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ABSTRACT

Continuum mechanics solutions are derived for the static load-carrying capacity
of scarf and stepped-lap adhesive-bonded joints. The analyses account for
adhesive plasticity and adherend stiffness imbalance and thermal mismatch. The
scarf joint solutions include a simple algebraic formula which serves as a close
lower bound, within a small fraction of a per cent of the true answer for most
practical geometries and materials. The scarf joint solutions are believed to
be the first such results ever obtained for dissimilar adherends. Digital
computer programs have been developed and, for the stepped-lap joints, the
critical adherend and adhesive stresses are computed for each step. The scarf
Joint solutions exhibit grossly different behavior from that for double-lap
joints for long overlaps inasmuch as that the potential bond shear strength
continues to increase with indefinitely long overlaps on the scarf joints. The
stepped-lap joint solutions exhibit some characteristics of both the scarf and
double-lap joints. The stepped-lap computer program handles arbitrary (differ-
ent) step lengths and thicknesses and the solutions obtained have clarified
potentially weak design details and the remedies. Indeed, the program has been
used effectively to optimize the joint proportions.
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SYMBOLS

Coefficients of power series for shear stress distribution in
adhesive layer

Extents of plastic stress state in adhesive at ends of bonded
joint (in.)

Extent of elastic trough in adhesive (in.)

Integration constants

Non-dimensionalized adherend thermal mismatch coefficient
Length of elastic zone in adhesive bond (in.)

Young's modulus (longitudinal) for adherend (psi)

Adherend extensional stiffness ratio

Adherend allowable (or ultimate) stress (psi)

Adhesive shear modulus for elastic-plastic representation (psi)
Overlap (length of bond) (in.)

Applied direct load on entire joint (1b in. / in.)
Distinguisher between tensile and compressive shear loads
Direct stress resultants in adherends (1b / in.)

T.yre)

operating = 'cure
Thickness of adherend (in.)

Temperature change (T

Axial (longitudinal) coordinate parallel to direction of load

Coefficient of thermal expansion (/°F)

Adhesive shear strain

Elastic adhesive shear strain

Plastic adhesive shear strain

Axial (longitudinal) displacement of adherend (in.)

Non-dimensionalized axial coordinates (different origin and/or
sense from x)

xi



n = Thickness of adhesive layer (in.)

8 = Scarf angle (small) (°)
» = Exponent of elastic shear stress distribution (in.-1)
v = Poisson's ratio for adherend(s)
vt = Adhesive shear stress (psi)
Tow Average adhesive shear stress (psi)
T Plastic (maximum) adhesive shear stress (psi)
¢ = x/¢ = Non-dimensionalized coordinate
SUBSCRIPTS
a,c = Adhesive (cement)
e,p = Elastic and plastic values
i,0 = Inner and outer adherends of symmetric bonded joint
1,2 = Different adherends at each end of joint
1,2,..n = Power series counter .

xii



SUMMARY

It has long been known that bonded scarf joints have a higher efficiency than
uniform lap joints and that the latter are limited in strength and unsuitable
for joining thicker sections. What has not been well understood until recent-
ly is that, in the bonding together of dissimilar adherends in a scarf joint,
any adherend stiffness imbalance or thermal mismatch imposes a Timitation on
the joint efficiency. As a consequence the adhesive layer is not (essentially)
uniformly stressed along its length as it is for a scarf joint between identi-
cal adherends. One objective of this report is to analyze and quantify these
limitations on efficiency of unbalanced scarf joints. In doing so, adhesive
plasticity is accounted for by the Douglas elastic-plastic model which has been
demonstrated to be effective for uniform Tap joints. One dominant characteris-
tic deduced for scarf joints is that for long overlaps, regardless of any ad-
hesive ductility and/or adherend thermal mismatch, the ratio of the average
adhesive shear stress to the peak adhesive shear stress is equal to the Tower
ratio (<1) of the adherend extensional stiffnesses. The governing differential
equations do not possess an explicit solution in terms of standard functions,
so a series solution was employed. Even so, an algebraic expression was deduced
for a lower bound which proved to be so close to the more precise solutions that
it could be employed directly for practically all realistic joint proportions.
Severe adverse effects of adherend thermal mismatch are confined to a specific
overlap range. The effects decrease asymptotically to zero for very short or
very long overlaps.

Stepped-lap joints represent a cross between scarf joints and uniform lap
joints. The stepped-lap joint overcomes the upper Tlimit on joint strength of
uniform lap joints but retains the severe adhesive strain concentration at the
end of each step. One advantage of stepped-lap joints over scarf joints is
that the alignment and fit is far less critical when there are joints on more
than a single interface. Another is that it is more suitable for boron-epaxy
laminates than is a scarf joint because of the thick brittle filaments. This
is particularly important for the titanium edge members frequently used in
conjunction with boron-epoxy panels. Because the graphite fibers are so much
thinner and more flexible than boron filaments, the former can take advantage
of the higher efficiency of the scarf joint.



Digital computer FORTRAN IV programs are included for the iterative solutions
necessary for these problems. The scarf joint solutions are in terms of non-
dimensionalized parameters. The stepped-lap joint program is dimensional and
permits each step to be varied independently so as to be able to identify and
improve the most critical detail(s) of the joint. One key factor in the design
of stepped-lap joints is that the bond load transfer is concentrated at the
end of the joint from which the softer (less stiff) adherend extends. Conse-
quently, it is necessary to restrict the length of the end step of the stiffer
adherend to prevent it from being overloaded. Another characteristic of
stepped-Tap joints identified by the analyses is that the end three steps of
the more critical end dominate the internal Toad distribution and effectively
determine the load capacity. The steps at the less critical end are found to
have practically no effect on the load capacity.



1. INTRODUCTION

It is generally recognized that, in the bonding together of thick sections,

the use of either scarf or stepped-lap joints is mandatory if an acceptable
structural efficiency is to be realized. References (1) and (2) explain how,
for uniform lap joints, the maximum possible joint efficiency decreases with
increasing thickness (extensional stiffness) of the members being bonded
together. The objective of this report is to apply the elastic~plastic adhesive
analysis techniques developed in References (1) and (2) to the scarf and stepped-
lap joints. The approach used remains that of continuum mechanics rather than
finite elements. The governing differential equations were relatively straight-
forward to set up but, in most cases, specific closed-form solutions could not
be derived. Severe numerical accuracy problems had to be overcome in develop-
ing the FORTRAN IV digital computer programs employed and this phase of the

work represented by far the bulk of the investigation. The computer programs
are listed in the Appendices and representative non-dimensionalized solutions
are illustrated to show the effect of the governing scarf joint parameters.
Specific solutions are presented for stepped-lap joints.

This scarf joint analysis is concerned with the non-uniform adhesive shear
stresses necessarily associated with the bonding together of dissimilar adher-
ends. It is well-known that the stresses are uniform if the adherends are
identical. It has only recently begun to be appreciated that the adhesive
shear stresses are markedly non-uniform if the adherends are dissimilar. In-
deed, the literature contains very few references to this problem. The mech-
anism whereby these non-uniform stresses are developed is illustrated in
Figure 1 for the case of thermal mismatch between stiffness-balanced adherends.
The first publication on scarf joints between dissimilar adherends appears to
be that of Lubkin [Reference (3)] who, in 1957 sought the particular scarf
angle associated with uniform adhesive stress for a particular ratio of adher-
end elastic moduli. He omitted consideration of any adherend thermal dissimi-
larity. Unfortunately the predictions of his equation [10] are such as to
indicate the appropriate scarf angle s is so great (typically in excess of 45
degrees) as to be of no practical interest for bonding aerospace materials
together. For realistic adhesives and adherend materials, the scarf angle
should be restricted to less than 4 degrees in order for the potential bond



strength to exceed the adherend strength(s). Working independently, in 1971,
the present author [Reference (4)] and Erdogan and Ratwani [Reference (5)]
demonstrated by calculation the non-uniform adhesive shear stress associated
with scarf joints between dissimilar adherends. The former work was based on

a perfectly-plastic adhesive analysis, while the latter derived from a linearly-
elastic formulation. Consequently neither afforded a complete solution but

both demonstrated clearly that the adhesive load transfer is concentrated at
that end of the joint from which the softer adherend extends. The present
solution utilizes an elastic-plastic adhesive model with linearly elastic ad-
herends and accounts for adherend stiffness and thermal imbalances. Eccentric-
ities in the load path are excluded and, in keeping with common design practice,
the scarf angle is considered to be so small that adhesive tension (or com;
pression) stresses may be neglected in comparison with the shear stresses.

In 1968, an elastic finite-element analysis of scarf joints was performed by
Richards [see Reference (6)]. Boron/epoxy-to-boron/epoxy and boron/epoxy-to-
aluminum joints were analyzed. Thermal effects were neglected. In the former
case, relatively small (<L4%) stress concentrations were identified in the vi-
cinity of the ends of the scarf. Their existence had not been demonstrated
prior to that investigation. In the Tatter case a markedly non-uniform stress
distribution was deduced, with significantly more load being transferred to
and from the 0° plies in the laminate than occurred with the = 45° plies.

This is to be expected in view of the much lower modulus of the cross plies.

While the mathematical complexity of equations governing the scarf joint has
restricted the number of solutions obtained,. a number of investigations of the
stepped-lap adhesive-bonded joint have been performed. Finite-element elastic
solutions are reported in References (5) to (9) but none of these include any
thermal mismatch effects. Reference (10) included adhesive and adherend non-
linear behavior in the analysis but, for the stepped-lap joint, encountered
convergence difficulties at high load Tevels. Grimes, Calcote, Wah, et al
[Reference (10)] also performed non-linear iterative theoretical analyses of
double-lap, single-lap and stepped-lap joints which they compared with their
discrete element analyses, showing good agreement for the first two. They
also formulated the scarf jaint equations (see their Appendix A) in greater
detail than is done here, but were unable to solve them. Carvelli and Saleme



[Reference (11)] developed analysis techniques for bonded joints which included
analytical solutions for stepped-lap joints, but in a less comprehensive form
than presented here.

Past attempts to include non-linear adhesive behavior in the analytical solu-
tions have centered around the Ramberg-0Osgood representation which has a smooth
continuous characteristic. This has precluded the derivation of any explicit
closed-form solutions. The present author had earlier derived such solutions
for double- and single-Tap adhesive-bonded joints using an elastic-plastic ad-
hesive formulation [see References (12) and (13)]. These showed that the ad-
hesive shear strain energy per unit bond area was the necessary and sufficient
adhesive characteristic governing the potential bond shear strength. The pre-
cise shape of the stress-strain curve appeared to be unimportant. This belief
was further reinforced in Reference (1) by the derivation of precisely the same
potential bond shear-strength for any arbitrary bi-elastic adhesive character-
jstic having the same strain energy and failure stress and strain. In addition,
the author's elastic-plastic solution was in good agreement with the discrete
element solutions by Teodosiadis [Reference (14)], who represented the adhesive
and interlaminar shear characteristics by six straight segments. The success
of this elastic-plastic adhesive approach in these simpler problems led to the
decision to apply the same techniques to the scarf and stepped-lap joints in
this report.

