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ANALYSIS OF FINITE-SIZE PHASED ARRAYS OF
CIRCULAR WAVEGUIDE ELEMENTS*

By M. C. Bailey
Langley Research Center

SUMMARY

A derivation is presented for the calculation of the interelement mutual coupling in
a finite-size planar array of waveguide-fed apertures covered by a multilayered dielectric
and/or plasma. The general mutual admittance expression is evaluated for circular aper-
tures and the mutual coupling calculations are verified experimentally for two transverse
electric (TE1j) circular waveguide mode excited apertures. A parametric study of higher
order mode aperture fields indicates that the only significant change in the circular aper-
ture mutual coupling is due to the transverse magnetic (TM11) mode, which introduces an
additional phase shift. Qualitative agreement between calculations for a 183-element array
of circular apertures and an infinite array establishes the validity of the finite-array theo-
retical model.

INTRODUCTION

The wide flexibility available in the design of antenna arrays is very useful in appli-
cations where factors such as beam shaping, side lobe level control, and rapid beam steering
are of prime consideration; however, the design is complicated by the effects of mutual
interaction between the radiating elements. These interactions are principally evident as
(1) a distortion of the radiation pattern, (2) an element driving impedance which varies as
the array is phased to point the beam in different directions, and (3) a polarization variation
with scan angle in an array with elements which can support more than one sense of polari-
zation, The degree to which the interelement coupling affects the performance of the array
will depend upon the element type, the polarization and excitation of each element, the geom- _
etry of the array, and the surrounding environment. In order to study the effects of mutual
interelement coupling in an array, the analysis must include all these factors.

The work reported here is an analysis of the mutual coupling in a planar array of
circular waveguide-fed apertures in an infinite conductor as typically illustrated in figure 1.

*The information presented herein was offered as a thesis entitled "Near Field
Coupling Between Elements of a Finite Planar Array of Circular Apertures' in partial
fulfillment of the requirements for the degree of Doctor of Philosophy in Electrical
Engineerin%, Virginia Polytechnic Institute and State University, Blacksburg, Virginia,
December 1972.
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Figure 1.- Planar array of circular waveguide-fed apertures.

The analysis is expected to yield good results for planar arrays on finite-size ground
planes which are electrically large; however, for small ground planes or for array ele-
ments near the edge of a finite ground plane, the electromagnetic scatter from the ground
plane edges may be significant in some cases.

The problem is first formulated for arbitrary waveguide apertures radiating into
a multilayered region and then specialized to circular apertures excited in either TE or
TM modes. The effects of mutual coupling are determined by first computing the self and
mutual admittances among all the elements of the array to form a complex admittance
matrix, which is then operated on to determine the complex scattering matrix for the
array. The scattering matrix gives the relationship between the amplitudes and phases of
the waveguide modal fields which are incident on and reflected from the apertures. This
relationship then allows one to determine the reflection coefficient and coupling coefficients
of all the elements of the array for any phasing or amplitude taper.

SYMBOLS
A magnetic vector potential
A or A(xj,Yi,zi) functional form for z; component of A
A(kx, ky’ Zi) bidimensional Fourier transform of A(xi, ¥ zi)
A’ (kx’ IS" zi) derivative of A(IS{, ky, zi) with respect to z,
Ala, B) undetermined quantity used in equation (69)
A, 8, 0) bidimensional Fourier transform of A(xi; Vi zi) in cylindrical

coordinates evaluated at z; = 0
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parameter defined by equation (79)

parameter defined by equation (80)

dummy parameter used in equations (132) and (133)
radius of ith circular aperture

radius 6f jth circular aperture

complex amplitude of pth waveguide mode incident on ith
aperture

complex amplitude of qth waveguide mode incident on jth
aperture

complex column matrix whose elements consist of all a
i

undetermined quantity used in equation (69)

complex amplitude of pth waveguide mode reflected from ith
aperture

complex column matrix whose elements consist of all the b )
i
undetermined quantities used in equations (70), (53), and (54),
respectively
quantity defined by equation (81)
quantity defined by equation (82)
undetermined quantity used in equation ('70)

thickness of one dielectric layer

distances from aperture plane to outer surfaces of layers
1,2, ...,p-1, p, p+l, N'-1, N', respectively

electric field vector



E(Xi, yi’ zi)

E(kx, ky, zi)

e !

F or F(Xi’ Yy z;)

F(kx, ky, zi)
F'(kx, ky, Zi)
fa, 5, 2;)
£'(a, 8, 2)
g(a, 8, 2)
g'(a, 8, 2y)

H

Hix v, Zi)

H(k,, ky» 2;)

functional form of E

bidimensional Fourier transform of f:(xi, ¥» ;)

normalized electric vector mode function for qth TE waveguide

mode

normalized electric vector mode function for qth TM wave-
guide mode

electric vector potential

functional form for z; component of F

bidimensional Fourier transform of F(xi, Yy Zi)
derivative of F(kx, ky’ zi) with respect to z;

normalized form of F(kx, ky, Zi) defined in equation (56)
derivative of (s, g, zi) with respect to z

normalized form of A(kx’ ky’ zi) defined in equation (57)
derivative of g(q, 3, zi) with respect to z,

magnetic field vector

functional form of H

bidimensional Fourier transform of ﬁ(xi, ¥is 25)

normalized magnetic vector mode function for qth TE wave-
guide mode

normalized magnetic vector mode function for qth TM wave-
guide mode

reaction integral (eq. (21))
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intermediate quantities used in derivation of equations (167)
to (170)

equivalent current for pth mode in ith aperture
equivalent current for qth TE waveguide modal fields
equivalent current for qth TM waveguide modal fields
complex column vector whose elements consist of all I B

Bessel function of the first kind of order m and argument z

derivative of Jm(z) with respect to z

wave propagation constant in free space, 27/

Fourier transform variable with respect to X;

Fourier transform variable with respect to A
complex wave propagation constant in z; direction
dummy variables for integration

cutoff wave number for qth TE waveguide mode

cutoff wave number for qth TM waveguide mode
number of waveguide modes in each aperture

total number of modes assumed in the jth aperture
order of Bessel functions and cyclic variation of fields

number of apertures in array



N!

TE

™

Uj; (8)

v,

number of dielectric layers outside of aperture plane

center-to-center spacing between two apertures or between

origins of ith and jth aperture coordinate systems

area of ith aperture

complex coupling coefficient between pth mode in ith aperture

and qth mode in jth aperture
complex square matrix whose elements consist of all Spi’q
beam-pointing directional cosines
time, sec
transverse electric

transverse magnetic

quantity for simplification of admittance expression (see
egs. (167) to (170))

quantity for simplification of admittance expression (see
eq. (167))

equivalent voltage of ith aperture field

equivalent voltage of jth aperture field

equivalent voltage for pth waveguide mode in ith aperture
equivalent voltage for gth \;vaveguide mode in jth aperture
equivalent voltage for qth waveguide mode in kth aperture
equivalent voltage for qth TE waveguide modal fields

equivalent voltage for gth TM waveguide modal fields



complex column matrix whose elements consist of all V _
i

quantities defined by equations (162) and (163)

dummy variable

variables in reference Cartesian coordinate system

variables in ith aperture Cartesian coordinate system

variables in jth aperture Cartesian coordinate system

unit vectors in x, y, and z directions

unit vectors in X5 Vi and z; directions

unit vectors in x]., y]., and zj directions

translation of X Vir 24 coordinate system in x and y directions

translation of Xj’ yj, zj coordinate system in x and y directions

characteristic admittance of pth waveguide mode in ith aperture

element in ith row and jth column of [Y] or mutual admittance
between ith aperture electric field and magnetic field pro-
duced by jth aperture field for one mode apertures

mutual admittance between pth waveguide mode electric field
in ith aperture and magnetic field produced by qth waveguide

mode in jth aperture

complex square matrix whose elements consist of all Y

pi’qj
complex diagonal matrix whose nonzero elements consist of
1Y
a B

dummy variable used in definition of delta function (see eq. (28))



angular Fourier transform variable in cylindrical coordinate
system of ith aperture

normalized radial Fourier transform variable in cylindrical
coordinate system of ith aperture

delta function defined by equation (28)

permittivity of dielectric region

permittivity of medium outside of layered region

permittivity of free space

permittivity for z; = ot immediately adjacent to aperture plane

quantity defined by equation (165)

quantity defined by equation (165) with i replaced by j
wavelength in free space

permeability of dielectric region

' permeability of medium outside of layered region

permeability of free space
permeability for z, = 0" immediately adjacent to aperture plane

quantities defined by equations (164) and (166)

quantities defined by equations (164) and (166) with i replaced
by

dummy variables

dummy variable for integration in equations (132) and (133)
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radial variable in ith aperture cylindrical coordinate system

radial variable in jth aperture cylindrical coordinate system

sum of terms for all values of q

sum of terms for all values from j = 1 through j = N

sum of terms for all values from g = 1 through q; = M].

magnetic scalar potential .
angle defined by equation (89)
angular variable in ith aperture cylindrical coordinate system

angular variable in jth aperture cylindrical coordinate system

rotation of X, ¥ coordinates with respect to x, y coordinates
rotation of x]., yj coordinates with respect to x, y coordinates
relative polarization angle between i and j aperture fields
solution to equation (5)

nJ!th zero of J m]!(x)

njth zero of J;n.(x)

J

electrical scalar potential

temporary variable used in derivation of equations (167) to
(170) to represent quantity in equation (95)

solution to equation (6)
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Subscripts:

ij

N'+1

10

phase shift between array elements for H-plane scan
phase shift between array elements for E-plane scan

angular frequency, rad/sec

ith aperture
jth aperture

either the ith row and jth column of matrix or the interaction
of the jth aperture fields upon the ith aperture fields

order of Bessel function (see eq. (116))

first subscript of transverse electric waveguide mode in ith
aperture and order of Bessel function in field equations

first subscript of transverse electric waveguide mode in jth
aperture and order of Bessel function in field equations

first subscript of transverse magnetic waveguide mode in ith
aperture and order of Bessel function in field equations

first subscript of transverse magnetic waveguide mode in jth
aperture and order of Bessel function in field equations

outermost dielectric layer

medium outside the layered region
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Superscripts:
(i)

(i)

second subscript of transverse electric waveguide mode in
ith aperture

second subscript of transverse electric waveguide mode in
jth aperture

second subscript of transverse magnetic waveguide mode in
ith aperture

second subscript of transverse magnetic waveguide mode in
jth aperture

pth dielectric layer, except when used in conjunction with él')
or é'E; to denote pth waveguide mode functions

adjacent dielectric layer outside pth layer

pth mode in ith aperture

gth waveguide mode

gth mode in jth aperture

transverse component of field vectors

components in ith aperture Cartesian coordinate system

components in jth aperture polar coordinate system

electric field in ith aperture
either the electric field in jth aperture or the magnetic field
produced at ith aperture due to an electric field excited in

jth aperture

pth dielectric layer



(pi) pth waveguide mode in ith aperture

TE transverse electric waveguide mode

TM transverse magnetic waveguide mode

TE, TE mutual admittance between TE modes in apertures i and j
™, TM mutual admittance between TM modes in apertures i and j
TE, TM mutual admittance between TE mode in ith aperture and TM

mode in jth aperture

TM, TE mutual admittance between TM mode in ith aperture and TE
mode in jth aperture

REVIEW OF THE LITERATURE

There are many approaches to the analysis of mutual coupling effects upon the
performance of phased arrays and each one has its own inherent advantages and disad-
vantages. It is not the intention of the author to present an exhaustive review of all the
previous work that has been accomplished in the analysis of phased arrays; however, a
summary will be given of the more pertinent work of which the author is presently aware,
and more specifically that which is applicable to planar arrays of apertures. This summary
is presented in order to acquaint the reader with the scope, depth, and variety of attention
which phased arrays have received during the past decade.

The theoretical analyses can generally be divided into two broad categories such as
infinite arrays and finite arrays. The infinite-array approach is very useful in the analysis
of the impedance and radiation characteristics of the elements near the center of a very
large array, but breaks down when applied to the elements near the edge. The finite-array
approach yields good results for all the elements of the array, but the analysis is more
complicated, requires more computer time to obtain results, and is generally restricted to
arrays of no more than about 200 to 300 elements because of the necessity of inverting a
large matrix or solving a set of simultaneous equatibns.

Much effort has been devoted to the analysis of a variety of infinite arrays of
periodically spaced identical elements (refs. 1 to 57). These have included the more
common aperture elements such as infinite slots (refs. 23 to 31), rectangular (refs. 32 to
47), and circular (refs. 48 to 54) as well as the ridged waveguide aperture (ref. 55) and
multiple frequency interleaved arrays (refs. 56 and 57). Some authors have also considered

12



the effects of dielectric loading such as plugs in the waveguide apertures (refs. 29, 31, 40,
42, 51, and 54) or dielectric sheets covering the aperture plane (refs. 11, 21, 24, 26, 28,
29, 30, 40, 41, 49, 51, and 54), and the effects of higher order aperture fields (refs. 31,

38 to 40, 42, 44 to 46, and 50 to 54).

These analyses have been very useful in the study of certain resonance phenomena
which have been observed in large phased arrays and array simulators. (See refs. 1, 4,
11, 38, 39, 43, and 58 to 64.) This resonance is manifested by a null in the array element
pattern or a large reflection coefficient at specific scan angles closer to broadside than
the angle at which a grating lobe can occur; thus, the angular scan range of a large phased
array is limited. This resonance could be considered as the electromagnetic analogy of
the Woods ""anomalies" (ref. 65) for the diffraction of light from optical gratings. This
resonance in infinite arrays is generally attributed to the excitation of surface waves on
the periodic structure (refs. 4, 11, 30, 51, 52, 54, 58, 59, and 66) or higher order mode
aperture fields (refs. 31, 38, 39, 45, 53, 67, and 68).

Several techniques are available for the elimination of this resonance or of improv-
ing the wide-angle matching capability of large arrays (ref. 69). These techniques involve
the use of such things as conducting fences or corrugations between the radiating elements
(refs. 70 to 74), irises in the apertures (refs. 74 to 77), proper design of the dielectric
loading (refs. 78 to 81), separate matching networks for each element (refs. 82 and 83),
interconnecting circuits (refs. 84 and 85), selective mode excitation (refs. 86 and 87), or
possibly disrupting the periodicity of the array (refs. 88 to 92). The wide-angle matching
is achieved either by a reduction in the interelement mutual coupling or by proper com-
pensation. In either case; a detailed kno,\'_/illedge of the interelement coupling or terminating
impedance is required.

The theoretical analyses for infinite arrays and measurement techniques (refs. 93
to 97) have proven useful in the study of the radiation and impedance characteristics of the
"typical" elements of large arrays; however, the '"nontypical'" elements near the edge or
the elements of a small array must be analyzed by other means.

The characteristics of the edge elements in large arrays have been analyzed by
perturbation (ref. 98) and modifications (refs. 99 and 100) of infinite-array techniques. An
integral equation method has been used to study the radiation properties of a finite parallel-
plate waveguide array (refs. 101 to 103). These studies indicate that the impedance and
radiation properties of the edge elements of an array can be vastly different from those
near the center.

Much effort has also been devoted to the determination of the mutual coupling between
pairs of waveguide apertures. The most comprehensive study of the coupling between
various antennas was performed by a group at the University of Michigan (ref. 104); however,
others have also made significant contributions in this area by using a variety of techniques.

13



Graf (ref. 105) investigated the effect of mutual coupling between half-wave slots by using
the electromagnetic duality of slots and dipoles. Tartakovskiy and Rubinshteyn (ref. 106)
introduced a numerical method for solving the system of Wiener-Hopf-Fok equations
which occur in the diffraction at a finite or infinite number of equidistant half-planes and
applied it to the coupling between two waveguides. Others (refs. 107 to 111) have used
Keller's geometrical theory of diffraction (ref. 112) to compute the coupling between
parallel-plate waveguides. Others (refs. 113 to 121 and 123) have used variational technique:
to determine the mutual coupling between rectangular (refs. 114 to 121 and 123), parallel-
plate (refs. 121 and 122), and annular slot apertures (ref. 113). Some have also considered
the effects of a dielectric or plasma outside the aperture plane (refs. 118 to 121). Fante
(ref. 121) used the concept of an impedance sheet to represent the plasma layer under
certain restrictions. Galejs (ref. 118) approximated the external plasma layers by a large
dielectric-filled waveguide. Golden and Stewart (refs. 119 and 120) analyzed the coupling
between rectangular slots under an inhomogeneous plasma by using an integrated electron
density and a stepped approximation for the plasma profile. Previous work (ref. 122) has
indicated that stepped plasma profiles can sometimes yield erroneous resonance effects
which are not present in a practical plasma. Sugio and Makimoto (ref. 123) formulated a
variational expression for the scattering coefficients of a finite array of rectangular wave-
guides with dielectric plugs; however, no results were given.

The work to be presented in this paper is a variational formulation for the mutual
admittance of two waveguide apertures which need not be identical in shape nor excitation.
The formulation is general enough to include the effect of an arbitrary number of dielectric
and/or plasma layers, each of which may be inhomogeneous; however, no stepped approxi-
mation to the plasma profile is made nor is an integrated electron density approximation
used.

Since no results have been published for finite arrays of circular waveguides, the
general formulation for mutual admittance is evaluated for circular apertures excited in
either TE or TM circular waveguide modes and numerical as well as experimental data
are presented for mutual coupling with either free space or a dielectric sheet outside the
aperture plane.

The approach used in the general formulation parallels that for the self admittance
of one aperture (ref. 124).

THEORY
General Theory
It is assumed that each aperture in the array is fed by a uniform waveguide, the

cross section of which coincides with the aperture. The electromagnetic fields in the
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apertures will be represented as the sum of the waveguide modal fields; therefore, the
total transverse fields in each aperture are given by

Z Yq ZV 8

T — 1 fit uﬁn
=) LR+ ) Lhy » @
q

q

where éé, h' and éa, h represent the normalized vector mode functions for the TE and
TM modes, respectively, defined so that in Cartesian coordinates

e 0 A
& =- (2 %+ _9> b
9 <3x oy q
c (3)
h' = 3 X &'
q © D, '
~ |
e"=z><(i;z+i*> ¥
X Ay !
(4)
ﬁ":iXé"
q J

where X, y, and z are unit vectors in the x, y, and z directions, and qs and ¢ are scalar
functions which satisfy the differential equations

2 2
22 3 C2
< 2 2> Pqt Keg)” 4 =0 (5)
9X~ 9y
5 .2
2 o 2
. - 1" = 0
( 2" z> tq* eg) ¥ ©)
3% 3y

subject to the appropriate boundary conditions of the waveguide modal fields.
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The equivalent modal voltages and currents are defined as

. )
V&:ffEt'e('ldxdy
e - (7)
t T ,].‘lv
'y ﬂHt q =Y
Va=ff Et-é'(idxdy
' 8
> (8)
"o_ o .h" dx d
'q ﬂHt q Y

where the integrals are taken over the cross section of the waveguide.

Because of orthogonality properties of the vector mode functions

ﬂéa-éb'dxdy=0 (9)

Héc'l-ébdxdy= : ((:;:: (10)
1 (p=aq) _

ffé'ci'éi;dxdy= . s (11)

energy propagates along a uniform waveguide in each mode independently; therefore, for
computational purposes, each modal field in each aperture of the array is assumed to be -
fed by a separate waveguide which can only be excited by that single mode. This assumption
corresponds to treating an array of N waveguide-fed apertures as an N times M microwave
equivalent network, where M is the total number of modes needed in each aperture to
represent the total field distribution adequately. This assumption restricts the analysis

16




to apertures of relatively simple shapes (such as rectangular, circular, elliptical, etc.)
for which the corresponding waveguide modal fields can be determined.

The transverse electric and magnetic fields of the p; th mode can be represented
either as the superposition of an incident (apl) and reflected (bp ) wave, or as an
equivalent voltage (Vp ) and current (Ip ). For TE modes

() .
E, = = (a.pi + bpi) epi

N (12)
ﬁ(pi)—Y (. -b )R
t ) Py "B i pl/
.y ., )
Et =Vpi epl

4 (13)

ﬁ(pi)—l B!
t PPy J

where Yp. is the characteristic admittance of the p;th mode. The corresponding
expressions for TM modes are obtained by replacing the primes by double primes
in equations (12) and (13).

Because of the coupling or the mutual interaction of the externallfields, the
equivalent aperture voltages and currents will not be independent, but will be related by
a set of simultaneous equations such as

N M
Z Z Ypi,q]- qu (14)
=1 q;=1

]:

where N is the total number of apertures in the array and M. is the total number of
modes in the jth aperture necessary to represent the aperture field adequately.

The amplitudes of the incident and reflected modal fields are related by a similar
set of simultaneous equations such as

N
Z Sp g @ (15)
= = 1’qj q]'
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If each aperture requires M modes to represent the aperture fields adequately,
then N times M equations such as equations (14) and (15) would be needed to describe
the coupling mechanism of the array. In matrix notation these equations are written as

(Il1= (Y] (V] (16)
(b] = (S] [a] (17)

By algebraic manipulation of equations (16) and (17), the wave scattering matrix [S] will
be related to the aperture admittance matrix ({Y)} as ¢

1 = [¥p) - m)] [¥g + 1]t

(18)
where [Yo] is a diagonal matrix whose elements are the characteristic admittances of
the waveguide modes, and | ]'1 indicates matrix inversion. Thus, the number of
apertures N and/or the number of modes M per aperture is limited by the ability of
the available computer to invert an N X M complex square matrix.

