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&3 .
s ABSTRACT
= The equations defining the amplitude of sidebands resulting from either
S frequency modulation or phase modulation by either square-wave, sine-wave,
§. sawtooth or triangular modulating functions are presented. Spectral photographs
o and computer-generated tables of modulation index vs. relative sideband ampli-
a tudes are also included.
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RELATIVE SIDEBAND AMP?;,ITUDES VS. MODULATION
INDEX FOR SOME COMMON FUNCTIONS USING
FREQUENCY AND FHASE MODULATION

INTRODUCTION

An important consideration in the design and testing of a communications
system is the relative amplitude of sideband components resulting from modu-
lation of a radio frequency (RF) carrier. This spectral information is useful
in compatibility testing to determine modulation parameters and can also be
used to precisely select optimum receiver bandwidths. This document is
intended to be used as 2 handbook for engineers involved in such activities. The
majority of the information is presented in tabular form (i.e. modulation index
vs. relative sideband amplitudes). Spectrum photographs are included for
illustrative purposes. Theoretical background material is given for completeness
and convenience.

Appendix A contains the square-wave FM and PM analysis and develops the
equations for the sideband amplitudes.

Appendix B extends the PM analysis for the sawtooth and triangular modu-
lating function. This illustrates the generality of the analysis technique.



SQUARI.EI-WAVE FREQUENCY MODULATION (FM)

The general expression (derived in Appendix A) for the amplitude of the nth
sideband resulting from square-wave frequency modulation of a unity-amplitude

RF carrier is
(3@) sin [(,3 - n)l]
) m 2 el
’ ~

IC,| = #n A)
32 - n?
Taking the limit as 53—~ n
Ic| = % B=n; (2)
where 5 = modulation index in radians = RF carrier deviation (f)

modulating frequency (fm)’
n = sideband order (0,1, 2,...),
IC_ | = absolute value of o™ order sideband.

The expression for the residual carrier amplitude is obtained by setting
n = 0 in Equation (1):

o )

el
£ 3

ol 3

@)

Note that the right-hand side of Equation (3) has the form of sin x/x, which
has a limit value of 1 asx —0; for the no-modulation case, the carrier ampli-
tude is equal to 1.

The expression for the first sideband amplitude term (n = 1) is

sin <B~1)1’-]
ic,| (39) [ 2 (@)
B3 -1
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A convenient ratio for measurement purposes is the ratio o the residual
carrier amplitude to the firs* Jer sideband amplitude. This ratio iz given by



IC. | 3
j_ol 21 tan {27\ (5)
Gyl a2 2

This result can be used to determine the relative difference between the
residual carrier level and the first sideband level on a spectrum analyzer.
Expressions for the higher-order sidebands are given in Appendix A. Table 1
contains the solution of Equation (1) for the first five sidebands for modulation
indices up to 10; all sideband amplitudes are norn:alized to unity as follows:

Relative sideband amplitude = 20 log,, (1/{C,|) = -20 log,, |C,i.

Table 2 illustrates the use of Table 1. Unmodulated carrier power level:
1 watt (30 dbm); FM mod index = 1.

The following salient properties of square-wave frequency modulation should
be noted:

4
[

(a) The residual carrier is zero for all even-integer modulation indices;

(b) When S is an odd integer, the odd-ordered sidebands equal zero (except
the 5 = n sideband);

(c) When &is an even integer, the even-order sidebands equal zero (except
the 3 =n side.and);

(d) When £ = n, one-half the spectral energy resides in the 3 = n sideband;
the remaining spectral energy is contained in the residual carrier and other
sidebands;

(e) Except for the special cases noted previou<ly, all sidebands are present
in the FM spectrum although only odd harmonics exist in the modulating signal.

Figure 1 illustrates the basic test setup used to obtain spectrum photographs.
These photographs are shown in Figure 2. The modulation indices were chosen
to demonstrate the spectrum characteristics discussed previously. A decibel
scale (photog.aph (e)) is provided for measuring amplitudes from the pictures.
This scale is valid for all RF spectrum photographs in Figures 2, 3, 4, Bl and
B4. For each modulation index, the corresponding spectrum resulting from
the equivalert pseudo-random (PR) modulating signal is shown.* This is done
both because the PR spectrum is a good approximation to the actual spacecraft
data spectrum, and also to illustrate the problem in the setting of modulation .
index for complex signals.

* Equivalent PR signal is defined as follows: Assume the square wave to be generated by using %
an alternating 1,0 NRZ-L pattern. The PR code is then clocked at the same square-wave rate, %
but with its own unique 1, 0 pattern. ;

3
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Table 1
Square-Wave Frequency Modulation:
Modulation Index VS Sideband Amplitude

co/cl
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(NR)

-52,0A
40,06
-33,08
-28,18

=24,453
=21.42
-18,93
-16,82
-15.02
=13.46
-12.11
-10.9%4

-9.32

~-9,03

-8.27
-7.62
-7.08
-6.63
-6,28
-6.02
-5,85
-5.76
=5.76
-5.8b

-6.02
-6.28
-6,64
-7.10
-7.67
-8,36
-9.18
-10.16
-11,32
-12,70

=14,38
-16,46
-19.14
-22,90
-29.21

-29,93
-24,35
-21,33
~-19,40

- RL

c3
(DNR)

43,11
-37,38
-34,38
-32,.65

-31.7¢
-31.71
-32.48
-34,51
-39.22

-37.04
-30.11
-25.78
-22,57

-20,00
-17.86
-16.04
-14.45
-13.09
-11 88
-10,82
-9.89
-9.08
-8.37

-7.76
-7.24
-6.81
-6.47
~-6.20
-6,02
-5,92
-5.89
-5,94
-6.07

-6.29
-65.59
-6, 98
-7.47
-8,07
-8,78
-9,63
~10,62
-11,80
-13,20

Ch
(DR)

-64.11
-52.16
-45,.27
-40.49

-36.90
-34,08
-31.84
-30.02
-28,58
-27.44
-26.60
-26.04
-25.76
-25,79

-26.18
-27.02
-28,52
-31,13
-36,32

-34,87
-28.23
-24.14
-21.14

-18,75
-16.78
-15.10
-13,.65
-12,39
-11,28
-10,31

-9.46

-8,72

-8.08

-7.53
-7.07
-6,69
-6.39
6,17
-6,02
-5.95
-5.95
-6.04
-6.,20

c5
(nB)

-51,99
-46,28
-43,31
-41,63

-40,82
-40,81
-41.67
-43,79
-48,62

-46.74
-39.18
-35.85
-32,87

-.0,55
-28,70
-27.21
-26,01
-25,06
-24,3%
-23.86
-23.60
-23.58
-23,84
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Table 1 (continued)

Square-Wave Frequency Modulation:
Modulation Index VS Sideband Amplitude
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Figure 1. Basic Test Configuration Used to Obtain Spectra

Table 2
Sample Sideband Energies
Single Total
db Value dbm Sideband Sidebend
Spectrum Element From Power Pewer Power
Table 1 Level (watts) (watts)
Residual carrier level - 3.92 26,08 0.4055 0.4055
First sidebond level® - 6.02 23.98 0.250 0.500
Residual carrier/First sideband 2.10 - - -
Second sideband level -13.46 16.54 0.045 0.090
Third sideband level® Not Present - 0.000 0.000
Fourth sideband level =27 .44 2.5 ' 0.0018 0.0036
Fifth sideband level” Not Present - 0.000 0.000
TOTAL POWER 0.99°¢
*When B = n, half of the total spectrul energy  ® When B = odd integer, all odd sidebonds are
resides in that pair of sidebands (1/4 in eoch zero axcept the B = n sidebond.
sidebond).
£ The remaining power resides in the ligher~
order sidebonds .
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(=) Square=Wave Signal {o) Pseudo=-Rondom Signal

(c) Squere='Wav: “meband) (d) Pseude-Randam (Boseband)

le) Unmodulated

Corrier
n S»a.-at-- Vave Modulation (g) Pseudo-Rondom '\oa.m
1) (g =

Figure 2. Frequency Modulation Spectra (Square-Wave and P seudo-Random)
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(h) Squore-Wave Modulation (i) Pseudo~Random Modulation
(B=2) B=2)
(j) Square=-Wave Modulation (k) Pseudo-Random Madulation
(B=2.5) (B=2.5)
(1) Square=Wave Modulation (m) Pseudo-Random Modulation
(=3 B=3)

)

Figure 2(continued). Frequency Modulaticn Spectra (Square-Wave and P seudo-Random)




(o) Pseudo-Rendom Modulation
(B=4)

(n) Square-Wave Modulation
(B=4)

(p) Square=Wave Modulation (g) Pseudo-Random Modulation
(B=3)

(B=35)

Figure 2(continued). Frequency Modulatinn Spectra (Square-Wave and P sevdo-Random)




SQUARE-WAVE PHASE MODULATION (PM)

Appendix A contains the derivation of the equations for the sidebun< ampli-
tudes for this modulation case. Table 3 contains th~ solution of thes: equations
for modulation indices up to 3 radians; this is the normal range of interest
because most PM schemes require a low index to ensure a<equate residual
carrier power for phase lock demodulation and tracking. The significant PM
spectral properties are:

(a) the PM spectrum is not the <ame as the FM spectrum, even for the same
modulation index;

(b) no even-order sidebands are present in the resultant spectrum;

(c) the residual carrier goes to zero at a modulation index of =,’2 (or any
multiple of 7/2) radians.