The adhesive-bonded stepped-lap joint is of practical interest principally
because of extensive use in the bonding of boron-epoxy to titanium edge members.
The boron filaments are too thick (0.005 inch), and too hard to machine, to be
as suitable for the more efficient scarf joints as the very thin graphite fibers
are. In practice the stepped-lap joint contains a large number of small steps
and closely approximates the behavior of the equivalent scarf joint. The only
difference is marked for very brittle (high-temperature) adhesives and is the
adhesive shear stress (and strain) concentrations at the ends of each step,
particularly at the outermost steps. It transpired that peel stresses imposed
more severe limitations for thick double- and single-lap joints than did the
adhesive shear stresses [see References (1) and (2)]. In actual design prac-
tice for scarf and stepped-lap joints, the slope is small and the end step 1is



invariably thin so there is no way for severe peel stresses to develop. For
any unusual stepped-lap joint, with a thick outer end step, the analysis in
Reference (1) can be employed to assess any potential peel problem.

This report considers in turn elastic and elastic-plastic analyses of scarf
and stepped-lap joints and discusses parametric effects and design procedures.
The digital computer programs prepared from the analyses are recorded in the
Appendices, along with brief instructions for their use.



2. ELASTIC ANALYSIS OF SCARF JOINTS

Figure 2 depicts the geometry and nomenclature for the analysis of a non-
eccentric bonded scarf joint. The diagram serves for both the elastic and
elastic-plastic solutions. In the former case, the plastic adhesive zones
should be considered removed. That is, set & = ¢ z 0 and b = &. The scarf
angle 8 is considered so small that cose = 1 and 8 ~ 0. In other words, the
effect of adhesive peel stresses is omitted from consideration. This is quite
legitimate for the small scarf angles associated with practical aerospace
materials.

The conditions of horizontal equilibrium for a differential element dx within
the joint are

daT, dT,
— <+ 1 = 0 —_ -1 = 0 . (])

>

dx dx

The stress-strain relations for the adherend materials, accounting for thermo-
elastic effects, yield
T as T
d61 1 2 2 (2)

= + a]AT —_ = + asAT
ax (Et), ax (Et),

in which the adherend thicknesses, as a function of the axial coordinate x are

(Et)l = Eltl(l - %) , (Et)z = Eztz(%) . (3)

The adhesive shear strain is taken to be uniform across the thickness of the
bond. That is

Y = (62 - 51)/” . (4)
The elastic adhesive shear stress follows as
T = Gy = G(86, - 6;)/n . (5)

In solving these equations it is desirable to non-dimensionalize the solution
with respect to the peak adhesive shear stress ™ and the bond overlap. Thus,
introducing the non-dimensionalized axial co-ordinate

¢ = x/% , (6)



a series solution is sought, having the form

— = A oot . (7)

]

Ay = 1, (8)

if necessary by interchange of the identifying subscripts 1 and 2. While a
single non-linear differential equation has been derived from the equations
above, it cannot be solved directly. This is why a series solution is employed
here and, in this case, it is more straightforward to work in terms of the
equations above than the derivative governing equation.

The solution proceeds from equation (7). Substitution into equation (1) yields,
for the adherend forces per unit width,

iy C A
_ n ,n - n ..n
Ty = T&VQ-TPQZ:::-¢ , Ty rpzz ::—¢ . (9)
1 1

Now equation (5) is differentiated.

d(T/Tp)

G [dGZ dé,
= 20 (10)
d¢ " d¢  d¢

Substitution of the series (7) and (9), with the aid of equations (2), Teads
to the solution

> GL T2 A
Z(n-l)An¢(n'2) = —{(ap - ay)ar + B— B o (7=t
1 ™n Eztz 1 n
T 2 1 T % > A
_ &y + D D S (11)
Ejt1(1 - ¢) Eta(l-¢)"Tn



Multiplication throughout by (1 - ¢) converts the equation directly into a form
suitable for solution by recurrence relations.

GL G2 1
(1 -0 Fana ™2 o e, Capara - ¢) - —2Y
™n T]Eltl'l'
P P
GR2 [(1-¢) A 1 A
+ -——[ E——r-l- ¢(n—l) + Z—Q ¢n] . (12)
n Esrt) 1 D E1t) 1 B

In order to give the solution the greatest coverage with the minimum number of
independent variables, certain non-dimensional parameters are introduced. The
non-dimensionalized overlap is given by the square root of

G2 1 1 T 22T 1 1
(A2)2 = [ + ] =2 | + ] , (13)
n lEltl Eat2 nYe[Eltl Eats
the non-dimensionalized thermal mismatch term is
)\((12 -a) )AT
CTHERM(1) = 7 T , CTHERM(2) = - CTHERM(1) , (14)
Tp(Eltl + Eztz)
and the adherend stiffness ratio is
ETR(1) = Ejit; / Extp, ETR(2) = Eytp / Ejt; . (15)

It is interesting to note that precisely the same variables govern the double-
lap joint [see Reference (1)]. Equation (12) then becomes
(n_2) ()\2)2 T

:E:[(n-l)A - (n-2)A l]¢ = (AL )xXCTHERM(1)x(1 - ¢) - X
n n- [1+ETR(1)] ™

av

(A2)2ETR(1 (A2)2[1 - ETR(1)]

o (o] A
+ n (n-l + n ¢n
[1+ ETR(1)] an [1+ ETR(1)] %;n

(16)



By rearranging the limits of the series it follows that

i[( ) W = O) (e - ¢) - ey
n+1)A . - nA _]¢% = (AR)XCTHERM(1)x(1 - ¢) - x
- n+2 n+l [1+ ETR(1)] Tp
(AL)2ETR(1) __ A (A2)2[1-ETR(1)] A
+ Z n+l ¢n + Z._n ¢n . (]7)
[1+ETR(1)] L n-1 [1 + ETR(1)] 1

For large values of n, on setting to zero the coefficient of the term ¢n_2,
the recurrence relation is deduced as

ETR(1) \Ah_l . (1 - ETR(l)\An_2

1+ ETR(l)/n-2

A = (n-2)An_1 + (A2)2[<

n

/ (n-1).(18
1+1mM1ﬂn-1 ; (18)

It remains now to establish the initial conditions by examining the coefficients
of the ¢° and ¢! terms. From the coefficient of ¢?,

1 T ETR(1)
A, = (X&) CTHERM(1) - (11)2[ ] 27 4 (AR)Z[—————————]Al (19)
1+ETR(1)] < 1 + ETR(1)

while, from the coefficient of ¢!,

(22)? A
{[1 - ETR(1)]A; + ETR(l)——-{. (20)
2

2A3 - Ap = - (AL) CTHERM(1l) + ———
[1+ETR(1)]
It follows from equation (19) that, quite generally, for long overlaps (large
values of L),

T
2Y 5 Em(1) < 1 . (Interchange 1 and 2 if necessary.) (21)

T
P

This surprisingly simple result proves to dominate the entire behavior of bonded
scarf joints, even for elastic-plastic adhesives. This equation demonstrates
conclusively the importance of maintaining adherend stiffness balance whenever
possible. When this is maintained, in the absence of any thermal mismatch, the
adhesive is essentially uniformly stressed throughout the entire overlap of any
length. The only minor exception is the local end effect identified by

Richards in Reference (6).

10



Returning now to the solution, in terms of equations (18) to (20), it follows
by integrating equation (7) that

el DE (22)

In using this series it is necessary to employ two arbitrary constants to
satisfy the boundary conditions. The first two are chosen. That is

T

&Y = Ay x SIG(3) + Ap x SIG(Y) (23)
'p
and, because of equation (8),
iEK = SIG(3) + A, x SIG(L) . (24)
T
p

The summations SIG(3) and SIG(k) are the quantities formed by evaluating the
coefficients in equation (22) by means of equations (20) and (18) after set-
ting, in turn,

Ay = 1, Ay = 0 for SIG(3) (25)
and
Ay = 0, Ay = 1 for SIG(L) . (26)

The solution procedure employed in the FORTRAN IV digital computer program
listed in Appendix Al is as follows. The coefficient A3 for each set of ini-
tial values (25) and (26) is evaluated in terms of equation (20). Then a
number of higher order coefficients are evaluated in turn through the recur-
rence relation (18), the same number being evaluated for sIG(3) as for SIG(L).
The results of these summations are then substituted into equation (19) which
takes on the form

(22)2 (A2)?ETR(1)
Ap {1 + ——————— SIG(4) = (Af) CTHERM(1) + ———
[1+ETR(1)] [1+ ETR(1)]
(22)? )
- —  s16(3) . (27)
[1+ETR(1)]

n



The unknown A, is then to be evaluated and substituted into equation (19)
re-arranged in the form
T [1 + ETR(1)] CcTHERM(1) [1+ETR(1))
&V ETR(1) + - Ay . (28)
™ (A2) (ag)?

This equation establishes the potential bond shear strength.

The detailed discussion of parametric effects is presented in Section 5 but
certain features of the mathematics of the numerical solution merit elaboration
at this stage. The most important feature is the decision to evaluate the
terms An/n of the average stress series (22) directly rather than the quan-
tities A of the series (7). To do so, equation (18) is re-organized to the

form
A ETR(1) /A 1 - ETR(1) /A
(-0 w222 + ()2 [ (22}« )]
(i) ) n-1 1 + ETR(1) \n-1 1 + ETR(1) \n-2 (29)
n [n(n-1)]

The reason for this is the factor (12)2in equations (29) and (18). Because of
this, for long overlaps, a much higher value of n is needed to reach negligible
values of 4 from equation (18) than to reach negligible values of An/n from
equation (29). Indeed, even with the use of equation (29) rather than equation
(18) it remained impossible to compute reliable internal stress distributions
for long overlap joints, even with as many as 50 terms of the shear stress
series because of overflow in the computer. Such a computation is of little
importance, however, since the critical Tocation must be at one end or other
of the joint. In spite of this problem, however, equation (27) converges
rapidly, usually within the first five successive evaluations (for progressive-
ly increasing n) of s1G(3) and SIG(4). The program in Appendix Al used 20
terms. In addition to this, because A, is divided by (A2)2 in equation (28),
an extremely reliable value of TaV/Tp can be computed readily. The program
jdentifies the more critical end by the simple expedient of estimating the
strength starting from each end of the joint and selecting the lower value.

It is obvious that a computation of Tav/Tp > 1 signifies simply that condi-
tion (8) was violated. A negative value of rav/rp indicates such severe
thermal mismatch between adherends that the joint will break apart prior to
application of any mechanical loads.

