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ABSTRACT -

The problem of poftential steady subsonic flow around
complex configurations 1s consldered. This problem reguires
the solution of an integral equation relating the values of
the potential on the surface of the body to the values of the
normal derivative, which is known from the boundary conditions.
The surface of the body is divided into small (hyperboloidal
quadrilateral) surface elements, 25& , which are described in
terms of the Carteslan components of the four corner points.
The values of the potential (and its normal derivative) within
each element 1s assumed to he constant and equal to its value
at the centrold of the element. This ylelds a set of linear
algebraic equations. The coefflicients of the equation are given
by source and doublet integrals over the surface elements, 2i+.

Closed form evaluatlons of the integrals are presented.
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SECTION I

FORMULATION OF THE PROBLEM

l.l Introduction

A general theory for compressible unsteady potential aero-
dynamic flow around lifting bodies having arbitrary shapes
and motions is given in Refs. 1 and 2. Application to finite-
thickness steady and oscillating wings in subsonic flow is
given in Refs, 3, 4 and 5. Here, a general numerical formu-
lation for complex configuration in steady subsonic flow is
considered. By using the Prandtl-Glauert transforﬁation, the

1,2

incompressible flow is obtained. Hence, for simplicity, P

only the incompressible flow i1s considered heret In this
case, the problem is governed by the Laplace equatioh with
prescribed normal derivative on the body (exterior Newman
problem for the Laplace equation) with an additional compli-
cation due to the presence of the wake (of unknown geometry).
The method is described wi£h the emphasis on the aerodynamic
applications, but it is applicable to different physical pro-
blems as well (see Subsection 6.3). |
The problem of the evaluation of the steady, incompressible
potential aerodynamic flow around an aircraft of arbitrary
configuration can be analyzed by solving the integral egquation

¢ ---L (22~ -2 (L)) de (1.1)

2T0 2n r

where ¢ 1is a surface surrounding the aircraft and the wake.2’5

% : :
Subsonic oscillatory flow is considered in Appendix C.



For the moment, it will be assumed that the wake does not
exist, The effect of the wake is considered in Section 5,
The value of gé? is obtained from the boundary condition

{tangency condition)

2 . »

ﬁsU»ﬁ(%*?)=Um(n1+%§)=O (1.2)
or

29 -

an - ~MNx = -n. (L.3)

The integral equation can be studied by dividing the

surface ¢ into N small finite elements ¢; to yield

g[;,,-_}*_,, ?ﬁ.a(—})]do’& (1.4)

Sk

L5

Applying the mean value theorem one obtains

|
AR

M=z

- 7| | N

n‘('-_' ds — —'... —-’. 1.5
,g( ") 4‘+2Tfﬁz:, %‘gn v(r)dgﬁ (1.5)
% S,
where ?k is a suitable mean value of 50 inside the element q{ ,
which will be approximated by the value of y?at the centroid

P(K) of the element, &, .

By satisfying Eg. (1.5) at the centroid, P(h), of the

element 61 ;, (h =1, 2,...N) yields

AR ‘z’lﬁg, ”H'z"};d%

—

M — -
t 52 G ([Fads (ho1258)

(1.6)



where r, 1s the distance of the centroid of the element G,

h
from the dummy point of integration in the element %,

Equation (1.6) is equivalent to¥*

[Shk‘cm]{%} ={bh} | (1.7)

where
l - _ |
Cha = ;—T?“n'v?-dﬁﬁ (1.8)
6.{7 +
and
) |
b, = 2 b {1.9)
o) Vhh
with
o _ = | (1.10)
bMe' o ggh-m rh dﬁ,k
S4

1.2 Surface Geometry

Let the geometry of the element &, be described by

5o P (e )

where —?’ and f?’are the generalized curvilinear coordinate.

Then the two base vectors 6& are given by (Fig. 1)
a—dy
- 2P
O, = 7T {1.12)
It ajg* .
The unit normal to the surface is given by
' — - -
n - -*4 (1.13)
| &« 3.

*
The effect of the wake is not considered here (see Sections

5 and 6).
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and is directed according to the right-hand rule (Fig. 1).

The surface element & is given by (Fig. 1)

A6 = 8,44« 6.d4°] = |G d. | d2'ag’ (1.14)
1.3 Expressions for b and Chk
Combining Egs. (1.10), (1.13) and (l.14) vields
L (Crm = ooy |yt e
bra = E;T'g(&,xa,w)?;df d-% (1.15)

Sk
Similarly, combining Egs. {(1.8), (1.13) and (1.14) vields

| _
Che = Sﬁg G, = a 6(—L)d’€'d{‘
Y
C4
‘ a' X a-a.' Y .
e e T

G’k {(1.16)

where x - x,
rh = }f _ #h (1.17)

Z - 2,

In Section 2, these expressions are evaluated under the
hypothesis that the surface element is a portion of a hyper-

boloid.



SECTION II

HYPERBOLOIDAL ELEMENT

2.1 Introduction

Consider the equations

X

Koor Ky e X o+ *yEY

e :. Yo o« 44+ 4., s 7
e

™
i

MR e NI RS

(2.1)

or, in vector notations

P s PC“’?‘f*ﬁOdr}s;f? (2.2)

This represents a hyperboloid. The lines 7== const and ‘§'=

const are clearly straight lines. Consider the hyperboleidal

element defined by the above equation with

-l <5 < |
T A

(2.3)
The centroid of the element is E&(-; = 7 = 0)., The corner

points of this element are

(fwl,r)”n)
(=41, D=-1)
(% --1, ')ﬁ')
(£=-1, 7=1)

(2.4)

PO O 7O
+ i &
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1 Tjr?D*:Gl
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-~ O ~J |
i3 W bl

‘

n
R

¥
=~

i

¥

+

onl|



The inverse relation is

|
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(2.5)

Note that the four boundaries of the element (*f:tl N 7:'11)

are straight lines given by

-1
"
P
+
I
-
4
]
-+
o
g
Y
!
I~
~J
1A

b~
1%
P
-t
o~
+
-
)
+
-
-
-+
=
o\
'
I~
i~

PeGe-P)eh- P2 1<

\»~

(2.6)

Next, assume that the surface of the aircraft is divided
into curved quadrilateral elements with four corner points
§++, 5;_, §_+,'§__. Then, as mentioned in Section I, these
elements can be replaced by the hyperboloidal element (des-
cribed above) which goes through the four corner points §++,
§+~, §_+, B__ (see Fig. 2). It may be noted that the surface

is continuous since adjacent elements have in common the

straight line connecting the two common corner points. It



may be noted also the §C is the centroid of the hyperboloidal

element GQEand hence it will be indicated as

-~ (k)

Po- P

2.2 Geometry of Hyperboloid Element

(2.6)

The geometric quantities introduced in Section I can be

written for the hyperboloid element described abkove,

2

S A %)

Equation (1.12) vyields

This yields

a,x b, = (P« P0)r (e s)
= P B+ P “P g ﬁaxlﬁ 7

since §3 x §3 = 0. In components notations

Iy oA L d

Letting

A

(2.7)

{2.8=a)

(2.8-b)

(2.9)