In general, the square-wave PM process can be viewed simply as amplitude
modulation of the RF carrier by the modulating spectrum. If one considers the
baseband spectrum as double-sided (i.e., containing both positive and negative
image frequency components), then this spectrum is simply translated up in
frequency symmetrically placed about the RF carrier. Only those frequency
components existing in the modulating spectrum will be present in the PM
spectrum. This point can be illustrated by writing the expression for the PM
wave as

f(t) = Acos(a,t + BC(L)), (6) -
where ’

A = amplitude of signal

« = radian carrier frequency

[

C(t) = modulating function

3 = peak phase deviation of carrier frequency in radians.

The modulating signal is restricted to values of +1. This representation is
valid for the PR signal or any binary function. Expanding Equation (6) yields

f(t) = A cos w. tcos 3C(t) ~Asina t sin 3C(t). (7)
Allowing C(t) = £1, then
cos 3C(t) ~ cos 2

sinBC(t) = C(t) sin 3, (8)
10



and so
f(t) = Acosw tcos I-AC(t) sin Jsinu t. (9)
The first term in Equation (9) is simply the in-phase carrier term.

The second term has the form of amplitude modulation of the quadrature
carr.er component by C(t) sin 3. As previously stated, this means that the
baseband spectrum of the digital signal is translated in frequency symmetrically
about the RF carrier frequency. The spectrum pictures are shown in Figure 3.

For modulating signals other than the square-wavc binary type, a unique
analysis must be performed. This is dote in Appendix B for a sawtooth and
triangular function. Theoretically, the analysis can be done for any signal

that is expressable by an equation; however, the mathematics becomes rather
complex for other than simple functions.

11
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(a) Square=\Vave Moaulaticn (b) Pseudo-Randem Modulation

®=1 #="

(c) Squore=\Wave

=1
o 2.

A {d) Pseude-Rendom Modulation

Medulation

(f) Pseuda-Random Modt:lation

(e) Square=Wove Modulation

B8=2 8=2)

£

Figure 3. Phase Modulation Spectra (Square-Wave and Pseudo-Random)
NOTE. Unmodulated carrier reference and Modulation
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Table 3
Square~Wave Phase Modulation:
Modulation Index VS Sideband Amplitude

RETA (Y cl co/cl r3 €5
(RAD) (NR) (DR} (hr) (NR) (nR)

6,10 -0.04 -23.93 23,89 -33.,47 -37,91
0.11 -0,05 -23,11 23,05 -32,65 -37,09
6.12 -0.06 -22,36 22.29 -31.90 -36.33
0.13 -0,07 -21,66 21,59 =-31.21 -35,6&4

0.1s -0.09 -21,02 20,9% -30.57 -35.30
0.15 -0,10 -20.43 20.33 -29,97 -3k,4l
.16 -0,11 -19.87 19,76 -29,42 -33,.85
0.17 -0.13 -19.35 19,22 -28.89 -33,33
0,18 -0.1% -18,.86 18,72 -28,.40 -32,84
0.19 -0.16 ~-18.40 18.26 -27,94 -32,37
0.20 -0.17 -17,96 17.78 -27,50 -31,93
6.21 -0.19 ~-17.54 17.3% -27,08 -31,52
0.22 -0.21 -17.1ls 16.93 -26.68 -31,12
0.23 -0,23 -16,76 16,53 -26.30 -30.7s

0.24 -0.25 -16.,40 16,14 -25,.9% -30,38
0.25 -0,27 ~-16,05 15,78 -25,59 =-30,03
0.26 -0.30 -15,72 15,42 -25.26 =29,70
0.27 -0.37 -15.40 15,08 ~-24,94¢ -29,38
0.28 -0.35 ~-15,09 14,74 =-24,83 -29,07
0.29 -0.37 -14,79 1lh,42 -24,33 =-28.77
0,30 -0,450 ~-14,51 14,11 =24,05 -28,49
0.31 -0.%2 -1s,23 13,81 -23,77 -28,21
0.32 -0,85 -13,96 13.51 =-23,51 -27,9%
0.33 -0.48 -13.71 13,22 -23,25 ~-27,69

0.34 -0,51 -13,46 12,96 =-23,00 -27,44
0.35 -0.5% -13.21 12,87 =-22.76 =-27,19
0.36 -0.58 -12.98 12,40 -22,52 -26.96
0.37 -0.61 -12,75 12.1s -22,30 -26.73
0.38 -0.68 -12,53 11,89 -22,07 -26.51
0.39 -0.68 -12,32 11,64 -21,86 -26,30
0.0 -0.71 -12,11 11,40 -21.685 <-26,09
G.k1 -0.75 -11,91 11,16 =-21,45 -25,89
0.2 -0,79 =-11,71 10,92 -21.25 -25,69
0.3 -0.83 -11,52 10,69 -21,06 -25.50

1) -0,87 -11,33 10,46 -20,87 -25,31
0.45 =-0.,91 -11,15 10,26 -20,69 -25.13
0.46 -0,95 -10,97 10,02 -20,51 =-24.95
0.47 -1,00 -10.80 9.80 -20,34 -24,78
0.48 -1.04 -10,63 9,59 =-20,17 -24,.61
0.49 -1,09 -10.46 .38 -20.01 -24,44
0.50 -1,13 -10,30 .17 =-19,85 -24,28
0.51 -1,18 ~-10,15 8,96 -19,69 <~24,13
0.52 -1,23  -9,99 8,76 -19,54 -23,97
0,53 -1,28 ~9.84 3,56 =-19.,39 -23,82
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BETA
{RAD)

0,54
0,55
0.56
0.57
0.58
0.59
0.6
0.61
0.62
0.63

0.64
0.5
0.66
0,67
0.68
0.69
c.70
8.71
0.72
0.73

0.74
0,75
0.76
0,77
0,78
0,79
.80
0.81
0,82
0,83

0.84
0,85
0.86
0.87
0.88
0,89
0.90
0.91
0,92
0,93

0,94
0,95
0.96
0,97
0,98
0,99
1.00
1.01
1,02
1,03

co
(DB)

-1.33
-1.39
-1.44
-1.49
-1.55
-1.61
-1.67
-1.73
-1.79
-1.38

-1.92
-1.98
-2.05
-2.12
=2.19
~2.26
-2.33
-2,40
-~2.48

-2.5%

-2,63
-~2.71
~2.80
-2,88
~2.96
~3.05
~3.14
-3.23
-3.32
~3.42

-3.51
3,61
-3,71
-3.81
-3.92
“4,02
-4,13
-4,24
-4,35
-4, 47

-4.59
-4, 71
~4,33
-4,95
-5,08
-5,21
-5,35
-5.48
~5.62
=5.77

Table 3 (continued)
Square-Wave Phase Modulation:
Modulation Index VS Sideband Amplitude

Ql
(b8)

