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MACH REFLECTION, MACH DISC, AND THE ASSOCIATED NOZZLE FREE JET FLOWS
I-Shih Chang, Ph.D.

Department of Mechanical and Industrial Engineering
University of Illinois at Urbana~Champaign, 1973

The numerical method involving both the method of integral relations
and the method of characteristics has been applied to investigate the
steady flow phenomena associated with the occurrence of Mach reflection
and Mach disc from nozzle flows. The solutions of triple-shock inter-
section have been presented in detail. The regime where Mach configur-
ation appears is defined for the invisecid analysis. The method of inte-
gral relations originally developed for the blunt body problem is modi-
£id and extended to the attached shock wave and to the intermal nozzle
fléw‘probiems. This method, together with the method of characteristics,
is--adopted to study lach reflection from two-dimensional -overexpanded noz-
z1& flows whereas the axisymmetric underexpanded nozzle flows with Mach
disc are studied by using fhe method of characteristics exclusively. The
reflected shock configuration, as well as the accompanying flow field in-
cluding the Mach stem-height in two-~dimensional cases and the Mach disc
radius in axisymﬁetric jet flow, is established through the censideration
that the central core flow downstream of the Machrconfiguratibn should
reach a state which is equivalent to choking for a uniform one-dimensional
flow. In the axisymmetric underexpanded nozzle study, it is found that
the rotationalit§ resulting from the entropy diffevence must be considered.
The numerical results are compared with the experimcntal data of Love and
Grigsby for the axisymmetric gas jet. 4An approximau§ methed based on the
idea of matching the interacting force beiween the streams has alsc been
developed for quick estimation of Mach stem height in coverexpanded nozzle
flows. This simple analysis seems to yield reasonable results even oui-

side of its applicable flow regime,
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NOMENCLATURE

coefficients defined in Eq. (359)
functions, see APPENDIX A and Eqs. (2%) and (25)

functions, see APPENDIX B and Eqs. (35) and (36)
specific heat at constant volume

distanées defined in Fig. 33

incident shock

reference length (here maximun body height above the
centerline of symmetry)

Mach number
Mach numbexr based on speed of sound at eritical condition
Mach shock

dimensionless coordinate normal to the body surface
measureda from the surface

number of divisions on the starting characteristic line
dimensionless pressure
dimensionless magnitude of velocity

reflected shock, dimensionless radius of curvature of body
surface

dimensionless radial coordinate in the axisymmetric method
of characteristics

dimensicnless coordinate along the body surface measured
from the shock attached point; entropy per unit mass

slipline
triple point

dimensionless velocity zlong horizontal and vertical
direction in internal flow, see Fig. 13b

dimensionless velocity nermal and parallel to the body
surface
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velocity vector,

dimensionless velocity

dimensionless horizontal and vartical coordinate for
flow inside a nozzle, see Fig. 13b

dimensionless horizontal and vertical coordinate for
supersonic flow over an arbitrary body, see Figs., 12
and 13a

dimensionlegs nozzle exit height above centeprline of
symmetry

dimensionless Mach shock height above centerline of
symmetry

parameter defined in Eq. (32)
del vector operator
dimensionless shock radius of curvature

dimensional quantity

Mach angle
ratio of specific heats (y = 1.4 here for air)
deflection angle

dimensionless shock layer thickness measured normal to

- the body surface

angle from axis of symmetry to surface tangent; flow
angle in the wmethod of characterisvtics

angle from normal to centerline to shock tangent
angle defined in Eq. (51)

dimensionless density

shock wave angle

P/(pY), see APPZNDIX A

Prandtl-Meyer function; Crocco number = q/qmax’ see
APPENDIX A
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max
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n3,ni

P-}

i

sk

s
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Vi

stagnation state; starting place at triple point;
condition on body surface in the method of integral

relations

vegion 1, 2, 3, and 4, see Fig, 12; integration step

Tfreestrean condition

ambient condition

centerline of symmetry

nozzle exit

free-jet boundary

incident wave; integration step index
lower part of slipline‘

meximum state

Mach disc

Mach shock

normal to streamline coordinate

extremne cases of 03 = 80 degrees or 0,
triple point )

Prandtl-Meyer expansion
reflected wave; reference state
limit of regular reflection

streamline directicn

body surface

"imbedded shock wave

sonic condition after shock
throat
upper side of slipline

wall condition

= 90 degrees at

characteristics of family I or family II

conditions just behind the shock wave
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1. INTRODUCTION

The study of superscnic flow necessarily involves the consider-
ations of normal or cblique shock waves sincé almosé any irregulari-
ties will produce one or more shock waves in high speed flow field.
Although the appeawvance of these waves can be ewplained and taken iInto
account in many of the flow gituations, oﬁe of the unsatisfactory and
yet ﬁnanswered areas involving their reflecti;n and mutual interaction
with the flow field is "Mach Reflection" or irregular reflection. fhis
t&pé of phenomenon was originally observed by E. Mach [1]* and later
brought to public attention by von Neumamn [2]. fhe role of shock wave
interactions in the determination of the overall flow field can perhaps

. be best appreciated by quoting von Neumann's remark:

"No ‘situation involving two or more shocks can be fully understcood

without solving such problem, and a majority of the practiczlly

z

or theoretically significant situations involve several shocks."
When an oblique shock I is ‘generated within a supersonic flow

Field, such as shown-in Fig, la, it must be veflected from the lower

wall, and the flow behind the incident shock must undergo a change of

streamline angle 8§ after this reflecticn. If this angie § is less +han

§___ corresponding to the flow Mach number H

- the reflection of 'the in-
max "

23
cident wave is regulzr--both the incident and the reflected waves I-and
R are étraight and intersect with the seclid wall., On the other-hand, if
§ is larger than the maximum allowable turning aﬁgle for the flow Mach

number MQ’ a completely different situation appears (see Fig. 1b). Some-

where along the incident wave a triple point T occurs, A reflected

“Numbers in brackets rafer to entries in REFERENCES.



curved shock R and a stroné curved Mach shock MS (iach stem in two-
dimensional_pfoblem) appear at this triple poiﬁt. 'The flow behind the
Mach shock is subsonic; the flow behind the shock wave R may be sub-
sonic or.supefsonic. A slipline also emanates from this point indicat-
ing the discontinuity in entropy. This type of shock pattern is named
Mach Reflection; its configuration also fully illustrates the compli-
cati;n of the flow field arising from the multiple interaction of
curved shocks: It sheuld ke menticned thét the incident shock remains,
nevertheless, to be straigh? for the case shown in Fig. 1b for uniform
incident flow. .

Mach reflection also occurs ‘within the overexpanded and under-
é?pandéd two-dimensicnal nozzle flow Ffield., As it is well known that
for slightly overexpanded nozzle flow, an obligue shock which 1s gener-
Gted from the cormer of the nozzle will be regularly reflected from the
centerline (Fig. 2a).- If the nozzle is highly overexpanded, i.e. higher
back Préssure, the shock can no longer be regularly reflected and a Mach
féfleétion pattern such as ;hbwn'in Fig. 2b appears.

In goth overexpanded and undérexpanded axisymmetric nozzle flows
the irregular reflection patterns occur as well and have appearances
esseptially similar to those of the two-dimensional céunterparts. Re-
ferring to Fig. 3 {(an underexpanded axisymmetric nozzle): If the back
pressure is much lover than the jet pressure at the nozzle exit, the
compression waves resulting from the reflection of expansion waves from
free jet boundary coalesce into an incident shock wave inside the jet
and the Mach disc eventually appeafs.

Mach reflection also takes place in many other flow situations

such as the transient flow fieid within a shock tube, steady flow field



within diffusers and nozzles and the transient shock interaction result-
ing from simultaneous explosion of-two charges. Close to a wall in
boundary layer-shock wave interactions, lMach reflection has often been
cbserved.

The Mach reflection study finds its application in many military
systems. The flash appearing in the issuing gas jet ét_the muzzle of
a gun or at the exit of a rocket motor is often attributed to the Mach
?eflection phenomenocn. The investigatioﬁ of recoilless and noiseless
rifles is closely related to the jet structure and shock interactien
problem in sﬁpersonic flow. Since Mach reflectioﬂ would generally re-
ﬁpl? in a highew pressure on the rgflecting surface than regular re-
,§?ection, the mazimization of the damage effect in conjunction with
yach reflection was studied and utilized in the atomic bomb explosion
- at Hagasaki and at Hiroshima, Jepan, during Worldd War II [3]. Rocket

motors, missiles, jet engines, and other propulsive devices flying -at

very high altitudes, for examﬁle, always have Mach configuration associ-
:gtad ﬁith them, ' The relaxa%ion and pradiation behind the Mach shock are
_sg‘intense that they could be detected by & modern electronic device
{e.g., an -infrared detector [#]). The thorough study of the Hach reflec-
tion ﬁroblem would, therefo;e, be helpful in the search and detection of
these flying objects.

Problems in the design of rocket motors, jet engines or turbine
blades canﬁot be fully understood without a knowledge of exhaust plume
flow field of a gas jet which, in turn, relies on the study of Mach re-
flection in high speed flow.

Academically, the solution of Mach refiection problem is of high

interest. It not only provides useful information concerning multiple
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.shock wave pattern, but it fills the gap existing in the theorstical noz-
zle analysis when the back pressﬁre outside the nozzle is at off-design
condition.

The present investigation is restricted to the inviscid study of
Mach reflection and the associated flow field of steady two-dimensional
overexpanded and axisymmetric undersxpanded nozzle flows. The experience
gained in the study of ejector flow problems at the University of Illinois
at Urbana-Champaign [5] suggested that the problem at hand belongé to the
category of inviscid interaction betwesnmulii-streams as long as the
central. core flow is distinct whilé the viscous .effects (such as prevail-
ing along the slipline or along the jet boundary) can at meost contribute
to a modifying influence to the flow patrtern within this flow regime. It
is thus believed 't‘.;mt the shock configuration as well as the accompanying
Fiow Field (such as Mach stem height or Mach disc radius) can be estab-
lished under the considerafion that the central core flow behind the Mach
shock should eventually assume % state which is equivalent to "choking"
in the uniform one-dimensional flow. Also, previous studies of shock
wave-viscous layer intevaction [6] established the conviction that the
shock structure can only be modified within the rarefied flow regime.
Therefo?e, the Rankine-Hugoniot shock relation for air flow can be ap-
plied With confidence for the triple point in the study of Mach reflec-
tion.

It is pertinent to point out that, in most of the overexpanded flow
situations under the present investigation, the back pressure is so high
that the flow would separate from the nozzle wall. It would produce a
Mach reflection pattern with non-uniform approaching flow conditions.

It is believed that these modifications of the flow field, due to the



viscous interaction,-can be examined only after the flow models for Nach
reflection with uniform apgroaching flows and their methods of analysis
are successfully developed and éstablished.. The pfesent investigation '
is, therefore, restricted to the invisc%d flow field only; even the pos-

gible influences of the viscous efiects are well recognized.



2. LITERATURE RzVIDW

Although Ernst Mach (1838-1916) did not bring forth theoretical
solutions, his observation and discovery of expervimental facts in com-
pressible fluid flow and ballistic research have been the inspiration
and foundation for many theoretical studies in gas dynamics.. Among
his various findings in physical science, the irregular reflection
pattern of shock wave interaction was first observed by him in 1875 .
and was later named "Macb reflection” in honor -of his excellent experi-
mental contribution [1]. By igniting two electric spark gaps simultane-
cusly to prbduce two intersectipg blast waves in the physical laboratory

at the University of Prsgue, Mach was able to visualize a trace of triple

point of Forked shockwaves (die gegabelte VerdichiungsstSsze) on a flat

plate covered with a thin sheet of soot. The intersecting wave phenome-
non of the irreguliar refiection comfiguration in a supersonic alr jet
exhausting frem a high pressure reservoir to low pressure surroundings

o

was alsc discovered by Mach using the then already-known schlieren tech-

»

ﬁique, and the fiprst schlierven photograph of Mach ccnfigurationAfrom nozzle
flow was published in 1889.

It was much later {during Vorld War TI) when von ieuwann trought
this subjec£ into general attention. The importance of gtudy of produc-
.tion, equilibrium, and in?eraction of shock waves in the science of
fluid dynamics wés emphasized by von Neumann., In his expository paper’
[2] he elucidated the basic difference beiween regular reflection and

Mach reflection and questioned the effect of viscosity anc heat conduc-

.

tion as an essential part in the study of Fach configuration because of

A =4

good agreements between the theoretical regular reflection analysis using



the conventional inviscid nonheat-conducting shock theory of Rankine-
Hugonict and the experimental results. Because of considerable dis-
crépancy between theoretical analvsis and experimental evidence in tiach
preflection for weak incident shock, he surmised that thefe-might be
some other unknown. discontinuitiss existing in nature other %han the

well known discontinuities such as shock wave, density discontinuity

(siipline), and Prandfl;ﬁeyer~angular expansion and compression in the
ideal flﬁid.analysis.

The early stuﬁies of regular -reflection and Mach reflection of shock
were carried out by Bleakngy and Taub. They were mainly concerned with
transient flow situvations within the shock tube. Exceilent agreenent was
obtained between the theoretical and experimental results for regular re-
flecrion of shocks [7]. On the other hand, lFach reflecticn has besn ob-

-

sepved for wéak incident shock str§ngths and wave angles where the thres-
shock theory f;r the triple poiné predicts no non-trivial solution. How-
ever, experimental resﬁlts did support the three-shock theory when the
incident wave Ef Mach reflec?ion is strong.

The Mach configuration is also viewed by Taub [81 as shocks with
singularity at triple point where the tangent to shock is discontinuous,
He proved rigorously that the locus behind the singular point on shoek
should be a slipline in inviscid analysis. He also. gave the exprassio:i
for cuwvature of the shock and the derivative of pressure behind the
shock at triple point singularity in terms of flow varizbles along the
shock so that the geometric properiies of the shock configuration near
singular point for the-pseudo-stationary flow could be determinsd,

Fletcher, et al., [2] reviewed the case of pseudo-stationary ¥ach

reflection of a nearly glancing incident shock using linearized theory.



With their own interferometrical experimental results they showed the
adequacy of the linearized theory in handling the pseuéo—stationary
Mach reflection of shock waves at nearly glancing incidence.

By using the method of power series expansion of the flow variables,
Ciutterhan and Taub [ioj gave the numerical results of flow variables
near triple point in table form and used them to determine the trace of
-thé tpiple point (called world line) and to comstruct approximately the
Mac¢h configuration in the neighborhood of the triple point for pgeudo-
stationary flow.

In response to the above mentioned discrepancy between inviscid
triple shock theory and experiment for weak incident shock, Stermberg

[11] took the effect of viscosity into consideration and introduced a

non-Rankine-Hugeniot shock wave zone (incomplete shock wave) at the

d:ﬁhfersecéion_of the three shock waves based on the reéson that for weak
gncident shock the wave was thickef and that this finite shock zone was
éble to support some difference in pressure and flow angle, The con-
ditions of equality of pressure and of flog angie across the slipline

were. then abandoned. With the aid of eﬁperimentél results from a shock

- - - e .

Fube, he found that the height‘of this two-dimenéiénal non-Rankine-
Hugoniot shock zone for weak incident shock was several times greater
than the thickness of Rankine-Hugoniot shock wave., Using the results
Ebund from Busemann electric tank analogy for two-dimensional subsonic
flow in distorted hedograph plane, he discovered the reflected and Mach
shocks were so strongly curved at the triple point that the shock wave
. angles between theoly and experimentAcould not-be compared accurately
because the region involved was too small to be visible by the present

experimental method. The intreduction of non-Rankine-Hugoniot shock



wave zone necessarily seems to make theoretical analysis insurmountable
for weak incident shock wave.

The supersonic ga; jet has been studizd by many researchers after
World War II. The %ormation of shock wave in a two-dimensional super-
sonic gas jet was examined by Pack'{l?] using the method of cbaracterié~
tics. The origin and position of shock wave imbedded inside a fres jet
boundary for underexpandad nozzle flow were located based on the reason
that the trace of shock was the result of intersection of compression
waves of the same family. He observed that for two-dimensional gas jet,
the regular reflection still existed at rather high pressure ratic where
Mach reflection pattern already appeared in the axisymmetric jet. How-
ever, he did not go further to treat the irregular reflection problem.
Some experimental investigations have been performed by Ladenburg, et al.,
[13], using interferometric study, for the axisymmgtric gas jet from an
orifice instead of a well designed pozzlé. —

By introducing a cne-dimensional fictitious nozzle extension,
Adamson and Nicholls [14] employed fhe pressure distribution on the center-
line of the flow behind an axisymmetric orifice based on 'the method of
characteristics tc find the location of the first Mach shock. This Mach
shock was assumed to exist at the end of this fictitious nozzle extension
where the ambient pressure would be produced behind the normal shock.

The analysis is very simple but it is not very helpful in the determin-
ation and understanding-of the overall flow field. Eastman and Radtke
fuo], howéver, employed a different speculatign thaﬁ thg locatiqn of“
“the normal Mach shock wave coincided with the point of "minimum" pres-

sure behind the inbedded shock wave.

The criterion of sonic condition at the throat in the interacting
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flow field was used earlier by Chow and Addy [5] in the study of the
mutual interactions between primar& and secondary streams of a super—
sonic ejector system. A similar idea has been adopted by Ashratov [15]
to find the Mach disc vadius of a jet leaving an overexpanded axisymmetric
nozzle flow. By using a one-dimensional approach For the entire core flow
and applying the method of characteristices Ffor the supersonic flow above
the slipline, he was able to determine, iteratively, the Mach disc radius
whiph-agreed well with_experimental data. The theoretical ;esults were
given for ¥ =-2.é and ¥ = 3.2,
- Love and Grigsby [16] made an extensive experimental investigation
on the axisymmetric jets exhausting from sonic and supersonic nozzles
into still air and into supersonic-stream. Some theoretical consider-
ations were aléo given in their report but were not complete as far as
Mach configuration study was concerned. Their expériméﬁtal data are to
" be compared here with the numerical solutions.

The method of integral relatioés plays an essential role in the ap-
proximate solution of fundamental hydrodynamics equations. Traugott [17]
carried out a one-strip anélysis of integral method of Belotserkovskil

~

[18] for supersonic flow over arbitrarv blunt axisymmeiric bodies. The
higher order approximation using the gradient methed to evaluate the flow
variables across the shock layer was also mentioned and'was different from
the higher approximation schgme used by Belotiserkovskii. His éne~strip
analysis [17] is to be modified and applied in this study for solving
supersonic flow cver arbitrary two-dimensional body with attached shock
.

wave.

South and Newman [19] used the method of integral relations to solve

real gas flow problems. They found that this method was generally ap-

plicable tc supersonic flow past a pointed body with weak attached shock
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-~ .

wave. The effect of the surface flow properties propagating normal to
the boundary surface rather than propagating along characteristic curve
was found to be self-compensated in the method of integral relations.
They also géve the stability criterion for determining the step size of
integration in hyperbolic domain.

