4.456657172533919¢60=01

Vogah”




1

K= &

XXXXXXXXXXXXXXXXXXXXXXXXfXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

THETA =
TRUNC CNEFS =
TRUNC INQICES =
A GOEFS ARE,,
[1
3.
B COEFS AREss .
~2,5L30RT67820E567 1005

-7 9739#9907572“5660 =04

D COEFS ARE,, -
1. 02“1&55727520h690-02
00‘
E-ZZRO IS

6.00000000000000000 -0t
B+610717473843706640=09
13 R

H=250 SECS.

1.40u00000000000000000
.

1.62430455697133730D=-01
1,9841331016642960N-05.

1.27765057297949790=01
0.

-1, 00000600090000000*00

2.87435157364527360=08
14

ke BE05259920765662D-08, DET =
15

=4.002000000000000D-01 0.

0.

~3.0754651865331033N=02
=6+46679987302882940~07

=1.06393314253647590-02

1.88272365082448420-02

2.93645630269935830-03

XXKXXXXXXXXXXXXXXXXXXXXXXXXXXXXXYYXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

THETA =

TRUNG €OFFS =

TRULC INDICES =

A CDEFS aAfi®.,

~1.0HCG3 DUUGOOOUOGGﬂn*OO
e

B C"'x'.rS A"»Coq
1.,97240937496556940-02

m3.50£03236909241810-02

O COEFS ARE..;

4+1880901191293101iD=0¢

STAGLE L
STASILITY = - g,

5.962506000000640000+05

. 149BE4LTRILERGIEDIN-]5
'ORSIT COMPLETED,
| RUN COMPLETED.

6.0000000C00052000N-01
7. 02595&1‘1@1072330 0?
13

2.0600000G900000005+00
0.

1.3035509532905366N0=01
3.99329273337740360-06

3+39480599091297460-01
0. -

X1-E1
Te97946761245472610+06

“19165704€0837628590401

2.4751182923907135D~06
14 15

h.h50k6623086350980-06, DET =

=1.00000063009000000+Gn 0.

0.
=607892865243105660N=01 =3.67516123662017000=-01
~3.551307$b560097000°05
‘5o54719516936§22330-01 1.19%6172156675629"-01

0.

’ X2=E2
-5¢7279719079799336D+05
~1.5660311762019151N+G2

Ul-uD0D1
7+9794559554 0660 24N+ 06
=6.21218194030069330+00

9.88842772050654700+29

192}

9.838“277205069#795+29

STAALE

uz-uen?
5072953993915613260+05

=8446057234295635070-01

bty
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7.2 COEFFICIENT GEKERATOR (PROGRAM ABX)

- Program ABX produces multistep numerical integration methods

defined by the difference equation

Zay +h22b3f +h32c3;’
ivn-i i'n-i i'n-i

i=0 i=0 i=0 hh

X ' -

2 o _

+h E d3¥pai-e * €o¥pe = © (7-1) ;
i=0 .
. where either a, = -1 and e, = O or else a, = 0 and e, = =1l; and f

© is not an integer. Any of the coefficients (except a2, and e, ;
as.-noted) may be pfeset to zero. © and d0 may also be stepped
automatically through a grid of evenly spaced values to generate

a sequence of methods. All femaining coefficients, including do

if not preset or stepped through a grid, are computed using order

equations defined later. The number of computed coefficients

must be less than 16.

INPUT
;ﬁgﬁ Format
1. K (step number) 15
2. IAZEZ (=1 ita =l-1, 15
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INPUT (Cont'd.)

3.

npnm followed by the string of indices  (42,39I2)
for dropped "a" coefficients. Indices

for this and next three items must be

in increasing order. If the first index

is -1, no a's zare dropped; otherwise at

least one "a" is dropped.

"B" followed by the string of indices (£2,3912)
for dropped "b" coefficients. The
same rules apply as for "a" coefficients

above,

"C" followed by the string of indices  (A2,39I2)
for dropped "c" coefficients. The same '
rules apply as for "a" coefficients above,

except that a code of -2 in place of the

first index means all ¢'s are dropped..

"D" followed by the string of indices  (A2,39I2)

~ for dropped "a" coefficients. The same

rules apply as for "e¢" coefficients

~above. If doiis input*as a grid, in iten

8‘below, an input here of index O is not

" relevant,

Sl A e S L S
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INPUT (Cont'd.) -
Ttem Format
Te ©-start, 6-step, O@-stop. If the step 3D25.0

value is blank or zero, only the start
Lo value is used and no stepping is per-

formed for ©.

8. do-start, do-step, do—stop. If the 3D25,.0
step value is blank or zero, only the
start value is used and no stepping is
performed for do' If both the start
value and the step value are zero or
blank, there is assumed to be no grid
input for do‘ In that case do is
treated like any other coefficients "g"

according to the input'item 6.

OUTPUT

ff ; - All input is printed‘with:expl?natory remgrks except as

follost O-start is printed‘only if 6-start dr ©-step is non-zero

(same as non-blank). 6-step and G-stop are also printed only if
O-step is non-zero. The seme rules apply to'do-start, do-step

and do-stop.  ‘

N




AT
‘: 4'_ . e

A et s - wmened,

ey

it
AT
¢ i

T=39

As the program loops throughithe grids (if any) the value
of © is printed and do too if do-start or do—step is non-zero,

followed by the three truncation coefficients CL’ CL+1’ CL+2

defined later where L is the number of computed coefficients.

The .determinant of the coefficient matrix oij defined later, as |
well as the coefficients for the method are also printed. Finally,
a statement of stability or instability for zero step~size is
printed along with the magnitude of the "largest" extraneous root.

This magnitude‘is called the "stability" of the method.

If any of the complete sets of a's or b's or e¢'s is preset
to zero, that set is not printed. The same is true for the d's

as well, provided do is not input as a grid.

Program Structuré

ABX is divided into a main program, the main numerical sub-
routlne T7P10 with flve entry points, and PLeVPn other subprovrams.
SETD, FULT, uETUM, ﬂATINV INLEAV, CF, ROOTER, DNEWRA, STBLTY
DFLQAT, and DGAMMA . A1l floatingqpointvvariables and functions

are in double precision.

The maln‘drlver performs the functlon of read1ng the 1nput

settlng up 1ndlces for dropped coefflclents on the left hand side

of the system (7—2) of order equatlons below, controlllng the grid

stepplng, calllng for numerical computation at flve dlfferent ‘k.

',p01nts, and prlntlﬁg the output.

Al U
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The subroutine T7P10.has:five'entry points each with the *3 ;:
R calling list
(x, NDR, IDR, DZ, TH, IAZEZ, C, ISTAB; Té, DET) f
where the variables are defined as fellows: {
Input f
K stepr number. ';
NDR number;of dropped'coefficients (may be changed f
as a result of calling T7P10) ;;
IDR string of indices for coeff1c1ents not to appear rﬁ
on the left hand side of the system (7-2) below. Lo
‘These are called "dropped" coefflclents. This f
strlng may be changed as a result of calllng T7P10. j?‘
Dbz value of 4, 1f determlned by a grid for d,. r_1%4
| Otherwise DZ = O. S
' :THf . value of 6. i‘
IAZEZ =1 means. a, = -1; = 2 means €y = =1le¢ .
,§f
Output 1
; ‘ i 'f.C . ;kstrlng of coefflclents in double precision comblex‘
i"A ‘ | ;form (every other value is an 1mag1nary part = 0).
| S ._ »7w‘nISTAB _’stablllty 1ndlcator*(l : stable, 0= unstable)
f .ee?c ' ;feettlpg of trencatlon coefflclents CL’,CL+1’ CL+2’

. .
Wittt g TR Ty AR L T

-
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Other input is IbZRHS in named common /IDZCEM/, IDZRHS is 1
if do is determined via grid input, that is, if do—start or do—step
is non-zero. IDZRHS is O otherwise. Other output is STAB in named
common /STBCEM/. STAB is the value of the stability function sub-
program 3TBLTY which is used through a call to T7P1OW.

Entry point T7P10 modifies the string IDR if necessary to
insure that a2, and e, are not computed coefficients. T7P10 also
computes the constant partxi of the vector on the right hand side

of the system of order equations

Z 05 (vector of computed coefficients)j =r; + D;d (7-2)
= 4

Where D = 0 if d is not determlned by grld 1nput for d .
Equatlons (7—2)areobta1ned by substituting y = z? for p=0 l,...,L-l

into the difference equatlon (7—1) after dropplng zZero coefflclents

and puttlng 2,7, and possibly —d y . on the rlght hand s1de,

settlng h 1 and X, = 0. Subroutlnes SETD and MULT are used for
thls entry point.

-

Entry‘p01nt T7P10X sets up the matrix oij 1n (7—2) by cal-

‘llng subroutlne SETUM and then 1nverts the matrix by calllng MATINV.

Entry p01nt T7PlOY sets up the vector of values D for the

':,rlght hand side of (7-2) Subroutlne SETD is used for most of the

f'work

f
5
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Entfy point T7P10Z carries out the solution of (7=-2) for a
particular value of DZ. DZ is zero if d is not determlned by
grid input. T7P10Z then interleaves the computed coefflclents
into the string C to form a complete string of coefficients using
subroutine INLEAV. The truncation coefficients C(1) = CL’

T6(2) = Cp.q, TC(3) = Ci,, are also computed at this point by

referencekto function subprogram CF., Subroutine MULT is used to
v -1,

form the products (Di) d, and-(oij) (ri + Dido)'

Entry point T7P1OV computés the roots of the stability
‘polynomial at zero step-size, determines the stablllty or insta-
'blllty of the method (i.e., sets ISTAB) for zero step-81ze, and
then computes the "stab;llty", defined earlier, by reference to

the function subprogram STBLTY.

Ve turn ncw to discuss the use of the entries in subroutine

T7P10.

T7PlO should ‘be called once any time K, NDR IDR, or IAZEZ

are set or changed

| T7PlOX should be called after the first call to. T7PlO and g
any tlme the matrlx (a ) should be changed. Spe01flcally, T7PLOX:

| should “be called When T?PlO has been,called because of a change in

K, NDR, or IDR and- should also be Called when 9 changes and not

- all d S are preset to zero or determlned by grid 1nput.
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T7P10Y should be called after T7P10 is first called; after
every call to T7P10 resulting from a change in K, NDR, or IDR;
and when © is set or changed; provided do is determined by grid
input. When T7P10X and T7P10Y are both called following a callA
to T7P10, the order of the cells to T7P10X and to T7P10Y are

not important.