-9,71)
-9,55
=941
-9.28
-9, 14
-9.01
-3.88
-8.76
-3,63
-3,.51

-8.40
-3.28
-8.17
-3.06
-7.985
-7.84
-7.74
-7.6%
-7.54
=7.4b4

~7.34
-7.25
-7.15
-7.66
-6.98
-6.89
-6.80
-6.72
-6.64
-6,56

~6.48
~6, k0
~6.33
~6.25
-6.18
~6.11
=-6,00
-5,97
-5.90
-5,84

-5,77
=-5,71
-5.65
-5,59
-5,53
Y
-5.42
-5,36
-5,31
-5.26

14

co/Ct

(DB)

8.36
8.17
1.67
7,78
7.59
7.40
7.22
7.03
6.85
6,66

6,43
6.30
6.12
5.94
5.76
5.59
5.41
5.23
5.06
4.88

.71
4,53
4,36
4.19
4,01
3,84
3.66
3.49
3.32
3.14

2.97
2.79
2,62
2,44
2,26
2,09
1.91
1.73
1.55
1.37

1.19
1,01
0.82
0.64
0,45
0.26
0,07
-0.12
~G,.32
-0.51

C3
(DB)

~13.24
~19.10
-18,9¢
~18,82
=13.68
-18,55
-18,42
-18,30
-18,18
-~18,.006

-17.9%
-17,82
-17.71
-17.60
=17.48
-~17.38
-17,28
-17,18
-17.08
~16,98

~16,88
~16,79
-16,70
-16.61
~16,52
~16,43
~16,35
=16, 26
-16,18
=16,10

-16,02
-~15,94
-15,87
-15.79
-15,72
-15.65
-~15,58
-15,51
=15,45
-15.38

-15,32
=15.25
-15.19
-15,13
=15.07
-15.02
=14,96
-16.90
14,85
~14,.80

Cs
(DB)

-23,68
-23,53
=23.39
-23.24
-23.12
-22.99
-22.84
=22, 74
=22,61
-22.49

-22,38
-22,26
-22,15
-22,04
-21,93%
-21,.82
-21.72
-21,61
=-21,51
-21,42

-21,32
21,23
-21,13
-21,04
-~20,95
-20,87
~20,78
~20,70
~20,62
~20,54

~20, 46
-20,38
~20.31
=20,23
-20.16
-20,09
-20,02
-19,95
-19.88
=19,82

-19,75
-19,.69
-19,63
-19,57
-19,51
=19, 45
=19, 40
~19,3%
-19.29
-19.23



Table 3 (continued)
Square-Wave Phase Modulation:

Modulation Index VS Sideband Amplitude

BETA co 1 co/C1 a3 (o]
(RAD) (DB) (DB) (DB) (DB) (DB)

1.0 =-5,91 -5,20 -0,71 ~-14,75 19,18
1,05 -6.06 -5.15  =0,91 -14.70 -19.13
1,06 =-6.,22 ~-5,10 -1,11 ~-14.65 ~-19,.08
1,07 -6.,37 5,06 ~-1,32 -14,60 ~19,04
1,08 -6,53 -5,01 ~-1,52 ~-14.,55 ~-18,.99
1.09 -5.70 -4.96 ~-1,73 -14,51 ~-18.%
1.10 <~-6.87 -4,92 ~-1,95 ~-14.46 ~18 20
.11 -7,04 4,87 -2,16 -l4.42 ~18. 5
1,12 =7,22 ~4,83 -2,38 -14,37 ~-18.381
. 1,13 -7,40 ~4,79 -2,61 ~-14.33 ~-18.77

1.14 ~-7.58 =~4,75 -2,83 ~14,29 -18.73 :
1.15 =7.78 ~&,71 -3,07 -14,25 ~18.69 -
1.16 -7,97 -4,67 ~-3,30 -1l4,21 ~-18.65

1.17 -8,18 ~4,66 -3,54 -14,18 ~-18,61

1,18 =-8.38 ~4,60 -3,78 -~1l4,14 ~-18.58

1,19 -8.60 ~4.,56 -4,03 -14,11 ~-18,54

1.20 -8.82 ~4,53 ~4,29 -1&,07 -18.51

1,21 ~=9.0%  ~4,50 ~4,55 ~-14.04 -18.48

1,22 -9,28 ~4,46 ~-4,.81 ~-14,.01 ~-18.4%

1,23 =9.52  ~h,43 -5,09 ~-13.97 -18.41

1.2 -9.77 ~4. 40 =-5,37 ~-13,9% ~-18.38

g 1.25 -10,02 ~&,37 -5.65 -13.92 -18.35
o 1.26 -10,29 ~4.34 -5,95 -13.89 -18,32
i 1.27 -~10.57 <&,32 6,25 -13.86 -18.30
& 1.28 -10.85 <-4.29 -6.56 ~-13.83 -18.17
e 1.29 ~11,15 =-&,27 -6.88 -13.81 -18.24
x 1.30 ~11.45 <4,26  =7,21 -13,78 -18,22
& 1,31 ~11,77 -».,22 -1,56 ~-13,76 -18,20
i 1.32 -12,10 <s,19  -7,91 -13,7% -18,17
%ia 1.33 -12,45 -4,17 -8,28 =-13,71 -18.15
= 1.3% =-12,81 -4,15 =-3,66 -13,69 -18,13
2 1.35 -13,19 ~-4.13  -9,06 -13,67 -18.11
e 1.36 -13.59  -4.11 =-9.47 -13,65 -18.09
B 1.37 -1%,00 -4,09 =9.91 -13.64 -18.07
- 1.38 ~-1h.44 -4,08 -10,36 -13,62 -18.06
- 1.39 14,90 -4,06 <-10,84 ~-13,60 -18,04
- - 1.40 ~15,39 4,05 -11,35 -13,59 -18,02
N 1.41 ~-15.91  -4,03 -11,88 -13.57 -18.01
L 1.42 ~-16.47 -4.02 -12,45 -13,56 ~-18.00
| = 1.43 -17.06 -4,00 -13,05 ~-13,55 <-17,98
L)
3 1,84 =-17,69 -3,99 -13,70 -13,53 -17,97

1.65 =-18.38 =-3,98 ~1l4,40 ~-13,52 ~-17.96
1.46 -19.13 -3,97 -15,16 -13,51 ~-17,95
1,47 =-19.95 -3,96 =-15,98 ~-13,50 -17.9%
1,48 -20.85 -3,95 -16,90 -13,50 ~-17.93
1,89 -21,86 -3,95 -17,92 -13,49 ~-17,93
1,50 -23,01 -3.9% -19,07 -13,48 ~-17,92
1,51 =-2%,33 -3,93 -20.39 -13,48 -17.91
1,52 -25.89 -3,93 =-21,96 ~-13,47 -17,91
1,53 -27.79 -3,93 -23,86 ~-12,47 -17.90
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Table 3 (continued)
Square-Wave Phase Modulation:

Modulation Index VS Sideband Amplitude

BETA
(RAD)

1,54
1,55

¢ & o o o o
"wE WRHOOMGONSE WNHODWLRYOWNSE wN-OWw

Co
(DB)

-30.23
-33.64
-39,33

-40,72
-34,33
-30.69
-28,1%
=-26,16
-24,56

-23.20
-22,03
=21.00
-20,08
=-19,25
=18.49
-17,.80
-17.16
-16.56
-16,00

=-15.47
-14,98
=-1s,51
~1%4,07
~13,65
-13.25
-12,.87
-12,51
~12.16
~-11.82

-11.50
~11.19
-10.90
-10.61
=10.33
-10,.07
-9.81
~9.56
-9.32
-9,08

-8,85
-8,.63
-8.42
-8.21
-8.00
-7.81
-7.62
=7.43
-7.25
=7.07

-6.89
=6.72
"=6,56
~6.b0
-6.24
~6.09
-5.9%4
~5.79
~5.R5
-5.51

”*

ci
(DB)

-3.92
-3.92
-3.92
-3,92
-3,92
-3.92
-3.92
-3,92
-3.93
-3,93

~3.94
-~3.95
-3.95
-3.96
~3.97
-3.98
-3.99
~4,00
~4,02
~4.03

~b . 0b
-4,06
4,07
-4, 09
-4,11
-4,13
-b,15
5,17
-4,19
-4,21

-4, 24
-4.26
-4,29
-4,31
-4, 34
-4,37
-4, 40
-4, 43
-4, 46
-4, 49

-, 52
-h4,56
-4,59
-4,63
-h,67
-4,70
-, 74
-h,78
-4,83
-h,87

-4,91
-4,96
-5.00
-5,05
-5,
=5.15
-5.20
«5.25
-5.30
-5.35

co/C
(08)

