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NOMENCLATURE®

Source strength coefficient

Slope of velocity profile in shear layer, dU/dz or dU/dr
(b/w)K; in Cartesian coordinates, or

(b/w)K in cylindrical coordinates

Speed of sound

First solution of ordinary differential equation in
shear layer :

Second (independent) solution

-1

Adiabatic constant for given z

wave number in x-direction (Cartesian coordinates)
Wave number in 'v-direction (Cartesian coordinates)
Wave number = 4k12+k22 (Cartesian coordinates);

wave number in axial direction (cvlindrical coordinates)

Reduced wave number in x-direction

k. /w' (Cartesian
coordinates) 1

Reduced wave number in y-direction kz/w' (Cartesian
coordinates)
Keduced wave number = k/w' = K12+K22 (Cartesian coordinates);

Reduced wave number in axial direction = k/w' (cylindrical
coordinates)

Mach number (based on jet temperature unless subscript a
appears)

an integer

an integer
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*The secondary symbols not appearing in this list are defined

where they are introduced in the analysis.
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NOMENCLATURE*

Source strength coefficient

Slope of velocity profile in shear laver, dU/dz or dU/dr
(b/w)K, in Cartesian coordinates, or

(b/w)X in cvlindrical coordinates

Speed of sound

First solution of ordinary differential equation in
shear layer

Second (independent) solution

RN

Va1
Adiabatic constant for given z

wave number in x-direction (Cartesian coordinates)
Wave number in y-direction (Cartesian coordinates)

wWave number = ck12+k22 (Cartesian coordinates);,

wave number in axial direction (cylindrical coordinates)

Reduced wave number in x-direction

kl/w' (Cartesian
coordinates)

Reduced wave number in y-direction

kz/w' (Cartesian
coordinates)

Reduced wave number = k/w' ='§K12+K22\(Cartesian coordinates);

Reduced wave number in axial direction = k/w' (cylindrical
coordinates) :

Mach number (based on jet temperature unless subscript a
appears)

an integer
an integer

Pressure
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*The secondary symbols not appearing in this 1list are defined

where they are introduced in the analysis.



R*
R

R.P.

t

u

pressure increment from acoustic waves
Mean-square pressure from acoustic waves
Radial cylindrical coordinate

Radial spherical coordinate = _'x22+y2+z2 = a;22+r2\
Hyperbolic radius =/fk2+(1-M52afi£2"

Gas constant:

Denotes "real part of"

Condensation

Strouhal number

Absolute temperature

Time

Axial velocity’

U(z) or U(r) defines jet velocity profile

v

w

*Lateral or tangential velocity

Normal or radial velocity

Streamwise coordinate (coordinates fixed in source)
Streamwise coordinate (coordinates fixed in gmbient air)
Lateral coordinate

Normal coordinate

Katio of jet temperature to ambient temperature
Ratio of specific heats
Half-width of uniform velocity region

- - . t(2a
w'(z-25) when z o Zg3 W (z-z,) when z  « 2z,
o' (r-r,) when r_:== rq; w' (r-ry) when r_ <7 r,

Angular position in far field measured from upstream jet
axis

Fluid density

vi



[ Velocity potential

v Angle about x-axis (cylindrical coordinates)
w Generating frequency
w' w/c

Subscripts

a refers to ambient

c refers to critical

3 refers to jet

s refers to source
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1. INTRODUCTION

Objectives

This analysis is not intended as a comprehensive theory
for the prediction of noise produced by turbulence in jets,
Instead we concentrate on one aspect of this complex problem,
the transmission of acoustical disturbances from the interior
of the jet through a shear layer and into the far field.”
These acoustical disturbances are generated by mathematically
defined point sources drifting with the local fluid. We ne-
glect temporarily the more difficult problem of identifving
these mathematical sources with the turbulence which they are
intended to represent,

The problem we have formulated can be treated with some
precision, and with comparatively few assumptions. In spite
of these simplifications the results obtained are often nof
predictable by simple intuitive ideas., This is in fact the
main advantage of such an approach, that, for those attempting
to construct more comprehensive theories of jet noise, it

should provide facts not intuitively evident,

Description of Model

The noise generator chosen is a sequence of transient
sources drifting with the local filuid. The jet (either two-

dimensional or C1rcu1ar cv11ndr1ca1) extends té infinity up-

-—-—_—-——-_----———----—--.—_--_-.—--—-—--__—__g-_-_—__--_——--..--_-

*This includes both "convection'" and ''refraction" effects

which are in general inseparable,
¢
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stream and downstream, with velocity profile independent of
streamwise position, Thus the large velocity gradients across
the jet are accounted for, and the smaller gradients in the
streamwise direction are neglected. It seems reasonable to
expect that the major refraction effects will be shown by such
a model.

In making this analysis we consider that turbulence ("self-
noise') is the only true originator of noise, and that ''shear
noise", being composed of linear terms, is a part of the trans-
mission process. |

It must be emphasized that this is not a stability anal-
ysis. We deal with a distribution of turbulence in the jet
which is essentially independent of time. This steady-state
situation is the ehd result of the action of instabilities.,

‘ we then attempt to find the effect of the jet mean velo-
city profile on the transmission of acoustic disturbances from
one element of turbulence through the jet and into the far
field. The scattering effect of other elements of turbulence
is neglected,

Although supersonic as well as subsonic jets can be
treated by the methods discussed in this report, the super§9nic
cases present some anomalous features which require more careful
study. The results given here are therefore confined to sub-

sonic jets.
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2. DHESCRIPTION QOF METHGDS

Generality of Methods™

All of the tasks outlined in this report have in common
certain necessarv steps and concepts. The noise may be gener-
ated by sources (i.e. monopole sources); dipoles or quadrupoles.
The noise generators may be on center, off center in a uniform
velocity region or, in some cases, in the shear 1ayér. Temper-
atures may be ambient or varying across the jet. The jet itself
may be two-dimensional or circular. Still, with only minor mod-
ifications certain basic ideas apply, and we review them briefly.

For convenience we will describe the jet as being two-~
dimensional. The velocity profile must be independent of
streamwise and lateral positions. For simplicity we will say
"source', and sbeak of a single (cbnstant velocity gradient)
shear layer 6n each side of it, but other singularities'can be

used, and more complicated shear layers can be treated.

The Source in a Jet

It is first assumed that the pulsating source is at rest
in a completely stationary homogeneous fluid of infinite ex-
tent. The origin of coordinates is fixed in the source, and
the conventional wave equation applies. The velocity potential
produced by the source is readily expressed as the double inte~
“‘gral of the-velocity potentials for all reduced wave numbers,

Ky and K2 in the x (streamwise) and y (lateral) directions,

*
See references 1-5..
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This corresponds to the decomposition of the source potential
into an infinite set of plane waves (and exponential disturb-
ances).

The source and some portion of the surrounding fluid at
rest must next be confined within a jet. From coordinates
fixed in the source this jet is seen as shear layers flowing
past on each side, and outside the shear layers the ambient
fluid flowing by at a fixed velocity. (See Fig. 1.) To ac-
complish this insertion of the source into the jet one must add
to its original velocity potential the potentials for upwarde-
moving and downward-moving waves reflected off the shear layers.

These two reflected wave amplitudes are as yet unknown,

The Shear Lavers and Ambient Air

In the shear layers the conventional wave equation does
not apply. The correct partial differential equation is de-
rived, and by assuming periodic solutions in the streamwise and
lateral directions an ordinary differential equation is obtained
in the coordinate normal to the shear layers. The ordinary
differential equation is solved by power series expansions -
about the singular point, and two independent solutions are ob-
tained (in each layer) with amplitudes as yet unknown.

In the ambient air the conventional wave equation applies
again (for coordinates fixed in the ambient fluid). Only out-
ward moving waves need be considered, so (in each ambient re-
gion) one solution of unknown amplitude appears.

There are now eighf unknown amplitudes to be determined

and four boundaries between fluid layers. Across each of these
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boundaries pressure and displacement must be continuous, yield-
ing the necessary eight equations to make the system determinate.
A double integral (over Ky and‘Kz) for velocity potential in the
ambient air is then obtained as a function of source strength

and frequency.

The Far Field

Only in the far field can this double integral be evalu-
ated easily. There the integrand generally consists of a slow-
1y varyinglfunction multiplving a functiop which oscillates
rapidly about zero. Such functions interact ﬁeékly, and sig-
nificant contributions to thé integral occur only when (a) the
slowly varying function becomes rapidly varying (i.e. in the
neighborhood 6f singular points) or (b) when the rapidly oscil-
lating function ceases to be rapidly oscillating (i.e. in the
neighborhood of stationary phase points). Evaluation of the
integral yields the pressure in the far field for coordinates

fixed in the source.

Transient Sources and Retarded CQordinates

A more useful result would be the far-field mean-square
'preSSure produced by sources in a localized region, say immed-
iately behind a jet nozzlé. To obtain this we consider a se-
quence of transient sources, each originating at the same point
reiative to the ambient air or nozzle. As one source disappears
after drifting downstream with the fluid, a new one (with random
phase relative to thé first) appears at the upstream point. The

mathematical analysis of this process (Ref. 3) is rather tedious.
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However the practical application conforms to a simple rule if
it is assumed (as in the present analysis) that the transient
sources have a lifetime of many cycles. The rule is that the
mean-square pressure in source coordinates should first be
formally transformed to retarded coordinates, fixed in the
nozzle. (See Fig. 2.) The result must then be multiplied by
%1 + sz/ﬁf, where M is the source Mach number relative to the
ambient air, X, is the streamwise distance and R the radius to
the far-field observation point.* (The rule holds also for the
supersonic case if the gl + MxZ/R% factors are enclosed by ab-

solute magnitude signs.)

Contrast with Lighthill's Procedure

It may be useful to point out a few of the features in
which our procedure differs from that of Lighthi116.

In our analysis only the non-linear terms (the turbulence
itself) are assumed to generate noise, All linear terms, ine
cluding those commonly associated with "shear noise', are in-
cluded in the transmission process.

Also, our sources are at rest in the immediately sur-

rounding fluid and so are defined unambiguously. Lighthill's

* The factor\‘l + sz/R‘ is often written |1 + M coseb where
© is the angular position of the far-field observation point
relative to the jet ‘axis, € = 0 being measured upstream,
© = m downstream.
The travel distance of each transient source and the thickness

of the jet are of course negligible compared to R.
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sources are in motion relative to the neighboring fluid, and
belong to one of the (in principle) infinitely many classes
of moving sources>.

In Lighthill's model of the noise-producing jet no fluid
moves. Instead, an array of acoustical point sources passes
through the fluid, all sources moving at precisely the same
velocity. It is this simplification of the model which leads
to the elimination of source and dipole noise, and leaves

quadrupoles as the dominant noise generators in Lighthill's

analysis.
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3. DISCUSSION OF DIPOLES AND QUADRUPOLES

Since gqguadrupoles are frequently assumed to be the pri-
mary noise generators in a jet, our analyses have included
such singularities located on the center-line of a two-
dimensional jet (see Appendix).

- However, in examining the construction of dipoles and
quadrupoles in a shear layer we were led to the conclusion
thdt there is no obvious reason for excluding the simple and
highly efficient monopole source as a primary noise generator.
‘A discussion of these ideas follows.