The coupling problem then reduces to the determination of the elements of the
aperture admittance matrix which are the mutual admittances between each aperture modal
field and all others of the array.

Mutual Admittance Between Apertures

General.— In order to compute the coupling between apertures, the components of
the admittance matrix must be determined. As seen from equation (14), the component
Y ) (where p; refers to the pth mode in the ith aperture and qj refers to the gth

i
mode in the jth aperture) is the mutual admittance between modes P; and q]. with all
other modal voltages set equal to zero; that is,

Y =_1! (19)

withall Vv . =0 except V
Qe q]'

In order to simplify the subscript notation, and since each modél field will be

treated as a separate aperture, the notation Y . will be used to represent the (i,j)th element
of the (N times M) by (N times M) admlttance matrix.

18



A stationary expression for mutual impedance for linear antennas or its dual for
aperture self admittance can be obtained from the electromagnetic reaction of the assumed
equivalent electric or magnetic currents (ref. 125, sections 7-9 and 8-12). The mutual
admittance between two apertures also can be determined from a consideration of

v, . =1 w0 < 750) . 3. gs. (20)
17] VV 1 1
i'] S;

where V; and V. are the normalized modal voltages (see egs. (7) and (8)), f}(i) is the
assumed electric field of the ith aperture, .ﬁ(]) is the magnetic field produced in
aperture i by an assumed electric field E(J) in aperture j. The integral in equa-

tion (20) is taken over the area (S;) of the ith aperture.

Borgiotti (ref. 115) used equation (20) to show that the mutual admittance of identical
apertures radiating into free space can be expressed as the Fourier transform of a function
which is obtained from the plane-wave spectrum of the field radiated by the aperture. He
also showed that this formalism can be used to determine the ''grating lobe series" for the
driving-point admittance of an element in an infinite periodic array of identical apertures.

A more general expression is developed here which is applicable to apertures
which are not identical in shape or excitation. The mutual admittance expression will also
include the influence of a planar stratified region outside the aperture plane as indicated
in figure 2. This expression, which is not presently available in the literature, is then
used to compute the near-field coupling between circular apertures in a finite planar array.

Since the tangential component of the assumed aperture field ﬁ(i) is zero over
the remaining surface of the infinite aperture plane (all other aperture voltages are tem-
porarily set equal to zero, see eq. (19)), the surface integral in equation (20) can be extended
to infinity

I= ﬂ'[ﬁ(i) x §0] . 2, as, = fo fo [E® < 50 . 5, dx; dy, 1)

|
5 | o

where X, and y; are the coordinate variables of the ith aperture. Taking Fourier
transforms so that

ik

s @ L0 jK_X. y.
g0 L ky)= f f g (x5, v;) e Xlg ¥l dx; dy; (22)
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Figure 2.- Cross section of N waveguides radiating into
N' dielectric layers.

s R jk!x. jk'y.
50 g, k) = f f HD (x, y) % JEyY ax, dy; (23)

=C0 -0

and inversely,

~(ii ) = (1) “ikx; -ikoy;

EV (x, y;) = EV (k. k ) e dk, dk (24)
i (277) f f y

=) } A0 o ey o IRV

HY (x.,y.)= (k , k ) e dk! dk
v f f x 9Ky (25)

and substituting equations (24) and (25) into equation (21) gives

20



] (21)4 f: J: {f: f: f: f: {[ﬁ(i) (i k) x BY i, lgj)]

-y C-ikyy; -TKx -ikpy;
2 e e Yle Xle Y1 dig, ko dky dki " dx; dy; (26)

Interchanging the order of integration yields

o L s [ [

1 Lk, +kDx, -jk. +K")y.
- g x  Tx/7i y yri t oAt | o : ‘
{(277)2 Jm JOO e e dxi dyi dkX dky z dl& dky 1(27)

and using the definition of the delta function s(z - z'), (eq. (C-19), ref. 125)

. 1 @ il
8(z—z)=2_7_7 [m eJ(Z z')w aw 28)

equation (27) can be written as

)
(zw) ff [l(k k)

S —.(]) ' ' 1y ' ' ' 5 29
X f_m fm HY (i, ko) sy +K0) sl + Ky ) dky dky] RS dky'. (29)

which yields

J J (1) (k,, k )>< 7@ -k, y)] - 2; dk dky (30)
277) -

Equation (30) is recognized as a form of Parseval's theorem (ref. 125, eq. (C-15)). I k
and k_ are the wave propagation numbers in the X, and A directions, then one could
visualize H(]) (— - ky) as the bidimensional Fourler transform of a wave whose direction

21



of propagation in the X;, y; plane is reversed. The problem now reduces to the determi-
nation of the tangential component of H(]) (- kx’ - ky) at the ith aperture because of an
assumed electric field in the jth aperture.

The electric and magnetic fields external to the aperture plane can be uniquely
determined from a set of vector potentials

A= A(Xi, yi’ zi) Z;

(31)
F= F(Xi; yl’ Zl) zi
as follows (see appendix A)
1 2
EX-(xi’ yi’ Zi) — 9 ﬁ - 1 ﬂ (32)
1 Jwe Bxi Bzi n € Byi
1 2% (A\ ,13F
E (xi’ yi’ Zi) pp— —) - — (33)
i jwe ’ayi Bzi o € Bxi
1 311 5 /(A .
EZ-(xi’ yi’ Zi) = —_— [— R <—>} - ]O)A (34)
i jw 9z, | € 9z: \u
1 1
1 22 (F\ .12A '
Hx (xi’ ¥y Zi) = — <— o — (35)
i joou Bxiazi € “ Byi
| 1 32 (F\ 1 2A
H (xi’ yi’ zi) = — (——) m—_— (36)
i joor ayi BZi € u oX.
H, (xi, Vi zi) =_1 2 l._a_. <E) - joF (37)
i jao BZi n Bzi €

where ¢ and p are the permittivity and permeability of the external medium and «
is the angular frequency of the signal A time harmonic variation of the form e]wt has
been suppressed.
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Substituting the inverse Fourier transforms (eqs. (A27), (A28), (A29), and (A30))
into equations (32), (33), (35), and (36) gives, after interchanging orders of integration and

differentiation,

B Ky 2= - o M Ky ) IR 2 (38)
k '
Eyi(kx’ ky’ zi)=-w6 (z) A'(ky, k ,z) k Fk, k ,z) (39)
. kx R
Hxi(kx, ky’ Zi) =- ]ky A(kx; ky, zi) - wp(z‘) F (kx: ky) Zi) (40)
1

Filky, ko, 2;) (41)

H k_,k,z)=jk Ak, ,k ,z.)-
Yi X’ Ty’ 7i X X Ty’ Ti w#(z

where the primes denote differentiation with respect to z;.

Then equation (30) becomes

YA' k,0) A(-k_,-k_,O0
(277)][ U A

e (k,, k., 0) F'( ) (42)
+ Fk ,k ,0)F'(-k_,-k ,0) dk_dk
. (0) Xy X y Xy
where
1 d
Ar(kx, ky’ 0) = l;l? A(kx, ky, Zi):l 43)
i _
z 0
| d
F'(— kX, - ky’ 0) - [—E F(- kx’ - ky’ Zi)} (44)
i

zi=0

If all apertures except the jth are short circuited, then continuity of tangential elec-

tric fields over the aperture plane gives, from equations (38) and (39),
23



Ak, ky’ 0) = - ;e (0) \:&E(J)(kx k 0)+ky 5 (13( k oﬂ (45)
ls( + k
y

Pl Ky 0) = — 1 — [kyE(J)(lgg ks 0 - kB e Ky m] (46)
iy +ky)

where E)({j) k - ky’ 0) and E§,j) k - ky’ 0) are the bidimensional Fourier transforms
: i i

of ihe assumed modal electric field in the jth aperture.

Likewise, if all apertures except the ith are short circuited,

A Ky -k, 0) = 8 © [kng) (- Ky - ks 0) +k EY (- ky, - Ky, 0)} (47)

2 2 i Yy ¥
kx +ky
Pk, -k,0=— 1 (kEDCk,-k,0-kEDC K, -k,0| ©8)
x’ y’ y xi x, y, X yi x’ y,

o n 2 2
](kx+ky)

where E(i) (-k,,-k_,0) and E(i) (- k_, - k_,0) are the bidimensional Fourier trans-
X; X y A X y
forms of the assumed modal electric fields in the ith aperture with the direction of propa-
gation in the X and A directions being reversed.

Note that the transformed wave equations (eqs. (A35) and (A36)) are even functions
of }S( and IS, therefore, by using equations (45), (46), (47), and (48) in equation (42),
thé mutual admittance becomes

Al kg, 0) i '
.. = -]wg [ E(J) k 0) E(J) k 0] [ E(l) (' k., -k, 0)
ij vv(z) j f [ i\[ Al Ky, o)‘J (s +RgBy Ml ke O |\ KeEy = By -y

W, j [Frlg kpp O [ 0 o)
+kK E (-k,-k,O)]+ kB ek, 0 - 1B O, Ky, 0)]
vy Xy [wu(o) 0&+k)]LF(k kg . 0) Ky

x [kyE()i()i (- Ko - Ky O) - &ngl) (- Ko - Ky, 0)] dk, dc, (49)
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If a change of variables is made in the transform domain to cylindrical coordinates
so that k = kyBcos a and ky = kg8 sin a, 'then

/ €(0)
ky 5 Ala,5,0) . .
kO AO'( 5 [E(J) («, B, 0) cosa+ Eg) @, 8, 0) sin{\
VV (277) a=0 1A' a, B, X i

HO) p(a, 5,00 |L 7T
1]

X E(i) (¢, -8,0) cos a + E(i) (a, -8, 0) sinal + M)_ E(j') (a, 8, 0) sina - E(j.) (@, B, 0) cosa
% Yi K X Vi

X [E,({ll) (ay -8,0) sina - E§,‘1) (a, -8, 0) cos c{l B dBda (50)

where A(e,8,0) and F(a,8,0) now satisfy the differential equations

2 ds(z.) wz.) € (z.)

9 Ae sz - — A A8z k2 | 2 A, p,2) =0 (1)
dz €(zy) dz; dz #0 €0

2 du(z.) wz;) €(z)

& Fe,p,2) - L £ 4 pe,s,z) k2 | Y % Fe,p2)=0  (52)
dz2 wlzy) dzy  dz k0 €0

subject to the boundary conditions (eqs. (A37), (A38), (A39), and (A40)) at each t;bundary
(zi = dp) in figure 2.

Assume that the region outside the aperture plane (zi > 0) consists of N' layers
whose total thickness is dN" Also assume that the remaining space outside the layered
region (zi > dN.) is filled with a homogeneous material whose permittivity and perme-
ability are ¢' and u', respectively. The solutions to equations (51) and (52) outside the
layered region (zi > dN.) will then be of the form

’ -Jk 24
AN'+1 (a,/39 Zi) = Cl(a, ﬂ) € (53)

-Jk 2y
FN|+1(O-, B, zl) = Cz(a, /8) e (54)

where kz is defined to satisfy the radiation condition at infinity, that is,

25



3

- e 2 2 _ et
kZ - kO -8 <IB - EO'uO>
(55)

. 2 e 2 et

kZ = - ]ko IB - 3 <,8 > >
0"o0 € K

00 J

For convenience, the solutions to equations (51) and (52) for each layer p will be
normalized to the solutions in the outer region evaluated at the outer surface of the layered
region (zi = dN,) according to

fp(a: ﬁ) Z]_) = Fp(a’IB, ZI) (56)
FN'+1 (a) 8, dN')
A (a B, Z.)
- pTh A (57)
gp(a, B, Zi) =

AN'+1 (a,ﬁ ’ dN') '

which are solutions of

2 : de (z,) dg (o, 8, z.) nz)e(z) o
—d— gp(a, B,y zl) = 1 ! P ! + k(z) _— . B gp(a: B, ZI) =0 (58)
dz? e(zy) dz; dz; 00

2 du(z;) df (e, 8, z,) wz.)e (z;)
a (e, 5,29) - L S Paod |1 V.2 £(2,5,2) =0 (59)
dziz | wzy)  dz; dz; 00

Then by using the boundary conditions at each interface (zi = dp)

fp(a, B, dp) = fp+1(a, By dp) (60)

gp(a, B, dp) = gp+1(a, .IB, dp) (61)

B sd)= 29 n o) (62)
Ay Py = +1 %5 Py

p p Mol (dp) P+ p
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: ),
gp(a, B, dp) = -———(— gp+1 (ay B, dp) (63)

“p+1 @)

starting with the initial conditions

fN,(a, £, dN') =1 (64)

gN' (O"’ B, de) =1 (65)
Fagr (Apge)

fir(a, 8, dy) = -ik, _NTN_ (66)
€ ] (d !)

ghr(e, B, dyn) = -k, N (67)

et

and solving the differential equations (58) and (59) for each layer in turn beginning with
the outermost layer and working back toward the aperture plane (zi = 0), the mutual
admittance for two assumed aperture field distributions (ﬁ @ and f}(l)) radiating into
a plane multilayered region can be determined by performing the following integrations:

2 /% e, (0)
— 1
ko e o 27 kO c gl(a, B, 0)
y, =1 9 f f 0
1 .
. VIV] (277)2 B=0 ‘a=0 ]g'l (a, B, 0)

X \:E}((ji)(a’ B 0) COS o + Egi)(a’ B 0) sin aj| |:E)({11)(a, =B, 0) CO-S a + Egiz(a, -5, 0) sin a}

jfi(a, By 0) (]) ) (])
#1(0) l:Ex]_ (a, B 0) sin o - Eyl (a, B, 0) cos a]
‘ ko 'uo fl(a’ B, 0)
x [E’(‘li)(a’ -B8,0)sina - Egi)(a’ -5, 0) cos a] 8 dada - (©8)
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Only a limited number of dielectric profiles have so far been investigated whereby
the solutions to equations (58) and (59) can be expressed in terms of well-known functions.
A few of these solutions are found in reference 126. No attempt is made here to cover
this class of problems. It suffices to point out that once the available solutions are
evaluated in the aperture plane (zi = 0), the mutual admittance can then be determined.

For the most general case, the differential equations (58) and (59) must be solved
numerically, but for the special case of a homogeneous dielectric layer (e (2. ) =€

p’
p (z. ) ;LO), the solutions to equations (58) and (59) take the form
P 2 P
-iklz, iklz.
fp(a, B, zi) = A(‘% /8) € z 1 + B(a, /3) € z1 (69)
jklz)zi jkgzi
g (a’ B, 2, ) C(C’-, /8) € + D(a; /8) € (70)

where the unknown coefficients are determined from the boundary conditions (eqs. (60) to

(67)). If the external region consists of only one homogeneous layer of thickness d, the
ratios of the functions in equation (68) become

( )

€100) €1 ¢ fe1 2 g [ o 1 .2
kO (a B, ) (E_ ‘6_' ?—'/8 +]E—- e——'B tan kod 6—--,8
‘0 ‘ 0/ _JFo¥ o ) 0 f )
]g'l(a,/B;O) € 51 P r
1_ 52 |= /e 52, ¢ [f1 2 1_ 42
%-5 €0 %0 B +J€O % A" tan | kqd % B |
. ~

r N
2 12 €1 o
jf' (o, 8, 0) ﬁa 5_0‘,3 +j ‘-,B tan (kOd — -8 >

= e (72)
0
koi)f(a 5, 0) 0 / /—-B tan< /—1-,82>
: [ 0 |

where ¢ 1 and ' are the permittivities of the dielectric layer and the medium outside
the layer, respectively.
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If the thickness of the dielectric layer is allowed to go to zero, equations (71) and
(72) reduce to

€1(0) .
Ky —— (e, 5, 0) <—> ~
0 0
: = (73)
jgyle, 8, 0) e 2
-8
0
jf' (a, /8; 0) 1 h
1 - 2— - g (74)
#(0) 0
ko W fl(a, /8, 0)

for a homogeneous half space over the apertures.

1
If the permittivity ¢' is real, the radical -66— - ,82 represents a branch point at
0

[32 = 6—'-; therefore, to account for this properly in the integration, the radical must be
€0

]
replaced by - j /,6’2-2—0 for 8 2, —%, which corresponds to the radiation condition
(eq. (55)).

If both €1 and ¢' are real (lossless dielectric layer), it can be seen from equa-
tions (71) and (72) that the integrand in equation (68) will be infinite for discrete values of
B. These poles on the real axis of a complex B-plane correspond to the excitation of
surface wave modes and must be properly accounted for by residues for the integration on
A in the vicinity of these poles; however, this problem can be circumvented by assuming
the dielectric to be slightly lossy, and this assumption causes the poles to move off the
real g-axis. In most cases, a dielectric loss tangent of 0.001 is sufficient to eliminate
the numerical integration difficulty near these poles while maintaining a 3 or 4 significant
figure accuracy when compared with calculations for a lossless dielectric.

Circular apertures.- If the apertures are round holes, the fields in the apertures
can be described by the set of circular waveguide modes whose transverse electric fields
(normalized according to eqgs. (7) to (11)) are given (ref. 127)
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For TE:

For TM:

where

30

mJ _ (A.p.)

. ms "))
E(])TE .y d.) = cTE 3 "7 sin (m.o.)
o] LA G Ay R

Eg)TE(p ¢) CTEJ' (AP)cos (m¢~)
] ]

(G)T™ __.cIM ; ' '
Epj (pj,qu) - G (A )cos (mjsbj)

STM M ] m1 (A‘/O )
Eg)T (o;5 5 ) = T J sin (m! ¢.)
| op X

Xm~n
A - %
3
Xm!n!
A]! 1]
%
Em
V'.rE J A,
clE - ]
j
m m n) /(Xrn n/ ~ m]
€
yIM [ 7§
™ _ ! ™
j
a]Jm +1 (x .)

(75)

(76)

(77)

(78)

(79)

(80)

(81)



with

emj =1 (mj = 0)
emj' =2 (m; #0)
em:% =1 . (m; = 0)
€t = 2 (m]! # 0)

and where x are the zeros of the Bessel function of the first kind, that is,

'n}
11

ng (Xm!n!) =0 (83)

J 1]

and xp ,  are the zeros of the derivative of J_ (x)

1) ]

J;n(x)‘ ' =0 (84)

where the prime on Jm‘(x) indicates differentiation with respect to the argument.
] .

From figure 3, a transformation of variables is made so that

X; =R COS ¢ +pj COS (¢j + ¢>p) , (85)
y;=Rsin ¢ + pj sin (¢j + qbp) (86)
where
. 2 ‘ 2
R = ‘/(y]! -y)T+ (x]! - x}) (87)
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X X}

X

FPigure 3.- Coordinate geometry for the ith and jth elements
of a planar array of circular waveguide-fed apertures.

is the center-to-center spacing between the apertures,

B0l - b | (88)

is the polarization angle of the fields in the jth aperture relative to those in the ith aperture,
the angle ¢ is defined as

ot
¢ = arc tan i - ¢ : (89)

ot ot i

x]!—x{

and the angles qb{ and q5]! are the polarization angles of the ith and jth aperture fields
with respect to a fixed X, y coordinate system.
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From figure 3, the X, and ‘A components of the aperture fields in the jth aperture
are

E(j) (0:, ;) = E(j) (05, ¢:) sin (p: + &) + E(j) (0:, ¢:) cOS (¢ + ) (91)
y; 1T Py 1T i'p ST P

Then with the change of variables in equations (85) and (86), and the definitions
ky = kg8 cos a and ky =k, B sin o,

E&xi + kyyi] = {kOﬁR cos (a -¢) + kO,BpJ. cos .[qu - (a - ¢>p)} (92)
and the transforms of the aperture fields (eq. (22)) become
aj 27 ( )
@) . j
Exi (/8; a) = e Ep. (P], ¢]) Ccos (¢] +¢p)
pj:O ¢]:0 ]

i . kg Bp; cos [¢i-(a-¢)
= E(;]]) (pj’¢j) sin (¢>] +¢p)j| € kO '0] [] p]} Pj dpj dqu (93)

{[Efj) (pj, ¢]-) sin (¢]. + qsp)

@, Ik cos ¢y (a-dp
+ Edjj (p]-, <¢>j) cos @j +¢p)] e [ ﬂ pj oy de;

(94)
where

Y= kO,BR cos (a -¢) (95)
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Then for TEmjnj

modes,

X.
1

X

ik o (-
. Jofey cos [y (amey] do

GTE,, .
Ey]_ (/B, a) =C

X

+

a.

fJ J;n'(Ajpj) f

0 ]

: J
TE j¥ f
)
0

ejko Bejcos [¢j -(a-¢

a.

]
'
f Jm_ (A] P])
0 ]

a. [mJ _ (A.p.) 27
. N m.
E(])TE(ﬁ,a)=C;rE oY f o B B
0

Ajp. 0

ejkoﬁpj cos"[qﬁj -(a—cﬁp)]

27

0

]

A.
3,0

]

d¢j Pj d,Oj

sin (qu + ¢>p) cos (m].qu)

. do.
Pj =

a. m].Jm. (A]p]) 27 . .
f sin (¢; +¢p) sin (m]. ¢j)

i 0

p
dqu pj dp j

27

0

ik . o
. JKoecos [#5-(c %]

34

cos (qu + qsp) cos (mj qu)

do. . do.
i | P dp]

cos (csj +¢p) sin (m]-qs]-)

(96)

(97)



and for TMm!n! modes,

a. [m!J_, (Alp.) 27
X.