-26,31
«29,72
~35,42
~58,06
~36.80
=30,41
- =26,177
~2h,21
-22,24
~20.62

-19.27
-18,09
-17.05
=-16.12
~15.28
=14.51
-13.81
=-13.15
~12,5%4
-11.97

=11,.43
=10.92
=10. 44
-gl 98
=9,.54
=9,12
-8,72
-8,3h
-7.97
-7.61

-7.27
6,93
-6.61
~6.30
~5.99
~5.70
~5.41
~5.13
4,86
~4.59

-4,33
-4,07
-3.82
3,58
=3.34
-3.10
-2,87
-2,64
-2,42
-2.20

-1,98
-1,77
-1,56
=-1,35
-1.14
-0,94
-0.74
=-0,54
-0,35
-0,15

16

c3
(DB)

~13,.46
=13.46
-13.46
-13.46
-13.46
=13.46
-13,46
=13,47
=13,47
-13,48

-13,48
-13,49
-13,50
-13.50
=13.51
-13.52
-13.53
-13.54
-13.56
-13,57

~13.59
-13.60
~13,62
~13.63
~13,65
~13,.67
~13.69
-13.11
~13,73
-13,76

-13,.78
-13.80
-13.33
-13.86
-13.88
-13.91
-13.9%4
-13.97
-14.00
‘1“. 03

-14,07
-14.10
=~l4.14%
-14,.17
-14,21
-14,25
14,29
-1s.33
-14,37
-1b.41

=1h.45
-14.50
=1u4.54
=14,.59
=1k, 64
-14.69
-14.74
=14.79
-14,84
=14,90

Ccs
(oB)

-17.90
-17.90
-17.90
-17.90
=17.90
-17.%0
-17.90
-17.90
-17.91
-17.91

-17.92
-17.92
-17.93
-17.9
-17.95
-17,96
-17.97
-17.98
-17.99
-18.01

-18,02
-18,04
-18,05
-18,07
-18,09
-18.11
-18,13
-18.15
-18.17
-18,.19

-18.22
-18,24
-18,27
-18,29
-18,32
-18,35
-18,38
-18,41
-18,44
-18,47

-18,50
~18,54
~18,57
~18.61
~18,65
~-18,68
~18,72
~18,76
~13.80
~18.85

-18,89
-18.94
-18,98
=-19,03
-19.08
-19,12
=19.18
-19,23
-19,28
~19,33
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Table 3 (continuad)
Square-Wave Phase Modulation:
Modulation Index VS Sideband Amplitude

BETA Cco cl co/ Qi (o]
(RAD) (DB) (DB) (DB) (DB) (oB)

2.1% -5.37 =5.41 0.0 -14.95 -19,.39
2,15 -5.23 ~5.46 0.23 -15.01 -19.44
2,16  -5,10 -5,52 0.42 -15.06 ~-19.50
2,17 -4,97 -5.58 0.61 -15,12 -19 56
2,18 -4.85 ~-5.64 0.79 =-15.18 -19.62
2.19 -4,73 -5.70 0.98 -15.24 -19.68
2.20 ~4.61 -5.76 1,16 -15,31 -19.7%
2,21 -u.,49 -5.83 1.3 -15,37 -19,81
2,22 -4.,37 -5.89 1,52 -15,44 -19,87
2,23 ~4,26 -5.96 1.70 -15,50 -i9,94

2,24 =415 -6.03 1.88 -15,57 -20,01
2,25  -4.04 =-6.10 2,06 -15,64 ~-20,08
2,26 ~3.93  ~6.17 2,26 ~-15,71 =-20,15
2,27  ~3.83 -6.24 2,41 -15,78 -20,22
2,28 ~-3.,7% -6.31 2.59 -15.86 -20,29
2,29 -3,61 -6.39 2.76 -15.93 -20,37
2,30 ~3,53 ~-6.47 2,94 -16,01 -20,45
2,31 -3.43 ~6.55 3,1t -16,09 -20,52
2.32 -3.34 -6.63 ~16,17 -20,60
2,33 -3.24 -6,71 ~16.25 -20.69

.
&~
oo

2,34 -3,15 -6.79
2,35 -3,06 -6.87
2,36 -2.98 -6.96
2,37 -2,89 -7,05
2,38 -2.81 -7.14
2,39 -2.73 ~7.23
2,40 -2,65 ~7,33
2,41  -2,57 -7.42
2.42 -2.49 -7,52
2,43 -2,41 ~7.62

&

~16,33 -20.77
~16,42 -20,55
~16,50 -20,94
-16.59 -21,03
-16,68 -21,12
-16.77 =-21,121
~16.87 -21.31
-16.96 -21,40
=17.06 =21,50
-17.16 =-21.60

W OY 00

LN
WD e

©

2.4 -2.34 -7,72
2,45 -2,27 -7.82
2.4 -2,20 =-7,93
2,47 -2,13  -3.04
2.48 -2,06 -8,15
2.49 -1.99 -8,26
2.50 -1.93 -8,38
2,51 -1.86 ~-8.49
2.52 -1.80 -8,61

-17.,26 =~21.70
-17,37 -21.80
=17.47 -~21,91
~17,58 -22.02
-17.69 ~22,13
-17,80 =22, 24
-17.92 -22,36
-18,04 =~22,47
-18,16 <~22.59
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2,53 -1.7% -8.74 0 -18,28 -22.72

#

% 2.56  -1,68 -8,.86 . -18.40 -22,84

2.55 ~-1.62 -8,99 .37 -18,53 -22,97
2,56 -1,56 =-9,12 .56 -18,66 =-23,10

& 2.57 -1,50 -9.25 . -18,80 -23,23

gi.,f 2,58 -1,45 -9,39 -18,93 -23,37

2,59 -1.39 -9,53
2.60  -1,34 -9,5%7
2,61  -1.29 -9,82
2.h2 =1.26 -9,97
2,63 -1.19 -10,12

-19.07 -23,51
-19,22 -23,65
-19.36 -23,80
-19,51 =-23,95
~19,66 -=24.10
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BETA
(RAD)

2,64
2,65
2.66
2.67
2.68
2.69
2.70
2.71
2.72
2,73

2.74
2,75
2.76
2.77
2,78
2,79
2.80
2.81
2,82
2,83

2.84
2.85
2.86
2,87
2.88
2,89
2,90
2.91
2,92
2,93

2.94
2,95
2,96
2,97
2,98
2,99
3,00
3.01
3.02
3.03

3.04
3.05
3.06
3.07
3.08
3,09
3.10
.a
3.12
3.13

co
(DB)

-1.14
-1,09
-1.05
-1.00
~0.96
-0.92
-0,.83
=-0.84
-0.80
-0.75

-0.72
-0.68
-0.65
-0.61
-0,58
-0,.55
-0.52
-0,49
=0.46
-0,u43

-0,40
-0,37
-0.35
-0.32
-0,30
-0,.28
-0.26
-0,24
-0,22
-0,20

-0,18%
-0,16
-0.14
-0.13
-0.11
-0,10
-0.09
-0,08
=-0.06
-0.05

-nlol.
-0.04
=0.03
~-n.02
-n,02
-0,01
-0.01
=0.00
=-0.00
-0,00

Table 3 (continued)
Square-Wave Phase Modulation:
Modulation Index VS Sideband Amplitude

aQl
(DB)

~-10,28
=10,4b
-10.60
-10,77
-10,.94
-11,12
-11.30
=11.49
-11.68
-11,88

12,05
-12,2°
-12,¢%

‘12.74.
-12,94
-13.18
~13.42
~13.67
-13.92
~14,19

14,46
=14.75
~15,04
~15,35
~15.66
«16,00
16,34
~16.70
-17,08
-17,47

-17,89
-18,32
-13,78
-19,27
~19.79
-20.34
-20,93
-21,56
-22,24
-22,98

-23,80
24,69
=25,69
-26,83
-28.13
=-29.67
-31.34%
-33.93
-37.23
-42,63

18

co/ci
(0B)