We visualize a dipole as being the limit approached when
‘a source and sink* of equal strength are broughtltogether, the
strength being inversely proportional to the separation dis-
tance. In a region of uniform fluid velocity (such as assumed
at the centerline) this presents no conceptual problem. The
source and sink, each drifting with the fluid, travel at the
same velocity and maintain the same relative positions. 1In a
shear layer this may not be true. Roth the length and direc-
tion of the line connecting source and sink mayv vary. One
might suppose that in the 1imit, when source and sink coincide,
this would be unimportant. However for a constant velocity
gradient in the z-direction the percentage change in length
and the rotation of the axis are independent of the z displace-
ment, and may be 40 percent and 90 degrees, respectively, when
soﬁrce and sink travel one jet diameter (or less). Another,

and possibly more important, problem is that the faster moving

a pulsating source 180-degrees out of phase
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source generally produces much greater pressures in the far
field. As the source and sink approach each other this effect
might be lost except that their strengths are being increased
in the process of dipolé construction. To illustrate this
possibility we consider d(f¢)/dz as compared to a(zgy)/dz,
where g is source potential and z¢s crudely weights the effec-
tive strength for radiation. The former is proportional to the
potential of an ordinary dipole, but the latter contains a
residual source potential,

wWwhat we now suggest is that the absence of any net source
strength in the entire jet does not necessarily result in
purely dipolé radiation, nor does the absence of a net dipole
strength result in purely quadrupole radiation in our analysis.
Thus one of the commonly used arguments in the exclusion of
source and dipole radiation apparently does not apply here,
There may be other and better reasons for choosing quadrupoles
in some instances. Until thése are clarified, however, we
propose to deal with the simpler source noise generation in the

subsequent tasks of this study.
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4. THE SOURCE IN THE SHEAR LAYER OF

A TwQO-DIMENSIONAL JET

A. DEVELOPMENT OF EQUATIONS

Symmetric and Anti-Symmetric Solutions

To analyze the case of a source located in the shear layer
of a jet (Fig. 3), we first assume a narrow region (width 24)
of‘uniform velocity (Us) within the shear layer. The source is
located in this uniform-velocity region, and is traveling with
it, so that the source is at rest relative to the immediately
surrounding fluid. 1In a coordinate system moving with the
source the jet velocity distribution is then as sketched in -Fig.
4. This problem can be solved by the methods briefly outlined
in Section 2. The thickness of the uniform-flow region is then
allowed to approach zero.

In order to reduce the number of simultaneous equations
to be solved we utilize in practice the properties of symmetri-
cal and anti-symmetrical solutions, First, we assume two sources
symmetrically disposed about the centerline of the jet and pulsa-
ting exactly in phase. This problem is completely symmetrical
and can be solved in the half-jet by requiring no displacement
at the centerline. Next, the anti-symmetrical problem is solved
considering the symmetriéally disposed sources to be pulsating
180~degrees out of phase. This problem is also solved in the
half-jet, but using zero Qressuré at the jet centerline., The

superposition of velocity potentials for these two cases gives
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the result for a single source (of double strength). The mean-
square pressure is then found for a single source of the pfbper
strength.

Since the jet is symmetrical we can expect, on the average,
to find a similar source on the opposite side of the jef, but
with random phase relative to the first source, and we add their
mean-square pressures. (Note that the earlier use of in-phase
and out-of -phase source pairs was a purely mathematical‘exped-

ient for constructing a single source on one side of the jet.)

Coordinate Systems

The basic coordinate system (x,v,z) is fixed in the source,
with x the streamwise, y the lateral aﬂd z‘the nérmal coofdinate.
Coordinates fixed in the ambient aif are kz,y,z,rand those fixed
in the uniform flow region at the jet center are xq,v,Z2, where

X, = X=0U.t
2 S (1)

X0 X+(Uj--US)t :

Here Ug and-Uj are, respectively, the absolute magnitudes of

the source and jet velocities relative to the ambient air, and

t is time.

The Central Uniform-Flow Rgg;on _

In Region 0 (see Fig. 4) thé‘flbw is uniform, and tﬁe con=-
ventional wave equation is satisfied in Coordinates fixed in the
“fluid: |

‘ o L |
¢xo"o i ¢Y,¥ +,¢22'- (/e =0 (@
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where @ is the velocity potential, ¢ is the speed of sound and
t is time, '

To satisfy the wave equation, provide for upward- and
downward-moving waves and satisfy the condition of zero dis-
placement (or zero pressure) at the jet centerline we choose ¢6

to be

1

i o - Moo 2. 2‘]
1wt (K x+K,y ct+z®4§+K1(Mj MS)] K )

-

[}+K1(Mj-msi]2-xz )|

¢0 = Aw' R.P, R 4exp

r

—

f

+ !l - -7 i
expL;a»(K1x+K2y Ctez #

(=)
(3

where x = xo-(Uj-Us)t. As mentioned earlier we are dealing with

two cases here. The symmetric case represents a source at z = z

s
and a source at z = ~Zg, and in the half-jet at z = 0 there is
required T
(8g,/02) = 0 (4)
The anti-symmetric case represents a source at z = z, and a
"sink" at z = -zg, and in the half jet at z = 0
(88,/2t) =0 (5)*

Xp=const.

This latter case is indicated by the minus sign in parentheses
before the second term of Eq. (3).

In Eq. (3), A = (source strength)/Swz, the source strength
being the maximum volume introduced per unit time. ' = w/C

where w is the generating frequency in radians per second and

- e G T e e e . A S G S R e o e e Ee e eE W G S R EE e SR G A D S e e e T e as  ED SR ep B ER e e e e R WS an G TR e N T G P W A

*pressure (Ap) = - P¢0t = - p(a¢o/at)x0=const.



c is the speed of sound. R is a complex reflection coefficient,
5 . - 2 2’

= R'+iR", K. = k,/w', = k., /o', + k. and k
R 1 1/ 2/ K1 KZ 1 2
are respectively the wave numbers in the x and y directions. Mj
is the maximum jet Mach number (Mj = U,/¢) and Ms is the source
Mach number (M, = Us/c). R.P., denotes 'the real part of'. (The

jet is here assumed to be at ambient temperature, so that

p and c retain constant values throughout the flow field.)

The Source Region and the Ambient Air

In Region 8 (see Fig. 4) we have

g = Ao R.P.Iexpéiu'(xlxﬂ( yct+|z-z lﬁfl-Kz ) /1K

—_—

+ P exp%1w (K x+K2y-ct -z {1- K2 ) /11 K?

+J expL}w'(K1x+K2y-ct+z'/ 2 ) /\1 (6)

where the first term, integrated from -~ t0 +o0 in both K1 and

Ky, gives the potential for a source in a homogeneous fluid of
infinite extent. The second and third terms account for down-
ward and upward'moving waves reflected off the boundaries of the
a-region. P and J are respectively P'+iP" and J'+iJ", complex
reflection coefficients.

In region 2 (Fig. 4), the ambient air, we have

-~

i —

¢2 = Aw' R.P. S expi?wt_K (x +U t)+K y-cti(z-z )V(l-ingmgé-szl
2 ]

e B i o 7

where the lower sign is used for reversed waves (c-KlUs < 0 and
2

(1-K1MS)2 > K” ). Otherwise the upper sign is used (ordinary

waves when c-KlUs > 0 and (1-K1MS)2 > K2; exponential decay when
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2 o S is a complex transmission coefficient here

-y N2 -,
(l-KlMs) < K
defined as S = S'+iS" for convenience in satisfying boundary
conditions in complex form. (In some of our previous analyses

S was defined as S"=-iS', but this change causes no confusion in

the final result where only S124gn2 appears.)

The Shear Laver Regions

So far we have considered only the regions of uniform flow,
The shear layer regions must be treated differently, using s,
the condensation, and w, the vertical velocity, instead of the
velocity potential #. The conventional wave equation is re-

1 which, upon the assumption of

placed by a more complicated form
simple harmonic forms in the x and y directions, yields an or-
dinary differential equation (Eq. (17), given later) in the z
(or t) direction.

In Region 1B (see Fig. 4)

s = R.b. Qyltp) exp[iw'(K1x+K2y-ct5] (8)
w = R.P, [;ic/(l-BcBi] 65 exp[iw'(K1x+K2y-ct)] C))
g
where
B = (b/w)X, and b = dU/dz _ (10)

‘U is the local shear velocity in the layer. CB is a coordinate

in the z direction defined by

tg = w'ilz - (z+®] (11)

6B is a complex function of CB and 5B is the derivative of this

¢
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function with respect to CB. (Note that R, P, J are complex
coefficients but independent of the z (or {) coordinate.)

EB is composed of solutions of the ordinary differential
equation which applies in a shear layer (Eq. (17)) aS will be
indicated later,

In Region 1A, similarly,

= R.P. QA(CA) exp[iun(xlx+xzy-cti (12)

n
i

=
u

R.P. f-ic/(l-BcA;? EA
i - c

. where LA is a coordinate in the z direction defined by

exp{iw'(K1x+K2y-ctf§ (13)

= “? ..‘ : - } ’ 4
CA w'l z ( ZS 825 (14
Now, if 8 — O, CA"'CB;“C , where

{ = w'(z-z) ' (15)

We may write

z i3
a, £ + B g

(16)

—

g

where f(f) and g(f) are solutions of the shear layer differen-

tial equationl'_‘

(1-Bp)F,, + 28F, + (1-B)| (1-BD)® - K%[F = 0 Qan

¢

aﬁdrgk; b, Eé;ﬁggﬁaféhhéﬁpiéXWCEEffibiéht§'to”be détérmiii&d by

the boundary conditions.:

£(t) and g(t¢) have the formsl
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£() = ) ¢, (-, ¢ =1
n even
(18)
g(e) = c. (1-Bp)*, c. =o0,C, =1
n odd n ’ 1 3
where
K2 C¢  2) - C(n-a :
c, = n- n-4) (19)
n(n-3)B2

The Boundary Conditions

At the jet centerline we have already provided for apply-
ing the condition of zero normal displacement (symmetrical case)
Oor zero pressure (anti-symmetripal case). Across each interface
between two regions the pressure, Ap, and the normal velocity*,
w, must be continuous. (In uniform-flow regions w = ¢z and
Ap = "’¢t’ with coordinates fixed in the fluid. In shear
layers w is given previously and Ap = pczs.)

The application of these boundary conditions and the solu-
tion of the resulting set of simultaneous equations is a tedious

but straight-forward process. Only the results are given here,

The Transmission Coefficients and Final Results

The transmission coefficients may be written

- T an S e W Eh EN n Gm e 4 . S T e e D e e s G A G e O G P e e RS b S e e S Em G G G D G Ee e AR G T e G D ER WD W W e e

* . . .

More precisely the normal displacement must be continuous, but
where there are.no discontinuities in streamwise velocity, as
in this case, normal velocity is also correct. ,
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- . - ‘“]
~2(1-K M) tf(O)[']g-g(O)[ ]é][fifcl)[ o8, L]

Sll - -
Den.

o - tz(l-KlMs)'ki:ﬁlﬁg52-K2‘[f(O)[ ]g-g(O)[*]fJ
Den.

ol " SR
£ 180 T

‘where in the symmetric case (S' = S_', S" = S,")

[1g = gc(CO)'COSco + J[1+K1(Mj-Ms)}2-K2 singy g(¢q)

. jf = fC(CO) cosey +

r:.‘»_.-..,- ,4,..._.‘...4,.,.“. — o e oy
Sy (My-Mg)] 2k siney £(¢0)

and in the anti-symmetric case (S' = Sy'y S"=5."

- . e T2 2

Lig= gc(go) sine, - 3{1+K1(Mj-ms)j -K” cosoy g8(L )
[g = £, sinay - §[1+K, (M3=M )] 2-K° cosey £(E)
g =t o = VII*Ky (My=Ng) o0 1o

and where

£, = tz=z)) M w/b

Lo = t(z=zy) -w(Mj-MS)/b

fr— e
o9 = ”'20411+K1(Mj'Ms)J -K

' 2

PRI

o+ L(I-KIMS)?-K%!if(Cl)i g8ty L ]sz

20)

(21)

(22)

(23)

(24)

(25)
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(The sign choice in S' corresponds to the sign choice in Eq,
(7))

Application of the far-field analysis (using the principle
of stationary phase) and transformatioﬁ to retarded coordinates

gives the critical K values as

xz/R
1+Msx2/R
(26)
__y/R
1+Msx2/R

where X53V92 (and R = {x22¥y2+22\) aré'the\retarded coordinates
fixed in the nozzle™.