. . '
: j — A sin (qu + ¢>p) sin (mj¢].)
0 i 0

jKnB0: €OS | p.~(a=d )
xe 0] [J p]dcﬁj pjd,o:i

aj 217
+ f Jm]! (Aj p].) f cos (¢j +¢p) cos (qus].)

ik B0. coS | -(a=¢..)
. Jeose; [#-(am0,)] & | oy 01 (55)

a. [miJ . (Alp,) 20
i ; J I'ms Tty
g)T™ (8,0) = CIM ¥ f 1 - f cos (qu +¢>p) sin (m]! ¢j)

Y ]
' 0 Aje; 0

kgfe; cos [¢j_(a_,¢p)]

. dp,
8 5 |75 9475

a]. 27

] t 3 |

- f I (A].p].) J sin (¢j + ¢>p) cos (qus].)

0 )

ik Bo; cos | b, -(a-¢ )
xe 071 [J o) dey | oy do; (99)
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Then by using trigonometric identities, the integrals over qu in equations (96), (97), (98),
and (99) can be expressed in terms of integrals of the form

27 .
jko Bp; €08 [¢p:-(a-a)
I = f sin ¢; sin mg; eko L [J p] deby (100)
0
27 : '
iky Bo; cos (¢~ (a-¢ )
L, = f sin ¢ cos m¢; e Ko £y [] p:l de; (101)
0
27 .
jkq Be; €os [p.=(a-¢
13 = f cos d’j sin mqu e kO ] ':] PZI dqu (102)
0
27 .
ik Bo; cosla.-(a-a)
Iy = J cos ¢j cos mqu e 077 [] p:| dqb]. (103)
0
where m = m, for TE modesor m = m]! for TM modes. Then
a. [m.J_ (A, p.)
E(J)TE (8, a) = cTE v - ) " (@,cos 4 -1 sing )
X; j A 3 p 1 p
0 i
- ' . . i - .
»ij (A] pJ) (I2 cos d)p +1, sin qsp) o dp] (104)
a. m.J (Ap)
: : ] I m; )]
E(J)TE (8, a) = cIE ewj f ] (I1 cos ¢ +Ig sin ¢ )
v j Ao P P
0 373
t - i . .
+J (Aj pj) (I4 cos qsp I, sin qbp,) P dp] (105)

J
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a. m!J ' (A'p)
- : jo| i mE e
gWTM (5 o) = .cTM ¥ f ] Iy cos o, +Ig sin &)
X ) Al p, p
0 i%i
t \i - 3 . N
+ Jm], (Ajpy) (Ty cos & - Iy sin ¢ )| oy doy (106)

. a. [ m!J_,(Alp.)
. : ) Jm." 1]
p()TM (8, ) = cTM ¥ J (I3 cos ¢ - I; sin ¢ )
h Alp, P P
171

- J;ni (A]!,oj) (I2 cos 'd>p +14 sin qbp) pj dpj (1o7)

By writing the trigonometric functions in equations (100) to (103) as exponentials,
the integrals on d’j become

1 .
= T -1y (108)
L=l +1-1,-1) (109)
2 4—] 5 6 7 8
L= 1 (-1 +1, - 1) (110)
3 _4—]- 5 6 7 °8
1 -l(I + 1, + 15 + 1) (111)
475U Tg+Ig+1g
wl_lere
: 277—(a—qb ) .
j(m+1) (@-¢) p . K Bp: €OS 6
Ig=e P e](m+1)9 e 0771 do (112)
-(a'¢p)
: 27 -(a-¢ ) .
-j(m-1)(a-9 ) P . jk Bo. cos @
I = e P e lm-1)g 07 T g, (113)
' ~(a-¢p)
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: 27-(a-¢ ) .
](m-l)(a—¢p) p ej(m-1)9 e]ko,Bp] cos &

I=e de (114)

~(a-2y)

s e 27-(a-¢ ) .
j(m+1) (a- &) P L-i(me1)8 e]ko Boj cos 0

Ig=e do (115)

-(a-2p)

where a change of variables has been made so that 6 = ¢, - (a- ¢p). The integrals in
equations (112) to (115) are recognized as a form of the Bessel function of the first kind,
that is (see p. 367, ref. 128)

.-m 2m-y . .
J_@ =] j Jme iz cos 6 4, (116)

27

where v is any arbitrary angle.

Then with the relationship (p. 128 of ref. 129)
I @ =" @) (117)

equations (112) to (115) become

j@m+1) @-p)

Iy = 206)™* Ty Koy e (118)
e =270 ™ ()™ LG se) e m-1) (o) (119)
I = 27 )™ 5 g Gghey) Sy (120)
g = 27() ™1 (™I g ey G lmleey (121)

Substituting equations (118) to (121) into equations (108) to (111) and combining terms
yields
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I = -n () {Jmﬂ (kg oy <05 [(m +1) (o -]

+J 1 (koﬁpj) cos [(m -1 (a- qsp):l} (122)

12 = W(j)m+1 {Jm+1 (ko.ﬁpj) sin Bm +1) (a- ¢p):|

+ Jm—} (ko/jp].) sin '[(m -1) (a- qbp)]} (123)

13 = 77(j)m+1 {er_l (k0 ,Bpj) sin ]:(m +1) (a- ¢’pi|

+J 01 (k0 ,Bp].) sin [(m -1) (a- qsp)]} (124)

14 =7 (! {Jml (kgbep) cos [tm +1) (- 4]

- Jd1 (kO /Bpj) cos l:(m -1) (a- ¢p):|} | (125)

By substituting equations (122) to (125) into equations (104) to (107) and using the recurrence
equations for Bessel functions

mJ m (z)

m_l(z) = - + J}n(Z) (126)

, me(z)
Jm+1(z) = . - J;n(z) (127

the transforms of the aperture electric fields become
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. m.+1
EDTE (5, o) = (i)

CTE ej¢
i ]

X sm[(m +1)a-m¢p]f m+1( p) Jm+1(k0,8p)p dp

- sin ’[(mj - - p] f -1 (A P ) In m; 1(k0ﬁp]-) Py dej (128)

. m. +1 .
EVTE (3,0) () 17 T &
1

.+ 1 - m. . Ds . . do.
X <COS [:(m]+ ) a m]qbp] L ij+1(A]p]) ij+1 (kOBp]) Py do;

a.

: ]
+ cos [(m] -1)a - m, qb.] J Jm.-l (A] ,o]) Jm.-l (koﬁpj) & d,o]. (129)
| 0 ] ]

1]

: m!+1 iy
. ™
BT (5,0) =n() T ) C
i
' T Bt 5, (kg e o G
X <CO0S l:(m].+ a-mgs f ]!+1 jpj m]!+1 koﬁ,oj Py dpj
4
- - ‘o, ) p. dp. 1
. m!+1 .
BT (g, 0) =) 1 M el
¥i. j
x<sin [(mi +1)a - m! qbp] f m +1 i m 11 (kO,Bpj) 2 dp].

. j
- sin [(mi -1 a- m]! ¢p:| f Jm]!-l(A]! pj) JmJ!-l(kO’Bpj) 2 d,o]. (131)
0
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The integrals over p.
form (see p. 146 of ref. 129

f Im1Ar) I 1 &) o de
0

S
[ AN
0

[A - (p8°

m.n. modes

1]

whichgives forthe TE

a.
]
Jm+1(A] /0]) ij+1 (kO BP]) Pj d/)j
0

in equations (128) to (131) can now be evaluated in closed

:l [koﬁa m+1 (aA) Jm(koﬁa) - aAJ (aA) Jm+1 (kO'Ba)]

] r 1 2 ] T
< 1 ij (Xm]n]) (Xm]n]) ij(k()aj B) mJ (kOaj) ij (koajIB)
) _é> X! X 2 ) B
ko m].n]. mjnj 0
-8
koaj

)
A.p. . . .
[) Tons 1 Ay T 1 GoP2y) oy

B 2 ., ]
1 Jm. (X;n.n.) (X;n.n.) Jm.(kOaj'B) mj(kOaj) Jm.(kOaj’B)
_ <__> i i i + i
2 x' X' 2 B
k0 mjnj mjnj i ,62
k.a.
Vo

132)

][(koﬁa)J L @A) T, (5 p2) - aAT, (@A) .y (5g82)] (133)

(134)

(135)
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and for the TMm!n! modes

a.
) a.
\ _ 3
J Jm]!+1 (Ajp;) Jm]!+1 (kgBrs) £y dpy = <——> T+l &mmy)
0

a.
J a.
J Alp. kB0.) p. do, = (I
J(; m]g_l( i) Jm]!—l (kgBoy) £ de; <k>

The transforms of the aperture electric fields then become

. m.+1 . 1-
EWTE @) =2G) 1 MV 7 v

N Bl (kga;6) |

2
11!
m] n]. 9
ko a].

N, —

X

B BTy (kg26) ]

X 2
1t
m.n. 2

1] -3

|\

i ]

X;njnj ( )—1
] 1
><m.n.> Jm. kO a’j’B
y ko3 ( VA
ﬁ X! 2
m;n 2
kna.
- 07 —

ijmj (ko ajﬂ)

; cos a sin [mj(a - <;bp)]

~—
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m.+

EDTE 0 =-2) 1 & VIE /7 v
i .
/(X xl -
jnj (! ) J' (k a.ps)
koaj m]n 0%
x< |- ) 2
N,
- s -

J
J mj

B

(ko aj B)

} sin « sin [mj (a-¢p):l

|

—

<1
kg

sin a cos [mi (a - d>p)]

COS a COS [mj(a- cbp)]

(139)

(140)

(141)
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The transform fields in equations (138) to (141) are even functions of B3 when m].
or m! is odd and odd functions of s when m, or m]! is even; therefore,

. +1 .
BUTE gy - () 1 gOTE () (142)
1 1
+1 .
EUTE (o, -5) = (1) T EDTE o, 5) (143)
1 1
. 41 .
EO™ (e, py= () 1 50T, g) (144)
1 1
. S R
E;l_)TM (a,-8) = (-lwl)m1+ Ej(;)TM @, B) (145)
1 1

where E(I)TE (a, B), E(l)TE (=, B8), E(I)TM (x, 8), and E§1)TM (a, B8) are obtained from

equations (138) to (141) by setting d’p =0 and replacmg the j subscripts by i. This
will complete the evaluation of the Fourier transforms of the aperture electric fields of
an open-end circular waveguide.

Since the ratios of the solutions to the wave equation and their derivatives are
independent of o (see egs. (71) to (74)), the mutual admittance between a TEmi,ni mode
in the ith aperture and a TEmy; m; mode in the jth aperture can be expressed as

1)
m.+l mo+my % ‘m; emj © miJmi(kO ) ijmi %o ajﬂ)
YIETE _ < )(1) Fg J. s g
f /(x - m :
kg 49 815, 0)
o |2 o [0 - 1y - Ty +Typ) cos mys, - g + Iy - Iy - Ipp) sin my %]
ig} (5, 0)

X, : .
1 v t ! .
<W> o "y Y0 <“o 1> Gy Imy 4032 ™ 4 )
2ty 6,0)

) 2 ] 2 /»"1( )
Xm;n, e ‘ <xmjnj> g2 £,8,
-\ K34 ko?;

y EIQ +1yg + Iy +Ijg) cos mia = §llg - Tyg + Iy - Iy,) sin qusp] 8 ds (146)
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where

2m j(mj+mi)a JkyBR cos (a-¢)
Ig= J e e da (147)
0
27 . .
-](m].~mi)a ]kOﬁR cos (a-¢)
Ilo = f e e dCL (148)
0
2m j(m.-mi)a jkO/BR cos (a-¢)
0
27 . . .
-j(m;+my)e jky AR cos (a-¢)
e I e da (150)

12 7

|
o

and by replacing m]. by m]! and m; by mi in equations (147) to (150), the mutual
admittance between a TMm'n' mode in the ith aperture and a TMm n mode in the

'n!
i

jth aperture becomes. i ;
Im+1 m+m
Y;IJ?M’TM < >(1)' g / /e m}m
: 4
[ 1T 17, <0
JQOJ' ’8ij (koa]ﬁ) ’BJm{(kOai'B) ' kO % gl(/Bg 0)
X
2 2 jg1(s, 0
0 Xm!n! ' 1>
30 o | M\ 4 |
-5 — -5 | L |
koa]. 0%
- -4t -

(151)
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By replacing m; by m]! in equations (147) to (150), the mutual admittance between a

TE m.n mode in the ith aperture and a TMm'n' mode inthe jth aperture canbe written as
i 3
+1 '+m € 1
gEMe (D)oo o 2 e
xmini - my
B 1r ] 61(0) 0
onﬁ s L\ ig} (5, 0)
)
L— I koaj |
<
x ]:-(19 -1g- 1y +Lyp) sinml@ - iIg +1jo - Iy - j5) cos m! qsp] > dg (152)
J
and the mutual admittance between a TMm'n' mode in the ith aperture and a TEm n
ii i

mode in the jth aperture becomes (with m; in equations (147) to (150) replaced by mi)

e = () e " f i,

On.n,) mj2
i
) s agam 19 6,0
m, . el ,
o || Aoy (kg2; 8) i’m, 0 #)1 | Ko Eo g
g f(ﬁ N F ig)(5 )
< ini> .2
k.a. .
kL_ 071 ]
7
X ,:—(I9 - Lo - I11 + 112) sinmj ¢>p-j(19+110 -1y - 112 cosm, ¢] &ﬁ dg (153)
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In the evaluation of the integrals on o, equations (147) to (150) become

Ig=Iig =1y =1y =27 (R =0; m; =mi=0) (154)
Ig=Tig=1j; =1j5=0 (R =0; m, # m,) (155)
Ig=1,9=0 (R =0; my = my; # 0) (156)
Iig =13 =2n (R =0; m; =mg;  m #0) | (157)

and for R # 0, a change of variables is made such that 6 = « - ¢, and equations (147)
to (150) can be expressed in the form of a Bessel function (see eq. (116))

m.+m, jm.+m.)¢

Ig = 2n(j) ! lij+mi(kO,8R) e 11 (158)
m.-m. m.-m, | -j(m,-m.)o

Lig=276) [ V(1)) l*llmj-mi<koﬁR> e 1 (159)

|

. mg-'mi ’! J(m'm1)¢

Iy =2n(j) ij_mi(kOﬁR) e ! (160)
-m.-m, m.+m, -j(m.+m.)y

Lig=27G) 1 (1)) 1Jm]_+mi(k0ﬁR) e 1 ! (161)

By substituting equations (154) to (161) into equations (146), (151), (152), and (153),
and using the following definitions:

€4(0
ko 1© g,(6, 0)
wy(8) =—2 (162)
! gy, 0)
W, (5) = 60 (163)
11 (0)
kg £,(5, 0)
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£ TE(@g) = 1701 ' (164)

K.a.
(TE(g) 0a1 (165)

BJ !(koa-ﬁ)
Mgy = — i o (166)

X m'
m; 0y 2

ko34

and defining 5;.I‘E(,8), grer(,B), and §'].I‘M(B) by changing the subscript i in equa-
tions (164) to (166) to j, the mutual admittance becomes: For the TEmi“i and
TEmjnj modes

TETE / /——‘“m o f \:Wl(ﬁ)fTE(IB)fTE(ﬁ) UTE TE(5)

B AORE ORI CR AL TE(,B)} dp (167)
where
TE,TE TE ,TE _ 0.
Ul] (/8) = 1] (B) - 0’ (R - O’ m] 7é ml)
UTE:TE(;g) =- (e -1)cosm.¢ w
ij m, i'p
L (R=0; m; = m,)
TE,TE,, _ 2
Vi 8 = —— o8 my¢,
m,
i J
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TE,TE,  _ ; 1y i
Uij (B) = (-1) {Jm].+mi (kg R) cos Em]. +m) ¢ - m; ¢ij

i |
- (-1) ij'mi (kOﬁR) cos Emj - mi) b - m; qsp]} (R#0)

m.
V'IIJ‘E TE(ﬁ) -1) {ij+mi (kyBR) cos l:(m +m;) ¢ - m; ¢jl

i
+(-1) ij_mi (ky AR) cos Emj - my) ¢ - my %]} (R #0)

For the TM !n! and TM, 1,1 modes
™y
TM IM__ /% o~ [Wl('B) M) TM(ﬁ) UTM TM(ﬁ)jI 5 dp
ko
where
ug M) =0 (R=0; m!#m)
UTMTM gy _ (2 oo (R =05 m!=m
ij < i% Bl
i

TM,TM my — .
Ui B =-(-1) {Jm3!+mi (kg AR) cos Em]. +m) ¢ - m; ¢p]

1 m;- 1 1 1
+(-1) Jm]!-m{ (kO,BR) cos l:(m]. - mi) b - qusp]} (R # 0)

For the TEmini and TMmin]! modes

TE TM
f ot j [wlm)gTE) R ORA TM«»}

(168)

(169)
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where

U'in‘E’T ®B) =0 (R =0; mJ! # mi)
TE,TM .
T - -1 . 0 m'=

U1] i (¢) (emi ) sin m, &, (R =0; m]! m,)

1]
TE,TM o _ ; 1\ - ' '
Uj; ©®) = (-1) {rm],mi (ko AR) sin [(mj +my) ¢ - ml p]

my , : ;
- (-1) Jm]!-mi (k0 AR) sin l:(mj - mi) ¢ - m; ¢>p]} (R#0)

For TMm{n{ and TEmjnj modes

v WTE - f femy o fw [Wl (3 ™M) €] Fe) uEMTE( )}B g (170)

where
j i
U%M’TE(ﬁ) = (epqy = 1) sin mig (R=0; my=my

1

m+m

UTMTE() )™ {J
j

ij ' (kOﬁR) sin l:(mj + mi) ¢ - mj qbp:l

1

M4 . \
- (-1) ij_m{ (ky AR) sin [(mj - my) ¢ - m, qsp]} (R#£0)

The integration on g in equations (167) to '(170) must be numerically evaluated. A
computer program has been written for the evaluation of these equations for the mutual
admittance of two circular apertures radiating into a multilayered region of up to four
layers, two of which may be inhomogeneous normal to the aperture plane. A listing of the
computer program is included as appendix B.
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DESCRIPTION OF EXPERIMENT

Hardware was constructed and an experiment was performed for the verification of
the theoretical analysis. The verification was accomplished by comparing the measured
and calculated TE{4 mode mutual coupling between two circular waveguide-fed apertures
for various combinations of frequency, spacing, and polarization. The hardware which
was constructed and assembled for this purpose is shown in figure 4.

L-T2=T61T7

Figure 4.- Experimental model for mutual coupling measurements.

The hardware in figure 4 consists of a 30.48 cm by 60.96 cm (12 in. by 24 in.) flat
aluminum plate with two 3.81-cm-diameter (1.5-in.) circular waveguide-fed holes which are
equally distant from the center of the rectangular plate. The circular waveguide sections
are connected to standard coaxial adapters (RG 50/U rectangular to type N coaxial) by
25.4 cm (10 in.) circular to rectangular linearly tapered transitions. One of these transi-
tions had been used in a previous experiment (ref. 130) and performed satisfactorily over
the frequency range of interest. Since the other transition is dimensionally identical, it can
be expected to give a similar performance.

51



Swivel flanges are used to connect the circular waveguide sections to the tapered
transitions. This connection allows the polarization of each aperture to be changed by
rotating the adapter and transition through the desired angle. The electric-field polari-
zation of both apertures in figure 4 is vertical, as indicated by the position of the excita-
tion probes of the coaxial to waveguide adapters.

The circular waveguide sections are flange mounted to the aluminum plate as
illustrated in figure 5 by the unassembled cross-sectional view of the aluminum plate and
one waveguide. The back side of the aluminum plate is recessed and the waveguide end
extends out past the flange an equal amount in order to maintain accurate alinement of
the waveguide with the circular hole. By mounting each waveguide to the aluminum plate
in this manner, the same waveguide assembly can be used with a variety of flat plates with
different hole spacings. The one shown in figure 4 is for a center-to-center spacing of
6.35 cm (2.5 in.). Other plates were constructed with center-to-center hole spacings of
8.89, 12,70, and 17.78 cm (3.5, 5.0, and 7.0 in.) but are not shown since they are identical
to the one in figure 4 except for the different hole separations.

—

Y

£
Z

Figure 5.- Cross section of experimental model
illustrating method of mounting circular
waveguide to aluminum plate.

All parts for the experiment were purchased as commercial stock items, with the
exception of the rectangular plates which were machined from stock aluminum.

The mutual coupling was measured by exciting one waveguide at the coaxial adapter
and comparing the received signal level at the other coaxial adapter to a known reference.
This measurement was accomplished by connecting coaxial cables to a signal generator and
a receiver. The other ends of the cables (shown in fig. 4) were then connected together to
obtain a reference signal level at the receiver. The mutual coupling was then measured
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by connecting the cable ends to the coaxial adapters and adjusting in-line calibrated attenu-
ators until the received signal level was the same as the reference level. The net change
in the calibrated attenuators is observed as the relative power coupled from the input
terminal at one coaxial adapter to the output terminal at the other coaxial adapter through
the open ends of the circular waveguides mounted to the flat aluminum plate.

The insertion loss due to the waveguide assembly was measured by the same method
with the flat plate removed and the ends of the circular waveguides connected together as
shown in figure 6. The insertion loss was measured at each frequency of interest and all
the measured data presented in the section ""Results and Discussion" have been corrected
for the waveguide asserribly insertion loss at each measurement frequency. The insertion
loss correction was between 0.1 dB and 0.5 dB over the frequency range.

L-72-7616

Figure 6.- Experimental model for determination of waveguide assembly
insertion loss.