9,14
9,34
9,55
9.77
9.98
10,20
10.43
10,65
10,88
11,12

11,36
11,60
11.85
12,12
12,36
12,63
12,90
13,18
13,46
13,75

14,06
14,37
14,69
15,02
15,36
15,72
16,08
16,47
16.86
17,28

17.71
18,16
18.64
19,14
19,67
20. 24
20,84
21,48
22,18
22.93

23,75
24,66
25,67
26,81
28,12
29,66
21,53
33,92
37.23
42,63

c3
(0B)

-19,82
-19,98
-206,15
-20,31
-20,49
-20,.66
-20, 84
-21,03
-21,22
-21,42

21,62
-21,83
~22,04
-22,26
~22,49
~22.1712
~22,96
~23,21
~23,46
~23.73

~24,00
-24,29
-24,.58
-24, 89
=-25.21
-25,54
-25,88
~26,24
-26,62
-27,02

27,43
-27.87
-28,33
-28.81
-29,.33
=29, 88
=30,47
=31,10
-31.78
-32.53

=33,34
34,24
=35, 24
=36.37
-37.68
-37.21
-41,08
43,47
46,77
-52.18

o
(DB)

-24,26
=24, 42
-24,58
-24,75
=24,92
-25,10
-25,28
-25,47
-25,66
-25,85

~26,. 06

-~26,26

-26, 48
~26,70
~26,92
~27.16
~27,40
-27,65
~27,90
~28,17

=28, 44
~28,73
-29,02
-29,33
=29, 64
-29,98
=30,32
-30.68
-31,06
=31.45

-31,87
-32.30
-32.7%
-33.25
-33,77
-34.32
=34,91
=35,54
=36, 22
=36.96

=37.78
-38,67
-39.67
-40,81
-42.11
43,65
-45,82
-47,91
-51,21
=56,61
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SINE-WAVE F REQUENCY MODULATION AND PHASE MODULATION

Most communication theory texts contain the derivation of sideband amplitude
for sinusoidal modulation. It is repeated here for convenience, and also to
illustrate that in this unique case, FM and PM are essentially the same.

For the FM case, the time function can be represented as

£ct) = Ae' %, (10)
where

A = carrier amplitude = 1,

®, =fwtdt. (11)
Here,
@, = instantaneous angular frequency,
¢, = instantaneous phase of rotating vector.

Now, letting the instantaneous angular frequency be modulated by a sinusoid,
we have

@, = w, +Dwcos wt, 12)
where
w. = angular carrier frequency,
w, = angular frequency of modulating signal,
Aw = peak angular frequency excursion from «_. due to modulation.
Applying this result to Equation (11) yields
t
?, = f (@, + bw cos o t) dt. 13)
0
Integrating Equation (13) yields
o=t + X sinat. (14)

“y
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Substituting Equation (14) into Equation (10) yields

e'(wct +Do/wy si Rt

f(t)y=A

Defining Aoo/wl = j in Equation (15) we have

£ty = Ae'“ct ANt
Expanding the modulation term gives
ejﬂsinwlt - ZQ c ejnwlt‘
n
n2-o©
where
w T/ oWy i ¢ -1
C :_3 J e,ﬂsmw, e anltdt.
n
2 -n/ wy
Letting
- 0 = wt,
yields

n 277

T .
c :__l._ f ei(Bsind~nb) do.
-

Using the identity

jx:inw‘t jnw,t
e = J(x) € v

-~

Equation (15) takes the form

f(t) = A Z: Jn(B) ei(w¢+nwl)t'

(15)

(16)

a?n

(18)

9)

(20)

(21)

(22)

Therefore, the amplitude of the resulting FM wave is represented by the summa-

tion of Bessel terms.
20



For the PM case, the time function can be represented as

p(t) = Ae' %Y, (23)
where

b, = thdt, 24)

w, = instantaneous angular frequency
¢, = instantaneous phase frequency.
Let the modulating signal change the phase such that -
¢, =, + Dpsina,t, (25)

where ¢, = «_t, or the phase of the unmodulated carrier.

Then,

i(w. t+Qgsin w,t)

p(t) = Ae (26)

iQdpsinw, t ej w, t 27)

p(t) = Ae

Notice that if we let A¢ = 3, then Equation (27) and Equation (16) become identical;
that is, if the analysis is continued,

e IR PR Y

Pty = A Z I () & Tt (28)

n=-o

s

For FM, the argument of the Bessel function is the modulation index; for
PM, the argument becomes the peak phase deviation. In summary, then, the
resultant spectra are identical for sinasoidal modulation. Table 4 gives the

sideband amplitudes as functions of modulation index. Figure 4 contains the ‘
spectral picturee.
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BETA
(RAD)

0.10
0.20
0.30
0.40

0.50
0.60
0.70
0.80
0.90
1.00
1,10
1,20
1,30
1.40

1.50
1,60
1.70
1.80
1.90
2,00
2.10
2,20
2,30
2,40

2.50
2,60
2,70
2.80
2,90
3,00
3.10
3,20
3.30
3,40

3,50
3.60
3,70
3.80
3.90
4,00
4.10
4.20
4,30
4,40

€0
(ng)

-0.02
-0.09
-0,20
-0,35

=0.55
~0.80
-1.10
-1.45
~1.86
-2.32
~2,86
“3.46
-4,15
-h.93

-5.82
-6,.83
-8.00
-9,37
-11.00
-13.00
-15Q57
-19.1“
-25,11
-52,01

=26.31
-20.28
-16,93
=-14,65
-12.98
-11,70
-10.69

-9.89

-9.26

-8.77

-8.40
-8.14
~7.98
-7.90
-7.92
~8.02
-8.21
-8.48
-8.85
-9.31

cl
(nR)

-26.03
-20,04
-16.58
-14.15

-12.31
-10.85
-~9.66
-8,66
~7.83
~7.13
6,54
~6,05
~5,65
~5.32

-5,07
-4,88
-4,76
-4,71
-4.71
4,78
-4,91
-5.10
-5.35
-5,68

-6,07
~6,5h
-7.10
.7.75
-8.51
-9.39
-10.43
~11.66
~13.13
~14.93

~17.24
~20,40
-25,38
=37.84
=31,29
-23.60
-18,72
-17.16
-15,29
-13.86

Table 4
Sine-Wave Frequency Modulation and Phase Modulation:
Modulation Index VS Sideband Amplitude

co/cl
(nB)

26,01
19,96
16.38
13.80

11,76
10.05
8.56
7.21
5.97
4,81
3.68
2,59
1,50
0.39

-0,75
-1,95
-3.24
-4,66
-6.29
-8,22
~10.66
~14,04
~19,75
46,34

~20.23
~13,74
-3,83
-6.90
-4, 47
=2.30
-0.26
1.76
X, 86
6.16

8,84
12,26
17.40
29,
23,38
15.58
11,51

8.68

6,45

4,55

c2
(nB)

-58,u¢
=4b, 00
=39,.C:
"3‘0. 1\‘

-30.28
-27.20
24,61
~22.40
~20,48
-18,79
-17.29
~15,95
~14,75
~13.67

~12,69
~11,80
~11,00
~10.28
-9,63
-9,05
-8,53
-8,07
~7.66
-7.31

=7.01
6,76
-6.57
“6.42
-6.32
=6.27
~6.26
-6,.31
6,41
~6,56

~6,77
-7.04
~7.36
«7.76
-8,23
-8,17
~9,41
10,16
-11,02
-12,04

22

c3
(NR)

231,63
=75
~65
-57

=51,

“47,.>
-43,19
-39,79
-36. 81
=-34,17
-31.80
-29, 86
-27.72
-25.93

-24.30
-22.79
=21.40
-20.10
-18,.91
-17.79%
-16.76
-15.79
-14. 90
=14, 06

-13,29
-12,57
-11.90
-11,29
-10,72
=10, 20
-9.72
-9.29
-8,90
-8,56

-8,.25
-7.99
~7.76
-7.58
=7.43
-7.33
-7.26
~7.2
«7.26
-7.33

L
(NR)

-.31.€9
107,62
93,56
£3.59

5,88
-09.59
-6u,29
-59,72
-55.70
-52,12
-48,90
-45.95%
-43,31
-40,85

-38,59
-36.48
-34,52
-32,69
30,98
-29.37
-27,86
-26, 44
-25,10
-23,83

-22.64
-21,51
-20,45
-19, 44
-18.49
~17.59
~16.74
-15,93
~15,18
~14.46

~13,79
~13.16
=12.57
12,02
~11.50
-11,02
-10.58
-10.17

-9.80

-9.46

€S
(DB)