From the far-field potential for a permanent source of
frequency w (the case so far considered), the far-field poten-
tial for the transient source sequénce described previously
(Section 2) can be obtained by methods derived in Ref. 4. The

final result for mean-square pressure in the far field, assuming
4

each transient source goes through 2n cycles of frequency'wo, is
. 2a2,2, 2 52 -2
Ap”® = P2 0 - A :
R R {1+Mx2/R!5
o 2 A .
2 (w/wn)? (51245"2) sin2(2mnw/w.) d(w/w,)
. 0 0 0
> - = 27
r“n O i 2 _ 4
_6”/”0) - 1
or, if each transient source is assumed to go through many
cycles,
2,22 2 :27T7.,2, 2
' 27A “w z S* (wn) *+ S (w )]

R2 R2 |1+Mx2/R’5

- - . W A A G5 e T S e e SR D G M T R S e m GB e m  em S R dm e T AR ee e e e T T TR G M S T W e Y Gp eu M e e s G e

*The nozzle is here assumed to be stationary in the ambient air.
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In these equations S' = (S '+S,'), S" = 3(S"+S,"), subscripts
s and a denoting values found from Egs. (20) for the symmetric
and anti-symmetric problems, respectively. The result is the
mean-square pressure for a single off-center source of strength
Ssz. M is the source Mach number (Ms). (For a single source
on the far side of the jet, the mean-square pressure is given

by Eq. (27) or Eq. (28) with S' = $(S§;'-S. '), S" = 3(Sg"=S,™M )

Henceforth, for convenience we drop the subscript 0 on the
generating frequency which will be designated simply w. This

should cause no confusion.

Special Case: Source in Central Uniform-Flow Region

The special case of a source at the center of a shear

layer jet has been treated in detail in earlier wérk2’3, If
the source is not on the centerline but is in the uniform-flow
region inside the shear layers, the analysis is similar. There
is no need to consider the special 8-region introduced when the
source is in the shear layer, and the component source solution
(i.e. the first term of Eq. (6) ) is added to the central region
potenfial in Eq. (3), where now Mg = Mj. 1In the shear layer
we define

t = w'(2z-2;) 4 - (29)
(replacing the previous Eq. (15)), so that in the definitions

of Egs. (21);(25) we have

8y =0
oo = w'2zgV1-K> | | 30)
Mg = Mj |
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The transmission coefficients. reduce, in the symmetric case, to

3B(1-MK,) «/(1-.\181(1)2-1(2\[“;1) Lig-gltdl] f}

S v =32 CoSo
Den.

3B(1-M_K ){f (CHD I -8 ¢ )L ]
. 2 coso, st17L g0 dgTh ety Jf]

wn
1}

Den.
(31).

where

¢ = wz 1-K2 - (32)
S S

and [ Jg, [ J, are defined in Egs. (21) (with Lo = 0). For the

g
anti-symmetric transmission coefficients, COs g, is replaced by
sine, and [ lg, [ Eg are of course given by Egs. (22).

B. DISCUSSION OF COMPUTED RESULTS FOR

SOQURCES OFF THE CENTERLINE

Typical Examples (for Mj =0.7)

‘Fig. 5 illustrates the effect of moving a source off the
centerline within the central uniform-velocity region of the.
jet. The greatest mean-square pressure occurs when the. source
is on the ‘'mnear" side (nearest the side on which the measurement
is made). However the variation is small, and the average of

‘near and far side sources (shown in Fig. 6) 'is negligibly dif-
ferent from a source on the centérline. These results are for
a Strouhal number of 0.2, and would not necessarily hold for

* Strouhal numbers of 1.0 or 2.0.
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POLAR PLOT OF FAR-FIELD MEAN-SQUARE PRESSURE
FOR THREE SQURCE POSITIONS IN THE UNIFORM~VELOCITY
PART OF THE JET (Two-Dimensional Jet, Mj = 0.7,

Sp = 0.2, zo/zl = 0.25)
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2z = ZO
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s = 0.75 (MS = .233)
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Fig. 6 FAR-FIELD MEAN-SQUAKE PRESSURE FOR SEVERAL
SOURCE POSITIONS IN A SHEAR-LAYER JET

(Two-Dimensional Jet, Mj = 0.7, S; = 0.2,

zo/z1 = 0.25.)
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In Fig. 6 the central region of uniform velocity is one-
quarter of the jet thickness (as in Fig. 5). However the
sources are placed in tﬁe shear layer one-third and two-thirds
of the way out in the linear velocity profile region. Here the
far-fiéld mean-square pressures shown are the average for a
near side and a far side source, whose effects are similar at
this Strouhal number of 0.2. Fig. 7 shows similar results for
a source at the mid-point of the shear layer when the central
uniform-velocity region covers half the jet thickness.

The most obvious conclusion to be drawn from Figs. 6 and
7 is that a source of given strength and frequency radiates
much less noise when traveling at reduced velocity in the shear
layer than when traveling with the central portion of the jet,
If the shear layer is to compete witﬁ the central region in
noise production it must contain many more or much stronger
sources. This is, of course, the case where the potential-core
region of the jet persists. Further downstream the central

region of the jet may become important.

Residual Source and Dipole Radiation in the Present Analysis

It is also of interest to observe in Fig. 6 the sources one-
third and two-thirds of the way out in the shear layer, assuming
them to be 180-degrees out of phase. Such a source-sink pair
could not radiaté at all like a dipole because of the great
difference in the magnitude of the noise radiated individually.
The radiatibn would be primarily that of a source, and this is
why we stated earlier that elementary reaséning dées not appear
to justify the elimination of source and dipole radiation in

favor of the less efficient quadrupole radiation in this analysis.
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Fig. 7 FAR-FIELD MEAN-SQUARE PRESSURE FOR SEVERAL
SOURCE POSITIONS IN A SHEAR-LAYER JET

(Two-Dimensional Jet, M,

3= 0.7, S.. = 0.2,

T
;0/21 = 0.5,)
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Coﬁparison with Lighthill's Analysis

The disappearance of source and dipole radiation in
Lighthill's analysis is a peculiarity of the highly simplified
‘model chosen to represent the jet. 1In that case the entire air
mass (jet as well as ambient air) is essentially motionless,
the acoustic singularities being convected, all at the same
velocity, through the jet region. This means, for example,
that any two sources of the same strength and frequency radiate
energy to the far field in precisely the same amount and pat-
tern except for phase, Positioﬁ of the sources in the jet is
.unimportant for this model. Thus cancellation of the source
strength causes cancellation of the source-like radiation in
the far field., Similarly, cancellation of the dipole strength
. causes cancellation of the dipole-like radiation in the far
field, leaving only quadrupole effects.

In contrast to this model, the present one puts the jet air
in motion with velocity depending .on the chosen velocity profile,
The acoustic singularities travel»with~the jet air, Then two
sources, for example, having the same strength and frequency
generally do not radiate to the far field in the same amount
and patfern. Consequently, cancellation of the source strength
does not generally cancel the source-like radiation in the far

field.
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5. THE CIRCULAR CYLINDRICAL JET

AT CONSTANT TEMPERATURE

A. DEVELOPMENT OF EQUATIONS

I. THE SHEAR LAYER

To study the transmission of acoustic disturbances through
. an annular fluid layer in which the velocity (U) varies with r,
we start with the basic continuity equation and Euler's equation

(Egqs. 1.2 and 2.3, respectively, in Landau and Lifshitz7)

Bp . oV - ’

3t + div(pV) = 0 (33)
NV . (Vegrad)V = - L grad ' 34)
3t (Vegrad) Pgr p (34)

.where p is density, p pressure, and V is the velocity vector.

In cylindrical coordinates (x,y,r) we will denote three mutually
- perpendicular velocity components as u,v,w, where .u is the x-
direction velocity (parallel to the axis of the jet), w is the
radial (r-direction) velocity in a‘plane normal to ‘the jet axis,
and v is the tangential (y¢-direction) velocity in that plane.

In this notation the continuity equation is written

% ., 0 19, 2 ey -
ot ax("u) YT a\p(PV) * ar("w) YT 0 (332)

and the three components of the Euler equation are



du , 404 , v ou, ou._ _109p

ot ox r oy or p OX

OV , v , YOV, OV , vw . _ 1 9p° (34a,b,c)
ot ax‘ r oy or r pr oy

ow ow v ow ow v2 1 8

—_—t U + .__+W-_-——'—‘-—._R

ot ax r 9y or T p Or

Let u = U(r) + Au sy P = po(1+S) and p = D, t+«S ,
where s is the '"condensation' and « = pocz (see Lamb8, ﬁh.
476-479). (po.is the density of the undisturbed fluid in the
shear layer and pO is the mean pressure which is constantAat

its ambient value.) Assuming small perturbations and retaining

only first-order terms, the equations of motion become

Aut + U(D) Aux + W Ur(r) = - c2 s

X
v, + U(r) v, = - c2's¢/r (35)
w, + U(r) Q = - c2 s
t X r
vy w
Sg + Sy Ur) +Auy + L+ W, + =20 - . (36)

Eliminating Au, v and w in turn gives

) 2 3
sttt * 3Usttx + 30 Stxx * U sxxx

rx

r 7 |
- C?Lszs)t + U(VZS)x + 2Urc25 =0 (37

Let

(cos)
s = F(r) cos(my) sin(kx-wt) (38)
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where k is wave number in the x-direction and w is the frequency.
The tangential wave number, m, is integral so that s is single~

valued. Substituting Eq. (38) into (37) gives

(1-Uk/w)qu + L(ZUﬂk/w)~+ (1-Uk/w)/(q+rou'{}Fn

+ (1-Uk/b){(1-Uk/b)2 - (kfw")? - mz/(q+row')%jF =0 (39)

where 7 = w'(r-r ) and ' =w/c.
For a linear velocity profile U(r) = b(r-ro) , and if we
denote B = bkc/w?Z = (b/w)K where K = k/w' , the differential

equation of the shear layer is
i

2 I
(1-B7>(”+r0f1) an + (n+rOW’)L2B(?+row13 + (I-qu]Fv

i 3 é ‘
+ (1-Bn);(n+row')2{(1-sn)2 - X% - msz_= 0 (40)

A solution of this equation can be obtained in the form

o0

F = %;.Cn‘(l-Bn)n (41)

where, if we denote p = 1+Br w',

Y 1 2
(42)
C3 is arbitrary
and
22 0 _ a2 oo iveom
n(n-3)B“ Cn = LB F(n 1)(2n=7) Cn-l
{ (ae2y )
- {(n-2)(n-4)B%-k%,2-m?B2> ¢;_,
- 2 o3 -Gk Cpig
n-6; (43)

+ 2’.‘. Cn_s - C

-4
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(Note that o is zero if n << 0.)

To obtain a linearly independent second solution we set
F, = F 1n ;1-13,,] £ A, (1-By) (44)
0
where Fl is the solution already obtained (Egs. (41)-(43)) and

3 2.2 2 2
o = 35 BCy/(mB%Kk%)

>
i

A, =0

(45)
2
2 = - 3pC3(Bzm2+K2y. )/Z(Bzmz“szz)

>
I

A3 is arbitrary
and

2

n(n-3),%8% a_ = '~ ,28%(2n-3) ¢y

-

+ FBZ{(4n-9) Ch-1 * (n-l)(Zn-?) An-l}

- ZBz(n-B) Ch-2 - {(n-Z)(n-4)B2
k%u2-n28% Ay _o
-2K2,L Apoz * (Kzépz)An_‘,'.

n-6 . (46)

i

+2F'A ‘<A

n-5

(An is zero if n -2 0.)

Por simplicity we designate the arbitrary constants as a,b

and denote Fl—v f, F2 ~ g, and write

F(1) = a f(z) + bglp) ~ -7 - (a7)
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with 7
f(g) = ; c, (1-Bp” ' (48)
f ‘ o0
g(n) = £(n) 1n[1-By| + % A, (1-Bp)" (49)

where C; =1, Ag 1 and C,, A, as above. (b in Eq. (47)
should not be confused with the slope of the velocity profile
used earlier.)