The method of integral relations has also been adopted to soive
.the nozzle flow problem. Liddle and Archer [20] gave the equations for
one- and two-strip analysis deriyed from continuity, energy, and irro-
fationality relations. Howlett [21] used the one-strip analysis originat- .
Aing from continuity; energy, and normal momentum equations to invastigate

nozzle flows. His asmalysis is utilized for solving two-dimensional

central core flow for the present study.
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3. 'TRIPLE POINT AND FLOY REGIME FOR MACH REFLECTION

The Mach configuration is characterized by the mutual Interaction
of several shock waves. This distinguished feature is manifested
through the appearance of a triple peint where shocks of different
S%rengths intersect esach other. The flow condition in the neighpor—
hood. of this triple point has the domipant effect on the dowastream'
flow-field because of the necessary existence of subsonie flow behind
the Mach shock. The study of the squilibrium of flow variables near
this triﬁle point 1is, therefore, indispensable in the investigation
of Mach reflectiom.

- For nozzles cpepating under the ;ondition where Mach configuration
g&hurs, a triple pdint T accordingly appearé (gsee Figs. lf, 2b, 3, and
%). The shock S belongs to'strong shock family and becomes a normal
shock on the centerline while the reflected shock R can be wezak or
strong and is also curved. The strengths cf.refleéted shock_and of
Mach shock in the immediate vicinity of -triple point T are determined
Tocally by the fact that the pressure is continuocus and the flow angles
. are the same across the slipline which resulls from the entropy differ-
ences in state 3 and state U4 for this inviscid analysis. Upcn combin-
ing oblique shock relaitions [22], the flo% regions 3 and 4 at point T
for an arbitrawy incident shock farbitrary Y, Ml? and 62) can be'solved

from the following equations:

F

3. 2y 2 .2 y-1

P2 s TEFI ¥, sin” og4 Y71 (D
Py, 2y .2 .2 v -1

F= oy M osin o - . (2)
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2 .2
M2 sin” O, -~ 1

) 2 3
tan 6, = — (3
8 %@ 05 42y 4 cos 20.) 4 2 )
2 3
o Mg sin2 04 -1
tan §, = ()
% tan 0, Mi(Y + cos 204) rog
63 -!-54 = 62 . - {5)
P, =P, (8)

The solutions are found From Newton-Raphson's method for simul-
taneocus nonlinear algebraic equations b& numerically evaluating partial
derivatives {29]. These equations have trivial sclutions corresponding
to M2 = MS = Mu, and three shocks merge into one shock which is of no
interest and is discarded. The nontrivial solutions are plotted in
Figs. 5, 6, 7, 8, and 9.

It is interesting to note that tﬁe state behind the reflected
shock may be subsonic or supersonic near the triple point. The con-
dition when sonic flow behind the reflected shock occurs can be de-
tefmined, iﬁ addition to Eqs: (i) through (8), for any given M, and y

from the following eguations: -

2 ., 2
an & N Ml sin 62 -1
2. tan g, Mi(‘( + cos 26,) + 2

(7)

(v + 1)° Mg sin’ o, - u‘( w2 sin’q - 1) ('mi sin’ o, + 1)

M; = 5 5 2 = 2 5 5 2 (8)
: [ZYMl sin“g, - &y - lﬂ [(Y - 1) My sin" g, + 2]
sin2 63=~;J'— (v +1) M2~ (3 - v)
2 2 .
uyMz

. +4/(Y + 1) [(Y + 1) MLQ" -~ 2(3 - ) I-Eg + (y + 9)]1} (9)
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.

The3° solutions are also given in Figs. 5, 6, 7, B, and 9 and
labeled Hs = 1. :

Two extreme cases are oF interest: One is sin g, = 1.0, which in-
I ? .

plies that Each shock is a normal shock: at iriple point; that is,
62 = 63, 64 = 0 and is a pseudo-reguiar-type reflection as shown in
Fig. Ya. The other case is sin 63 = 1.0, which indicates that the

shock betwsen state 2 and state 3 is a2 normal shock (see Fig. Ub).

This 1s the Dbyszﬂdl iimit vhere a solution to the triple point exists

under the condition of fixed Ml and ¥.

The sclutions to these two extreme circumstances are easily

found from solving Egs., (1) through (8) with additional restriction of

sin o, = 1.0, 64 = 0, or sin Oy = 1.0, §, = 0 for the spec cified value

of y¥'and M, and are shown in Figs. 5, 6, 7, 8, and @ identified wit

du‘: 90 degrees and O, = S0 dagrees, respectively. It should be noted
thet for ¥, < L.aau(f(y + 3)/2 as given in [¥2])with v = 1.4, mo

triple point solution is possible for this nozzle flow, and for

Hl< 2.406, HS will be subsonic regardiess of the value of 62.

The numerical values of triple-toint soluiions together wiih
their two extreme cases for various Mach numbers are tabulated in
Table 1 through Table 13 where 1, 2, 3, and # refer tc the different
states at triple point as shown in Fig. %, DELTA is the deflection
angle in degrees, SIGHA is the wave angle in degress, M is the Hach
nﬁmber, P2/P0Ll is the ratio of pressure at state 2 to the stagnation

.

pressure at state 1, and (P4/PL)* is the ratio of the pressure at

state %, when expanding to sonic condition, to the pressure at state 1.

In order to study the flow field associated with Mach reflection,



it is ‘also necessary Lo identify the regime where lach reflection occurs.
It is well known, accord*ng to [71, that for an incident shock wave
striking a horizontal lower wall (see Fig. la), regular reflection woul

occur if the turning angle- § asscciated with the incident shock is less

than some limiting value 61"2' The relations. between flow Mach nurber .,

6r£,.and wave angles are ) g

2 .2
. 5 Ml sin” @, - i
tan §_, = = . (10)
vk tan O; r-zf(y + cos 20.) + 2
é _Mg.sinz o,~1
tan'ﬁrl = Tam 7, (11)
- M (Y + cos 20 )+
T ) .
o (v + 1) ¥, sm2 g, - H(MQ 3ln2 g, - 1)(752 51n2 g, + l)
- S 1 \ 1 i 1 1 ! ~
M, = L (12)
[2«.@41 sin” 0, ~ (v - 1)] [(Y - 1) M) sin® 0,4 2]
1 ;
. sin® g = ———5— (Y + 1) d - i
ey
‘\/(Y + 1)[0( :- + 8(y - 1) M + 16J } (13)

The solutions are given in Fig. l0afor v = 1.4,
Since M2 must be greater than one in order that there may be a
reflected Shoc“, the upper limit is thus tentatively established under

the condition of the scnic state behind the incident shock and is

.

marked as curve § _ in Fig. 10a,

s

If thHe two extreme resulis, §__ and & __ ..
n3 nk

£

irom triple-point so-

lution are also plotted in Fig. 10a, there is some overlapping area

below curve Gﬂg where both regular and lMach reflections are possible

and scme empty area betwsen curve 652 and curve Gpa where regular



reflection is impossible, The empty area bewreen curve © P end curve
. ' si

above regular reflection limit, curve § e is, perhaps, due to the limit-

!-Jt

ation of the inviscid assumption. Fo» this lower Mach numbay regime

(Ml % 1.0), Sternberg [i1] discarded the criterion of equality of pres-

-

sure and of flov angle across the slipline and introduced a non-

Rankine-dugoniot shock at the triple.point with the viscous effect com

sidered. TFrom an electric tank experiment, he was able to find the s

a smooth curving shock pattern for the case vhere neither regular nor

¥ach reflection. is theoretically possible,

-3

C)mn

lution to the Mach reflection problem. HMHoreover, Molder [23] propozed

in the overlspping portion both two-shock and three-shock theories

¢

predict nontrivial solutions. Whether two-shock theory or three-shock

theory should be used depends, at least, on the boundary conditions.

4

As indicated in Fig. 11, if a plug with a particulsr shape shoun were

=

_Ingerted at the exit of a two-dimensional nozzle giving & two-shock
theory pattern, the removal of this very plug might arouse a Mach con
figuration from dormancy under the same arbient pressure.

this plug could be used to control the appearance of Hachn configurati

=

Tor the problgm shovn in Fig. lb, the experimental evidence of liolder
[23] shows that at 1!, = 2.8, the transition from regular to Mach vefl
tion occurs at the limiting case of three-shock theory rather than ths
of two~shock theory and that the Hach sﬁock iz a normal shock during

this transition. Therefore, the steady Mach reflection produced fvcm

nozzle flow of *his study is confined to the domain between curve ¢

o)

[ )

and curve 6nu in the present amalysis,

The relation between jet deflection angle at nozzle exit 09 and

oL,

[STal

Co.
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the ratioc of ambient pressure-to-nozzle stagnation pressure PQ/PO‘1 is

given in Fig. 10b for various Hach:nuébebsl For convenience of refer-
ence, the region specified in Fig. 1Cz is also plotited here. At high
¥ach numbers the Flow is relatively sensitive in the sense that a vary
small change in aﬁbient pressure results in tremendous vawiation in

.

the jet deflection angle §, at the nozzle exit.

2
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L, FUNDAMENTAL EQUATI1ONS

For a steady inviscid gas flow, wuithout shock discontinuity inside

the region considsred, the conservation eguations in vector form are:

Continuity:
v e(F) =0, (14)
Momentum: -
PV - V) V= -9p (15)
Energy:
- v;[i] = 0 (26)
5\

where the equation of state for ideal gas has been tacitly used and (7)
indicates dimensional quantity.
The first two equations simply mean that mass and momentum ars con-

L3 By

served, The last eguation siates The entropy is’ con5tant along the
streamline under the above assumptions. OFf course the entropy can change
-across the—streamlines in the case of flow behind' curved shock wave.

The vector form of the fundamental equations shown above give concise
expression for the conservation principle without referring to any particu-
lar coordinate system. For different physiﬁal oroblems, the conservation
equations have different forms for specific ccordinate systems used which

n be derived from the vector form through vector analvs is and coordinate
transformation

The fluid considered in this study is assumed both thermally and

calorically perfect with v = 1.4,



5. MACH REFLECTICH FROi OVEREXPANDED TWO-DIMERSICGYAL HOELLD FLOW

S.i BASIC DESCRIPTION OF THE T'LOYW FIZLD

As shown in Fig. 12 for the case of overexpandsd two-dimensional
nozzle flow with a triple point shock system iwbedded in the flou iell,
regions 3 and 4 ars separated by the siipline of a yet unknown ccnfigu
ration. It is cobvious that the two stresms have to coexist so that
along their common boundary they shall have the same prassure and fio
direction. Region 3 is usually supersonic (although it may be siubsonic
close to the triple point T) while vegion 4 is invariably subsonic. It
resembles a great deal the problem cccurring within a two-dimensional
ejeétor system [5]. It appears to be éxtremely attractive to approxi-
mate the lower stream by a one-dimensional treafment, especially in view

of the fact that the variation of entropv seems to be insignificant.

However, it tas been observed that in the early part of the flow dsveloz-

ment the pressure is increasing along the slipline, A one-dimensional

flow analysis for the lowsr stream will not be able to match such a flouw

.

condition, and a more sophisticated flow analysis is thus needed in this
region near triple point.
The flow Ffield of wregion 3 for the upper stream is boundsd v

a curved, attachad shock and is to be treated s a2 superscnic flow past

a curved body whose configuration is still unknown (see Fig. 13a). It

presents itself as a part of the flow field produced by a supersonic
flow past a pointed body. Although the method of characteristics will
be useful when the flow Is supersonic, it was originally expected That

the general method of anziysis for blunt body problems will be needed IF

.

the fiow is subsonic behind the curved shock. The metThod of integral



relations develcped by Dorodnitsyn and applisd by Belotserkovskii [12

to fluid Fflow problems is thus adopted for both the upper end lower Tl

fields -during the early part of the flow development.
From the fundamenval equations the mowentum eguation aleng the

streanline direction can be integrated to obtain the Bernoulli's ecusti

Bs

Due 1o different coordinate systems used, one has different sets of
equations for external and for internal fleow, Hence, one chbiains the
following two—dﬂW=pslonal equations in stresmiine cocrdinate system:

"External Floq for Region 3 (Fig. 13a)

Continuity:

P a ——— 5\"}'; 3 ———
LT [pvn —-—.:——-]+ — (pv ) =0 . (17)
2n R 93

NHormal Momentum:

. - ~~2 N . 5
3 (5?2 Rea], 3, sy . s 3 fzR+ni, ¥
o A I e S T

(18)

]
[ée
1

NOTE: These ave Tollmien's equations [24] for invis

-

flow.

.

Internal Flow for Region 4 (Fig. 13b)

Continuity:
3pu 3pv
eou L SRV L (19)
oax 3y
Normal !lorentum:
me OV | D P
u-q-—-+pv-—~—+i-—0 {20}
o= 3y oy

The Bernoulli relationship can be conveniently expressed by

/

&

P12 X .
—+ 5 4" = constant along the streamline (21)

oY



k0
{22

and the entropy equation is

D IE :Ch‘wheré~21 is the substantial derivative, . (22}
DE| 5 Dt g

Bags. (21) and (22) are used for both external and internal flows. Here,

(7) refers to dimensional quantities.

2.2 THE METHOD OF INTEGRAL RLLATIGHS

The basic procedures of applying the ﬁethéd of integral relations
{17,18,21,25] to this study are io express the governing nonlinear con-
tinuity_and momentum equations in streamline ccordinates, to write then
in divergence forms, and then to integrate them along the ncrmal to

streamline directicn. The unknown integrands are approximated by some
polynomial funcitions {or some other convenient continuous functions).
With the aid of Leibnitz's rule for differentiation under the integral
sign, the original nonlinear partial differential equations are re-
duced to a set of ordinary differential équations readily solvable by us-
ing a digital computer. Since the integration is a smwoothing process,
&he overall character of the solution is presarved evan though ‘the de-
tailed description of the flow field camnot be achleved. The accuracy

of the sclution depends on the number of strips of the normal dirscTion

divided.

5.3 BSUPERSONIC FLOW OVER TWO-DIMEMSICHAL ARBITRARY BOUY

If the normalizing parameters a P
g1 )

1 , P, and L are intro-

Oco Qco
duced to normalize the flow parameters in a one-strip analysis, and iF

the unknown integrands are approxzimated by linezr functicn in norwmal

direction

s) - fo(n,s)j (23)
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the nonlinear partial differential equations, Egs. (17) and (18), for
external flow can be intepgrated along the normal dirvection from the

body surface to shock layer Thickness € and, after tedious mathemavi-

cal manipulation,will yield:

' a c+rdE _ o
T ‘ - (21)
Trom normal momentum egquation,
av_
"o 1 2e ax e
3s “E‘[(DTAds)'Cds} (25)
from continuity equation, and
. =
14 =
de - R . (26)

ds  tan (¥ + €)

which is a shock geometric relationship, see Fig. 13a.

th

o}

3]

Punctions A, B, C, D,

!

. I, and G are complicated funciion

K, Vs » €5 Yy M, 0, d6/ds, and are given in APPENDIX 2. Thres un-
o
knowns, Kk, V_ , and €, arz left to be determined. It
s, . .
to note that the above two-dimensicnal relations can easily be deduced

e

g interesting

from Traugott's axisymretric equations [17] by aliowing the body ra-

cdius to epproach infini-y.

5.3.1 Detached Shcozx Vave
If the shocrx weve is detached, the initial ccuditicnzs fow=

the above coupled first-zzsier nonliinear ordinary diffevanzial equznlon:

are



of the solution. There are two sirgular peinits involved. One occurs

&

I}

at B = 0 and the other at ¥ = 0. The singular point of B3 = 0 occurs

at ﬁso =.va - 1)}/{y + 1) which is the sonic condition. This singular
behavior h%s been adeauately used as the criterion fof iteratively
determ&ning +he correct stand-off distance £ for axisymretric body
tl7,18,253, since the surface velcocity gradient must be finite for
the swmooth body profile, Cn the other.hand, sone investigaters [zs5]
have cuestioned the applicabili ty of the one-sirip method of integral
relations to two-dimensional detached shock wave problems due .to the
i1l behavior of the second singular p;int F = 0. T@is will be dis-

cussed later.

5.3.2 Attached Shock VWave
In this study of Mach reflection, the shock wave is al-
waye attached to the triple point.. A limiting case corresponding to

the zero shock stand-off distance must be investigated, since the fors-

w

[ N

=1
1

going equations assume undetermined form if the conditicn € = 0 i
posed directly .into these equations. By formally using L'Hospital's

rule and by noting v

e >0, P€ g Po at the attached point whan € > 2,

the coupled differential eguatiens, Tis. {(24), {28}, and (25}, Leoo

[al

[ e . X (28)
ds J€_+0 tan (8 + )
-1
1 - l;l":.vf -
2 tan2 (8 + k) ~~( Y2_ 1 ©
g %o SN - v
ds T ) “o
co - . B v_ k. k
ds 1 o2y, S S5 102 ..
S Jdes0 tan (6 +K) (1—1“1 vs)(?‘? 4 o 5 }+Vs kl k2 tan (F+vw
. . -0 o 1l - Vg o R
Q
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with
1 ac |
® _ ] as . . .
36 = =33 sin (K + 8), from shock geometry (30)
ds 5 . 4, ds e+ 0

o O

(31)

~

- k Vs k1 k3
b 1 o - 2 .
{'dvS “ vSO[(?_Y(bO1 3 )(l vs ) tan (G-rK)q-VS kl ks]
s 4

o
dS-L - v X
Py K s 13
+1 \ 4
ds —+0 ww[( "Y_-—i"vzo)(h@ b2 5 )+vS Ky ko, tan (6+i<)]
. ) Y - e’ 1 - vS o .
' o

The parameters have the same meaning as those of APPENDIX A.

These are the equations for the initial derivatives of the unknowns
E, k, and vs'. The initial values of K and Vg, can be found from cblique

&) .
shock relations. These equations can aiso be interpreted as the relation-

ships between sheck cu?vature 1/R and ?ody curvature %-(z - %g-)and sur-
-face velocity gradient dvso/ds (or surface pressure gradient) at the at-
tached point ¢f shock wave on the body surface, Pigures 14, 15, 16, and
17 present the behavior of these relationships both for weak and for
strong shock waves. A discuséion on the general strong shock relations
can also be found in Reference [26]. It is noteworthy that the exact
expressions for weak shgck wave have been derived by Thomas [27], Taud
_[81, 2nd by Lin and Rubinov [28] from differgnt methods of analysis for

uniform approaching flow, and by.Molder [23] for non-uniform incident

stream with rotationality in front of curved shock wave,

5.3.3 Treatment of Singular Points

If one sets



) [(2-v)/{(v-1)]
B. = E:—(1 _ 42 )
(e} 2

o

and if one uses the transformation

= 1y+1 2 S
Z=v_ (1 BY—lvs) (32)
- Yo o
(25) becomes
Lodm 1 /) ,de
. Es"‘BO<D &= cds) (33)

Since during the flow development vy shall not reach the walue of 1,
®o
which is the maximum veloc1;y, one has, in fact, removed- the scnic

singular point through the above manipulation. The relatlonshlp be-
‘tween % and v, is illustrated in Fig. 18 for v = 1l.4.