-171.69
-141,00
~124,01
~111,54

~101,88
-94,0C
-87,,5
-81,61
-76.56
-72.05
-67.99
-64.29
-60,91
-57.79

-54.90
=52.21
-49,70
47,34
-45,13
-43,05
-41,08
=39.22
~37.46
~35.19

~34,20
~32.69
~31,25
~29.88
~28.0/
-27,32
-26.14
=25.00
-23,91
-22,88

-21,89
-20,95
-20,04
-19,18
-18.36
-17.5¢8
-16,84
-16.13
-15,46
-14,82



Tabl~ 4 (continued)
Sine-Wave Frequency Modulation and Phase Modulation:
Modulation Index VS Sideband Amplitude

BETA co Cl co/c c2 c3 c4 Cs
(RAD) (DB) (DB) (DB) (DB) (D8) (D8) (DB)

4,50 -9.88 -12,73 2.84 -13,24 -7.44 -9.16 ~-14,21
4,60 -10.57 -11,82 i.2% ~-1lu.68 -7.60 -8.89 ~-13.04
6,70 -11,39 -11,09 «0,31 ~16,45 -7,80 -8,65 ~-13,10
4,80 -12.38 ~-10,50 ~1.88 =R 7] -8,06 -8.,45 ~12,59
- 4,90 -13,57 ~-10,04  ~3,52 =2.,80 -8.38 -8,28 -12.11
5,00 -15,01 ~-9,69 ~5,32 -26,.64 -8,76 -5.15 -11,66
. 5.10 ~-16.81 ~9,4% 7,37 -38,32 -9.20 -8,05 ~-11,24
- 5,20 ~-19,15 9,29 ~9,86 -33,26 -9,72 -7.99 -10,86
i 5.30 -22.41 -9,22 -13,19 -25.23 ~10,32 -7.37 -10.50
o 5.40 =27,70 -9,23 ~-18.47 =-21.24 11,02 -7.98 ~-10.17

5.50 -43,29 -9.,33 -33,96 -18,61 -11,83 -8,03 -9,87
5.60 -31.38 -9,52 -21,87 -16,69 -12,77 -8,12 -9.60
5.70 -24.45 -9.79 -14,66 =-15,21 ~-13,88 -8.26 ~9.36
5.80 ~-20,75 -10.1% -10,61 -14,02 -15,20 -8.43 -9.15
5.30 ~-18,27 -10.,60 -7,67 =-13,07 -16,80 -8,66 -8,97
6,00 -16,44 -11,16 -5,28 =-12,29 -18,80 ~8,93 -8,82
6.10 -15,03 -11,8: -3,19 -11,66 =-21,45 -9,26 -B8,7.
6.20 -13,90 -12,06 -1,25 ~-11,15 -25,31 ~9,65 -~8,62
6,30 ~-13.00 «13,64 0.63 ~-10,76 -32,38 -10,10 -8,56
6,40 -12,28 -14,82 2,54 <-10,4k6 ~-u4,57 -10,62 -8,5k

6.50 -~11.70 -16,26 4,56 -10,25 =-29,03 ~-11,22 8,55
6,60 -11.24 -18,06 6,82 ~-10,12 ~-23,87 ~-11,91 ~-8,60
6.70 =-10,90 =-20,41 9,51 =10,07 =-20,74 =-.2,72 -8,68
6.80 -~10.66 -23.71 13.n5 ~-10.11 ~-18,53 -13,65 -8,80
6,90 ~10,51 ~-29,1% 18,63 ~-10,22 -16,85 ~-14,74 -8,97
7.00 ~-10.46 -~46,59 36,14 ~10,42 ~-15,52 -16,04 -9,17
7.10 ~-10.49 ~31.99 21,50 ~10,69 ~-14, 44 ~-17.61 ~-9.42
7.20 -10,60 -25.30 14,70 -11,06 -13,56 ~-19,57 -9,72
7.30 -10.81 -21,66 10,86 ~11,52 .-12,8, =-22,15 ~-10,07
7.40 ~-11.10 -1%,20 8.10 =-12,08 ~-12,24 =25.,85 ~-10,u8

7.50 -11.49 -17,38 5.89 ~12,76 ~11,77 =32,46 -1{.35
7.60 -11,99 -15,96 3,97 ~13,57 -~11,39 =-50,10 ~-11,49
7.70 -12,59 ~14,83 2,24 -14,54 ~11,10 =30,54 -12,12
7,80 -13.,33 ~13,92 9.59 ~-15,71 -10,.89 =-25,08 ~-12,83
7.90 -14,23 -13,18 -1,04 ~17,15 ~10,77 -21,83 -13,66
8,00 -15.31 ~12,59 =-2,72 ~18,9% =-10,72 ~19.55 ~-14,62
8.10 ~16.62 ~-12,12 -4,50 ~21,27 ~17,74% ~17,81 ~15,74
8.20 -18.,26 ~-11.77 -6,49 ~24.54 ~10.8% ~16,44 -17,08
8,30 -20,35 -11,51 -8,84 -29,90 ~11,02 ~15,33 -~18,71
8,40 ~-23,20 -11,35 -11,86 -46,59 =-11,28 ~14, 41 20,75

8,50 -27,55 =-11.27 -16,27 -33,02 -11,61 ~13,65 ~23.46
8,6. -36,70 -11,28 -25,42 -26,"3 ~-12,04 ~-13,02 -27,46
8,79 -38,05 ~-11,38 -25,66 -22,55 -12,.56 ~12,51 ~35,09
8,80 -28,13 ~11.57 -16.56 -20,07 -13,19 -12,09 43,11
8,90 -23,71 -1l1.84 =-11,87 ~-18,22 -13,95 -11,76 =-30,10
9,00 -20,88 -12,21 -8.68 ~-16.°'8 -14,85 -11,52 =25,19
9,10 -18.84 -12,67 =~6.17 =15.,6: ~15,93 ~11,35 =22.14
9,20 ~-17.28 =-13,25 ~4,03 =-1l4.70 -17,24 ~-11,26 ~-19,95
9,30 -16,05 -13,96 ~2,08 -13,95 -18,86 ~-11,23 -18,28
9,40 -15.05 ~-14,82 ~0,24 ~-13,33 -20,92 ~11,28 =-16,94

9,50 -14,25 =15,85 1,60 -12,.85 -23,70 -11,40 ~-15_85
9,60 -13.Af0 -17,11 3,51 ~12,47 -27,89 ~-11,59 =14, 94
9,70 -13.08 ~18,686 5.58 -12,19 -36,33 -11.86 -14,19
9.80 =-12,68 -210,65 7.97 =12,00 -40.26 ~12,21 =-13,5%
9,80 -12,38 ~23.30 10,92 -11,97 -29.29 =-12.64 ~=-13,04
10,30 -12,18 =27,24 15,05 =-11,88 =-24.67 ~-13.17 -12.61
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(a) Sine-Wave Signal

(b) Phase Modulation (c) Frequency Modulation
B=1 B=1

(e) Phase Modulation (d) Phase Modulation
(8=1.7) B=1.7

Figure 4. Frequency ond Phase Modulation Spectra (Sine Wave)
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APPENDIX A

ANALYSIS OF SQUARE-WAVE FREQUENCY MONULATION
AND PHASE MODULATION

The following analysis develops equations for the amplitudes of sidebands
resulting from the sQuare-wave frequency modulation or phase modulation
process. The generalized expression (Reference 1, Equation 18-57) for sidcband
amplitude is

T, 2 . .
c - TI_J eit( Inet gy (A1)
m _T-/2

where
C_ = amplitude of n** sideband,
T, =period of modulating signal,
# (t) = instantaneous phase of modulated signal,
«, = radian frequency of modulating signal,

n = sideband order (0,1, 2, ...).