RESULTS AND DISCUSSION
Compérison Between Measurements and Calculations

The data in this section are presented primarily for verification of the theoretical
analysis. Data for various combinations of aperture spacings and polarizations are pre-
sented as a function of frequency in order to test all facets of the analysis.

The calculations in this and the following sections were obtained from the computer
program listed in appendix B. The calculated mutual coupling values were taken from the
appropriate off-diagonal terms of the scattering matrix.
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Figures 7 and 8 show a comparison between calculations and measurements for the
four different aperture separations. There is excellent agreement between the measured
and calculated values in figure 7 for coupling in the E-plane; however, larger variations
in the measured data as a function of frequency were observed for the H-plane coupling
in:figure 8. This oscillatory variation with frequency is typical of impedance measure-
ments for antennas with a truncated ground plane. A slight variation can also be observed
in figure 7; however, it is more pronounced in figure 8 because of a combination of two
things. First, when the polarization is such that coupling occurs in the H-plane (fig. 8),
the E-plane dimension of the ground plane is only 30.48 cm (12 in.) as compared with
60.96 cm (24 in.) for the E-plane coupling of figure 7. Past experience has shown that the
dimension of the ground plane in the direction of the aperture electric-field vector has the
most predominant diffraction effect. Second, the mutual coupling in the H-plane is naturally
lower than in the E-plane and therefore the measurements become more sensitive to
scattering from objects such as the edges of the ground plane. This later reasoning is
verified by the data in figure 8 for the 6.35- and 8.89-cm (2.5- and 3.5-in.) spacings for
which the mutual coupling is stronger and the scatter in the measured data is less. Since

the 6.35-cm (2.5-in.) spacing yielded good agreement for both polarizations, the remaining
data in this section are restricted to this spacing.

_20 T T T T T T T T

o -30 7
g ‘
: _
3 R
5 i
§ a0 6.35(2.5) |
8.89(3.5)

—— Calculated
o---o Measured 12.70(5. 0)
I ©17.78(7.0)]

-50 RS SR S AN S SR SN S RN T ST B

5 6 7 8

Frequency, GHz

Figure 7.- TEj; mode mutual coupling between two circular

waveguides radiating into free space (E-plane coupling).
Dimensions are in centimeters (inches).
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3 8.89(3.5)
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12.70(5. 0)]

’ " —— Calculated 17.78(7. 0)]

- o---0 Measured 7

- ] L 1 L | 1 1 o | 1 1 L 1

Frequency, GHz

Figure 8.- TEy; mode mutual coupling between two circular
waveguides radiating into free space (H-plane coupling).
Dimensions are in centimeters (inches).

Figures 9 and 10 demonstrate the validity of the theoretical analysis for an arbitrary
polarization of one aperture field with respect to the other. There is some scatter in the
measured data due to ground plane edge effects; but, in general, the agreement is very good.

One thing to be observed by the data in figures 9 and 10 is that both the measured and
calculated results indicate a trend toward complete isolation (Mutual coupling = -« dB)
for orthogonal polarization (¢>p = 90°); however, this is not always true, as shown in
figure 11. Here the principal electric fields are orthogonally polarized; however, both
the measured and calculated results show an appreciable level of coupling between the
aperture fields. These results indicate that, for certain geometries, the cross-polarized
fields may have a significant influence upon the performance of a large array. Earlier
analyses of infinite arrays (refs. 51 and 53) have shown some appreciable changes in the
radiation characteristics of a phased array due to cross-polarized fields when the array
beam is scanned at an angle far off the axis.
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It should be noted that the excellent agreement between the measured and calculated
results in figure 11 demonstrates the feasibility of using the present analysis to study
cross-polarized effects in finite-size circular waveguide phased arrays. Such informa-
tion is important in the design of arrays of circular polarized elements, in which case
the axial ratio or polarization may vary drastically as a function of scan (ref. 51).

The data in figures 12 to 15 are presented to justify the theoretical -analysis for
dielectric-covered circular apertures. The dielectric constant (2.6) and loss tangent
(0.006) used in the calculations are those measured by Von Hippel (ref. 131). The dielectric
sheets used for the measurement were the same size as the ground plane and the thick-
nesses were such that only one surface wave mode can exist (ref. 132).

‘20 T T T T T T T ] T T T I
@ -3 —
g
= _
3
8 i
3 i
5
= -0 ]
B — Calculated } 7]
L o---¢ Measured ~ |
-50 ! | 1 ! l i ! 1 i | ] 1 1 1
5 6 : 7 . 8

Frequency, GHz

Figure 11.- TE1; mode free space mutual coupling between

orthogonally polarized aperture fields. Linear dimen-
sions are in centimeters (inches).
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Very good agreement between measured and calculated values was obtained for
coupling in the E-plane (figs. 12 and 14); however, large variations with frequency
occurred in the measured data for coupling in the H-plane (figs. 13 and 15) because of the
reflections of the surface wave from the ends of the dielectric sheet. Previous work
(ref. 133) has shown that for thicknesses such that only one surface wave mode exists,
the E-plane dimension of the finite dielectric sheet produces the largest perturbation in
the measured data. This perturbation is also evident in the present data as observed in
figures 12 and 14 where, as a result of the larger E-plane dimension, the oscillations are
smaller and more closely spaced.

'20 T T T l T T
i 3 81 7]
- : (1. 5) .
B k_6 353
Q -30— _]
o - ]
=
= - _
3
o - _
3 L B
R
M0 Calculated 7]
B o-- o Measured -
-+ Plexiglas thickness = 0.4572 (C. 18) .
-50 R I SRR S [ l Ll 1 i
5 6 7 8

Frequency, GHz

Figure 14.- TEq; mode mutual coupling between two dielectric-

covered circular waveguides (dielectric constant, 2.6;
loss tangent, 0.006; E-plane coupling). Linear dimensions
are in centimeters (inches).
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Figure 15.- TEj; mode mutual coupling between two dielectric-covered

circular waveguides (dielectric constant, 2.6; loss tangent, 0.006;
H-plane coupling). Linear dimensions are in centimeters (inches).

Although large variations in the measured data were observed in some instances, the
primary differences between the measured and calculated results are due to the finiteness
of the ground plane and the dielectric sheet, which was not considered in the theoretical
model. However, the overall qualitative comparison between the measured and computed
results has established the validity of the theoretical analysis.

Computed Higher Order Mode Effect

A brief parametric study was performed in order to determine the influence upon the
mutual coupling due to higher order modes in the apertures. These data are summarized
in table I.

The mutual coupling was first computed for two 0.75-wavelength-diameter circular
waveguides in which the aperture field distributions were assumed to be that of the TEjg
mode. Next'the 4 by 4 complex scattering matrix was computed for two waveguides with
two modes in each (TEj1 plus one higher order mode). Then the appropriate value of the
scattering matrix for the coupling between the TE11 modes (S13 in this case, was com-
pared with that computed previously for only the TEji1 mode assumption. These differ-
ences for both amplitude and phase are listed in table I for several of the next higher
order modes.
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It is obvious that those modes, whose first index numbers are different, do not
influence the mutual coupling calculations. Also, the only mode which has any noticeable
effect is the TM11 and then primarily only in the phase. In a phase scanning array,
this change in phase due to the presence of the TM;; mode may be of some significance
and probably should receive more attention in future work.

The calculations, obtained by assuming that the aperture distributions contain the
first four modes (S15 of the 8 by 8 matrix) whose first indices are the same, are also
compared with the calculations obtained by assuming only the TE11 mode. It should be
noted that the inclusion of additional modes other than the TE11 and TM11 has a
negligible influence upon the mutual coupling.

Phased-Array Calculations

Data are presented in this section to illustrate the variation of the reflection coef-
ficient as a function of scan for the elements of a finite planar array of circular aper-
tures excited in the TEjy; mode. The elements of the array will be in an equilateral
triangular grid arrangement as indicated in figure 16. The dimensions were chosen to
correspond to those of the infinite array analyzed by Amitay and Galindo (refs. 51 and 54).
They employed a different time convention (e']wt) in their analysis; therefore, a change
in sign for their infinite-array reflection coefficient phase calculations (N =«) was
necessary for a direct comparison with the finite-array results.

Data are presented for the two finite-array sizes indicated by the dashed circles
inscribed on the array grid in figure 17. The elements in each finite array (N = 37 and
N = 183) are those whose centers lie either on or inside the dashed circle. Data are
presented for the center element (C) for both array sizes and for two edge elements
(A and B) of the larger array.

The data are presented as a function of the differential phase shifts \/Jx and ¢y
between elements in the H-plane and E-plane directions, respectively. These phase
shifts are related to the beam-pointing directional cosines Tx and Ty by (ref. 54)

y =27 (0.714) T, _ (171)

¥y = 27(0.714) sin 60° T, (172)

The finite-phased-array calculations are obtained by first determining the complex
scattering matrix for the array. Then the complex amplitudes of the incident waveguide
fields (ap ) are given a phase differential according to

i
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Figure 16.- Dimensions for equilateral triangular grid array
of circular waveguide apertures excited in TEq; mode.
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Figure 17.- Finite-size phased array of circular waveguide
apertures in an equilateral triangular grid arrangement.

63



In order to scan the beam in the E-plane, Yy is set equal to zero and n,by is varied;
and, in order to scan the beam in the H-plane, "by is set equal to zero and Yy is varied.
Simultaneous variation of ng and ¢_ would scanthe beam in some other direction as
determined by the directional cosines Tx and T. . Ateachvalueof ¢ X and y¢_, the

ratio of b (determined from the product of the scattering matrix [S] and the column

i
matrix [a]) to api determines the amplitude and phase of the reflection coefficient of

the ith aperture with all elements excited so as to point the beam in the direction specified

by TX and Ty'
The amplitude and phase of the reflection coefficient for the center element of the
two finite-size arrays is presented in figures 18 and 19 together with the infinite-array

360 T T T T T
o
3
-
2
.C
a.
60} -
[} 1 | 1 i
1.0 T I' T T : T
8t E -
Amitay &, _ n
{Galindo }N "N
3 .6 .
3
=
1S
<
| ] -

030 60 90 120 150 180
wy, deg

Figure 18.- TEjj mode reflection coefficient of center element
of arrays in figure 17 as a function of E-plane scan.
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calculations (shown dashed) of Amitay and Galindo (refs. 51 and 54). As the size of the
array is increased, the reflection coefficient exhibits a resonance behavior corresponding
to the "blind spot' of the infinite array. Although the reflection coefficient of the finite
array never reaches unity, the qualitative agreement with the infinite array calculations
tends to justify the present analysis as applied to finite arrays.

360

Phase, deg
— — n w
g 8 8 8 s

1.0 T T T T T T ST T

Amitay &1 .
{Galindo }N ® N

Amplitude

] | 1 1 1 | 1 ) ] ]
0 30 60 90 120 150 180 210 240 270 ~
' Wy, deg

Figure 19.- TEq; mode reflection coefficient of center

element of arrays in figure 17 as a function of
H-plane scan.

Figures 20 and 21 show a comparison between the reflection coefficients of the center
element and the edge elements of the larger array (N = 183). Notice that the reflection
coefficient of the edge element exhibits a much sharper resonance when the array is scanned
in one direction. When the array is scanned in the opposite direction, the edge element
reflection coefficient is almost constant and very near the isolated element value (N =1).
This asymmetry with scan is a general characteristic of the edge elements in a large
periodic array. (See ref. 98.)
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The resonance phenomena which occurs for the edge element when the array is
scanned in one direction can be attributed to the destructive interference between the
direct radiation from the edge element and a leaky wave traveling in one direction on the
periodic structure (ref. 30). In the case of the center element, leaky waves traveling in
both directions can produce symmetrical element pattern interference nulls (ref. 30)
or impedance resonances.

360
300

240
180
120
60
0
1.0 T T T u |

v )Amitay &{ -
I\]'m{Galindo }

Phase, deg

mam--——-

o N B Edge element
C Center element

Amplitude

0 ! 1
. -180 -120 -60 0 60 120 180
» l"’y , deg

Figure 20.- TE1j mode reflection coefficient as a function of
E-plane scan for center and edge elements of 183-element
array.
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Figure 21.- TE1) mode reflection coefficient as a function of
H-plane scan for center and edge elements of 183-element
array.

The calculations in figures 22 to 24 are for the array geometry of figures 16 and 17
with a dielectric cover of 0.5-wavelength thickness and dielectric constant of 2.0. In order
to avoid numerical difficulties, a dielectric loss tangent of 0.0001 was assumed for the
finite-array calculations. Previous results for the self-admittance of a dielectric-covered
rectangular slot (ref. 124) indicated that a loss tangent of 0.001 or less would yield 3 or 4
significant figure accuracy when compared with calculations for a lossless dielectric.

In figure 22, the calculations for the center element reflection coefficient of the
larger finite array (N = 183) exhibit two peaks which appear to correspond to the
resonances of the infinite array (ref. 54). In order to verify this result, the reflection
coefficient amplitude of the edge element B is compared in figure 23 with the infinite-
array calculations. When the array is scanned in one direction, the edge element "sees"

a much larger periodic structure and the destructive interference mentioned earlier pro-
duces two sharper resonant peaks near the infinite-array 'blind spots." This qualitative
agreement between the dielectric-covered infinite-array and large finite-array calculations
tends to establish further the validity of the present analysis.
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Figure 22.- TEj; mode reflection coefficient for the center

element of arrays in figure 17 with a dielectric cover
(dielectric constant, 2.0; loss tangent, 0.0001; dielec-

tric thickness, 0.5\; E-plane scan).
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Figure 23.- TE1] mode reflection coefficient for edge element of
183%-element array with dielectric cover (dielectric constant, 2,0;
loss tangent, 0.0001; dielectric thickness, O0.5A; E-plane scan).
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Figure 2k.- TE;; mode reflection coefficient for the

center element of arrays in figure 17 with a
dielectric cover (dielectric constant, 2.0; loss
tangent, 0.0001; dielectric thickness, 0.5A;
H-plane scan).

The reflection coefficient of the center element of the two dielectric-covered finite
arrays is presented in figure 24 as a function of the H-plane scan parameter. The infinite-
array calculations were not available for comparison. The finite-array calculations for
this case are included since a different type of resonance occurs which probably warrants
further investigation. ‘It appears to be related to the phased-array impedance-matching
techniques by the dielectric loading of the aperture plane (refs. 78 to 80) and indicates that
the present analysis may also be of some benefit in the impedance matching of finite
arrays. Minor modifications (ref. 134) of the present analysis could also be used to study
the impedance properties of finite arrays with dielectric plugs.
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CONCLUDING REMARKS

A variational expression has been derived for the self and mutual admittances of
waveguide-fed apertures radiating into a multilayered region which may contain inhomo-
geneous layers. The general expression has been evaluated for circular apertures
excited in the TEpyp and TMp,, waveguide modes and a computer program written
which can include up to four external layers, two of which may be inhomogeneous normal
to the aperture plane.

Good agreement was obtained between measured and calculated values for the trans-
verse electric (TE11) mode mutual coupling of two circular waveguides radiating into free
space and one dielectric layer. A comparison was made between measured and calculated
results for several combinations of frequency, polarization, and spacing. Very good
agreement was obtained in all cases, except where the diffractions from the edges of the
30.48 cm by 60.96 cm (12 in. by 24 in.) ground plane produced large scatter in the meas-
ured data.

By performing a parametric study, it was determined that the only significant effect
of higher order modes is due to the transverse magnetic (TM11) mode and then primarily
in the phase of the coupling coefficient.

A comparison was also made between the reflection coefficient of an infinite array
and the reflection coefficients of several elements of two finite arrays. It was shown that
the center element of a 183-element array (approximately 10 wavelengths wide) had similar
irhpedance characteristics to that of the infinite array. Although total reflection did not
occur in the finite array, a definite peak in the reflection coefficient, corresponding to the
"blind spot' of the infinite array, was observed.

The validity of the theoretical model has been established by a comparison with
measurements on two circular waveguide-fed apertures and with calculations on an
infinite periodic array.

This work allows the determination of mutual coupling between the elements of a
finite array of circular apertures including any number of higher order modes and an
arbitrary polarization for each aperture field.

The analysis presented here can also be applied to other aperture shapes for which
the Fourier transforms of the aperture electric fields can be determined.

Langley Research Center,

National Aeronautics and Space Administration,
Hampton, Va., July 3, 1973.
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APPENDIX A
VECTOR POTENTIALS AND WAVE EQUATIONS

The definition of the vector potentials (A' and f‘) in their relationship to the
electromagnetic fields (f: and ﬁ) and the wave equations, as used in this analysis,
are given here for reference.

It is assumed throughout the paper that the electromagnetic fields contain a harmonic
time variation of the form el t then, Maxwell's equations for a charge-free region are

X H- jweE =0 (A1)
v jopH =0 (A2)
V-uH=0 (A3)
V.-cE=0 (A4)

where the permittivity ¢ and permeability » may be complex and also be a function of
the X:» Vi and z; coordinate variables.

From equation (A3), the vector wH can be defined as the curl of another vector 13;,
that is,

H=-9UxA (A5)

T =

Substituting equation (A5) into equation (A2) gives
UX (B +jwA) =0 (AB)
Or since a curl-free vector is the gradient of a scalar

E+joA=-vy (A7)

E=-VY-jwA (A8)

Similarly, by defining another vector F which satisfies equation (A4) so that
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APPENDIX A - Continued

B=-1%xF | (A9)
€

(A10)

By superimposing the results due to the assumed magnetic vector and scalar potentials
and the electric vector and scalar potentials,

VX F - Uy - jwk (A11)

=

LI

-V0 - joF (A12)

>

v X

e o]l

1
©

describes the electromagnetic fields in terms of a set of arbitrary vector and scalar

functions,
Since these functions are arbitrary, A is chosen as

A=Az (A13)

where A is a function of Xy Vs %4 Then with ¢ and F temporarily set to zero

and by using the vector identities

%'x[l%xﬁ}s@(i)xﬁx}l] + 1 (%7 x A (A14)
p " @
VXV X A=V(V. A) -V2A (A15)

equation (Al) becomes

2 2 - .
(et e sy o]
' 2
+ -i<l>ﬁ-i<_1>ﬂ+fa_é+jwefi-wzeA-lv2A 2 =0 (A16)
axi p/Ox;  dy; \p CA #322 3z, i

i
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APPENDIX A - Continued

Equating either the ii or 371 components to zero gives
= 1 3 /A
v=o 1 2 <_> (A17)
Joe Bzi m
Then the ii components yield

2
2 (A, 2 (loA +i<ﬁ>-lii<ﬁ> LD [ <ﬁ>=0 (A18)
oX; \p 0%y oy; \u 3y aziz © € 925 3Z; \p YA

And if the medium is assumed to be homogeneous in the Xy and i directions, equa-
tion (A18) yields the wave equation

vz {A(Xl, yl’ Zl):| . 1 ae(zi)—_a— A(Xi’yi’ zl) +k2 /v‘(zi) E(Zi) A(Xi’ Yi’ Zl) -0
#(zi) e(zi) 3z; 3% '“(zi) | 0 HO<Q ,L/L(Zi)

(A19)
Likewise, if it is assumed that ¥ =0 and A =0 momentarily and
F=F ii (A20)
then from equation (A2)
1 5 [F
0=-1 2 <_> . (a21)
Jwwu 3Z, \e

and, for 4 =,u.(zi) and ¢ = e(Zi),

V2 F(Xi, Yo Zi) ) 1 a,U-(Zi) 3 F(Xi, yi’ Zi) N k(z) M(zi) € (Zi) F(Xi, Yo Zi) -0
€ (Zl) #(Z 1) aZi 9 Zi €(Zi) MO 60 e(zi)

(A22)

Therefore, by superposition, the electric and magnetic fields can be derived from a
set of z directed vector potentials which satisfy the differential equations (A19) and
(A22) subject to the appropriate boundary conditions on the electric and magnetic fields.
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APPENDIX A — Continued

If bidimensional Fourier transforms are assumed so that

i i

AKX, ¥.,2) -ikx. -jk.y,
A(l&k z)‘f f (x:(:IlZ)e]ls{xle]yyldx. iy

0

Flly, Ky, 2;) = f

o0}

I:l.(lst,ky,zi) - f

ﬁ(kx,ky, z) = f i

-

and inversely

Al ¥ 2) g

#(Zi) ) (277)2

F(xi’ y]_, zl) - 1

(z) @)
Ex, ypr 2;) = -
(27)

ﬁ(xi,yi,zi) -1 >
27)
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X TV gy gy,

© F(Xi, yi’ Zi) -jk x. -iky.
€
fw E(Zi) ! !

o -]kxx -k y.
i, 7y
f E(x;,;,2;) e dx; dy;
-0
© _le(xi -jk_y.
yYi
f H(Xi’yi’zi) e e dxi dyi

=00

x. jk_y. '
f f Alky, K y’z)ekXI'e yldkxdky

0

[

-0 =

foo fm Bl Ky z) e *

jkyyi
e dl&dl%

JJH( k z)eXiejkyyidlS(dky

0 ik x. i .
f Flys by 24) &Y diy dky

(A23)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)



APPENDIX A - Continued

then the transverse components of the transformed electric and magnetic fields become

k
By (0 Ky 27) =- we(’;i)A'(kx,ky, 25) + iky Py, ky, 24) (a31)
ky , )
Eyi(kx’ ky, Zi) == ws(zi)A (13(9 ky, zi) - ]kx F(I'S(y 1%,; zi) (A32)
. kx '
Hxi(l&, ky’ zi) == ]kyA(lS(, k_, zl) - wlu(Zi) F (kX’ ky, zi) (A33)
Hyi (g ke, 25) = Tk Alky, ky,2;) - iz F'(ky, ki, 2;) (A34)

where the primes on A and F denote differentiation with respect to z,, and where
the transformed potential functions now satisfy the differential equations

1 de (Zi)

¢ Ak, k, 2;) 4 Al Ky» 29)
— s y 435 7 —_— ’ y 44
dz V'l ey dgg odzg 7 '
2 .2
(z.) e(z.) + K
k2 |V Y O Y | ALk, 2) =0 , (A35)
0 c 5 X’ Ty’ i
#0%0 kg
2 dyu(z;)
9 Fge, ky, 2;) 1 F 4 ree, ky» 2)
dz2 wlzy) dzg o dzg
o |nlz) ez) K +K2 |
+ - Y| Flk, kg, 2;) =0 (A36)
3 y
*0°0 kg
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APPENDIX A - Concluded

At a boundary (z; = %) between two media (/JI)(Zi) ep(zi) and pp+1(zi) E.p+1(zi))’
continuity of the transverse electric and magnetic fields or their transforms shows that
the transformed potentials for the two regions must satisfy the boundary conditions

Al Ky, d) = Ak, ko, d) (a37)
Fp(lS{’ ky: %) = Fp+1(lS{’ 1%,’ dp) (A38)
Ak, k,z) _ 9% ra A G,k ,z) (A39)
[:E; P »; y’ 1} €p+1 (dp) I:d_Z: p+1 ’ ’ 11'
2=dp %%
d 5 &,k ,z) _ Y T F (k. k., z) (A40)
\:a‘ pyx’ Ty’ i] - o (a) |z p+1¥x’ Ty’ 7
1 z.=d #p‘*'l |Y 1 Z.=
. ip ip
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APPENDIX B

COMPUTER PROGRAM FOR THE CALCULATION OF THE SCATTERING MATRIX
OF A PLANAR ARRAY OF CIRCULAR WAVEGUIDES RADIATING
INTO EITHER FREE SPACE OR FOUR DIELECTRIC LAYERS

The program listed here computes the complex mutual admittances between the modal
fields of all the apertures in the array. These admittance values are used to form a com-
plex square matrix which is operated on with the appropriate matrix algebra and inversion
to obtain the complex scattering matrix for the array.