J &

a,* 4, = Dex e #. 5, + Dot | %, ?; § §4 Dee| X3 43 S} 7

X. 4. 3. LT

2SS ERAS IR AN RIS R AY
%230 %134+ 5, - %5
(XY 0)+ (% - 9, 2,)5 (%5~ 45%,)

X

c 4 3

(2.10)



In particular, for the first component, one obtains

R L AR AN AL AL} K TORY M
Note that, with present notations
q v - - - (k) - - _
A A A A A S R A R Ty
=P s R Ry p s | (2.12)
where A
P P p®W (2.13)

is the vector connecting the centroid E(h) of the element Sy

to the one, Eck), of the element 6% . Hence

‘a‘xaz

T ™

-l* ?; *?.*éﬁ*ﬁfﬁ?)'(ﬁ*ﬁf*ﬁ 7*‘?3?7)

(B Pox ) e G P B)E e (R foc )

H

* ('ﬁ\‘ii *?;}?'7 Al (fi' ?,*}%)?f;ﬁ*(]% '?llf;)js7
(2.14)

since

=P bheP - Ps‘ﬁ"fl = O (2.15)



Equation (2.14) reduces to

7 Q x 0, = (B« pxP)~ (}30.}3”(}5;)@
+ (R~IZK}Z)7"(§;‘?;*]S3)€7

(2.17)
In component notations, Eg. (2.17) reduces to
- - X, s .
‘Zo Q.XG, =D£t ,Xl (4‘4" i + Det 3 €
LA L X ¥ 5
’XU '46 %g “' ?l 5‘
+FD€t ?(5 %5 }5 7 - :Det . .4) S"‘ _€7
y" %*’ %’ 7(3 ,4} }}
-27 « 4. 3.
= De« 7 X, ?1 7,
E N TN
- LER P 55
(2.18)

Finally, according to Eq. (2.12)

R R A A e

1]

Fn

- —

n

{ Po° Po + ﬁ ) P"_g=-* }S;' P-,_ 724- P-3° é‘ga'?x
1
2R B g PRy Beho e B39 R R27))

(2.19)

or, in components notations

rh = ["‘va?(i'g* 7'7*’)(5?7) ¥ (7,,~ yrf-f 7,')* #5;7)‘ L (2.20)
+(sx$§*%7+ag»ja
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2.3 Expression for bhk and Sk

By combining Eq. (l1.15) with Egs. (2.11)
obtains

and (2.20), one

1t
bhk = 4 -%T* SS [( 45 g (4, 25 (4 3,- 3, 7*»] X

- )

' : 2 > z#',l'
s (e 2B e Kap e kg ) Che 2 E e bIvp52)+ Gor 8T e 59+ 3,57) J dfdy

(2.21)

Similarly, combining Eg. (l.16) with Egs. (2.18) and (2.20)

yields, ‘
. -7 X 4o 3,

Ch—k = _%TSS Det 7 X 4! %
-t - .g Xa ‘9, 3.

- | *3 Y ‘g

% [(x,+h"§+x,7r}(3'§7) + Q#,r%ff-‘?;?* ‘j*g'f?) + (}M‘ }ff-*g;’] +5,'§”7) ] dga’7

(2.22)

The integration of Egs. (2.21) and (2.22) is discussed in

Section 3 and 4, respectively.
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SECTION 3

DOUBLET INTEGRAL

3.1 Integration with respect to s

Consider Eg. (2.22), which can be rewritten as

t}

Chs l H m, - m g )
R d (3.1)
ZTT_l . th g '7
where
0 X Y, 3,
mu = Det ‘7 ) y‘ ¥,
© X vy,
.y P PR %y
x" ‘4’9 50
M, = Det | 0 x1 4, 3
LR T NN
and

i

G- 3112+ 53] - (2ur2a,590,5)" G0

with

P J {3.4)

where

RO
-4

"
-

.'-
3
i

- - (3.5)

pANY

i

+
NG
o
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The indefinite integral with respect to 'g in Eg. (3.1) is

given by

L (9) g ﬁ%ﬁa; = (—“—lfi] (3.6)

In order to obtain the relation between ngyr 0y and,mo, m .
consider the derivative of the expression in bracket in Eq.
(3.6) and equate it to the integrand of Eg. (3.1). This
vields

L i l
___a__(_n_o_ﬁ_}: _..,:L - (V\vr l‘l,'g)-";; (zo.fﬁn'g)
h

h

! 2
i 7}? [h'(rh"icu%"ﬂnia)‘ n’(z"'fg“g)}

= .-;Ia[n.(g,,ar 2,5) - . (2, 2,3))

= —-'L (MD—m,g)

3
Yh
(3.7)
This implies
3/00 '2“ n‘ m°
-Qal 2” N m,
(3.8)
or
n, ‘m
A 22
D
he :Zﬂt 2.. m;
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Note that (see Eq. B.1)

z‘”’ -20 5’0.2 écn 9
D = Det[ ) '] = ’Dgt[— _0 2'
'Qm 2..: 2, 2‘, §|.él
- - 2
= l 20,\ 2', ‘
(3.10)
~Finally, Eg. (3.9) yields
o ' ‘
Ne + n< - 5—((2”;7]04- me,)""g (zuynp—g’ zv'm')]
|
= —5[(9«”*'?2.,)”’1@1'(2"1' <2.)m ]
|} o, = - - -
= s (2. r52) (2m+2,m)
L so5
"7 $ R ‘ (3.11)
since, according fo Egs. (2.12) and (3.5)
Toe R IR R g7,
- 2,+ % 2,
(3.12)

and, having defined

Q = §,' mg + éom;

(-

2.7 X, f ' ‘

- 4, ‘40 70 0 /D et 3,002,
= Dee |20/ ki Y 3, | =De| O XieTX delf 3ies3,

_%o X, 4; 32 -3'* X ?'7 5

=20 X% 4, 3, L2 X3 ¥ ¥y )
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R RN Ny L N WU
= - 2. X #1 &
X3 ?3 })
_ %o Yo 5o
+ 3, K 9Ky ?;*‘795 $.r1%,
X ‘4’1 5"
: - 2. (2, B+ 2, (- 2,4 B)
= “éo(é,'ﬁlxﬁa)”ﬁ.’u(é—n E"—:)
s = (prnp)(Broi) PP )

RTINS

(3.13)

Finally, combining Egs. (3.6), (3.11) and (3.13) yields

Lp(n) = — (20v22.)(2-5R)+ (2.2 $2.)(2 PAR)_ |
2.2.- 2.2 ERSLY

(3.14)
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an alternative form is (note that 2. ° p

- ——

and Q,'PQ“R‘;Q“«éoxpz)

: _ _(2.r52.p- (a,a £2.)P] (4.
Ay (1) 2 ‘

(e

;WT (-2 5303-2.0)- (5-2(p+20) 72, )

- l 2. aN3eax0)-(3-2)(F- axp
- W“NJ,[@ a)Frard)- (3 PG - axp)

(3.15)

3.2 Procedure to be Avoided

It may be noted that, according to Egs. {(3.1) and (3.14),

is given by the sum of two integrals with respect to 7 is

Chk
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of the type

Iy = 5 ACL | 37 (3.16)
N4(7) J047z¢2,97+ e
where M,(ﬁ):)?: m‘&p,‘ is a polynomial of third degree in 7 ’

while

N4(9)=§jfn& nk . 12,3 20

(3.17)

is a nonnegative polynomial of fourth degree. If N4(j7) were
always positive, then the rational function could be replaced

by a polinomial

M, ()
Nq(?}

and the integrél in Eq. (3.16) could be easily evaluated by

- Gt C(anrb) e G (aneb) e oo (3.18)

using the recurrent formula (Eqg. A.6)