O
One should also note that

N

1l

<
4]

[}
3l
.t|-
+11
= HJ

0 when v, = 0 or
o)
z = J.', = l m‘fhén vSO =A/T§:—?
and ' ) ‘ - , L
z=~§—(§:i> - ‘ when vso‘:l.

For a fixed value of z > 0, there corresponds two diffevent |

positive values of v, @ ome for subsonic flow and the other for super-
. . 5,
sonic flow. At sonic condition, ( !(dv_ ) = 0. Therefore, near sonic
* . SO - -
_speed,” for a known value of z, the .responding v cannot be determined
o
efficiently from Newton-Raphson's : xthod for solution of noniinear alge-~

braic equations. Other methods such as the bisect method or the false
position method [29] will yield the solution near sonic point. At somic

condition, for ¥ = 1.4, z = 0,2721655 when v, = 0.4082u8.
o
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The i1l behavicr of the differential equation and the inaccuracy
of interpolating too close or too far near sonic condition as mentioned
in [17,25] have been eliminated. The singular behavior of the differ-
ential eguation has changed, as a result of the transformation shaim

1
above, to the ewitreme behavior of the nonlinear algebraic equation
which is much easier to handle, Also, because & small change In z wilil
cause tremendous change in vy Tesr sonic point, a smaller integration

- o
step size should be used there. Since z

o

s an codd function of v_
%o
there is anothe» branch of solutions giving negative values of v, which
. o
is physicaily unrealistic andé is ignored,.

By noting that in two-dimensional fiow F/e is a functicn of ¥ only

when ¥, M _, and 2 are independent of K, it also séems to be possible to
use the similar treatment as before to eliminate the singularity occun-

T -

Tererntial eguations when T = O, However, becauss o

h

£
-

ring in 41

.

pearance of dk/ds in Eg. (25), nothing will be gained when the technicue

utilized above 4s applied to Ea. (24)--even the complexity of the func-
tion I/& is ignored, Wevertheless, since F/e = £(K), ;f Y, ¥, and €
irere held fixed, one can investigate, for £ # O, vhen F/e will vanish.
Figure 19 is the result of the solutions of ¥/e = ¢ for v = 1.4,
Two curves from cbiiqpe sho;k equations for M = 2.0 and ¥ = 5.0 are
alsc plotted in {he same figure for compawison. The interséction of
Fhese curves with sclution curves of F/g€ = 9 at the same flow Kach
number occurs at the attachment limit which is a particular solucion of
F/e = 0 and is also one of the starting pgiﬁts for attached shock wava

problem. Since shock is a local phencmenon, the magnitude of the ve-

locity vector just behind the shock wave at point away from body is
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independent of the su?face'tangent angle 8, that is, w, = {1, ,k) only.
Therefore, the flow properties just behind the shock wave can be found
by tfacing obliqué sh;ck polar for the corresponding free stream llach
number. Noting that the sonic state is very ciose to the attachment
limit point on 8-k diagram for the same free siream Mach number, one
has, in general, two different categories, depending on vhether the
state behind the shock is supersonic or mixed type.
1. _Suﬁgrsopic State Downstream of Shock Vave
Bécause K will not decrease in general for the ﬁnbounded Flow
field and the magimum value of K is the one whén shock weakens
to become & Mach wave, F/g will not vanish-for.different com-
binations of © and ¥ along shock polar as illustrated‘in
Fig. 19%a.
2. Subsonic and Superscnic Mixed State Downstream of Shock Wave
As shown in Fig. 19b, the.singular point ¥/e = 0 will be un-
avoidably met for all the smoothly varying body profiles carry-
. ing flow changing from subsonic to supersonic state.
© From t@ese results the conclusion is that the one-strip method of
integral relations is not sﬁitabi; for solving two-dimensional blunt
body with ‘detached shock or pointed body with strong attached shocﬁ.
The two-strip or multi-strip method is required and the calculation
will be much more involved. This agrees with the comments made in [25].
However, for solving iwo-dimensional pointed body witﬁ weak attached
shock, the one-strip methed of integral relation§ is generally applicable
{see also [191) for slowly changing body profile with nearly constant
vaiue of K sucﬁ as the case in our study of Mach reflection.

In conclusion, in the one-strip method of integral relations for a
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two—@imensional profile the singular point B = 0 occurs at the sonic
condition and can be handled without difficulty, but the occurrence
of the other singular point F = 0 will greatly restrict the applic-
ability of'the one-strip analysis.

It does not appear to be nec;;sary to use the multi-strip analy-
sis of the method of integral relations with the present method of
approach in order to avoid the erratic behavior of dk/ds in the one-
étrip analysis. In weak incident shgck regime, where subsonic flow
behind the reflected shock prevails, it is believed that the triple
peint solutions do not provide adegquate initial conditions as they do
got agree with the experimental résults according to [7]. Worst of
all, the %hree—shock theory does not give any nontrivial solution
while. ¥ach configuration has been observed in actual flow situations
W%th weak incident shock. If the multi-strip analysis is to be use-
ful for weak incident shock wave, instead of the resulis from the present
inviscid three-shock theory, the initial écnditioné at triple point
must be obtained from other more sophisticated approaches, for example,

Sternberg's non-Rankine-Hugoniot model.

5.4 TLOW INSIDE A TWO-DIMEHSIONAL NCZZLE EY THE METEOD OF IKTEGRAL
 RELATIONS '

As mentioned previcusly, -a one-dimensional treétment of lower
part of the slipline is not adequate for solving the lower flow field
close to triplé point. A more detailed approach is indisﬁensable. Re-
ferring to Fig. 13b, upon introducing the assumptions that ertropy dif-
Ference along the Mach shock is negligible and aftgr the variables are

non-dimensionalized by refersnce quantities, the integrands can be
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approximated by polynomial functions given by:

pu = (pu) _ + Llow) - (pul 1 n?

3

puv (pu)c von+ [(pu)w - Cpu)c] v, (3u)

2
pv

‘H

2 2
(v m
 whers 0| = y/yw. )
The integration of the system of equations for internal flow will

vield twd ordinary differential equations as the consequence of the ap-

plication of the one-strip method of integral relations. They are:

do, 7 C By~ B By

gt o= (35)
dx W Al El - Bl Dl
da, . A Fy - 1
ax % T K E -8B, D (38)
. 171 1

with initial conditicns
9, T S (35a)

o]

QT Lt (364)
. Q

where Al, Bl’ Cl’ Dl’ El’ and Fl are functions of YW, Yé, Y;, Q> and

éw’ and are given in APPENDIX B. The detailed derivatlions and dis-
cussions on ;ingular behavior of these differential equations are
given-in [21]. Note that Egs. (35) and (36) avre functions of wall
height, slcpe, and curvature,

‘The rotatiqnality behind this styong Mach shocﬁ is usually very
small and can be neglected, as can be seen from the results of tripie

point selution at M, = 8.0, for example, for

1
69 = 25 degrees g, = 81.43U degrees Mq = 0.551
62 = 30 degrees 0, = 86.24 degrees B, = 0.491
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5= =

in comparison to the normal shock at centerline 0 = 90 degrees,
M = 0.4752. An extension of the analysis to include the vorticity

can easily be made and was done [30].

5.5 THE METHOD OF CHARACTERISTICS

In the supersonic Ilow field the method of characteristics is a’
powerful téol: Tf the rotationality behind the curved shock wave is
also considaéed, the fundamental equations éan be solved by tracing
the physical and the hcdographical-dhéracteristics simultaneously in

a step-by-step manner. For the two-dimensional case, the characteris-

tic equations are (see [31,321):

%% : = fan (6 F a) - e ) (37)
IT
. 1 dM‘“ , - SJ..P2 ‘a .d(s/cv)l
o e =t tan O - oo - (88)
) - M* dg T,11 ) y{y - 1) a8 tI,H

The last term in the second.equation accounts for the vorticity
behind curved shock. When derivatives are approximated by difference
forms, these equations can be solved simultaneously to give the unknown

quantities and, therefore, the whole flow field (see APPENDIX C).

Because 0£—the~erratic behavior of éK/és of fq: (24), the one-
strip method of integral relafipns for two-dimensional biunt body ﬁrob—
lems is not suitable for the calculation of subsonic flow behind the
ériﬁle point in region 3, which is ;bntrary to the original intentioa
of adopting this method. Althoﬁgh the method of characteristics could
be used for all of the supersonic flow computations in region 3, the
requirement of infO?matioﬁ'qp height, slope, and curvature of wall for
'

quasi two-dimensional analysis in the internal flow renders Egs. (2&),

(25), and (26) of the method of integral relations to be the natural



choice to match with the upper.flow hased on éqs. (35) and (36) at the
early part of the calculation. The method of characteristics, however,
will be employed for the upper fléw in conjunction with the one-
diﬁénsional treatment of central core Fflow after the early complications

in the core flow have been resclved.

5.6 fﬁB CALCULATION OF INTERACTING FLOW FIELD

With the resulis at the triple point and the relations given by
Egs. (28), (29), and (31) as the initial condiiiong for external flow
and Eqs. (35a) and (35a) as the initial conditions for internal flow,
the éystem of differential equations, Eas. (24), (25); (28), (35), and
(36), can be integrated numerically. The Fourth-order Runge-Kutta
numericai method is used in the integration. For each -step of inte-
g?ation, one assumes that the slipline has the pbofilé of a polynomizal

of third degree.

Y=a +b X+c X +4d X - (39)
A _l 1 1

vhere the coefficients a;, bi’ c,, and di are to be determined for esach
. £

step i (see Fig. 12).
For the first step of integration, a slipline curvature -1/Rj is as-

sumed: This amounts to employing a cirvcular arc for the first step as

the slipline with radius of curvature Ro. Thevefore,

a; = Y{o) = Yo
= 1 = V!
bl Y' (o) Yo
"'
. Y (o) 32-___1 L4 12 3/2
172 2 ~ 2R "o



where prime (') indicates the derivative taken with respect to x, and
dl is found from solving

-1 2 2 2

201 + Gdl Xl:ﬁ—o—[l '!"(bl + QCl Xl'l" Bdl Xl)]

when an arbitrary increment ®, is selected. One should note that YD

1
is the Mach stem height having length of unity and Yé is known from
triple point solution. Ro is.yet to be détermined.

For the steps thereafter, di is the orly unknown since ai, bi,
and ¢ can be determined from the results_of the previous §tep. In

this way, the slipline would have no discontinuity in slope and curva-

ture. For 'an assumed-Ri, the unknown di can be found firom

. 3/2

' —~1 21?2
2¢, + 6d, X. = —-{1 +(b. + 2c. X. + 34, x)} T (u40)

i i1 Ri i i1 R §

}?i'th

3 = Y5

- 1
R

-1 - Y:Z 3/2
S TOR.. AT i-1

i-1

Here X is the x~coord£na£e at the end cf the izé_in?egration step and
Yi—l is the Y-coordinate at the end of the i-lst integration step.
Fer the séiected gecmetric configuration of the slipline in each
step of the calculaticns, integrations of ﬁqs. (ou), (253, (28), (385},
aﬁd (36) can be carried out. In particular, Egs. (25) anéd (35) would
give A and q, and thus the pressures across the slipliné at the end
o

of each step. The requiremsnt of pressure matching thereby allous the

determination of the correct Ri for that particular step (Rb for the
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First step).
It should be mentioned that in the first step of the calculation

of the lower stream, the difference in the x—c;ordinates of the tripie
po%nt and the leg of the Mach shock- is ignofed for the purpose of
simplification. |

‘ Tt is als& obvious from Fig. 20 that the coordinate transformational
relations between the lower and uppex poriions.of the flow field aré-
given by . - . ‘ - t

Y=Y cos 8, -XXsinb. + Y . (u1)
2 2 o}

X=Xcos §, + Y sin § . (n2).
' 2 2 . .
The error analysis agd the choice of step size in the numerical
integratién are discussed, for example,in [33;3u4], The simplest way
In practice tO‘obtaiﬁ good‘results_ié*to integraté the 'same eguations
twice: first using reasonably small step size{ then using twice larger
step size and comparing the resulis.
-'The integration process is carrisd out until the fluid along the
slipiine accelerates. Thereafter, the analysis for the lower stream
is replaced by a ohe—dimensi?nal_isentrépic fiow while the method cf
characteristics is emplcyed. for the upper flow for‘simplification
purposes. MNeanwhile, a Prandtl-Meyer expansion, which would occur as
the result of réfleétion of the curved shock from the frees jet boundary,
is inserted into the flow calculation. In switchinz from the method of
integral relations to the method ef characteristics for the upper flow
field, gradient method [25] can be used to recover from previcus results
of- the me%bod of iﬁtegrai relations the information needed for the

method of characteristics. In all of the calculations, the reflected
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shock iS‘oﬁserved to be rather straigh%. The vorticity term in Eq. (38)
can, the;:'efore, be neélected.

Here one notices that another important reason for switching to
the method of characteristicé for the upper flow field is based upon
fﬁe fact that the method of integral relations cannot handle the inter-
section between reflected shock and free jet in a satisfying manner.

The Prandtl-Meyer expansion zone Aw is arbitrarily divided into an

increment of approximately cne degree each where

w{¥M*) = /I f i tan™t

is the Prandtl-Meyer function resulting from direct integration of

22

the two-dimensional characteristic squation, Eq. (38)., when the entropy.

1mve

gradient term is disregarded.

In the field or along the free jet boundary where pressure is con-
stant, the unknown flow properties are found from conventional calecu-
lation broceéure by tracing characteristic curves in physical and in
hodograghical planes as described iﬁ APPENDIYX -C,

The procedure required for meiching region 3 using method of char-
‘acteristics and region 4 using one-dimensional znalysis along the slip-
line needs special treatment. This scheme is similar *o the study of
the intewaction between primary and secondary streams of supersonic
ejector systems [5]. Referring to Fig, 20: If Yr and Mr are the di-
mensionless reference heighz and lMach number, and if flow field has

been calculatred up to state 2 and flow variables at states 1, 2u and 22

are all known, one may write for state 3
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from equality of pressure across the slipline, and

LI _ Q(i-lr)

>
k=
iz

from constancy of Tlow rate for a one-dimensional nozzle flow where

: {(y+1y/02(v-1)11
L1 Y - 1.2 !
QM) = " {(m)(l + I—Q———- 4 )]

The characteristic eguations, Egs. (37) and (38}, with entropy

(43)

gradient neglected, can be written in finits difference form as

Y3u - Y?u —
TN tan (623) (u6)
3u 20 -
Y - Y
H = tan (313 - 613) (E“'r?)
3u “1u ’ -
B 1 [E -, -
1 _- .
: = = ng
’ i, | Yau T = s e
P i

One now has five eguations, Egs. (u3), {uu), (46), (47), and (k8) o
determine five unknowms X Y ¥e , 6,, and M_, ., The unknown Y.,
o 3w’ “3u® 3w U3 T aL ' 34

is related to YSu through coordinate transformations from Egs. (41)

and (42), and P /PO3 is found from triple-point solution,

ol

a£
lower flow passing through & ninimum area with subsonic Zach nunhsr,

while a delayed insertion will cause the lower flou reaching sonic
condition at a section with decreasing area. The correct location

where the curved shock-jet boundary intersection occurs is such that
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the lower stream will assums a sonic state at a minimun area location.
Once this condition is met, it will be a siwple matter to determine
the location of the Mach stem height relative to the height of the noz-

zle exit section by using triamgular relations {see Fig. 12)

5 — sin {180° - g, - A) sin 52
= - ]
Yo = Yoy tvﬁyP—M Yo) T Xoy sin (02 - 62) (42)
YO - Ye .
Xe * Tan o, ' (50)
2
here -
Y -Y
- -M
A = tan 1l P-M ) (51)

- - XP—M ‘

and 02 is the shock wave angie corresponding to M

N and 52.

5.7 RESULTS AND DISCUSSIONS -

The method of analysis given above is indeed fruitful for the
éresent stud& with‘supersonic state behind the reflected shock at the
friple point. A successful‘;alculation using double precision mode
:t;kes t;o to five minutes computation time on an IBM system 380/75

digital computer. Figure 21 shows the flow condition of the lower

-

gtream when the P-M expansion starts at various places for Ml = 3.0

and 62': 30 degrees. It clearly demonstrates the dependence of sonic
state of the central core flow on the location of Prandtl-Meyer ex-
pansion fan. A similar trend is found for other flow conditions.

The early occurrence of P-li“fan, say at X = 30 in Fig. 21,gives stubsonic

P-M
state, Mt = 0.72, at the throat (5, = 0°) for the slipline. The de-

L
layed .appeavance of P-il fan, say at XP—H = b0, results in a sonic state

at a position where the area is not a minimum, which contradicts the
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-

one-dimensional isentropic flow theory.. :The correct position of P-M

» . . ErS—

Lp_ys = 35.53 for

_féﬁ'iS‘thérefééé“fﬁund by itefé%ion (éppﬁoxiﬁately at X
the presen%ﬂcase)l It is to be notice& that tﬁe iteration procedure
ié carried out oniy up to the state where lach number in central core
is close to 1.0 at the minimum area. The sonic state at throat cannot
be reached in an exact manner since sonic point behaves as a saddle

point maihematically.'

’ )

All above stated di%qﬁgsipns are based on the isentroplc one-
dimensional approath iﬁ-éehtral.core flow after the highly non-uniform
state near triplé point has been solvad by using quaéi two~dimensional
-integral method. For more rigorous and éccurgte anzlysis not only the
vorticity behind the curved Mach stem shock sheould be considered in
sthe quasi two-dimensional integral method, but the nonisentropic efféct

in the continued ecalculation of the one-dimensional treatment must be

taken into account also. In that case, the lower stream flow is not

‘pecessarily scnic at the throat. For one-dimensional nonisentropic
npézle flow, Snyder [35],‘Bf§ant [356], and Ferguson [37] showed that
for nozzle efficiency less than orne, the Hach number at throat of the
npzzle is algo less than onme. On the other hand, in zn irrotational
quasi two-dimensional nozzle analysis [21], the "choking'" condition
is defined as the throat singular point vhich permits continuous ac-
celeration from subsonic to supersonic flow. However, these deviations
are small compared with those of [21,35] for high efficiency nozzle

-

Tlow,

Figures 22 and 23 give the Flouw patterns for 62 = 30 degrees and

Gé = 25 degrees, respectively, at Ml = 3.0,% For 6? = 25 degrees the

“There was a minor error in reporting the resultis in [38]. This has
been corrected in Figs. 22, 23, and 24.
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minimum area (sonic state for region 4 in one-dimensional isentropic
analysis) occcurs in the P-M expansion zone as shown in Fig. 22, For
62 = 30 degrees, however, the minimum area stands at the place vhere

the last P-H expansion wave reflects from the free jet boundary and

intersects with the slipline, since the ambient pressure is higher

. and the P-¥ zone is smaller (Aw = B.8B% dégrees compared with Aw = 15.28
degrees for the case of 62 = 25 degrees) as shown in Fig. 23,

Figure 24 illusivates the %elocity di;iribution along the slipline:
The decrease in velocity along the early part of the slipline accounts
for the necessity of using quasi tﬁo—dimensional analysis in region U

near the triple point. . :

Figures 25 and 26 present the information of the height and the

position of Mach stem for two-dimenmsional overexpanded nozzle flow.