Egs. (48) and (49) express two independent solutions of the
differential equation (Eq. (40)) as series expansions about the
singular point 5 = 1/B. Thé series converge for those points ﬁ
whose distance from 5 = 1/B is less than the distance from
n = 1/B to the other singular point of the differential equation

at n = =o' Hence these solutions may not be valid over the

o*
entire shear layer. 1In such cases another series solution may
be obtained by expanding about some other point; we choose the
outer edge of the shear layer, 7 = ny = w'(rl-ro). The con-
vergence of this new series is then limited to those values of
7 which are closer to n, than the nearer of the two singular

points of the differential equation. This solution of Eq. (40)

is obtained in the form
< n
Z a_ (n- 7)1 (50)
0

a, and a, are arbitrary and, if we denote (1-Bq1)/3 =y,

w'ry = Ry, we obtain
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4 N

n(n=1)yR;2 ap = = (a-1Ry {»(20-3)+Ry (4-0)>ap_y

f
+ 1(n=2)(n=3) (v =2R ) +(n-2) (3Ry +v)
+(Q0-vm2):‘.xan_2

: 2y
- i(n-3)(n-5)-(Ql+m )fan-3 + Qyan.q

2.
* Q3ap.5 * Quap.e - B a7 - (51)
where
Q = lez(Bsz-Kz)
P 3.2 2025 2 _ oop v2 4 ¥25 2
Q1-2R1vB -3vBR1 2vR1K +KR1
'Q, = B2 - 6,2B2R, + 3,B2R 2 - K% + 2R K% | (52)
2 : 1t 1 1
2 2.2 2.2 .2
Q = 6%8°R, - 3,%8% - B°R % + K
- B2(3,-2R.)
QY = v=2Ry).

(a, is zéro for n < 0.)

In this case two independent solutions are obtained by
letting first one and then the other of the arbitrary constants
be zero. Thus we may write, as before,

F(n) =a f(9) + b g(9) (53)

where a,b are arbitrary and

f(n) = '2; a, (n-nl)n with a5 = 1, - ' (54).
al =0,
- _2, as_given above;
g(n) = 53 a, (n-nl)n with ag = 0, (55)
. 0 a, = 1,

a_ as given above.
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In some cases neither series solution (Eqs. (48) and (49)
nor Egs. (54) and (55)) is valid over the entire shear layer.,
One series can be applied in one part of the'shear layer,
however, and the other series in another part of the shear
layer, and there is an overlapping region where both series are
valid. In such cases the solutions must be matched at some
point within this overlapping region. This is accomplished by
establishing conditions of equal pressure and equal radial vel=-
ocity at the matching point, so that the arbitrary constants
a,b in Eq. (47) are thereby related to those in Eq. (53).

(The second singular point of the differential equation,

i.e, that at 5 = ~w'r corresponds to r = 0, the center of the

o’
jet. As long as the shear layer does not extend in to the jet
center (a condition which is met by the numerical examples

studied later) it is not required to obtain a solution by ex-

pansion about this point. 1In some cases such a solution might

be useful to expedite convergence, however.)

I1. THE SOURCE IN A CIRCULAR SHEAR-LAYER JET

Basic Solution

In cylindrical coordiﬁates, the wave equation governing
the propagation of small disturbances in a homogeneous fluid
is

2, . 22 2
l__a_(rgg)+la_g+_6__2=_l_§__g : (56)

r ér or ?awz ax2  c2 at2

where @ is a velocity potential, c is the speed of sound and
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t is time. Xx,¢,r are the cylindrical coordinates of a point
in the homogeneous fluid.
A solution of Eq. (56) for an acoustical point source,

located at the origin and at rest with respect to the fluid, is

-] .
i(kx~wt) (1) M)
g, = 7A R.P. e Hy (r¥w'k® ) dk (57)
-00
where A = (Source Strength)/8w2, source strehgth being defined

as maximum volume emitted per unit time,  is the source fre-

1%0)

quency, ' = w/c, k is wave number in the x-difection,'Hé
is the Hankel function of the first kind of order zero and
argument a, and R.P. denotes "feal part of',

Eq. (57) represents the source-as a superposition over
all wave numbers of cylindrical waves (k < w/c) and exponential
disturbances (k > w/c).

if the source is not at the origin, but at some point
0,¥,rg, 2an appropriate wave-expansion formula (see, for ex-

9

ample, Magnus and Oberhettinger °, p. 21, formula 3b) applied

to Eq. (57) gives

@
ol ‘ i(kx=wt) e
¢S = vA%: “n cos{m(w-ws}] R.P. /e , Jm(rs ’/a'z-kz ) .
’ -00
(1 5 .
- Hy zrguﬂz-kz ) dk ; r >rg
o0

1]

rA 2: €, COS| m(# Vs )l R, P._/~ Hkx-wt) (r@ k .

)
(r U' -k ) dk r< r ‘ (58)

a
m S
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where ¢; = 1, ¢ = 2 for m = 1,2,3,--+, J, is the Bessel func-
tion of the first kind of order m, and'Hél) is ‘the corresponding
Hankel function.

Eq. (58) can be derived alternatively by representing the
off-center source as a §-function constructed by superimposing
an infinite Fourier series of ring-sources, each of radius T
and having tangentially-varying source strength proportional

to A cosfm(w-wsi!. The velocity potential Qf the_mth

th

ring-
source is given by the corresponding m"" term of the series in
Eq. (58). (viewing the source in this manner has practical

utility later on when computing the far-field pressures.)

Source in Shear Laver

To analyze the problem of a source located-in the shear
layer of a cylindrical jet (Fig. 8), it is convénient to first
assume an annular region (Ar = 28) of uniform velocity, Ug
within the shear layer. The source is located in this uniform-
velocity region, and is traveling with it, so that the source
is at rest relative to the immediately surrounding fluid. In
a coordinate system moving with the source the jet velocity
distribution is as sketched in Fig. 9 . This problem can be
solved, and the thickness of the annular region containing the
source is then allowed to vanish (8 — 0).

' Since the jet is symmetrical we can expect, on the average,
to find'simiiar sources at éli anglésﬂws in the jet, but with
- ‘random phése relative to each other; Their mean-square pres-

sures are additive.
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Fig. 8 STREAMWISE CROSS-SECTION OF CIRCULAR
CYLINDRICAL JET WITH SOURCE IN SHEAR-LAYER,

SHOWING VELOCITY PROFILE AND GEOMETRY
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Fig. 9 JET GEOMETRY AND VELOCITY PROFILE

(Coordinates fixed in the source)
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Coordinate Systems

The basic coordinate system (x,y,r) is fixed relative to
the source, with x the streamwise coordinate'parallel to the
jet axis, r the radial coordinate measured from the jet center-
line in planes normal to the jet axis, and y the angular coor-
dinate in such planes. Coordinates fixed in the ambient air
are X,,¢,r and those fixed in the uniform-flow region at the

center of the jet are Xqs¥,T; where

x2 x-Ust
(59)

X5 x+(Uj-Us)t

Here US and Uj are, respectively, the absolute magnitudes of

the source and jet velocities relative to the ambient air, and

t is time,

Jet Temperature and Mach Number

Most of our previous work has assumed that the jet has the
same temperature as the ambient air. We now allow the jet tem-
perature to have a different value from ambient. The jet tem-

perature, Tj’ is assumed constant throughout the jet (r < rl).
Corresponding to this, the speed of sound in the jet is ¢, and

the density is pj. Outside the jet (r > rl) the ambient air has

temperature T_, and corresponding speed of sound c_, and density

a
pa+ The temperature ratio is denoted ap:
T. fc.2 .
ce ,aT—=,_31 :;tf.a'. = .1 . . i (60)
Ta #j [ca

Although the temperature discontinuity at the outer jet
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boundary is unrealistic, the analysis will enable a preliminary
investigation of the effects of heating the jet.
We define jet and source Mach numbers based on jet tem-

perature:

1]

Mj = Uj/c;

(61)

Mg = Ug/c;

For convenience we define also a Mach number based on the speed

of sound at ambient conditions so that

Maj = UJ/ca = /E; Mj
(62)
Mas = Ug/c, = VET Mg
The frequency parameter is
T = .
w w/cJ
(63)
wat = wfcy = Vagp w!
A non-dimensional wave number is defined as
K = k/w'
(64)

K

a = k/”a"z K/yap

The Central Uniform-Flow Region o

To satisfy the wave equation, provide for outward and
inward moving waves, and satisfy the condition of zero radial
velocity (8@/ér = 0, i.e. no source at r = 0) at the jet

centerline, ¢O is chosen to be’



“d3m

_ | die' [Kixg=(U;-U)ti-c;t]
¢0m(K) = rAa' € cosim(w-wg)é R'P'iRm e 0 IS e J

. i e v = - N —; ) \
RAC IR ES S (652) |

\

By = 2 f¢0 (K) dK (65b)
» 0 o - m._ :
where Eﬁ is a complex coefficient, R = R ' + iR;'", to be
determined, ‘ o |
Eq. (65a) is the component potential for one value of m
(i.e. a single one of the source rings mentioned previously)
and one value of wave number K. The total potential is ob-
tained by inyegrating over all K and summing over all m, as in
Eq. (65b). éince the individual component terms must each sat-
isfy'the differential equation and the boundary conditions, we
will henceforth write only the component solution for each re-
gion of the flow field. The total potential is in each case
the integral (over K) and the sum (over m) of the component
term, as indicated for the central-region potential in Eq. (65b).
If the source is located in the central uniform-flow re-
gion, the source solution from Eq. (58) must be added to Eq.
(65). For greater generality the following analysis will be
applied to the case with the source in the shea; 1ayer‘of'fhe
jet, but the final result for the special case where r_ < r,

will be given later.

The Source Region

In the annular region 8 we have
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¢8m(K) = rAw' o cos[my -4rs):| R.P.[exp [i o' (Kx-c

- (1) >
. {Jm(rsw' -k ) H_(re'1-k? )

- 1 -- 2 2
+ K e hkZ ) + g, Hrfl Leor Bk )ﬂ;

Is+8>r1 > 1, (66a)

= vAo' eg (:OSEI!I({:-WS):Ji R.P.ii_exp iim'(Kx-Cjt)j .
- s (1)
° Hl e 2 - 2
,{Jm(mr 1-K2 ) H = (r_e' {1-K2 )

. ‘ 4
+ Em H:,l%rw' "ll-Kz ) + Em Hn(lzzraa' "Il-Kz )}

-e

?
g

r,>r1 > rs-§ - (66b)

The first tefm in each of these equations is the m,K-component
of the source potential and the other two terms account for
outward and inward moving waves reflected off the boundaries

of the 8-annulus. E; and G are, respectively, B ' + iE;",

G,' + iGm", complex reflection coefficients to be determined.

The first term of each of these equations, integrated over

all K and summed over all m, gives the source potential which
at r = rg, ¥ = ¥g fulfills the necessary conditions for the
existence of the source, The other two terms, being the same
in Eq. (66a) and in Eq. (66b), represent a solution which.is

continuous in both pressure and velocity across the $-annulus.

Thus the boundary conditions at r = rg are satisfied.’
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The Ambient Air

Outside the jet (Region 2, the ambient air, in Fig. 9)

we have

-

¢zm(K) = wAw' < cos[how-wg{j R.P,LSm expLj»'{K(x2+Ust)-cthl .

1 .
(1) <o
- H (ru"\/(cj/ca)z(l-KMs)z-Kz )J (67)

where S; is the complex transmission coefficient, S

= s '+ ds "
Note that o' = m/cj and K = k/w', as before, so that the c; mul-v
tiplying t in the exponential term is due to this definition of

w' in terms of jet temperature rather than ambient. The temper-
ature difference effect appears in the argument of the Hankel
function. That is, Eq. (67) is a solution of the local wave

equation (Eq. (56), with x = x, and ¢ = ca).