12



The computation of joint strength proceeding from the other end of the joint

is effected by simply interchanging the subscripts 1 and 2 on all affected
quantities. With regard to adherend stiffness imbalance alone, it is always
possible to identify from equation (28) that the more critical end (1) is that
for which ETR(1) £ 1. The possible ambiguity arises as the result of the
thermal mismatch terms. Since CTHERM(1) may be either negative or positive
independently of whether ETR(1) is less than or greater than unity, severe
thermal mismatch may nullify or even overpower any stiffness imbalance effects.
This possibility is evidently greatest for short overlaps because of the factor
(x2) in the denominator of the thermal term in equation (28). It follows that
the critical end of the joint between given adherends may well change as the
overlap changes and, indeed, such behavior was predicted by the computer
program output.

Equations (1) and (2) have been set up for applied tensile loads in the ad-
herends. In the event that the applied load is compressive, it can be seen
with reference to Figure 2 that all quantities except the thermal strain terms
will change sign. This implies that, in the absence of any thermal mismatch
effects, the same end of the joint is critical for both tensile and compressive
adherend loads and that the joint strength is the same. Rather than change the
sign of all quantities with the exception of the thermal terms, the program
merely changes the signs of CTHERM(1) and CTHERM(2) to account for compressive
loading rather than tensile loading. It should be noted that, as a consequence,
the opposite end of the same joint may be critical for a reversed load and that
the strength may not be the same if there is also stiffness imbalance between
the adherends. Likewise, just as for double-lap joints, if the thermal mis-
match terms nullify any stiffness imbalance effects for one load direction,
they must aggravate the stress concentrations for a load in the reverse direc-
tion. By analogy with the double-lap joint analyses in Reference (1), the

case of in-plane shear loading is covered by the analysis above replacing E,
and E, in equation (2) and those equations based on it by the shear moduli G;
and G, and neglecting the thermal affects which induce bond stresses at right
angles to those of concern for mechanical in-plane shear loads except at the
sides of the joint. The direct adherend forces T, and T, are replaced by shear
forces S; and S, per unit length. A more precise representation of thermal
effects for in-plane shear loading would necessarily require a two-dimensional
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analysis rather than the one-dimensional solution above and the justification
for doing so is minimized by the small amount of adhesive plasticity that even
the real brittle adhesives exhibit.
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3. ELASTIC-PLASTIC ANALYSIS OF SCARF JOINTS

The preceding elastic analysis covers essentially the most difficult formula-
tive portions of the elastic-plastic scarf joint analysis. New numerical
difficulties of major proportions were encountered in the generation of speci-
fic answers by the computer program, but the plastic part of the analysis is
straightforward. The necessary additional geometry and nomenclature are iden-
tified in Figure 2. Equations (1), (2) and (4) continue to apply, with the
substitutions

dx = 24 = 2 dy = & dg (30)
as appropriate. Equation (5) is supplemented by the relation
T = T for 0 £ & £ a and 0 £z £ ¢ . (31)

P
The relations (4) for the adherend stiffnesses are replaced by

(Et)y = Eiti(1 - &) = Ejt;(1 - %-- x) = Ejti(1 - %—- %—- z) (32)
and
b
(Et)z = E2t2£ = Eztz(%+ )() = Eztz(% + ‘E"*‘ C) . (33)

In the elastic zone, the location of which has yet to be determined, the same
power series solution is sought:

T Y

= ZAnx(n—l) or - = ZAnx(n_l) ) (34)
1 1

Y

T
P e

again with A; = 1 by definition of adherend 1 as the more highly loaded end of
the joint.

In the left adhesive plastic zone of the joint illustrated in Figure 2, the
adherend forces per unit width follow from equations (1) and (31) as

Ty o= T b - Tt and T = T E (35)
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Substitution into equation (4), making use of equations (2), yields

52 - 61 1 & To4E & T;2dE
Yy = ——— = —[(az - GI)ATQE +/ —/ ’ (36)
n n 0 (Et), 0 (Et),
1 t 22 S e -t )2 T_g2
y = —[(uz-ul)AT2£+—P-——£+/ P8 __4¢_2—¢|l+c , (37)
n Eoto 0 (Eltl) (1-£&) E1t)
1 1 1 (t. - Tav)l?-
v = — (ap - a1)ATRE + T_22 - g - —L gn(1-€) + C.(38)
n Exty  Erta Eyty
The appropriate boundary conditions are that
Y om vt at € = 0 (39)
and
Y = Y at £ = a/f8 . (40)
Consequently, from equations (39) and (38),
c = ‘(Ye + YP) (41)

so that, from equations (40) and (38),

1 a 1 1 \/a (-1 V)LZ a
vy = - —Mlag-ap)are|—]+ 1 22— - —|(-]) - —2 enf1-—}|. (42)
p n % P \Eyt, Ejt;/\2 E;ty 2

Equation (42) may be non-dimensionalized by use of the quantities in equations
(13) to (15). It then adopts the form

1- ETR(1) (1-(x _/t)]

(IP) = - (an) CTHERM(l)(E) + (A2)2(3> — + (a)2 “av’"p £n<l— E)

Yo 2 2/ 1+ETR(1) [1+ ETR(1)] L
(43)

In solving for the joint strength it is necessary to maintain continuity at
the transition (£ = a/%) from plastic to elastic adhesive behavior. The con-
tinuity of adherend stresses requires that there be no change in dy/dx.

From equations (4) and (2)

1 To T

dy
— = —[(az - a))8T + - —] (44)
dx n (Et), (Et)
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or, in non-dimensionalized form, for the plastic side of the transition

aly/y ) 1- ETR(1 (x2)2[1 -
—_— = (A2) CTHERM(1) - (AR)2 : + L (TaV/TP)]
LI P 1+ETR(1)  [1 + ETR(1)]{1 - (a/2)]
(45)
For the elastic side, equation (34) requires that
d(Y/Ye)
—_— = A2 . (46)
dax

x =0

Since A; = 1, the elastic stress distribution can now be evaluated by a recur-
rence formula, just as in Section 2.

Under certain combinations of stiffness and thermal mismatch between adherends
there will be no second plastic adhesive shear stress zone at the far end of
the joint while under others there will be. In the former case, the evaluation
of the elastic adhesive shear stress at x = 1 - (a/%) by means of the series
(34) will lead to a result Tend/Tp < 1. A value of this ratio greater than
unity indicates a need for evaluating the affects of the presence of a second
plastic adhesive zone, at the far end of the joint. Referring again to Figure
2, the adherend forces per unit width are evaluated through equations (1) and
(31) as

o]
Ty = rpz(%-— z) T, o= b - (G- ) (47)

Substitution of equations (47) and (33) into equation (44) leads to the expres-
sion

d(Y/Ye) G T 22 1 g2 (t -1 )22
= (ap - 0p)ATR - 2— 4 B _ P avc . (48)
dg TpTl Eltl Esto (Eztz)[l—f*‘ ]

The transition relation at ¢ = 0 follows as

aly/v.) 1- ETR(1) [1-(t__/t_)]ETR(1)
— = (x2) CTHERM(1) - (A)2[———— - (A2)? =k .
av oo 1+ ETR(1) (2 + ETR(1)1(1 - )

(49)
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Equation (48) may be integrated once, yielding

y 1- ETR(1)
(——) = (A2) CTHERM(1) ¢ - (A2)2 —mm— ¢ -
' 1+ ETR(1)
[1 - (t__/t )]ETR(1)
- (a2)2 av_p 2n(l - %+ ) +C (50)
[1 + ETR(1)] '
in which, since
Y o= v, at ¢ = 0 , (51)

Lo ()\2)2[1 - (Tav/TP)]ETR(l)

zn(l._%a +C . (52)
[1 + ETR(1)]

Signifying by Ypax the peak adhesive shear strain at the less critical (by
definition) right hand end of the joint,

1 - ETR(1)
(IE) > Ymax = (a2) CTHERM(l)(i) - (Az)z[—-———————}<f>

Yo Yo 2 1 + ETR(1)I\2
[1 - (v _/t )]ETR(1)
+ (A2)2 av_p 1 -F) . (53)
[1 + ETR(1)]

A comparison of equations (43) and (53) shows complete consistency upon inter-
changing subscripts 1 and 2. While equation (53) could be employed to identify
whether the left or right hand end of the joint in Figure 2 is more critical
once the extent of the second plastic zone (c/2) had been established, there is
an inherent numerical difficulty in the step by step computation of the strength
by the procedure outlined above. It was explained in Section 2 that, for the
perfectly-elastic adhesive, only the average adhesive shear stress could be
computed and not the stress distribution as a function of position along the
joint. In the computer program in Appendix A3, the only reason why it proved
possible to evaluate the extent of the elastic trough, for long overlaps, was
the factor [1-(a/2)-(c/2)]®"! < 1 in equation (34). At high values of n, this
very small term was able to overpower the influence of the (i2)? factor in the
numerator of the recurrence formula (18). This numerical accuracy problem
prevented the reliable evaluation of d(y/ye)/dx at x = (b/2) to match boundary
conditions at the transition of the second plastic adhesive zone. Consequently
an iterative solution had to be employed to evaluate the maximum possible
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extent of the elastic trough.

Referring to equations (45) and (46), it can be seen that, in the iterative
solution process, the second term of the elastic adhesive shear stress series

A, depends on the preceeding estimates of both (a/2) and (rav/rp). In the
early development of the digital computer program for elastic-plastic scarf
joints insurmountable convergence difficulties were encountered if the initial
estimates for (Tav/rp) and (a/2) were not sufficiently close to the true values.
This difficulty was eventually overcome by the following technique. Equation

(43) was re-arranged to read

[1+ETR(1)]/y [1+ ETR(1)]CTHERM(1) a
(A2)2 JB) ’ (A2) - o <—)
AR AL )
(—Tﬂ) = 1 - Te .{54)
o 2n[1- (a/2)]
This can be differentiated with respect to (a/2) so that
d(Tav/TP) / da(a/2) = 0 when
[1+ETR(1)] fy [1+ ETR(1)]CTHERM(1) a
——(—R) + - [1-ETR(1)] (—)
a a (an)2 Yo (A2) L
1-—jnjl-—}) =
( z) ( z) [1 + ETR(1)]CTHERM(1)
[1 - ETR(1)] - (55)
(A2)
Substitution of equation (55) into equation (54) yields, for the minimum
(stationary) value of (Tav/rp)
T [1 + ETR(1))CTHERM(1)
&Y - ETR(1) +
T (rg)
p
[1 + ETR(1)]CTHERM(1)
» 2l - Em) - : (56)
[} (ae)

This is evidently consistent with the elastic solution (a/%) = 0 for large
overlaps and, upon subsequent comparison with the more precisely estimated
joint strengths, proved to be an extremely close lower bound for all cases of
practical interest. It is significantly conservative only for very short over-
laps [small values of (A2)] or very brittle adhesives [very small values of
(Yp/ye)]. The adhesive shear strain capacity Y, is involved in equation

(56) implicitly through the extent (a/%2) of the plastic zone. Equation (55)
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is solved by iteration to evaluate (a/¢) and the result substituted into
equation (56) or (54). Appendix A2 contains a Tisting of the FORTRAN IV
digital computer program employed to solve equations (55) and (54), together
with sample outputs and brief user instructions. The iteration technique
eventually adopted proved to be quite convergent, after other re-arrangements
of equation (55) demonstrated strongly divergent characteristics.