T7P10Z should be called to complete the computation of
coefficients after the necessary calls to T7P10, T7P10X, and
possibly T7P10Y have been made and after every change in DZ
(do grid input).

T7P10W is called to obtain the stability information for
the method Just obtained by calllng T7PlOZ The call to T7P1OW
destroys the array C of coefficients, so that these coefficients
should be dlsposed of (e.g., “printed, punched, stored elsewhere,

etc.) before calling T7Plow

" OTHER SUBRPROGRAS

1. SETD - Subfoutine SETD is used to set up the constant
‘matrlx on the rlght hand sxde of equatlon (7 2). This matrix
multlplles the coefflclents C b v Cy dl,‘e appearlng on ‘the
rlgnt hand Slde-k For program ABX, the partlcular coefflclents
:,on the rlght hand 31de are poss1bly d and elther ao or e .

o
SETD 1s used in two dlfferent places. Oncewto get the NAI by‘l



AN T £
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with calling sequence as follows:

. NVAR -number of coefflclents asy bl, e, dl, e

7-44

coefficient matrix for a, and e . And once for the NAI by 1
coefficient matrix.for do'provided it appears.on the right hand

side. SETD is used by executing the statement;

CALL SETD (K, NAI, NVAR, IVAR, TH, DRHSY

INPUT
‘K step number
NAT number of order equations = number of computed coefficients

l’ bly el’ d

o on the right
‘hand side of (7-2),vmulﬁ1ply1ng the "coefficient matrix".
- NVAR is 1 for every use in the ABX package. _
IVAR 'étring of indices for the coefficients multiplying the
. coefficient matrix. |

TH valué'of © to be used.

k‘OUTfUT

DRHS the coefflclent matrix to be generated. The functlonal

Adlmen81on of DRHS is NAI rows by NVAR columns.

e SETU% - Subroutlne SETUM is used to set up the constant

 “matr1x @35 0n the left hand side of equatlcn (7-2), multlplylng

~ the computed coeff1c1ents., SETUW is used by executlng the stat emeﬁt'
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statement

CALL MULT (L, M, A, N, B, C).

4.

G inté

Will b‘e aoya’ . o’., ak’bo, bl’ ....,4bk, CO, ;91"‘...' ‘Ck,
'dc,fdl; ,;;,'dk,;eb,strunglqut in\onb array. . Only the odd positions'

~are used; even positions are preset to zero. This expanded

\fhe~prop§r positions iﬁ‘a«stping C of coefficients which

7=-45

CALL SETUM (K, NDR, IDR, TH, NAT, AM)
with the calling sSequence as follows:
INPUT
X step number.
NDR number of dropped coefficients. K
IDR string of indices for dropped coefficients. )
TH value of 6. , -
NAT © number of computed coefficients = number of order equations.
QUTPUT >
AM the matrix aij. Functional dimensions are NAI by NAI.
3. MULT- Subroutine MULT performs a matrix multiplication .
C = A *B vhere A is L rows by M colunns, B is M rows by N columns, »f
and C is L rows by N columns. MULT is used by executing the ¢

O A SR

INLEAV - Subroutine‘IHLEAV inserts the computed coefficients




"double-precision complex" form of the coefficients is used be-~
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cause the root-finding routines REOTER and DNEWRA expeét the a's

in this form. INLEAV is used by executing the statement

CALL INLEAV (X, NAI, G, NDR, IDR, C)

‘With the calling list as follows:

INPUT

X

NDR

IDR

step number

number of computed coefficients.

. string of computed coefficients in increasing order .of

indices with a's followed by b's followed by c's followed
by d's.

.~ number of coefficients dropped from the left hand side of

the order equations (7-2).
indices of the coefficients dropped from the left hand

side of the order equations (7-2).

YOUTPUT*‘

C

5,

: strlng of coefficients w1th the computed coefficients
1nserted into thelr proper pos1tlons. Values of the

‘other positions of C'are‘not changed by INLEAV.

. CF = Functlon subproaram CF computes the truncatlon co-

i efflclent CL in the serles expan31on
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L(y;h)(x) = Cof(x) + Cly'(x)h + Czy"(x)h2 + eee + CLy(L)(x)hL + e
where »
: k
Liysh) (x) = ) fa,y(x-1h) + 0%, 5 (x-1h) + BJc,§(x-1n)
i=0
+ h%d, Y (x-ih-0h) } + e y(x-6h).

|
CL is computed using the following formulas: ‘
|

o
oy = |E-0ie, + 3 (et

izo
: ¥ K |

+ L(L..‘l)[z (e-1)""2p, + Z _(k-i—@)L_zdi]
i=0 i=0 '

. X
+ L(L-1)(I-2) Z (k-i)I“3ci':

i=0

It should be noted that this subprogram is not the same CF as

used in program AB.

6. . STBITY - Function subprogram STBLTY computes the "stability™"
-of the hﬁmerical method generated.i4The "stabilifj" is‘the magni-~
'tude of thetlargesfynth?rinciple foot of the_characteristic
polynomial :?%‘aixk";. STBLTY is used by executing a statement
QSuch as = ' | |

. STAB = STEITY (R,K)

f  €i}i{: ,
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vhere R is the string of roots in dbuble-precision complex form,
that is, R(2i-1) is the real part of a root and R(2i) is the

complex part for 1 =1, ..., K. X is the number of roots.

7. Subprograms MATINV, ROGSTER, DNEWRA, DFLOAT, and DGAMMA are
the same as in program AB. (See Section 5 of Dyer, et.zl.:

Generalized Multistep Methods in Orbit_Computation. System

Develorment Corporation, document TMN-4888/000/00).

EXTENSION OF PROGRAM ABX: PRCGRAMS ARBXMNO AND ABXJRK

Program ABX has been extended o test numerical methods
generated by.in%egfating a circular orbit using the generated
method if it is stable for near zero step-sizes. There are two

extensions:
.

a) ABXJRK for "Jerk" methods, where all d's except pos-
,sibly d are zero.x.For each integration step there
is one "prediction" using the analytic solution and

~ then one correction using the generated method.

- 'b) ABXMO for "multi—o’fgrid" methods, where all c's
- are zero. For each 1ntegrutlon step, there is an
 off¥grid : predlctlon" for Y- é using the analytic
‘~éc1ution,‘an off-gridfcorrection'of yn_e using oﬁe

“of a pair of generated'correcﬁors;,and‘thep‘an on-grid
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"prediction" for Iy using the analytic solution, and

finzlly an on-grid correction of I using the second

of a pair of generated correctors. The off-grid

-

corrector has the same preset coefficients as the

on-grid corrector except that a, = 0, e, = -1 for

the off-grid corrector and a, = =1, e, = QO for the

on-grid corrector,

Input
The input for ABXJRK and ABXMO are the same as for ABX

- except that a card must be inserted in front of aill other input,

giving the step-size in format D25.0. The input values of IAZEZ

are ignored in both ABXJRK and ABXMO. The values of IAZEZ are

set in the main programs according to the program needs.

Output

a)

ABXJRK: ‘Each case is printed on a separate‘page in
the same formaﬁ as ABX. In addition, for each stable
method the result of integration is printed in the

following format:

T-E : X1-E1L \ Xo-Ep

_time of last inte- first coordinate second coordinate
gration step (sec- of true colution of true solution

onds) (=x1)  (=X2)
‘ relative erfor“ o signed error‘in' signedverror'in
. 12 4 §2° - first coordinate second coordinate.
- V¥12 + x22 . El=x1-U1 B2 = X2-U2
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(continued)

Ul1-UDD1 U2-UDD2
first component of second component of
integrated solution integrated solution
(=01) ' (=U2)
first component of second component of
acceleration evalu- acceleration evaluated
ated at (U1,U2) at (U1,U2)

The message "ORBIT COMPLETED." is printed if the
orbit has been completed. Otherwise, the message
"ORBIT INCOMPLETE." is printed. This latter case

occurs when the relative error gets too large,

i.ce., vhen (U1)? + (U2)2 - 42 is larger than 1
S T
| A

O

where A is the radius of the true orbit (A = 8 x 106

meters).

b) 'ABXMO: For each case, the pair of correctors is
- printed on a page with the result of integration

printed as for ABXJRK.

Subprograms U‘ed

Subroutlne TEST is the main subpragram performlng the task

 'of integratlon. TLST has no formal parameters. It computes
skessentlal parameters ¢or the true solution, calls subroutine
‘START to start the. 1ntegrat10n tables then 1terat1vely moves

,fp01nts back in the tables and calls subroutlne STEP to 1ntegrate
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éne step at a time until the orbit is completed or the error is
too large, then calls OUTPUT for the summary of integration, and
finally prints the message "ORBIT COMPLETED." or "ORBIT INCOM-
PLETE."

Subroutines START and STEP also use function subprogram
FUNC2 to compute components of the accelefation. In ABXJRK,
subroutines START and STEP also use function subprogram FUNC3 to
éompute components of the third derivative U(B) of motion. The

formula used is

u3) o T (7-3)
| ]

where V is the velocity vector determined from the true solution

and U is the vector position (the true value for starting, and

integrated value after starting). Formula (7-3) is obtained by

aSsuming the magnitude of lU‘ of the motion to be constant.
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Equivalent Methods

8.

The multistep algorithm written in the matrix notation [\3 ]

is

Zhel = Az - £F(zn)

In the above equation,

where En is a vector (basis) of saved values.
matrix A depends on predictor and corrector coefficients and F =
+l) where P is the predicted derivative estimate at time

P - he(x,yP
another vector, LA

n+l. Integration with respect to another basis,
Qin is defined by the algorithm

cf saved values, where Y,

- - - "'l- .
Yo = QAQ_ 0ZF(Q Y,) -

transformed method will give identical ans-

It is to be noted that the
starting values are used to begin the integration

vers, if transformed s
k Ty is verformed after computatlon.

“and if the inverse mapping Q ¥,

mhus, the equlvalence has a rather tr1v1al meaning.
An example w111 serve to 1llustrate different results obtainable

in one: step, if the Adams first-order method and an equivalent method

| are applied to exaet starting values,

Given the different‘ial «equation




.
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o

y = fxy) = &

X

with y(0) =0 and £(0,0) = 0, whose solution is Yy = xh with tab-

ulated values

X = 0 o 1 2 3
R y =0 1 16 81
y'= 0 4 32 108
The Adems U4-value method, as given by Gear [ 9 ] is defined
by |
1 2312 .43 5012 o [/ 3/8
A = e 3 -3 1 o = 1
‘ 0 1 o 0 0
o o, 1 0 0
'z

K ? L 1
AR AP ATSPS AP

~ Straightforward application of this method, using starting information

' at x = 0,1,2_~ Yields approximately the resultua.!t x = 3

4

y ‘=  76.5
¥'= 950 .