It is undewrstood that at the same nozzle Mach number, it takes more
computation to reach the sonic condition in central core flow for lower
ambient pressure levels. These cupves could be, therefore, extrapolated

to the zero Mach stem height corresponding to the regular reflection

pattern. Tor higher arbient pressure, the lMach stem is higher and stands
closer td the nozzle exit plane. )

The correct positions of P-M fan for various flow conditions are
showun }n Figs. 27 and 28, It has a trend similar o that of the Mach
stem height. TFigure [} shows the range of ggpansion of P-M fan,
Evidently at the same - - le [ach number lower ambient pressure induces
wider range of P-I exp- .

The height and 1-. .iom of the throat of central core flow are

plotted in Figs. 30 & . 31. The higher lach stem height is associated
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with higher throat height for the same nozzle exhaust conditioﬁ. This
indicates that for a propulsional device flying at a designed nozzle
Mach nurber from higher pressure atmosphere to lower pressure sur-
roundings, the Mach stem height decreases as does thas throat height

in the cen{ral core flow. Therefore, the mass flow rate passing
through the central core 1s reduced and the pumping effect of this
central coge is reduced alsc, However, the higher surrounding pres-
sure does not necessarily result in a throst position closer to the
.nozzle exit plane: As depicted in Figs. 22 and 23, different ranges
of P-M expansion For various ambient pressure levels would affect the
location of the throat sigpificantly. This perhaps accounts for the
occurrence of kinks in the cunves as shown in Fig. 31.

. Figure 32 reveals the vaiues of H* on the upper side of slipline
:af the place where the lower gide is at somic condition, It is interest-

Ang to note that at the throat the velocity difference on the two sides

of the vortex sheet (slipline) decreases as the ambient pressure in-

-~

creases under the same noézle design condition.
'With the data_given gbove, it should be fairly easy to comstruct
a Mach reflection pattern from an overexpanded two-dimensional nozzle
flow.ﬁhen it occurs. First of all, the nozzle exit height and Mach
numbér are specified, For a particular ambient pressure one finds a
corresponding 62 from Fig., 10b. The properties at triple point are
found in Figs. 5 thfough 9 (or from Tables 1 througﬂ 13), Usiné this

+
information and the data shown in Figs. 25 through 32, the appropriate

location and height of Mach stem, P-M fan, and central core throat can

-all be laid out.



5.8 APPROXIMATE METHOD FOP. ESTIMATING MACH STEW HEIGHT

For higher back pressures, state 3 at the triple point becomes
subsonic and the method described previocusly does not yield any fruit-
ful results, since the calculation cannot overccme the singularity
corrvesponding to F = 0 (see Eq. (24)). However, the loca?ion of the
HMach stem and its height under these situations can be determined ap-
proximately from z model emphasizing the balancegof.;he interacting
force between the two streams. As it tuwrns out, this model can also
be employed to give reascnable results even when state 3 at the
triple point is superscnic.

One realizes that wnder’ this flow situation, the back pressure
is relatively high that the stfeﬁgth of the rveflected ghock is not ex-
cessively strong (although 1t belongs to the strong shock solution)
at the tri?le point, and it soon degenerates into a2 Nach wave as it
extends from the triple point. It is then reasonable to assume that

-5

this variation may be expressed by (Fig. 33):

)(1-

1N

6 .= o+ (03 -0 (52)

r 2 2

T =
S

kh

. where g, is found

A rem triple point selution, .

C% is the Mach angle corresponging to Mz; and
Y and H2 are the distances from the triple point normal ‘to
the flow as shown in Fig. 3ka and are nondimensionalized by
using unit nozzle exit height Ye. .

Similarly, the-Mach shock profile may be approximated by

" Y '
= -+ —_— i ’
UMS OFL} r( 5 O'L!_) (... 7 ) ] (53)

where Y0 is the unknown Mach stem height and is-nondimensicnalized

40
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by using unit nozzle exit height, Y,s and

6q is the shock wave angle fouﬁd from triple.ﬁbint solution,

S8ince the ambient pressure is relatively high such that the
central core flow will not be "choked" if it expands isentropically
to'the ambient pressure, it is thus possible to assume that both the
upper and lower sireams shall expand and tend toward the final asymp-—
éotic rotational states ?orresponding te the uniform ambient pressure,
& final balance of the flow momentum in the main flow direction associ-
ated with the control volume as shown in Fig, 34z would allow a unique
determination of the Mach stem height.

From the principle of conservation of mass along étream fube, one

obtains

B, @, d¥ =B, §, av _ S (W)
and : . . -

ay = dv, (55)

Eua Gka Lha
Where subscripts 3a and La refer to the asymptotic downstream conditions
at ambient pressure for region3 andhregion L, pespectively.

Using the maximum veloéity Vm’ local stagnation Eonditions, end-

unit nozzle exit height Ye as the nondimensionalizing pavameters, one ob-

tains from Egs. (54) and (55},

17y
ay _ (POQ/POS) (u3a/vm) Po3
" — 5 (56)
3a - 2 o2
v
] m
and
i’y . TR
ay __:'[(Pol/Poq)(Pa/POl)] (u-f-ia, "]m) PO'—!- (57)

dy 1/y p
L ha (BP0 Gy V) ok
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- " ‘. ‘1 = -
_where PoS/POQ and Pok/Pol depend on the assumed shock profiles of

Egs. (52) and (353), and

u P, P, L -1)/v] _
TE =/1 - ;-—I,—‘i— (58)
m o 02 "03

with similar expressions for v, /V_, u./V , and u./V_ as functions of
) ba’ wm? "1 m 2" 'm :
pressure ratios,

The horizontal integral momentum balance for the control volume

shovn in Fig. 33 gives

_ H . /Y 2
, PRl gy [fua P (Pa) (uua) iy
— Eh
°f  Fo1 Y-1 A Fo1 Vo i ha
) H, . 1/y 2 1/y
)
L0 Tos To2 (Pa ) (u3a) g _(Pl )
A - Poz Pol PoS . Vm %a Pol
ul ; ’ P02 'Pa 1/¥’ Uy ’
°(-\7-) Yo- —P;——(;P-———> (V ) H2 cos 62 = 0 (59)
- m ol 02 m

‘one now has three equations, Eqs. (56), (57), and (50), for the three
5 titi r d neg i . {52) and (53), in con-
unknown quantities YO, ISa’ and Hua while Eqs. (52) and (53), co

junction with the shock relations|provide the results of P03/P02 and

"’POu/POl for the corresponding stream tubes,
Since Ml and 62 are given, with any initial estimate of Yo one

may find H, from geometric relation
. . -

2

H2 = [1 - Y, - X, tan 52] cos 62 (_eo)

where X_ is given in Eq. (50) (with vo=1 unity). Y and H, are



43

subsequently divided into small divisions with each division represent-
ing the height of a stream tube. Eauations (56) and (57) can be inte-
grated numerically using a trapezoidal rule to.find the unkncwns H“a
and H3a and, simultaneously,‘the values of two unknown integrals ap-
pearing in momentum balance equation, Eq. (59). These values are tgen
sukstituted into the.momentum eqﬁation gnd the correct Mach stem height,
Yo would allow the integral momentum balance to se satisfied. This

must be done in an iterative mammer and.is equivalent to finding the so-
lution to a nonlinear algebraic equation. The method of false position
£22] works extremely well for the present problem. Upon representing
fhe left~hand side of Eq. (59) as the residué function W(YO),'one starts
from two initial estimates of Yo (igentified as l?o and. 2Yo) such that
W(IYQ) and U(QYO)_have opposite signs. The next improved approximation
%11l be

Yrow*v) - frowtt)

Y = . - (81)
© w3y ) - w(ty )
O O

If W(SYO) . W(lYO) < 0, one replaces 2YO by 3Yo; otherwise one replaces

lY0 by 3YO. Using Eq. (61) f;r the next'ép%roximation and Yepeating the
calculation in this fashion until the criterion of accuracy 1is satisfied,
that is; éither]sYo - lYO| <g or lSYo - 2YO| <eg, whére € is an arbitrarily
small poéitive number, oné then stops the iteration.

A flow case of M, = 1.82, P yPa = 3.67 (which is equivalent to

1 ol
62 = 12.2071 degrees) is taken as an example. The two initial estimates
- -
are lYO = 0,999 and QYO = 0.001 which represent two widely different Mach

stem heights, and the final results are reached with three additional

iterations. The actual result of all iterations based on the double



precision mode from the IBH system 360/75 digital computer using the
foregoing approximate analysis is presentad in Téble“lu for various
numbers of d%visicns Nst.with w‘nichﬁ2 and YO are divided. It agrees
vatmllw1m'ﬂe;ﬂchﬂeg”enby ?ami[%{]ﬁmmsdﬂia&n
photogvaéh technigue. Ané@her example of caleulation for I, = 1.92,
Pol/Pa = 3,54 {corresponding to 02 = 12,9309 .degrees} is presentediin
Tablie 15 which yields relatively lower Mach stem Pe“qu‘lﬁ conparison
with A. Ferri's ezperimental data of YO'= 0.%, The corresponding ve-~
- locity profiles in the asymptofic dovmstrean flow ere snown in Fig., 3%
for a variety of pressure ratios at By = 1.92,

Extensive calculations for tuvo-dimensiocnal oversxpanded nozzle

-

flows have been performed by this approximate analysis. The rssulis

- '
of the height and the position of the Mach stem are shown Iin Figs.
and 28. In general, this approximate method gives veasonable vesulis
for flow cases with subsonic state 3 at. the tyiple point. They also
compare favorably with those from thc detailed flow field analysis vhen
~
state 3 at the iriple point is supersonic. The cases corresponding o

the two extreme solutions of the triple point are also calculated and

identified as before as 0, = 90 degrees and O, = 90 degrees. It is in-

3
teresting to note that, st the extreme conditien of 63 = 80 degrees,
Y /Y =1and ¥ /Y = 0 for high Mach number flow (M. > 2.5); ¥ < ¥
o e e - . 1l - o a2

R

ror Kach numbers in the range of M 1.5 ~ 2,5; and Yo/Ye = ¢ ror

1
Ml < 1.5 which was predicted before in the triple point investigation.

eur valuo

bl

At the other ewirvame of 0, = 90 degrees, ¥ /Y exhibits a maxi
u 4 RSN A N W

F

in the neighborhood of H, = 2.75, and Xo/Ye has a minimum value in the.

vicinity of Ml = 2.2, It shouid be notad that within the region whers
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g, = 90 degrees, the flow iz within The regular re%lection flow regime,
Furtﬁermore, because of the underestimationﬂof the shock losses in this
aprroximate analysis within this flow regime, finite Mach stem heights
are cbtained from these calculations. Also shown in the same figures
is‘the line of ﬁﬁa = 1,0 iﬁdicating thgt'the state at the triple point
assumes the éonié state when it expands into the ambient pressure.

The analysis shown in ?his.section proviée; an approximate’ method
for gs?imating the Mach stem height in the ‘region where MS can be super-
sonic or sﬁbsonic at the triple point. Although the detailed flow field
cannot be described, this method does give useful information in the
area where the method of integfél relations fails to yield any detailed
information. The method is simple and- does not need exﬁensive calecu-
lations. Obviously, the extension of this approximate method to the

‘axisymmetric overexpanded nozzle flows is straightforward.



6. MACKE DISC TROM UNDEREXPANDED AXNISYMMETRIC NOZZLE FLOW

6.1 BASIC DESCRIPTION OF THE FLOW FIELD

For a uniform gas jet exhausting from an axisymmelric nozzle to

—

a still medium at lower constant pressure, the flow will first foliow
a two~dimensional Frandtl-Mever expansion locally at the lin of the
nozzle. These expansion waves will eventually be reflected as com-

pression waves from the constant pressure jet boundery.- When the

ratio of exit to ambient pressurs is high, the conpression waves of

the same family will unavoidably intersect each other at a place whers

-

shock should originate to account for the coalescence of these waves.

As the expansion and compression waves interact continuously downstrear,

the shock becomes stronger because of the accuiulating effect of the

coalescence of these reflected waves. This imbedéed shock wave could

be reflectad from the centerline of symmetry as shown by Pack [12] for

a two-dimensional gas jet. Houever, if the surrouncing pressure is

low encugh, the snowballing compressive effect will rvesult in an im-

bedded shock wave at downsiream field so strong and curved that regu-

lar reflection from the centenline of symmetry is impossible. The con-
figuration associated with Hach disc then comss into play.

Figure 3 shows a typiceal Mach configuration from axisymmetric undawr-

expanded nozzle flow. The previous discussions for the two-dimensicmal

Jte

overexpanded nozzle flow arse applicable to this axisymmetric under-

expanded prebiem but with several basic differences, irst of all, ths

i

~F

oy

1]

]

i
§

incident shock is no longer straight, and the flow upstream o

flected shock (region Z). is highly nonuniform. Tor simplicity, the

central core flow behind Mach disc can be approxinated by a one-dimensicnal
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analysis which has been used successfuily in [15] for overerxpanded
cases. Since the incident flow in front of the Mach disc is also ﬁon-
uﬁiform and not ﬁorizontal locally at triple point, a rotation of co-
ordinate as shown in Fig. 4 for triple-point solution is necessary.
furthermoré, the rotationality is no longer negligible because of the

* rapidly changing shock strength behind the incident and the reflec{ed

*

shock waves. The method of characteristics will be used exclusively

for the calculation of flow structure of the supersonic axisymmetric

gas jet, while one-dimensicnal isentropic flow is applied to the

central core flow immediately after the triple-point shock system is

inserted into the flow field.

i .2 THE METHOD OF CHARACTERISTICS
7. In axisymmetric, supersonic flow field the fundamental eguations,
*Egs. (A4), (15), and (16), in cylindrical coordinates can be solved by

:foilowing characteristic curves in physical and hodographical planes

“simultaneously [31,82,39]. The characteristic equations are

-~

% = tan (0 T o) - : ' (62)
PRl b A8 & T
. aM* =T tan g ; sin2 a d(é/cv)l tan2 o tan & é_gg
] y de 1,11 Y(Y - 1) db |I,II tan O 7 tan o r a8 I,II
(63)

The added last term expresses the différence between axisymmetric and
_two-dinénsional problems. Application of these eguations to the field,
free jet, and axis point procedures is well known and is given in AP-

PENDIX C.-

During the process of computation, the characteristic curves of the

same family in physical plane are found to intersect each other. It
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Indicates the failure of the continuous, single-valued solution, and a
shock discontinuity should accordingly be introduced.into the flow-
field. This is where the imbedded shock wave originates. The reflected

wave resulting from'the intersection cf the compression‘wave and shock
wave should not be negiected since it will reflect from the free jet
boundary and has the augmenting effect on the dowmstream shock strength.
In this Mach disc problem, the accurate calculation of incident shock
strength is found to be critical sincs all the downstream flow field,
including the triple point solution, depends on it., Therefore, the fe-
gion where compression wave and shock wave of the same family intersect
to produce a stronger shock wave should be exemined care%ully and is of
paramount importance. Moe and Troesch [41] are correct in stating that
othe caléulation of the imbedded shock wave is the most complica%ed pért
“of the numerical methodl The simplé fold-back method [16] or other
simplified me%hods, though determining the shock position properly,
"will not give the appropriate shock wave strength.

As shown in Fig. 35a; I is the charactéristic of family 1 and II
is the characteristic of family 2. The propertiss at‘E, &4, and C on
charaéteristic-curve IIn—l and at F on IIn are Xnown from previous cal-
culations. The flow variables at B are found from known properties at
A.and T by fellowing characteristic curves AB of Im and FB of IIn.

Similar calculations can be formed to. find point D with Dé‘of-1m+l and
BDhof Iin. However, if the x-coordinate of D is detected to be at th?
upstream part of B on the characteristic IIn’ it indicates waves AB and
b héve intersected each other somewhere at G as showm in Fig. 35a.

Whenever waves of the same. family intersect each other, extrenms

care should be taken to determine the flow properties at the intersection



point. As shown in Fig. 35b, thers appears 2 slipline representing the

difference in entropy between Gu and Gu, and, a reflected wave RG ac-

counting for the pressure difference at G3 and‘Gq,. The coordinates at

G are deterriined from geowetric relations of the intersection of two

straight lines, AS and CD. The flow properties (¥ and 8) at 6, ar

established from a characteristic calculation with point A and a point

between E and F. The flow Mach numbers at G}-_ between waves AG and CG

and at G3 behind wave CD are obtained from linear interpolation of the

flow variables at A 2nd B and at C and D, respectively. The obligu

shock wave relation is used for both compression wave and shock wave.

Since compressive waves converge; one has

here, § is the deflection angle found from H, and M2 across the shock.
- - Since reflected wave RG is usually very weak, one may treat it as
an isentropic wave. The Prandtl-Y¥eye» function is then employed to

find the ficw angle at Gu, from properties at C3 The flow varisbles
at Gu behind the merged wave GP is determined from obligue shock re-

lation. An iteration procedure is then necessary to dELEPm_nﬁ the Mach

number and f;oh angls at Gq and Gq, from the condition of equality of
flow angle and pressure across the slipline GS, which is in a very sini-
lar situation as.that encountered earlier in triple point solution.

The shock is assumed locally straight with constant strength extendin
from point G up to point P ghere it intersects with characteristic

curve IIn and replaces both points D and B in the flow field. It is to

be noted that the variation of this shock sitren gth due to wave coalescencs

is accounted for in this manner and the existence of the interfac
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.GS is completely ignored afterward.

This is a systematic manner of treating the wave intersection
problem since %he resulting shock position and strength‘must be
vegistered and recorded &t all times. " The flow angles at G and‘G

2 3

cannot be determined from linear iﬁtérpolation as was done for their
Mach numbers - since the local shock relation might be wvieclated al-
though the difference between these calculations is very minute in
a1l of the flow cases with small characteristic grid. TFurthermore,
the reflected wave RG iﬁserted into the'flow field ﬁas the efiect of

veducing the grid size and increasing the accuracy of computation.

6.3 THE CALCULATION OF INTERACTING FLOW FIELD
_ Based on an idea similar to that in the two-dimensicnal over-
expanded nozzle flow, the-position of Mach disc is unknown and mﬁét
be solved by an iterative fashion. The corvect location and the radius
“of thé Hac@ disc ave determined from the considerations that as a re-
sult of the interaction between the waves and the flow fields, the cor-
responding uniform onefdimeﬁéiohal analyéis will give a sonic condition
#t a throat qownstreaﬁ of the friple point.