The basic program for the mutual admittance calculation is a modification of a
previous computer program (ref. 135) for the calculation of the self admittance of a TE11
mode excited circular aperture. The computer program in its present state is limited
to a maximum of four external layers over the apertures; however, the third and fourth
layers may be inhomogeneous normal to the aperture plane.

The wave equations (egs. (58) and (59) with “(zi) = Constant) for the third and fourth
layers are solved numerically by using a spline routine for curve fitting through discrete
points of the dielectric or plasma profile. The numerical integration of equations (167) to
(170) is performed by a Runge-Kutta method containing a variable increment which is
continuously subdivided until a specified éaccuracy is achieved over each integration step.
More detailed discussion of the numerical techniques used in the original computer pro-
gram are given in reference 135. A

The present program accepts as input the following parameters:

NUMMODE total number of waveguide modes assumed in each aperture (each
aperture field distribution is assumed to be a superposition of the
same waveguide modes)

NUMHOLE total number of circular apertures in the array

NUMTE total number of transverse electric waveguide modes assumed in
each aperture field distribution

NUMTM total number of transverse magnetic waveguide modes assumed in
each aperture field distribution

(Note that NUMMODE = NUMTE + NUMTM)

MIJ(I), NIJ(I) indices of TEm.n. modes, I=1 to NUMTE (if NUMTE = 0, omit)

11
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MMIJ(I), NNIJ(T)

ATI(D)
X1, YI([D)

PHIJP(T)

F

71,72, 73, Z4

CONVERT

ER

APPENDIX B - Continued

indices of TMmini

modes, I =1 to NUMTM (if NUMTM = 0, omit)

radius (ai) of each aperture, 1 =1 to NUMHOLE
x,y coordinates of center of each aperture (xi, yi), I1=1 to NUMHOLE

angular rotation (qSi) of X, axis with respect to x axis for each
aperture, I=1 to NUMHOLE

frequency

distances (dl’ dz, d3, d4) from aperture plane to outer surfaces
of layers 1, 2, 3, 4, respectively (For radiation into free space,
set Z4 =0.0.)

a conversion factor to change all input dimensions to centimeters
(that is, for input dimensions in inches, set CONVERT = 2.54)

relative dielectric constant of material completely filling all wave-
guides (ER = 1.0 for air-filled guides)

For radiation into free space (Z4 = 0.0), no additional input data is needed; however,
for Z4 > 0.0, the relative values of Z1, Z2, Z3, and Z4 are compared to determine
which external layers are to be considered in the calculations and appropriate parameters
are read in as follows: '

v1,wil

V2, W2

NP3

ZD(I)

V3, W3()

78

real and imaginary parts of complex relative dielectric constant of
layer nearest to aperture plane (layer 1) (if Z3 = 0.0, and Z4 > 0.0,
omit)

real and imaginary parts of complex relative dielectric constant of
layer 2 (if Z3 =0.0 and Z4 > 0.0, omit)

number of points used in approximation of the inhomogeneous profile
for the dielectric constant of layer 3 (if Z3 = 0.0 and Z4 > 0.0,
omit; or if Z2 = Z3 = Z4, omit)

distance from aperture plane to discrete points in layer 3 dielectric
profile (if Z3 =0.0 and Z4 > 0.0, or if Z2 = Z3 = Z4, omit)

real and imaginary parts of relative dielectric constant at discrete
points ZD(I) in layer 3 inhomogeneous profile (if Z3 = 0.0 and
Z4 > 0.0, or if Z2 = Z3 = Z4, omit)



NP4

ZND()

NE(D), NU(T)

APPENDIX B - Continued

number of points used in approximation of the inhomogeneous profile
for the electron density and collision frequency for the plasma of
layer 4 (if Z3 = Z4, omit)

distance from aperture plane to discrete points in layer 4 plasma
profile (if Z3 = Z4, omit)

electron density and collision frequency at discrete points, ZND(I), in
layer 3 inhomogeneous plasma profile (if Z3 = Z4, omit)

The values of ZD(I) and ZND(I) must be monotonically increasing. The first

value of ZD(I)

must equal Z2, the last value of ZD(I) and the first value of ZND(I)

must equal Z3, and the last value of ZND(I) must equal Z4. Any deviation from these
values will cause errors to occur in the calculations. '

The output of the computer progrém is as follows:

YC(11,J3)
PRMT(2) -
IHOLE
JHOLE
IMODE
JMODE
YMN(I)

S(1, J)

eléments of comple:x admittance matrix

upper limit of numérica.l integration (maximum value is set at 50.0)
ith aperture

jth aperture

pth mode in ith aperture

qth mode in jth aperture

characteristic admittance of pth mode in ith aperture

elements of complex scattering matrix

79



APPENDIX B - Continued

PROGRAM CIRWG ( INPUT «QUTPUT + TAPES=INPUT«TAPES=0UTPUT)

C*********}*********{************l******{**l***}*}**{*{********}*5******

C MINI+MJUJNJ ARE THE SUBSCRIPTS OF THE APERTURE EXCITATION MODES
Cc A1 = RADIUS OF 1-TH APERTURE

C AJ) = RADIUS OF J-TH APERTURE

C R = CENTER TO CENTER SPACING

Cc PH1 = ANGULAR ROTATION OF R WITH RESPECT TO XI-AXIS (DEGREES)

C PHIJPP = ANGULAR ROTATION OF XJ-AXIS WITH RESPECT TO XI-AXIS (DEGe)

C***************************l**l******}i********&******l****************

o0 ®dD>

c

c
A

C
B
Cc
(o)
E
F
G

c

C

CHERRSR

c

c

c

C

DIMENSION AUX(Be4)+DFERY (4 ) PRMT (S5)4Y (4)
DIMENSION ZD(S0)+ZND (S0)«NE(50)«NU(50)
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(50)+¢V31(50)+¢V32(50)+sVv33(50).
VA (S0)eVal1 (50)eVvVa2(50)¢va3(50)
W4 (50)eWa1 (S50)eWaA2(50)+WA3(S0)
W3(S50)eW31 (50)eW32(50)eW33(50)
Z(SO0)eZN(SN)« XMNP (84¢3) « XMN (84 3)
COMMON - DIMENSIONED VARIABLES
COMMON V3eV31eV32+V33eW3eW31 sW32 W33 9Z¢XMNP ¢ XMN
V4 +Va19VA2eVATeWEAsWE] W2 eWA3eZNy
COMMON - UNDIMENSIONED VARIABLES
BSQeCCA+CCBsD2+KINDL3+sLAMOSTsTMI +TMJI W
NEWsNP3 NP4 s RKERR ¢RK3 ¢RK4 s TERMA s TERMB ¢ TERMC s TERMD »
Vi V2« V3X13eVAX]14
Wl oWISQeW2eWw2SQeW3XI3oWAXI4eXI1aXI2eXI3eX140
MIsMJIINT oNJaMIP ¢MUP (AKZERO! + AKZEROJ +RKZEROWFACTORI +FACTORJ
FACTSQI sFACTSQUsCOSP+COSMeSINPISINMCOSPHIJPHIJUPP
LOGICAL TMITMJ
REAL KZERONE ¢NUNED 4NUD+ I SOLATE
COMPLEX CCA+CCBsCOEFF+GAMMA,CONsYCsYTE+YTM,YMNZERO
COMPILEX A+B+DETERM,YAP
DIMENS]ON‘YC(25025)OA(25025)08(25025)'IPIVOT(25)0INDEX(ES!Z)
DIMENSION AIJ(25)eXI(25)sY1(25)ePHIJP(25)4MIJ(10)NIJ(10)
DIMENSION MMIJ(10)+NNIJ(10) '
EXTEQNAL FINDC
FSTABLISH CONSTANTS
XMNP(lol)=3.832$XMNP(102)=70016$XMNP(1o3)=100173$XMNP(2'1)=1.84118
XMNP (242125331 3XMNP (2+13)=8+5S363XMNP (341 )=3e0548XMNP (3+42)=64706
XMNP(3Q3)=90969$XMNP(411)=402015XMNP(402)=80015$XMNP(50l)=5.3l7
XMNP(S.Z)=9.282$XMNP(6~I)=6o4l6$XMNP(612)=10.525XMNP(791)=70501
XMNP (Be1)=8¢578
XMN (191 )E264058SXMN(2,1)1=3,8328XMN(3,41)=5s136EXMN(1.+2)=5,520
XMN (801 )26e3B0SXMN(2 42)=T7e016EXMN(S541)=7e5883XMN(3+2)=84417
XMN(]1¢3)=8e6554EXMN(E 41184 771BXMN(4¢2)=Fe761XMN(T741)=94336
XMN(2¢3)=1041733XMN(S42)=11+065EXMN(8Be¢1)=11.086
PI=2,0%ASIN(1.0)
TWOP 1 =2+0#P1
FORK=TWOPI/(3¢%14E10)
FOMEGA=(TWOP [ %8970, ) ##*2
CON=CMPLX(0e0410)
START READING INoUT
36 36 336 3 3 I I I I 36 I 36 96 36 I I 36 I 3¢ I I X I I I I I I I I A I 2 I I3 36 I I I I I I I I T I I I I 26 I XN
NUMMODE = NUMBER OF MODES PER APERTURE
NUMHOLE = NUMBER oF APERTURES
NUUMTE = NUMBER OF TE MODES
NUMTM = NUMBER OF TM MODES

CHNHNREFTNRHH RN NN I I H I NI IR F NN R RN HR AR
1 READ(S5+11)NUMHOLE « NUMMODE « NUMTE s NUMTM
11 FORMAT(415)
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IF(EOF +5)90042

Mz=NUMHOLE #*NUMMODE

IF(M,GTe25)344

WRITF(6480)

FORMAT(1H1®#M EXCEEDS DIMENSION OF YC¥*)

STOP :

IF(NUMTE.GT«10)G0O TO S

IF(NUMTM,GT«10)GO TO S

1F (NUMTE « GT e NUMMODE GO TO 900

IF (NUMTMeGT ¢« NUMMODE GO TO 900

1F (NUMMODE ¢ GT #2015+ 6

WRITF(6+81)

FORMAT ( 1H1 #*NUMMODE EXCEEDS DIMENSION OF MIJ AND NIJ#*)
STOP

1IF (NUMHOLE«GTe25) 7412

WRITF (6484)

FORMAT (1 H1 #*NUMHOLE EXCEEDS DIMENSION OF AlJU¥)
sTOP

C}**********************************************************************

C
(ot

MIJ(I)YeNIJU(1) = INDICES OF I-TH MODE TE-~MN
MMIJ(1)eNNIJUC(T) = INDICES OF [-TH TM-MN MODE

C******************************l****************************************

12

17

10
‘FORMAT (20(211+2X))

14

50
55

1IF(NUMTE ¢EGQe0)GO TO 17

READ (S 14)Y ((MIJCI)4NTJ(I))eI=14NUMTE)
IF (NUMTM,EQ.0)GO TO 10

READ(Se¢14)Y( (MMIJ(CT)YeNNTJU(T))el=1NUMTM)
CONT INUE

IF (NUMTE «£Q40)GO TO =5

DO 50 1=1+NUMTE

IF(MIJ(I)eGTe7eOReNIJ(I)eGTe3) GO TO 601

CONT INUE

IF (NUMTMeEQe0)GO TO 53 \
DO 52 1=1NUMTM |
IF(MMIJ(1)eGTe7¢0RNNIJ(1)eGTe3)GO TO 602
CONT INUE \ \
CONT INUE

C******}*****i********************************************************{*

52
53
C
Cc
Cc
C

ATJ(1) = RADIUS OF 1-TH APERTURE

X1(Iy AND YI(l) = Xsy COORDINATES OF CENTER OF I-TH APERTURE

PHIUP (1) = ANGULAR ROTATION OF XI-AXIS WITH RESPECT TO X-AXIS
(DEGREES COUNTER~CLOCKWISE)e

C***********************************************************************

15

60

READ(S5¢15) (Al1J(1)el=1sNUMHOLE)
READ(S5e¢15) (X1 (1)el=1e¢NUMHOLE)
READ(S+15) (YI(1)el=1eNUMHOLE)
READ(S5+15) (PHIJP(1)41=1+NUMHOLE)
FORMAT(8F1062)

S1ZE=1.0

POL=Ne0

IF (NUMHOLE«GTe1)8¢9

DO 60 1=2+NUMHOLE

J=1-1

IF(ATJITYeNEGATJ(JY)Y S1ZE=040
CONT INUE

DO 51 [=2NUMHOLE

J=1-1

IF(PHIJP(1)eNEJPHIUP(J)) POL=140
CONT INUE

9 CONTINUE
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C*A*'I-{*l'{********************}************************************i}«l*l**

Cc F = FREQUENCY ( CYCLFS PER SECOND)
(o} Z1eZ2¢Z3¢24 = DISTANCES FROM APERTURE TO OUTER SURFACE OF LAYERS
[} 1¢2¢3¢4 RESPECTIVELY.
C CONVERT = CONVERSION FACTOR FOR CONVERTING INPUT DIMENSION TO
C CENTIMETERe (IF INPUT IN CENTIMETERSs LEAVE BLANK) .
C ER = RELATIVE DIELECTRIC CONSTANT OF MATERIAL FILLING ALL WAVEGUIDES
C**’f********************************************************************
C FOR ALL INPUT DIMENSIONS IN WAVELENGTHS
C SET F=3,0E10 AND CONVERT=1,0
C
C FOR FREE SPACE«SET Z4=0.0
C
READ(S5416)F ¢Z1 ¢Z2¢Z3,Z4+CONVERT+ER
IF(EQ.EQ.OQO,FQ=1.nv
16 FORMAT(E104,24¢7F10,42)
WRITE (6441
41 FORMAT(1H1)
" RKERR=0,000}
EPSLN=000001
C RKERREPSLN = ERROR TOLERANCES FOR RUNGE-KUTTA INTEGRATION
o AND SPLINE CURVE-FIT ROUTINE.

DIMEN=1 0
IF(CONVERTeNE «0e¢0O)DIMEN=CONVERT
WRITF(6+105)
IF(Z4eNEe0Qe0)GO TO 10
WRITF(6+18)F+DIMEN
18 FORMAT({3X®#MUTUAL COUPLING OF CIRCULAR APERTURES RADIATING INTO FRE
1E SPACE#//SX*F = %E125/SX*¥DIMEN = *¥F10e6/)
KIND=4
V1=Vv2=1e0
Wi=w2=0.0
GO TO 21
19 CONTINUE
WRITEF(6+¢20)F 21 ¢Z2¢Z2¢Z4«DIMEN
20 FORMAT(3X*®*MUTUAL COUPLING OF CIRCULAR APERTURES RADIATING INTO A M
1ULTILAYERED DIELECTRIC UNDER A NONHOMOGENEOUS PLASMA {AYERe*//5X*
2INPUTSH//2XRF = #E12,5/1X%#Z1 = *F10eb6/1X%Z2 = *¥F10e6/1X*Z3 = #*F 100
36/1X%Z4 = %F1066//71X#DIMEN = #¥F10.6)
WRITF(6+105)
21 CONTINUE
WRITF(6¢85)ER
85 FORMAT(IX®ER = ¥F10.8)
DO 70 1=1+NUMHOLE
WRITEF(6e¢92) 1 eATJ(I) o TeXI(I)eloYI (1)l ePHIUP(I])
92 FORMAT (IX¥ATJ(HIZ2H)zRFBeS«SX*XI (¥ [2H )= #FBeSeIXRY[(FI2X )= HFBeSSX#P
THIJP (R 12%)=#F8,3% DEGe*)
70 CONTINUE
93 FORMAT (IX®*MODE®*12% = TE=-%#211)
WRITE(&4105)
DO 72 1=1+NUMMODE
IF(] 4GTeNUMTEYIGO TO 71
WRITF(6+93YT e MIJ(TIYeNTU(T])Y
GO To 72
71 I1DEM=1-NUMTE _
WRITF(6¢91 )1 «MMIU(IDEM)NNIJ(IDEM)
91 FORMAT(IX*MODE*12% = TM-%211)
72 CONTINUE
WRITF(6+1095)
IF(Z4eEQe0e0)GO TO 100
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C FIND INPUT DATA CASKE
KIND=1
1F(Z4-23)26+¢47+33
26 WRITF(6+27)
27 FORMAT(10Xes16HINPUT PDATA ERROR)
GO To 900
33 IF(Z2)26+40482
40 KIND=3
GO To 109
47 1IF(Z3-22)26+:¢54 461
54 KIND=4
GO TO 82
61 KIND=2
C GET OTHER INPUT NEEDED BASED ON INPUT DATA CASE
C***********************************************************************
C VieWl = REAL AND IMAGINARY PARTS OF DIELECTRIC CONSTANT OF LAYER 1o
C V2.W2 = REAL AND IMAGINARY PARTS OF DIELECTRIC CONSTANT OF LAYER 2
C***********************************************************************
82 READ(S5¢13)V1 Wl eV2eW2
WRITF (6+4105)
WRITE(6+483)V]IeWl e V2sW2
B3 FORMAT(3X*¥V] = #FBe5 SX¥W]1 = ¥FBeS/3XAV2 = #FBeSeSX*¥W2 = #FB8¢5/)
-1IF(KINDeEQe4) GO TO 100
C********************************'**************************************
C NP3 = NUMBER OF POINTS FOR LAYER 3 DIELECTRIC PROFILE
C***********************************************************************
READ(S5¢110)NP3
IF(NP3)89+:894+96
89 WRITF(6+90)
90 FORMAT(10X+42HERROR N NUMBER OF POINTS FOR V3 W3 TABLES”)

GO To 900
96 IF(NP3-50)102+102.89 2
CRHRIHMII NI NN NI RN TN IR H R EHEERHERE AR AR RRRRRR IR RTRA R EN
C V3(1),W(3) = REAL AND IMAGINARY PARTS OF DIELECTRIC CONSTANT AT
c POINTS Zn(1) INSIDE LAYER 3.

c****}******************************************************************
102 READ(S5¢15) (ZD(1)eI=1sNP3)

READ(S+¢15) (V3(I)sl=1sNP3)

READ(S5+15) (W3(I)el=]eNP3)

WRITF(64103)

103 FORMAT (14X e1HZ 185X eSHVI3(Z)e12XeSHW3(Z) /)

WRITE(6+104)(ZD(1)eVIA(I)eW3(1)el=1NP3)

104 FORMAT (5Xs3F17e5)

WRITE(64105)

105 FORMAT(1IH )

IF(KINDsEQe2) GO TO 100
C******l*****************************************l**********************
c NP4 = NUMBER OF POINTS FOR LAYER 4 PLASMA PROFILE
C******{****************************************************************

109 READ(Se110)NP4
110 FORMAT(I5)
IFINPA)I11641164123
116 WRITF(6¢117)
117 FORMAT (10X+42HERROR [N NUMBER OF POINTS FOR NE NU TABLES/)
G0 To 900
123 IF(NPA-50)130+130.116
C******************************}***************{******}*****************

