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PREFACE

The complete development of this advanced rocket noise theory and appli-
cation is performed under the sponsorship of three NASA-MSFC contracts: NAS8-
25893 and NAS8-26915 to Wyle Laboratories Eastern Operations, and NAS8-28588
to the University of Alabama in Huntsville. The first contract was awarded to Wyle
Laboratories in February 1970. In the course of this study, numerous reports and

technical papers have been published to mark various phases of progress:

1.  “"Analytical properties of noise generating mechanisms in o supersonic
shear layer," NASA CR-I848, Wyle Laboratories, May 1971.

2.  "A generalized theory on the noise generation from supersonic shear
layers , " Journal of Sound and Vibration, V. 19, pp. 40i-410, April 1971,

3. "Applications of the generalized aerodynamic noise theory ," AIAA

paper 71-584, presented ot the AIAA 4th Fluid and Plasma Dynamics
‘Conference, Palo Alto, Calif., June 197].

4.  "Applications of the generalized jet noise theory," Wyle Laboratories
Ressarch Staff Report WR=72-5, March 1972.
5.  "Developments of & generalized theory of jef noise ," AIAA Journal

ve 10, pp. 596=602, May 1972.

6.  "An analysis of jet noise directivity, " AIAA paper 73-185, presented
af the AIAA |lth Aerospace Sciences Meeting, Washington, D. C.,
January 1973.

7.  "Aerodynamic noise emission from turbulent shear layers," J. Fluid
Mechanics, V. 59, pp. 451-479, July 1973.

At the conclusion of the present contract, the studies have come to a major
milestone. Namely, the application of the theory to practical engineering problem
hos been realized. It is therefore hopeful that from this point on, the application
will aid the development of accurate methods of noise prediction which would rely
less on empirical approach, and place the engineering prediction of rocket and other

types of jet propulsion noise on a solid analytical baosis.
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In the course of this study, the superb technical coordination of the NASA~
MSFC Unsteady Gasdynamics Branch, the technical resources of Wyle Laboratories
and the Fluid and Thermal Engineering Department (presently the Mechanical
Engineering Department) of The University of Alabaema in Huntsville, have been
most valuable for enhancing the progress of this work, for which the author wishes

sincerely to acknowledge .
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ABSTRACT

The present report describes the application of the Phillips theory fo engineering
calculations of rocket and high speed jet noise radiation. It contains the detailed
derivation of the theory, the composition of the numerical scheme, and discussions
of the practical problems arising in the application of the present noise prediction
method. Although the present method still contains some empirical elements, yet
it provides a unified approach in the prediction of sound power, spectrum, and
directivity. It is expected that the present method would permit great improvement

in the accuracy of jet and rocket noise prediction.
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.0 INTRODUCTION

For the past decade, rockef noise prediction for engineering application has
relied on empirical methods. Although the predictions have been accurate in general,
there is a need to understand the basic mechanism of rocket noise. The accuracy of
the empirical methods rests heavily upon the large amount of experimental data as
accumulated through various measurements of engine test firing and actual vehicle
launch. As for the noise of recently developed rocket engines, the data base will
not be sufficient for practical applications if empirical techniques are used. Further-
more, the existing empirical approach is limited in scope. Reliable directivity
patterns and sound source location can not be established by using experimental
data alone. Therefore, an advanced rocket noise theoretical model is clearly in
demand.

The present report describes the result of a jet noise theory based on the Phillips
convected wave equation. Effects of high speed convection, refraction, and other
aero—acoustic interactions in the flow regime are included in the fheory. After
preliminary calculation has indicated that the theory is capable of providing accurate
description of jet and rocket noise, the numerical model for direct engineering
application was constructed.

The main advantage of the present numerical model is the simplicity of input
parameters. A typical set of input includes four key parameters: the maximum con~-
vection Mach number, the maximum speed of sound ratio, the spatial scale and the
scale ratio for the {ocal furbulence. The typical output is nondimensional . In case
dimensional quantity or change of reference scale is desired, two scale factors may
be added to the list of input quantifies. These factors will place the predicted
frequency and infensity of sound at their proper values. The most important aspects
of this method are perhaps the items as given below:

(@) Accurate determination of the directivity pattemn, especially in the

upstream directions. Since the launch vehicle structure is exposed fo

the upstream sound field of the rocket exhaust flow, accurate prediction
of the upstream directivity can effectively reduce the {oad uncertainty

for the vehicle structure.



k) The correct trends of sound power level and spectrum. In the low

supersonic and transonic velocity range, the sound power as a function
of convection Mach number has been a source of disagreement between
experiments and previous theories. The present calculation provides
the correct observed characteristic frequency of jet noise throughout,
this range, and the UB-law is reproduced without any irregularity for
transonic convection velocities.