This program in Appendix A2 served to provide the initial estimates of (a/)
and (rav/rp) in the more precise solution listed in Appendix A3. The sequence
of variables used in the solution is (a/2), (rav/rp) and (c/%) after which
(rav/rp) is recomputed and the estimate of (a/%) adjusted until convergence is
attained. In those cases in which the critical end is not evident by inspec-
tion, the potential bond shear strength is computed from each end of the joint
and the lower value adopted. Brief user instructions and sample outputs are

included in Appendix A3.

The analyses above for scarf joints pertain to adhesive shear stresses and it
is demonstrated that a small enough scarf angle can always be found to transfer
the full adherend strength through the bond with an adequate margin. There is,
of course, a potential problem with the adherend strength(s) if the scarf angle
is too small. Specifically, one adherend will fail if the scarf angle & is so
small that

6 < TP/Fu ’ (57)

(where F is the ultimate adherend stress in tension, compression, or shear,
as appropriate) at the more critical end of the joint (identified by the ad-
hesive shear stress analysis). Should this situation arise, the solution is
to decrease the adherend stiffness imbalance across the joint by local rein-
forcement of the softer adherend. It is evident from equation (17) that this
potential problem of breaking off the tip of (usually) the stiffer adherend
is more likely to arise with the brittle adhesives (higher values of peak
adhesive shear stress rp) than with ductile adhesives. This is one important
reason for preferring to effect the load transfer with a shorter overlap of
ductile adhesive than with a longer overlap of brittle adhesive. The extreme
case of making the overlap so extremely long that the peak adhesive shear
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stress actually developed is restricted to a small fraction of its capacity
when adherend failure occurs outside the joint has theoretical appeal only,
frequently being quite impractical.
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4. DISCUSSION OF PARAMETRIC EFFECTS

Representative solutions from Sections 2 and 3 for unbalanced bonded scarf
joints are illustrated in Figures 3 through 7. Figures 3 and 4 show the sep-
arate effects of adherend stiffness and thermal mismatch, respectively, on the
elastic joint strength. The deviations from unity in the (Tav/rp) ratio, for

a given overlap (A%), are proportional to the individual imbalances. The
effect of stiffness imbalance is a smooth decrease from a fully-efficient bond
(Tav = rp) to a less efficient bond (Tav < rp) asymptoting towards the solution
given in equation (21). This diagram, more than any other, characterizes the
dominant feature of the scarf joint behavior. This is that the potential bond
strength continues to increase indefinitely with increasing overlap. This is
in marked contrast to the behavior of uniform lap joints [References (1) and
(2)], which develop maximum strengths which remain effectively constant beyond
intermediate overlaps. The effect of this characteristic on the potential bond
strength of scarf joints is that, by making the scarf angle sufficiently small,
one can always design a joint in which the potential bond strength exceeds the
adherend strength by any specified factor. This is amply demonstrated by curve
D in Figure 4. While adherend stiffness and thermal mismatch combine to decrease
the bond efficiency below the unit value of curve A, the bond strength for long
overlaps ends up being proportional to the overlap. As a consequence of this
characteristic, the elastic adhesive shear stresses play a far more important
role in the strength of scarf joints than they do in the case of uniform lap
joints. Nevertheless, it would be erroneous to conclude that one could always
design an unbalanced scarf joint within the capabilities of an elastic adhesive.
The limiting problem is that, as the scarf angle becomes very small, there is

a strong probability of breaking off the tip of the stiffer adherend. While
not as acute a design detail problem as its counterpart for stepped-lap joints,
this feature restricts the scarf angle to exceed the value

o = ARCTAN(TP/Fu) (58)

in which Fu is the adherend ultimate strength (in tension, compression, or
shear, as appropriate for the applied load).

The effect of adherend thermal mismatch on the potential bond strength of

scarf joints is shown in Figure 4, It is clear that the effects are insigni-
ficant for very short and very long overlaps, being significant only for those
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overlaps of practical interest. The effects are maximum at (az) = 2 for all
values of the thermal mismatch coefficient CTHERM,

Figure 5 shows the interaction between adherend stiffness and thermal mismatch.
Curves B, D and E represent one set of solutions, with curve B showing the ef-
fect of stiffness imbalance alone. Curve D adds the influence of compounding
thermal mismatch as well. Curve E demonstrates the behavior of self-cancelling
adherend imbalances at (A%2) = 3. For values of (A2) less than 3, the thermal
mismatch effects dominate over those arising from stiffness mismatch and the
more critical end of the joint is reversed. Curves A, C and F form another set
showing how, for severe adherend thermal mismatch, there is a range of overlaps
for which the residual thermal stresses are so severe that the joint will split
apart without the application of any mechanical loads. Quite unlike the behav-
jor of uniform lap joints [References (1) and (2)], this problem can be elimi-
nated completely by sufficient extension of the overlap.

Just as is the case for uniform lap joints adhesive plasticity can increase

the potential bond shear strength. The extent of this strength increase is
shown in Figures 6 and 7 for stiffness and thermal mismatch, respectively.

For each amount of adhesive plastic shear strain, there is an associated over-
Tap below which the bond can be uniformly stressed. For indefinitely large
overlaps the asymptotic solution (21) again holds, masking completely the in-
fluence of any adhesive plasticity. In the overlaps of practical interest,

the actual amount of adhesive plasticity available from real structural adhe-
sives can improve the potential joint strength greatly. One benefit of using

a ductile adhesive of moderately high peak shear stress rather than a brittle
adhesive of very high peak shear stress is that the joint is better able to
withstand the variation in joint Toad which inevitably occurs as the result of
manufacturing imperfections and non-uniform load distribution. Another benefit
is that the problem of breaking off the tip of the adherend at the more criti-
cally loaded end [see equation (58)] is greatly alleviated. If the tip of the
stronger adherend were allowed to be broken off, this would impose an effective
net area loss on the cross-section of the weaker adherend.
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5. ELASTIC ANALYSIS OF STEPPED-LAP JOINTS

The analysis for the strength of stepped-lap adhesive-bonded joints contains
features of both the uniform lap joints [References (1) and (2)] and the scarf
joint above. Peel stress problems are ignored on the grounds that the outer-
most end steps are invariably thin enough (in good design practice) not to in-
duce significant peel stresses in the adhesive. Likewise, the small eccentri-
city in the load path has been ignored in the interests of obtaining a useful
uncomplicated design tool.

A representative idealized stepped-lap joint is shown in Figure 8, along with
the sign convention and nomenclature necessary for the analysis. Just as for
the scarf joint analysis, the same diagram serves also for the elastic-plastic
analysis, so it contains information not necessary for the elastic analysis.
This begins with the equilibrium equations for a differential element of one
of the steps.

ar ar

-—£+2T=O, —= -2t = 0 . (59)

ax dx
Here the subscripts o and i refer to the "outer" and "inner" adherends, res-
pectively, and the factors 2 in equations (59) account for the two bond surfaces
surrounding the inner adherend. Consequently the adherend thicknesses tg and
ty refer to the total cross-section and the forces T and T, do Tikewise. The
nature of the solution is such that it is, on occasions, necessary to inter-
change the subscripts o and i mathematically. The thermo-elastic relations
for the adherends are

a6 T das. T,

0 0 1 1
= +aOAT , — = + o, AT . (60)

dx E t dx E.t,
oo ii

The adhesive shear strain, for tensile lap shear loading, is

y = (8, -8)/n . (61)

1 O
while the elastic adhesive shear stress is related to the shear strain by the

relation

T = Gy = G(6 —50)/n . (62)
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The solution proceeds just as in Reference (1).

dt Glds, s ¢l . T
_— = | =2 = |2 _ -2 4 (a -a )AT| . (63)
dx n|ax  ax n|E.t, Et e
11 O O
a2t Gl 2 2
—_— = - + T o= A%t . (64)
ax? nlE.t, Et
11 c O
The solution of equation (64) is
T = A cosh(Ax) + B sinh(ix) (65)

where the integration constants A and B are to be determined by boundary con-
ditions for each step. Substitution of equation into equation (59) yields

r =1 -28amn) - 2 B cosn(ax) - 1] (66)
ref
and
T, = T +o 4 sinh{Ax) + 2 B [cosh(Ax) - 1] (67)
i i A A '
ref :
The values of T and T, depend upon the origin of x adopted. In the
Oref lref

solution it proves convenient to adopt the start of each step as the origin for
that step. Integrating again, by means of equations (69),

1 A B
§ =6 + a ATx + T x - 2—cosh(Ax) - 2—{sinh(Ax)- (Ax)] (68)
© Cref © Et ®ref A2 A2 ]
oot
and ) .
1 A B
§. = &, + o, ATx + T x + 2—cosh(Ax) + 2~{sinh(Ax)- (Ax)]] . (69)
* ‘ref . Eiti | ‘ref A2 A2 |

In the FORTRAN IV digital computer program, listed in Appendix A4, used to
solve the equatigns above for the elastic stepped-lap joint, the technique of
solution is as follows. The solution proceeds, one joint step at a time start-
ing with assumed values of the load and initial adhesive shear strain (or
stress). The latter is set at the maximum adhesive a110wab1é and remains so
unless it is computed that the peak adhesive shear strain is greater elsewhere
(most probably at the other end of the joint) in which case the initial strain
is reduced as much as necessary to avoid exceeding the allowable. The key

26



equation in the solution is equation (65). The integration constant A is
evaluated as the specified (or subsequently computed) adhesive shear stress
at the start of the step under consideration.

A=’r_0. (70)

x—
The other constant B derives from equation (63), also evaluated at the start
of that step. That is

ar ef T, T
— = A) sinh(dx) + BA cosh(Ax) = —]—— - ——+ (a, - a )AT (71)
dx n|E;t, Et e
11 o 0
so that at x = 0
¢z, T
B = — - + (ai - ao)AT . (72)
mULEY Bt x =0

The values of T, Tos Tso 50 and 61 at the end of that step then follow from
equations (65), (66), (67), (68), (69) and (62), respectively. If, after one
complete set of computations, the load computed to be transferred out of the
far end of the joint does not match that assumed to act at the near (starting)
end, the initial estimate is adjusted until the two quantities do match. At
that stage, a check is made throughout the joint, step by step, to identify
the most critical adhesive and adherend locations. If any negative margins
are identified, the load and peak adhesive shear stress are reduced as much as
is necessary to eliminate them.