2
When KM_> 1 and (c /c.)2(1-kM_)2 > k2 Ny in Eq. ,(67)
S -~ j a . S e 9’ m .
(2)
must be replaced by H_ ( ), the Hankel function of the second

kind. This is, in cylindrical coordinates, the 'reversed wave"

case discussed in previous xeportsz.

The Shear Layer Regions

So far we have considered only the regions of.unifor% flow.
The shear layer regions must be treated differently, using s,
the condensation, and w, the radial velécity, instead of the
~ velocity potential @. The development of the shear layer equa-
tion for a circular cylindrical jet with linearly varying veio-

city profile was given earlier. As shown then, the conventional
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wave equation is replaced by a more complicated form which,
upon the assumption of simple harmonic forms in the X and ¢
directions, yields an ordinary differential equation (Eq. (40))
in the r (or ) direction. Two independent solutions (f(9) and
g(n)) of the éhear layer equation are found by series expansion
and have the forms shown previously., These are combined to give
the shear-layer region solutions used below,

In Region 1B (see Fig. 9 ) we may write

iw (Kx-cjt)5

0 cos[m(w-wsﬁ’ R.P.LQBm(nB) e | (68)

s = .
- _] —
_ _ o ic: — iﬂ'(Kx'Cjt)I
W = cosimy-y,)j R.P.J- L. Qp e | (69)
m S= 1-Bng Ty |

‘'where B = (b/w)K and b = dU/dr. U is the local shear velocity

in the lavyer. 78 is a coordinate in the r-<direction defined by
ng = w'[r - (rg+8)] A (70)

6B is a complex function of np and is a combination of the
m : .
solutions f (%), g,(n) of the ordinary differential equation

which applies in the shear laver. is the derivative of

Q
. Bm"l
GBm with respect to ng.

Similarly, in Region 1A (Fig. 9 ) we write

St (Kxee <t) !
1w (Kx c_]t);

Sm = cosi:m(#-#‘s):i R°P'_6Am("A) e : _} B ) (71)
" ); al ic: - iw' (Kx=cjt)|. 72)

w_= cosim(y=-v¥.)i R.P,| - 1. e

m L S 1-By, Qﬁmﬂ

where N is a coordinate in the r-direction defined by
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"

ny = @ r - (r-®) (73)

b
i

Now if 8 —0

Ny = Mg =1

w'(r-rg) (74)

3
[0}

We may write

1}

QAm aAm fm(n) + bAm g, (1)

(75)

Qg

w = 2B, fn(m + By gpm

where, as stated already, f (1), gn(n) are solutions of the
shear~-layer equation. aAm, bAm’ aBm, me are éomplex coef-
ficients to be determined when all the boundary conditions

are satisfied.

The Boundary Conditions

At the jet centerline the condition of zero radial velocity
has already been provided for and, similarly, at the radius of

the source location, r = r the solution was constructed to

s?
provide continuity except for the required existence of the
source at r = gy ¥ = ¥g. Across each interface between any
two of the flow regions the pressure (Ap) and the radial velo-
city (w) must be continuous.

In-the uniform-flow regions w = @, and.Ap<;U=pj¢t if the
uniform-flow region is within the jet or Ap = -p @ outside the

jet, with coordinates fixed in the local fluid in each case., 1In

the shear-layer regions w is given previously and Ap = ,;:C;

JJS.
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Application of the pressure and velocity boundary con-
ditions (at the four boundaries Iy, rg-8, r +8, ry) results
in a set of eight simultaneous equations to be solved for the

eight unknown coefficients (aAm, bAm, aBm, me, R+ Sp» Epo Gm).

Solution is tedious but straight-forward.

The Transmission Coefficient

For convenience, the following notation is used:

g =a(ry) = W' (ryerg)
(76)
7y = alry) = @t (ry-r)
o = w'roy[1+K(Mj-Mg)| 2-K2
érs. = w'rs’\/i:‘f("é\ ' 77)
_ ~ {—_“A_.._.. ._42‘“.,. _.;_,‘.___;__ »é:-- -—-2\ :
J@O = Ty 2ok?
T (78)
Vo = fiey/e ) ?a-rug) 2-k2
Then the complex transmission coefficient is
2i (pj/Py) fn(1)8mn, 1) - gn(1)fy (17) LN :
5, = 7 — (79)
; ) ; -
rw'r (1-KMJ) fm(O)gm,,(O) gm(O)fmn(O) __L Ip
where
L], = f (O] ] - 0). .
e MO KON
o (80)
! - !

= _ ] L r - £
D me €m1 8mo fml
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and
Ljfmo_ Jm("'O)frn"’("O) - YU Uy ("O)fm("O)
(81)
i = . - r/'ﬁ '
Cig o I 0785 (70 WD T e )8, (n)
- (1) — (1)
iy T Hn oy Og) = Cp3/pg) @) Hy Moy png)
(82)
. (1) (1)
gy = M (7D () - (p3/p2) (2 Hy "(o9d8n(n)
The prime following the Bessel or Hankel function indicates
the derivative (e.g. Jm'(aS) = [é{Jm(,)}/da]g_o )
=os
' (1)
In the reversed wave case (K > 1/Mg and o, real), H (o;),

2) (2)

(;)'(cl) are replaced by H; (ai), Hp '(01) in Eq. (82).

Hn

Special Case: I < I

If the source is located in the central uniform-flow region
rather than in the shear layer, the preceding analysis is slight-

ly simplified. ~In this case we define
n = w'(r-ro) : (83)

Then 74 = w'(rl-ro), 19 = 0; also oy = w'rOME:K . The

transmission coefficient then reduces to
L2y p ) (o) ,fmﬂzl2smﬁ(n4>A-‘8m(nl>fm,(v1)

'3 = n (84
n (rw'ry) (1-KM) L 5

!

(Note that Mg = M; in this case of course.)
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Additional Interfaces and '"Matched" Solutions

Note that we have considered the shear layer to be linear,
with uniform slope throughout. It is apparent that a more com-
plex multi-slope profile, as sketched in Fig. 10a, could be
studied by the same methods if conditions of continuous pressure
and normal velocity are applied at each interface between linear
segments of the shear-layer velocity profile (e.g. at r = a,
r=Db, in Fig. 10a)., Each interface thus adds two equations to
the set of simultaneous equations which must . be solved for the
transmission (and other) coefficients, and the form of the trans-
mission coefficient is then somewhat more complicated than that
shown in Egs. (79) and (84).

Essentially the same method is employed when no single
series-expansion of the shear layef solutions f(g), g(y) exists
which is convergent over the entire shear layer (see paragfaph
following Eg. (55)). 1In this case the shear layer is divided
by an imaginary interface at r = fe, though the slope of the
shear layer mav be the same on either side of r, (Fig. 10b),

r, is chosen anywhere in the region where both pairs of series-
expansion formulas are valid; then one pair (Egqs. (48) and (49))
is useful in one part of the shear layer (ry £ r & rg) and the
other pair (Egs. (54) and (55)) is useful inr, ¢4 r &€ r;. Con-
ditions of continuous pressure and continuous radial velocity at
the imaginary interface r = re add two equations to the set of
simultaneous equations containing the unknown amplitude coef-
ficients. Two forms of the transmission coefficient are ob-
tained (for the single-slope velocity profile case) depending

on whether the source radius rg is greater or less than rg.

The solution is omitted here for brevity.
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Par-Field Result and Extension to Transient Source Case

The velocity potential outside the jet is
0 @ ’ '
g, = %:f $, (K) dK (85)
)

Pon(K), Eq. (67), contains the transmission coefficient S ,
the determination of which has just been described. 1In the
far field, the integral of Eq. (85) can be evaluated by the
method of stationary phase. This analysis has previously been
given in some detail for the two-dimensional jet‘case2v3, and
only the results for the circular cylindrical jet will be
summarized here,.

For jap Mg (2 Mas) < 1 there is oniy one ﬁoiht.ofAéta-

tionary phase, located at K = K.:

ct -
Ke = fag (x/RF=Mgfag)/(1-Mg2ap) (86)
where

In the far field, then,

. -2} R -
¢2 ——.-vZ(vA/R*) Z “n COSi'_m(t}l-t#s)_i .
Y
r . 3
; . 1(w'yc-wt-m1r/2)‘i
+ R.Poi Sp(Kp) e ] (88)
where
Wy, = w'Vap R¥ = Mg vapx]|/(1 = MgZap) o (89
Using Ap2 = paz ¢2t21 (with x = constant in.taking-the t deri-

vative) gives the mean-square pressure in the far field:



-53-

2

— 2w2a2p 242 fap M N

P i Yl NFCLEJ U 5) » SN NN B
© R*2(1-Mg2ap)?2 R* 0 0

- - r. | ) |
- cos|n(y-yg) L(Sm'sn'+5m"5n")[?05(%F)°°S(%;)+Sin(%;)5i"(n’?J

' " ng 1y Moy cin(ATyogin (T 51_1_[_‘1 i
+ (Sp'Sp"=Sp"Sp )Lcos( > Ysin( 2) sin( > Ycos( 5 )J_! 1(90)

(n is uséd here and in Eq. (93) as a dummy index in the double
summation.)

The analysis so far has been applied to the ''permanent'
source, i.e, an acoustical source drifting downstream with the
local fluid for all time. For the sequence of transient sources
described earlier EEE is obtained3»4 by formally converting Eq.

(90) to retarded coordinates and multiplying by (1+Masx2/R).
The retarded coordinates are Xp,r,y;R where
R =» \/’;/22+r2\

The original coordinates fixed in the source are x,r,w;R*
where R* is defined by Eq. (87). The equations for coordinate

transformation, from Refs. 3 or 4, are

*
R R + MaSX2

(91)

‘xz + MasR

X =
Changing to retarded coordinates the critical K values become
K, =i/ap (xp/R)/(1+ /ap MgXp/R). , (92)

or, in the notation of Eq. (64),

Koo = (xp/ R/ (1M, X5/ R
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Apz for the transient source sequence is

——2-—— 2 72A2 2 2 a0 [- -] _ _; B -
Ap<(y.) = Y 3 ZZ % cosim(y-v )l cos n(¥-¥),
_ R 11+My 2/R 0 0 _ - -

!

. ;(S 'S, t+S S ").cos(m")cos( )+51n( D7ysin(2Z h

!

+ (S,'S,"=S."'S,, ')Leos(m’)s1n( -)- s1n(91)cos( )ﬁ
i

Note that each transient source is assumed to go through many
cycles. The transm1551on coeff1c1ents are evaluated at K

(Eq. (92)). When the absolute magnitude of the |1+MasX2/R;

fgctorﬂis used, as indicated, Eq. (93) is applicable for M#s Z
Eq. (93) is the far-field mean-square pressure for one
source (i.e., one transient soﬁrce sequenee) 1eceted at ¢y = Voo
r = rg. Since the jet is symmetrical we can expect, on the
average to f1nd a similar source located at any Ws around the
jet, each W1th random phase relative to all of. the others.
Their mean~square pressures are additive. The average mean=-

square pressure due to a ring of random-phase sources is

2 - 1

or

2 p2 = :
Ap2 R - 1 ; 2: ¢m(Sm'2+Sm"2) (95)
o H

2#%42p,%0° '1+Masx2/R§
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Note that each value of m in Eq. (95) represents the
aQerage mean-square pressure in the far field due to a tran-
sient ring-source having source strength proportional to
cos[m(¢-¢g§}. Since each of the ring sources with m > 0 has
zero net source strength, it might be expected that radiation
from positive sections of the ring would tend more and more to
cancel the radiation from negative sections of the ring, so the
net acoustic fadiation into the far field would be small for
large m. Computations for subsonic jet examples indicate this
to be the case (though it may not be true for supersonic jets).
when Mj<: 1 the terms of Eq. (95) tend to drop rather quickly
in magnitude as m increases from zero, so that in practice.only
a few terms in the sﬁmmation usually are required, and computing

time is thereby benefited.