{c) The allocation of sound source at different frequencies as a function

of direction. Since the Doppler effect causes the frequency to be
different in different directions for sound emitted from the same source,
the sound source location is expected to be different for sound emission
in different directions at a given frequency. There.has been some
efforts to infer the apparent source location from experimental data.
However, a systematic approach is not available among the empirical
noise prediction methods. In most cases, fixed source locations are
assigned for a given class of launch cenfigurations.

It should be noted that the present numerical model does carry a smal! number
of empirical parameters such as the structural constants of the turbulence. These
constants will be determined by numerical iteration such that the predicfion and
the experimental data are brought into agreement. The advantages of the present
method over the conventional empirical technique are its power of extrapolation
and its unification of spectral and directional calculations under one theory.

The present theory does not completely explain all the important trends of rocket
noise emission. One of the most important discrepancy is the sound source strength
per unit length in the mixing region of the flow. The theory indicates that the
source strength is  constant in this zone, while experimental data indicates that
the source strength is a linear function of x/D. Further analytical study is clearly
required to determine the correct dynamical process. In the present model, an
empirical correction is applied. Another obvious omission in the present theory is
the effect of scattering. In high velocity jets, the turbulent intensity is o significant

fraction of the local speed of sound. Such local velocity fluctuations can produce



significant refraction of sound and possibly some additional aerodynamic
aftenuation. Its effect on directivity and sound power should be evaluated.
In the present calculations, the predicted intensity near the peak angles is some-
times higher than the observed values. The omission of scattering effect may
account for such a difference.

In the remainder of this report, the theory, the numerical model, and
discussion of results are given in separate sections. The numerical results of
an example are given in Appendix A; the listing of the computer program is given
in Appendix B; and the details of the Phillips theory are given in Appendix C.
Appendix C is in fact a reprint of a paper as published in the Journal of Fluid

Mechanics.



2.0 A NUMERICAL MODEL FOR JET NOISE EMISSION

2.1 Solutions to the Phillips convected equation.

The Phillips theory deals with noise emission from turbulence in a parallel shear
layer, in which refraction, convection, and other first order aero=acoustic inter-
actions are taken into account. As the general Phillips convected wave equation is
restricted to a plane paratlel shear layer, it can be reduced fo an ordinary differential
equation by means of Fourier transformation over the homogeneous coordinates. The
ordinary differential equation can then be solved by means of the WKBJ method. For
a small volume of turbulence, its far-field noise radiation can be obtained in closed
form, as described in Appendix C. Noise radiation in different directions is governed

by three different solutions:

— 3‘/-2\/2 3/2 4M4M44 A s 22 -5/2
@oéo ()= 2 {(1-M cosB) {A +aMc} M
¢ A L]q c
o
— e3P 4 BA(O) 13/3, 00 6 ) 13/
H 9= 7 473 173 F(5) teos®)
A L]
13/3 83
X (—ﬁ—) { (1 -Mc cos 9)2 + CI.2 Mc:2 cos26‘} 2)
— 3 /22 /2 4M4M4a4qm
Q]@] (y) = 75 IEE(‘;; 00549
~ r“ AL, q
1 7o
-5/2
X {(1—Mccosf))2 + asz cos2 8} @)

The above equations are identical fo Equations (C82), (C84), and (C85)*, respectively

in Appendix C. Equation (1) is the so called accoustical solution. It governs mainly

* The prefix C is a designation of equation numbers in Appendix C.



the upstream noise radiation. The source function is the acoustic components of
the turbulence, and the emitted sound reaches the far field without passing through
any transition point.

Equations (2) and (3) have hydrodynamical components of the furbulence as the
source function for noise emission. In both of these latter cases, one fransition
point occurs between the sound source and the far field. For equation (2), the
source volume is located in the neighborhood of a transition point. For Equation
(3), the source volume is far behind the transition point. Equation (3) demonstrates
very well the mechanisms of sound emission from a shear layer as described by the
Phillips convected wave equation. The refraction in the flow regime is described
by

CI ~1/2
—q-;- = A sinb {I(l--Mlcc:ose)z--A2 c0528|} )