Cc NE(I)«NU(I) = ELECTRON DENSITY (ELECTRONS PER CUBIC CENTIMETER)AND
c ELECTRON COLLISION FREQUENCY (PER SECOND) AT POINTS
(of ZND (1) INSIDE LAYER 4.
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c*l***********lﬂl***********fl***********}***********¥**~Iv***********«l**{*
130 READ(S+15) (ZND(I1)s1=1eNPa)
READ(S¢13) (NE(I)eI=]eNP4)
READ (5e¢13) (NUCI)«I=14NPS)
13 FORMAT(BE10.2)
WRITE (64138)
138 FORMAT (14X e1HZs12XeSHNE (Z) 19X eSHNU(Z)/)
WRITE(6+4139)(ZND(I)sNE(I)eNU(I)s1=1+NP4)
139 FORMAT(8Xe 3E14.5)
WRITF(&4105)
100 CONTINUE
WRITF (6+94)
DO 1000 IHOLE=1sNUMHOLE
DO 1000 JHOLE=1 sNUMHOLE
DO 1000 IMODE=1+NUMMODE
DO 1000 JUMODE=1 +NUMMODE
TMI= FALSE
TMJ= (FALSE e
IF (IMODE«GTeNUMTE ) TM =4 TRUE
1F (JMODE ¢ GT o NUMTE ) TMU= o TRUE &
PH1=Nne0
11=(THOLE=-1 ) *NUMMODE +1 MODE
JJI= ( JHOLE~1 ) #NUMMODE 4+ JMODE
1F ( 1HOLE «EQe JHOLE 15004503
500 IF(S1ZEeEQe]1 035014503
S01 IF(IHOLE«GTel)5024502
502 YC(ITsJJ)=YC (IMODE + JMODE)
GO To 1000
503 CONTINUE
94 FORMAT(1HO¥—-——e=———e—o e e e e s —— e — e */)
Al=A1J(IHOLE )*DIMEN
AJ=ATJ(JHOLE ) ¥DIMEN
IF(TM11504¢505
504 IDEM=IMODE-NUMTE
PHPI=PHIJP ( IHOLE)*P1 /180
MIz=MMTIJ( 1DEM)
NI=NNTJ(IDEM)
GO To S06
505 MI=MTJ(IMODE)
NI=NT1J(IMODE)
PHPL.=PHIJP (1HOLE)*P1 /180,
506 1F(TMJ)S07+508
507 1DEM=JMODE-NUMTE
PHPJ=PHIJP (JHOLE ) *P1 /180
MJI=MMIJ (IDEM)
NJ=NNTJ (IDEM)
GO To S09 '
508 MJU=MIJ(JIMODE)
NJ=NTJ (IMODE)
PHPJ=PHIJP (JHOLE ) #P1 /1804
509 CONT INUE
IF(TMI e ANDo (MJsEQe0) ¢ ANDos ( « NOTeTMJ))IGO TO 99999
IF(TMJeANDe (MI ¢EQe0) ¢ANDe (s NOTeTMI11GO TO 99999
PHI JPP=PHP J~PHP 1 B
MIP=MI+1 . \
MUP=MJ+1 \
XJI=PIMEN® (X (JHOLE )=XI ( IHOLE))
YJI=NIMEN® (Y] (JHOLE) =Y ( IHOLE))
R=SORT (XJI¥XJI+YJIRY 1)
IF (1HOLE ¢EQ e JHOLE )R=N6 0
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1F (ARS(PHIJPP) oL Te1 e OE-04)PHIJPO=040
IF (TM1 e ANDe e NOT e TMU)PHI UPP=PHI UPP-PI /24
IF (TMJeANDe e NOT e TMI ) PHI UPP=PHIJPP-P1 /24
1IF(R,EQe040). GO TO 703
IF(ARS(XJ1)elLTeleO0E-06)7004+70!
PHI=0e5#P1
IF(YJleLTe0s0)PHI=PHI+PI
PHI=PHI-PHP!
GO To 702.
PHI=ATAN2 (YJI o« XJ1)=PHP]
ARG= (MJU+MI ) 2PH I =MU*PHT JPP
COSP=COS (ARG)
SINP=SIN(ARG)
ARGE (MJ=M] ) #PHI -MU#PH1 UPP
COSM=COS (ARG)
SINM=SIN(ARG)
COSPH1J=COS (PHIJPP)
KZERO=F ORK*F
AKZEROI =A 1 #KZERO
AKZEROJ=AJ#K ZERO
RKZERO=R¥*KZERO
IF(TMI) 704705
FACTARI=XMN(MIP«NI)/AKZEROI
GO To 706
EACTORI=XMNP (MIP N1 ) /AKZEROI
IF(TMJ) 7074708
FACTORJ=XMN (MJUP ¢+NJ)/AKZEROJ
GO To 709
FACTORJ=XMNP (MUP ¢NJ ) JAKZEROJ
CONT INUE
FACTSOI=FACTORI *#%#2
FACTSQJU=FACTORJ*#2
X11=71%#KZERO*D IMEN
X1 2=72%KZERO#*D IMEN
X3z 73%KZERO*DIMEN
X14=74%KZERO*D IMEN
p2=x12-X11
RK3=RKERR
RKA4=RKERR
IF (RyEQeOsOeANDsMIeNFeMJ) GO TO 99999
IF(KINDeEQe3) GO TO 220
W2SQ=W2*W2
CCA=CMPLX (V] ¢ —W1 ) /CMPLX(V2e+~W2)
IF(KINDeNEsa) GO TO 210
TERMC=V2
TERMN==-W2
GO To 149
CONT INUE i
DO 107 1=1.NP3
Z2(1)=ZD(1)%*DIMEN .
Z(1)=2(1)*KZERO _

GET UP ARRAYS FOR SPLINE INTERPOLATION
CALL SPLRED (NP3+EPSLN+Z+V3sV31+V32.V33)
CALL SPLRED (NP3 +EPSLNeZsW3eW31+W32.W33)
L3=NP3
CALL SPLD2(NP3+L3eXI34ZeV3eW3eV314w31 V324W329 V334 W334V3XI3

W3X13¢DUMMY « DUMMY )

IF(KINDeEQe2)1GO TO 146

220 CONTINUE

FSTABLISH V4 AND W4
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137

140

A

A

146

A

148

149

150

151

158

162
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OMEGA=TWOP ] #F

OMEGSQ=0OMEGA*OMEGA

DO 177 1=1+NP4

ZN(1)y=ZND (1 )Y%DIMEN

OPSQ=FOMEGA*NE (1)

DENOM=0OMEGSQ+NU (1 )**2>

Va4 (1)=1e=-0PSQ/DENOM

Wa (1 )y=NU(1)*OPSQ/ (OMFGA*¥DENOM)

CONT INUE

DO 140 I = 1 «NP4

ZN(T1y=ZN(1)*KZERO

CALL SPLRED(NPQ+EPSLNe¢ZN+V4 VALl eVA24V43)

CALL SPLRED(NPQ EPSLN+ZNs W4 WAl s W42 4Wa3)

La=NP4

CALL SPLD2(NP4+L4sXI14+ZNeV4eWG1VAE]l ¢WA1 +VA2,WA2:V43:Wa34VaX1a,
WaAX14sDUMMY ¢ DUMMY )

CALL SPLD2(NPAG LA sXI34ZNsVE ¢WEGaVAE]1 sWA1 sVA2,WA2:sVA34WAa3,V4XI13,
WAX]3¢eDUMMY s DUMMY )

SET UP INITIAL CONDITIONS FOR BASE RUNGE-KUTTA INTEGRATION

IF(KINDeNE«1)GO TO 148

DENOM=VAX I3¥#24WaX] 38%2

TERMA=(V3XI3%¥vaX]I3+wWaXI3*¥wax13)/DENOM

TERMR=(V3XI3¥WaXI3-waxXI3*¥vaxI13)/DENOM

L3=1

CALL SPLD2(NP3¢L3eXI2¢ZeV3eW39sV31 W31 eV32+sW32:¢V33.W33.V3XI12,
W3X12¢sDUMMY « DUMMY )

DENOM=VIX 2% %24 W3IX12%%2

TERMC=(V2#V3XI2+W2*WaX12)/DENOM

TERMD= (V2#W3X]2-W2#V1aX12)/DENOM

GO To 149

vi=vaxi3

Wi=wax13

W1SQ=W1*wli

CCB=CMPLX (-V1+W1l)

PRMT (11=0,

NPR™M=0
PRMT (2)=0401
PRMT (3= (PRMT (2)-PRMT(1))/5.

YITEST=Y2TEST=Y3TEST=Y4TEST=0.0
PRMT (4 ) =RKERR

PRMT (51=0s

NEW=0

MOST=0

DO 151 I=1,44

Y(1)=0,

DERY (1) =25

CONT INUE

CALL. LRKS]1 (PRMTeY+DERY+4+FINDCeAUX)
IF(PRMT(5))14+4165+158
IFINPRMeGE«2)GO TO 161
IF(PRMT (1)eNE«0e0)Z0 TO 162
WRITE(6+1S57IPRMT (1) +PRMT (2
PRMT (1)=0,001

PRMT (3)=(PRMT (2)=-PRMT (1)) /5.
PRMT (4 ) =RKERR

NPRM=0

GO To 1S5S0
WRITF(&¢157IPRMT (1) +ORMT(2)
NPRM=NPRM+1

PRMT (3)Y=PRMT (3)/Se
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GO Tn 150
PRMT(4)=PRMT(4)*10.
WRITE(6+1589)PRMT (4)

159 FORMAT ( 10X+ a2HERROR TOLERANCE FOR LRKSI INTEGRATION HAS +/

A

10X+ 1 BHBEEN INCREASED TO +E12e5)
WRITE(6+1STIPRMT (1) +PRMT (2)

157 FORMAT(IOX*PRMT(l)=*F6o3v3X*PRMT(2)=*F6.3)

GO To 150

INTEGRATION COMPLETE, CALCULATE FINAL ANSWERS
v(1) = REAL PART OF YTE INTEGRAL

v(2) = REAL PART OF YTM INTEGRAL

v(3) = IMAGINARY PART OF YTE INTEGRAL

v(4) = IMAGINARY PART OF YTM INTEGRAL

165 CONTINUE

166

17

172

173

174

175

!F(PQMT(Z).LT.6-0)166-171
Y1ITEST=YITEST4+Y (1)

Y2TECT=Y2TEST+Y (2)

Y3TERT=Y3TEST+Y (3)

YATEaT=Y4TEST+Y (4)

PRMT (1)=PRMT (2)

NPRM=0
IF(ARS(PRMT(Z)—I.O)oLEoluE-OS)PQMT(2)=lcO
PRMT (1 3)1=PRMT (2)
IF(ABS(PRMT(!)—l.O).LE.loE-OS)PRMT(l)=1o00001
PRDEL=0e24
lF(PPMT(2)oGEoOoZS.AND.PRMT(2)-LT.2-O)PRDEL=0-25
IF(pQMT(E)OGEQZOOQANDQPQMT(Z)CLT0400)PQDEL=005
xF(pPMT(Z)oGEo4oO)pQﬁEL=100
PRMT(Z):PRMT(2)+PRDFL
!F(ABS(PRMT(E)-loO).LEol.E—OS)PQMT(2)=O.99999
PRMT(3)=(PRMT(2)-PRMT(1))/5.
PRMT (4 ) =RKERR

GO To 150

IF (PRMT (2)eGE«50.0)1G0 TO 175
lF(ARS(YlTEST).LT-l.F-EOO)GO TO 172
IF(ABS(Y(I)/YlTEST)-1.E-04)1720166¢l66
lF(ARS(YZTEST).LT.l.=~200)GO TO 173
IF(ARS(Y(Z)/YZTEST)—ioE—04)17301660166
IF(AHS(YBTEST)-LToloF-ZOO)GO TO 174
!F(AHS(Y(B)/YBTEST)—].E—04)1740165-166
IF(AGS(YATEST).LT.!.:-ZOO)GO TO 17
!F(ABS(Y(Q)/YATEST)-]oE—OA)1750166.166
Y(l):Y(1)+Y1TEST

Y(2)=Y(2)+Y2TEST

Y(3)=Y(3)+Y3ITEST

Y(4)=Y(a)+YATEST

EM"—'?_.O

EMJ=2.,0

IF‘M!.EQ.O)EMI:I.O

'F(MJQE0.0)EMJ=‘.0

mMpLyUe=MJ+M]
SORTxl=SORT(XMNP(MIP.NI)**Z-Ml**z)
SQQTXJ=SGRT(XMNP(MJP.NJ)**Z—MJ**Z)
IF(TMIISARTX =10

IF(TMJ)SORTXJ=100

MIP=MI+1

MJIP=MJ+1

CY=—cQRT (EMI#EMJ) /(120 #P [ ¥SQRTXIX¥SQRTXJ)

817
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COEFFE=zCMPLX(040sCY)

8899 CONT INUE
YTE=COBFFR#CMPLX (Y (1),Y(3))
YTM=COEFFX#CMPLX (Y (2),Y(4))
IF(R,EQe0,0)8891,889>

8891 IF(TMI+ANDeTMJ)B801.A802

8801 vB=0,0
UB=~(2¢/EMI Y *COS(FLOAT(MI )y ¥PHI UPP)
GO To 8810

8802 IF(TmM])B803.8804

8803 VvB=0,0
UB= (FMI~] 4O )#SIN(FLOAT (M )*¥PHIJPP)
GO To 8810

8804 IF(TMJ)BB805.8806

8805 vB8=0,0
UB=(FMI=160)#SIN(FLOAT(MI)Y*PHIJUPP)
GO Tn 8810

8806 VB=(2e¢/EM])*#COS(FLOAT(MI)I*PHIJUPP)
UB=~(EMI~1e0)%#COS(FLOAT(M] ) *PHI UPP)

8810 YTE=YTE#*VS
YTM=yYTM*UB

8892 YC(ITeJJ)=YTE+YTM
WRITE(E197)ITTeJIeYC(TIT ¢ JJ)sPRMT (2) s IHOLE » IMODE ¢« JHOLE » JMODE

97 FORMAT(IXRY (HI2H¢#[2%) = RE12e5% +J(HE12e5# ) RAXKPRMT (2 )=#F G0 3¢ 3IXH]

1HOLE=*12+2X* IMODE=#12+ 3X*JHOLE=%[242X*JMODE=%12/)
PHIJPP=PHIJPP%180,.,/P1
R=R/DIMEN
GO Tn 1000

Q9999 YC(11eJJ)=CMPLX(040s060)

1000 CONTINUE )

DO 1001 IHOLE=1 +NUMHOLF
DO 1001 JHOLE=1 +NUMHNLE
DO 1001 IMODE=1 «NUMMADE
DO 1001 JUMODE=1 +NUMMODE
TMI=,FALSFe
IF(IMODE«GTeNUMTE)TMI =6 TRUE
11=(1HOLE-1 ) ¥*NUMMODE + | MODE
JJI= (JHOLE=~1 ) *NUMMODE + JMODE
AKZEROI'=A1J( 1HOLE )y#KZERO*DIMEN
IF(TMI 1100341002

1002 NI=N1J(IMODE)

- MIP=MIJ(IMODE Y+1
FACTSQI=(XMNP (MIP (NI j/AKZERO] ) #%2
FTSQ=ER-FACTSQI
IF(ARS(FTSQ)elLTel e0OE-200)FTSQ=04e0
IF(FTSQeGE«O0eO)YMNZERO=(1e0+040)*SQRTI(FTSQ)
IF(FTSQelLTe0e0)YMNZERC=~CON#*SQRT (-FTSQ)

GO Tr 1004

1003 I1DEM=1MODE-NUMTE
NI=NNIJ(IDEM)

MIP=MMIJ(IDEM)+1

FACTSQI=(XMN(MIP«NI ) /AKZEROT ) #¥*2

FTSQ=ER-FACTSQ!T

CONVERT=FTSQ
IF(ARS(FTSQ)elLTel e OE-290)CONVERT =1 40E-290
IF(FTSQeGEeOeO)YMNZERO=(140+¢060)/SQRT(CONVERT)
IF(FTSQeLTe0eO)YMNZERC=(~-10+00e)/ (CON*¥SQRT (~-CONVERT )

1004 CONTINUE
ACTT,JU)I=YC(I]eJJ)

BUIT1,JJ)==YC(IT1eJJ)
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900
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AR-PENDD( B - Continued

‘F(I[QEOOJJ)A(!I'JJ)=YMNZERO/(1200*pI)+YC("0JJ)
!F(IIOEQQJJ)B(IIOJJ)=YMNZEQO/(1200*P!)-YC(IIOJJ)
YC(11eJJY=B(I14JI)

YMNZERO=YMNZERO/ (120 4*P1)
IF(II-EO.JJ)WRITE(G.QS)IYoYMNZEROoIHOLE.IMODE
FORMAT (I X*YMN (#]2%) = RE12e5% +J(*E12-5*)*3X*IHOLE=*l2.3X*IMODE=*l
12)

CONT INUE

WRITE(6+94)

WRITF(64813)

FORMAT ( 10X®SCATTERING MATRIX*)

MAX=25

CALL CXlNV(AoMoBoMQDFTERMQIPIVOTCINDEXQMAXQISCALE)

DO 8n2 1=1eM

CO 8n2 J=1eM

B(leJ)=CMPLX(0qe¢00)

NO B20 K=1«M

B(IoJ):B(I!J)+YC(10K)*A(K0J)

CONT INUE :

CONT INUE

WRITF(64105)

DO 805 I=1.M

DO 805 J=1eM

XDOX=CABS(B(1+J))

IF(XPDXeLTeSeE~16)1G0O TO 810

1SOLATE=20¢%#ALOG10 (XNX)

XXXX1=AIMAG(B(1¢J))

XXXX2=REAL (B(I1+¢J))

PHASE*(!BO./pI)*ATAN?(XXXXI.XXXXZ)
WQITF(60803)IQJOB(|OJ)QISOLATEQPHASE

FORMAT(IX*S(*!Z*'*IZ*) = ¥E12.5% FI(FE125%)%3XeF9cl* DB%*3X+FBe 3%
1DEGe*)

GO To 805

WRIT=(60806)10JOE(IOJ)

FORMAT (IX%S (#I2%«¥]2%) = KE12e5% +J(HE12e5% ) ¥3X*BELOW ~-300 DB*)
CONT INUVE

WRITF(6+¢95)

FORMAT (1H *+4~++++++++++++++++++++++++#+++++++++++++++++++++++#f+++
144+ttt

GO T 1

WRITF(6.+88)

FORMAT ( 1HO®MODE SUBSCRIPTS ARE OUT OF RANGE OF XMNP ARRAY*)
WRITF(6+901)

FORMAT(IHIQIOXQIOHEND OF J0B )

STOP

WRITE(6499)

FORMAT ( 1 X*MODE SUBSCRIPTS FOR TM MODES OUT OF RANGE OF XMN ARRAY*)
sSTOP

END
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SUBROUTINE FINDC(BETA+Y+DERY)
DIMENSION BESSEL (21 ) DERIV(8)¢DERY (1) +EXTRA(B+8)+sHOLD(8)
A INDEX(100) PARM(S ) +sRUST(8)+SAVE (S500)sY (1)
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(50)+V31(50)+V32(50)+v33(50).
V4 (50)4Va81 (50)sVvV4a2(50)¢v43(50)
Wa (S50 )sWal (S50)wW42(50)eWa3(50)
W3(S50)eW31 (50)eW32(50)+W33(50)
Z(SO0)YeZN(S5N0) e XMNP (Be3 )¢ XMN (B3
COMMON - DIMENSIONED VARIABLES
COMMON V34V314V32eV33eW3eW31 eW32eW334ZeXMNP ¢« XMN o
V4 4VaE1 s VA2 VAT WA WAL «WA2 4 WA3e2ZN
COMMON - UNNDIMENSIOMED VARIABLES
BSQeCCA+CCBD2+KINDILI3 LA MOSTeTMI «TMU
NEW'NP3 MP 4 RKERR +RK3 4RK4 s TERMA , TERMB s TERMC s TERMD o
V1e V2 V3X134VaX14,
Wl eWISQeW2ew2SQeW3XI3eWAXT144XI1eXI12eXI3eX140
F MIeMJIINT yNJIMIP MIP (AKZEROI +AKZEROJ +RKZERO«FACTORI «FACTORUJ »
G FACTSQI ¢FACTSQJUsCOSP+COSMySINP«SINM4COSPHIJPHIJPP
LOGICAL TMI «TMJU
COMPLEX CARGO+CCA +CCRrRsCCONICOSINE,
A FI1BO4FI1PBO«FIPXI1oFIXI1+F2PXI2¢F2XI120
B GIBOGIPBOGIPXI1aGIXI14G2PXI2¢G2X12¢K1 K24SINE
EXTERNAL LAYER3.LAYERS
IF(NFW) 7410547
FIND OUT IF THIS BETA IS IN SAVE TABLE
IF(BETA-SAVE(LAST)Y)14+84435
AETA 1S LESS THAN LAST TABLE VALUE USED
LAST=LAST~1
1F(BETA-SAVE (LAST))121+84.28
IF(LAST=1)22¢22+14
WRITF(6+23)
FORMAT (10X +8BHERROR 2173)
GO To 900
NEXT=LAST
LAST=LAST+1
GO To 63
RETA 1S GREATER THAN LAST TABLE VALUE USED
{F(MOST~LAST)&2+42,440
NEED=1
GO Tn 109
LAST=LAST+1
IF(BEFTA-SAVE (LAST))S5K+844+35
NEXT=LAST-1
AT THIS POINT WE KNOW THAT BETA LIES BETWEEN
SAVE (NEXT)Y AND SAVE(LAST)
IF(ARS((BETA-SAVE(NEXT))/BETA)=1eE-6)70470¢77
LAST=NEXT :
GO Tn B4
IF(ARS( (BETA=-SAVE (LAGT)I)I/BETA)-1+E-6)84,84,81
NEED=0 '
GO Ton 109
GET INTEGRAND VALUES FROM SAVE TABLE
NOW=INDEX(LAST)
DO 91 I=1.4
DERY (1 )Y=SAVE (NOW)
NOW=NOW+1
CONT INUE
RETURN
BETA 1S ZERO

> oO0m>P
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IF(BETA'NE«0.0)GO TO 109
DO 107 I=1ea
NFRY (11Y=N,
CONT INUE
GO To 403
CALCULATE INTEGRANDS

RUST ARRAY NEFINED

RUST (1)=R(X1)
RUST(2)=S(X1)
RUST(3)=T(XI)
RUST (4)=U(XI)
RUST(5)3R=(X1)
RUST(6)=S~-(X1)
RUST(7)=T~(X1)
RUST(8)1=U=(X1)

BSO=RETAXBETA

ROOT=SQORT (ABS(BSG-1e})

GO TO(1544133+1544112)«KIND

CASE 4 - X14=X13=X12

RUST (1)=1,
R1ST(2)=04
RUST(3)=1.,
RUST (4)=0,
1IF(BETA-1,4)119,1194s126
RUST(5)=0.
RUUST (6)=-ROOT
RUST (7)=0,
RUST (8)=-ROOT
GO To 273
RUST (5)=-RO0OT
RUST (6)=0e
RUST (7)=-ROOT
RUST (8)=0s

GN Tn 273

AASF 2 - X14=X13

ASSIAN 135 TO JUAIL
PARM(1)=XI13
PARM(2)=X12
PARM(3)==~¢5
RUST(1)=1,

RUST (2)=0.
RUST(3)=1.