SQUARE~-WAVE PHASE MODULATION

The phase modulating function is shown in Figure Al, with phase deviations
of +B radians about the nominal phase of the unmodulated carrier. Also,
T, = l/fm ,and w_ =2nf

To solve for the amplitude of the residual carrier, set n = 0 in Equation (Al).
This yields

T, /2
Co - fm J ei® () dt, (A2)
“Tn /72

26



PHASE

+8
Figure Al. Square-Wave Phase $o====-==pms =1
Modulating Function B J —
A Ta Ta TIME
2 4 4« 7
“T,/ 4 T, 4 T, /2
G = fmf e 1Bdt f f elBdt 4 f, f e 1Bd¢,
- Ty /2 ST, /4 s A2
- -ip [-T,  Ta T T T, T, (A3)
Co—fme’8[4m+_2_]+f elB[Tm+Tm]+feJB[ _4_],
G =feimle g eine (A4)
(A5)

combining terms
21 iB ~iB
(;T—E(e, + e 18).

Using cos x =(e’* + ¢ i*)/2 the abtsuviulc - 2gn’tede of the residual carrier
(A6)

amplitude becomes
Ig,| = [cos B|.

The first sideband amplitude is obtained by setting n = 1 ii: ecouation (Al).

Therefore,
(AT,

T,/2
f el $(*) eTiv t dt.

Cl = tm
Tgp/2

27
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Substituting the proper limits, we have

~T,/4
C =1, f e IB g ) wat d¢

1
T, /2
T /4 et s 1,/ 2 -
. . -] @
+f, J’ eBe ™ dtsf J e iBe 'Y= gy, (A8)
-T, ‘4 T /4
. . -T /4 iB ; T/ 4 .
f iB\ - t " f e Syt - T /2
G :( mjew )e - +(:;w < +<f,.‘e m) edwat|” '(A9)
- _ ™m -]a
m T, /2 ST /4 1% T, /4

C - e iB [jw. T /4 jwg r_/z] . elB [-iw.T./Q Jw.'l'./4]
) - T -
-327 -32n
e”iB [-iw_r,/z_ “iwg rmu] (A10)
-j’z-n '
c, - e.';: [iw_rm/q i, rn/4] e iB [_ Pen Ty cienT /2]
=3 -j2m
- . N
. ej’277 [—ew‘ Ta/4 | i 'rn/4] ' (A11)
combining terms
e iB . . ~iB . .
C = o leim/2 _eim/2] 4 (; — [el™ 4+ &7I7]
el® . - (A12)
+ 5 [ed7™/2 _ e im/2},

Using
ejx —- e'jx
2j

sinx =

28
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Equation (A12) becomes
e iB g eiB eiB g
Cl:- SIN—+.—— SINT + —_ Ssin—.
s 2 n m 2

C = l (e’B - eiB), C, - 3_’ sinB. (A13)
m mw
Taking the absolute magnitude of Equation (A13) yields
|C1| = 3 sin Bl . (A14)
m”

Therefore, the ratio of residual carrier level to first sideband amplitude becomes

S ='1cot B.' (A15)
Cl 2
The second-order sideband is
T./Z -2j .t
c,- f. J e d(0) %" g, (A16)
‘T./2

Substituting the limits yields

“T /4 . T 74 ' —n
Cz - f‘ J‘ e'iBe 2j wyt dt + f- j eiBe 2w, t dt
- ~T

1,72 o/t

T.72 “ 2wt
3 L eim e Mty (A17)
/4

C

- j
-2jw, -2jw,

, f eiB [ _,. .
ez:w_r_/o] X .,e. [e BeaT,/2_ Ao, r_/o]
_2]w-

. (A18)
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-iB . . -)B . . iB . .

C2 = € . [e’” - e-l") + e_._ [el 2n - e-lz"] +S_._ [el" - e-’"]' (A19)
-4m) 4rj

combining terms
_e’iB e iB elB |
Cz‘ sinm + SIin27 + ——sinm.
-2 27

Therefore, C, = 0. All higher-order even terms in multiples of 7 and 27 in the
above expression would cause all even terms to be zero. Solving for the third

sideband amplitude gives

T,/2 L
4y G=f, J eid(t) o 2%t gy, (A20)
- -T,/2

1
_ fpei® I;:u' “aTy/4 _ 3ie r_/z] . felB [e':!jw. T4 e r_/a]
- ? -3ja, -3je, )

-jB .
f e [8—3, waT,/2  ~3ju, 1-_/4]
-Jjw - €
m

e iB . . e‘in . .
C, - (e) 3/27 _ =i 3/2m i _ aj3n
3 ~6ﬂj ] +——61Tj (e e ]
eiB . .
to— (e} 27 _ i 27, (A24)
m)
-iB -iB iB
C3:e_3_" 51nl‘23.7r+i.3;.sxn3‘n +.%7.7 Sin%ﬂ, (A25)

_2j .
C3 = -3—7;- s1in B.
Solving for the fifth~ and seventh-order sidcband would yield the expressions:

(A26)

_2j .
Cs--g;r_smB

30
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-

C :gisinB. (A27)

7 7,:,,
In general, then,
ICi - 2 sinBl. (n=1,3,5...). (A28)
nmw

SQUARE-WAVE FREQUENCY MODULATION

The frequency-modulating function is shown in Figure A2 with frequency
deviations of = Awrad/sec about the normal frequency of the unmodulated carrier.

FREQUENCY
w; (1)
we + Aw
Figure A2. Square-Wave Frequency Wo === i ey pieeh
Modulating Function wWe = Au—T——J‘ ——
Tn  <Im Ia Im  TIME
2 4 4 7
The instantaneous frequency is given by
Tm T
w (1) = @ - Awyl- — <t < -2
1 c 2 4 .
T T
—L+A\L’(———l<t<——£»
v 4 4 )
T T
- W - Aw;(,.ﬂ <t < _"'> (A29)
< 4 2

The instantaneous phase is given by

15

qﬁi(t) ut-_Aid(nwtwmt); <i<t<i>
w

¢ w

m
=at s dat;{ 2L <t < L
2w 2w,

"

S
(ad

-+
—

3

}

>
~
>

3

Al
[ad
2

m ) (A30)
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The phase variations about the nominal carrier phase are given by

m m 2wm

rb(t):_;ﬁ(w-g-wnt); (—wl<t<-._ﬂ._)

Awt; —_71_ <t < _1_7_
2w 2w,

wn mm

Aw m m
—_— - t) | —— t <—1\.
(m - w_t) (2‘*’.. <t< )

(A31)

Substituting these values into Equation (Al), the following general expression

results:

-n/2 ,
C =f f * enipm oI Bt R g

m/wy

n/2w‘ N
hd t
+ £, f ijm_:e % 4t

n/ 2w,

n/w.
i Bn “i(Ba,stna,t)
+fmJ' e e - ,

where /20y

Letting

dé = w_dt,

changing the limits and setting n = 0, the carrier term becomes
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-j B -n/2 . n /2 )
C°=e2 f e"50d9+%”_f el B9 dp
4
- -

n/2
iBr T
+ °2n f e 86 4p,
m/2
- - /2 n/2 .
G =% B eiBo 1 eige eif”
-2niB 2B ~2mipB
/2
CO = e-jﬂ" [eiﬂ"/z eiﬂ"] 1 [ejﬁﬂ/Q ’jﬁﬂ/?]
“2m3iB Y 3B - €
+ 2"-‘7’75; (e7iBm _ e iBw/2)
-2m)
G =2 sinBTi1-1+21 sing?,
8 2 B 2
Ic,| = li sin 87|,
o 3 3
Setting n = 1, the first sideband term becomes
1 .. Tn/2 /2
C = P e"ipm f e i(A*Ho 49 , 1 f el(B- 1) 4p
_ 27
” -n/2
”w .
4 el BT J‘ e i(A10 4o
m/2
-j Bm -n/2 m/2
| S = _e______ e i (B+1)6 + 1 el (B-1)8
-2mi(B + 1) . TiB-1 s
- fw
+ 217?‘(;" . e i (B~ 1)6
! ) n/2
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Substituting the limits and simplifying, the final expression becomes

(A41)

. m
2Bsin [([3— 1)5] |

Il =
m(B? - 1)

If the process is continued for higher-order values of n, the following general
expression is obtained:

(A42)
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APPENDIX B
To illustrate the generality of the analysis performed in Appendix A, the

PM spectrum of two additional functions is derived; specifically th: sawtooth
and triangular wave functions.