Tﬁe imbedﬁed shock strength from the method described above is
checked at every stép of calculation toward downstream to see wﬂetﬁer .
or not it satisfies the coﬁdiéion of triple point soiufion. When this
condition is met, the central core flow is then approximated by a uni-
form one-dimensicnal treatment and the flow field including the reflected
shock‘wave strength in thé supevsonic upper part of the slipline is
solved by the method of characteristics., Again, the Mach disc stand-off
distance is assumed to be zero as has been done in the two-dimensional

" case.
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- The very first s{ep along the s}ipline is teken to be very small
and to be a straight line having the slope from the triple point'éo—
lution. As shown in Fig. 36, thé first segment of the slipline T8 has
the slope tan O whe?e 6 %s found from rotation of coordinates
é6= 64 - Bl given in Figfl+). From the andition of equal pressure alon%
;Se slipline, the flow Mach numbers M , and My, at the end of the first

step can be solved from the following isentropic and one~dimensional

equations: |
| ‘ p y [-(-L)1/y
Uy T Y12 m )
. I‘5'11,'!_ TY-1 (l_‘i‘ 5 Muo)(P ) 1 (64)
uc .
- y o1 .o Dyil/laGyv-11 -
M 1+ M P
2'0 2 'JQIJ. . l )
: ( ) -5 =0 . (85)
Mo R 1 n2 2
E;J'- l + 2 1'42’0 I » I‘o
with
~Ly/(y-1)]
- ar . Tea . FerPon Pm—(lw-l.mz R
= . M ‘
ool w g Poo’Fon . Fou -2 21
_?nd

ToEr o+ (x - x) tan 6
" .The characteristic net léyout for the subsequent step-by-step cal-
tulation is showm iﬁ Fig. 37. The flgw properties are known at T and
Sl from previocus vesulis. The flow variablgs at Rl where charécteristics
of family iI and the reflected shock intersect are found from solving the
characteristic eguations for family II and the oblique shock wvave
equations simultaneously as presented in AFPE?DIX‘C. This must be done

in an iterative manner.- Cne added unknown during the iteration procedure

is the flow condition in front of the reflected shock wave which is



52

obtained through an interpolation procedure. -As shown in Fig. 38, if
Rl lies inside the characteristic grid ABCD, then the Mach number and
flow angle in front of the reflected shock can be approximated from

linear interpolation:

Mt M5 M M
2 + -j_b...]. ._.E..}. __g‘.
Me o= 2 b e d
R°I ,1,I .1 (66)
a b c d
" =E)a-:~8b+ec+ 83 -
R 1 1 1 1
LR — — = N
z Ty Te Tg

~

Near the free jet boundary the grid can be trisngular instead of
qua@ranguiar, and a corresponding modified fgrm consisting of only
éhree characteristic points should be used. .

The need fér the p?operties in determining the flow variables up-
stream of the reflected shock wave indicates one of the reasons that
the characteristic net must be stored and registered. The method
shéwn ébove for non-uniform approaching flow islthe extension of the
‘weli known technique for determining the shock wave location shown in -
Fig. 17.21 [31] for uniform free stream conditions.

Figure 39 illustrates how the location where reflected shock inter;
acts with the free jet boundary is determined. When the coordinates of
the point on the reflscted shock are found to lie outside of the free
jet beundary, the point of intersection be%ween the shock and the free
jet is found from the intgrsectioﬁ of two straiéht lines, AB and CD, as
showm in Tig. 39, The flow angle in front of shock wave is found from
linear interpoclation between poinits A and B, and the Hach nurber is.that

of the free jetboundary. The oblique shock wave relations are then
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ewmployed to obtain the flow properties behind the reflected shock wave

subsequently followed by a P-M expansion.

.

Similar to that of a two-dimensional problem, the slipline point

procedures are governed by the following eguations:

ri Q(Mr)
2 Ty (68)
32
-1 -
Pou C(y-2)/v3 PR S Pre _ .
_ ¥ + 1 3u
5 = T (62)
03 1 - L= H*ﬁ
¥+ 173
3u - T 2u —=
—_— o = tan 9 (70)
X3u - X2u 23 . i
-
3u In _ - —
T tan (813 - als) (71)
2u 1u -
ME - MB P
3u lu _ — ., 2 — 1 03u
= =-(9 - 8) tana ¢ #in® ay5 T In P
13
tan’ G.. tan B, r, - o
~ 713 13 3 !
= — (72)
tan 815 ~ A Gy3 -
13

where Q(¥) is given in Eq. (45). The simultaneous solution of these

equations will give the flow variables across the slipline,

5.4 RESSULTS AND DISCUSSIONS

The'analysis presented above for the underexpanded axisymmetric
nozzle flow is programmed successfully on an IBY system 380/75 digival
computer using double precision moda. A single successful run of the
Fortran IV program takes less than four minuvtes compuration time. Tor

the convenience of reference, Fig. 10 illustrates the free jet Mach



numbers and pressure ratios. Also shoun in the same figure is the cor-
responding ratio of ambient pressure to nozzle stagnation pressure at

different nozzle exit to ambient pressure ratios.

Figure Ula illustrates the results of iteration for determining
the Mach disc location for the case of Me = 2,0, Pe/Pa = §.39 (Pa/Poe =

0.02) disregarding the effect of vorticity for N = 20 where N denotes
the number of uniformly spaced waves initiaved from the initial Hach line

The early insertion of the Mach disc, for example at x = 11.86, will

cause the slipline bending continucusly upward yvielding only subsonic
states in the downstream flow field. On the other hand, the insertion
of the Mach disc at % = 12.025 will cause the central core flow reach-

ing a sonic condition where the area is not a minimum. The correct io-

cation of the Mach disc for this flow situation stands at = = 12.00.

%

It is obvious that the Flow field is very sensitive t6 the location of
the Mach discj a slight change in the location of the HMach disc will

result in a tremendously different flow pattern downstream.

It has been menticned previously that because of the enormous
difference in stagnation pressure behind the curved imbedded incident

.

and the reflected shock waves, the rotrationaliiy cannot be neglectec
in this study. Indeed, inclusion of the vorticity into the consider-
. ation resulits in a sizsble shift in the loc;ticn of the Mach .disc.
Figure 4lb gives a comparison of the numerical resulis of the flows
with and without vorticity for the case of he = 2.0, Pe/Pa = 6.39
(Pa/Poe = 0.02) for ¥ = 20. These results clearly demonstrate ths in-
adequacy of the treatment ignoring the vorticity which gives a much

smaller Mach disc standing farther away from nozzle exit. In all of



o
w

the following resulis, rotationality has been included in the consider-

ations.

These improved calculations with vorticity, however, exhibit a,

somewhat unexpected phenomenon. In the determination of the-sonic
state in central core, the flow angle doss not vanish and thus the
area is not -z minimum. Moving the lMach disc toward downsiream will

result in a steeper flow angle at sonic condition. On the other hang,

no triple point solution is possible for early occurrence of the Hach
disc. Presumably, this is because of small inaccuracies in the up-

stream numerical calculation. The reason is twofold: First, the

linear interpolation used here in the characteristic grid is notaccurats
- +

enough to handle the rapid change in shock strength near the triple

point where the flow variables depend sensitively on the incident shock

strength. Secondly, .the change in stagnation properties through the

variation of thHe entropy gradient term is based on the interpolating

®

properties from known states, and is, therefore, dependent on the lo-

—y sy

cation of streamline passing through the unknown state (see APPENDIX C).

fhen the streamline location and direction at the unknown state have

il
et

different values Tron

i

hose found fgom linegr interpolation, the entropy
gradient term will not be calculeted correctly. This influence is more
pronounced at or near the occurvence of the triple point wbera the de-

flection angle of the shock changes rapidly. Taking these cipcumstancss

+

into consideration, the results prasenved for flow with vorticity will

be considered as the upper limit of the locarion of the ¥Mach disc.

A typical characteristic wave pattern in physical scale from the

£y

actual computation of Me = 1.5, Pe/Pa = 5.0, ¥ = 30 is given in Fig. 42,
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The location and strength of the imbedded incident shock resulting from
the coalescence of the compression waves are computed automatically by
digital computer from the method described before whene&e? waves inter-
section occurs.

In 21l the calcul%tions of this study for Me_z‘l.S° 2.0, 2.5, and
3.0, the sgﬁic state of the central core flow is reached before the ap-
pearance of the P-M fan which results from the intersection of the re-
flgcted shock with the free jet boundary. The computation is stopped
at the piace where the sénic state of the lower side of slipline is de-
termined. This explains the unfinished calculation of the reflectad

shock and its dewnstream flow field which should be in a supersonic

state and does not have any influence on the already established Mach

disc and wupstream Ilow IJield .although the calculation .of vhole down-.

stream field includiﬁg P-¥ fan is well programmed and is incorpcrated

in the same Fortran code.

Some of the free jet boundaries and shock wave patterns for Me =

;lS and 2.5 are shown in fig. 43 and Fig. 44, It is evident that Higher
?ressﬁré ratios (Pe/Pa) for a given nozzle Mach number would result ;n
larger Mach discs at farther downstream locations. At the same préssuré .
rétio, however, a reduced nozzle Mach number brings ¥ach disc closer to

the nozzle exit plane.

Figures 45 and 46 show the distributiops of various flow properties

1

30 at M= 2.0, P /P = 3.195 (P /P _ = 0.04), and at M_ = 3.0,
[5] e a a o2 e

for N

1

Pe/Pa 5.0 (Pé/Pce = 0.0054U5), respectively. A1l the stagnation <res-

sures are normalized by nozzle stagnation pressure. The stagnatic-

pressure behind the incident sheck drops rapidly near the triple t
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which is a consequence of the accumulated compressive effect on the gas
jet. Immediately behind the reflected éhock, however, the stagnation
pressure increases and deviates away from the constant stagnation pres-
sure on the upper side of slipline. All of these signify that the
rotationality certainly needs to be included in the considerations.

The differences in HMach numbers and in flow angies betwsen the
s“tates‘in front o:% ‘the incident shock a-;nd the centerline of symmetry
decrease along the flow direction and are‘very close to zero in Front
of tha Mach disc. This demonstrates that the flow in the very éront of
-Mach digc is rather uniform for the cases shown in Figs. 45 and 46. On
thé contrary, the differences in Mach numbers and in flow angles in.
front of and behind the incident shock are oﬁviously increasing toward
downstream illustrating the growth of shock strength -and, eventually,
redching the state wher; the triple point solution is dble to be satis-
fied. )
The trace of the imbedded shock appears when the reflected compres-
sive wave frém the free iet‘boundary first intersects with the last P-M
characteristic wave from‘the lip of the nozzle. In this numerical study,
the position wﬁere discernible shock wave originates is given in Fig. 47
when P-M fan at the-lip of the nozzle has been divided into aﬁproximately
one-degree increments. The location where the imbedded shock wave'has
the maximﬁm radius is shown in Fig. 48. Figure U8 gives the physical
coordinates where the free jet boundary has the maximum height. Shown
in the same figure are some calculated data at Pé/Pa = 10 from [15] us-
ing fhe feld-back method which agrees perfectly with the results of the
prasent investigation. At the same pressure ratio (Pe/Pa) higher noz-

zle Mach numbers elways produce wider gas jet profiles with maximum
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width occurring farther dowmstream. ‘ .
The Mach Qisc location and radius are presented in Fig. 50. Some
e}'.peri:mental data from Love and Grigsby [16] are also shown in the same
figure for éompgrison. Since the chq?acteristic grid size is finite in

the numerical calculations, it is, therefore, apparvent that the actual

* Mach disc will occur earlier because of the faster growing shock

strength associated with the intersection of infinite number of waves.

For the same reason, the Mach disc of the numerical calculation appears

- shorter than the actual one does. TFor -higher nozzle Mach number and -

.far away from the initial characteristic line, the characteristic grid

..size becomes quite large which further explains the overestimation in

- sthe x-coordinate of the Mach disec location. On the other hand, at

- lower presgure ratios, the Mach disc 1s very small and the characteristic

net near centerline of symmétry is-usually not fine enough to producs

--good results near the triple point and tends to underestimate the radius

=.Mach numbers. A

of the Mach disc. Both effects are more pronounced at higher nozzle

-

L

Table 16 illustrates the effect of changing‘fhe number of initial

grid divisicns (N) on the calculated results. The larger value of N cor- .

. responds to finer initial grid size., As indicated in the table, the use

of larger N does not necessarily give better results compared with experi-

- mental data. The finer the initial grid, the more-iterations are needed,

and the accumulated numerical errors might aggravate the final answer.
All of the calculated yesults show that N = 25 or 30 is a fairly good
choice for the number of divisions on the -initial characteristic line.

finother manner of getting more accurate results is the Insertion of
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extra field points into the flow field whenever- the grid size is de-
tected to be larger than a predetermined value. This will create
smaller characteristic grid; in downstream field without imposing a
large valﬁe‘of N on the initial charéctefistic line and will probably
eliminate unnecessary‘érowth of numerical errors. However, this will
somewhat complicate the programming work especially vhen éil the wave
coalescences are to be considered, -

One of the salient features in most of the calculations is that
the slipliﬁé tends to go upward first in the vicinity of triple point
énd then bends downward decreasing gradually to reach a minimum height
at the throat (for example, see_Fig. 42). Figure 51 shows the approxi-
mate coqrdinates of the throat as found from numerical results when the

center ccre flow behind the Mach disc is close to sonic state.

g
@

Finally, Fig. 52 reveals the information necessary for finding the
properties at the triple point. The results are so given that the triple
-point solutions of Figs. 5 through 9 (or Tables 1 through 13) can be

found easily from the correéponding.M and 62 given in Fig, 52. From

1

the computed data, it is noted that the Mach disc occurs in the very

in Fig. 10a. Unlike t
Ly 0 Fig 10a ike the

two-dimensional overexpanded flow, the incident flow angle Bi (see

neighborhood of the limiting case of curve §

Fig. 3) is not zero at the triple peint in these underexpanded gas jets,
and the interpretation of the angular relationship associated with the

triple point solution must take this ineclination, 8;, into proper account.
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© 7. CONCLUDING REMARKS

Based on the numerical results cbtained through extensive calcu-

lations on problems with Mach reflection or Mach disc; it may be con-

cluded that:

l.

The one—s%rip methoed of integral relations and ﬁhe method of
characteristics, together with the one-dimensional isentropic
nozzle analysis for the downstream part of the central core,
are useful'to give a more detailed description éf the Mach re-
flection pattern from tﬁe two-dimensional overexpanded nozzle
flowsﬁwith weak.reflected shock a% tﬂe triple,pointl Their
application to strong reflected shock is not sugcessful.

The approximate method to estimate the Mach stem height for

the two-dimensiongl overexpanded flow probilems, which was

originally developed for flow cases with stroag reflected
shocks, would give meaningful resulis even if the reflected
shock at the triple peint were weak.

For axially-symmetric gas rlow with Mach disc, the vorticity

must be taken into account. The wave interactions, Including

their coalescence into shock waves within the jet flow field,
are extremely complicated; accurate calculatiocns seem to be

difficult, if not impossible, to achieve.

Although the viscous effects tend to modify and influence the

ultimate flow patterns, it is believed that the inviscid in-

" vestigation of these problems is already yielding fruitful re-

sulés.
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Figure la Pattern of Regular Reflection Figure 1b Pattern of Mach Reflection

' Figure 2a Regular Reflection produced from Two-
Dimensicnal Overexpanded Nozzle Flow

Figure 2b Mach Reflection produced from Two-
Dimensional Overexpanded Nozzle Flow
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Figure ba Limiting Case of Triple Shocks
Intersection'(du = 50°)

Figure 4b Linmiting Case of Triple Shocks
Intersection (63 = 9p°)
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Figﬁre 7 Teriple-Point Solutions, 193/1-“2 vs. 62
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Figure 19 Illustration of Applicability of the One-
Strip Method of Integral Relatioms for
Heak Attached Shock Wave
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Tabie 8 Triple-Point Soliitions,

M‘ = 1-92
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Table 4 Triple-Point Solu'tlons, M
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Table 5 Triple-Point Solutions, M, = 2.2
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Table 6 Triple-Point Solutions, M; = 2.4

TRIPLE POINT SCLUTION

Ml = 2,400
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6.l G.253
643956 G.284
6.374 4.278
"""" B 3¢8""'"293 I
£.318 4.312
6.281 %.334
6.237  4.360
" 64182 £.39%4
6.110 4,L39
£.01L0 4.502
. 5.698__4.70%

an
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- Teble7 Triple-Point Solutions, M, = 2.8 o
TRIPLE POINT SOLUTION Ml = 2.600 GAMMA = 1.400
DELTAZ P2/7POL M2 M3 Me  DELTA3 DELTAG SIGMAZ SIGMAZ SIGMAG  P2/PL P3/P2  PGJPL  (P&/PL)%
T2e 141 02151 L1a80Y 12080 0.504 18.141 0.0 39,331 57.883 90,000 3,004 2.570 7.720  £.830 °
18.400 0153 1a790 1a079 0.50% 17.890 0.510 39.859 57,891 69.792 3.046 2.535 T.720 £.8350
----- “18.800 04156 LloT778 1a077 0,504 L7.499  1.30L5 404140 857.949 89,468 3.111 2.481 7.719° G BSL T
19200 04159 1.758 1.07E 0.505 17.103 2.007 40,627 58.029 89.143 3.177 2.429 7.718 &.8%1
1 9, 00T 051637 1.T3971507270.505 LS T03772.89774%15121 58,129 " 88.81473.244725379 ToTL7 TLET3
20.000 0alubd 1.720 1L.069 0.506 L6.297 34703 41.621 58.251 88.482 3.313 2.329 Tollh 4,854
1 20,400 0:1697 12700 1.0687 0507 15,8867 " 4.51% 424129 58,395 88,1667 73,382 "2.280 "TULT12 TRL.BEETTTTT
20,800 0.173 1.68L 1.0c2 0.508 135.469 5.331 42,645 58,565 87.805 3.453 2.232 7.708 ¢.858
=91 200 00177 1a66)l 14058 00510 15.046 7641586 43,169 58.760 87,4597 3.825 2.186 7T.704 %8207 " 7
21,600 0180 .64k 1.054 0.512 144616 6.985 &3.701 58.98L 87,107 3.598 2.1+0 7.700 t,85%
D 2. 0007 00184710821 T1aC50 T 0.516 LA LTA T T 82274452642 5942307 864787 3,47272,0957 775987 857
22.400 0.188 1.600 1.045 0.516 13.733 B.667 44.793 59,811 86,381 3,748 2.051 7.689 4L.871
——1=22.800 0.192 1.579 1.040 0.519 13.278° 9.522 45,383 59,825 86,005 "3.825 2.008 "7 7iLB2 7 3.8737 |7
23,200 0196 1.558 1o034 04522 12.8l4 10.3886 45.924 604172 65.619 32.904 1.966 7.676 4,881
=1 23,600 06200 1537 1.029 048525 12.340 11,260 45.507 60.357 85,2217 73,985 1,924 7" 71.465 TF.886T T
24,000 0204 LoB516 1.023 0,529 L1.854 L2.146 £7.102 60.983 B4.810 4,046 1.883 7.655 4.893
T 2 0 T 0a 208 T 4G L. 0L6 NS T LT ABE L3, 048 R T TLITELL 45TTB4L3ES TR AT T 8e2 T T TLERETTE LG
P, 800 0.212 1.472 1.010 0.538 10.831 13.959 484334 61.981 83.9%2 4.235 1.302 7.532 4.908
25,200 04217 12449714003 0.543 10,212 14,888 48.973 62,560 83,479 74,322 1.743 "77.618 %918 77
25,600 04221 12426 0.996 0.549 9.765 .15.81% 6G.629 63.203 82,993 4.411 1.724 7.003 4.928
= 28 000 0220 La402 0.989 0.555 T 9,196 16.802750.305 £3.918 B2.64797 4£.503 1.685 TT.585 ~.9:07 T
26.400 0,250 1.378 0.961 0.562 8.608 17.792 51.003 64,717 81.933 JE9T 1,646  T.565  8.9E3 |
T T e, 800 Ve 23S TLed54 0a9T4 0BT T.993 180607 5LV T20 654613 81a349 4.694 1.607 T.5627 4.939
27.200 0a240 14320 0.946 0.5080 7.346 194854 52.478 66.62h 80,TLS 4.79% 1.567  7.515 6.987_ |
T 07,000 D5 12302 0.958 0.591 0.605 20.935 53.283 67.781 80.025  4.898 1.528 7483 2.009 )
268.000 04251 1o244 0,950 0.60¢ 5.9+L 22.059 54,088 69.113 79.257  5.007 lo487 _ T.44f  5.934  f
T T 280400 02251 1e246 0,943 0.620 T5.L67 234233 54,52 70.575 78,389 5.120 l.u45 T 401 5,053
26.800 0.203 1.215 0.935 0.639 4,330 24.470 55.898 72.547 T7.3182 5.2¢1 1,401 _ T.344 _5.105 | .
T 20,200 Ne2oY 1.183 0.929 0,663 J.abd 25.737 86,914 T4.865 TG.L09  5.370 lLa.354 7.209  5.147
29,600 0u2{o loltd 0,925 Q.06 2.3vn 27.206 DB.048 77.084 744622 5,511 1.200 Tol6s  =.231
i S0.600 Do29%% 1096 Ja5ad Dousl 02000 37401 0l.004 90.000 68.422 5.8c07 l.l34 £.653  ELTLY
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Table 8 Trlple—P01nt Solutlons, M, = 2,8

