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INTRODUCTION

This paper computes the partial derivative of the scaler function

-1

= tr(BABT) - tr{MT[(BABT) - (BDBT)_J' - Ik]} with respect to the matrices

B and D where:

tr ; the trace of a matrix

B a k by n real matrix of rank k s n

-

A; an n by n positive definite, real symmetric matrix
M; areal k by k symmetric matrix (assumed to be constant)

D; an n by n positive definite diagonal matrix

Ik 3 the k by k identity matrix
DISCUSSION — Define thegcaler
1 T
@1 -3 tr(BAB")
8@1 bel
We use the notation —=— to denote the matrix () where B = (b,.)
9B Bbij 1]
e\ T ¢ \ T
2} o gt = L -1
Lemms 1 (BB) AB”, 8o that @1 3 tr[B( BB) ]
! 9B T 3BT 1 38,1 (B T\ T
Proof: e --z'tr[ E—AB +BA'B—'b'— ]-*z—tr[c-é—];—AB)+ -B-b—AB i
13 i3 i} ij 1]

But for any square matrices Al and A2' tr(Ai) = tr(Ai) and

1:1:(1’;:L + AZ) - tr(Al) + tr(Az) so that

od

1 o8 T
—— = tr {(---—AB)] -
abij abij ji



where AB = (Otij)

Thus it follows

3¢, \T o T
1 1 T T
( 33) - (Bbi) " Gyy) =Gy - A
]
proving the Lemma,

Lemma 2: 2 Tt - @Dy I 2 eaBTy ) (BABTY ! where B = (b,.)

—_— BbiJ Bb 13 ij
T Ty~1

Proof: Since (BAB)(BAB™) = Ik' it follows

[ Bb "y (BAB )](BAB )~ + (BAB ) -5—1;-—-- (BAB )

] = (0)
ij
80 that

0 -1 T,-1 0 T T,-1
E—;(BAB) = -(BAB™) ['5'5';;(31\3 >1(BAB™)

as desired,

Lemma 3 - Let ¢

30 \T
, - 2 ex [ (BABT) 1. Then ( 332) = -ast D)y "It aapT) L

- L
1 2
and @2- -i-tr[B(a ]
Proof: i S I | ez M (BABT) 1]
abij abij 2
1 T 3 -1
-3 triM .ET’_:J (BAB™) 7]



- - % er{M (BABT) "L [ = 2ABT) ] BABTY "1} (Lemma 2)
i}
- %-tr{MF(BABT “1r g: " ABT + BAab j](BABT)"l}
- - %-tr{ 3335 ABT(BABT)'1M$(BABT)'1}
1j
--% tr{(BABT)_lMT(BAB ) g: j}
- —tr{ B ab AT (aasTy~1F (pasTy 1)
ij

where (Yij) - ABT(BABT)‘_:IT'IT(B!\BT)_]' g0 that the Lemma follows since
3, \ T 200, \ T
2 2 T T, . T-1.T, . T\-1
( dB ) (abij\ = —(in) = ""(Yij) = ~AB (BAB ) lM (BAB )

Now define the scaler

o, = tr[MT(BDBT)"ll

3

ad
and we use the notation --5-% to denote the matrix of partial derivatives

3@3

- where D = (d,,)

9d, 5 i3

Lemma & - If ¢, = tr{M (8DBT) ], then
3¢3

55 --—BT (BDBT)-]MT(BDBT)-]'B 80 that whenever



ad
aD

T T
BB = I, &= -tr[BD o= B']

Proof: - tr[M ad (BDB Yy ]

1] 1]

= ~tr{M (aDBY) L] ad (8DBT) ] (BDBT) "1}

1j

__db

Bd 13

= -tr{MT(BDBT)'l( 8Y) (DBt ) L

But for any two matrices Al’ AZ'

tr(AlAz) = tr(AzAl) whenever both matrix products are defined:

thus letting

A = MY (80BY) 1B and A, = 33D 8% (spT) L
| ij
it follows
a¢3 7.1
o m atr{ - B (BDB ' M (BDB ) "B}
3dij ad 14

and as in Lemmas 1 and 3 it follows

30 3. \ T
3 3 T, T=1.T, T.-1
50 = (ﬁ) = -37 803"y 1T (epaT) 18

Lemma 5 - If ¢, = ln]BABT| corresponds to the natural logarithm of the

determinant of VBABT, then

290, \ T
&4 T T,-1
('a—lr) = AB"(BAB™)