RIJST (4)=0,
IF(BFTA~14)14041404147
RUST (5)=0,

RUST (6)=~RO0T

RUST (7)=-W3X13%#R0OOT
RUST (8)==Vv3X 13#ROOT
GO To 249

RUST (5)=-R0O0T

RUST (6)=0,

RUST (7)=-V3X13#R0OOT
RUST(8)= W3X13%R0OOT
GO Ton 249
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CASE 1 OR 3 - SET INITIAL VALUES FOR INTEGRATION
FROM Xl!la TO X13

PARM(1)=X14
PARM(2)=X13
PARM(3)=-,5
PARM (4 ) =RK4
PARM(S)=0,
DD 168 1=1,+8
DERIV(1)=,125
CONT INUE
RUST(13Y=1,
RUST (2)=0,
RUST (3)=1,
RUST (4)=0,
IF(BFTA=14)175,17S.182
RUST (S)=0.
RUST (6)=~ROOT
RUST (7)=-WaX14#ROOT
RUST (8)=~-v4aX14%ROOT
GO To 189
RUST (5)=-ROOT
RUST (63)=0,
RUST (7)=-VvaX14%ROOT
RUST (8)= wWaX14#ROOT
INTEGRATE FROM X114 TO XI3
CALL LRKS2(PARMIRUST DERIV+8+LAYERGEXTRA)
IF(PARM(5))9204203,196
RK4=RK4#*#1C,
WRITE(64197)RK4
FORMAT ( 10X+ 39HERROR TOLERANCE FOR LAYER 4 INTEGRATION,/
10Xs21HHAS BEFN INCREASED TO« E1345/)
GO To 161 .

IF(KIND=3)217+210+217%

CASE 3 - X13=0 - SET LAYER 1 FUNCTIONS AND PROCEED
. TO FINAL CALCULATIONS
F1BO=CMPLX(RUST(1)¢eRYST(2))
GIBO=CMPLX(RUST(3)sRYST(4))
F1PBO=CMPLX (RUST(5)sRUST(6))
GIPBO=CMPLX(RUST(7)+RUST(8))
GO To 300

CASE | - ALL LAYFRS ~ SET INITIAL CONDITIONS

PARM(1)=X13

PARM (2)=X12

PARM(3)z=,5

DO 224 I=1.8

HOLD (1 )=RUST (1)

CONT INUE

ASSIGN 231 TO JUAlIL

GO T 245

DO 2728 I=1+6

RUST (I 3=HOLD (1)

CONT INUE

RUST (7)=TERMA*HOLD (7 )-TERMB#*HOLD (8)
RUST(8)=TERMA*HOLD (8 y+ TERMB*HOLD (7)
DO 252 1=1.8
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DERIV(1)=,125
CONT INVE
PARM (4 )=RK3
PARM (5)=0,
INTEGRATE FROM X13 TO X112
CALL LRKS2(PARMRUST DERIV+B+LAYER3EXTRA)
IF(PARM(5))900¢273.259
RK3=RQK3%#10,
WRITE(6+260)RK3

260 FORMAT (10X +39HERROR TOLERANCE FOR LAYER 3
10Xe21HHAS BEEN INCREASED TOs F13¢5/)

273

280

282

283

284

285

286

287

291

292
293

A

GO TN JAIL(135+231)

DO NAT PASS GO

DO NOT COLLECT %200

IF(X18¢EQe060)GO TO 300

DO 280 1:=7.8

HOLD (1)=RUST (1)

CONTINUE

RUST (7 ) =TERMC#HOLD (7 y—TERMD*HOLD (8)

RUST (B8)=TERMC*HOLD (8 y+ TERMD*HOLD (7)
ALGEBRA FROM X12 TO X11

F2X12=CMPLX(RUST(1)+RUST(2))

G2XI2=CMPLX(RUST(3)RUST(4))

F2PX12=CMPLX (RUST(5) 4RUST(6&))

GC2PX12=CMPLX(RUST (7) 4RUST(8))

VMBSQ=v2-BSQ

IF(W2)282.282.+286

IF(VMBSQ)284,283,285

FI1X11=F2X12-F2PX12#D>

G1XI15G2X12~-G2PX2%D?

F1PX11=F2PX12

G1PX11=CCA*G2PX12

GO To 291 s

P2=0,0

Q2=SQRT (-VMBSQ)

GO Tn 287

P2=SART (VMBSQ)

Q02=0,0

GO To 287

ROOT2SQRT (VMBSO*VMBSO+W2SQ)

P2=SQRT (« 5% (ROOT+VMBSQG))

Q2=SQORT (5% (ROOT~-VMBSQ))

K2=CMPLX(P2+-02)

CARGO=D2%#K2

SINE=CSIN(CARGO)

COSINE=CCOS (CARGO)

CCON=S INE/K2

FIX11=F2X12%#COSINE-F2PXI2#CCON

GIXI1=G2XI2%#COSINE-G2PX]2#%CCON

FIPX11=K2#F2X12%SINE4+F2PXI2*#COSINE

GIPX11=K2%¥CCARG2XI2%SINE+CCA*¥G2PX2%#COSINE
ALGEBRA FROM X11 TO 0.0

VvMBSQ=V1-BSQ

IF(W]1)2924292+296

IF (VMBS0 )2944293,295

F1BC=FIXI1—-F1PX11%X1}

G1BO=G1X11-G1PXI11%XI

F1PBO=F1IPXI1

G1PBO=G1IPXI1

GO Tn 300

INTEGRATION./

93



94

OOOODTOD

294
295
296

297

300

312
313

314
315
301
302

1310

1311
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P1=0,40

Q1=SORT (-VMBSQ)

GO Ton 297

P1 =SORT (VMBSQ)

01=0,0

GO To 297

ROOT=SQRT (VMBSQ*VMBSQ+W15Q)
P1=SQRT («S* (ROOT+VMB<cQ))
Q1=SQRT («5* (ROOT-VMBRQ YY)
K1=CMPLX(P1+~-Q1)

CARGO=X11#%K]

SINE=CSIN(CARGO)
COSINE=CCOS(CARGO)
CCON=SINE/K]
F1BO=F1X11#COSINE-F1PX11*¥CCON
G1BO=G1X11#COSINE-GIPXI1%¥CCON
CCON=K1 *SINE
FIPBO=F1IXI1*CCON+F1PxI1*%COSINE

‘GI1PBNO=GIX11%¥CCON+G1PXI 1%¥COSINE

FINAL INTEGRAND ~ALCULATIONS

CET BESSEL FUNCTIONS NEFDED
BESSEL (1)=J0(ARG)
BESSEL (2)=J1 (ARG)

CONT INUE

IF (RKZERO«EQe040YIGO TO 301

MPLUS=MJI+MI]

MMINUS=MJU=-M]

IF(MMINUSSLTeOIMMINUG=M] =MJ

ARG=RKZERO*BETA

MMP=MPL US+1 )

CALL BESJUS (ARG BESSEL « MMP)

BESP=BESSEL (MMP)

MMPzMMINUS+1

CALL BESJS(ARG.BESSEL +MMP)

BESM=BESSEL (MMP)
IF(M]eGTeMJUIBESM= (=1 ,0)#MMINUS*BESM
IF(TM] e ANDeTMJU)311,4312

VBETA=0e0

UBETAS= (=10 )#XMUX (BESPRCOSP+(—1e0 )% *M] RBESM*COSM)
GO To 315

IF(TMIeOReTMU)IZ21 34314

VBETA=D40C

UBETA=(~160 )% #MIK (BESP*#SINP=-(~1¢0)¥*¥M] *BESM*SINM)
GO Tn 315

VBETA= (=1 ¢O ) ##MIX (BECPHCOSP+(—1e0 ) *¥M] XBESMRCOSM)
UBETAS(—1e0)##MUX (BEGPRCOSP=-(=1¢0) ¥ X¥M] *BESM*¥COSM)
CONT INUE

GO Ton 302

UBETA=1e0

VBETA=160

IF(TMI 13101320

MMP=MI+1

MMPP =MMP 4 1
IF(ARS(FACTSQI-BSQ)—1e0E-06)13111312+1312
ARG=XMN (MIPN1)

CALL BESJS (ARG «BESSEL « MMPP)
XIBETA=BETA®BESSEL (MMPP )/ (2 ¢ *ARG)
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YIBETA=0.C

GO To 350

ARG=AKZEROI*BETA

CALL BESJUS (ARG «BESSEL « MMP)
XIBETA=BETA*BESSEL (MMP )/ (FACTSQI-BSQ)
YIBETA=0.0

GO To 350

MMPz=MT 41
IF(ARS(FACTSQI-BSQ)-10E-06)13214+1322+1322
ARG=XMNP (MIP+N1)

CALL BESJUS (ARG «BESSEL + MMP)
YIBETA=BESSEL (MMP }* (ARG*ARG-MI*MI )/ (2+*#FACTORI!)
GO Tn 1323

MMPP =MMP+ |

ARG=AKZEROI ¥*BETA

CALL BESJUS (ARG «BESSEL + MMPP)

YIBETA=XMNP (MIP«NI)#FACTORI® (MI¥BESSEL (MMP ) /ARG-BESSEL (MMPP) )/ (FAC
1TSQI-BSQ)Y

YIBETA=MI¥BESSEL (MMP)/BETA
IF(TMJ)133041340

MMP=mMJ+1

MMPP =MMP 4 {
IF(ARS(FACTSQJ-BSQ)~1e¢0E~06)1331,+,1332.1332
ARG=XMN (MJP 4 MNJ)

CALL BESJS(ARG+BESSEL «MMPP)
XJBETA=BETA#BESSEL (MMPP )/ (2 #ARG)
YJUBETA=0e0

GO To 360

ARG=AKZEROJ®*BETA

CALL BESJUS(ARGBESSFL + MMP)
XJBETA=BETA#BESSEL (MMP )}/ (FACTSQJ-BSQ)
YUBETA=0,0

GO To 360

MMP=MJ4+1
IF(ARS(FACTSQJ-BSQ)-10E-06)1341,+,1342+1342
ARG=XMNP (MJUP +NJ)

CALL BESJUS(ARG.BESSE(L «MMP)
YUBETA=BESSEL (MMP ) ¥ (ARG*¥ARG-MJU%MJ) /(2 *FACTORJ)
GO TO 1343

MMPP =MMP + |

ARG=AKZEROJ*BFTA

CALL BESJUS (ARG +BESSE(L +MMPP)

YJIBETA=XMNP (MUP yNJ) #FACTORJ® (MURBESSEL (MMP ) /ARG~-BESSEL (MMPP) )/ (FAC
1TSQJU-BSQ)Y

XJIBETA=MJ¥BESSEL (MMP)/BETA

CONT INUE

IF(TM]I s ORe TMU)IVBETA=NeO
FACTRM=XIBETA#XJRETA®UBETA¥¥BETA
FACTRE=z-YIBETAXYJUBETA*VBETA*BETA
IF(X14¢EQe0403)GO TO 13015

SEPARATE REAL ANM IMAGINARY PARTS

NTYPF=0 .
IF(ARS(REAL(F1B0))eGTeleE120)G0 TO 3011
IF(ARS(AIMAG(F1B0))ecTeleE120)G0 TO 3011
IF (ABS(REAL(F1PBO))eGTel1eE120)GO TO 3011
IF(ARS(AIMAG(F1PBO) ) ,GTeleE120)G0 TO 3011
NTYPF=0

GO Tn 3012

NTYPFE=aNTYPE+1

IF(NTYPE«GT«S)GO TO 900
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F1B80=F1B0%#(1+€~120+0,)
F1PBO=F1PBO% (1 4,E=~120,0¢)

GO To 3010

IF(ARS(REAL (G1BO))eGTel1E120)GO0 TO 3013
IF(ARS(AIMAG(G1BO))eGTele¢E120)GO TO 3013
IF(ARS(REAL(GIPB0))eiTe1eF120)GO TO 3013
IF(ABS(AIMAG(GIPBO))GTel1sE120)GO TO 3013
NTYPE=0

GO To 3014

NTYPE=NTYPE+1

IFI(NTYPE«GTe5)GO TO 900
G1BO=G1BO#(1E-12040,)
GIPBO=G1PBO# (] (E-120,04)

GO Tn 3012

CONT INUE

CCON=F1PBO/F1BO

DERY (1 )Y=FACTRE*REAL (CcCON)

DERY (3)=FACTRE®AIMAG (CCON)
CCON=CCB*G180/G1PBO

DERY (2 )=FACTRM®*REAL (~CON)

DERY (4 )=FACTRM®AIMAG (CCON)
IF(X14eNEs040)YGO TO 1016

DERY (1 )=FACTRE#RUST (5)

DERY (3)=FACTRE#RUST (&)

DERY (2)=0,0

DERY (4 )=~FACTRM/RO0OT

IF(BFTAWLEC140)GO TO 3016

DERY (2)==-DERY (4)

DERY (4)2040

CONT INUE

SAVE INTEGRANDS

IF(NFW)449,403,400
IF(NFED)A1444144407
NEW=1{

MOVE TO TOP OF BFTA SAVE TABLE
MOST=MOST+1
LAST=MOST

GO To 428

MAKE SPACE IN MINDLE OF BETA SAVE TABLFE

MOST=MOST+1
NA=LAST+1
MOVE=MOST+NA
DO 421 N=NAMOST
M=MOVE-N
SAVE (M)=SAVE (M~1)
INDEX(M)=INDEX (M-1)
CONT INUE

SAVE BETA AND POINTER
SAVE(LAST)=BETA
INDEX (LLAST)=10144%#(MOST-1)
NOW=INDEX(LAST)

CAVE INTEGRANDS
DO 435 1=1.4
SAVE (NOW)Y=DERY (1)
NOW=NOW+1
CONT INUE

CHECK FOR TABLE FULL
IF(100-MOST)1442+442,.R00
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aa2

449

463

470

477

484

491
800
900
S04
901

902

903 FORMAT (1 X*MPLUS EXCEEDES DIMENSION OF ARRAY BESSEL *)

APPENDIX B - Continued

NEW= =1
GO To 800
RETA SAVE TABLE 1S FULL
KEEP=INDEX (1)
IF(NFED)AS6:456+470
PUSH DOWN SAVE TABLE FROM SAVE (NEXT)
LIMIT=NEXT-1
DO 4&3 I=1.LIMIT
SAVE (1)=SAVE(I+1)
INDEX (1 )= INDEX(I+1)
CONT INUE
LAST=NEXT
GO To a8a
PUSH DOWN ENTIRE BETA SAVE TABLE
DO 477 11499
SAVE (1 )=SAVE(1+1)
INDEX (1)=INDEX (1+1)
CONT INUE
LAST=MOST
SAVE BFTA AND POINTER
SAVE (LAST)=BETA
INDEX (LAST)=KFEP
SAVE INTEGRANDS
DO 491 I=1.4
SAVE (KEEP)=DERY (1)
KEEP=KEEP+1
CONT INUE
RETURN
WRITF (6+901) .

lF(NTYPEoNE.O)WRITE(609O4)FIBO.FIPBO.G!BO.GIPBQ

FOQMAT(lX*FlBO=*2E13.5/1X*F1980=*2E13.5/1X*GIBO=*2E1305/1X*GlPBO=*

12E13,57 )
FORMAT(1H14+10X+10HEND OF JOB )
sSTOP

WRITF(6+903)

sSTOP
END
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SUBROUTINE SPLRED(N«FPSLN¢XsYsDELY4S2+S3)
DIMENSION X(1)eY(1)eDELY(1)¢S2(1)¢S3(1),
A H(100)eH2(100)«eB(100)sDELSQY(100)«C(100)
N1=N-1

DO 7 1=1aN1

HET)=X(T1+1)=X(T1)
DELY(I)=(Y(I)=Y(I+1)y/H(])

DO 14 1=2.N1

H2(1)y=H(I=-1)+H(I)

B(l)=eS*H(I=-1)/H2(])
DELSQY(I1)=(DELY(1)=DFLY(I=-1))Y/H2(1)
S2(1)y=DELSQY (I )+DELSQY (1)
C(1)=5S2(1)+DELSQY (1)

S2(1y=0.

‘§2(NY=0e

OMEGA=1071797

ETA=0e

DO 38 1=2,4N1

W (C(I)-B(II#S2(]1-1)1=(eS5-B(1)Y)IXS2(1+1)~S2(1))*OMEGA
IF(ARS(W)~ETAYI3S5435+28

ETA=aABS (W)

S2(1)y=S2(1H)+W

IF(ETA-EPSLN)42+¢21421

DO 49 1=14N]

S3(1)=(S2(141)=S2(1)Y)y/7H(1)

RETURN

END
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SUBROUTINE SPLD2(NeM¢TaeXeYsZ+DELYsDELZ4S2¢T2¢S3eT34¢SSeTTeSS14TT1)
DIMENSION X(1)sY(1)sDELY(1)eDELZ(1)1452(1)¢T2(1)eS3(1)eT3(1)92(1)
DATA SIXTH/+166666665666667/
7 I=M