-ZE‘RQQHQ&ZLé_lJ

.29.000 0.207_.1.350.2,
U.990 0.587
.?33 0

29400 0.212 [.322

D0.0.570__T.0673.21.327 52,729 64,091
T+014 22.386 B3.521 65.7244

AA0_ 0,534 £.313 23.487.5%

37.200 0. 122623 04963 0.609 5.5451 24.639 55,232 53,113
20500 0. é 1.231_0 950040627 _4.746 _25,.854,.54.175.69.957
“J.LOU 0.272 1,196 0.947 0.650 3.3350 27.150 574199 72.227
210400 0.228 1.109.0.941 04582 2,345 23,.555.58,238 75.165
310,700 04245 1,106 N.935 04728 1,642 30.111 59.560 79.327
22,303 Q4256 1,045 0,934 0.%6%4 _ U.000..32,303_561.889. 90,000

20352_ 66,5568,

CB0.74%2 _5.626. 1.554___8.743__5.758 —_._

80.101 5B.747 1.516 B.710 5.783
19391 5.873 1.476 8.670_..5.813
T&.,589 4H.005 1.436 B.622 5.8%0
77.662-—-—601!‘:6“—1-?)‘:‘3-._—.—8056?_ 40896
764549 6,296 1.248 R.&85 5,954
154160 _64460.1.297. 84373 6,041 1.
T2.166 646406 1.236 Be213 64175 —
O30 640691107 __T.06095 Ha6191y

TRIULr POINT SOLUTIGN M} = 2.800 GAMMA = 1,400

o DFLTARWEQAROI M2 . M2 M4 DELTA3 DELTA4 SIGMAZ SIGMA2_ SIGMA4__P2/P1_P3/P2_ P4sPl _ (Pa/pllk |
19,027 04123 14930 1,162 0.48R 19,027 0.0  38.329 54.861 90.000 3.351 2.680  R.980 6.564
| 19.400 0,126 1.8%0 1,160 04488 18,676 0.724_38.770 54.886 89.728__3.420_2.626__ B8.980__5,584
10,000 0125 18717 7,157 0,488 18.297 1.503 39.249 54.930 89,435 3.495 2.560  B.070 5.584
20,200 0,332 1.35L 1,154 0.489 17.975 2,285 39,733 54.993_89.14) 2,571 _2.514_ 8.978__5.585
29,600 0.134 1.230 1,150 0.690 17.529 3,071 40.223 53,075 88,844 R.648 2.461  B.A76  5.586

] 210000 0.127 14310 1,746 0.5490 17.140__3.8&Q"¢0.7}9 55.177 88.545__3.726 2,400, __R.974_ 5,538 __ |
7L 00 0,740 1.789, 14142 0,491 16,747 4.653 41,273 55,300 88.243 3.805 2.358  8.971  5.590

L SO0 04143 1,768:1,337 0.493 15.350__5.450 45.733 55.444 R7.937__3.R36 2.308 B.9%3__5.592____|.
22-&00 0.3%6 1.747'5.132 0.494 15,948 6.252 az.zso 85,611 B7.428 3.968 2.259  8.964 595

222600 0,143 1.726 1,127 0,496 15,541 7.0%59 42.775.55.802_87.314_ 4.052_2,211_ B.260_ 5.598__ |
20000 00152 1470514121 0.497 16,128 7.873 43 107 55,017 Bb.994 4,137 2.165  B.955 . 5.607

] 23400 0.156 1,683 1,115 0,499 14,710 8.690 43,848 56.259_86.669__ 4,223 2.119___ 8.940__ 5,606 |
234300 04159 L.662 1,107 0,502 14.284 9,516 44,399 50.529 86.337 4.311 2.075  8.943 5.611

] 222200 04162 14640 1.703% 0.504 13.351 100349 64,957 56.878.95.598 _4.400 2.03L__8.935_ 5,616 __|
242500 04165 1,418 1,096 0.507 13.4310 11.190 45.526 57.160 85.650 4,491 1.988  8.027  5.622
23,000 0,760 1,595 1.083 0,510 17,960 124040 46,105 57.525_ 854292 4.533_1.044 R.918__5.628
25.400 U.172 1.572 1.081 0.514 15500 120900 45,695 57.928 844923 44677 1.905  8.903  5.6306

e |- 250800 00174 14549 1,073 005318 12,030 134770472598 58,372.84.542__4.773. 1.864 5.644 .
262200 0,179 14526 1,065 0.522 11.547 14,5652 47,914 58,860 B4.147 4.371 1.874  8.885 5.653

| 24600 04383 1.503.1.057_0.527.11.05} 15.5&9.43.545 59,397 83.736..4.0TL_1.785___8.871__5,663 _
27.000 0187 1.478 1,048 04532 10,539 16.461 49,191 59.990 83.206 5.073 1.746  B8.3%6 5.674
_m___gz_aoa 05191 1,454 1.039 0,538 10.011 37382 _29.854_A0.b644 _82.855__ 5,178 1.707__ B.838_ 5.687
<R00 0.195 1,429 1,030 0.545 0,463 18.337 50.537 61.369 82,378  5.285 1.669  8.819  5.701

e Zr PU0.0.192 1,403.1,020_0.552___8.993 19.307._51.262 62.175.81.872_ 5.395_1. 631 3. -
28,600 0.20% 1.377 1.010 0.561 8.298 20.202 51.971 63.077 81.229 5.500 1.562  8.772 5.746
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Table 9 Triple-Poirit Solutions, My = 8.0

TRIPIE PRINT SOLUTICN M= 3.000 CAMMA = 1.400
DELTA? P2/P0F M2 M3 _M&  OSLTA3 DELTAL SIGMAZ SIGMA3 SIGMA& _P2/P) _P3/P2 P4/Pl__ {P4/PLY%.
15,656 0,107 2401 % Le743 0,475 17.656 0.0 27,357 52.319 90.000 23.700 2.793 104333 6.372
20400 04105 14973 1473A 04675 19.97%_ 1,424 38.238 52.356 %9.501 _3.856 2.6R0 10.323 6,372 _
20,600 0.107 1.950 1.232 0.476 18,608 2,192 38,718 52.400 £9.232 3,941 2.521 10.3231 6.373
274200 0,110 1.929 1,228 0,476 18.238  2.962 39,204 52,453 88,961  4.028 2.566 10,730 6.374
T "E! FOU T TTE TG00 14227 DoTT 3T8B65 3.734% 393.695 52.5%3 88.688 &L117 2.509 10.328 6.376
22.000 0.115 1,886 14238 0.4T8 17.490 _ 4.510 40.192 52.642 86,414, 4,706 2,655 10,325 6.378 ..
223600 0117 1.864 1,213 0,479 17,112 5,288 40.69% 52.761 8R.136 4,297 2,402 10.322 6,380
] 22.800 047120 1,842 1.207 0.48D 16,731 6,069 41,205 F1.90Q R7.856 4,390 2.351 10.319...6.383 __
23,200 0527 14813 1,201 0.482 16.346 64854 41.721 52,060 87.572 4.+86 2,300 10.314 64.386
23.600 0.125 1.,797°1.194 0,483 15,957 7.643 40,245 53,2462 87.285_ 4.579 2.251 ,10.310,_6.390.
TTTTRAL000 GL 2T 1.7 THE D.L85 15,563 Au437 42.7T5 53,446 86.9G3 6,675 2.2064 10,306 6,394
) 29.409 0,130 1752 14180 0,487 15064 __9.236 43.3173 53,675 B8.696 _ 4774, 2,157 10.298 . 6399 __
SA00 04132 1,729 1.3173% 0.489 14,760 L0.040 42,860 53.930 86.293 4.874 2,111 10,292  6.40%

2= 2200 04135 1,704 141465 0,492 13,350 10.850 Géu4lé 56,211 86.086 _5.976 2,087 10,284 _6.410___
25.600 0.13% 1.482 1,157 0.495 13.223 11,667 64,9378 54.521 85,768 8,079 2.022 10.276 6,617

— _ZQ;QQQMU-lf‘ LoA53 1,143 (.498 13,508 _12.492 45.551 54.862_95.4644 F.1R4 J.9R0_ 10,267 __6.426
Tha00 0.3 1,635 1..40 0.50. 13.075 13.325 46,135 55.226 85,111 5.291 1.939 10.757 6.432

THLADD 0.147 ) o411 14120 N.505 124534 144066 46,729 55,646 86,768 __5.500 1.897 10,246, 4.440___ |,

27.200 00150 14587 1.132% 0.507 12.1982 15.018 47.235 55,004 84,414 5,511 14857 10.234 60450

P7.000 0.1582 1,867 2.111.9. 533 11.719 1R.831 47.254 B6.586 B4.047_ 54624 1,817 10.220.. 64561 _ .
23,000 04360 1,537 1100 0.518 11,243 15,757 42.586 57.124 83,664 5,729 1,778 10.205 6.4732

o ZRGADD VIR LAY DR 0TS 0T 1T 64T 59,274 BT T15. 83,265, _0.850, 1,740 10,182 _6.436.

23.800 0.163 1,484 1,080 0.529 10.247 318.553 49,1369 58.7365 B82:R46 5,977 1,702 10.170 6.501
2,200 0. 1AA 1,460 1,062 0,525 9,723 19,677 5045862 59,082 82.404._6.200 1.564 10.150 _6.517 ....1..
22,600 04159 14473 1,053 0,543 9.179 20.4721 57.296 59,876 R1.935 A.22hA 1.626 10.127 6.534
30,000 0,273 1 .404 1,056, 0,551 _ 84610 21.390 52.014 60759 _81le434 _ha256 1.587 10.100._6.557 e
30,400 0.177 1,372 1,034 0560 A.014 224336 52.709 62.747 80.8%% 5,430 1.552 10.070 £.542

130,300 0.0A80 1,249 1,022 0.FT0.7.7385. 22414 53,88 A2.864_ 80,304 _ 6.62R8.1.514 10,035 __6.610 __|.
30,300 0,38+ 122319 2,000 U592 0.717 24,6481 53,381 64,139 T79:.45R 6a772 l.e76 3,795  H. 644
a0 DLIAR2 1,27 0,097 0.5%7 . 6,006 25.575 E5.253 £%.515 T8.930...6.722.0.637.  Q.94b A EB4G ...

L0000 0,193 1,754 0,334 U616 5,930 26,770 B6,.182 6T.IB8 T8.094  T7.083% 1.306  9.8897 A.T34

FI.00 0,707 1.200 0.07L Q.633 4,330 2,070 §7.387 24476 TT7T.109 . 7.250 1.2%3 0 0,311 ¢,707

F.E00) D0 1LV R) 00T (QuFAY 3,433 ZILATY FAL290 T2.L89 TRLER4 A TR T R TS T L BN - X

T, OSLFON L, 1RT 3,065 $LT07 2,730 30370 GBRL,BT71 TR.F2YE T4LZ35 . T.h40 LR N,5%8  7.oLln
LT 0V TLOAT DLBAS gL aHD 0,000 34,3717 AT.A0T 90.000 HT.T12 8.1 LLuRe £L223 0 TLTLY
. ' [iw]

[
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Table 10 Triple-Point Soluticns, M, = 3,2

TRIPLE POINT SNLUTION

' M1 =

3,200 GAMMA = 1,400

NELTAZ P2/P07

20,100 0.082
20.500_0.08%
21,000 0.086
1,500

M2,

3

2.115

22022 12317 0.4664 13,747 06753 36,919 50,146 _89.75) 4144 2.243  _11.780__7.214 ___|.

12321 Qatbs

20.100

2.064 1,212 0.46% 19.304

0.089 2.075

10306 Onaés

13,359

M&___DFLTAZ_DELTA4 _STGMAZ STGMA3 STGMA4L_ _P2/P! P3/P2.__P&/Pl_ (P4s/PL)x_|

0.0 36.45]1

1696 37.511

2041 28,111

722,000
27.500 0.004 _

0.09L

23.000 0.096

23.500 04099

2.006 1.292 0.466 18,412

1-877 1.

792 _0.467.

17.963

L.048 1,284 0.668 17.510

12121275 Q.470 17.054

24.000 0.102 1.889 1.267 0.4T1 16.3593 7.407 41.238 50.883 87.524  5.024 2.340 11.758 7.232
242500 0,104 1.360 1,257 0.474 16,127 R8.373 41,832 51.106_ 87190 5.160.2.277 11,751 _T.238
254000 0,107 1.830 1.247 0.4756 15,554 9.346 42.556 514363 864851 5.298 2.217 11.744 7.244

235.500_0.110
25.000 041132

1.800._1.234_0.478
T.767 14725 0.481

VSelT5 104325 43.232.571.656.86.504__5.438_ 2,158 _11.736.._7.252..__|.
L4.689 11.311 43.920 57 .987 86.149

3.588 38.719
4.537 39.335
5.490 39.960
wBetbl 40,594

50,171 89.440 4.263 2.763 11.779 7.215
202220 _89.127 4.364 2.686 11.777 7,216
50.297 88.813 4,507 2.612 11.775 7.218

5041453 30.000 4,051 2.908 11.780 7,214

50.,400_R8R.496 4,533 2.541 _ 11,772 _T-.22%__.1
500531 830176 4»761 2-472 11-768 7-224
BO.E92 BT4852 _4.892_2.405_11.763. _7.228____ L

5.%82 £.100 11.726 7T.260

e | 254300 0,316 1,732 1,213 0,485 14,193 12.307.464.621 52.359_ 85.7R4__5,.72%..2.,045__11.715 _T.269____|.
27.000 0.119 1.708 1.201 D.489 13,687 13.313 45.335 52.776 85.409 5.877 1.992 11.702 7.279
27,200 0435772 1.677 14288 0:492 13.170 14.330 46.065 53.241_05.021__6.029.1.939_.11.690__7.290.__|
284000 Q.125 1,445 1,175 0.497 12,540 15,360 46.811 53,760 84,618 €.184 1,388 11.675 7.303

— | 22500 Q.322 1.613_1.761_0.502_12.095 16.405 47,574 54.2337 B4.198.6.2343.1.838._.23.658 72317
23,000 04232 L.58Y 1.247 0.508 11.532 17.4668 48.358 54,981 53.759 6.505 1.789 11.639 7.334

e 1.294500 00135 1,.548.1,132 04515 10.250..18,550 463.163.55,700..83.296.__6.672..L.741__11,617__7.352___|{.
304000 0.1538 1,514 1.717 0522 10.3%4% 19,6356 49,994 564506 82.806 64843 1.694 11.533 7.373
30500 Qo142 1.480 1,101 0,530 _2.712 20.788_50.852_57.412 82.282 7,018 13.549 11,565 __7.398
2127200 0.714h Lawé5 1,085 0,523 9,948 21.952 51.744 58,439 81.717 7.200 1.602 11.522 T.426

—— FLLE00 Qa4 1,409 1,063 0,550 _Ba344_22.154 52,674.59.5611.81.102. _7.289_1.5956..311.494__T7.459____|.
32,000 04053 14371 14050 0.563  T.597 24,403 53,651 60,764 8044721 7.583 1.510 11.449 7.499

e |- 324500 0,259 1,232 1,033 0.573..6.790.25.710.54.685.62.552 .79.654.7.788..1.463__11.395.7,547. ..
32,000 0,362 14291 7.014 0,596 5.910 27.090 55.793 64.457 78.768 B.004 1.415 11.327 7.608

e 133000 0 AT L a 260 0,395 0530 4,329 22,571, 56.997 664819 _T7.704__8.226.1.345..11..238..7.638 -
24,000 0,172 1.168 0.977 0.4650 3,807 30.193 548.350 69.909 76.352 8.49% 1,309 11.115 7.801

- 244500 0178 14142004950 06693..2.464 32,026 59,940 T4.3T7 7444633 Ba783.1.243...00,920 —T.986 —.
35,100 041R3 .07 0,570 0,593 0.000 35,140 63,193 90.000 67.534 9,351 1,073 10.N36 * B.A97
!
&
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Table 11 Triple-Point Solutions, M) = 4.0

L0I00 1 .017 0.583 0.929 _ _(.000.38.722. 64.777.50.000.67.295.15.