(47+6)
S 2+(3 3/7:72— J\y-r@) )49+1P7+ - J(@) 49+8) "

Jol7+z(97*r 47 +ipy+y

(3.19)

together with (Egs. A.9 and A.10)

A2 +8 40 . I 3 adn.
W? //7 gy

’ —— *
-

(3.20)
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However, if for a certain value, t)* , of 7 the denominator
is equal to zero, Eg. (3.18) cannot be used. It may be noted
that this implies at =17, | !é_x ﬁ,l =0 or, that 2°= P,*y*ﬁa
is parallel to §';7*F3 . As is evident for Fig. 2, this is
the case if the point?belongs to the line 7::7*(*). It may

be noted that, as shown by Eg. (3.15), the numerator has a
single root at % = 9, while the denominator has a double root
at 7 #%,. In order to avoid this problem, it is convenient

to follow the procedure described in the following subsection.

3.3 Integration with Respect to ¥
Consider Eg. (3.16) as mentioned above, hhfy)is a non-
negative polynomial of fourth degree. Hence, it can always

be decomposed as

NeW) = e (9-9)(9-9.)(9-93) (-1,

where F). are the roots of the polynomial N,, and n, is the
. - =2
coefficient of /74 ;, namely [P, A P_:,J . Then the rational

function M3/N4 can be separated into the sum of four terms

M ( c,
2 9) = -+ ca + €2 + Ce
N 49 7 -7, 7- 9, ?- 7, AR
(3.21)

where Ci are constants. Hence, the evaluation of Sk is

(*)1¢ may be noted that the problem could be avoided by

integrating with respect to q first.
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reduced to the evaluation of integrals of the type

I - g C; dO
> 7-7i Jentagy+ €

_ Caop, G i (e 20(2-20)
Vi -9

(3.22)

with

Vi = d 7: * 2B 4 X

3.4 Particular Cases

A few special cases need a special treatment or can be
evaluated in a simpler manner. They are considered in the
following Subsections.

3.4.1 N4 = 0 in the integration interval

As mentioned above, N4 is a nonnegative polinomial. Hence,
if Ng(#)=0 with 9, real and within the interval (-1, 1),
‘then N, has at least a double root at 7, . In this case, the
deccomposition in fractions is different and Eg. (3.21) must be

replaced by

M) o G C, ¢ 23
Neto) ~ 7-7, "Gopr T Ty, T T, Y

However, as mentioned above, when this occurs, ‘«io* j'}=0 and
the numerator is also equal to zero (single root). This implies
that C, in Eq. (3.23) is equal to zero. Hence, only integrals

of the type given in Eq. (3.22) are involved.
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3.4.2 N, = 0

4
The case N, = 0 is also possible. This implies that QL
is always parallel to Qw . This, on the other hand, implies

that all the lines 4 = const converge into the point ﬁ(h).

This means that the element is a planar element with two edges
passing through the point ﬁ(h), which lies outside the element.
In this case, the coefficient Chk ig identically equal to zero,
as evident from Eg. (1.16).

3.4.3 Trapezoidal planar element

If two edges of the element are paréllel {trapezoidal
planar element) the integration can be performed in a simple
fashion. Choose 4 and # such that the parallel edges are

the~edges 7 :+ 1 or
72 (h:P)e% (B2h) (3.20)

In order for the edge to be parallel, the vector ﬁ and ﬁg

must be parallel, namely

P:=9/a

B Yu (3.25)
(where |4 = -Tgﬁ— is a unit vector) and

a = 9 = (3 = ~ 3.26

%= &2 (peoh) = wy)a G.26)

Substituting these into Eg. (3.15) gives {(note that g-a‘xﬁ,:o )

1

<

x 2
2

G P

Ap = = =
% [ 3, x W

L ._ ¢
]

——

(3.27)
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Integrating with respect to #/ , one obtains

' 1 , ﬁ,-a;(ﬁ i;'& I
1p - _m-jkpd .- : S Ut _4p .28
FAY 7 277 (Z_, l%“" 7
Noting that(see Eg. B.l)
1517 = | Fral + 13-ul (3.29)
one obtains
b
ID _._z-n- |F, —L)- (3.30)

with (Eq. A.l)
Tbi7 !
J - IHS 2 ! 4
Cf»d")+e9 J(a"'b})L-r(C-rJody,e") 7
= .__lf_l._ tan—'r(“‘bd)f?*(ﬁd-bc) | }

(3.31)

. AQC-d‘ L J ec—d* Fa
where it has been set

7. = (P+%P)U+2(Regh) G
= a + b7

u

Gl - 117~ (50

| or 2P0+ 2CPrSPIR 2P ¢ | R ERID - (0 by)
C"_zd?'re—?l (3.32)

with

S
i

>
<
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A - C. - ¢
& . & -6
Y - ¢.-C
C o d-a o Gxd| = N paal
d = @-ab = (Cx@) (Gnl)= (Pri)(Padi)
e = Y -b -0l -thal -

- _ - (3.33)
= 'MXPZ
where { %-

6» = ﬁb + gz?i
é; = f& + 2 ?s 330

The results obtained above can be rewritten in a more compact form
by noting that (see Eg. B.1)

ec-d" =Pl VEacGl =[(F ) (B a))

S an zea)| = LR,

>

(P pa) s (RrBed) - £

(3.35)
where the superscript N indicates the part normal to u:

s

P - B - P (P:=f5,:'0‘) (3.36)

Also, it may be noted that

1
Ci7il (ae-58)7 « (ad-be)) = [aleped)- b (dy.c)] r:n
h



- 22 -

l
-V af-697+ (p-a0) - b((p-ab9+ (d-a)] ] (i€

|
(o (x9+p)- b(pyrd)) T

(L]

11}

(2o QN Cor 9B Cam (G AN G rp&)-C) —
| £

]
d fWif)

"
/_"‘l
~
o
<y
p
—
Oy
™y
»
—’
i
~—
~
»
hNg
g
)
ey

_ Qﬁ:Xé;)'fix(]) . (i:xé;)~(ix|;)
Vol 3 <Pl vl §-ax Gl

__ (FxG) (51 2) | (Fr8)- (1)
Yi;} %—"i;‘ézl "i'i’lg'atlai‘

(3.37)

Combining Egs. (3.30), (3.31), (3.35) and (3.37) yields

Ip -

Lo - - -
- 37 o (3.- ax @) J (3.38)

with

;‘ (3.39)
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3.5 Hyperboloidal Element

In this section, it will be shown by differentiation that

the result obtained above is valid for any hyperboloidal element.