IF(M=-1)77+21414

14 IF(M=N)2142177

21 IF(T=X(1))63.28+35

28 1=1
GO To 105

35 IF(T=X(N))&82+¢91+73

42 IF{(T=-X(1))156+1054+49

49 1=14+1
IF(T=X(1))98+105+49

56 1=1-
IF(T=X(1)156+1054105

63 IF(T-X(1)41eE-6)65+64+64

64 T=X(1)

: GO Tn 28

65 WRITF(6+70) T

70 FORMAT(10Xe10OHARGUMENT =+¢E14e6422HOUT OF RANGE IN SPLD2 )
WRITE(S6¢71 ) (X(L)eL=1N)

71 FORMAT (/10Xe+24HRANGE OF ARGUMENT VALUES/ (E20+46))
STOP

73 IF(T=X(N)~1eE~6)75¢75¢65

75 T=X(N)
GO To 91

77 WRITF(6484)

84 FORMAT(10Xe+23HM OUT OF RANGE IN SPLD2)
STOP

91 I=N

98 1=1-1

105 HTI=T-X (1)
HT2=T-X(1+1)
PROD=HT 1 #HT2
SS2=82 (1 )Y4+HTI*S3 (1)
TT2=T2( 1 Y+HTI*T3 (1)
DELSQS=(S2(1)14S2( 141 1+SS2)*SIXTH
DELSQT=(T2(1)4+T2(14+1)y+TT2)¥*SIXTH
SS=Y(I)+HT1*DELY (1 )+PROD*DEL SQS
TT=Z(1)+HT1*DELZ (1)+PROD*DELSQT
H12=HT1+HT2
PRCON=PROD*S IXTH
SS1=pELY(1)Y+HI12*DELSQS+PRCON#S3 (1)
TT1=NELZ(1)+HI2*¥DELSQT+PRCON*T3 (1)
M=1
RETURN
END
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SUBROUTINE LAYER3(XI RUST.DERILIV)
DIMENSION RUST(1)+DERIV(1)
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(50)sV31(S50)eV32(50)+v33(50)s
VA (S0)eVal (S0)eVAZ2(50)4va3(S0) e
W4 (50)eWal (S50)eWa2(50)ewWa3(50)
W3(S50)e W31 (S50)eW32(S50)ewWw33(50)
Z(S0)eZN(S0) e XMNP (843 )¢ XMN (8¢ 3)
COMMON - DIMENSIONED VARIABLES
COMMON V3eV31eV324V33eW3IeW3]1 W32+ W33 eZ e XMNP ¢« XMN»
V4aesVa1eVa2+VA3eWa WA ¢ WA2 1 WA3eZNo
COMMON - UNDIMENSIONED VARIABLES
BSQeCCA+CCBeD2+KINDLI+LA+MOST+TMI s TMJ
NEWIsNP3 NP4 RKERRRK324RKA4 ¢ TERMA s TERMB « TERMC + TERMD »
Vie V2 V3X13.Vaxlae
W1 eWISQeW2ew2SQeW3IXI3eWAXTIAeXI1oXI12eX 130X 14,
M[!MJ.N!oNJoMIPoMJP.AKZEQOIQAKZEROJ'RKZEQOoFACTORIoFACTORJo
FACTSQI sFACTSQJ+COSP¢COSMeSINP ¢ SINMyCOSPHIJWPHIJUPP
LOGICAL TMI s TMY
COMPLEX CCACCE
CALL SPLD2(NP3sL3e¢XI +ZeV3eW3eV31eW31sV32eW32+V33eW33sV3XIo
W3X1eV3PXT1eW3PXI1)
DERIV(1)=RUST(5)
DERIV(2)=RUST(6)
DERIV(3)Y=RUST(7)
DERIV(4)=RUST(8)
ASQMy=BSQ~V3XI
DERIV(S)=BSQMVXRUST (1 ) -W3X I *#RUST (2)
DERIV(6)=zBSAMVXRUST (2 )+W3XI#RUST (1)
DENOM=V3X [ #V3XI+W3XI#W3XI
FIRST=V3X1/DENOM
SECOND=V3PXI#RUST (7 )4+ W3PXI#¥RUST (8)
THIRD=W3X1/DENOM
FOURTH=V3PXI*RUST(8)—W3PXI*RUST(7)
DERIV(7)=FIRST*SECOND-THIRD#FOURTH+BSAQMV¥RUST (3)-W3XI*¥RUST (4)
DERIV(8)=FIRST#FOURTH+THIRD*SECOND+BSQMV*RUST (4)+W3XIT*¥RUST(3)
RETURN
END
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SUBROUT INE LAYERA4 (XI ,RUSTDERIV)
DIMENSION RUST(1)+DERIVI(1)
DIMENSIONS FOR COMMON VARIABLES
DIMENSION V3(50)sV31 (50)sV32(50)eV33(50)
VA (SC)IsVa] (S0)eVA2(50)4va3(50),
Wa(S50)eWal (S0) eWa2(50),Wa3(50),
W3(50) W31 (S0)eW32(50)4W33(50)
Z(50)eZN(S0) s XMNP (843) s XMN (84 3)
COMMON - DIMENSIONED VARIABLES
COMMON V3eV31eV32eV33eW3 W31 s W32+W339Z e XMNP ¢ XMN o
VaeVa1eVaA2+sVaAsWAIWA] s W42 Wa3e2ZN
COMMON - UNPDIMENSIONED VARIABLES
BSQeCCA+CCB4D2sKINDIL3I LA sMOSTeTMI ¢ TMJU o
NEWsNP3 NP4 RKERR +RK3 +RK4 s TERMA ¢ TERMB s TERMC « TERMD »
Vi'e V2. V3XI13sVaX14s
W1l oW1SQeW2 e W2SQsWIXI3eWAXI4sXI1eXI2eXI3eX14,
F MIaMJINT sNJoMIP ¢MJP ,AKZERO1 s AKZEROJ +RKZERO+FACTORI « FACTORJ s
C FACTSQI+FACTSGJ«COSP+COSMSINPSINMCOSPHIJPHIJPP
LOGICAL TMIeTMU |
COMPLEX CCA.CCB
“ALL SPLDZ2(NPALAWXTZNIVA+sWA VA1 4WA1eVA2+WA2:VA34WA3,VAXI],
A ‘WAXTsVAPX ] s WaPX1 )
DERIV(1)I=RUST(5)
DERIV(2)=RUSTI(6)
PERIV(3)=RUSTI(T)
DERIV(4)=RUST(8)
BSQMy=BSQ=VaX1
DERIV(5)=BSAMV*RUST (1 )-WaX] #RUST (2)
DERIV (6)=BSQMV*#RUST (2)+W4X1 ¥RUST (1)
DENOM=VAaX I #VAXT+WaX [ *xWaX1
FIRST=VAaX1/DENOM
SECOND=VAPX I #¥RUST (7)+WAPX 1 #RUST (8)
THIRP=W4X 1 /DENOM
FOURTH=VAPX [ ¥RUST (8 )-WAPX I *¥RUST (7)
DERIV(7)=FIRST*SECOND—THIRD*FOURTH4+BSQMV*RUST (3)-WAaXI #*RUST(4)
DERIV{8)=FIRST#FOURTH+THIRD*SECOND+BSAMV#RUST (4} +WAXI#RUST(3)
RETURN
END

» O >
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SUBROUTINE BESJS (XXeRJeMT)
DIMENSION BJ(1)eB(130)

@ ROUTINE FINDS BESSEL J OF X FOR ORDERS ZERO THROUGH MT
C AND LOADS THEM INTO BU(1) THROUGH BJ(MT+!1 ).
X=ABS (XX) :

BJ(1y = 1,0
N = MT + 1
IF(XaGEeB8B0e 110420

10 P1=3,141592653589793
DO 11 I=1N

11 BJ(I)=SQRT(2s0/(PI#X))*COS(X-0e2S*P[-0S*¥PI*(1-1))
GO To 220

20 CONT INVUE
DO S 1 = 2N

5 BJ(I) = o0
IF(X-15e)32¢32+34

32 NTEST = 20e+10e%#X-X%*%2/3
GO To 36

34 NTEST = 90e+X/2e

36 IF(MT-NTEST)40.38+38

38 N = NTEST - 1

GO TO 4S5
40 N = MT
4sS BPREYV = 0
N1 = N+1
F = 2e/X
D = 10E-6
Cc COMPUTE STARTING VALUE OF M

1IF(X=-56)50¢60460
S0 MA = X + 6
GO Tn 70
60 MA = 1,4%X 4+ 60e/X
70 MB = N+IFIX(X)/442
MZERND = MAXO (MA«MB)
c SET UPPER LIMIT OF M
MMAX = NTEST
DO 190 M = MZERO‘MMAX.3
FM1 = 1.0E-28
FM = o0
ALPHA = o0
IF(M=(M/2)%2)1204,110,120
110 UT = -1
GO Tn 130
120 JT =
130 M2
Do
MK
B(MK) = F¥FLOAT(MK)®FMI~FM

1
M-
&0 = 1eM2
M

AN

o= n
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OVERFLOW TEST
IF(B(MK)-1e0E68)18042204220
£M = FM]

FM1 = B(MK)

JT = -JT

S = 1497

ALPHA = ALPHA4+B(MK)%<
B(l) = FXFMI—-FM

ALPHA = ALPHA+BI(1}1)
BTEST = B(N1)
BTEST = BTEST/ALPHA

IF(ABS(BTEST-BPREV)-ABS(D*BTEST))200.2000190

BPREV = BTEST

DO 210 I = 1eN1

BJ(1) = B(I)/ALPHA

IF (XXsLTe0s0)GO TO 270
RETURN

N=MT41

DO 271 I=1sN

NN=T1-1
BJ(1)=BJ(T)*(=1e0)**NN
RETURN

END
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SUBROUTINE LRKS1 (PRMT+Y+DERY NDIMFCTsAUX)

DIMENSION Y(1)+DERY(1)sAUX(Bs2)+A(4)B(4)eC(4)PRMT (1)

FORMAT (52H MORE THAN 15 BISECTIONS NEEDED IN LRKS1 INTEGRATION)
FORMAT (47H INITIAL INCREMENT IS ZERO ON LRKS1 INTEGRATION )
FORMAT (54H INITIAL INCREMENT HAS WRONG SIGN IN LRKS1 INTEGRATION)
DO 1 I=1+NDIM

AUX(Be1) = 40666666666666667*DERY (1)

X=PRMT (1)

XEND=PRMT (2)

H=PRMT (3)

CALL FCT(XeY+DERY)

ERROR TEST
1IF (H® (XEND-X))38+¢37+2

PREPARATIONS FOR RUNGE-KUTTA METHOD
A(l)Y=eS

A(2) = +292893218813452
A(3) = 1470710678118655
Alay = +166666666665667
B(1)=2 :

B(2)y=1le

B(3)=1.

B(4)=2

Cl1)=e5

c(2) = A(2)

C(3) = A(3)

C(a)=e5S

PREPARATIONS OF FIRST RUNGE-KUTTA STEP
DO 3 1=1.NDIM
AUX(1e1)=YC(T1)
AUX(21)=DERY (1)
AUX{(3+¢1)=0s
AUX(6e11=00
IREC=0

HaH4+H

THLF=-1

1STEP=0

1END=0

START OF A RUNGE-KUTTA STEP
IF((X+H=XEND ) ¥H)T7 e6¢E
H=XEND-X

IEND=1

ITEST = O

ISTERP=ISTEP+1

START OF INNERMOST RUNGE-KUTTA LOOP
J=1

AJ=A(J)

BJ=B(J)

CJI=C(J)

DO 11 I=14NDIM

R1=H*DERY (1)

R2=AJU* (R1-BJU¥AUX(6+1})

Y(IYy=Y(I)+R2

R2=R2+R2+R2
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AUX (8 1 )=AUX(6+ ] ) +R2-CI*R]
IF(J=4)12415415

J=J+1

IF(JU=-3)13¢14+13

XzX+¢5¥H

CALL FCT(XeYDERY)

GOTO 10

END AF INNERMOST RUNGE-KUTTA LOOP

TEST OF ACCURACY
IF(ITEST)16¢16420

IN EASE ITEST=0 THERE IS NO POSSIBILITY FOR TESTING OF ACCURACY
DO 17 1=1+NDIM

AUX (40 1))=Y (T
ITEST=1
ISTEP=ISTEP+ISTEP-2
THLF=1HLF+1 )
X=X~-H

H= o S#H

DO 19 1=1,,NDIM
Y(IY)=AUX(1+1)

DERY (1)=AUX(2+1)
AUX (& 1)ZAUX(341)
GOTO 9

IN CASE ITEST=1 TESTING OF ACCURACY 1S POSSIBLE
IMOD=1STEP/2

IF(IGTEP=-IMOD-TMOD)21+23421

CALL FCT(XsYDERY)

DO 22 I=1+NDIM

AUX(Re 1))=Y (1)

AUX (74 1)=DERY(T)

GOTO 9

COMPUTATION OF TEST VALUE DELT

DELT=0,

DO 24 1=1+NDIM

IF (v(1)) 242 2481+ 242

DELT = DELT 4+ AUX(Be+1) * ABS (AUX(44+1))

GO Tn 24

DELT = DELT + AUX(8+1) #* ABS((AUX(4s1) = Y(IY) 7 Y1)
CONT INUE

IF(DELT=-PRMT (4))284+28+25

ERROR 1S TOO GREAT
IF(IHLF-15)264+364¢36
DO 27 1=1+NDIM
AUX(4¢ 1)=AUX(S541)
ISTEP=ISTEP+ISTEP-4
X=X~

IEND=0

GOTO 18

RESULT VALUES ARE GOOD
CALL FCT(XsYsDERY)

DO 29 I=1.NDIM
AUX(1e1)=Y(])
AUX(2+1)=DERY (1)

105



APPENDIX B — Continued

AUX(3e 1 )=AUX(6+1)
Y(I)=AUX(5,1)

29 DERY(I1)=AUX(T7+1)

30 DO 31 I=1NDIM
Y(I)=AUX(1+1)

31 DERY(I)=AUX(2.1)
IREC=1HLF
IF(IFND)32¢32440

C INCRFMENT GETS DOUBLFD
32 IHLF=IHLF=-1
ISTER=ISTEP/2
H=H+H
IF(IHLF)4433433
33 IMOD=1STEP/2
IF (ISTEP-[MOD~-1MOD )4 43444
34 IF(DFLT~e02#PRMT (4))75+35.4
35 IHLF=THLF-1
ISTED=1STEP/2
H=H4+H
GOTO 4

O

c RETURNS TO CALLING PROGRAM
36 WRITE(6450)
PRMT (S)=1,0
GO To a0
37 WRITF(6451)
GO To 39
38 WRITF(6¢52)
39 PRMT (5)==140
40 RETURN
END
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SUBROUT INE LRKS2(PRMT+Y+DERY «NDIMIFCTeAUX)

DIMENSION Y(1)+DERY (1) eAUX(Be1)9A(4)eB(4)+C(4)PRMT(1)

FORMAT (52H MORE THAN 15 BISECTIONS NEEDED IN LRKS2 INTEGRATION)
FORMAT(47H INITIAL INCREMENT IS ZERO ON LRKS2 INTEGRATION )
FORMAT(54H INITIAL INCREMENT HAS WRONG SIGN IN LRKS2 INTEGRATION)
DO 1 I=1sNDIM

AUX(Bs1) = +0666656666666667*DERY (1)

X=zPRMT (1)

XEND=PRMT (2)

H=PRMT (3)

CALL FCT{XsYsDERY)

ERROR TEST
IF (H¥* (XEND-X))38¢379?2

PREPARATIONS FOR RUNGE-KUTTA METHOD

All)=e5

A(2) = ¢292893218813452
A(3) = 1470710678118455
A(d) = +166666666566867
B(1)=2

B(2)=1,

B(3)=1e

B(ay=2

C(l1)=e5

c(2y = A(2)

C(3)y = A(3)

Cla)r=e5

PREPARATIONS OF FIRST RUNGE~-KUTTA STEP
DO 3 I=1«NDIM
AUX(1e1)=Y(T)
AUX (24 1)Y=DERY (1)
AUX(2+41)=00
AUX(Re1)=06
IREC=0

HEH4+H

IHLF=—1

1STEP=0

1END=0

START OF A RUNGE-KUTTA STEP
IF (C(X+H=XEND)#H) 7 +6 45
H=XEND-X

1FEND=1

1TEST = O

1STED=ISTEP+1

START OF INNERMOST RUNGE-KUTTA LOOP
J=1

AJ=A (J)

BJ=B(J)

cJ=C(J)

DO 11 1=14NDIM

R1=H®DERY (1)

R2=AJ*(PI~BJ*AUX(601))

Y(I)=Y(])+R2

R2=R2+R2+R2
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11 AUX(&e1)1=AUX(64¢])+R2-CI*R1
IF(J=-4)12+15415
12 J=J+1
IF(J=3)13+14.13
13 XsX+,5%H
14 CALL FCT(XeYsDERY)
GOTO 10
END OF INNERMOST RUNGE-KUTTA LOOP

OO0 00

TEST OF ACCURACY
15 IF(ITEST)164164+20

00

IN CASE ITEST=0 THERF IS NQ POSSIBILITY FOR TESTING OF ACCURACY
16 DO 17 I=1+NDIM
17 AUX(as1)=Y(])
ITEST=1
ISTEP=ISTEP+ISTEP-2
18 THLF=IHLF+1
X=X =
H=x o S#H
DO 19 1=1,.NDIM
Y(I)=AUX(1+1)
DERY (1)Y=AUX(2+1)
19 AUX(ge 1 I=AUX(34s1)
GOTO 9

o IN CASE ITEST=1 TESTING OF ACCURACY IS POSSIBLE
20 IMOD=ISTEP/2
IF(ISTEP-IMOD-IMOD)21¢23421
21 CALL FCT(XsYsDERY)
DO 22 1=1«NDIM
AUX(se1)=Y(1)
22 AUX(7+1)=DERY (1)
GOTO 9

c COMPUTATION OF TEST VALUE DELT
23 DELT=0, :
DO 24 1=1.NDIM
IF (v(1)) 242+ 2414 242
241 DELT = DELT + AUX(8+1) * ABS (AUX(44+1))
GO To 2a
242 DELT = DELT + AUX(8e1) % ABS((AUX(&4s1) — Y(I))Y / Y(Iy)
24 CONTINUE

IF(DFLT-PRMT (4))284+28¢25
c ERROR IS TOO GREAT
25 IF(IHLF-15)26+36436
26 DO 27 1=14NDIM
27 AUX(a+s1)=AUX(Se1)
ISTEP=1STEP+ISTEP-4

X=X~-H
IEND=0
GOTO 18
c
c RESULT VALUES ARE GOOD

28 CALL FCT(XsY DERY)
DO 29 I=1.NDIM
AUX(1e1)=Y(T])
AUX(2+1)=DERY (1)
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AUX (2 1 )=AUX (6 1)
Y{I)=AUX(Ss1)
DERY (1)=AUX(74+1)
DO 31 1=1.NDIM
Y(1)y=AUX{1+1)
DERY (I)=AUX (24 1)
IREC=THLF
IF(IFND)32¢32440

INCRFMENT GETS DOUBLFD
IHLF=IHLF=~1

ISTERP=ISTER/2

HakH 41

IF(INLF)4,33,33
IMOD=ISTEPRP/2
IF(ISTEP-IMOD=-1MOD)Y4 3444
IF(DFLT=e02#¥PRMT (4))35435,44
THLF=THLF~-1

ISTEP=1STFP/2

HzH4+H

GOTO a

RETURNS TO CALLING PROGRAM
WRITE(6450)
PRMT (S)=1,40
GO Tn 40
WRITE(6+51)
GO Tn 39
WRITF(6452)
PRMT (S5)=-140
RETURN :
END T

PP,
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SUBROUTINE CXINV (AN B«MDET«IPIVINDXsMAX, ISCALE)
COMPLEX MATRIX INVERSION WITH SOLUTION OF LINEAR EQUATIONS

CAVM = CABS(A(MAX))s CAVA = CABS(A(IeJ))
CADM = CABS(DETERM)s CAPV = CABS(PIVOT)

COMPLEX A(MAXsN)s B(MAXeM)s SWAPs DETs PlVe PIVIe COs CI
DIMENSION IPIV(N)s INDX(MAXe2)

CONSTANTSs INITIALIZATION

cO = (0000090)
Cl = (1e04¢0,0)
ISCALE = O

RL = 10,0%%100
RS = 140/RL
DET = Ci

CADM = 140

DO 20 J=14N
IPIV(JY = O

DO 500 I=1sN

SFARCH FOR PIVOT FLEMENT

CAVM = 040

DO 105 J=1eN

IF (IPIV(J) «EGe 1) GO TO 105
DO 100 K=1sN

IF (IPIV(K) = 1) 5041004750
CONT INUE

CAVA = CABS(A(JeK))

IF (CAVM o+GEe CAVA) GO TO 100
IROW = J '
IcoL = K

CAVM = CAVA

CONT INUE

CONT INUE

IF (CAVM oEQe 0¢0) GO TO 720
IPIV(ICOLY = IPIV(ICOL) + 1

INTERCHANGE ROWS TO PUT PIVOT ELEMENT ON DIAGONAL

IF (IROW +EQe. 1COL) GO TO 230
DET = -DET

00 200 L=1eN

SWAP = A(IROW.L)
A(IROWsL) = ACICOLL)
A(ICOL+L) = SWAP

CONT [NUE

IF (M oLEe 0) GO TO 230
DO 220 L=1.M

SWAP = B(IROW.L)
B(IROWeL) = B(ICOLsL)
B(ICOLWL) = SWAP

CONT INUE

CONT INUE

INDX(1e1) = IROW
INDX(142) = ICOL

PIV = A(ICOLeICOL)



[aNeNe]

g JNe]

APPENDIX B — Continued

CAPV = CABS(P1lV)
IF (CAPV +EQe 0e0) GO TO 720

SCALE DETERMINANT

PIVI = PlV
CADM = CABSI(DET)
IF (FADM o+LTe RL ) <O TO 260
DET = DET/RL
CADM = CABS(DET)
I1SCALE = ISCALE + 1
}E- (EADM-oLTe RL M GO TO 290 S
DET = DET/RL
ISCALE = ISCALE + 1
GO To 290
260 CONTINUE
IF (CADM oGTe RS) GO TO 290
DET = DETH*RL
CADM = CABS(DET)
ISCALE = 1SCALE -
IF (CADM +GTe RS) GO TO 290
DET = DET#RL
ISCALE = ISCALE ~ 1
290 CONTINUE
CAPV = CABS(PIVI)
IF (CAPV LLTe RL) GO TO 320
PIVI = PIVI/RL '
CAPV = CABS(PIVI)
ISCALE = ISCALE + 1
IF (APV JLTe RL) GO TO [3a0
PIVI = PIVI/RL
ISCALE = ISCALF + 1
GO Tn 340 !
320 CONTINUE | ¢
IF (FAPV 4GTe RS) GO T0'i340
PIVI = PIVI#*RL
CAPV = CABSI(PIVI)
ISCALE = ISCALF -~ 1
IF (CAPV +GTe RS) GO TO 340
PIVI = PIVI*RL
ISCALE = ISCALE - 1
340 CONTINUE
DET = DFT * P1vI

—

DIVIDE PIVOT ROW RY PIVOT ELEMENT

A(ICoL.ICOL) = C1
DO 350 L=1eN

35C A(ICOL.L) = A(ICOLJLYy/PIV
IF (M oLEe 0) GO TO 280
DO 370 L=1leMm

370 B(ICOLL) = BCICOLJLY/PIV

REDUCE NON-PIVOT POWS

380 CONTINUE
DO SN0 L1=1eN
IF (L1 «EQe ICOL) GO TO 500
SWAP = A(L1lesICOL)
A(L1ICOL) = CO
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APPENDIX — Concluded

PO 4an0 LL=1sN
400 A(L14L) = A(L1+L)Y ~ A(ICOLL)I*SWAP
IF (M 4LFEe 0) GO TO =00
DO 480 L=1+M
450 B(L1eL) = B(L1+LY = RIICOLL)I®SWAP
500 CONTINUE

INTERCHANGE COLUMNS

OO0

DO 700 I=1eN
L = N+1-1
IF (INDX(Le1l) oEQe INDX(L«2))GO TO 700
IROW INDX(Lo1)
1COoL INDX(L+2)
DO 690 K=1+N
SWAP = A(K.IROW)
A(KeIROWY = A(KICOL)
A(Ke 1COLY = SWAP

690N CONTINUE

700 CONT INUE
GO Tn 750

720 DET = CO

. 1SCALE = O

750 RETURN

END

Hn
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