TRIPLE POINT SNLUTION Ml = 4,000 GAMMA =1.400
NELTA2 P2/P01 M2 M3 M&  DELTA3 OESLTAL _SIGMAZ SIGMA3Z _SIGMAG _P2/PY P2/P2_ _P&/P1. | Palpl)*
20.85% 04036 24507 14610 0.435 20.354 0.0  33.4446 43,92) 90.000 5.503 3.362 18.500 11.130
21.600 0,038 2.453 1,598 0.435_20.265 _ 1.335_34.714 43.892 89.526 5,765 _3.209_ _18.499 11.131__
22.200 0.039 2,870 1.587 Cu&36 19.794 24406 35.023 63.904 89.326 5.982 3.092 18,497 11.132
22,800 04041 243567 1,574 0,436 19,325 3,475 335,742 43,247 872:025__ €202 2.982_ _18.495 11.135__|
TFAVEV0 D042 2.726 51.561 0.437 18.356  4.644 36.470 44,023 A8.722 6.428 2.B76 18.491 11.139
26,000 0,044 2.28) 14547 0,638 _18.383__ 5,612, 37,207 4,131, 88,418 6,659 2.776__18.4R6 11,144
24,600 0.045 2,730 1,532 0,440 17.918 6.682 37.955 44,272 28.111 6,004 2 680 18.4%0 11.150
25,200 0,047 2,195 1,515 Cabd2 17,447 _ 7.753.38.713 44,448 874801, _T.L35_ 2509 18.472.11,158___|
25,800 0,069 9.153 LS00 0ulhh 16,973 B.827 39,481 44,659 BT.487 Te380 2.502 18.464 11.1466
28,4400 0.050 2,109 1,482 0.446 16,454 9,904 40,201 45,908 _B7:168 7.630.2.419 18,454 11,176 .
2T.000 0,02 2.0R6 1.464 (Qa 449 16 Ql4d 10. 386 L7 033 45,196 B6.843 T«885 2.3349 1B 443 11 .1H7T
27.600 0.05% 2,022 1,445 0,452 15,526 12.074_61.858 45.524_86.510__843145_2,263 _19,43) 11,200 __
28,200 0.055 1.779 1.%425 0,455 15,031 13,167 42,676 45,897 86,170 84410 2,190 1R8.417 11.214
23.R00_0.057_1.936¢ 1,404 _0.%59_14.528_14.272 §3.509"a6.%17~85.820_Mﬂ.éal 2,1zo~mla.4o1_11.z3qﬂ_
23,600 0,059 14392 1.383 04463 14,015 15.385 44,358 406.737 85.459 B.95% 2.052 18.383 11.2490
30,000 D.O%‘ 1.949 1,381 0,468 13,4690 16,510 45,224 47.314_85.085_ ¢ 9 2601, QRT“_”,oaﬁz.ﬂlgcﬁﬁ
30500 dUE3 1,005 1,333 04472 12,951 17649 46,109 4£7.901 B4.4696 9,528 1. 92‘5 18434) li.292
21,200 0 065 14760 1¢314 0.473_12.397_18.803 47.0%4 48,557, 84.290_9.822. 1,865 18,315 _11.318._1
1.800 0.067 1.716 2.292 04485 11.823 19,977 47,943 £9.290 83.863 10.124 1.806 18.287 11.348
12,400 0.060 1.670_1.267_0.492_11.229_21,172 48,893_50.111_RB2,411_10.432 _1.750...18.254.11.38L__
3,000 0.07) 1.525 1.7¢2 0.501 10.607 22.393 49.893 51.03% 82.930 10.750 1.695 18,217 11.420
27.+00 0,073 1.578 1,216 0-510 2055 23.645 50,903 52.078_62.412.11,076..1.641 18,175 11.4h4
AL ,200 0,075 1.530 1,383 0.52 D265 26,935 51,964 52.269 B1.830 11.413 1.588H 1R.125 311.517
AL, 200 Q.0TT 14481 _1,162_ o.=33_m R.523 26.272.53.074 54,641 81.230.13.762_1.534._18.056_11.579._
15,200 0080 1,631 1,133 0.547 7.733 27.667 54,265 56,247 80534 12,127 1.484 17.%95 11.655
36,000, 0,002 1,372 1,103 _0.565__ 6.863_29.137_55.496_58.166.T790.735 12.510_1.431 __17.907.11.750—|
35,600 0.085 1.721 1.073 0.587 5,882 30.711 56.852 60.533 78,784 12.919 1.377 17.794 11.874
137,200 0.0R% 1 260 * o040 0,607  4oTlb 320636 53,365 63,606 _77+587.12.365_1.2320__17.538.12. 041__
37.R00 0,991 1,100 1.004° 0,661 3.397 34.403 60,138 67.989 75.921 13.A72 1,254 17.395 12.
3372 110nx.oqoﬂw15.119m14.497“~..

L3
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Table 12 Triple-Point SOlULlOﬂS,.

= 5,0

g SED1E A HTpLentolnt o
' TR IPLF POINT SOLUTINYN M1 = 5.000 GAMMA = 1,400
DELTAZ P2/PNL M2« M3 M DELTAZ DELTAL SIGMAZ STGMAZ SIGMA4L _ P2/PY P2/PZ__P4/PY__ {P4sPl)%
27.862 0.0%4 2,847 1,310 0,415 20.362 0.0 A0.79% 30,271 90.000 7T.479 3.878 29.000 17.250
27 .600 0.0L5 2 ATT 1,097 0,435 20.344 1,256 31.65%9 20,233 BG.A%4 TL.RER 3,.6RA 29,9979 17.251.
22.200 0,015 2.819 1,877 Jawlb L3, ﬁza 22272 12,768 39,234 89.431 8,193 3,539 28,997 17.25%

1224800 0,03 5“ WTA3 T.HOU 0,815 1: 167 3.294 33.085 29,263 89,177 _8.57% _3.401__28.994. 17.257 ___
fz GO0 D.0T7 2.708 T.847 Q.&17 107 4,293 33,810 29.3%20 83,927 B8.764 3 «270 28.990 17.762

24,000 0.0°7 2.855 1LR23 NL4R ﬁ.?OOm_G.BOO 24,842 3,405 BR,669 . 9,210 2,167 28,9846 17,248 _.
?ﬁ.roo 0013 2.60% 1.802 0.419 18,294 6.306 35,282 32,518 BARLALL 9.564 2.030° 28.278 17.774
254200 0,017 24542 3,781 Q.42% 1T.989 T.311 16,030 20,460 R3.153 9.925 2.919 _208.970 17.285 __
25,800 V.016 2,505 Y,.787 0.422 17.4846 8,314 26.THE 294030 87.802 10,292 2.814 23,961 17.275

] PHheA00 0L.020 2,563 1,737 0,424 170077 94323 27,550 4N020_BT7.629 104657 2,714 __28,950.17.207___|
TET.000 0,071 20451 12713 00408 164669 10,331 249.324 40:261 57.367 11.049 2.619 28,938 17.271

) 27,600 0.027 2,337 1,687 04422 146,259 11,341 29,107 404523 87.071 11,413 2,529 23,925 17.336. -
23.200 0.022 2,789 1.A65 0,421 195.345 124355 39.300 40.818 86,315 11.834 2,443 2,910 17.353
28,800 0,022 2,737 14639 0.e36 25,426 13,375 40,704 41,147 85.5%4 12,238 2,361 . 23,893 17.373
29,400 0,025 2,186 1,612 0.6%7 15.002 14,398 41,5814 41,514 86,246 12,648 2,282 28.875 17.394

] 20.000. 0,075 2,126 1.R35 0.44) ;g.gzlnzs.ezaﬂa? 44 L1, 85,950 23,067 2.208__28,855 17,4637 .
30,6060 0,075 2,085 1.507 Qabtds 14,133 16,657 “2.183 62,365 B5.547 12.692 2.137 28.832 17.kbs
31.700 0.045 2.0%M_1.932_0.%49_13,684 17,514 44,036 42.8%6_35.333"13.926“2.05an23.307,17.473__“
TR0 0,027 1,985 145073 04453 154228 18.572 44,504 43,396 85,009 14.358 2,003 28,779 17,505

L3O _0.029 ] 035 1, r]>,J.Aﬁﬂ 12759, 19,641 &5,788 43,939 B4.€72 14,812 1.940 _23.743.17.561.
23,000 0027 1aRAH T.44h Dulha 12,275 20.725 46,490 46,647 RB4,320 18,276 L.480 28.714 17.58]

e 1330000, 0,030 1,825 1,416 0 470 11.776.21,.824 47,612 45,741 43,951 _15.744 1,823 23.4676.17.626___]
2A.200 2,030 L.T734 1386 D77 114258 22.542 48.554 46.155 82,562 16,2722 1.76% 28.633 171.676
140800 0.032 1,732 1,255 0,435 10.719 24.0R1 49.528 47.036.83.250 16.711 1.713...28.385 17.733. ._
3R,400 0.022 1,692 14324 0a#93 104,154 28,246 500525 48,018 82.709 17.2712 1.6583 28.530 17.799
3"0000 0.01’. .1:{".30.-.‘.‘1& A - 00503.__ 3»553 21{2‘0‘4?‘52"514-558 Qo].lg 8.’.’.‘2'3[!' 17.726...._-‘.-06 —2‘3«"6? l?-d?‘-r_.._..__.
349.60C 0.035 1.578 1.252 Q.04 8,724 27.674 52,632 B0.366 21,716 18.256 1.555 28.395 17,961

o 1 LATL 200, 0.03A 18704 1,225 DGE27 3,240 22,957 R3.754 R1.794 81,148 _18.204.1.5085...28,202.33,0685..__|.
37.700 0.037 1.4 130 0.862  7.515 30.2R5 54,333 53,455 80,507 19,375 1,456 28.206 18.132

3R L00 0,029

37.000 0.039 1.348 1
220600 04050 14287 1,077 0af12  4u744 34.856.57
40.200 0.942 1.706
D10 0,990 0,954

£]1.039 0,064

N

1

el VLlEA _D.E60__6.708 31.692.56.201

Li7 0.582

1.035 0.6587

5.800 33,200

3.441 36,759

0000 42,029 55.823_90.000_671.328.24.

5T.57%
«» 101
902

£0. £5.484

LS. 430 79,7620
57.856 TH.8T77 20.613
60697 77.765.21..308

T6a205

9 - 9 7."?.._

1.406_.28,079.18.349....

22.102

108,

1.356 27.915 138.554%
1.299..274690..18.841.
1.237 27.342 19.299

Ja 023, 24, 666..23.335.. ]
o

e st b s e b e
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Table 13 Triple-Point Solutions, M; = 10.0

1.400

CTRIPLS POINT. SOLWTIONI p a0 1 ﬁ: M1 =10.000 GAMMA =
NSLTAZ 02/007 M7 %72 M4 DELTA3 NELTA4 SIFMAZ STGMA3Z SINMAL  P2/P1 _P2/PR D@/plmujggzylsﬁ,
13.320 0,000 4,299 7,753 0.53% 12,520 €.0 25.240 304751 90.000 21.047 5.535 116.500 68.263
20.700 0.00% 4,077 2,884 0.383 18,7979 1.72)1 26,664 31,042 89,635 22,329 4.994 116,495 A8.2AG_
2V L0070 00T URRE AU ED 0L RN 18,665 2,725 27.516 31,122 89,419 24,736 4.709 114.488 68,279
22,100 0.001 3.,P34 2,834 0L,3R2 13,333 3,747 29,374 31,249 89,203 24,182 4,449 116,477 68,294
F7.800 0«01 3.71F 2.850 Ce390 *q Ned 4,756 204238 212391 FB.IAT 27667 4.203 116464 68,313
21.500 9,001 3.%060 2,503 0,200 17.735_ 5,765 30.‘0% 374558 RALTTO 29.1091_3.989 114,446 HAR,337___
25,300 B 0TI RGN LAY B.502 1T, 426 B.774 30,984 31,751 98.551 30 752 3,706 116,425 €8.365
24.900 04001 2,323 2,408 0,393 174106 T7.784 31.867 21,768 8R.331_22,751_3.598_ 116,401 6P.39R_
28500 0.000 3.291 7.760 N.394 15,904 8,796 22,755 32,211 €R,10% 31 186 3.424 11€.372 68,437
254700 0.001 2,192 2,212 9,264 10,439 9,811 33.651 22,479 87,883 25,658 3.263 116,341 58,491
TTVG00 Nal01 A&7 D283 0e293 1A170 LOWBA0 34.555 37,773 87656 37,765 3,113 116,304 68,531
27.700 0.001 3.604 2,515 0,400 15, sqz 11853 35,465 33.095 R7.%21 30,108 _2.972 _116.264_6R8.587__
°9.~u0 04007 2,214 2.0A% 0,407 15,819 12.8RL 36,384 33.445 87,184 40,886 2.%43 116,218 &R,A4LD
2200 0.00Y 2,375~ 24117 0.40% 15,185 73,915 37,311 33,824 86,942 47,408 2,721 116,168 A3.7V9_
4. 300 V.001 2,741 7.Ch7 0.408 14,844 14,054 38,248 264,234 R6,605 44,545 2,607 116.112 6R.796
10.500 0.0C1 2.557 2.020 0.411 19.495 14,008 39,154 34,AT7 BO.44) 46,425 2,500 116.050 63.887
1,700 0.001 2.857A 1,977 0.615 14,173 17.062 40.155 35,156 A6, 180 4B,34D 2,309 118,992 £8,076
3-:%90 SRAPINY 2-40“ ?-=°éﬂgLﬁlﬂml§-llluﬁ8-122“5;eilf_Bi-ﬁ73w85.?Luwso.zﬂqm2q305_1Ls.ooz_ée.oal,w_
374400 04007 Z.418 1.878 0,422 13,394 19,206 42.100 36.23) A5,632 82.272 2.216 115.822 69,197
23.300 0.9091 <-,+1 1,827 0.429 13.004 20-29§ﬂﬁ3.035h36.334m85.391“54.291“2.132“115.?31"69.326___
14,000 0L001 242468 1,779 0.423 12,600 21.399 44,105 37.437 85,063 56.344 2 08?7 115.629 69.469
AAL,T0N0 0,0NY 2,192 F.731 Q.43R 172,183 30,517 4'-‘ 131 38,135 84,729 HKe,424 % u:{? 115,515 69,628 |
35,500 04001 2,115 1.F87 0.4%4 11,749 23,651 W177 BR.QEH RL,E00 H0.5A2 1 205 11%.3299 A9.806
20 100, 0.007 2.957 1,675 .451 _11.225_24 RDE_ET'EEI_BQ.SOY_EE.053_62.729_1.331_115.247"30u006w_*
35,900 0,002 1.97F 1,587 N,458 10,320 25.980 48,334 40,729 83.684 64,939 1 772 115.088 70.232
BT.800_ 00002 1,908 1,533 N,467 10,313 27,181 _ 42,452 41046 83,292 AT.195_1.710_114.808_ 70,489
3AL200 04092 1.R24 1,297 0L6TA  Q,790 73.410 53.603 42.875 £2.869 59,502 1 650 114,702 70.785
L0000 0,002 YL TET 1 wh? (JLERT 226 29,674 51, "«”JLJL.,LQO QR4 _T] 867 1532 114,466 71,128 |
EUD 02002 14677 14392 0,497 5620 30,080 53,027 454571 81,905 74,299 1.537 114.137 71.532
L0300 _0.0070 1.A20 Y242 DL8l4a  T.0A2 22,338 54,220, 47,214 _81.342_76.812.1.482.112.9546_T72.016____
4,000 0.002 1.544 1.291 Da53L 72238 33.762 55.687 42,120 RO.T700 79.426 1.428 113.453 72.614
LT T00_ 002 1 axf 1,207 D852 £,42A 35,274, 57.153 510458 _79.047 82,177 _1.374.112.945 73.376__
70500 0.002 12394 1.0P2 045979 5.48% 35,912 $8.760 54,371 79.0%4 85,120 1.219 112.271 74,407
2,700 0,001 1,749 1,¥2% ),A14 4,350 A8,780_60.554 214 T7.800 8R.,2ATH_1.259 111.220_75.941Y
7.0 D002 10197 1.055 0.679 2.921 £0.972 62,993 04,503 75.875 92,277 1,187 109,552 78.773 |3
GO, 2% O 37 1 0 N,G1d (e N 000 &, w24 AT, 238 A0, 000 7. 626 99 102 % . 0705 A EA2 N8R, 224 =1
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Table 14 Actual Results of Tteration ,
' oM, f2elLdoy e /P =
1 ol "a

From Approximate Method for Estimating Mach Stem Height,

3.67

Haa, Hia
Nst Yo *a H2 . HSa Hua c/: o) dYSa o/: Cee) dYua WFYO)
0.99900 | 0.00105 | 0.00076 | 0.00078 | 0.89010 0.00008 0.08237 0.04175
0.00100 | 1.04689 | 0.75505 | 0.76110 | 0.00089 0.08990 0.00008 -0.01086
20 |0.20700 | 0.83101 | 0.59936 | 0.50549 | 0,18445 0.7128 0.01707 0.00059
0.19545 | 0.84207 | 0.60733 | 0.61346 | 0.17505 0.07223 0.01620 0.13895 X 107°
0.19642 | 0.84210 | 0.60735 | 0.61348 | 0.17502 0.07223 0.01620 0.70090 x 107t
0.99900 | 0.00105 | 0.00076 | 0.00078 | 0.89010 0.00009 0.08237 0. 04175
) 0.00100 1.04689 0.75505 0.76138 0.00089 0.08993 0,00008 -0,01110
50 | 0.22059 | 0.82725 | 0.59664 | 0.60300 | 0.18765 0.07098 0.01736 0.00080
0.19984 | 0,83852 | 0.60477 | 0.61113 | 0.17807 0.07185 0.01648 0.13036 X 107>
0.19982 | 0.83854 | 0.60479 | 0.61114% | 0.17805 0.07195 0.01648 0.57496 x 01t
0.99300 | 0.00105 | 0.00076 | 0.00078 | 0.89010 0.00008 0.08237 0.0L4175
0.00100 | 1.04689 | 0.75505 | 0.76155 | 0.00089 0.08995 0.00008 ~0.0112Y4
100 | 0.21271 | 0.82503 | 0.5950% | 0.60153 | 0.1835L 0.07080 0.01751 0.00061
0.20185 | 0.83641 | 0.60325 | 0.60974 | 0.17386 0.07178 0.0166Y 0.12579 X 107°
0.20183 0.60327 | 0.60976 | 0.1798u 0.07179 0.01664 0.50140 x 1071t

0.836u3

Experimental result YO =

0.20 by A. Ferri [43].
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Table 15 Actuzal Results of Iteratlon from Approxlmate Method for Estimating Mach Stem Height,