Note first that

? ? - a‘

°7

aa. =

-a)? = P},

24, o

i (3.40)

Next consider {t 1 indicates the sign of gﬁ-ﬁ,xa,)

2J |2 tan ~(fr8) (§Fxa)
21 21 ’?;.Z:(ti.a‘,xa;)

+ |

- [(ix@,) (tz""

&) Y?
Jﬂ (Z—,. a,x &,)]

X {[(ﬁ;x G- (Fxa) e (31 B3 &) + (Ix 4,) (Qx &)

1
(3] (§.4,xa,)
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_ - [*($-4,»4.) l
P i) e (i) (i) O dna
X (( 2% Q) (g.xaz)+(‘g.x]55)(g_xa)] j.- 2, x Gs)

;| ;
(> (Feaed) T ((Exa)(Exd))" ¢

g

|\ ((Gea)-(ead (g §)- (§x ANGx A& )] (g G &)

(GG B2 (B VBT B 5) £

(3.41)
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Next hote that (see Eg. B.1)
??— 7-ax@) [(§x&)Gx@)] = [4x@ | §xa] (3.42)

For

[Fxal 'l

= (G Paa-Ga) ) (§ §&-2)-(§.2))

-~ - —

7.9 (3-ax@)-((3 )4, @)-(F &) (§- a)}

) (4,-4) é Q)‘*(?)f{) (3 g‘)((‘f 4,)(;a)+(c? a)(g,a’)]

- (- ?—)(i G- (% %)(c? 4*) (%-4 )u(g;)(a A4, )5 4)

i
o)
‘TQI

— | Ep(@aaer @a)- Face
- [(E,&,)(i- 5.)’.,.(&;. &})(i,él):z (Qi’és)(i'é)(ié,)]}
= (¢-3 ){(i%)(axa)(a @)-3(axG) 7 (42 &)

-laG-a)- auga

F D@8 -

|

i

O

(3.43)
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. since

Ax(éxa)z E(ﬁf)—&—(ﬁg) (3.44)
It is worth noting that, as shown above,

(4-axR) = 1§l Maxd| - |2(3 4)- &.(3-a)

b

(3.45)

Next note that (see Eq. B.1)
((@r ) (Fr &) (F-F)- (Fr &N Gr @ )R PG 7))
(B xRN Gk )~ (§x AN @ E Pix &) (G- )

= -[G P a)- G o) (T a)G 6 4)
+ [(i- (@ NG ax@)-5 2 @) - Bxa,) ]
- DG ax2)- 2 3 BB ]



(3.46)

since {note the change of the order in the triple product)

ﬁ_- f;)((az P ) T4 8.0 d)- (4,-2.)( % x4, P,)]
F- B P (&) (F &) G A )

1)
qo1 SN
GO
S
N
——
o
£
T
~~
Sl
Wi
»
ENY]
tt_,
—~
D
%

' w2
3
Dy
\/
N

5)[ (Z— F>“?) (Z' Wéﬂ

((3-9)&-4)-(3.2)) § Bré,

| 7 AR

(3.47)
Finally, by combining Egs. {3.38), (3.39), (3.41), (3.42)

and (3.46) one obtains
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ot (F:@, X5 x@)- (375 dxp,)
f [Zxal
(3.48)
and, according to Eq. (3.38) and (3.15)
2o L g2l D1 (3 ANF-G2a)-F - U@ p)
°7 Man  Tam ¥ (74|
T
o (3.49)

in agreement with Eg. (3.28)., This completes the proof that
Eg. {(3.38) is valid for any hyperboloidal element. However,
for the sake of completeness, the derivative with respect to
f; ig also performed (note that 2% 0, 2 G
? = -
T3 4= 0 ]

Ml o2 g Z(8X8)(344)
0%or 242 e - -
J; 7 ‘g 7 zog (ig.ﬂ‘an

__® ((g-MZ—-éxé)—/i-é.xx-emé,))

? —= = - [* /

* gl al

2 ; K@Mﬁ)#i@)@-a@j R

a; ,a_; :-'P_B and
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(3.50)

in agreement with Egq. (l.16)
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SECTION 4

SOURCE INTEGRAL

1. Introduction

Consider the evaluation of bhk' According to Eg. (2.21),

bhk can be evaluated as

]
RYANENNE 2
bue = }:T—TS {AS]?:" d7 (4.1)
-1
where
N a§+g A
s = — c ( (4.2)
) geeret 0T %
with

A
G (h%-wh) = pxp, . A,

o>
i

* U5 -5,4:) ) Chs-2ah) = (Prof)x B 2,

2

x>

z é,-é_, =!T;v+?13;

- 9.:32, =(P+2P) (P+97)

P>
'

——

- 9.-3, = (p+yp) (p+rP)

<>

(4.3)
Note that Eq. (4.2) yields (Egs. A.9 and A.1l0)
) 1€+ p b -85 1
/LS F { ~ A a + A P - J T (
SN ETN T 5 L J,/:Ig:z(e;r&" 57<9)

(4.4)



- 31 -

The integral obtained combining Egs. (4.1) and (4.4) can be
easily evaluated numerically. Note that b is a linear function
of 7 while l ' ﬁ and e quadratic ?unction of 7 . However,
for elements with two parallel edges, the integral can be

evaluated analytically, as shown in the next Subsecticn.

4.2 Trapezoidal Planar Element

Consider an element with two parallel edges (trapezoidal

planar element). Choose ‘g and 7 such that the parallel

edges correspond to 7 = t 1. For this case
Po= X u
5 = y 4.5
Pa.*\{)u ( )

(where 4 = —-—B—- ) and

2, = (Brgh) = (Kepy)Q (4.6)

These imply

a = o

b o (X+ 29 (Gxp X)) = (Xeny) B

L = (X+ny)

b - (X+I9)(4-3,)

¥ - 2.2, (4.7)
and Eq. (4.4) reduces to

hs == W ([Tv+25.3) « L1y

= -——————--7(+7q} + r ) T (At 4
=B TXe1y] Rn[")( W+ ()L hrplu 2,)} (4.8)

+ Cly)
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Note that

P2l < P

(4.9)
otherwise the boundaries 2 = 11 would be crossing. This
implies

Koeny »o (4.10)
and hence, Eq. (4.8) reduces to
hs = B In (v r (X+n¢)g + a-2.) + C(y)
= B ,Qn[ Y + (é,*fg,)‘a ] + C:(7)
B In(1El+ 3-0)+cC )
{(4.11)
with
Cl('j) = 8(9)+BQH (7( +9 '-V) (4.12)
~ Consider
l A b D - -
1 - }_‘ﬁgksdp ) 577(9‘"“3" T g G)dp @) (4.13)
where | , '
C(n)=s=)C,(y)d C
9)-75f G0y -

Integrating by parts yields

2T T1e Te0)- )00 | (FGrth) - L -
-1, = (J-p) (1 §0) (77,,)%?‘&( 5 Ay,

] 714 3. 0) | D R £R)(F+13]a) 47
= (9-1,) In U1 Z.M)J IS !i,»fcw

(4.15)
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where 7* is a suitable constant, The choice for 7g-is

discussed later on (see Eg. 4,630). Note that it is possible

to write

-

(7"7*)(Fi*‘1rii) = ?‘ - f;
with

;‘R‘ = F’+-;16;+7*(Pz+§ﬁg)

By using Eq. (4.16), Egq. (4.15) reduces to

§ b b = (Gueullidly, | j Fed) - {4
Iz -G a) }

(4.16)

(4.17)

T

(4.18)

(4.19)

+G(9) (4.20)
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Applying the general formula (see Appendix B)
(AxB)-(ExB) = (A-T)E-D)- (A-D)(B-C) (4.21)

one obtains (note that & * 4 = 1)

(31 -1 g.al" = 3cu)" = g xal

Bt B (B 08 = (Fx0)-(F20) = (v 74 u)x )20

<g’*-a)lz",l—(?i*- )G a) = (FrgHAsE) (g a 7)(a53)
(4.22)
Grd = B ER e (Regp)xid =(pur I f)x i (4.23)
?—px(:{ =(é.+gé,)x&=,é,,& (4.24)

Combining Egs. (4.20) and (4.22) yields

1., . (Uernp)al-Gai), J(g,;*).(g,;f) i
f (2.al” 77 geal” 1zl &Y/

(?ii)ﬁxu)d7+c
I izar g Y

(4.25)

where

i) - iy o(EDIBD,,
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since the integrand in Eq. (4.26) is independent of £ .