=
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EEN
% The equivalent k-valued modified method is defined
; by
-4 5 & 2 \ 3/8
’ 1; -1 1 o 0 0 - =1/24
:; QAQ =B = ‘ » Qz =
g -12 12 8 5 1
o 0 1 0o/ 0
an= (y 27, _l)Y l) e
The basis change matrix 0 is given in [ 9 ]. Application of the
' method using starting information at x = 1,2, gives the result
y = T8.7
y' = 102.7
g In neither method is the derivative reevaluated =-- i.e,,
: L et a.lgontbm PEC is used., It is important to note the d.ifference in
i RN .
b
i e equivalent solutions and the fact that in the present case, ‘the
‘,fkf o transfomed method gives a much better a.nswer.
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The above 4-value method (the Q transform) is given by Gear
[ 9 1, where the error is stated to be O(hs). It is seen, however,

thet the method is not exact for a fourth degree polynomial.

8.1 Linear Transformations of Adams Class II Methods

The Adams Class II, 12-value method makes use of the basis

(type 2-10)

Y, = (y SLRR AR METIELIN A

the matrix A and the vector 1 are readily computed from the usual

Adams predicting and correcting equations. The def:mlng formulas for

the entries of A and the components of 7 are given in [ 9 1. The

.. 12=value Adams method uses the Cowell corrector of order 11 and

StOrmer predictor, order 10.
Two different basis were considered in this analysis,
(1) The L4-8 basis -

Yo = On¥payseeo¥ophy, -1’---’3’n-7) ’

(2) The “6-6 basis |

¥, = (y ¥y 1,---,y s,y s _1,---,3' -5)
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A program was written to compute the necessary change of basis transfor-

mations and to apply them to the above matrix A and vector £. The

-

coding was validated by comparing the 6-6 transformation with SDC
Report [ 2 7.

Computations were performed on a 2-hr. eircular orbit for 8L

revolutioﬁs. Relative error in the basic Adams algorithm described

. above was .13 x 10'9. Simple transformation to the 4-8 basis yielded

a relative error of .21 x’lo-g, while transformation to the 6-6 bas-

is yielded a relative,errbr of .79 x 10-3. Al]l computations were done

with one correctioh and no final reevaluation of the derivative.

In addition, variant Adams type methods were transformed. In-
stead of using the usual Adams Y vector, £ = (By,0,1 0,...,O)T, as
above; a class of stable methods was formed by teking the first two com-
ponents in the 2 vector,‘ 2= (Bo,al, ,...,O) s as parameters and
allowing them to vary over the 1nterval | [-1,1]. It is 'easy to show

stab111ty for sufflclently small h and any BO’ 51 The motivation

for thls is explalned. Straightforward transformation of the Adams"
method 1nto the 6-6 basis, for example, y1elds a vector QF with

approxlmate components
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These, successively, are the eoefficients used in the correction of

back-function values. One expects these coefficients to decrease sig-

o : nlficantly in magnitude, if a goodomethod results. The Class I trans-
P forms demonstrate this pronerty, &5 well as alternatlng in sign. Rather
f’? than implement a rigorous program of optimization of truncation error

in the transformed methods, it was decided to examine the components

of Qz, where the first two . components of 2 vary in the abovemen-

tioned reglon.

- The procedure descrlbed in the: preceeding paragraph was carried
' ,out for both- basis change transformatlons Qh 87 Q6 6 Parameters 86

R and Bl were permltted independently to - assume values in the set

~'-l ( 2) 1. Sub-regions were then examlned w1th a flner mesh. The ‘best

method,obtained 1nnth1s manner was a Qh 8 transformatlon of the Admms
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variant method, defined by Bé = ,163, 6i = .15, yielding a vector

.163
.150
.T40 x 10
.T40 x 10
1
o

-1
-4

*
L
[}

i

o

Selection of pazlazneters has & large effect on pi-opagated error.
However, no selection of parameters obtained by fransforming variant
Adams methods to either basis, yielded & method comparable in effici-
ency to the untransformed Adams method. The relative error in the

best transformed method was of the order 10-5 on the same arc, as dis-

i?}y L cussed above. One difficulty, perhaps,parises from the fact that this
type of new method makes explicit use of a derivative prediction. As

fewer derlvatlve va.lues are used in the prediction (because basis

change has reduced the number of time polnts involved) » derivative pre-
'd:lctlon has a.pproached in a partial sense, explicit numerical differ-

fo - : Ventia.tion.-

- Analyt:.cal determination of the parameters for increased order

S or numerical determination by mmmizatlon of propagated error on par- ‘

SRR : tj_cula,r orbit types cen, perhaps, produce supenor methods ’ but in
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view of R. Danchick's results (given immediately below), the expected ':gg
gain in efficiency over the Adams method is not great. Danchick's’
method (Nordsieck basis) has a great'advantage in simplicity of step-

size change, if this is required.

C In Appendix B (partially supported under Comtract NAS5-11940)

it is shown that properly maximal polynomial degree (p.d.) Nordsiegg,'
‘,’Geap Cless I and IT methods were not equivalent in the sense of Gear
and Descloux to the classical Adams-Moulton and Cowell methods and,

indeed, that this sense of équivalence must necessarily be abandoned

&s logically irrelevant. It was further shown that maximal polynomial
fdegree could not be maintained after the first step in the presence of
non—trivial stabilizing pasrameters, unless & special order-preserving

- mechanism was introduced.

A Class 1T integrator was developed by R. Danchick, using a

<T.ﬁordsieek—type basis. The method is of maximal order p =13 and

'coefficients are altered at every step for the first p steps, in
: Qrder to preserve this order. This method (N-D) was tested against

the Cowell method of the ssme order on the 8 x 106 meter radius,

?2¢ircular trajectory (2-dimensional problem). A comparison of the er-
",Ltor aftefl 8L revolutions is given below. The length of the error vector
1_;}1hfﬁgters, is given at the indicated step-sizes.
 Step-size (secs.) ~ 180 o2h0 0 300

. N-DMethod .8 13.2 1036
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The performance of the N-D method is apparently superior to
that of the Nordsieck method, implemented at GSFC some time 8g0. As
11-1 the case of the Cowell method, the new methods can probably be op-
timized with respect to the placement of the h =0 extraneous roots,
An important advantage of the N-D method is ‘the ease o step-size
change. Ne_g_lecting that advantage, the performance on orbit problems
can probsbly be expected to be comparsble to that of the Cowell meth-
od. However, since varistep Procedures are still used at GSFC, the

K-D methods should be ecnsidered for implementation and further tests

should be made,
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9. Iterative Starting and Class II Interpolators

9.1 Iterative Stérting

Assume Xk independent difference equations of the form

k k . -
Z ai,j yn-i + h Z bi’j yn-i’ J = 1,2,...,1{ .
i=0 i=0 -

Let h>0 eand let Y-k’ y X be initial values for the equation
= f(t,y) We wish to generate starting values for a mulitistep in-

tegration. Assume an approximate starting solution to be given,

- We begin by solving Eq. j for yn-j and delay substitution

- of these new values into the equations until one sweep is completed

After the m+lth _iteration, we may write the difference equations

%o, 1 n,m+l Vn,m) * al,_l(?’n_el,m - .yn-l,m-l) ' o’

+

[

¥ Bk-l'l(yn-k+l,m - Vn—k'+1,mf1) N | .;

AR L TR A AR

) + "f + bk -1, l( -k+1,m - yh-kfl,mfl] =

aO,E(yh,m R yn,m-l)’+ 8‘1,2(y -l,m+l yh-l,m)

i, o “’k- 2( n-k+l,m "'73’n-k+1,m-1)

- ,Vn-k’+1,m-1] Yo

1) + see + D

n m- k-1, 2( -k+l,




o _wl”l:ere & » is on ‘the open interval - (ym,ym_

a'O"k-l(yn,‘m - yn,m—l) * al,k-l(yrx-l,m - yn-l,m-l)
2
A
teee v 10k, ma T Ynka,m)

4 [ 4

+eee +hb

The iteration can be written

(L+U)V +D WV +hBJ V =0
m m m m

+1

where A = (a.:l 3') is partitioned into upper and lower triangular ma-
. ’

)s

trices U, L and a diagonal matrix D, B = (bi 3
]
T
= V . V. Jese V . - . .

b ( 0,3’ "1,5’"""? n-l.d) n-i,j = ¥n-i,j-1

and

E ‘(tn'-k-l—l, gk'-l) V

1)~'

If the differential equation is linear, g is constant end

 the iteration

" - oo ¢ - =
0,xYn,m ~ Yn,m-1) * 1, k-1 Tnoxe1,m Yn-x+1,m-17)

ey

o 50
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-1 . :
Vo -D (L+U+h3B I (9-1)
takes the well-kndwn form for linear algebraic equationé. This (Jacobi)
iteration is convergent if the spectral radius of D L(L +U +h B J)
is less than 1. This condition is, in turn, satisfied for sufficiently
small “h if the spectral radius of D Y(L +U) 1is less then 1. Tt

is easy to prove convergence from the fact that V; - 0,

If new values of the function are substituted into the equations
as soon as they are computed (and if the equation is still linear) an
iteration (Gauss-Seidel) results of the form

Vi =-@+0) (U+ns v (9-2)

Tt is well known [ 12 ] that if A is non-negative, this iteration con-

verges if the above iteration (9-1) converges, and if it is convergent,

it converges faster, L +D is assumed invertable.

There is a further iteration corresponding to the case in which

: néw,values of the derivative are sybstituted as'soon as possible. The

form of this itefation involves a decompbsition also of the matrix 3B

and is clear.

v el ‘ o - , -1 | v,
Y T C DAL 4RO 41T (Uenvoa)e

~ The primed métrices:referfto,thekpbvioﬁsbdecOmposition of B.
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It is well known [12] that the Jacobi and Gauss-Seidel iter-
ations converge for any initial approximation (for sufficiently small

h) if ‘A- is non-negative and (strictly or irreducibly) diagonally

dominant.

Both the Jacobi and Gauss-Seidel iterations converge if A

is symmetric-positive definite.