BQA T
and thus B 33 - Ik

Proof: Let Al""’Ak be the strictly positive eigenvalues of BABT, 80

that
1 T 1
?, =3 in|BAB"| = E-ln(ll,...,Xn)
and thus
M1 Apeeenir, Ao ohy 2N
3% b Sl
LN e I + + i
abij 2 qucllk Al'.-)‘k
Bll BAZ Blk
ob. . ab, ., oh, .
1 2 k
= % tr{W-l %E_} where
ij
Al\ 0
W= T is a diagonal matrix
0 “Ak

of eigenvalues of BABT
But since (BABl) is a real symmetric matrix, there exists an orthogonal

matrix U satisfying

u(BAB)UT = W and UUT = I



(Note (BABT)_l - UTW-lU). Thus

g‘{: gg (BAB )U + U] ab (Bfm )]U
1] ij ij
T aU
+ U{BAB") ab
i3
and thus
T oW T 3U
U ——1U=10 (BAB)+ (BAB)
abij Bbij Bb
T. U~
+ (BAB™) ab
But
-—-—-—a% - Lyt I
abij 2 abij
- %— er{oTw Lot gg u}
B &
. tr{ (BAB )'1[ T 3U (BAB ) + (BAB ) + (BABT BU U1}
2 Bb Bb
1] ij ij
1 T oU dU* 1 T.-1 3
-3 tr (U ab +§-E—U) + = tr[(BAB ) ab (BAB )]
But since U'U - lk* It follows
UT 30 + EH——U 0, so tﬁat

Bb 13 abij



30
5 = 7 el @)™ =2 @eT))
- 13 1]
- tr| gg AeT ATy so that
1j
2, | T

Y - ABT(BABT)-]', completing the proof.

Now, recall the definition of the function

¢ = er(ans’) - er{u' [0 - @oh Tt - 1) - 20, - 20, + 0, + tr{M’)
But
3¢, 1T
1 T
== = AB {Lemma 1)
3& T = -AsT ABTy "he" (magT)y 2 (Lemma 3)
3B
b\ T
—a% = -208° (8DBT) "1M¥ (BpBT) "L (Lemma 3)
3y T, T-1.T,  T.,-1 -—
—5p = ~B (BDB) by (BDB™) "B (Lemma %)
0 20
__:_L.. - .__2 = ()



80 that
aB 9B - { 8B aB
= 2me,T[1k + & 3 " s 301
- 2087 (BDBT) ~1yT (13,1:v13T)'l
and
ao)  fae)T 5" (8ps”) ~1” (apB”) ~1n
ap aD
T T
aM M
where we have assumed 33 ~"3p " 0

ADDITIONAL CONSIDERATIONS

Consider the problem of maximizing

X = tr(BABY)

subject to the constraint Ik - BABT 18 positive definite.

Since ﬁk— BABT is symmetric, there exists an orthogonal matrix {

satisfying
A 0
o, - 3ht - | 17, -5
koo 0 T~a
k
and QQT = Ik’ and S5 is a diagonal matrix of eigenvalues of Ik - BABT.

Thus the constraint is equivalent to ki >0 for all i, Also,



X = tr(BABT)

= tr(QBABTQ?) (for any orthogonal matrix Q)
- tr(ﬁAﬁT)
where ﬁ = QB isa k by n matrix
It follows ﬁ satisfies
T
I - BrBl - g

so that the row vectors of ﬁ nay always be chosen A orthogonal. Alternately,

let

and the constraints are equivalent to

T
by A by =0 1= 1,...,k-1
j=4i+1,...,k

1-b; Ab, >0 1=1,...,k

Thus the problem is to maximize

x = te(BagT)

subject to the above constraints,
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Thus it appears the solution to the problem

max X = tr(BABT)

subject to the constraint Ik - BABT is positive definite is given by any

k elgenvectors e;,€,,.s:5€) of A, appropriately "scaled" with scaler o

so that
2T - v
lfD’. eiAei>0 i

T - V
where we assume ey Aei =1 1