While the formulation of the equations and analysis scheme above is quite
straightforward, the actual numerical solution of the problem proved to be
quite difficult. Even with double precision it was almost invariably impossi-
ble to compute values for all steps of the joint in a single pass, even if the
initial conditions (load and peak adhesive shear stress) were precisely correct
to 16 significant figures. A change of 1 in the 16th significant digit of an
initial condition would frequently effect a change by a factor of up to +107
in a quantity computed in the fourth or fifth step. This was not the result
of a poorly conditioned mathematical formulation. It follows directly from
strong physical characteristics of stepped-lap joints. It is the nature of
stepped-lap joints, be they bonded or bolted, that any non-uniformities in

the load transfer are dominated by the geometry and materials of the end three
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steps. What happens in between has only negligible effect on the critical
loads which almost invariably occur at one end or other of the joint. Like-
wise, in a uniform lap joint, practically all the load is transferred through
the end three (rows of) bolts or through a narrow effective end zone of adhe-
sive. Because of this characteristic the initial coding of the equations Ted
to a highly accurate estimate of the load (assuming that the adhesive was
critical at one end of the joint) but was unable to compute the internal loads
and check on the adherend strength margin. The technique finally employed for
dealing with this problem took advantage of the seemingly undesirable charac-
teristics and is summarized as follows. By printing out intermediate computa-
tions it became clear that, if the initial load estimate on a given step was
too high (even if only minutely), on the step just before computations for a
subsequent step caused overflows and underflows in the computer the computa-
tions would diverge in a characteristic way, precisely the opposite of that for
an initial underestimate of that load. Therefore upper and lower bounds were
placed on the load estimate and the trial Toad was taken as the average of
these. If the trial load was found to be too high, it served as the new upper
bound and, were it too low, it was used to raise the lower bound. This tech-
nique was found to bring the upper and lower bounds into precise agreement
rapidly. Once this had occurred the computations for the start of that step
were frozen and the solution proceeded to perturb each successive step in turn,
using the same convergence check above, until the load transferred out of the
far end of the joint precisely equalled that input at the near end. Then a
check is made, at the ends of each step, on the adhesiye and adherend stresses
to ensure that neither exceeds the allowable. Due allowance is made for the
sign of the quantities involved. In the absence of any thermal mismatch this
last operation of checking on the allowables can be performed by simple linear
scaling. However, if there is any adherend thermal mismatch present, this
adjustment must be performed by iteration since, as is evident from equation
(62), the thermal stress terms do not scale in proportion to the adhesive and
adherend stresses. A necessary check on the accuracy of the numerical process-
es has been accomplished by checking that precisely the same solution is
obtained regardless of whether the computations commence at the more critically
loaded end of the joint or at the other end.
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In view of the numerical problems encountered with this analytical solution,
it stands to reason that they will have their counterpart in any finite-element
solution. Very fine grids would be needed in the high stress gradient areas.
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6. ELASTIC-PLASTIC ANALYSIS OF STEPPED-LAP JOINTS

In addition to the equations of Section 5 for the perfectly elastic analysis
of stepped-lap joints, the elastic-plastic analysis requires, instead of
equation (62), that

1V

Y. o, (73)

T = T for ¥
and
T = Gy for v X vy _ . (74)

The elastic-plastic solution is best carried out in terms of the adhesive shear
strains rather than the shear stresses. In the plastic adhesive zones, from
equations (61) and (60),

dy 1]ds, 46 1] T, T
— = |—=-—=2] = -|——-—-+ (o, -a)ar (75)
ax nl &  ax nlE.t. Et 1
1 1 o 0
whence, from equations (59)
azy 2 1 1 A2
_ = - + T = — 1 = constant . (76)
ax2 nlg.t, Et |P ¢ P
1 1 [o]Ke]
Therefore, in the plastic zone,
)\2
Yy = —+°T x2 + Cx + D (77)
¢ P
and
T, o= T -2t x , T, = Ty + 21 % (78)
Oref P 1 ref p
while
1 ;
8 = § + o ATx + T X - 1 x2
° 0ref °© Et Oref P ]
O 0O
and . (79)
1 .
§., = 6, + a ATx + T, x + 1 x2
1 1ref . Eiti- lref p
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In equation (77), D is set equal to y at the start of any step, since a new
zero for x is chosen at that Tocation for each step. The other constant ¢
follows from equations (75) and (77). Thus

1] T. T
= —|——_- —_ 4 (a. - a )AT . (80)
n|E.t, E t t °

i’i oo

x=0 x =0

Very few individual steps of stepped-lap joints have fully-plastic adhesive
throughout the entire joint. Any adhesive plasticity is frequently confined
to the end(s) of the step(s). Therefore, in performing an elastic-plastic
analysis of a stepped-lap joint, it is necessary to be able to compute the
extent of the plastic zones. Therefore, beginning at the left hand end of
the step element shown in Figure 8 and assuming a sufficiently high load in-
tensity for the adhesive to be in the plastic state, the first computation is
that of the maximum possible extent of the plastic zone. This is then com-
pared with the actual extent of the step. If necessary, a second computation
is performed of the maximum possible extent of the elastic trough in that same
step. Starting from equation (77) with y = Yoop 3L x =0,

A2 ,

Y = Q—G-'rpx2+Cx+Yref (8])
where the constant c is given by equation (80). It is necessary to find the
lesser value of x for which y = v,. Equation (81) is re-arranged to read

A2t
—Lx 2+ 0ox + (y
og P P

-y ) = 0 (82)

ref e

so that the maximum extent of plastic adhesive zone is given by

y.) . (83)

= ~C*+ 2 _ 2 -
x ¢z JC 2A Ye('Yref e

D

Now, since C = dy/dx < 0 at x = 0 the minus sign in front of the radical holds.
Once Xp has been computed, it is compared with the step length lstep' If *p
tep’ that particular step is fully-plastic throughout and the values of the
various quantities at the far end of the step are evaluated from equations (73)
to (80). Should X be less than Rstep’ the difference is examined elastically,
to see whether it remains elastic throughout or becomes plastic again at the
far end. For Xp < zstep, the values of the various stresses, strains,

> 2
s

32



displacements and forces are evaluated in terms of equations (73) to (79) and
the subscripts pe serve to identify the plastic-to-elastic transition. Like-
wise ep identifies the possible elastic-to-plastic transition at the far end
of the joint. It is necessary that dy/dx be maintained at these transitions,
as is evident from equation (75). The maximum possible extent of elastic
trough must be deduced from equation (65). In doing so, it is mathematically
far simpler to shift the x origin to the middle of the elastic trough (of
extent 2xe) so that

T = Tpcosh(}\x) / cosh()\xe) (84)

At the pe transition (x = —xe) equation (62) requires that

dr G[ T, T
—_ = 2. —2% 4 (a. - a )AT = - T A tanh()\xe) (85)
dx nlE.t, Et o0 p
ii o0 pe
so that the elastic trough could extend, if zstep were great enough, a distance
1 1 T, T
2 x = tanh™{ - = _ —2 4 (o, - a )AT . (86)
e 1 @]
Any LE,t, Et
e i1 oo pe

By use of known formulas for hyperbolic functions in terms of exporentials and
the interrelation between exponential and logarithmic functions, the solution
(85) is more conveniently expressed as

1 [T, T
1 - L _—2 4 (a. - a )AT
1 LBt Bt o0 1o
2xe = — 2&n - . (87)
A 1 [T, T
1+ L _ % 4 (a. - a )AT
any |E.t. E ot o
e i i 00 pe

In the event that X does not extend beyond the far (right hand) end of the
step being analyzed, it is necessary to compute the load transferred between
the adherends throughout the elastic trough. In doing so, it is quite simple
to take the value of 2x_ from equation (87) and substitute it back into equa-
tions (65) to (72) for the standard elastic analysis of the preceding section.
Should the elastic trough not extend to the far end of the step under analysis,
equations (73) to (80) are employed for the plastic zone to the end of the
step.
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Equation (77) now becomes

A21
Y:—Bx2+Cx+y (88)
2G P
with
T = T for x > X (89)
P €p

The constant ¢ in equation (88) is evaluated in terms of equation (75)

dy
cC = —
dx

[ T, T
= —[——1—_ © +(a, - a )AT] . (90)
ep n Eiti Eoto * ° ep
In the last steps of the joint at the far end, the adhesive may be fully plas-
tic throughout in which case, in equation (87), Yep should be replaced by
Ypor® Likewise, in those steps, near the middle of the joint, in which the
adhesive shear strains are so small as not to reach the plastic state at either
end of the step, the step will be elastic throughout and equations (65) to (72)
are employed in the analysis. Towards the far end of the joint there may be a
step which starts elastically and becomes plastic. In this case the actual ex-
tent of elastic behavior is determined by iteration, using equations (65) to
(72) with a cut off (either positive or negative) on the shear stress.

If it should transpire that, at the end of the step, vy exceeds (ye + yp) or

T, or T exceed their respective allowables, this does not cause any analytical
difficulty. An iterative procedure is employed in the analysis to reduce the
external load and initial adhesive strain whenever necessary. While this does
not represent any analytical difficulty, one should recognize that exceeding
the allowables on an inner step can occur only as the result of poor detail
design. The improvement of such details can increase the potential joint
strength.

No new numerical difficulties were encountered in the program listed in
Appendix A5 for the elastic-plastic analysis of stepped-lap joints which did
not have a direct counterpart in the perfectly elastic analysis. However, the
logic associated with keeping track of the locations of the transitions between
elastic and plastic adhesive behavior, and vice versa, as they moved with each
successive iteration posed a formidable problem. One small computational
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problem was that, if the load estimate at some early stage in the iteration
sequence was too far removed from the correct value, the computer would pre-
dict physically unrealizable large negative shear strains in the adhesive. A
special set of instructions was prepared for this quirk.

The computer program, as basically written, checks simultaneously for the
allowable adherend and adhesive strengths at the most critical locations in
each step. Since stepped-lap joints are frequently more critical in the ad-
herend than in the adhesive, a special feature has been added to increase
greatly all adherend strengths artificially in order to print out also the
potential adhesive bond strength and confirm that it exceeds the adherend
strength by an adequate margin.

The analysis above is presented for the case of tensile lap shear loads being
positive and the sign convention is in accordance. The computer programs have
been so coded that, by a single input for the variable SGNLD, the respective
solutions for tensile shear loading (SGNLD = +1) and compressive shear loading
(SGNLD = -1) can be printed out. In the event that there are simultaneous
stiffness and thermal mismatches between the adherends, the joint strength will
not be the same for each load sense. Such a situation is common in the bonding
of titanium edge members to boron-epoxy panels.
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7. DISCUSSION OF DESIGN OF STEPPED-LAP JOINTS

The digital computer programs developed above to analyze stepped-Tap joints

can serve also as a useful design tool. Three clear dominant joint character-
jstics have been confirmed by studies with this program. The first is that

the joint Toad capacity is defined by the end three steps at the more critical
end of the joint. If other steps have a significant influence it will be ad-
verse and be due to poor design detailing. The second is that, once the joint
is essentially well-designed, quite major changes can be made to other than the
critical end three steps without any significant impact on the joint strength.
Third is that, in a well-designed joint, it is the very end step that 1s like-
1y to precipitate joint failure unless its length 1s restricted in the design
process. The necessary restriction is that the product of maximum adhesive
shear stress and total bond area on the end step must not exceed the product

of adherend materiél allowable and, cross section of the end step. Consequent-
1y, a ductile adhesive with higher strain energy provides stronger joints than
a brittle adhesive with higher peak stress but less strain energy. It should
be noted also that minimizing adherend stiffness imbalance increases the poten-
tial bond shear strength.