There are various other iterations possible. bne of these
(Keczmarz), applied simply to the linear algebraic n % n system,
Ax = b, -consists in regarding the individual equations as hyperplanes
1

of dimension n-1 and projecting an arbitrary point in n space,

cyelically on each of the hyperplanes in any fixed order. This method

. is universally convergent (although, normally, slowly convergent) and

‘can be adapted to the system of difference equations,

Clearly, a further iteration can be defined for solution of

the difference equations by writing for invertable A

el | (o
vm+1 =P BV . | (9-3)

This iteration will converge if - h is sufficiently small,

since convergence depends on the spectral radius of the matrix haA -1 BJ,

‘~”fIn the case where'the,differEntial equation is non-linear, I

~ 18 not constant. All the above iterations remein convergent if the

' f, eigenvalues of the matrix in question are les< than unity in magnitude
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at the solution and the initial approximation is sufficiently good.
o Independent Difference Equations
It 1s necessary, for the starter problem, to have vectors 3
; %0,4°%1,57"***%-1, 3
“ ; independent, in order to obtain = unique solution at h = 0. There is
if ‘ an upper limit to the order of the difference equations to be solved
r if the equations are to be independent.
There is & unique difference equation
i ) \ | | | i
8 Yp-g * 1B z by ¥pg = O | |
i=0 i=0 2
of maximal order m (ao ==1). By arbitrarily predetermining any one :
coefficient s other methods of order m=-1 result. Let these new co- -
‘efficients be called S.i, ‘Ei. Assume, for simplicity, 5.1 has been
'prvedete'rmined., We have new coefficients
E If any other coefﬁcien’c, Say 5.2 had been predetermined to the
{m 5 value a2 ® aa(a ), . we would, in general, ha.ve al(aa) = al and the %




identical set of coefficients results. Thus y any difference equation
¢btained by predetermining any coefficient, can be obtained bir prede-
termining a single coefficient. These difference equations can be ob-

tained from ‘t_:he system, e.g.

a 1 h
1 ,

8, x> 52
aj-l k3 33
aj +1 . .

D i = E - E .

By : "3 :
o : :
by : :
. .8{ .&

o
=
Cs.

The matrix D is constant and the coefficient aJ. varies., Clearly,

only two independent solution ;vec'tdrs can be obtained. Therefore,

there are ltwo 'independent' methods of order m-1. In general, these

are k independent equations of order. m-k +1.

-~ Additional off-grid points may be introduced to obtain high-
order. If these are chosen as midpo’ints, as seems natural, essential-
ly the sa.me result can be obtained (as far as order is concerned) by

taking a low-order method, such as the Adams method, using ha.lf the

k .Step-size ‘and retaining every other poiat for starting.



The same results apply to Class II methods, or with general

Class I/II methads.

~

9.2. Hermite Type Interpolating Polynomials

The GSFC trajectory determination systems, GEOSTAR and oTDS,
use Hermite interpolation equations (Class I) for computlng position
at non-step points, as required by the observations or the integration

process. Because position is integrated with a Class II operator, it

is consistent end, perhaps, more accurate to interpolate position w1th

the quasi-Hermite (Class II) method.

The coefficient generatdr, GENCOB, unlike other coefficient

generators, constructs the quasi-Hermlte weighting polynomials H,,

i’
in the form
, k k '
i ’ o 2 .
Pty -hYy = Z Hy oty 4 + b z H ol -
i=0 _ : i=0
Other coefflclent generators simply evaluate the Hi o’ Hi > at cer-

tain values of t . Therefore, GENCOB is capable of deriving con-

tinuous interpolators for the given problem.

The polynomlals H are given below for k = 5,6

iO’H

i,?2

'lr(Class II) These interpolators are of order 10 and ll, respective-

ily For even k, the quasi-Hermlte interpo]ator is not unique and can-
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not be cbtained by GENCOB without eliminating a further condition
(setsing some Hi o ©°r Hi 5 identically equal to zero). Thérefore,
b4 }

for k =6, we have set H
3,2

= 0.
The polynomials Hi 0 and Hi 5. are given below, as well as

] e
the primary error coefficient for values of . t: .5h,1.5h,...,(k-5)h.
In this wey, the pbsition error at mid-point interpolation cen be es-

timated. Interpolation is, of courSe, exact at step-points. The poly-

nomial P ; as well as the Hi o’ Hi o Ere uniquely determined by
’ ’ .
the conditions

Bt - 1) =yt - t)

. } t =0yh,...,kh
?(tn ~-t) = y(tn - t)

with the condition P(t - 3h) = §n_3 eliminated for k = 6.

'cOmputations were performed on the GDC 6600 and coefficients

 are exact, to at least 16 significant digits. Alberation of GENCOB

was done to print the wveighting polynomials and the error. The Hi P are
: R |
- = }: = t k =
- 1,p VART ai)j,P ( , 5)
| ¥
H. = ). . +! =
- T1,p [ aiyj»)p (k 6)
- §=0 Sl

PR
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and coefficients are listed in the order ai,O’ai,l"“’ai,m' The

Bi,p are printed in the order Hk,O’Hk-l,O"'"HO,O’Hk,e’Hk~1,2’""HO,2'
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.ERROR PROPAGATION IN SECOND-ORDER
PREDICTOR-CORRECTOR METHODS AND

APPLICATIONS TO ORBIT COMPUTATION

by

. Dyer, Pan Science Systems, Los Ange]es{
Californla
C. E. Velez, Mission Support Computlng and Analysis

Division, Goddard Space Flight Center
(NASA), Greenbelt, Maryland

ABSTRACT

. The problem of efficiency in the numerical solution of ¥ = £(t,y)

is considered. Some basic results appliceble to the optimization of

first-order (Class I) corrector methods are extended, an accumulated er-

ror estimate derived for second-order (Class II) methods and families
of such methods are constructed, containlng the Cowell method, for the
purpose of improv1ng the efficiency of the latter. A stability analysis

is given for selected methods combined with the Stormer predictor.  Re-

_sults of computations of & circular orbit for one week are given, veri~

fying the error reduction obtaindble with this type of analysis.
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APPENDIX A

B ERROR PROPAGATION IN SECOND-ORDER
i .
PREDICTOR-CORRECTOR METHODS

AND APPLICATIONS TO ORBIT COMPI"!TION

1. INTRODUCTION -

Hull and Newbery (2], [3], derived estimates for the error pro-

,tg»‘ , pagated by numerical integration algorithms in the solution of a first
order differential equation and constructed procedures for the mini-
mizing of such error. Much study has been done on the efficiency of

numerical integration methods for first-order equationms.

Second-order~differeﬁtial‘eqnations are important in many applied
problems where the question of efficiency is paramount because of the
?géﬁ | amount of computer maéhine time consumed in obtaining accurate solutions.
=l ~ Improvement of the efficiency of orbit computation algorithms, in part,

i v motivated the present study.

A propagated error estimate for (corrector) methods of solving

§%= £(t,y) is derived. On the basis of this estimate, one-parameter
(r) femilies of methods are derived and constructed for the purpose of | 3
improving the error propagation in the Adams Class II or Cowell method.

‘;The famiiiés contain the 00weil method for r = O.

Theorems of importance in improvement of efficiency of Class I

‘   methods are extended‘to the secdnd-d:der éqnations; A stability analy-
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8is is decne of selected methods and computations of a circular orbit

pérformed for the purpcse of comparison with the Cowell method.

It is found that simple optimization procedures can effective-
ly reduce propagated error of the Cowell method without undue loss of
stability., For certain algorithms (PEC) the interval of stability
can be extended over that of the Cowell method. (for the circuler orbit

problem) by the procedures which reduce propagated error.

_ Methods constructed are .closely related to the Cowell method.

fhe' non-pr'incipal rdots of the characteristic polynomial of the itera-

ted corrector are not taken at the origin. The methods have been de=~

rived and tested in unsummed form, [1, p. é37] , but the derivaticn and implementa-
tion of corresponding summed forms (to yield variant Gauss-Jackson for-

mulas) is not difficult. Additional per-step machine time required

(ow}er the Cowell or G‘auss-Jackséx; method ) should be negligible in situ-i

a.t:{ons where efficiency‘is governed by the number of function evalua~ |

‘tions. Finally, the results of Hull. and Crgéémer {4] concefxiing optimum pre-

dictor/corrector Class I algorithms are shown to apply to Class II methods.

An estimate for the error propagated in the numerical solution

. rector fornmla}

N U
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‘,a"!;ed difference operator) is defined to be p if the coefficients set-’

A-4
k X
2 v
Z 8 Ypy *B Z by ¥pi = O 8% =-1 ., (21)
i=0 i=0

can be derived in a manner extending that given by Hull and Newbery
[2]. Throughout the remainder of the paper; I is written for

}'.‘,k k-1 -

-1
3 =0 and Ek is written for 120 *

Princivle Roots of the Characteristic Polyncmial

We assume that the coefficients in me.thodk (2.1) satisfy at leest

the first three order eguations of the type

Z 18'1"%‘1 =0

Z 12”1:’-1?',*22"1’1 = 0 : | (2.2)

¢ & o o o o o o e & ¢ & & ¢ & o ¢ o o o o

Z 13%_1-» 3(5 »- 1) 2'13'2 bk;i = 0 .

L] L] L L) L] L ] L4 [ 4 L * * L L] L] * L] L] L * [ ] [ 4 [ 4 *

The order ¢f the difference equation (2.1) (i.e., of the associ-

e
# E
%

ST I A e e e
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(1
isfy the first p+2 order equations, but fail to satisfy the succeed-
ing one. The polyncmial' degree is p=-1.
' ,
% The characteristic equation of the iterated corrector (2.1) is
P ' . 2 k-1 - o ‘
;. Ph(z) = Z (a; +h gbi)z = 0 (2.3) |

b : where g = Of/Jdy, is considered constant. The polynomial Po(z) has

i :
B & double root of 1. Call the corresponding rocts for h #0, z4

1
proximate the basic exponential soluticns of the differesntial equation

end r,. In analogy with the first-order cese, the principel roots ap-

y"' = gy, to some order of sccuracy. In a manner similar to that of

Henrici [1], it can be shown that if (2.1) is of order p,

+Vgh A

- r, = e + o(nP*) :

‘ g (b t,) |
X; = e B 07, omP?), 1=0,1 . ‘;

- The Propagated Error Estimate

~ The solution to the difference equation

- e X (a.i +hbi‘)ex"1-i =0
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for the error e, = o - y* (whers h= h2g and where d;.stinct roots

n
of the characteristic polynomiel are assumed) is

i
e = ki‘- e, - "n (2.%)

The true solution y_=y(t ) 4s, as usual, assumed to sati:sfy
v n “n

Z 2 .b ot
a'i yn-i +h i yn-i = Tn

and the computed solution

' 2 ) ry -
Z & Yp.i *tD Z by ¥pog = By

where Tn and Rn are local truncetion and round-off errors respect-

“dvely. In ('2.1&) the latter is neglected as it is in the remainder of

the paper. '