Finally, note that it is possible to write

T -

G s (R gh) e I (Fr57) < 2% + 2] G

- (4.27)
where ?: is normal to both {4 and f;-r-g P, or
-4 - -y - )
g'* U =0 ) 3} '(/71"“?/?3) = 0 (4.28)
Combining Egs. (4.17), (4.27), and (4.28) yields
((P+2f)+ 2 (Frsp)- 870l 4 =0
S - - = T - - -
[(Po*?PI)*'O*(Fl*iFi)' ;* MJ'(P;‘*‘;P;):D
(4.29)
(3.33) and noting that G- (4 = |, Eq. (4.29) may

By using Eqg.

be rewritten as
Q. +7*b,;*1’;0

? + 7*‘—’ ;;rb =0

that is, a system of two equations for the two unknowns 7* and

};T, which has the solution

(4.30)
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Finally, combining Egs. (4.25) and (4.27) yields

L (EEMED 9 gy
i S Fealm it B w0
PN AR - GG d
:5 T igear H *'?f 7+ G0)
(4.31)
. _( Fa
I = - A . -":—d +C5()
=k, P»[(;xm’ 7 f! AR
since g—:.ﬁ =0 (Eg. 4.28) and

Noa o2V 15 T - rL (4.33)
A 2 [R*‘f?.*?”@*fﬁ)}-’-?*'ﬂ
For }*"' is normal to @ and P, + g §  (Bq. 4.28). Note that

(see Eq. A.10)

SI;I 7 f(ah—;‘a?-rd’) d7

- ,—f'?— I (I 1R+ 09+ p)

(4.34)
with A ‘9 and X~ given by Eq. (3.33), while the first
integral in Eg. (4.33) is proportiocnal to ID given by Eg. (3.28).

Finally combining Egs. (4.18), (4.32), (4.34), one obtains

H¥+e)

L57) = Z(0-ph1)+ 3w
J

~ g5
P ¢ |£] J (4.35)
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with J given by Eq. (3.39). The results obtained above may

be rewritten in a more expressive form. Note that

{

d e +d (Caxid-E,x )7 + (Gonid)- (Eox )
"+t e T = = i) (Eaxin
' e (Coxu ) (Suxn)

'7"7*

_(ri)-(Grd)  (827)-(axd,)

(Earal> (&< &, 1"
(4.36)
1Al QU - bp (G- a)G8)-(6a)E-8)
i e |coxal®
_ (C;KC;)‘(GKC;) (;)(53) (d—,xé,) [ﬂ,’
N [, 8,
{(4.37)
= N - N ~ O 1
and finally P - b - &' _ [P - 1]
[£] (] (7 0P
I 0 Y M WA ) N T 2 AT X
[P-alluxp] RS Y 1, x @ )"
{(4.38)

Combining Egs. (4.35) through (4.38), adding for convenience

the function of 7 ' n a,-é, , and noting that (Eg. 4.7)

B = Uxrp-Ag (4.39)
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vields

IS = %J(?'?*)[Qﬂ(‘{f g'ﬁ)-l» anja-ihal]‘“

Z’: g - ?::"Po
i OE e Ra) R T

| (aﬂ\az’_‘x) a = 2 x & R S
- i g, &) o) e (53 F 0 34

a- @,

(4.40)

4.3 Quadrilateral Planar Element

In this section, it will be shown, by differentiation,
that the results obtained above are valid for any quadrilateral
planar element. For this element, the normal

Fl _ 5; X &;
- ! 5' . aal (4.41)

is independent of and and Eg. (4.40) reduces to
P d
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IS = EJ-T? Fl--:. 5--?.)(6-{‘-; T—%—'—T Q.n (la,‘li_l -f--i_.é‘)
s Txhen o W (1R 1E F 8

“1FRl 7
B (4.42)
Note that %—% = O
2 (Zxarh) = & x&-n =o (4.43)
and
;:% La( 1GHEI+ ¢ a)
—_ 1 ?:'.! = A= _ 5;'51
1@ 1 El+ 13, [,Jg‘:.g_ (a1 +a Q’J - 'Fi_?-—
(4.44)
2% - - - . - -
=77 [ R v In (V@i gl « g,-a,))
__.,Z_(‘g—'xan ;1-): E;XE,W’) _'_E)‘f;}';” __ix"”h“g'-z
AT A T &

(4.45)
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Similarly

[~
~
qﬂs

QI
St
-
Y
o
<pot
q-t)
Jb
\/
S

:%(,@r‘

i it Ay r
(4.46)
Furthermore, noting that
2 — - —
. = a =
,ag (g. T\) i n [
2 (7:7) = & =0
g. (4.47)
and using Eg. (3.50) vields
g = +
‘D@wy (I; ) +2n a‘gn] ( (; n)l"]
- z—'.ﬁ ?"aixaz
ra
(4.48)
Finally, combining Egs. (4.42), (4.45), (4.46) and (4.48)
yvields
j‘"_: 2 1, - M_,,(;.J',(;’,)?‘az +
N Ax ?‘gb7 r r’
— — _ } . —-._)—'.-x—
+ a, Xa;' _(;'a)x;)) g Q' —(; n Z— 4, ﬂ,
r r? r3
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P S B a )G a) (hd)F ) -GG i)

i
N

- | _ -, _ -_ _ - _
— +-F;-E-(ﬂ_xn)x ;'V(Q,XG’Z)-—(?':’\ )(j_‘ leé-&)J

(4.49)

in agreement with Eg. (1.15).

4.4 Comments

It may be noted that triangular elements are the limiting
case of guadrilateral planar elements. Hence, the above for-
mulation is exact for triangular elements. On the other hand,
if the derivatives of N with respect to -g and 47 are negli-

gible, then Eq. (4.42) can still be used. It may be noted
¥h _ an
‘3j§ 2%

the element is of the same order of magnitude as the one in-

= O within

that the error introduced by assuming

troduced by using constant-potential elements. Smaller ele-
ments are thus required where n is varying rapidly, that is
at the leading edge and tip, where, incidentally 59 is also

varying rapidly.



SECTION 5

THE WAKE

5.1 Dynamics of the Wake

‘As mentioned in Section 1, the surface ¢ in Eq. 1.1,
surrounds the body and the wake., The effect of the wake,
disregarded in Section 1, yields an additional term in Eqg.