SAWTOOTH WAVE PHASE MODULATION
The sawtooth function is shown in Figure Bl with peak phase deviation of *B

radians. Again starting with the general expression for the ntt sideband
amplitude, '

J‘ m/2 el 31 e—jnwmt dt. (Bl)

PHASE @ (1)

Bl e
Figure B1. Sawtooth-Wave Phase /
Modulating Function T

Defining the phase function as

_2B, (82)
P(t) T t

Substituting Equation (B2) intc (Bl) yields

T :
c =L [ eimim e inut gy (B3)
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Setting n = 0 for the residual carrier term yields

1 [ Ta’?
Co :____J ei2B/T, t dq¢ (B4)
T“‘ “T, /2
T,/2
C, = _ei2B/T, t ' (B5)
3T, ?— ~T, /2
_IsinB (B6)
lcol -

Setting n = 1 for the first sideband amplitude vields

T /2 _
m ST /2
_ T,/2
1T (T— -wm> “T,/2
m
- T (B9)
C1=-————-———-—. 2) sin -2 gg-wﬂ).
J(2B - T,w,) 2 \T,
Using
w = 277fm
1
T, =
m
and substituting 1nto Equation (B9), we have
'C , - sxn(B - "T) (Blo)
! (B - )
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If the process is continued, the following general expression results:

sin(B - nm)
(B - nm)

Ic, = (B11)

where n=0,1,2,....

The results of this equation are tabulated in Table B1, and the associated
spectrum pictures are shown in Figure B2. The spectral asymmetry appears to
be unique to this modulating function. The sidebatd amplitude equation is usad
for the higher level set — in this case, the left sideband set.

TRIANGULAR WAVE PHASE MODULATION

Y antre @ e

.:‘ ‘,:’ : The triangular wave modulating function is shown in Figure B:.
e ?
" Defining the function as follows
e 4R+ T
S P(ty= = —em <t 50
T, 2
: T
‘ - BB, osts 2 (B12)
, T, 2
Again the general expression for the nth gideband amplitude is given by
; *
f T,/ 2 ,
= m '1‘-/2
T,/2 i
c - 1 J‘ RICIO R T N (Bl14)
l’ ® Jor,/2

P 0
_ 1 J(4B/T_t4+B-naw_t)
Q-TJ e o =) gy
-T /2

PR S

1 Ta/% i(~4B/T, t+B~naw_ t)
+ — e L n dt (Bl5)
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Table Bl (Continued)
Sawtooth~-Wave Phase Modulation: Modulation Index VS Sideband Amplitude
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() Scwtooth Signal (b) Sewtooth Baseband Spectrum

() Sawtooth Modulation
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(d) Sowtooth Modulation
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-, Figure B2. Phase Modulation Spectra {Sawtooth Wave)
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Figure B3. Triangular Wave Modulating Function

0
C = 1 [ei(QB/T. t*l'B-nm‘t)]
T (ﬂ- 2"“)
T. . -T,./2
1,/2
. 1 [ AT, Hn-nu.t)] (B16)
-iT 48 + Zrn
C = __"3 _[eiB _ gitnmB))
" 4B - 2mn
¢ [eni(nm+B) _ gif] (B17)
4B + 27n
=co8s xzjsinx
_ =) o .
C, = B [cos B+ j sinB - cos(nw - B) - } sin(nm - B)]
' ETJEFE[“S("" +B)-jsin(om+B)-cosB-jsing (B



.
POER g e lpaver et s

2 Iy -
oy
C" :?B_jl_z?; [(sin B - sin(nn - B)) + j(cos(n7 - B) - cos B)i
+ ! —[(sin(nm + B) + sinB) + j(cos(n7 + B) - cos B);  (B19)
4B + 27n
using
. . .1 1, -
sxnxisxny:2sxn§(x1y)cos-2—(x+y)
1 1
cosx+cosy:°cos-2-(x+y)cos§(x-y)
.1 1
cosx-cosy:-2sm_2(x+y)sm_2.(x-y)
1

) :m[sin-;_(m - 2B) cos_;_(n-n)q» j sin%(mr) sin% (nm - 2B)]

+nTl+TB_ [sin% (nm + 2B) cos %(nﬂ) -} sin % (- + 2B) sin %(mr)] (B20) .,

The final expression then becomes

. (mr ) . (nn
sin|—— - sinf—+ B
'Cl - 2 2 nn

o T + p—T cos —
. (nn % . (mr
sin [ - sin{— +B
sin —
nm - 2B nr + 2B 2

The results of this equation are tabulated in Tabie E2 and the corresponding
spectrum pictures are shown in Figure B4.

1

l 211 NN MDA itrhsvsd b o st 4



"
{a) Triangular Wave Signal (b} Triangular Wave {Busebandl
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TABLE B2
Triangular Wave — Phase Mudulation
Modulation Index vs. Sideband Amplitude

BETA Cco C1 c2 c3 C4 C5 co/C1

(RAD) (DB) (DB) (DB) (DB) (DB) (DB) (DB)

0.10 -0.01 -27.85 _-59.87 -46.97 -71.86  -55.85 27.84

0.20 -0.06 -21.86 -47.86 -41.07 -59.91  -49.95 21.80

0.30 -0.13 -12.38  -40.85 -37.75 -52.94  -46.65 18.25

0.40 -0.23 -15.94 -35.89 -35.54 -48.04  -44.46 15.70

0.50 -0.36  -14.07 -32.07 -33.99  -44.28  -42.92 13.71

0.60 -0.53 -12.58 -28.96 -32.89 -41.25 -41.86 12.05

0.70 -0.72 -11.35 -26.36 -32.16 -38.73  -41.16 10.63

. 0.80 -0.95 -10.31 -24.13 -31.75 -36.61  -40.79 9.37

4 0.90 -1.21 -9.43  -22.18  -31.65 -34.78  -40.74 8.23

- 1.00 -1.50 -8.68  -20.46 -31.88  -33.20  -41.01 7.18

" 1.10 -1.83 -8.03  -18.92 -32.48  -31.83  -41.67 6.26

1.20 -2.19 747  -17.54 -33.58  -30.63  -42.83 5.27

| 1.30 -2.60 -6.99  -16.30  -35.12  -26.59  -44.74 4.39

- 1.40 -3.05 -6.58  -15.17 -38.60 -28.69  -48.00 3.53

1.50 -3.54 -6.23 -14.14 -45.49  -27.92  -54.98 2.69

1.60 -4.09 -5.54 -13.20 -52.47  -27.27  -62.02 1.86

1.70 -4.68 -5.71 -12.3¢  -38.91  -26.73  -48.57 1.03

1.80 -5.34 -5.53  -11.55 -33.32 -26.31  -43.10 0.19

1.90 -6.05 -5.39 -10.84 -29.62 -26.00  -39.51 -0.66

2.00 -6.85 -5.30 -10.18 -26.80 -25.80  -36.81 -1.54

2.10 ~7.72 -5.26 -9.58 -24.50 -25.73  -34.65 -2.46

2.20 -8.69 -5.26 -9.03  -22.55 -25.79  -32.85 -3.43

2.30 -9.78 -5.31 -8.53  -20.86 -25.99  -31.32 -4.48

2.40  -11.01 -5.39 -8,08 -19.36  -26.36  -29.99 -5.62

2.50  -12.42 -5.52 167 -85  -25.50  -20 a4 -6.90

2.60  -14.05 -5.70 -7.31  -16.82  -27.75  -27.84 -8.36

2,70  -16.01 -5.91 -6.99 -15.72  -28.91  -26.96  -10.10

2,80  -18.44 -6.18 -6.70  -14.72  -30.56  -26.20  -12.27

2.90  -21.67 -6.49 -6.46  -13.80 -33.02  -25.3¢  -1i5.18

3.00  -26.55 -6.85 -6.25 -12.96 -37.15  -24.98  -19.70

3.10  -37.45 -7.26 -6.08 -12.19  -47.31 -24.51  -30.19

3.20  -34.78 -7.72 -5.95 -11.47 -43.89  -24.14  -27.06

3.30  -26.41 -8.25 -5.85 -10.81 -34.79  -23.86 -18.16

3.40  -22.48 -8.84 -5.78  -10.21  -30.14  -23.66  -13.64

| 3.50  -19.98 -9.50 -5.75 -9.65  -26.92 -23.57 -10.48

~
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