: The error estimate is derived by solving for the coefficients
i

i

¢; in (2.3). The initial errors €0s€yree+s€ 1 8Te assumed to be

zero and the truncetion errors constant. The (hoh-singula.r system)

crn = = T, 'n=0,l,...,k-,1
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- results and the principle coefficients have the determinantal solu-

tiops

D D
¢ = = z _DQ_ and ¢;. = = z -I');: .
hZb hZb
i i
Assume the stability condition: The extranecus roots
: “ A TpsTzseessty 3 OFf Po(z) satisfy Iril <1 end are of multiplicity
< 2 if on the unit circle. The error (2.4) can then be approximated
by -
. D D . : .
e, ~ = z < —Dg rg‘ + ?}- rxi - 1 > .
i
Replacing the principle roots sppearing explicitly in the approximation
. by the appropriate exponentials, we have, for small h, .
. hVg(t_-t,)  -h VE(t_~5,)
| e w T | Do*P e O, B
LI 1 T D & |
e . e  p_-p,  bVE(tty) -Vt -ty) o
ER. T =D T 2 . 5




1 l ‘ i B .oooo-o. .l"
‘ zl 22 ra sococe rk—l
22 z2 r2 ocovee "1“2‘
- R 3 2 -2 k=1
D(z)p2p) = | S ) .
k-1 k-1 k=1 k-1
zl 22 r2 CIC I B Y rk-l
Then D, = D(l,r )3 D, = (ro,l) end D =D(r ,rl). let 4, = =D(1, e"\/-gh),
d.l ])(J-E;h 1) and 4 = D(ngh'ngh ‘ '

Therema.ining analysis snd applications concern the case in vhich

‘extraneous roots of P (z) are distinct a.nd non-zerc. - Define q(z) =

P(z,1). For suﬁ‘:.clently small h,q(z) has 2 simple root at z =1,

Therefore gq' (1) £ Q Since D(e Jgh ‘J-gh) D(e Jgh - e-@h,eJéh)
o ¢ = & o< |4l <= .
h=-0. :
" Similarly o :
dl + do b 5
& , L]
~ Defime o, tobe equal to '(the ﬁnite limit)
‘ B T SR £ "
h-bO 2hd. Sl e e ‘ﬁ
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f‘E . We then obtain the error estimate
~ Ji(tn-to.) -«E(tn-to) |
b ' e = —I— |8 1e . '
H % 2 b, e '
i S | - » (2.5)
| ‘rh(t ~t,) “fii(tn-to) ) . ‘
- e .

The formula is valid with the assumptlons on the extraneOus
roots noted above. In the construction of efficient Class II correct-
ors, we are primerily interested in redueing the ;agnitude of the factor
T[(E'Z'bi) ﬁhich appears in the error estimate. A similar estimate in-
velving the predictor isfderived later, in the consideration of optimum

R', : 'algorithms.f

3, REDUCTION OF PROPAGATED ERROR BY PIACEME}‘T" OF

mmous ROO’I‘S OF P (z)

i Application of the second end third order eguations (2. 2) to
‘; : e the difference equation (2.1), yields the equatzon

;Qf? Rty j» e :; B V.2, - i

SR T o TR S :

=) G- DE-1-s .

.
TR U TRy S T bt WU VS U R T T P S S S U A
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Here, h has been taken to be equal to 1 and t_ _, =0. 2 p b,
) is seen to be equel to - Pg(z) ‘eveluated z = 1., If
-By(z) = (z-1)"(z-1,) - (2 -1,,)
; then ‘ . , A y
L - Fp1) = 2(1- re)(l_f rz) -ee (1 - rey) -
The result for Class II operators follows, which is analogous to that

given by Hull and Newbei'y [2]:

THECREM 3.1. The sum of the b, ir the difference equation

(2.1) is equal to the vroduct of the distances of the extraneous

roots of Po(z) from the point 1 in the complex vplane.

In comnnection with the construction of efficient Cla.sé II cor-

rectors, a..result concerning the order of the difference equation
(2.1) is of interest end of some importance. The following thecrem

“is implied by theorems of Henriei [1, Ch. 6] involving the Taylor ex~

- pansion of
e R R E R N . (10g z)?
g ‘gbout the point 1 and the mapping of the interior of tke unit circie
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onto the left helf-plane. It is convenient to prove the theorem. di-

rectly as an extension of the Class I result [3].

THEOREM 3.2. let the coefficients a,,b, in (2.1) satisfy

i

the first k+3 of the order eauaticns (2.2); if k is even and if

" the extraneous rcots of Po(z) satisfy !ril =1, #1, 1=

2,3,...,k = 1, then (2.1) is of order Xk +2.

Proof. The term Chs3 y(k+3 ) v in the expansion of (2.1)

as operator will be shown to be zero. ck~+5 satisfies

k-1 ,
- (kx + 1) Gz * Z 1\1“‘3 8 s

k-1
4+ (k +3)(k +2) Z 543 b, =0

or for R = - (k + 1)t Ces3

kil iké 'ak'-i+ v(k + 3)(# +2)< kf 1&1 by +R> = Q . | ((5'5) |

Eé;uation (3.3) together with the order equations sa‘..:isfi‘ed, with the

: eJ}:ceptionb of the first three » Zive k +1 equations in the k +1 wun-

| knowns R’bo3",°1’ censby oo »VR _can be written as the quotient qf‘two =
‘dgtetmihénts,. ‘The denqminato;f is e |

. Ji
[ e




A=12

k k-l ’ ®eecaese 1

k2 (k- 1)2 » c--o‘-' l

kk (k-l)k ceo e s 1

" and the mumerator is .

S kK kel ceeees 1
| | . _
S, k (k-1) SRR T |

' k+l k+1
' sk-c~1 k )

(k l S %essen 1

where

3T GG Pl -

The polynomial ,:Tr(x), =x(x - 1) .- (x - k) can clearly be

written in the form

x - k | ) . k-l ' _—_! ..b. .»u- ‘ 1
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so that the . El are coefficients of the polynomial whose roots are
the extra.neous roots » Plus one princlpa.l root, or the cha.ra.cterist"c

polyncmial ( z).

If k iseven J, =J . ., since w(k - x) = (-1)k+l T(x)
A L Tl | |
and
| y
Fly) = f - w(x)ax
(o}
satisfies F(y) = F(k - vy).
R can be made to vanish if Z = ak-i-l This cen be accom-

plished by tzking the extraneous roots on the unit circle: 3 for then,

the coefﬁcients of the polynomial

k-2

ha.ving the extrapeous roo‘cs of P (z) as its roots, satisfy e, =

) quor Multiplica.t:.on by (z -1) gives the desired result.

In k +1th order methods to be constructed, extranecus rocts

,.ot% Po(z) are less than 1 in wegnitude, with fixed arguments on
“circles of veriable radius r. it can be expected that the primary

' .eﬁ'or coefficient, °k 6’, of the methodsf will approech zero as r
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approaches 1.

-

One cean hope to move the exbraxieous roots of Po(z) from the

origin westward, sufficiently far for the increase in 2 b. to be

i
effective before sj:abilf_Lty is too severely impaired. Likewise, a de- ‘

- erease in local truncation error is possible » 8t least for even k,

if the roots can be pushed close enough to the unit circle. One can,

with this procedure, reduce IT/ (= bi)l and the rropagated error e,

‘glven by the estimate (2.5). Intuitively, a loss of stebility is ex~-

pected. The error estimate ’ as given, does not apply to the Cowell
method. It doces, however, apply to methods with distinet non-prineipal

roots arbitrarily close to the origin.

It should here be recalled that the estimate (2.5) is based on
a.‘stability analysis applied to a single linear equation. Mcreover,

it applies to the iterated corrector. If the corrector is not iterated

~ to convergence, the error estimate will, of course, involve the coeffi-

cients of the predictor equation as well as the truncation error of the

: p:i-edictor. Estimates of this type are derived in Section 5 where it
':l.s: seen ‘i:ha.‘c tixese quantities will be multiplied by a power of h ac=-
| c%rding to the number eof corrections, and can therefore be neglected in

_' the consideration of truncation error reduction. The computations in

the next section show that methods based on this analysis exist which

i

- a.ri'ﬂe" sigllificantly super‘ior,to the Cowell corrector, on &n orbit prqblem,

. at all step-sizes , even fork'a‘."si‘ngl'e correction (algorithm PEC-St&rmer
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ﬁredictor). It will be shown that the stabiility intervel or optimized
methods used with the PEC algorithm can be enlarged beyond that assos
clated with the Cowell corrector. In generel, the error advantege of

optimized methods (within sfdbility regions) over the Cowell method

is more marked in the P(EC)Q. than’ im the PEC algorithm. The

broader consideration of efficiency and the number of corrections is

discussed in Section 5.

Finally, it is noted thst Z‘bi for constructed correctors is
- th

‘bounded by k=2 (for k~ difference methcd). EXtraneous roots

associated with the Cowell corrector are, of couse, zero, which implies

Z'b1 = 1.

k. COMPUTATIONAL ANALYSIS

) The computational results are concerned with details of con-

-stfuction of new methods, & linear stability analysis of new methods,

and computations of a circular orbit for error analysis.

Construcztion of Corrector Methods

The construction and anzlysis is restricted to 1oth differ-

ence correctOf‘methods., In all cases, these methods ere used with

the same predictor -- the li?hr'order StSrmer formula.
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Meth‘é»‘ds are derived (as in ‘[3]) by specifying extraneous roots
of By (z)- This determines the a; in (2.1). The b, eare deter-

mined by reguiring order k +1 = 11. Two classes of methods are con-

. 83dered. These are here called

(1) Westward (W) methods, and

(2) Restricted Wéstward (RW) methods.

The“ (eight) extraneous roots of each method have the same modu-'
1i.. Each method is determined by specifying the modulus r ‘and a set

of eight © wvalues. The 6 values for W methods are

.ie

= {90°,115°,140°,165°) .
For the RW methods, :
+6 = (140°,150°,160°,170°} .

The set of moduli considered in both classes of methods is r: .1 (.1)

 .9. Note that’ R(0) = RW(0) = Cowell methcd.

,S'ta'bilit
For each corrector (C), the characteristic polynomials cor=-
V:Ire'sp‘onding to both algorithms PEC and P(Ec)2 were derived with the

Stérmer predictor (P). The stability, as applied to the solution of

the : equation ¥ = Ay was examined byf’cgﬁmputi{;‘fg’ the roots éf the char-




A it R B it i i | d

':‘JSelection of the modulus r. vIt'wiil also te seen that propagated~

A-18

.acteristic éqnation at step-size shown in the graphs.