Ml = 1.92, P /P = 3,54
HSa Hua
Net Y % H, Hy H, o f; (oon) ay, L (o4 . Wy )
0.99800 0.00102 0.00075 0.00077 0.88080 . 0.00009 0.08112 0.04055
0.00100 1.01372 0.74682 0.75214 0.,00088 0.08874 0.00008 ~0.0l27é
20 0.23984 0.77136 0.56827 0.57367 0.21152 '0.06744 0.01947 0,00062
0.22884 0.78253 0.57650 0.58190 0.20182 0.06842 . 0,01858 0,20009 X 10-5
0.22880 0.782586 0.57652 0.58192 0.20178 0.06842 . 0.01858 0.19920 X 10"10
0.99900 ¢.00102 0.00075 0.00077 0.88080 0.00009 0.08112 0.04054
0.00100 1.01372 0.74682 0.75239 0.00088 0,08877 0.¢0008 ~-0.01297
L3¢ 0.24282 0.76834 0.56605 0.57163 0.21415 0.06719 0.01971 0.00063
0.23164 0.77968 0.57440 0.57999 0.20429 6.06819 0.01881 0.19330 X 10-5'
0.23161 0:77972 0.57443 0.58001 0.20426 0.06819 0.01880 0.17200 X lOM10
0.99900 0.00102 d.00075 0.00077 0.88080 0.00009 0.08112' 0;04054
0.00100 1.01372 0.74682 0.75254 0.00088 0.08879 0,00008 -0.01309
100 0.24458 0.76655 0.56473 0.57042 0.21570 0.06705 0.01986 0.00064
0.23330 0.77800 0.573186 0.57886 0.20576 0.06806 0.01894 0.18865 X 10“5
0.28327 0.77803 0.57318 0.57888 0.208573 0.06806 0.01894 0.15590 X lb-lo
Experimental result Y = 0.40 by A. Ferri [u3].
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Table 16 The Effect of Chahging the Number of Divisions on the Initial Characteristic Line
on the Caleculated Mach Disc Result

. max . max ) .
36 L.8127  1.1523  2.8754  L1.2281  3.8859  1.896L°  5.4369  0.7/478
4,0 | 30  1.7652  '1,1460  2.90867  1.2208  3.8960  1.8962  5.4216  0.7421
40 1.6729  1.1345  2,9082  1.2206  3.8958  1,8956  5.4190  0.7383
1.5 | 5, |8  1.9097  0.9515  2.1042 0.g542  3.4187  1.6359  4.8778  0.3L06
40  1.8641  0,9503  2.3173 _ 0,953¢ . 3.u1§5  1.6359  4.8847  0.3318
5o |25 1.6858 1.3657  8.7906  1.6762  4.6869 .2.3ul6  6.1909  1.3478
B0 1.4843  1.3273 38.9601 _ 1.6685  u.7881  '2,3420  6,1838  1.3uu4
2o | 5o |25 2.1800  1.3192 4.6932 - 1.5623  6.0133  2.2995  8,2792  0.9055
50 1.9856  1.2930 _ 4.5528  1.5573  5.9322  2.2998  §,3509  0.8604
2o | 25 2.2450  1.4686  6.9194  2.0842 8.4816  2.8652 12,4430  1.1712
2.5 40 2.0939  1,4322  7.0028  2.0780  8.5051  2,8736 12.5155  1,1558
so | % 2.485%  1.3249 °  5.6870  1.6130  7.6451  2.3909 10.8680  0.5680
40  2.3525  1,3088  5,7954  1.6099  7.5325°  2.3894 11.0602  0,5718
s |30 26189  1.3929  7.8606 . 1.8927 9.8373  2.7064  14.9062  0.5927
3.0 40 2.6163  1.8911  7.7557 _  1.8941  9.8856  2,7045 14,9046  0,5707
2o | 20 2.7939  1.5110  8.6360 - - 2.1330  10.3414  2.948u 16,207 ~ 0.708}
- | so  2,5u54  1.,4592  8.3920  2.1206 10.3385  2.9421 0

15.8100

. 8307

0eT



13.

1u,

131

REFERENCES

Cohen, R. S. and R."J. Seeger (Edited by), "Boston Studies in the
Philosophy of Science," Ernst Mach--FPhysicist and Philosopher,
Vol. VI, D. Reidel Publishing Co., Holland, 1970,

Von Neumapnn, J., "Refraction, Intersection, and Reflection of Shock
Waves," Conference Paper on Shock Waves and Supersonic Flow, March 13,
1845, Princeton, New Jersey,

Polachek, H. and R. J. Seeger, '""Shock Wave Interactions" in Funda-
mentals of Gas Dynamies, Edited by H., W. Emmons, Vol. III, Princeton
University Press, 1958,

Powell, R. W., "Infrared Tracklng," ARS JOLrnal, Vol. 29, No. 12,
December 1359, p. 973, ’

Chow, W. L. and A. L. Addy, "Interaction between Primary and Secondary
Streams of Superscnic Ejector Systems and their Performance Charac-
teristics,” AIAA Journal, Vol., 2, No. 4, April 1964, p. 686.

'Chow; W. L., "Hypersonic Rarefied Flow Past the Sharp Leading Edge of

a Flat Plate," AIAA Journal, Vol. 5, No., 9, September 1867, p. 1549,

‘Bleakney, W. and A. H. Taub, "Interaction of Shock Waves," Reviews of

Modern Physies, Vol. 21, No. 4,.0ctchber 194Q, pp. 58L-B0G,

Taub, A..H., "Singularities on Shock," American Mathematical Monthly,
Part II, No. 7, 61, 1954, p. 1l. °

Fletcher, C. H., A, H. Taub, and W. Bleakney; "The Mach Reflection
of Shock Waves at Nearly Glancing Incidence," Reviews of Modern Physics,
Vol. 23, July 1951, p. 271.

Clutterham, D. R, and A. H. Taub, "Numerical Results on the Shock Con-

figuration in Mach Reflection," Proc. of Sym in Appl. Math., Vol. VI,
1853, p. 45. ‘

Sternberg, J., "Triple-Shock-Wave Intersectlons, The Physics of Fluids,
Vel. 2, No. 2, March 1959, p. 179.

Pacic, D. C., "On the Formation of Shock-Waves in Supersonic Gas Jets
(Two-~Dimensional Flow),'" Quarterly J. of Mechanies and Appl. Hathenaties,
Vol. 1, 1s48, p. 1.

Ladenburg, R., C. €. Van Voorhis, and J. Winckler, "Analysis of Super-
sonic Alr Jets, Part II: Interfercmetric Studies of Faster Than Sound
Phenomena," Physical Review, Vol, 76, No. 5, 1949, p. 662.

Adamson, T. C. Jr. and J. A. Nicholls, "On the Structure of. Jets Trom
Highly Underexpanded Nozzles into Still Air," J. of the Aerospace
Sciences, January 1959, p. 16.




15.
16.
17.
18,
19.
;29r

21.

23.

2,
25,
2.
27.

28.

132

Ashratov, E. A., "Calculations of Axisymmetric Jet Leaving a Hozzle
at Jet Pressure Lower than Pressure in Medium," Fluid Dynamics

(Translated from Russian), Vol. 1, No. 1, 1966, p. 113.

Love, E. S. and C. E. Crigsby, "Somé Studies of Axisymmetric Free
Jets Exhausting from Sonic and Supersonic Nezzles intc Still Alr
and into Supersconic Streams,' MNACA RM LSUL31, Hay 1855.

Traugott, S. C., "An Approximate Solution of the Direct Supersbnic
Blunt-Bedy Problem for Arbitrary Axisymmetpic Shapes,' J. of Aero-
Space Sciences, Vol. 27, 1960, p. 361,

Belotserkovskii, 0. M. and P. I. Chushkin, "The Fumerical Scluticn
of Problems in Gas Dynamics," in Basic Developments in Fluid Dynamics,
(Edited by M. Holt), Vol. 1, Academic Press, 1965,

South, J.C.,Jr.,and P.A. Newman!'Application of the Method of Integral
Relations to Real-Gas Flows Past Pointed Bodies," AIAA Journal Vol.3,
No. 9, September 1965, p. 1645,

Liddlé, S. G. and Archer, R. D., "Transonic Flow in Nozzles using the
Method of Integral Relations," J., of Spacecraft and Rockets, Vol. 8,
No. 7, 1871, p. 722, .

Howlett, L. D., "A Study of Nozzle Flow Problems by the Methoed of In-
tegmal Relations," Ph.D. Thesis, Department of Mechanical and In-
dustrial Engineering, University of Illinois at Urbana-Champaign,
January 1872,

Ames Reseavch Staff, "Eguations, Tables, and Charts for Compressible
Flow,"™ NASA Report 1135, 1953,

Molder, S., "Reflection of "‘Curved Shock VWaves,” ICAS Paper No. 70-11,
Seventh Congress of the International Council of the Aeronautical
Scilences, September 1970.

Tollmien, W.,"Grenzschicht- -Theorie", Handb. d. Exoer.-Pby51k Iv, Part I,
1931, pp. 241-287.

Xerikos, J. and W. A, Anderson, "A Critical Study of the Direct Blunt

"Body Integral Method,” Douglas neport SM-42603, December 1962.

Busemann, A., "A Review of Analytical Methods for the Treatment of
Flows with Detached Shocks," NACA TN 1858, April 1949,

Thomas, T. Y., "Calculation of Curvatures of Attached Shock Waves,"
J. of Math. and Phy., Vol. 27, 1949, p. 279.

Lin, C. C. and S. I. Rubinov, "On the Flow behind Cupved Shocks n J.

of Math. and Phys., Vol. 27, Ne. 2, 1948, p. 105,




29.

30.

31‘

32.

35,
36,
37.
38.
3.
Lo,
Li.

42,

43,

Conte, S. D. Elementary Numerical Analysis, McGraw~Hill Book Co.,
1965.

Howlett, L. D; and W. L. Chow, "A Study of Nozzle and Ejector Flow
Problems by the Method of Integral Relations," ME-TR-385-2, UILU-ENG
72 4002, Engineering Ekper*nent Station, Department of Mechanical

and Industrwal Eng;neerlng, University of I1linois at Urbana-Champaign,
June 1§72,

Shapiro, A. H., The Dynamics and Thermodynamics of Compressible Fluid
Flow, Vol. I and Vol, II, The Ronald Press Co., 1953. .

Brown, E. F., "Compressible Flow through Convergent Conical Nozzles
with Emphasis on the Transonic Region,” Ph.D. Thesis, Department of
Mechanical and Industrial Engineering, University of I1llinois at
Urbana~Champaign, 1968.

Gear, C. W. ,Numsrical Initial Value Problems in Ordinary Differential
Equations, Prentice-Hall Co., Englewood Cliffs, New Jersey, 1971,

Lzpidus, L. and J. H. Seinfeld, Numerical Solution of Ordinary Differ-
ential Equations, Academic Press, 1971. -

Snyder, W, T., "Nonisentropic Nozzle Flow," ARS Journal, Vol. 30,
No. 3, March 1950, p. 270.

Bryant, R.A.A,, "Adiabatic Nozzle Flows," ARS Journal, Vol. 31, No. 6,
June 1961, p. 828,

Ferguson, T, B,, "Irreversible Adiabatic Nozzle Flow," ARS Journal,
Vol. 32, No. 9, September 1962, p. 1389,

Chow, W. L. and Chang, I-Shih, "Mach Reflection from Overexpanded
Nozzle Flows," AIAA Jourmal, Vol. 10, No. 9, September 1972, p. 1261.

Wang, C. J. and J. B. Peterson, "Spreading of Supersonic Jets from
Axially Symmetric Nozzles," Jet Propulsion, May 1858, p. 321,

Eastman, D. W, and L. P. Radtke, "Location of the Normal Shock Wave
in the Exhaust Plume of a Jet," ALAA Journal, Vol. 1, No. Y, April 1963
D. 918, :

Moe, M. M. and B, A. Troesch, "Jet Flows with Shocks,” ARS Journal,
Mai 1960, p. 487,

Wecken, F., "Grenzlagen gegabelter Verdichtungsstosze," (Intersection
of Forked Shocks), Z. Angew. Math. Mech., Bd. 29, Nr. 5, May 19L9
p. 147.

Ferri, A., Elements of Aerodynamics of Superscnic Flouws, The HacMillan
Co., New York, 19u48.




FUNCTIONS

See Tig.

where

APPENDIYX A

FOR EQS. {24) and (25) OF TWO-DIMENSIONAL EXTERNAL FLOW

13a and References '[17,25].
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and for attached shock wave, K + K, as € + 03 for detached shock wave

1<+0ass:+€o.

#In Reference [17] for axisymmetric case, J = 2, However, in the present
derivation, Ky is twice as large, that is, J = 4 for both axisymmetric
and two-dimensional cases, which agrees with the results of [25].



APPENDIX B

_ FUNCTIONS FOR EQS. (35) and (36) OF TWO-DIMENSIONAL INTERNAL FLOW

See Fig. 13b and Reference’ [2171.
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where prime (') indiIzztes the derivative taken with respect to the
horizontal coordinaiz X. '
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APPENDIX C

CHARACTERISTIC EQUATICNS FOR NUMERICAL CALCULATION OF A

STEADY SUPERSONIC FLOW FIELD

‘The characteristic equations for a two-dimensional or an axisym-

A

metric flow are written as [31]:

< = tan (8 T @) (€.1)
tl1,1I
T 9
1 dum* - V tan” o tan 6 dr
W= 48 = 4+ tan o + n — a8
I,IT tan 6 + tan o
5 %)
_ Rsin o v (c.2)
y(y - 1) ae M
. 1,IT
) 0 for two-dimensional flow
where v = -
- 1 for axisymmetric flow
EL . 0 for irrotational flow

-1 for rotaticnal flow

Furthermore, for an adiabatie process of a perfect gas, the change
in entropy can be related to the variation of stagnation pressure
through the second law of thermodynamics.

5, -8 P
2 1 02
== -y - 1) h[ﬁ_] (C.3)

v ol

C.1 . PRANDTL-MEYER CORNER EXPANSION
At “the corner point where the expansion from state 1 to state 2 is
two-dimensional and isentropic, that is, v = 0, @ = 0, the direct inte~

gration of Eq. (€.2) wilil give



138

6. - 6 = & [o(ME) - w(M)] (C.u)
2 l’I,II 2 ‘ 1 .
vhere )
| S W2 ' "2 ' :
@y = | Y P2 -1l -1 -1 MEt - 1 -
W M%) -J vy tan Yri I-1='-'2 tan TYs 7 2 (C.5)
Y - 1 y+1

is the Prandtl-Meyer function.
Eguation (C.4) is used to establish the flow properties of the ex-
pansion fan at the nozzle exit cornex or at the location whers shock

intersects with the free jet boundary.

ﬁ.? FIELD POINT PROCEDURE

As shown in Fig. C.1, p_oin'ts 1 and 3 are joined by a characteris-
tic line of family I and points 2 and 3 are joined by a characteristic
line of family II.. Points 1 and 3 are known., and point 3 is to be de-
termined. Bq;JaEtions (C.1) and (C-.Q);,whejn written in finite difference

forms, give
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o e 2 — =
T Tl e v tan” 0,, tan 8,4 ry - T,
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My, 3 g tan 6,, + tan @, T, (6, - 8,)
D -
2 sin” o P
D 62§ m |22 (C.9)
LA T ST ™)

where Ea. {C.3) has been applied. The bar superscript indicates that
an average value is to be taken.

-In the small characteristic grid shown inrfig. C.1, if the stream-
line passing through point 3 intersects line 12 at point s, the co-
ordinates of point s can be found from-the geometric relaticn of the

intersection of two straight lines, 12 and s3. Henece,

o r —-v, +x. tan O -~ x. tan B
Tt g =28 3 s 2 : (C:10)
S tan 0 - tan B
s
- r, T, - (x2 -.x_) tan g . ) (C.11)

The flow angle and stagna%icn pressure at point s can, then, be approxi-

mated by using linear interpclation.

| ] . x, -z, .
‘ e es = .32 + (91 - 92) P - . . : (0:12)
1 2
I‘s - 1‘2 " -
= = P - 7P ——e
Tt Fos " Fo3 " T2 ¥ ('ol Po2? r, -1 (c.13)

where POs = PoS’ because point 3 and point s are on the same streamline

-and have the same entropy.

The iterative solution of the simultanecus equations, Egs. (C.6),
(c,7), (c.8), and (C.9), with the help of Egs. (C.20), {(C.11), (C.12},
and (C.13}, will furnish the unknown flow variables at point 3.

- To begin with an iterative solution, the property at point 1 is
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usually used as the average value hetween points 1 and 3, and that at
point 2 is used between points 2 and 2. However, Eas, (C.-8) or (C.9)
will biow up when points 1 or 2 are on the axis of symmetry. This

diffic-ulty can be avoided through the following modification: Refer-

ring to Fig. C.2, when point 2 is on the axis of symmetry, and intro-

duecing -
. G ta b, tan 8,4
lim ——— — = lim —
r2+0tan623+1.ana2323.r2+0 1:anE323ﬂi-1
8, +.0 o, * o\ = Tag
: an G,g
8 ) .
=~ 23 =_3 (C.1u)
- . - = oz T3
because 1im +tan 0., = 8 -
- 23 23
r. +0
= . 92 -+ 0
Equation (.9} becomes
. L0 —
. ME . sin O P
B 2-0(1+v)tan G, + Q0 —22 10 2 (C.15)
. ET 2N 3 23 Y P
M§3 02

which is used to replace Eg. (C.9) for the special case when point 2

is on the axis of symmetry.

.C'.‘3 CONSTANT PRESS'URE JET BOUNDARY POINT PROCEDURE

.As shown in Fig. C.3, éoints.; 1 and 3 are on the same free jet
boundary without intersecting with shock discontinuity, and points 2
and 3 are joined by a characteristié¢ line of family II. Points l end
2 are known, and point 3 is to be caleulated. N

The slope of the jet boundary between points 1 and 3 is given by

= tan B | ’ (c.16)



On the constant pressure jet boundary

ME o= M (c.17)
and, since free jet boundary is also a streamline,

P03 = Pol . (C.18)

Therefore, Egs. (C.7), {(C.9), and (C.15), plus conditions (EBgs. (C.17)
and (C.18)) can be solved for Xy, T

3> a?d 83.

C.4 AXIS POINT PROCEDURE

If point 3 is at the intersection of a characteristic line and
the axis of symmetry a; shown in Fig. C.3 and points 1 and 3 are
joined by characteristic curve of family I Points l and 2 are known,
.agd point 3 iz to be determined.

Since points 2 and 3 are on the same axis streamline,

P03 =-P02 (C.19)

Also, on the axis of symmetry

93 =0,-v,=0 (¢.203.

Therefore, Egs. (C.6) and (C.8) can be used to solve for two unknowns ,

Fg and xa.

C.5 DOWNSTREAM POINT OF A SHOCK WAVE

Downstream of a shock wave, the peoints 1 and 2 are knovmy point 3
just behind the shock wave is to be determined. Referring to Fig. C.5,
points 2 and 3 are joined by characteristic line of family IT. In front
of the. shock wave, the flow is nonuniform and the flow properties are

known.
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The slope of the shock wave between points 1 and 3 is given by

where

El3

Deflection angle 63 and

from cbligue shock wave

= tan ng (c.21)

(F1[+ le) + (P3|+ Ssm)

5 (C.22)

n

stagnation pressure PO3 are readily available

equaticns whenever the shock wave angle Ogq is

assumed known during the iteration process (Note: 8 =|63|+ 6,0,

Equations (C.21), (C.7)}, and (C.8), together with the oblique

shock wave relations, are sufficient to determine the unknowns, Rgs T

M3 83, and.PD

3? 3

32

at point 3.
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