B. RESULTS FOR

JET TEMPERATURE = AMBIENT TEMPERATURE

This section contains a comparison of far-field mean-square
pressures produced by sources in circular cvlindrical jets and
in two-dimensional jets, at subsonic velocities. Comparisons
are made for the following conditions:

1. Source-at the center of a high Mach number subsonic
jet.

3. Source in the shear layer of a high Mach number

 subsomic jet. = -

3. Source in an extended constant-velocity region

centrally located in a high Mach number subsonic
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jet.
4, Source at the center of a low Mach number jet,

For the two-dimensional jet, pressures were evaluated only
'in streamwise planes containing the source and normalito the
plane of the jet. A simulation of circular jet effects from
such data would at least require evaluation of pressures in»
planes other than normal to the two-dimensional jet plane. Some
of the differences between circular and two-dimensional jet ef-
fects pointed out in the following pages can in a crude sense be
attributed to the neglect of non-normal planes in the two-
dimensional calculations.

1. Source at the Center of the Jet; Mj = 0.7

In Fig. 11 the far-field mean-square pressures are shown

for a source at the center of a circulér cylindrical jet., The
maximum Mach number in the jet is 0.7 which is held constant
throughout a small region near the jet center. The radius of
this region is 0.1 times the jet radius, and the jet velocity
varies linearly outside this region to a value of zero at the
edgé of the jet. The numerical calculations are simplified by
having a central constant-velocity region, and the cross-
sectional area of the central region is in this case only one-
percent of the total cross~sectional area of the jet, Strouhal

numbers (Spt) of 0.1, 0.2, 0.5 and 1.0 are shown, where

(jet diameter)
(maximum jet velocity)

W
S = —
T 27
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—— =M, ) Source -

APZ RZ/(ZrzAzp 20)2)

Pig. 11 FAR-FIELD MEAN-SQUARE PRESSURE DUE TO A
SOURCE AT THE CENTER OF A CIRCULAR JET.

h’ij = 0.7; ro = 0.1-
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Jet

Fig. 12 FAR-FIELD MEAN-SQUARE PRESSURE DUE TO A
SOURCE AT THE CENTER OF A TWO-DIMENSIONAL JET.

Mj = 0.7; zg = 9.
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For comparison PFig. 12 shows far-field mean-square pres-
sures for a source at the center of. a two-dimensional jet.

Again the maximum Mach number of the jet is 0.7.  The jet velo-

" city varies linearly. from the jet center to the edge, although

for strict comparison one should perhaps maintain a central
constant-velocity region with thickness one-percent of the jet
thickness., .

Comparison of Figs. 11 and 12 shows.that for the~circu1ar

cylindrical jet the pressure lobes are wider and are rotated in

closer to the downstream axis. For a Strouhal number of 0.2

the mean-square pressures are_of similar magnitude. However the
rariation of mean-souare pressure with_Strouhal number.istcon-
sxderably greater for the circular jet. |

on F1gs. 11 and 12 (and most follow1ng flgures) the radial
line with e on one side and w on the other 1nd1cates the boundary

between the reg1on 1n wh1ch the dlsturbances 1eaV1ng the source

m1ght be termed "pseudo sound" (e) and are exponentlally de-

caying in z (or r) and the reg1on in which d1sturbances 1eav1ng

'the source are "true sound" or true waves (w). It is evldent

that most of the far-fleld noise for the examples shown 1n Figs.
11 and 12 is produced by d1sturbances or1g1nat1ng as pseudo-
sound,

All of the pressure lobes obtained in this study are

closed curves, i.e. Apz-a-o as €— 0 and as @ —7r. Ihe‘plotted

curves have sometimes not been Completed-in~the vicinity of

@ = » (as, for example, the St = 0.1 curve in Fig. 11).- This

is because the computer output was obtained only for certain
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specified @-values which in some cases were not closely enough
spaced to allow good fairing of the Zgi;curves near € = ro
This is a small region, however, and we have simply left that
part of the curves unplotted, since it did not seem worthwhile

to re-run the program with more ©-values.

2. Source in thg Shear Layer

Fig, 13 showé:fét-field mean-square pressures for a source
half-way out in the shear layer of a circular cylindrical jet.
The source therefore travels at half the maximum jet velocity
and its Mach number is 0,35, while the small constant-velocity
region at the center of the jet has a Mach number of 0.7.
Comparing this with PFig. 14, a corresponding case for the two-
dimensional jet, we see again that the pressure lobes are
broadened and extend in closer to the downstream axis. For the
lower Strouhal numbers the variation of mean-square pressure
with Strouhal number is increased as before. For Sp = 1 and
}ST = 2 the two-dimensional jet shows a reversal in trend with
the peaks moving out from the downstream axis. This reversal
does not appear for the circular jet, though it might occur at
still higher S; values. Such effects might appear as the
wavelength of the sound is reduced to tﬁe‘order of the jet
diameter. For the smaller Strouhal numbers, the far-field
noise again mainly originates at fhe source as pseudo-sound,

but this is less true as the Strouhal number increases.
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r=1.
—) Tg=0.55

Ms

Fig. 13 FAR-FIELD MEAN-SQUARE PRESSURE DUE TO A SOURCE
' HALF-WAY OUT IN THE SHEAR LAYER OF A CIRCULAR JET.

Mj = 0,73 MS = 0.35; ry = 0.1
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Fig. 14 FAR-FIELD MEAN-SQUARE PRESSURE DUE TO A SOURCE HALPR-WAY

~OUT IN THE SHEAR LAYER OF A TWO-DIMENSIONAL JET.

M. = 0.7; MS =

J

0.35; Eb = 0.
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3. Source in an Extended Constant-Velocity Region

Centrally Located in a High-Velocity Jet

For -the example chosen the constant-velocity region in the
circulaf jet extends from the center to one-half the total jet
radius, and in the two-dimensional jet from the center to one-
quarter of the jet semi-thickness. In each case one-quarter of
the cross~sectional area of the jet is in the constant-velocity
region. |

In Figs. 15 and 16 mean-square pressures (in the far field)

are shown for sources at the center and at the edges of the
constant-velocity region. The maximum jet Mach number is 0.7
and the Strouhal number is 0.2 in all cases. For the circular
jet (Fig. 15) a source at the center produces slightly lower
pressures than sources at the edge of the constant-velocity
region., This occurs in the angular range where source distur-
bances decay exponentially in the central region (angles (©)
greater than 126-degrees), and it is probably this exponential
decayAwhich weakens the effect of the source at the center.
The two-dimensional jet, Fig. 16, shows a similar result, the
effectiveness of the sources progressively decreasing as their
disturbances have to traverse increasing thicknesses of the |
central region,

The pressure lobes for the circular jet are somewhat
broader and- rotated in»siightly towards the downstream axis by
comparison with the two-dimensional jet. At this one Strouhal
number of 0.2 the pressures are appreciably lower for the

circular jet,
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Fig. 15 MEAN-SQUARE PRESSURE IN THE FAR FIELD DUE TO A SOURCE
IN A CIRCULAR JET, FOR TWQ SOURCE LOCATIONS:
ry = 0 and rg = 0.5.

M. = 0.7; .sT = 0,2; ?b = 0.5,
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Fig. 16 MEAN-SQUARE PRESSURB IN THE FAR FIELD DUE TO A. SOURCE

IN A TWO-DIMENSIONAL JET, FOR THREE SOURCE LOCATIONS: Zg =0

"~ (center of jet),5§;ﬂ= 0.25 (nearer édge of central constant-

‘velocity region). and.E; =,a0;25~(farther,edge;of central fegion).
. .
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4. Source at the Center of a Low Mach Number Jet

Figs. 17 and 18 show far-field mean-square pressures for
sources at the center of a Mach 0.3 jet. 1In the two-dimensional
jet (Fig. 18) the velocity falls off linearly from the center to
the outer edge., 1In the circular jet (Fig. 17) the velocity is
constant out to 0.1 times the jet radius, and then falls off
linearly to the outer edge. (Only one-percent of the jet cross-
sectional area is in this central region.)

As in the higher Mach number case, the pfinciple effects
of changing from the two-dimensional tc the circular jet are,
first, that the pressure lobes broaden and extend in closer to
the downstream axis and, second, that the pressure variation
with Strouhal number is accentuated.

Note again the radial line marking the boundary between
the region where disturbances leaving the source are pseudo-
sound (e) and the region where disturbances leaving the source
are true waves (w). At a Mach number of zero (a trivial case
not shown here, with ZEE R2/(272A2,242) = 1) all far-field
noise is produced by disturbances which leave the source as true
sound. It is therefore remarkable that at a Mach number of only
0.3 most of the far-field noise is produced by disturbances
. originating as pseudo-sound. Since pseudo-sound corresponds to
the 90~degree out-of-phase compcnents of pressure and velocity
it transmits energy only by interference with reflected waves..
In the transmission through the jet these exponentially decaying
disturbances become true waves, and so canAtransmit energy to

the far field without assistance.
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Pig. 17 FAR-FIELD MEAN-SQUARE :PRESSURE DUE TO A
SOURCE AT THE CENTER OF A CIRCULAR JET

Mj = 0.3 I, = 0.1

e ®




-68=~

e e M D Source — z

5 4 3 2 1 "0

Fig. 18 FAR-PIELD MEAN-SQUARE PRESSURE DUE TO A SOURCE
AT THE CENTER OF A TWO-DIMENSIONAL JET.

b’,j = 0.3; Zo = 0,

1.0



=69~

C. RESULTS FOR

JET TEMPERATURE ABOVE AMBIENT TEMPERATURE

As an example for numerical computations, we have chosen
a circular cylindrical jet with uniform velocity throughout
a core covering the inner half of the total radius. The velo-
city decreases linearly over the outer half radius, reaching
zero at the outer edge of the jet. All comparisons are made
at fixed jet velocity, so that the jet Mach number based on
the ambient speed of sound is 0.7 (Maj = 0.7). (Qualitative;y
similar results, not shown here, are obtained at a Mach number
of 0.3.) The ratio of jet temperature (uniform across the jet)
to ambient temperature is designated by ag, and values of 1, 2,
4 and 6 are considered.

Figs. 19 - 22 show results for Strouhal numbers of 0.2,
0.1, 0.01, and 0.001, respectively. The very low Strouhal
numbers are included to show that in the limit of zero frequency
(or zero jet diameter) the temperature effect disappears. The
curves then merge and the value of ZEERZ/(erAZpaZmz) becomes
j1+M cosel-s, which is the value for a modified moving source>,
At higher Strouhal numbers (up to and including 0.2, at least)
increasing the jet temperature reduces the magnitude of the
pressure lobes and rotates them away from the downstream jet
axis., This trend may alter at still higher Strouhal numbers,
which have not yet been investigated,
It must be remembered that the source §trength here is
8n2A, and fepresents the maximum volume introduced by the
pulsating source per unit time. Only if this source strength
is unaffected by heating the jet (with velocity profile fixed)
will the reduction in mean-square pfessure with increasing

jet temperature be observed.
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Fig, 19 PFAR-FIELD MEAN-SQUARE PRESSURE DUE TO SOURCE
AT CENTER OF UNIFORMLY HEATED CIRCULAR JET.

Mgy = Uj/ca = 0.7; Sp = 0.2; 'fo= 0.5.
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FAR-FIELD MEAN-SQUARE PRESSURE DUE TO SOURCE

AT CENTER OF UNIFORMLY HEATED CIRCULAR JET.
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6, DPRELIMINARY ANALYSIS FOR

LINEARLY VARYING TEMPERATURE IN JETS

Introduction

In previous analyses we have considered mean* velocity
variations across the jet, but the mean temperature of the jet
has been held constant (either at the ambient value or higher).
Here we permit temperature to vary across the jet also, and car-
ry the development as far as the ordinary differential equation
for the shear layer in both two-dimensional and circular jets.