Figures 1 and 2 show comparative stability behavior for selec-

tea'methods and algorithm P(EC)2. For reference, the abscissa gives

the step-sizes’relative to the values A =1 (period 27) and the.

value A =‘.77825 % 10-6 (a circular orbit of radius 8 x 166 meters,

period, approximately 2 hours) The magnitude of the largest extran-

eous root is plotted against the step-size.

Figures 1 and 2 show expected behavior: the stability inter-
vals of both RW and W methods are considerably reduced from that

of the Cowell methed. It should be pointed out, however, thet the

Cowell method is over-stable for meny applicetions in 2 sense to be made

- clear later. RW(.3) and W(.7) are adequately stable for most appli~

eations and, as will be seén, considerably more accurate than the Cowell
me%ﬁod. It is noted, finally, that the W formulas permit placement
ofzthe roots much closer to tbe unit circle than do the RW formules,
fB; the same stability inter%él. This will be significant in thekreduc-

tion of propegated error.

- Figures 3 end 4 displey the comparative stability (linear analy-

sig) of selected methods with algorithms kPEC; Of interest here, is

- the fact thet the stability interval of optimized methods can ectually

be[increased over that,of thekStBrmer-Cowell algorithm, with prover
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error in both RW(.3) and W(.7) is reduced in comparison with the

St8rmer-Cowell error. RW(.2), Rﬁ(.h), w(.6) and W(.8) (not shown)

8lso have larger stasbility intervals than the Cowell method.

Propagated Error

The methods considered above were used to solve the initial val-

ue problem

X = - <féT3 ’ 4 = constant
z |

with initial values corresponding to a circuler orbit with a 7200 sec.

peried.'

Eigure 5 shows the error (iength of error vector where the analy-
tical solution is used as reference) after 84 revoluations of integra-
tion; usiné the algorithm P(EC)E. Results of the besti observed W
hethod and RW method are shown. The St&rmer-Cowell algorithm, al-
thngh stable at step-sizes much greeter than 300 secs., produces

rather severe error beyond that stepnsize. Algorithms RW(.3) end

'W( 7) ~are less stable, but consider&bly more sccurate in the step-~size

domain shown.

Figures 6 and 7 show the error in the solution generated by al-

B gorithm P(Ec) with selected new~methods. In these tworfigures in-




122 SR

-

" 1000 1530 METERS

COWELL -
' 270 METERS

SIF LR L

100 }

86 METERS

' LENGTH OF ERROR VECTOR (METERS)

180 zz;o . 300

L STEP-SIZE (SECS)

~ Fig. 5 ACCUMULATED ERROR AFTER 84 REVOLUTIONS
| (2-HR ORBIT) P(EC)Z




4

~ LENGTH OF ERROR VECTOR (METERS x 10-3,

140

100f

COWELL /

60 |-

40*

| e L _
100 110 - 120 130 140

: ~+ STEP-SIZE (SECS) |
. Fig. 6 ACCUMULATED ERROR AFTER 84 REVOLUTIONS
| . (2-HR ORBIT) PEC

cz-v

Gl U



~ LENGTH OF ERROR VECTOR (METERS x 10-%

140}

120

160

A

100 -
sol-
60 -—
40 I~

20 |-

STEP-SIZE (SECS)

80 100 110 120 -

130 140

'Fig. 7 ACCUMULATED ERROR AFTER 84 REVOLUTIONS

| (2-HR ORBIT) PEC

DOUNYS. SNSRI, S0 AL e S & o 0

ye-v

T



T R e e e S L AR AR e M Yt Ly
A-25

stdbilityrpccurs approximately where the graphs terminate. Thus, we

can see that there exists a variety of easily obtainable methods which

gré;both more Stablé and more accurate than the Cowell method when

Auséd with these algorithms on the ofhit problem. W(.7) is the most

stable of the methods considered; RW(r) methods, r >.5 perform ' é g

less saﬁiéfactoriiy tﬁan the Cowell method at stéﬁsiées greaéer than .

100 secs. and are unstable at h > 110 secs. in the problem consider- ?‘f

.. L . ~
The actgal stability interval is scmewhat larger for most meth-

ods than that indicated by the linear stability enalysis, as can be

seen by coﬁﬁaring with Figures 3 and 4. However, valid comparisons f .

(for this problem) can be made on the basis of the linear analysis.

The computations were done in double precision Fortran on the

IBM 360/50.

5. QPTIMUM EFFICIENCY AIGORITHVS

Before concluding, it is remarked that ih a fashionvsimilgr to
thaﬁ givenvby Hull end Creemer ts], one can extend the error estimate
(2;5) to inciudg the effects of the predictor for the purpose of in-

vestigating optimm efficiency P(EC)™ or FE(CE)® algorithms for

- Class II methods. 1In barticular,'if wefdencte'the'predictor by

i
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2 " - — Ve = - ’
,Za;yn_i-!-h Zb‘{yn_i = 0, ._'0'6-0, a¥ = 1l

RATEGI Y S Lt A

with truncation error T%, then we can derive the following estima-

,.
IS ST | -

tor:

e, ~ a(T,T*,m)[corg + clr?_ - 1]

Lira R R

where for P(Ec)®,

o(T,™*,m) = ——— (1 - o.(m) B Zby) + 1 o, (z)
R hzﬁi AR i |

) ’ o - -1 -
il | (b 5,)"" (B vy - 1)

L l - bii} :
, (h bo) -1
|

1y ‘

A and for PE(C:E_)m

T +0,(m Yo

o(T,T*,m) = = ———— -
. h Z By +'02(m) Zbaie

(Rp, ) (hby=-1)

- (my)t-1

oy(m) =

- From these restim‘atéS',‘ it can be argued that from the point of view of




T

minimizing the number of function evaluations required to achieve a

given accuracy, m = 1 is generally best in both P(EC)® and
PE(CE)® type algorithms. It is noted, however, that the FPEC meth-
od is highly unstablé - particulariy in the Cowell methcd, as seen
in the numerical results -- so that the most useful methods from the -
point of view of stebility are P(EC)® or - PECE.
A summary of epproximate errors in the solution generated by i
methcds RW(.3) and W(.7) is given in comparison to that of the ]
. .
- Cowell method. i
APPROXTMATE ERRCR RATIOS | 4 =
Algorithm FEC Aleorithm P(Eq)® ',
 n(sees.) 100 110 120 1% 180 20 300 -
L e (0) o L - |
" | SR m , 3.8 5.8 4.2 o 8.0 6.8 5.5 ;
Ciel(0) L e e |
f o TTWODT 50 61 51 e = 3.0 36.1 17.9 b
P g
5 .~ The algorithm P(EC )2 reflects more accurately the effect of | i |

1]
i
t
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the optlmlzetion, since the attempt has been only to optimiae the cor-
rectors. The approximate values z b and averege error reduction

for the three methods above are:

Average of above error

Method Z ‘fi retios, P(Ec)®
6o§e11 ' 1.0 -
RW(.3) 6.9 6.8
.'w(.7)' - - 22.6 8.0

Some effect, due to Theorem 3.2, is probably observable et the
smallest above step-31ze, and perhaps, more generally in W(.7). Com~

putation shoas that it is necessary to take the modulus r close to

-1 to achieve an appreciable reduction of the primary truncation error

coefficient. (Cl3 in the expansion & Cy y(i) h(l) of (2.1) in oper-

atbr'form). Stability of the RW methods is severely degraded before

this occurs. The theorem concerns only the single mentioned errcr co=
';efficient. Small step-sizes de-emphasize the predictor error, and

 ,emphasize the reduced prirmery error coefficient.

The described methods ‘are closely related €to the Cowell method.'

Thej ere almost as easily umplemented, as is the latter method, and

the runnlng time is about the seme. Moreover, they‘can,read;;y be
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written in’'surmed form as varient Gauss-Jackson methods. Again, this

implementation involves little more work.

Stability of me.ny new methods used with algorithm P(Ec)2 is
undodbtedly adequate for most applicafions. Unuﬁilizdble stability _
of the Cowell method has been traded for incréased accuracy. As point;
ed‘oué, stability of algorithm PEC can ve imprcved, as well as ac-
cuiacy. P(Ec)n can be expected to show more improved performance for
n $ 2.

Algorithm fECE produces similar results. For exsmple, rela-

tive to the same orbit pfoblem used throughout the paper, the accumu-

lated errors (meters) are given in the following table.

Step-Size (secs.) 180 20 300

L (N )

COWQil Method ' 8.3 ~ 163.0 1393_7 , ;;

Py

Method W(.7) 3 6k s |

§ f ~'_ The generalized mean value theorem can be applied {1] to the

TR S SR L s

Eb o éowell method, yielding an estimate of locai truncation error in

§ ; terms of the primary error coefficient mentioned gbove. Without Tt

5.' . fhither analysis, this theorem cennot be used to estimate, in the :
f;}b ; seme manner, the local erior in the new methods. The application P
Ay o ST ; o o , - , .
vl ) : %
AT P

it R
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. ; _ of this théorem is to be investigated.
Finally, only a rudi.menta.:;y optimization procedure has been
used, thus far in this work. More sophisticated techniques can no
doubt yield better methods, although there is a well defined limit
53 to
S8 min =T
s ' n IZ bil ’
| ; which has been found by crude experimentation to be roughly of
4 :
order 10.
3 :
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' APPENDIX B
ON THE NON-EQUIVALENCE OF MAXTMUM POLYNOMIAL
DEGREE NORDSIECK~GEAR AND CLASSICATL, METHODS

by
Roy Danchick

INTRODUCTION

The intent of this-paper is to'show that maximum polynomial degree (p.d.)
Nordsieck-Gear methods (References 2 and 3) are not equlvalent, in the sense of
Descloux and Gear (References 1 and 2), to corresponding Adams-Moulton methods.

The notion of derivative interpolating polynomials is introduced and used to derive
both, the correct initial step polynomial degree maximizing coefficients and explicit,

initial step truncation-error formulas. The associated error constants are shown

"~ to be vanishingly smaller than their classical analogues in the sense that the ratio

of the maximal polynomial degree Nordsieck-Gear initial step error constant to the
equal polynomial degree Adams-Moulton error constant tends to zero as the poly-
nomial degree tends to infinity. Most importantly, it is shown that even with
correct initial step polynomial degree maximizing coefficient, non-trivial
stabillzing correction of retained information induces a reduction of one in

- method polynomial degree after the initial step, if the degree maximizing

coefflclent is held constant. Then, a generalized "error mop-up" theorem follows.
The theorem's conclusion provides the foundation for & new method based on the
recursive computation of the p.d. maximizing coefficients. .The use of these
varyihg;coefficients preserves maximal degree in the solution throughout the
numerical integration from startirg through‘all'ihtermediate stepsize changes.