(1.4), given byz’5

IW:E—%SS A? ?‘u'ﬁ r“ d@ (5-1)

Lol
with
o 9.9 (5.2)

This represents a distfibution'of doublets with intensity
szP . The geometry of the wake is not known. An iterative
procedure can be used to solve the problem: consider the
surface of the wake divided into small elements. Assumle
initially that the wake is composed of straight vortex lines
(see next subsection)$ then find the values of 9/9\ and then
evaluate the velocity at the corner of the elements. Find
a new location for the corner of the element such that the
elements approximate the stream-surface emanating from the
trailing edge and repeat the procedure mentioned above.
Needless to say, convergence of the iterative procedure should
be verified, numerically, if not theoretically.

Finally, the values of ASP at the centroids of the ele-

ments can be obtained as follows. Consider the Bernoulli
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theorem for potential flow

2% + %{IV‘?lz +-[ét- = const (5.3)

2t ¢

Since no pressure difference can exist across the wake, then

o Ljear), - (2 L fagr), -

or

3'b(¢ 4, )*’“[(“¢ 9d)-(3d,-3d,)] =0 (5.5)

This can be rewritten as

2 _ .L. _ _ (5.6)
2% (&, ¢g) 2 [V(¢u+ ¢g)‘v(¢u‘ 4,)) =
or
D
ot AP = (5.7)
where
Y 2 _&.3
Pt e T e ¥ (5.8)

is the total time derivative obtained by following a particle

having the mean velocity, '

é - ‘7¢M*'V(b2

m - 2 (5-9)

For steady state flow, Eg. (5.7) reduces to

Qm* T (¢ué¢g) =0 (5.10)
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(in agreement with the result obtained by Mangler and Smith7)

or

AN @ = 4)“ - ¢1 = conck (5.11)

along a streamline. Hence it is conﬁenient to use elements
with edges approximately coincident with stream lines. Then
the value of a® is the same along the strip obtained by con-
tinuing all the elements between two streamlines. This yields
a simpler set of equations since only the value of @ at the
trailing edge (rather than the values of A50 at the centroid
of each element) would be involved.

It may be noted that the above derivation is exact in
the sense that no small perturbation hypothesis has been made.
It may also be interesting to interpret these results in terms
of velocity: the vortices are parallel to the streamlines,
the total vorticity between two streamlines (equal to the
difference in A(f between the streamlines) is constant, while
the intensity of the vortices decreases if the vortex lines

diverge. Note that the vorticity is given by

d
7 = 3 (‘f’u = %) (5.12)
where s is the arclength in the direction normal to the lines

o® - const.

It may be worth noting that (Ref. 1)

gs _;_aﬁ(_‘r_)d@ = N (5.13)

<
where L2 is the solid angle of the surface as seen from the

control point. Hence, the important factor is the contour
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of the strip {(rather than the shape of the strip) since the
gsolid angle depends only upon the contour. Note that the
doublet integral is exact for any hyperboloidal element.

Furthermore, it should be noted that after a few span-
lengths, the wake-sheet rolls up into two vortices. Hence,
after a few spanlengths, the strips can be replaced by two
concentrated vortices.

Finally, it should be mentioned that, as shown by
Mangler and Smith7,"the vortex sheet shed from the trailing
edge of a lifting wing with non-zero angle, in inviscid
subsonic flow, leaves the trailing edge tangentially to the
upper or lower surface, or exceptionally, in an intermediate
direction. The exceptional intermediate direction is possible
in three circumstances only: either there is no mean flow or
no shed verticity at the point" or both. If the shed verticity
is positive {(negative) and the mean flow is outboard (inboard),
the sheet is tangential to the upper surface, otherwise is
tangential to the lower surface. Note that is has been impli-
citly assumed that the flow leaves the aircraft at a sharp
trailing edge. Shedding of vortices from the body requires
the use of viscous flow equations (Ref, 1) and is not con~

sidered here.

5.2 Simplified Treatment of the Wake

A simplified treatment of the wake (used in Refs. 1-5)

consists of assuming that the wake is composed of straight
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vortex-lines emanating from the trailing edge and parallel to

the x-axis (direction of the flow). For this case, the

surface of the wake is divided into infinitely long elements,
&} , with two edges parallel to the x~axis. These elements
are the continuation of the elements of the wing having an
edge in contact with the trailing edge (Fig. 4).

Hence; by assuming that the value of zsyigcan be approxi-

A
mated by the value at the centroid of the element 6} the con-

tribution I, (see Eg. 5.1) is given by

L Wy & A (5.14)

with

Vi 2
i
for the elements with an edge in contact with the trailing

ik = I, =1t E%‘gﬁ“'ﬁ(-l-—)d% (5.15)
. ;

edge, and

/ Wik = © (5.16)

for the others,

In order to evaluate the integral in Eg. (5.15), it is
convenient to consider that the element 8& is the limit of
the parallelepipedal element obtained by truncating the
element %‘ at the finite distance (Fig. 5). The limit is

g
obtained by letting

AN IR (5.17)
go to infinity; note that G = 1 since two edges are parallel

to the x~axis. Note that (see Fig. 5)

-

.+ P 5

t
L)

Ot 59l
133

=, o
> '
#

s}
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- Ff - 15— = -
| 2 = P, = Q
o = | (5.19)
[ O
It is convenient to separate the contribution from the
trailing edge ('g = -)) and the edge that goes to infinity
( ; =1 )
v = 3 = 1,
v =iy -ntny) s
7=-1

where (note that Z- = ];mf(l'ff))?«r? Pd )

g ( Frax) = ey G AxBa)  (5.21)

L] h - - -
wit Pmd s P+ 7 7, (5.22)
while (note that ?(’_') - P +27(.z )
e - mé

Jw (4,9) = Lo m,,r'(—(_ixa',_)_-(g@) )
K= HIERNR

A —(FxA)- (L x {73))
K e \fi—l(j. Lxp) /g2

e bim €an '—((Pm“’7?d)""’] ((P +2X,{)x}7d]
Ko [(P,,,-*'?T‘QfZ}{A)(Pryﬂn){).)J Iﬁn ,.,xf?d/

-L-,an' — (Pmd )u.) (Ix Fi)
l F%d 'L X F%’

#

tan ﬁnaf;: ’(Ed'zz(ﬁ'z)
{Fmd ' ’L x Pd}

(5.23)
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and similarly (note that ?(‘%:-}) - ]5“ w1 ?A . PM \
T, -1, ;m-‘(_.w?xé'.)w?xm ]
w ’ lf_l li-é]%l .,

;M\[__ (i—’(;)(gxi?) }
171 15 2xml )=

o L) B
i /ﬁnal\,ﬁa'le;&, 2

-
z -

—-

Ta,r\—l[ '(P;,.a * P;d)(z‘ﬁl)" (P:;d' a)(ﬁna 'Z)J
Z

| Pt [P Zn P | .

(5.24)
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SECTION 6

COMMENTS AND SUMMARY

6.1 Conmments

As shown in the preceding sections, the use of hyperbo-
loidal elements is quite cumbersome unless two edges of the
element have two parallel edges. In this case, the element
. reduces to the trapezoidal planar element considered in Ref.
1 {(in particular triangular).

Hence, it is convenient to divide the surface into tri-
angular elements (which are a particular case of trapezoidal
elements. For flat surfaces (the surface of a building for
instance) quadrilateral elements are more convenient.