For simplicity we show the development only for the two-
dimensional jet. The ordinary differential equatidn for pres-
sure as a function of z has one singular point if the tempera-
ture is constant., This singular point may be in the region of
interest (the shear layer) or outside it. In the former case
fhe expanéion must be made about this point anq'is everywhere
convergent. Linearly varying temperature introduces a second
singular point where T = 0, This point never falls in the re-
gion of interest, but it does 1imit the radius of convergence
for the expansion about any other point. In some cases two
matched expansions are then required, which complicates the
computation,

In a circular jet a third singular point appe#rs (at the
center of the jet) and this, imposing further limits on con-
vergence, might require more than two matched expansions in
sdme caées. fhus the p¥6gr;mﬁing of the calculégiénéiwould be

more complicated for the circular jet.

- - - P R A D e e S D e P WP P T e e S G S T SR e e SR D e TR e % e M TR R MR e T W Ay @ W e n R R Oh SR v G S R OB

*mean refers to a time average eliminating turbulent velocities.
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Development of Equatiﬁhs for Two-Dimensional Jet

Let x,y,z be coordinates measuréd longitudinally, laterally
and normal to the "plane" of the two-dimensional jet, and u,v,w
be  the corresponding velocities. Then, indicating perturbation

. quantities (which are functions of x,y,z and t) by Au, etc., we

- have
u = U(z) + Au
v = Av
w = Aw
T = Ty(z) + AT
P = po(2) .+ Ap
P = py *+AD -
where
P, = constant = pyppjent = £, (2) R T (2)

and where R is the gas constant, assumed fixed. U(z) gives the
' mean velocity profile, T,(z) the mean temperature profile and

" pPo(2) the mean density profile. The mean pressure, p,, is
constant throughout the jet and ambient fluid, and the mean
temperature and density profiles are simply related through the

equation of state. The dynamical equations can now be written
8

as
a U(z) Au, + Aw U_(2) EPx 0
u, + z u, + Aw z) + =
t. ) X z Pof2)
v A “
Avy + U(z)<Avx + py =0 ° . (96)
Po(2)
Apz< T

CBAwe + U(2) Awy +
Po(2)
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and the equation of continuity becomes

+ Av, + Aw §

Apy +U(2)Ap, + po(z)fux v z Aw = 0  (97)

Here we have four equations and five unknowns: Au, Av, Aw,
AAp'agd Ap. However, if we assume that the entropy of each fluid
element is unchanged when an acoustic wave passes through (e.g.
see Blokhintsevlo, NACA T™M 1399, p. 21) then, following a fluid

particle,

d(Ap)

= r a1l (2) = c2(z) ° 98
Tasy = K@y [po(2)] yRT (2) = c“(2) (98)

where k(z) is the adiabatic constant for a given z and y is the
ratio 6f specific heats., (Note that entropy is not assumed
constant throughout the jef‘nor'evén at one point in the jet.)
c(z) is the local speed of sound.

From Eq. (98)

dap _ dAp 1

99
- at  at c2(2),
Also, the substantial derivatives, dAp/dt and dap/dt, are
dap | '
I = APt + poz(Z) Aw + U(2) Apx
o - RET (100)
a4p |

Eliminating dAp/dt and dAp/dt between Egqs.. (99) and (100):
Mpy + UC2) Bpy = T——i ' @ . U2 Ap, (z) aw (101
Pt P x C(Z) pt : pJE! ,‘z"’O'Z

This relation between Ap and Ap gives us the required added
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equation to make the previous set determinate. If, for con-
venience, we express Ap as

ap = p(2) cA(2) ¢ (102)

(noting that Pol2) c2(z) is a constant), then the four equations

become

A“t + U(2) Au, + U,(2) Aw + c2(z) oy = 0
2 =

Avt + U(2z2) Avx + c“(2) ay 0 |

(103)

2 -

Awt + U(2) wa + ¢c%(z2) o, = 0

o, + U(z) oy + Bu, + Avy +Aw, =0

Eliminating Au, Av and Aw gives

Teee * 3 U oy + 3 0A@) o+ U2 oy

- ()| (Vo) + U(2) (VP0), | + 2 U,(2) 2@ oy

-

- (2! T ' P
Lc (Z)“JZL‘,‘Zt + U(Z) szhi 0 R (104)

For icz(zijz = 0 (i.e. a constant temperature jet) o be-

- comes s, the condensation, and Eq. (104) becomes Eq. 3 of Ref. 4

or Eq. 5 of Ref. 1.

For U(z) = 0, the case of a static heated layer, we get

2 1 P\ |

V< = o - [ (2)|, o (105)
c2(z)| tt z %z,
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Returning to Bq. (104), let
o (X,Vy2,t) = F(2) cos(kzy) sin(klx-wt)

Substituting this in Eq. (104) gives an ordinary differential

equation for P as a function of z,

I
F,, + le(w_Ukl) * _J * Fl——p— - k% 50 (106)

The simplest temperature (or cz) variation with z is
linear. In that case the equation has two singular points:
one, where (w-Uk;) = 0, may fall within the region of interest
(the linear shear layer); the other, where c? = 0, never lies
in the region of interest. If F is expanded as a power series
in z, one expansion must be made about each singular p§int in
the region of interest. Other singular points limit the radius
of convergence of such expansions and may require the use of
matched expansions about two different points. Such procedures
have already been described in connection with the circular jet

at constant temperature; which has two singular points.

The Circular Cylindrical Jet

For the circular cylindrical jet the axial, angular and
radial coordinates are x, y and r. The corresponding pertur-
bation velocities are u,v,w.

T 7 The partial differential equation for o is
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2 3

Treg t 3 U oyt 3 UT iy tUT oy

-2 @y v U P, |+ 20, ¢? oy

o2y T L= o :
= etV =0 (107)

where U = U(r), c? = cz(r) and the perturbation pressure, Ap, is

Ap = po(r) c2(r) o. (po(r) c2(r) is a qonsfant).

If we let
o(x,y,r,t) = F(r)>cos(mw) sin(kx-wt)

- then F(r) -is defined by

p—

. . | 2uk 1 d(rc?)| Fi (w=UK)? (kz m?\ o
- + , + | 4+ P e = + ;=
Ir 'rtgw-Uk) rc2 dr j {_ c? ;Z{j

(108)

No;é tpat k here(co:feépbndé'to #1>in the two-dimen;ional jet.
| For témperature.(og q?) varyiﬁgrlinearly with r, singular
poipt§ occur fof z;-Uk5.= 0,-r’= 0 #nd.cz = 0.~ Obtaining solu-
tions by series expansions is therefo%g more complicated than
in the two—dimenéional case which has only two singular points

instead of three.
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7. DISCUSSION OF APPLICABILITY

As stéted earlier this work is not intended to provide
a comprehensive theory of the noise produced by turbulence in
jets, Instead, we have concentrated on one aspect of the prob-
lem with the purpose of providing facts (not intuitively evi-
denf) which can be used in formulating a more COmbrehensive
theory. Utilization of this material in a more general theory
requires consideration of a number of factors. Some of these
(not necessarily in order of importance) are as follows:

(1) Wwhat singularity (source, dipole, quadrubole or other
type) should be considered as the noise generator?

(2) Since we consider that turbulence is the only true
generator, we are interested in expérimental methods capable of
distinguishing between turbulent velocity fluctuations (asso-
ciated with vorticity and non-linear terms) and the 1ineaf
fluctuations associated with transmission in our analysis.

(3) Frequencies recorded by an instrument at rest in the
ambient fluid are not the same as the generating frequencies
(because of the Doppler effect). The frequency correction is
easily made, but the plotting of mean-square pressure curves
for fixed observed frequencies requires the use of an energy
spectrum, since a given generating frequency produces differ-
ent observed frequencies at different angular positions in the
Sfarfield T o T e e e .. e
(4) Various generating regions of the jet must be con-

sidered.
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(5) The limitations imposed by considering the jet to be

infinitely long should be studied, especially at low frequencies.

The final factor ((5)) is now considered in some detail.
There are really two parts to this question. The first part
might be stated as follows: Assuming coordinates fixed in the
source, how much of the jet upstream and downstream of the
source is really essential to the analysis? The second part of
the question relates to the transient source analysis in re-
tarded cobrdinates:. How far does a given transient source tra-
vel relative to the nozzle, and can it be assumed to pass through
many cycles in this lifetime?

The first part of the question relates to refraction ef-
fects, which do not appear explicitly in Lighthill's work.
Howefer, the second part of the question relates to convection

effects and so may apply also to Lighthill's analysis. _

Part 1 (coordinates fixed in the source)

When the generating frequency is low the wavelength of the
disturbance is large, and may be many times the jet thickness.
Our analysis deals primarily with wavelengths in the streamwise
direction and, since we assume an infinitely long jet, many
cycles may appear in the jet for any given wavelength. On the
other hand, in a real jet of finite length, perhaps only a
fraction of a cycle may appear. This raises a question as to
the applicability of our analysis at low frequency.

However, in certain cases we have examined the results

obtained for infinitely long jets in the limit of zero fre-

quency. For example5 a source drifting with the fluid in an
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infinitely long jet becomes a "modified moving source"® in this
limit, Such a result is also what one would anticipate for a
source in a finite length jet, since the modified moving source
merely requires a small neighborhood of fluid traveling with
it. A second example5 is a source in a jet, but at rest rela=-
tive to the external air., This source is necessarily moving
relative to the jet fluid, and is considered a modified moving -
source. Analyzed by infinite jet methods in the limit of zero
frequency the result is a simple source radiating uniformly in
all directions, This is again quite consistent with what one
would expect for the finite jet in the zero frequency limit.
Andther intuitive argument is obtained by approaching the
finite jet problem (qualitatively) by modifying the boundary
conditions for the infinitely long jet. Consider a jet of
circular cross-section and, with the source as a center, con-
struct a spherical surface which passes through the jet about
one and one-half diameteré upstream and downstream from the
source, The portion of the sphere within the jet intercepts
a solid angle which is five percent of the total for the sphere,
It is within this limited angular range that the boundary con~-
ditions would have to be modified for the finite jet if uniform
conditions are assumed over the three-diameter length. This
suggests, though it certainly does not prove, that the radia-
tion field outside the jet might not be seriously altéred by
the restriction of jet length,
It should be mentioned here that there 'is a region in
which infinite-jet theory is definitely incorrect. This is. a

*The modified moving source is defined and described in Ref, 5
and compared with the conventional moving sodirce. The existence
of other types of moving sources also is noted.
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relatively small angular region in the far field neéar the jet
axis. Here infinite-jet theory predicts mean-square pressures
approaching zero at the axis, which ‘would not be true for a
real jet of finite length. Since the region is small and the
pressures are ordinarily small we are not usually much con-
‘cerned with this difficulty.

The preceding discussion may serve to indicate that
intuitive arguments sometimes conflict and must be handled
with caution. The range of conditions under which infinite-jet

analysis is useful must be considered unknown at present.