The degenerated form of the refraction factor is represented by tan A in Equation
{2). The refraction effects in the shear flow changes the direction of a ray tube,

in the sense of geometrical acoustics, as well as its cross sectional area. Fora
given amount of energy flux in the tube, the intensity changes as the area of the
tube changes. The factor F (b)/F(0)in Equation (3)is the aerodynamic attenuation
factor. As the pressure fluctuations from the source finds its way through the hydro-
dynamic zone of wave propagation, the amplitude of the signal is attenuated. The
attenuation is a function of frequency and the location of the transition point relative
to the source location (see Eq. (C78)y.The function F(b) represents the integrated
attenuation over the entire spectrum. In the remaining terms of Equation (3), the
coupled effect of refraction and convection are represented. The numerical value
of the coupled convection factor may have significantly different value as compared
to the Lighthill convection factor of

~5/2
C5 = (1 -Mc 0058)2 + cc2 Mi

~ In Equation (1), the coupling of refraction and convection is so strong such that
the convection factor is reduced to a constant for all upstream directions. The

directivity for upstream radiation is purely the result of refraction and the Doppler



effect. Since in Equations (1) and (2) the sound source is either near or above
the transition point, the pressure wave does not pass through a hydrodynamical
zone. There is no aerodynamic attenuation for these two solutions. For equation

(3); the definition of F(b) and its argument can be given as:

) 2 2
E(b) = ,[ £ 7Y -yt v )

2/2 M W (y, 8)cos®

b = 6)
Ju L1L {(1--Mccos 8)2 + c&‘.zMicos2 6} 172
{ 1  for self noise
H 42  for shear noise
where W ({y, 8) is a function related to the WKBJ transformation:
4 (1-M cc:ase)2 9 1/2
W(y,e)-‘-s —-—-—-—-—-%——-—-—--cos E\} dy 7)
A

(o]

In the above equation, y, denotes the location of the transifion point for a given
direction 8. It can be noted from Eq. (5) that the value of F(b)is purely numerical .
All the aero—acoustic parameters are related to this funciion through the definition
of b. The integral in Eq. (5) can be evatuated easily by numerical means. The
graphical representation of F(b) is given in Figure 1. Equation {7) indicates that

the valve of W(y, 8) depends only on the mean flow properties of the shear layer.

In the present numerical model, the velocity profile of the shear flow is assumed

to be a Gaussian function:

2
Uly) =U__ e

max

(®)

The temperature and density variation in the shear layer is represented via the
local speed of sound ratio: A =c/cy. The profile of A is assumed to be a straight

line:



Aly) =1+y(A -1 forys ¥

max

Aly) =1 fory> 1.

©)

Hence, the input parameters for the mean flow of a given turbulent shear layer will

be Apax and Moy = Upax /co‘

The sound field as produced by a small volume of turbulence may be divided

into a maximum of four zones. The dividing angles are:

= - = H - <
cos 9] I/(Mc A), 9] 0 if (Mc A1, (10)
cos 6, = /(Mg + A), (i
: = - = 1 - > .
cos 6, l/(Mc A), By =mif M_-A) = -1 (12)

In each zone, the solution to the convected wave equation is different. The

proper solution in each zone is given in the following table:

TABLE 1. ZONES AND SOLUTIONS

Zone Angular Limits  Type of Solution ~ Equation
i 0- 9 S2 1 (C82)
2 6, -6, Sibh 3 (C85)
3 6, -6, 50 1 (C82)
4 6, - 180° S1b 3 (C85)

Zone 1 exists only if the convection Mach number is very large such that
Mc - A > 1.0, while zone 4 exists only for low convection velocities where
A - M¢>1.0. In the neighborhood of the dividing angles, the solution is governed
by either Equation (C83) or (C84). Analytically, these solutions are brought into

effect because the source is located in the neighborhood of a transition point.



Equation (C83) is applicable under two conditions: either the radiation frequency
is very low, or the velocity gradient vanishes at the transition point. The first
condition i's academic because the WKBJ transformation is not applicable at low
frequencies. For a Gaussian velocity profile, the second condition is met only
at the centerline of the profile. In this case, Equations (C83) and (C84) are quite
similar. The velocity gradient Q in Eq. (C84) is substituted by the curvature of
the velocity profile Q' in Eq. (C83). It should be noted that the sound intensity
depends only on fractional powers of these quantities. In addition Eq. (C83 ) takes
over only if the velocity gradient goes to zero. For a Gaussian velocitfy profile,
the magnitude of Q and Q' is approximately the same. Over a large portion of
the profile, the non-dimensional value of Q is approximately 1.0. The exponential
indices of the convection factor in these equations are different by only a very
small fraction. Hence, the sound radiation near a dividing angle and at the center
of the profile is represented by using only Eq. (C84). As o further simplification,
the value of Q is set identically to 1.0 throughout the thickness of the shear layer.
The error introduced by these approximations should be very small. The solution in
Zone 1 is classified under 52 because the radiated sound wave passes through two
fransition points in the shear layer before it reaches the far field. Locally, the
sound source is the acoustic component of the turbulence, the asymptotic formula
for § 2 emission under such conditions is identical to (C82) except for an aftenuation
factor. This is because the pressure wove wil! be atfenuated heavily in the
elliptic zone between the two transition points. In the numerical calculation,
the factor F(b)/F(0) will be taken into account for Zone 1.