Mathematically speaking, the stepped-lap family of joints represent perturba-
tions about the scarf joint solution. These perturbations become progressively
greater as the number of steps decreases until the stepped-lap solution reduces
to a single-lap joint for one step. Stepped-lap joints with only two or three
steps are usually confined to thin adherends for which the potential bond shear
strength is far in excess of the adherend(s) strength. In such cases the added
strain concentrations in the bond due to the step discontinuities are not very
important. Most applications of stepped-1ap joints contain a large number of
steps and, with a ductile adhesive softening the most severe of the adhesive
stress spikes, the behavior very closely approaches that of the scarf joint.
For this reason, preliminary design of practical stepped-lap joints by means

of the scarf joint solution appears to be quite realistic. In doing so, how-
ever, one should exercise caution with regard to the critical end step of the
adherend. The stepped-lap joint analysis, and practical experience, have iden-
tified the end step of the stiffer adherend as a prime candidate for the most
critical design detail. If the extensional modulus of a composite adherend is
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significantly less than that of a metal adherend to which it is bonded, most
of the shear load transfer will be concentrated at the composite end of the
joint with the probable result that tip fracture of the stiffer adherend will
occur. One simple remedy to this potential difficulty is to be found in the
concept of the dual-slope scarf joint illustrated in the upper part of Figure
9. In this joint, in order to protect the tip of the adherend, the scarf
angle 8, is set to exceed

R =1 /F (9])

min P u

in which Ty js the peak adhesive shear stress and F, is the appropriate adher-
end allowable stress in tension, compression, or shear as dictated by the
nature of the applied load. The next step in the preliminary design process
is to estimate the total scarf length necessary to effect the transfer of the
entire load P. A reasonable approximation to this is given by the approxim-

ation
T Eq1t,
p=(&) g = T 2 (92)
T P Esto p

P
for the asymptotic scarf joint solution for very long overlaps, whence

. = i[Eztz] , (93)

T |Eyt
pll

The optimum location of the transition from scarf angle 6, to 6, can then be
determined by trial and error using the stepped-lap joint computer program
developed in Section 6. As a preliminary guide, it is suggested that one third
of the total thickness be tried. The conversion of this conceptual scarf joint
design into a practical stepped-lap joint is illustrated schematically in the
Tower part of Figure 9. It should be noted that the steps are thinner in the
more critical load transfer region, and at the extreme opposite end for a
single step to minimize potential peel stress problems. Normally peel stresses
will not be a problem with stepped-lap joints for practical design configur-
ations but the double-lap joint analysis can serve as a check if appropriate.
The larger step sizes in the lightly loaded area effect an economy of fabric-
ation which offsets the greater expense of proper detailing in the more crit-
ical areas.
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For reasons evident from the discussion above, the dual-slope scarf joint has
merits in its own right as well as for a model for approximate stepped-lap
Joint analysis. The steepening of the scarf angle at one end is particularly
important for the brittle adhesives for which Tp is much higher than for the
ductile adhesives. This greater importance follows from equation (91).

One characteristic of the internal stress distribution within stepped-1ap

bonded joints is directly traceable to double-lap joint phenomena and has no
counterpart in scarf joint behavior. This characteristic is that, once each

or any step is sufficiently long to contain a fully-developed elastic trough

in the adhesive shear-stress distribution, an increase in that step length does
not alter the joint shear strength. Indeed, as confirmed by application of the
computer programs A4EF and A4EG, the internal adherend and adhesive stresses

at the ends of each and every step are invariant with respect to such step
length increases, whether one, some, or all of the step lengths are increased.
That this should be so follows directly from the governing equations for each
step of the joint. These are precisely the same as for an unbalanced double-lap
joint, the shear strength of which is independent of overlap beyond some value.
The impact of this phenomenon on the design of stepped-lap bonded joints is
that, if analysis indicates inadequate bond strength and the overlap is already
reasonably great, no further increase in step lengths can accomplish an improve-
ment in joint strength. It is necessary to increase the number of steps and
decrease the incremental step thickness.

The technique of refining the preliminary analysis developed by the rules above
is as follows. An analysis is performed, and the 1imiting (critical) detail
identified. If this is the strength of the end step of the stiffer adherend,
the appropriate procedure is to decrease this length and increase the length
of the other steps. A halving of the step thickness increment and doubling of
the number of steps at the more critical end of the joint will also help. This
situation can be identified by a solution in which the maximum adhesive shear
strain developed is less than the allowable. In rare instances it may not be
the very end but one or two steps inside which are critical. The procedure

for improving the joint strength is the same. Reduce the length of the criti-
cal steps and increase the others. In doing so, it should be remembered that
any fully-elastic step will not transfer much more load even if its length is
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increased. Furthermore, if the adhesive shear stresses at each end of the

step are less than their plastic value, increasing the step length indefinitely
will not introduce a plastic zone. If the adhesive shear strain is predicted

to be the Timiting feature rather than the adherend strength, the joint strength
may be improved by increasing the number of joint steps. In doing so, steps at
one end of the joint will tend to become critical and length increases in the
remaining (elastic) steps will continue to increase the joint strength, but at

a decreasing rate. The behavior of bonded scarf joints (Figure 6) serves to
explain this approach. Since the average bond stress on a scarf joint approach-
es a fixed fraction of the maximum bond shear stress, an overlap sufficiently
long can always be found to develop a potential strength 50 percent in excess

of the adherend strength. The only inherent difficulty in this approach is the
care needed not to exceed the adherend allowables near the more critical end of
the joint. One may look upon an optimally designed stepped-lap joint as an
approximation to a dual slope scarf joint with a small angle at the less criti-
cal end to build up the total load transferred and a steeper angle (still

small) at the more critical end to prevent breaking off the tip of the adherend.

In the presence of adherend thermal mismatch (advanced composite-to-metal for
example), a reversal of load direction can reverse the more critical and less
critical ends of the joint. Therefore it is necessary in such cases to design
for both the maximum tensile shear and compressive shear loads to be applied.

Figures 10 to 12 illustrate solutions obtained to stepped-lap bonded joint
analyses using the computer programs above. The joint is drawn to scale in
Figures 10 and 11 and the material properties can be found in the sample
printout included in the Appendix. The brittle and ductile adhesives referred
to are, respectively, Narmco Metlbond 329 and Hysol EA951 which have the shear
characteristics illustrated in Figure 13. The elastic solutions in Figure 10
show dramatically the sharp spikes in the shear stress distribution at the ends
of each step. These spikes, separated by relatively 1ightly-loaded troughs,
represent the influence of the uniform thickness steps. It is evident also
from Figure 10 that the ductile adhesive, with its lower modulus and higher
elastic shear strain carries slightly more load elastically than does the
brittle adhesive, Figures 10 to 12 omit the influence of thermal mismatch be-
tween adherends and, had this been included, the elastic strength disparity in

40



Figure 10 would have been very pronounced in favor of the ductile adhesive for
a tensile shear loading. Figure 11 shows the computed bond shear stress dis-
tributions, corresponding with Figure 10, when the adhesive properties are
modified to account for plasticity. As is to be expected from the adhesive
characteristics in Figure 13, this modification does not increase the joint
strength of the brittle adhesive sufficiently for the bond to be stronger than
the weaker adherend. The ductile adhesive, on the other hand, is computed to
have a potential bond strength nearly as great as the strength of the titanium
outside the joint. Actually, by the time the adhesive has used up only 15
percent of its total shear strain capacity, the load level is so high as to
cause the end (thin) titanium step to yield, as shown in the middle illustra-
tion of Figure 11. The ductile adhesive has a considerable strength margin
over the composite adherend. Figure 12 demonstrates how the theory identifies
the end metal step as being prone to fatigue failure, even though the end step
had been shortened to alleviate the problem. In the static load case the
theory predicts that, once the titanium has yielded locally, as shown in the
second illustration of Figure 12, the load level will increase until failure
occurs in the composite at the end of the joint, as shown in the fourth illustra-
tion. Figures 11 and 12 depict only the most critical conditions within each
step because the computer program does not normally output a continuous solu-
tion. The adhesive shear stress distribution throughout the 1lightly loaded
regions is not crucial to the design/analysis cycle. For illustrative purposes
one can easily artificially divide each step into a number of short segments
in order to avoid adding another computation sequence to the programs. This
has been demonstrated to be free from convergence problems (as confirmed by
Figure 10) but, naturally, takes more computer time.

The following table enumerates a number of solutions obtained with the stepped-
lap joint computer programs above. The effects of thermal stresses are includ-
ed, as also is the influence of the direction of the applied load. Of interest
js the way in which the adherend thermal and stiffness imbalances compound to
decrease the joint strengths for tensile loading while they counteract each
other for the compressive loading. The failure modes predicted are identified
by the comment codes 1 through 5 which are explained at the foot of the table.
A11 cases except those for optimized step lengths have the joint geometry

shown in Figure 10. In optimizing the joint proportions, the computer program
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STRENGTHS OF STEPPED-LAP ADHESIVE-BONDED JOINTS

JOINTS OF TITANIUM TO ISOTROPIC HTS GRAPHITE - EPOXY

TITANIUM 0,25 IN, THICK

GRAPHITE - EPOXY 0,264 IN, THICK

FAILURE LOADS (LBS/INCH)

)

COMMENTS

3

3

AT 0 _280°F -280°F OPTIMIZED STEP LENGTHS ~400°F —400%F
TENSION & -280°F -280°F
ADHESIVE TENSION  [COMPRESSION
COMPRESSION TENSION  [cOmPRessiON| TENSION  |COMPRESSION
EPON 95]
PURELY-ELASTIC 7829 4927 10730 4367 9990 3683 9203
ELASTIC-PLASTIC 14430 11866 16997 18180 18182 10769 17821
POTENTIAL
BOND STRENGTH 28362 26099 30569 23257 27299 25123 45000
COMMENTS I, 2 I, 2 I, 4 5 5 I, 2 1,2
METLBOND 329
PURELY - ELASTIC 6764 3812 8552 2547 6152
ELASTIC - PLASTIC 13505 10555 16457 9290 17720

COMMENT LEGEND :

TITANIUM YIELDS ON END (THIN) STEP

FAILURE IN COMPOSITE OUTSIDE JOINT AT 8216 LB/IN,

FAILURE IN COMPOSITE ONE STEP IN FROM TITANIUM END OF JOINT
FAILURE IN COMPOSITE ONE STEP IN FROM COMPOSITE END
AT = OPERATING TEMPERATURE - CURE TEMPERATURE OF ADHESIVE

|
2
3. FAILURE IN ADHESIVE AT COMPOSITE END OF JOINT
4
5

was used to identify the most critical location and the step lengths were
modified by hand for re-analysis until the minimum tensile and compressive

joint strengths matched the composite adherend strength.