This preservation of maximal p.d. by coeffioient variation distinguishes the new

‘method fran the standard Nordsieck-Gear methods. Lastly, though exact scaled

derlvatlve startlng values are postulated in the proofs, all conclu51ons remain

k""2) in each scaled derivative are

- assumed. A starting procedure whlch guarantees this order of accuracy has been
—fdeveloped and will be described in a forthcoming paper.
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+ DISCUSSION

Preliminaries

The k-predictor/(k+1l)-corrector version of the Nordsieck (k+1)-value method
for the numerical integration of the pth order differential equation,

y(p)(x) =f (x,y’y(l) 3 ooy y(p-l)) .

can be written in Gear's compact notational form as the vector difference equation:

(1)

g

ney =AY+ z«hp/p!)f((n+l)h, AY ) - epTAY'n}

= step size m

1 k (k) .
y(mn), iy () ..., B )(nh)/@ ,
the (k+1) x (k+1) Pascal Triangle Matrix,

= the vector vwhose pt+l component is one with all other
components zero. -

where

i

o
o >ﬁ»<::r

. 7 - v
The vector 4 = (40, "1""" lbk) is chosen so that

(a) The matrix (I - JlgepT)A has characteristic equation
p(x) = (x-1)Px 1P

and (b) The relation defined by Equation (1) is exact in the. first
p+l. components for all polynomials of degree £ k+l, given
the exact values for the components of Y and the exact
value of y(p)(h)

In this formulation, abbreviated here as (k, p), Gear has shown that p(x) is
independent of 4,0, 4 ,.....L H thus, these parameters. can be cehosen teo maximize

polynomlal degree in the sense of (b) above.

' The method is optimally stable in the sense of (a) above, and the 1n1tia1

'step truncation error is O( ) in each of the first p+l components of

Y (h) if ye Ck+2[0,h] and exact staz*ting values are given. Gear's insight into
the stab11121ng effect of proper]y correcting all retained 1nformation, and his
B cons‘tructive proof of the existence of a stabilizing 4 for each X, has establlshed
‘ ;a 'bas:Ls for hurdllng the Dahlqulst stablllty problem. Unfor'bunately, however, e’
: *, lcgical overs:.ght by the 1a'te Doc‘bor Nords:Leck in his trallblaz:mg paper, has led

to some lcgical]y 1rco::rect conclus:.ons a“bout the Nordsieck-Gear Methods. The '

’ ““maim purpose here is to lay to rest ‘these mlstdken, ye'b w;uiely held, notlons and

o \\/{ :5‘11
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to reveal a unique family of truiy one-step, maximum-order, optimally stable
{i? methods,
~ A Counterexample
Gear's choice of LO (Y in Nordsieck's notation) does not actually maximize
the initial step poiynomial degree of the method if the k+1 dimensional vector of
retained information is (y(x), hy( )(x), (2)(x /2t..ey N y(k>(x)/k' This can
be shown by the simple counterexample, y(x) = x3, in the evaluation of Nordsieck's
L corrector form for k = 2:
g f (2) y(x+h) = y(x) + h.{%(x) + a(x) + ——-[?(x+h) - f (x*hzi}
=
vhere Ct(x) =y P
a(x) =ny®(x)/2
fp(x) = f£(x) + 2a(x).

1 2 o :
o For y(x) = x”, when y(x), y(l)(x), y(g)(x), and y(l)(X&h) are given exactly, the
. - right-hand side (R.H.S.) of Equation 2 above can be written:
(3) x3+ 1 {3 + 3+ - (36 + 2hx 4 1) - (32 + 6m0) 1}
=x3+h{3x2-§-3hx+—5h—h2}

= (x+1)3 + B34 £ (x + 1n)3

The logical inconsistency in Equation (3)'occurs because the coefficient Y = 5/12
is inappropriate for the initial step maximization of polynomial degree. The
transformation of predictor-basis matriees, such as the Pascal triangle, thdﬁgh
preserving the roots of characteristic stability polyhomial at h = 0, does not, _
in general, preServe maximal initial‘step polynomial degree. The correct initial ?
steﬁ polynomial degree maximizing coefficients for.Gear's'§’= 1, and p = 2 (k+1)~
value (k scaled‘derivativeé) methods are, for example: :

S ,"(hv) | -'p=ﬂl‘ ' =2
B P B - A=) ‘ L é/Lk(k+1) _]

= 2/k

4

A To vividly contrast the effects of using the correct and the incorrect
initial step coeff1C1ent consider the 1nitial “velue problem
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(5) _ y B (x) = 3y/x

y(xo) X 5

(el % #9

whose solution is simply y(x) = x3. If, starting w:Lth the exact value of 6x for
(2)(/ )» the Nordsieck-Gear 3-value method is iterated, then

(6) yo(x0+h) = x03+h{3x02+3hxc} = (x0+h)5-h3

yl(xo+h) = ('xo+h)3 + 1’13/1,L

- _ .3 (x +h)5+h3/L
(7) y2(x & h) = % {3}( +3hx + —= [ ] - 5x02-611:<0

0 12 (x +h)

xo3+h {3x02+5hx0+ % [h2+h3 /h(xo+h) ﬂ}

(xg)> + 1B2/h + 50"/ [16(x #0)]

It readily follows, by induction on n, that

8) 7ol ) = y(x o) + (2/h) 2. @

=0

where

% = 5h/ [h(xo+h)]

By contrast, using the correct coefficient (1/3),

Yo(5gth) = (x ) - v

[(x +h)3-h3’j

3 | e
‘(’9)‘ | (x +h) = xg | 3%, +3hx + -5- (x om - 3%, 6

(x +h)3 -h /(xo+h)

[:x )P n/(x +h] o 2’

e ‘_5, ;
-’Y‘a(ﬁ?coqkh) ka | 3x +3hxo+-3- EY - 3% ’-6hxo’

L}

= (x+h)? - n/(x +n)?
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: And, thus, again by induction - . v *
T Eh | o o
B * X 3 3
S - = + - +h
(10) .yn(xo+§) (xo h) h {h/(xo )}
Thus, for all | h ‘ sufficiently small j
*(x +h) —amy(x_+h) |
yn xo e xo ’
but for no l h ‘ does f
;

yn(xo+h) oy (X O-}-h) .

The Derivative-Interpolating Polynomial

The correct initial-step coefficients can be obtained by inspection from

'Ehe fundamental, unique, derivative-interpolating polynomials:

[

() ' | Ph(t) = T{e)n [( )(x+h) Tk ( )(’““] (t x)k+l/[(k+1)hk+l:] |

[}
(]
P
ct
g
+
~
joyd
n
~
n
g
—
"~
n
e
Pean
i
(=3
-
=
P e
N
N
-
X
(=)
|
O
P
ct
®
e
+
\|—‘
‘ P
b
'_)
E
e
=
e _J

) g, (8)

“wheié, , R , ' R
= 'Tk(t)' = y(x‘)+y‘l)(x')(t-x)+ .’."..~+y(k>(x) (t-x)/x! and
: ,".‘y(ik)i(‘ ) is'-thé ﬁ.th derivaﬁiwfe of | |

ye ¢ [xxm] (1 =0,1,2..., k).

i3




By virtue of their construction, ph and q have the following derivative-inter-
polating properties:

N (S O | Yy

: | ph(l)(x+h) = y(l)(x+h)

. | qh(i)(x) - W) ’ :
qh(z)(x+h) éy(e)(-x+h)

Ny (1=0,1, 2...., k) -
: More generally, the corresponding fundamental interpolating polynomiel, r h(t)’
for a (k+1)-value direct m'bh order method, is given by

(ih) z,(8) = T (t)+(u" m!)[y(m)(x+h)-Tk(m)(x+h)] (t-x‘)k+3/ [G‘;l)hk*l]

The derivative-interpola'bing polynomials ph(t), qh(t), and r (t) are fundamental in i
! the sense that they not only generate the corresponding pol:y'nomlal degree maximizing
initial-step coefficients but their introduction readily leads to an explicit

characterization of the initial-step truncation error in terms of yk+2( E) ¥
(x < € < x+h). As will be shown in the development to follow, the corresponding
error constants are Clk'h2 = =1/T (k+1)(k+2)!] (p=1) and 02k+2 = 2/[k(k+2)1] (p=2).

It should be noted that these error constants are much smaller than tnose of the

correspondlng Adams-Moulton and Cowell methods » respectively. For example, for the
Bth order Ada.ms-Moulton method the ratio is -8-—, while for the Stn order Cowell,
(. the ratio is T

In fact, it is easy to show that

o k2/ ki2 ko -
L B R PP /Cc' > -0

K—wwo . Ko

- where c k2 and C k 2 are the- equivalent polynoxniel degree Adams-Moulton and
Cowell error constants » respectively.

- Derivation of the Initial Single~Step Truncation Error

Suppose y e Ck+2[x,x+h] Let P (t) be the deriva'bive-lnterpola’clng poly-
1 - nomial 1ntroduced in the previous ubsection agreeing Wl'th y and its higher

order derivatlves at. t = = X and agreelng W1th y(l) at t = x+h, Let Hl(t) =

[t - = (k+2)h/(k+1)] (t- x)k+l (t) is monic, vanisnes togetner witn its first
k derlvatn.ves at t = x, vanlshes nowhere else ‘in [x,‘ x+h]
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Let

vanishes at t =

e [x,x+h] Chooge C(t) 3t F(t)—y(t)-ph(t) -C()H, (t)
Such a choice is always possible as H (t) £ 0 in (x,x+h]

3 §£Z§ aud F(x) = 0 for any choice of C(x). Thus, F(x) = F(E) = 0.

’ ~Frye (x,E)s: FY (gl) = 0. Since F )(x+h) 0,dL, & (g ,x+h)o:

t
.

#®)(¢,) = 0. since atso #*)(x) = o Ay e (g e L) S,

Procceding recursively, we show that F( )(t) vanishes at least tw1ce in
,’gg (x,x+h) for i = 2, 35ees, k=1, Thus, F( )(t) vanishes at least three times

+
in ‘x,x+@] Therefore, F(k l)(t) vanishes at least twice and hence, finally,

qC ¢ (x,x+h) s:

Py - )y | oyt ocE) -

L o(®) =y ) f(s2):

In particulai', for t = x+h,dqce (x,x+h) 3

(15) : y(x+h) - p (x+h) = y(6+2) (¢ JE) (xth )/ (k2!