The small 'volume assumption stipulates that the change of wavenumber and
convection velocity through the turbulent volume is small. Such conditions are
not met in mean flows with convection Mach numbers greater than 3.0. Equation
(2) can be taken as an example. In this solution, the source function Is assumed
to be in the neighborhood of a transition point. At fthe fransition point, the wave=-
number vector is actually parallel to the shear layer, which is described mathe-
matically in Equation (2). However, before the pressure wave left the turbulence

volume, the effect of local convection would have changed the wavenumber vector



to a direction of more than 60 degrees away from the plane of the shear layer.

As a result, the sound intensity is over~estimated. As a simple approximation, the
mean value of the wavenumber vector should be used in Equation (2). Adequate
numerical modification in the computer program has been made to correct for this
discrepancy . Similar adjustments are also necessary for Equations (1) and. (3}. In
the neighborhood of the dividing angles, Equations (1) and (3) become singular be-
cause q approaches zero. The governing solution in such regions is Equation (2).
In the present program, the domain of application of Equation (2} is defined as
within 2.45 degrees on either side of the dividing angles. Numerical calculations
have shown that the three solutions join smoothly with this definition of domain if
the convection Mach number is between 0.8 and 10. For convection Mach numbers
smaller than 0.8, the domain of Equation (2) spans over a wider angle. An

empirical domain greater than + 2.45 degree should be defined.

2.2 The turbulence structure.

The solutions {C82) to (C85) are obtained from the general solutions of the
Phillips equation by assuming a Gaussian furbulence structure. The Gaussian
structure is defined by two constants: the spatial scale and the time scale. In
most cases, the time scale is defined indirectly through a nondimensional scale

ratio . In the present work, the turbulence is defined as follows:

2.3
VoLlLt

32ﬁ2

—— - 2, _\2
Vv (ks w) (L )8, -k e

(13)

X exp —%{(kl-])z + (UJLf)Z

This is indeed one of the simplest form of an incompressible, isotropic
turbulence which satisfies only the kinematical compatibility condition. The
analytical form of Equations (C82) to (C85) is common to all the furbulence

source functions in the form as given below:



V;,?(k,w) = Vi {(kLI)z 5ij - Lzlkikj} F{(kL])2+ (wa)z} (14)

Thisisa broad class of function which includes most of the empirical formulae
as used for describing turbulence structure of isofropic turbulence as well as wall
turbulence . If any function in the form of Equation (14), other than the Gaussian
function, is chosen as the source function, the only changes in Equations {C82) to
(C85) will be the numerical constants and the definition of Fb). It should be noted
that the Gaussian spectrum drops off very rapidly beyond the peak of the spectrum.
Therefore, it is difficult to use the Gaussian model for narrow band noise prediction.
Equation (14) would allow much greater freedom in the choice of the spectral
distribution of the source function.

Calculations have shown-that the structure of turbulence has great influence
on the quality and quantity of sound radiation, if the turbulence infensity remains
fixed. Sound power, directivity, and frequency characteristics of jef noise radiation
can be related to Ly Lf, and o through formulae as given previously in this
chapter.

In the range of M, < 2.0, the sound power production is strongly influenced
by the factor .. From equations (1) to (3), it can be seen clearly that the farfield
noise f ntensity is proportional to OL4. For greater convection Mach numbers, the
convection factor in these formulae provides an a-S factor in the same formulae.
Hence, the dependence of sound power on ¢ diminishes rapidly in the very high con-
vection Mach numbers range . The self noise intans ty is inversely proportional to
the spatial scale length. However, this is not an important factor for overall sound
power because the shear noise would increase in direct proportion fo L] .