It should be noted that the doublet integral is equal

to the solid angle (multiplied by éﬁ; ) of the surface Sy

as seen by the contrecl point 'Pm’ . Hence, the correct shape
of the solid angle depends only upon the contour of the éur—
face Oy but not upon its actual shape. This implies also
that it is important to use triangular elements, rather than
tangent plane approximations to the hyperboloidal elements,
which would yield discontinuities in the surface and hence,
the total solid angle would be changed. A measure of the
accuracy of the methed in evaluating the coefficients Chk
(Ref. 1) is that the sum of the coefficients should be equal
to -1 (solid angle multiplied by %ﬁ; ). Note that if the two
hyperboloidal elements in Fig. 3a are replaced by the two

hyperboloidal elements (in the limit triangular elements) in
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Fig. 3b, the centroids of the elements move very slightly.

This is convenient for the evaluation of the pressure coeffi-
cient CF& = _2_%g’ by central difference (since centroids

of the elements lie on the same wing section if the elements

are bounded by wing sections). On the other hand, hyperbo-
loidal elements can be used if the derivatives of N with respect
to g and n are negligible (Section 4.4) in the source inte-
gral (the doublet integral is exact for any hyperboloidal

element).

6.2 Summary

Assume that the surface has been divided into quadrilateral
elements. The elements are described by the vectors ﬁ:} ﬁ"p", B,

from which one obtains

(F‘-" ""?F'"' 7?:-*?7?;)”()" 'Pc(“

A

5

Q& = (fo9n)” @ = (pegh)

Then the approximate solution of Eg. (1.1) is obtained by

L4

(K)

solving the linear system of equations

(QLKJ{%} =fb;} | (6.1)

with

[}

. - C.. - w.

&K Ak Kk

Qix
b

(6.2)

o

Z big (6.3)

where Wy represents the contribution of the wake discussed

in Section 5, while Cik and bik were derived in Sections 3 and 4.
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Por convenience, the results are summarized here. The

coefficients Cik and bik are given by

Civelo (L1 -1, (1-1)+ L (-.1)+ I, 4-1)

(6.4)
bak=1s(1,1)-1s(1-4)-I5¢G1 1) I, ¢41) (6.5)
In Eq. (6.4), ID is given by
Ip(g»’)):‘""z‘iﬁ_ p{fﬂ(?n&,xa;)J (6-6)
with
oy = (1x&) (3 xq
T = Tan' _th __) j.xa:)
' FANERTENN (6.7)
On the other hand, in Eq. (6.5),,IS is given by
ltg,9) = -n-2 1, (£,1) (6.8)

with

L[}

A — = _y |
]_s(“§,7) "'il"ﬁ:{—(?'x ,-n)m Q—n(,}(é‘,-&])(?z +g;5,)

(6.9)

Equation (6.9) is exact for guadrilateral planar elements

and may be used for hyperboloidal elements if the derivatives
N 2n
243 ) L]

are negligible : this is possible if small
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elements are used where the surface curvature is high (leading
edge and tip).

Finally, the coefficients Wi in Eg. (6.2) are given by

Wik = ©O (6.10)
for the elements without any edge on the trailing edge. For
the elements in contact with the trailing edge, assuming that
the wake is composed for straight vortex lines, the coeffi-

cients Wiy are given by
. o = YT, =
Wik = 33 &g (B 20 P37, 00 1) - AMUESIED WERIES FTP) Bk
with

Jw (1, 7) =-tM"' “(PMj‘I);(‘T"‘_ﬁ*) (6.12)

I Pma * & x &!

and

Tu(1,9) = o™ a2 2) (Puur )

- —_— (6.13)
[ Pral 1 Py 7 % i
where i is the unit vector in the flow direction,
? - P+ + F..
m 2 (6.14)
— . +— -__
Pa = 5 (6.15)

Pmi = Pw+7 P4 (6.16)
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where §+ and 5_ are the location of the trailing-edge corner

points f%; , ?:; of the elements with respect to the control

point p™

0 . p’ = (K} - - (6.17)
P’ - PT‘-'P , P‘= Pre - P“)

6.3 Exterior Neuman Problem

The results obtained above can be applied for the solution
of the Laplace equation outside the surface € , with pres-
cribed normal derivative on § and usual regularity conditions

at infinity. In this case, Eq. (1.6) is replaced by

Cho= 3 (25) U——‘—-—JGK

Sy O
+ ¢, ([ a(L)as, hed, 2, N
Vi
Sk | (6.18)

and correspondingly, Eq. (6.1) is replaced by
A 2
[a.‘x]{‘h} = [b,‘x]{(;;k} (6.19)

with asy given by Eg. (6.2) (with Wi = 0 if there is no
wake) and

A

bic = L) -1, (4,-1)- 1, (-4.1)+ 1,64-1) (6.20)

[
with I,(ﬂ& 7) given by Eg. (6.9). Clearly, if the boundary

condition is given by Eq. (1.3), Eq. (6.19) reduces to Egq. (6.1).
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APPENDIX A

USEFUL INDEFINITE INTEGRALS

A.1 Introduction

For the sake of completeness, some indefinite integrals

used in this report are verified in this Appendix.

A.2 Doublet Integral

For the evaluation of the doublet integral, ID’ the use

of the following integral is required

J - g arby 1,

Cradneey” F 7

L1 g leasd)g r(ad-be) /
)J@C—d." ‘ec.—d> (

(A.1)

with |

PA
¥ = [(a+b7):-(c+»d7+e)‘)]
A ) (A.2)
= [(R:-C) f)(&b?d)?f(btka)? ];

Differentiating Eg. (A.l), one obtains

L4 2.0 [(aevbd)y r(2d-be) l_]
Je c-d* dy Jec- a v
{ (ae-bd)Y "+ [(ee-bd)Ir ad-be)]((5+€) D+ (ab+d) ]

m 1 [(ae-bd)']f(nd—bc)’] Jec— 4

CC—d‘

(@e-5d)[Z (Vre))~ (abrd))) - (ad-be)(b+e)I+ (2b+d)]
(ec-dDY" + ((ac-ba)9+(ad-be)]* r

ey 1
- Ci’"dy-o-&yv(

(A.3)
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since (ae-bd)(Y=(bre )7i (@bed)y] - (ed-be ) [(Fre)7riabrd)]

L

(ae-bd)[(ab+d)) +(a%@)] - (ad-be) [ (F+&) 7 + (abed)]

A

[ (Re-bd)(abrd)-(2d-be) (Bre)] T+ ((ae-bd)(avc)- (ad-be) (ebed)]

(a*be v ade-abd - bd- " bd-adeebdc v bce ] )

+ (2% race-a®d-bed-abd-advab’crbed]

= (b7+a)(‘{e-J>+b;c,+C2—La.bJ) (aA.4)

and

(ce—a*) "« ((@e-bd)ps(ad-be)]"

= ((ce-d)Bra)+tae-bd) ]9 s [(ce-d)@brd) +
(ae-bd)(ad -be) ] ey +[(ce-d)a%c) « (ad-be)’ ]

= ( b;ce *Ce;" bd*-d’e + @'e’-rabde o b’d‘] 7‘
+ [ abeer cde-abd —d> +8de-abce - abd s bed] 17

v [@%cesc’e-ad’-cd’e a’d - *2bcd + Pe' ]