= (/)] y® () 042/ sz ):

The above proof goes through dlrectly foz the p = 2 direct second-order ¥
é - method by showing that G(s)(t) vanishes at least three times in [%,x+@],
 where 6(t) = y(t) - g () - C(t)H (t), ¥(t) e ck+‘ fx,x+hj, etc. In this

(tx-(icr2 )h ) (-x )k+l

and the p = 2.1n1tlal single-step

; © case, Hé(t)

truncation ‘error formula is obtained according to

=
B

e y(xfh)_-qh(xm)': Ez/@y(‘*“g)f('n) n*2/(1cr2)

o ‘.o.“- ,,7;f;e;if,>E ;‘ | (me (x,x+h))

o Reduction and Preservation of :Order (Polynomlal Degree)

The (kx,1) case where ks 1 Wlll be: covered,, The generallzatlon to the case
j~f “ok >p>-1is- 1mmed1ate. Let Y n? n-O, l, 2, «.. be the sequence of approx1mat1ng
{j:} "vectors for the solut;on of the dlfferential equation y(l)(x) f(x,y) whose

S k+2.
r;},solutlon y(x) ¢ C

[0, X],Land such that f (x,y) is contlnuous ina neighborhood
~of the graph (x,y(x)), Xe [o,x] It is fur‘bher assumed that. Io = %o i.e., the
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(17) -f [k+yk+l)][(k+l)<€l ) le) (k+l)<€i) ,.“le) (h+1)(gll<)]

where »
J -
gy € (0,h), 3 =0,1,2,..., k

(18) © y() = F(n) - w5 F0eH) (e2)/ sy

B + ‘E?J;T {hf@,?(h) - p¥*l (k1) (;(l)) (k+l)9
- [hf(h,?r(h)) : (e )+t 562 ( ci)/(m):]}
- () '+ [hk‘“l/ (k+1):] [5(1‘*1) (1) -7 (ci)]
- g e (0,007 1) (c2) / (ketl )
- 5(h) ;phk+2;(k+2)(w/(k+l): _ ﬁ k2, (0,8,
| _;(kﬁ-) <C2>/(k+l)3 .
where it follows from the derivation‘ of Equation (i5) that
(19)." o) - 7)) €k+1)(k+e)]
¥ h'_ € (O,h)kaxlzd 91: = ;(h) - k}\lhk‘”l sr(k””l)(gg) /kfl)i, :
wmo<y <1

il o ».-‘.,e(°)<h)=3‘<h)-y<h>=o<hk+2>

It should be noted that the third term in the R.H.S. of Equation (18) above can |
'made as small in absolute value as des:Lred for suffn.c1ently small h by corrector

i'terat:.on. Sim_larly, it follows that

: ,(21)"‘]‘:'" G(l)(h) (1)(h) (1)(h) (k+2) i

PRI R
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However, since ‘J < (ksl)/(kﬂ.) for j > 2, 1t follows, by the same reasoning, that

- «Wony - gy (53 #(e2)

‘i, 1::1' <(k+l) (k+1)(cl>)

+0 (hk+2 )

A 0(hk+l)

(J = 2, 3, ey k)
Proceeding from h to 2h, it follows that the second-step equation takes the form

(23) y(2n) = ;(a)

= (_ hk+%k+:‘)g)§ [1 - J/(k+l)] (k;l) }(h-l)(c{)

+ (@ 00200 7N} ) 1 o] 3 (2 - s/t
J=2

+ o(h™*2) = §(2n) + o(®™1)
Hence, as was to be shown,

(24) e{®(an) - o(**)

and it is easily seen that the order of e(o)(2h) cannot be reised to O(h“e) by

corrector iteration. This result immediately generalizes to any multivalue method

characterized by nonzero ctabilizing coefficients. That is, every such initial-

step maximal-polynomial-degree method must suffer a decreese of one in the order of

the error in proceeding from h to 2h. This phenomenon will, of course, not be

observable in the behsvior of non-maximal-degree initial-step methods, where the
O initial single-step error is already O(h "1)

Next ie exhibited a method for preserving order in the fixed step-size
context by appropriately changing the degree maximizing coefficient from step-toe
sten for not more than k+l steps. This order-preservation method will be a
sonsesuence of the following "error mor-uv lemma” and a fixed-point theorem.
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Lemma (*)

For fixed h and N let @y alz,.... > oy be N real numbers, not all zero,

N . .
such that 5° o = 0. Let y(x) ¢ C*' [0, Nh] with x;el0, ], 1 =0, 1, 2....,N
i=0
§
Then
N
. k+
(25) Eafiy( l)(xi) = 0(h)
: i=0 :

Provgf

FOI‘ ‘,‘ach i = ‘O’ l, 2,...0N

@6) e =y D (o) 4 2y (R (g,)

. N , N N |
en oo j;e aiy(kfl)(xi) . y(k+1,)(0) 2 oy + 1)-:0 dixiy(ke)(gi) _

i=0

=‘ ﬁ aixiy('kfe)(é'i) = 0(h)
A= .
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The following observation i1s now made by way of Equations (17) through (23).

Suppose S is defined as the vector of O(hk 1) constant error coefficient sums at

step n. Thus, for example, from Equation (22)

(28) s, ) Elk"‘l / (k+l)ﬂ (k) 4, - (kgl) ’

and from Equation (23)

(29) s, —T[hk"'l/(k‘?l):] & 1 -E

~.
o
!
=y
?
=
p
o
Co
-
N
N
Sl

Lo y
ﬁ Then, it ‘follows by induction on n that, up to the Proportionality constant, hk+l/ ;

(k+l)-, ~ ‘ | |
e g [t )],

- where ' o : . : ‘ o

A AR A T i o | - ' i ‘ § 
T e ST v! , SR Cam : S
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Thus, if at step n+l it is possible to choose an zo(nﬂ') so that

T _ T T (n41) v A
‘ e0 Asn = eo ASn -1 + (k+1-el Asn> zo = 0,
the (0) ((n.-i-l )n) O(hk+l) constant error coefflc:.ents sum to zero,
ang e )<(:u+l)h) = 0 k+2)

(n+1)

the lemma applieg

« The folILWing lemma shows that if such & choice of +he

2 o is possible s then the Sequence terminates after not more than k+1 steps;
(k) _ g (B41)
‘ioe., l,o O T esaews -
- Lemma

If k+1 - eJ_TASn # 0 for n = 05 1, 25..4. k, then
point of the mapping:

'(31) o 9(s) = GT - z*el? (‘*S '{(kf*)};):

where

Sk i1s the unique fixed

-y
r'6..0..,.0

T- |o

QO s
.

S

p

and 0
1
2

z = 2 .

‘k

-

~Th:l.s system of linea.r equations can be expanded, component by component, to yield

the system of k-l equatlons

s T S
- (33) Z K‘“l 3+i-£ Z rs. ‘=' C“l)- (k‘-!-l)lj, : | . | T



" ’ B“lB
syl

k
- Z s = (k+1)(1-_zk)

r=2

RETSERT T L BN

Vhich, since zy # 0, has the unique solution

1_,,,,A
P
.
o
~
0
Z

oy sy

82 .. - ¥

L e e .y

il

Froof

1TASn #0forn=0,1,2, ..., k. Then, for each n, s_

has zero first and second components and

Suppose k+l1 - e

(3k4) Sgs1 " S = M8,y - 8)

; N okl T _ kAl ok T<%+l f
= (I -4 e, )ATT(Sk sk_l) (g -4 )el ‘ i)
1 f , | ’ |
: L _ - % T _ o
| = (T | L ey )ATr(sk sk_l)’ = (T -4 e )A(sk sk_l) » -

‘ o , Ty k+1 : : -
o . . T : .
I R T - = TT - : 1 - s s
i | Hence, Sppq By ‘ (z ‘ﬂ e1~)A ' S, = 0 since the charactgrlstlc po;ynomial of

- . * k o o S | - ’ .
(I -4 el? )A is xk+l.‘ - ’ B v s . | P

- .. Hence,"

@ g g

{ T Thus, 1f K+l - elTASr'l # 0 for all n <k
;; f"” : '4  ,  ‘  (n+1)j;‘ ', "V T  R W
;(3_6), S *,ZO' Vo= (1 eOASn)/(k+l el Asn)

il .
oL =

v

%fgtnﬁqviﬂesctgg,reauired,Ehusequenceg~j A;.:'"
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‘ ~1undamental core of ‘Gear's worh, the matrix tueoretlcal COnstructlon of. max1mally
 stuble k+l value e Liwods , renains intact.

T renoving some loglcal,lncon51stenc1es.

,B_la“ﬁ

That the above lemma is not vacuous in content can be shown for the cases k = 2, 3,

4, 5, by direct computation, yielding the following (k, 1) table:

u/go(n) zo(l) 20(2) '20(5) zo(bf) z()(s)
2 1/3 5/12
3 1/k 11/30 3/8
L " 1/s 469/1440 959/2760 " 251/720
5 1/6 5659,/19440 10871/33480 282149/85680 95/288
It should be noted that the terminating coefficients 5/12 3/8, etc. are identical
to Gear's. Thus, naturally, the following conjecture: For each k and for each p

The
coefficient is equal to Gear's which is, in turn, identical to the classical Adams-
Moulton for p=1.

a terminating order-optimizing coefficient sequence can be constructeds terminal

The above conclusions and the conjecture apply in the fixed-step context.
In the general case, if the ratio of new step size to old is pn‘in going from step
n to n+l, then it is easy to show that the order-preserving coefficient formula

generalizes to:

- (37) ,co’(ml) : [1 - e, AD s./p k+l] [k+l e A:D s /o k+l]
where
'1 =
Py Y
) 2 .
Dn = 0 Pn ’

- x

Pn

oar —d

provided the denuminator does not vanish. Since the denominator vanisnes for at

most k+1 distinct pn;it-is thus always possible to find a suitable 12 for step-size

expansion or contraction which preserve both stability and maximm order.

CONCLUSION

If follows, from the results, that the notion of equiﬁalence among numerical

methods in the'sensé of Gear and Descloux is not applicable when starting values are :

sufflulently aucura’e or in the presence of steps1ze cnange. llowever, the 1mportant

This foundatlon has been built upon by

The removal of these inconsistencies has

) revealedithe7i@trinsic,prppe;tieS;Qf:a family of truly“qpt;mally,stable, onegstgp,’

e
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maximum p.d. methods believed to have great unexplored potential for accuracy,
stability, cpeed, error control, ease of interpolation, and implementability.
Results on the development of starﬁing, error estimation, and ccntrol procedures
and crxperimental results with variable-step versions will be déscribed in a later

paper.
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