Part 2 (retardedvcoordinates and transient_sources)

The mean-square bressure for a sequence of ‘transient
sources contains an 1ntegra1 of the sum of the squared trans-
mission coeff1c1ents over the entlre frequency range (hq. 27)).
There is, however, a weighting factor in the 1ntegrand wh1ch
if each tran51ent source goes through many cycles durlng 1ts
ex1stence, becomes a delta-functlon. In th1s 11m1t the mean=-
square pressure formula is much s1mp11fled (Eq. (28)), becom1ng
1ndependent of the transm1531on coeff1c1ents except at the basic
frequency. A simple rule can then be used to obta1n the mean=
square pressure in retarded coord1nates for the tran51ent
source sequence from that 1n source coord1nates for a 51ng1e
permanent source: Make a formal transformatlon of the latter
.to retarded coordinates and multlplv by [1 + MxZ/R] On exam-
ining Lighthill's work we found that his or1g1nal result had

been corrected_by“Ffowcs-williams by applying a multiplicative
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factor of [1 + Mxy/R]. If we assume that this corresponds to
our transient source effect, then the Lighthill - Ffowcs-Williams
result would be applicable in the limit when each transient
quadfupole goes through many cyclés;

It can readily be'shown that, for a pulsating.sourceuat
the center of the jet, the distance traveled dowﬁstream from
the nozzle during one cycle is equal to thé jet thickness divid-
ed by the Strouhal number. Thus if the Strouhal number, Sf,,is
0.1 the source travels ten jet diameters in completing one
cvcle. PFor ST = 0.2 the source completes a cycle while moving
downstream five jet diameters. Thus for low Sy (or low fre-
quency) it is difficult to justify the assumption fhat the
transient source passes through many cycles. However,'we haVel
an equation (Eq. (27)) which providesffofvtransienf Sources
passing through a reduced number of éyclesAdown to one cycle,
In this equation is a factor which becomes a delta-function

in the limit as n—~o0: -

2 (wfu)? sin®(2vne/ug)

= F . (109)
2n (wz/woz - 1)2 8 '

In Fig. 23 we examine this factor as a function of w/ho for
two cycles (n = 1) and for one cycle (n = 3). (2n must be an
integer.) Also, we examine a related factor, not derived here,

which applies to half-cycles:

8 (w/wo)z-cosz[i(miqﬂuo)]

2
S 1rzm (wz_/woz - 1) .

= B! 110
3 (110)
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(In Bq. (110) m must be odd, and m = 1 corresponds to one-half
cycle.)

Fig{23 suggests that, if the pulsating source passes
through only one cycle or one-half cyc}e in its lifetime, the
factor deviates materially from the delta-function. In some
such cases the delta-function may still be an adequate approx-
imation. In others it may be necessary to use the more general
equation (Bq. (27)) instead of the simpler one (Eq. (28)) which
applies when n approaches infinity. There may be an alterna-
tive way to define amplitude vs. frequency for the noise- .
generating sources, permitting use of the simpler equation in

all cases, but that is beyond the scope of this study.
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CONCLUSIONS

The acoustical source traveling with the local fluid
produces two types of disturbances. One we will term
true sound, which consists of true waves carrying energy.
The other we will call pseudo-sound (characterized by
exponential decay in-out analysis) which transmits energy
only by interference with reflected waves. At a Mach
number of zero all the far-field noise originates as true
sound at the source. However at a Mach number as low as
0.3 most of the far-field noise originates as pseudo-
sound at the source. |

A review of the methods for theoretically constructing
quadrupoles in a shear layer suggests that there is no
elementary reason for discarding dipole and source radia-
ticn in our analysis. If mean velocity varies across the
jet, then the absence of any net source strength in the
entire jet does not necessarily make source radiation
unimportant. Similarly the absence of any net dipole

strength does not result in purely quadrupole radiation.

J

The dominance of quadrupole radiation in jet noise appears
to be a feature of Lighthill's simplified model of the

jet, but it is not necessarily characteristic of real jets.

Moving a source off the centerline of the jet generally
has little effect on the noise radiated as long as the
source remains within the central high-velocity region of

the jet. However, a source of the same strength halfway
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out in the shear layer has greatly reduced noise radia-
tion (which is probably to be expected because of the

. reduced speed of convection).

(4) The noise fadiéfed by sources on the centerline of cir-
cular cylindrical and two-dimensional jets is compared for
similar velocity profiles, Mach numbers and jet thicknesses.
The circular jet cases show pressure lobes which are broader
‘and rotated ih.closer to the downstream jet axis. Also,
the véfiation of far-field noise/(frequency)2 with Strouhal
number is greater for the circular jet. Here, source
strength, defined as maximum volumeAintroduced per unit

time, is fixed.

(5) The effect of raising the jet temperature above ambient
with fixed jet velocity and source strength is illustrated.
The Mach number based on ambient temperature is 0.7 for
the examples given, and Strouhal numbers up to 0.2 are
considered. The major effects are a reduction in magni-
tude of the mean-square pressure, and rotation of the

pressure lobes away from the downstream jet axis.

-

(6) A primary effect of changing from a source to a quadrupole'
~ (both on the centerline) is that pressure peaks generally

_rotate in towards the downstream_ jet axis (see Appendix).
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Appendix: DIPOLES AND QUADRUPOLES IN A TWO-DIMENSIONAL JET

BEquations for Mean-Square Pressure

In our previous reports2-4 the acoustical source (i.e.
monopole source) on the jet centerline has been taken as the
noise generator., Since quadrupoles are frequently considered
as the primary noise generators in a jet, we have extended the
analysis to include dipoles (three types) and guadrupoles (six
types), all located on the centerline of a two-dimensional jet.
Only the results of the analysis will be given here. Details
of the derivation are omitted since they follow the methods
described earlier (see Section 2), methods which were devel-
oped for the source in Refs. 2-4 and which'are applied in
detail for the source in the shear layer in Section 4 of this
report. Following are the.expressions for far-field mean-square
pressure (ZEE) for these singularities, including the source,

The source strength is here taken as the maximum volume
per.unit time introduced by the source. (Lighthill uses rate of
change of mass flow as source strength.) A source strength fac-
tor A is defined such that source strength = 8727, The corres-
ponding dipole strength factor is then Ay = Af where £ is the

distance separating a source and a sink, each of strength 8r2A.

Similarly, the quadrupole strength factor is Aq = Alz. Aps2 is
the mean-square pressure produced by a source of unit strength
factor.

. ~source

ap? = A2 ap 2 = A2

21rzp2w2

; |
R2| 1+Mx,/R|"

i
i

(z/R)2[s"2(w)+s12w)] (A1)
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x-axis dipole

ap? = ap 2 A2 w12 (xy/RYZ/(1emxy /)2 (A-2)

y-axis dipole

2 = ap2 A4% w'2 (v/R2/(1eMx /B2 (a-3)

2 2 2 2

S, (w)+S, *9(w) (x5/RY4+(y/R)
ap? =aplag? W2 A LAy 24 Y/z (A-4)

572 (w)+512(w) (14 ,/R) -
X-x quadrupole

2 - 2,2 ,4 4 a }
ap® =Ap “ A ° o (x,/R)"/(1+Mx,/R) A (A-5)
Y=y quadrupole
Ap? = apg? qu W /R x4 A (A-6)
z-2z quadrupole
' r 2o 2]
-3 (x,/R)“+(y/R .
ap2 = ap 2 A2 ot 1 - o/ R) V/ ) ATy
(1+Mx2/R)2

X~y quadrupole
ap? = ap 2 a2 o? (/D2 (y/RZ/(1emx /R (A-8)

202 = Ap 2 A 2 b Sy @IS V@) (x,/R)T 1_(xz/R) +(y/R) |
$"2(w)+512(w)  (1+Mxy/R)2 (144x /R) 2

(A-9)



«90~

¥-2 quadrupole

——

ap? = Apg

3 .4 SA"Z(”)+SA'2<“) (y/R)?

2
Aqw 1

(x,/R) 2 (y/R)2

S"z(w)+s'2(w)' (1+Mx2/R)2 (1+Mx2/R)2

(A-10)
Here, , is the mass density of the ambient air, w is the gener-
ating frequency of the transient singularities, and ' is w/c
where ¢ is the velocity of sound. X5y ¥ and z are respectively
the streamwise, lateral and normal distances of the observation
point from the:noise;gene;ating ;egion of the plane jét, and
R = 7x22+y2+22\. M is the Mach number of the transient sources
(or dipoles or quadrupoles) relative to the ambient air.

S' and S are related_tp;thg,in-phasg and out—qf—phase
transmission coefficiénts for éymmefrical diéturbances of the
jet2 (zero normal displacement at the jet cente;l}ne). -SA' and
SA" are similarly related to transmission coefficients foi anti=-
symmetrical disturbapcés (zeib bréésure at the jet centefline).
For all of these S-temms programmed computations are desirable,
(Expressions for S',Sﬁ.were de;ived in Ref. 2.' Tnese and s.',

SA" follow as speciai“casesj(i.e. for zg = 0) of coefficients

derived in Section 4. Using the notation of Section 4, Egs.

(29), (30) and (32) in particular, we find that

+ V1-sk,) 2-k2 [33(1‘M5K125{fkt1)5 jg;g(cl>f jfj
S,' = .
A -

Den,

- (A-11)

N 3B(1-MK,) {fc(cl)[ Jg8, (el ]fj
Syl = - e )

Den,

i
1
}
i
i
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where the . f . :g values of Eq. (22) are needed here.

These also enter the denominator term, Den., Eq. (25).)

Discussion of Equations

Of the nine additional noise generators considered here,
five (those involving only x and y axes) can be obtained by
differentiation of the source far field. Three of the remain-
ing four require anti-symmetric transmission coefficients, and
the fourth (the 2z-z quadrupole) retains symmetric.transmission
coefficients but is not obtained by simple differentiation in
the>far field.

Since for the two-dimensional jet we are examining pri-

marily the Ap2 in the plane y = 0, we are not now concerned with
singularities having a y-axis. Also, we are more interested in
quadrupoles than in dipoles, and this leaves the X=X, é-z and
X~z quadrupoles for our attention. For simplicity, we consider
now the x-x and z-z longitudinal quadrupoles and show in Fig.
24 the sum of the ZEE values for these two (Eq. (A-5) plus Eq.
(A~7)). (If they wére assumed to pulsate in phase a source-like
Ap would result )

Fig. 25 shows for compar1son purposes the Ap2 for a

‘source (Eq. (A-1)).

Discussion of Figures

~These fxgures show radial plots of 2 for jet Maéh nume-
bers 0.3 and 0.7, for a source and for the ;(x-x)+(z-zf} quad-
rupole (both located on the Jet center11ne in a jet with linear

shear layers extending in to the centerline). The Strouhal
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Fig. 34 MEAN-SQUARE PRESSURE IN THE FAR FIELD (POLAR PLOT)

Apz(x-x quadrupole) + Apz(z-z quadrupole).

Quadrupole at centerline; maximum jet Mach . .numbers

0.3 and 0.7
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Fig. 25 MEAN-SQUARE PRESSURE IN THE FAR FIELD (POLAR PLOT):
Source at centerline; maximum jet Mach numbers 0.3

and 0.7.
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number, S is defined as

T,

Sp = (w/2w)(jet thickness)/(jet velocity)

where v is the source or quadrupole frequency. Results are
shown for ST = 0.1, 0.2, 0.5 and 2.0. The radial line with

e on one side and w on fhe'other indicates the boundary be-
tween the region in which the disturbances leaving the Singu-
larity might be termed "pseudo-sound" and are exponentially
decaying in z (e) and the region in which disturbances leaving
the singularity are,"trﬁe-sound", or true waves (w). At a
Mach number of zero all far-field noise is produced by dis-
turbances which leave the noise generator as true.sound. How-
ever, as noted in other eiamples, at a Mach number of only 0.3
most of the far-field noise is produced by disturbances ori-

ginating as pseudo-sound.

A2

The amplitudes for Ap® are of interest (at present) only
for comparing like Strouhal numbers at different Mach numbers
for a given type of noise generator.ﬂ It can be seen that for
a fixed strength of the noise generator ZEE rises rapidly with
increasing Mach number.. Before attempting to construct a power
law for noise level as a function of Mach number other factors
must be‘considered. For example, the dependence of noise gen-
erator strength on Mach number, the possibility that noise
generator type depends on Mach number, the conversion of gener-
ating frequency to observed frequency, the contributions of
various portions of the jet (which travel at different velo-
cities) are. some of these factors.

A primary effect of changing from sources to quadrupoles
is that the pressure peaks generally rotate in towards the

downstream axis,
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