= (371*671-&)(@)2—&‘*52*Ce-—zabd) (A.5)

A,3 Recurrent Formula

The recurrent formula

) LAd > n-*
j(@rw)"-f-dydpwy) r- 2=1 (alr-p)/(pwp) -:-,-d/ (3.6)
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' \
with r_:-J A TS (A.7)

is easily verified by differentiation

57 (Bron)” [ Aesprray”

= {(n- (B+ fy)"-a,/ol +2p7+(7‘ + {ﬁfl’)}n-' "—&—,————m——o{*_;;;f(?b
(

oL+=(37+r7"(“"")("L“f’?“m)* (B+79) ]

(rim™ >

= n ((}4-6'))"-}- + (n=1) (R (-p’){pwy)""%
. (A.8)

In particular, for n = 1, one obtains

g+ | -
‘W’ = & e (3.9)

Note that for n = 0, Eq. (A.6) is not valid and is replaced

by |
!
S“{L‘W =ﬁﬂn([{'r+r7+p)
(A.10)
For bood
Tkl In( U 0 v194p)
- , | (7+P
Av X rv.p U? Y +YJ
- (A.11)

Y
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APPENDIX B

A VECTOR CALCULUS FORMULA

A convenient formula used extensively in this report is
(A-B)E-B)-(AC)PB) = (AxD) (BxE) (B.1)
which is easily verified in the following:

—— - -

(A-B)(C-D)-(A-E)(B-D)

= (Ax Ex + Ayﬁg + As Bs)(cx PK +C? D}*C}D’)
"'(AXCX + A‘jC, + ASC,)(BxDx + 6707-0 35D5)

© ArBeC D+ by B0y ¢ A B)G Dy + Ar €,y

+ A‘BAC§Dé+A}87CxDx+A$B§ CﬁDg«p A? B,C’ D}

r /4, 35455‘97-— {’ é;g;?fi:iﬁ + fiz}:€<é; C% + /Eﬁgzxégfpi

t A: Co 5? D? + Ax Cx 5; 175 - AyC}Bx Ve + A} C{ Bx Dx

R R N R PR 57”}}
(B.2)

while
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= (A4 Dy - Ay ) (By Cy - By cy)

(A Dy - Ax D) (B; Cx - BxGy)

' (A, Dy- Ay Dx) (Bx Cy - By“)

= AyByCyDy - Ay By Cy D, — (A3 ByCypy= Ay B Cy Dy)
+ Ay By Cx P+ Ax Be G Dy - (A5 C, Bx Dy + AcC By D;)

+ Ax Bx Cy Dy« Ay By Cx Dx - (AyCy Bx Dx v AxCx By Dy)
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APPENDIX C

SUBSONIC OSCILLATORY FLOW

C.l Integral Equation

In this Appendix, it is shown how the results obtained
in the main body of this report can be extended to subsonic

oscillatory flow. Introducing the variables

:‘_g‘_.. Y-’— :_{_ T:._‘.l.‘i_{: _Q:wl
X 7 _g_ Z ; Fe e (C.1)

and the complex potential gg such that
A J?(T+ﬁ7X)
P (2 42)- Z{Of[)” ¢ (xyz)e j (C.2)

the integral equation for the subsonic oscillatory flow is

given by

a;é AR N 3 _,mt?
2/7% %/ e _ 4 ¢ W /AZ .

where 2. surrounds body and wake.

C.2 Boundary Condition

The boundary condition is given by

| _ a8 _u 28
S VP - 5F T 7= (C.4)
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or

v s -V

Xrz XYz

525:46195 42 28, M 38 9.0
MoaT "B ax T pt ax ax .5

“where c‘() and (}5 are such that
b-Unr g - UL(X+ ) B c.6)

Next, assume that the motion of the surface consists of small
harmonic oscillations around a rest configuraiton, that is
0T

S -8 vE)+B(xrZ)e .7
Then, setting

b=V Z)sdlxyz) e c.8)

one obtains

v S,, vaz(f?a +(XYE’S;'W£$* KPE*S'szg)e}ﬂT+

AYE

(V8 )’

s
£\ ax ox '
we [ o5, o4 (25 94 oS o8 e
’t/e/axax ax X aX 2x

_@5 f_‘é eiszT]:O

.f.

27 oT
(C.9)
Assuming '
5 = 0ft) (C.10)
2% - Ole) (C.11)

aX
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with
E’ZS of)
and
3 - 0(?)
0 - o)
25 _ ol1)
oxX
it is easy to see that
b= O)

9’3:‘ Ole?)

_Neglecting the terms which contain €

1207

(C.12)

(c.13)
(C.14)

(C.15)

(C.16)

(C.17)

{of order 64 ) and

separating the steady from the oscillatory terms, one cbtains

n 85, o .

73? 2X 2X
a8

+ V3V A ﬂs*plé?'

a3, 9¢ 25 9¢)
T oK ax

X 2K

7S v e+

Ayg ©

Vs .V
”gi XA¢
+ M2
FZ
A
Introducing ¢7 such that
A

NS
$ =9 e
(C.19) reduces to
A 12MX
f,ﬂ/"las b e

Vqée

‘7 Aye

I2MX

Equation
LMK

KY&

0l .1 98 /
+7/§ +/_:.
, 85 08
X X

(C.18)

(C.19)

(C.20)

s 7
4 nés avel ¢

;JZM@)e

RN

(C.21)
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\
, . 2,
Finally, neglecting terms of order & in Eg. (C.18) and terms

3
of order £ in Eg. (C.19), one obtains

25,
(C.22)

/
ZQS" Z’zﬁé - 'ﬁ 2X
7 : 5 R
qYZ'So.ZVZ¢: —(1/371{.2 ’S +/E -2—;) (C,23)

In particular for

S - 321 [2-{/&;}-;/&5{/6@7

(where the upper[lower] sign holds on the upper [lower] surface),

one obtains

S = jéLF“zv ("'/,}j (C.24)
o (X'opf/ (C.25)

/ |
oo /A{?/‘ £ X | (C.26)

w0
i
+

%‘ -

7.8/
and ,
A " ~
2¢ - U5 - Zgﬁ . Aé (ikﬂf +<é?§
b 4 .
N ] V5./ (c.27)
where
(C.28)

k. p . Wt
f o

A
Equation (C.27) gives the value of 8¢/%N to be used in Eg.

(C.3).

C.3 Pressure Coefficient
The pressure coefficient is given by the linearized Bernoulli

theorem as
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)
C%:ﬁ#_( » gg
L1 2P
- Z(ﬁ /5 ZX) | (C.29)
For oscillatory flow, setting
~ ;LT /\ /JZ(.T—.“/V)X)
¢ b e - (C.30)
- (T
Cf - %ﬂ € (C.3l)
one obtains N
o 37a 5 4t jégi)
G - -2 P42 5k

= 75‘“ M 7K
inX/M X

2 e,nx/Mé(Ae )jeﬂ
= 2K

— —_2—— e-_rlj%)( _a—(sga,ﬂ/\’/f‘d)

) 2 oX

o f?“,ﬁgx ___(ﬁe,*{45>

B 2 2X

(C.32)