This took only two

jterations to achieve the results shown and this feature is one af the more
beneficial merits of the complete internal joint analysis.

Figure 14 illustrates the bond shear stress distributions for both ductile and

brittle adhes

ives.

lengths, at left, and that with optimized lengths, at right.
elastic joint strength is incurred by shortening the end steps (and some of
this could be recovered by increasing the lengths of the other steps to com-
pensate) but the problem of yielding the end titanium step has been eliminated
It is interesting to observe that the brittle adhe-

for the ductile adhesive.
sive had insufficient strain energy in shear for the problem to arise.

A comparison is effected between a joint of uniform step

A small loss in

Another

important phenomenon revealed is that the ductile adhesive uses up only about
a third of its ultimate shear strain capacity in breaking the composite adher-

end just outside the joint.
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stress concentration due to irregularities in load intensity or bond thickness
across the width of the joint. Because of these ever-present considerations,
the brittle adhesive should not be expected to develop the full predicted
joint strength over each inch of a wide panel. Failure would be initiated by
a local effect and then be propagated rapidly.

Figure 14 omits consideration of thermal effects in order not to complicate
the comparisons made. Figure 15 includes these effects for both tensile and
compressive shear loading with the ductile adhesive. This figure compares the
performance of the preliminary design (Figures 10 and 11) with the optimized
design. Improvements in ultimate compressive strength and tensile fatigue
load capacity are demonstrated.
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8. CONCLUSION

This report presents elastic and elastic-plastic analysis methods for adhesive-
bonded scarf and stepped-lap joints. The solutions obtained are analytic in
form and the necessary digital computer FORTRAN IV programs are listed in the
Appendices. These solutions are believed to be the first for such joints which
account for adhesive plasticity. They include also the effects of adherend
stiffness- and thermal-mismatch. While the precise solutions require iterative
numerical solutions, explicit algebraic formulas are derived for a close lower-
bound on the strength of scarf joints. The dominant characteristic of scarf
joints is that, for long overlaps, the average bond stress asymptotes towards

a fixed fraction of the peak bond stress, that fraction equalling the lesser
ratio of adherend extensional stiffnesses. Unlike uniform lap joints, which
reach a definite strength 1imit which cannot be exceeded by using longer over-
Taps, the potential bond strength of scarf joints increases indefinitely with
overlap so that a design can always be devised in which the failure is forced
to occur outside the joint. In using this approach, however, it is necessary
also to check on the adherend stresses at the tip of the stiffer adherend to
ensure that the scarf angle is not too small. Stepped-lap joints exhibit some
characteristics of both the scarf joint and uniform double-lap joints. Those
steps near the middle of a stepped-lap joint carry significantly more load than
that transferred in the corresponding area of a uniform lap joint but the load
so transferred is usually not a major contribution. Most of the load transfer
is effected through the end three steps at one or both ends of the joint,
depending on the nature of the adherend imbalances and the direction of the
Toad. Within each step, since the governing equations are precisely the same

as for an unbalanced double-lap joint, it is found that no further load can be
transferred once the overlap has exceeded a determinable value. In other words,
unlike scarf joints, the potential shear strength of stepped-lap joints cannot
be increased indefinitely by increasing the overlap(s). The appropriate
procedure is to employ more steps of finer thickness increments in order to
augment the load capacity. Because scarf and stepped-lap joints can efficiently
transfer load between thicker adherends than is possible with uniform double-Tlap
Joints, the latter are restricted to thinner sections in practical applications.

The inclusion of adhesive plasticity in the analysis has a marked effect on the
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strength predictions. On the other hand, the elastic adhesive stresses play a
far more important role in the behavior of scarf and stepped-lap joints than
they do for uniform lap joints. The inclusion in the analyses of thermal mis-
match effects permits their application to the bonding of titanium to the
advanced composite laminates and explains how the joint strength changes with
the load direction in such a situation.

The elastic-plastic analysis of the internal stresses within stepped-lap bonded
joints provides sufficient information for the joint proportions to be optim-
ized. Analyses should be performed for each load direction and at the extremes
of the environmental temperature range, taking due account of material property
changes with temperature, in the optimization sequence.
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FIGURE 15, OPTIMIZATION OF DETAILS IN STEPPED-LAP BONDED JOINTS
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APPENDICES
A.1 Computer Program A4EC For Elastic Strength of Bonded Scarf Joints

The FORTRAN IV digital computer program associated with the analysis in Section
2 is listed below. This program has been checked out thoroughly and sample
solutions are illustrated in Section 4. Only shear stresses are considered,
with the peel stresses neglected in accordance with the very small scarf angles
used in practice. As discussed in Section 2, there are severe convergence
problems associated with the series solution to this problem. While the aver-
age shear stresses computed are considered very reliable, no computation se-
quence for the stress distribution was found which was considered sufficiently
accurate over the far end of the joint (x/& = 1). The peak shear stress is
Tocated correctly by program A4EC at one end or other of the overlap. The only
real need for a shear stress distribution is as an intermediate step in the
computation of the internal adherend stresses. Since the convergence of the
series was enhanced greatly by prior integration into the contributions to the
average shear stress, it is recommended that any attempt to pursue the adherend
stress distribution should proceed along similar lines. The adhesive shear
stress distribution series can be integrated mathematically so that a more
tractable series solution is obtained for the adherend stresses. The first

two terms follow from the average shear stress solution and the subsequent

ones would derive from recurrence formulae. The condition under which a need
for such information could arise is the possible breaking off of the thin tip
of the stiffer adherend for a very small scarf angle. Such a situation is un-
likely for perfectly elastic adhesives because the shear stress drops off very
rapidly away from the ends. A simpler procedure is available for the elastic-
plastic adhesive.

The format of the input data necessary to operate the A4EC computer program is
as follows:

CARD 1:
FORMAT (415)
IMAX = Number of thermal mismatch coefficients. IMAX .LE. 20.
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JMAX

Number of non-dimensionalized overlaps. JMAX .LE. 4Q.

(Note that this is one more than the number of overlaps to be read
in. The limiting case of OL(1)=0 is set by the program.)

Number of adherend stiffness imbalances. KMAX .LE. 10.

(Note that this controls the number of columns of answers printed
across the page and cannot be increased indefinitely.)

Number of terms in power series. 10 .LE. NMAX .LE. 50.

(Note NMAX = 20 is recommended.)

KMAX

NMAX

CARDS 2, 2A, 2B, etc.:

FORMAT (12F6.2)

OL(J)= Non-dimensionalized overlaps. Number restricted to 40 by dimension
statement. (Note that OL(J) must be read in in ascending order and
that OL(2), which is the first entry on card 2, must not exceed 0.5
because of internal computations. OL(1) = 0 is set by program as
limiting case.) Values of OL(J) exceeding 50 are impractically
large.

CARDS 3, 3A, 3B, etc.:

FORMAT (10F5.2)

ETR(K)=Adherend stiffness ratios (E;t;)/(E,t,). Number restricted to 10
by dimension statement. (Subscripts 1 and 2 must be identified so
that 0 .LT. ETR .LE. 1. Array should be read in in ascending or
descending order.)

CARDS 4, 4A, 4B, etc.:

FORMAT (10F7.3)

CTHERM(I) = Adherend thermal mismatch coefficients in non-dimensionalized
form. Number restricted to 20 by dimension statement. (Note that
equal and opposite values must be read in consecutively to account
for the difference between tensile and compressive application of
the shear load. Values of up to 5 are sufficient for the avail-
able range of adhesives. Greater values are usually associated
with failure of the joint under residual thermal stresses alone.)
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The complete listing follows, along with sample output pages. The output tables
come in pairs with the ratio of the average to maximum adhesive shear stress
(Tav/Tp) and the non-dimensionalized joint strength (Tav/rp)(xz) as functions
of the adherend extensional stiffness ratio ETR = E;t,/Ept, £ 1 horizontally and
. . . . G{ 1 1
- ’ AL = ol PR
the non-dimensionalized joint overlap ‘[;(E1t1 + Bty

Each table is prepared for a single value of thermal mismatch coefficient
(ap - ap )ATA
CTHERM = T and equal and opposite values are treated in

1, 1
turn to cover both tensile and compressive shear loadings.

)12 vertically.
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A.2 Computer Program A4ED For Lower Bound Elastic-Plastic Strength of Bonded
Scarf Joints
This FORTRAN IV digital computer program covers a simple efficient approximate
solution for the elastic-plastic strength of most bonded scarf joints of prac-
tical proportions and materials. Its development was needed as a sufficiently
close starting point for convergence to proceed in the more precise program
AQEE. It transpired, on examination of the equivalent results computed by A4EE
that the quicker computations of A4ED were satisfactory as final answers pro-
vided that (1) and adhesive non-linear behavior was not negligible, i.e., that
YP/Ye > 0.5, (2) the thermal mismatch coefficient is not too high, i.e., that
CTHERM < 2, and (3) that the stiffness mismatch between adherends be not too
great, i.e., that 0.2 £ ETR £ 1,

The input data for program A4ED is precisely the same as for program A4EE with

the exception that Yp/ye for the adhesive cannot be equal to zero for A4EE.

In other words, perfectly elastic adhesive behavior must be excluded from A4EE.
On the other hand, the values computed by A4ED for zero adhesive plasticity are
unduly conservative.

A Tisting of the program and sample outputs follow.
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A.3 Computer Program A4EE For Elastic-Plastic Strength of Bonded Scarf Joints

This FORTRAN IV digital computer program provides for the precise series solu-
tion for the average shear stress on bonded scarf joints with small scarf
angles. It accounts for adherend stiffness and thermal imbalance as well as
adhesive plasticity. The governing analysis is presented in Sections 3 and 4.
This program A4EE will not handle perfectly elastic adhesives for which the
program A4EC was developed. Severe convergence difficulties were encountered

in the development of the numerical program. This contributed to the omission
of a solution for the adherend and adhesive shear stress distributions. Whether
or not the adherend allowable stresses are exceeded can be determined simply by
evaluating the ratio of the adhesive peak shear stress to the adherend allowable
direct stress. If this ratio exceeds the tangent of the scarf angle, the scarf
angle is too small and the tip will either break off or be yielded depending on
the nature of the adherend material.

The input data required to operate program A4EE is as follows.
CARD 1:

FORMAT (515)
IMAX = Number of thermal mismatch coefficients. IMAX .LE. 20Q.

JMAX = Number of non-dimensionalized overlaps. JMAX .LE. 40.
(Note that this is one more than the number of overlaps to be read
in. The Timiting case of OL(1)=0 is set by the program.)

KMAX = Number of adherend stiffness imbalances. KMAX .LE. 10.
(Note that this controls the number of answers printed across the
page and cannot be increased indefinitely for a single pass through
the program.)

LMAX = Number of plastic-to-elastic adhesive shear strain ratios.
LMAX .LE. 20.

NMAX = Number of terms in power series. 10 .LE. NMAX .LE. 50.

(Note NMAX = 20 is recommended.)
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CARDS 2, 2A, 2B, etc.:

FORMAT (12F6.2)

OL(J) = Non-dimensionalized overlaps. Number restricted to 40 by dimen-
sion statement. (Note that OL(J) must be read in in ascending
order and that OL(2), which is the first entry on card 2, must
not exceed 0.5 because of internal computations. OL(1) = 0 is
set by the program as a limiting case.) Values of OL(J) exceed-
ing 50 are impractically large.

CARDS 3, 3A, 3B, etc.:
FORMAT (10F5.2)
ETR(K) = Adherend stiffness ratios (E;ty)/(Est,).
Number of values restricted to 10 by dimension statement.
(Subscripts 1 and 2 must be identified such that 0 < ETR(K) < 1.
Array should be read in in ascending or descending order.)

CARDS 4, 4A, 4B, etc.:

FORMAT (10F7.3)

CTHERM(I) = Adherend thermal mismatch coefficients in non-dimensionalized
form. Number restricted to 20 by dimension statement. (Note
that equal and opposite values must be read in consecutively
to account for the difference between tensile and compressive
application of the shear load. Values up to 5 are suffi-
cient for the available range of adhesives and adherends.
Greater values are usually associated with failure of the
joint under residual thermal stresses alone.)

CARDS 5, 5A, 5B, etc.:

FORMAT (14F5.2)

GPOVGE(L) = Ratio of adhesive plastic-to-elastic strain ratios. Number of
entries restricted to 20 by dimension statement. (Value of
zero, for elastic case, is rejected by program A4EE to prevent
breakdown of the computational sequence, but accepted by
A4ED.)
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A complete listing and sample outputs follow. The output tables come in pairs
with the ratio of the average to maximum adhesive shear stress (Tav/rp) and the
non-dimensionalized joint strength (Tav/rp)(xz) as functions of the adherend
extensional stiffness ratio ETR = Et;/Ept, < 1 horizontally and the non-

dimensionalized joint overlap A = ‘[9( i, —JL—)QZ vertically. Each table
n E]_'bl Eoto

is prepared for a single value of thermal mismatch coefficient

(0.2 - a1 )ATK
CTHERM = 0 I and equal and opposite values are treated in turn to
- —_
P(Eltl Eztz)

cover both tensile and compressive shear loadings. Each table is prepared for
a single value of the plastic-to-elastic adhesive shear strain ratio yp/ye.

The quantity TRANSL listed at the foot of each column of the non-dimension-
alized strength table defines the transitional overlap at which the adhesive
behavior changes from fully-plastic to elastic-plastic.
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A.4 Computer Program A4EF For Elastic Strength of Stepped-Lap Bonded Joints

The analysis in Section 5 has been prepared as the FORTRAN IV digital computer
program A4EF. The program computes the elastic joint strength of any stepped-
lap bonded joint and prints out the most critical adherend and adhesive stresses
for each step of the joint. In order to obtain a more complete internal stress
distribution, each step can be subdivided and a series of shorter steps input
instead. The input data is printed out to supplement the solution output.
Eccentricities are excluded from the joint and a symmetric two-sided bonded
joint is analyzed in which the thicknesses of the two outer adherends are

Tumped together in evaluating the joint strengths. The reason for this is the
greater utiTization of the back-to-back stepped-lap joint than of the single-
sided joint. A single-sided joint can be analyzed with this program in one of
two ways. One can add a mirror image of the actual joint and halve the strength
predicted for this joint of twice the actual thickness and twice the bond area
or one can change certain factors of 2, identified in the 1isting, to 1 for
single-sided joints. The program accounts for arbitrary combinations of adher-
end stiffness and thermal imbalances as well as non-uniform step thickness
increments and step lengths. It has been used successfully in optimizing the
joint proportions in order to maximize the joint strength.

A complete listing of the program A4EF follows after the input and output have
been described.

CARD 1;
FORMAT (12)

M = Number of configurations (each requiring a complete set of data)
to be solved.

CARDS 2, 2A:
FORMAT (8F10.3)
TAUMAX = rp = Peak adhesive shear stress.
G = Elastic adhesive shear modulus.
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GAMMAX =y, * Yy = Maximum adhesive shear strain. (This may be set
less than v, to cover partial loads.)
GAMMAE = Y T Elastic adhesive shear strain.
ETA = n = Bond line thickness.
ALPHAQ =a, = Coefficient of thermal expansion of outer adherend.
ALPHA1 =, = Coefficient of thermal expansion of inner adherend.
DELTMP = AT = Toperating - Tstress—free - Toperating - Tcure
= Temperature differential.

SGNLD = +1 for tensile shear load, and

= -1 for compressive shear load.
ANSTEP = Number of steps in the joint. This serves to control the

number of adherend property cards read in.

CARDS 3, 3A, 3B, ..etc.., 3(N = ANSTEP+ 1)
FORMAT (7F10.3)

THICKO(N) = Sum of thicknesses of outer adherends for nth step.
THICKI(N) = Thickness of nth step of inner adherend.

STEPL(N) = Length of nth step.

ETOTR(N) = Net extensional stiffness of outer adherends at nth step.
ETINR(N) = Extensional stiffness of inner adherend at nth step.
STROTR(N) = Net strength of outer adherends at nth step.

STRINR(N) = Strength of inner adherend at nth step.

94



The output is in tabular form with one row devoted to each step or step por-
tion. Those entries not defined in the input description above are: TAU the
adhesive shear stress, GAMMA the adhesive shear strain, DELTAO the displacement
of the outer adherends, DELTAI the displacement of the inner adherend, with
TOUTER and TINNER being the loads (ot) in the outer and inner adherends,
respectively.

The more accurate solution is obtained by starting the iterative solution from
the more critically loaded end. Therefore, in those cases in which the a priori
jdentification of the more critical end is not possible, the program outputs
solutions from each end, and the secgnd one is to be preferred. Such cases have
been run and the computational procedure in double precision has been shown to
be sufficiently accurate from either end. The need for this higher precision

on IBM computers arises from the precision loss throughout the nested do Toops
in the iteration sequence. The greater number of significant digits employed
by CDC machines has been found to obviate the need for this and the program

can be modified to single-precision operation on CDC machines in a straight-
forward manner.
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A.5 Computer Program A4EG For Elastic-Plastic Strength of Stepped-Lap Bonded
Joints

The elastic-plastic strength of stepped-lap joints is covered by the analysis
in Section 6. The digital computer program A4EG has been prepared as a design
tool for the analysis of such joints. By printing out detailed internal
stresses, the program can serve to aid in design improvement by changing the
joint proportions in such a manner as to reduce the load transfer in the more
critical regions and to increase it in those less severely loaded areas.

In addition to those features of the elastic solution A4EF, this elastic-
plastic program A4EG seeks the existence and extent of any plastic adhesive
zones within any step or step portion. The convergence of the nested itera-
tive do loops is complicated by the addition of an extra loop accounting for
the maximum adhesive shear strain. This is only rarely a known quantity for
ductile adhesives because the end step of the stiffer adherend is usually the
most critical detail.

A complete listing of the program A4EG follows. Precisely the same input data
is used as for program A4EF and the output format is the same except inasmuch
as A4EG prints out separate elagtic and elastic-plastic solutions.
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1 60 TN 740

1€ € (RSCALE LY. 049999
n0 TN 750

1 !
[F NEITHER NF THESF CHEFKS

+AND,
IS MFT,

(PRAMAX L
SCLUTION HA

9
DEITEDATE
SAMMA (L)
ToyYEP{Y)
2

TrAMMAL])
TAUTER( 1)

750 GAMLWP
TLOWER
JOCHErK

760 CONTINUF

JE PRAGRAM HNES DAST THIS CANTTINIIE CTATEMEMT,
WPTTE (6,320)

Q

2

<4

3

< 3
Wi Ii

o

PRINT QUT OEGII TS NF SLASTIC=-0LASTYIC rNMDYTALIN
770 WPTITE (6,7R0) TNUYTEL(1), GAMMAX, SHNLD, NE
780 FNRMAT (1H1/, S(140/),
1 47H SLACSTIC-PLASTIC JNINT STRFENGTH, DLNA
2 43K ALLNYAAR| £ ANHESTVE SHFAR STOATN, GAM
3 1H 4, BHSOGNLD = , F4,1, 54H SGNLD = +1
4 FOR COMDIESSTVFE/, 364 TEMDEODATUPE QIFEERE
S5y _lH 4 5X, 14N, 2X, SHSTEPL, IX., 6HTHICKN
6  AHTAU, 4%, SH5AMMA, 1X, 6HNELTAN, 1X, 6&H
7  5X, 6HSTROTR, 5%, 6YTINMFR, S5¥, AHSTRINP
DN 800 N = 1, MCHECK
WOITF (6,790) Ny, STEO(N), THCKNI(N), THCKN
1 NELTAN(NY, DELTALI(MY, TNUTED(N), STR;GTP
2)
790 FNRVMAT (14 4 4X, 12y 11X, Fbaeb4y 1Xy Fh.4, 1
1L F6.3y 1Y, Fb.4y 1X, Fbe4, 1X,y FID.1, 1X,
2 F10.1)
80N CONTINUE
IF (XADHSY ,FQ, 1) 610 TN 820
{F (DPSCALE LT, PGAMAX) GNP TD 820
1€ NONT, COMPHTE POTENTIAL RIND STRENATH NF ANKH
KADHSY = ]
no 810 K = ], MSTEDS
STPNTR(K) = 10001720200000000000009,
R1N STRINR{K} = 10000020000970000090910,
G TN TH
820 COMTINIF
SThD
Fan

A4S57930

T. 0.9999) ) A45R79540
A4SG7950

S CONVERGEN.  PRINT NNT.B4EG7960
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A4Z17990

44558000

A4ERRO010

A4EGRA20

A4E3R030

A4SGR040
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A4S58060

FONVERGENCE HAS FATILED A4E58070
A4ERROBD

ALFGRNI0

NS A4EGR109D
L TMD A4ECRLLD
A4FG8L2D

N (LRS) = 4 "10.17, 4427130
MAX = . F6.3/, A4EGR150
£ TENSTLE SHFAR AND -144528150
NTIAL (RES £) = S6.1//84Z78160
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