The directivity of sound emission in the downstream direction is heavily
influenced by refraction and aero-acoustic attenuation. While the refraction
effect is fixed for given mean flow conditions, the aero-acoustic attenuation is
determined by both the mean flow and the characteristic frequency of the turbulence.
According to Figure 1 , the logarithmic value of F(b) is almost a linear function of

its argument b. According to Equation (6), the value of b is inversely proportional

10



to the temporal scale of the turbulence L.« The gerodynamic attenuation is the largest
near the axis of the jet. A small change of Lf may change the sound intensity by
several decibel.

The dependence of far field sound frequency on the turbulence structure is
rather inferesting. In the lower convection Mach number range of Mj < 0.6, the '
sound frequency is determined by L; and the Doppler effect. However, the
radiated sound frequency is determined entirely by the spatial scale Ly for super-
sonic convection Mach numbers. This phenomenon can be described physically in
the contest of the Phillips theory. In the low convection Mach number range, the
limiting case of a turbulent sound source is one that remains almost stationary in
space. It is then obvious that the sound source must oscillate in time in order to
radiate sound. Therefore, the sound frequency will be governed by the temporal
scale of the turbulence. The Doppler shift will further modify the radiated sound
frequency . In the supersonic convection regime, the picture is quite different.

The principal source of sound is the nearly frozen components of the furbulence. In
the Phillips description of sound propagation, the far field sound is related to the
turbulence such that the wavenumber in the turbulence should be the same as the
projection of the sound wavenumber vector on the piane'of the shear layer. There=
fore, it is the spatial distribution of the source function that dictates the frequency
of sound emission. In the next section, the analytical derivation of the above
results will be discussed.

It is difficult to determine the turbulence intensity in a rocket exhaust flow.
For low speed jets, it was found (Reference 1) that the turbulent intensity is in
the order of 0.16. For the present study, however, a systematic method is
neseded for defining the turbulence intensity at all stations of the rocket exhaust
flow. In the absence of available experimental data, the turbulence intensity for the

rocket exhaust flow will be inferred indirecily.
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A method for calculating the free mixing of two dissimilar gases is given by
Doncldson and Gray in Reference 2 . The key parameter which governs the
mixing process is a mixing parameter as defined ofter the Prandtl mixing length

hypothesis:

- pu'y’
K (15)
p Ub (3 Ufdy)

K| —

As a result of extensive numerical experiment by Donaldson and Gray using their
theory, it was found that the mixing parameter is a universal function of the frue
Mach number at the half velocity point of the velocity profile. This Mach number
is designated in Reference 2 as MS' The dependence of K on Mg is given in
Figure 2 . From this figure, one can cbserve that the value of K varies from
0.0475 in the low M range, to approximately 0.01 for My in the neighborhood
of 2.0. According to the definition of K as given in Equation (i5), the value of
the mixing parameter is proportional to the mean square value of the turbulence
intensity of 0.160 in low speed jets.

In the computer program, the value of turbulence intensity is fixed ot 0.16
for the calculation of sound emission from an individual slice of jet. Since the
Donaldson and Gray results of jet mixing for rocket exhaust flows are available,
(Reference 2), the adjustment to the turbulence intensity will be given to the
numerical model via an input parameter. Details of this input parameter will be

discussed in Section 2.4.

2.3 The peak frequency and the band number .

The narrow band solutions for a Gaussian source function is given by Equations
(C70), (C73), (C75), and (C78). In these equations, the frequency is non-
dimensional, and it is related to the Strouhal number via:

*

St* = w/on (16)

12



The asterisk signifies that this Strouhal number is defined in reference to the
local convection velocity and length scale. In a rocket noise calculation which
includes many slices of the exhaust flow, it is necessary to refer all calculated
values of frequency to the standard Strouhal number in which the exit diometer

and velocity are the references. Therefore,

UD
-LTX_L— = s Si* (17)
J

St = St*

where 5¢ is called the frequency scale factor. This is given as an input
parameter to the computer program for each slice of the jet.

Each volume of turbulence produces a broad band radiation of noise in the
far field. The shape of the spectrum is dependent upon the assumed function of
the turbulence structure. For the Gaussian structure, the peak frequency for
radiated noise in a given direction can be obtained from the narrow band solutions.

General formulae have been obtained for both the shear noise and the self noise:

(Shear noise)  St° 1 7 { -d +Jd2 +4c2 } (18)

41a
(Self noise) st* = ——]T {-d +Jd2+ 802} (19)
4T
a
where
(S1) o = % {(1 -—Mc cos 8)2+(12Mi cosQG} Lﬁ
(20)
(50) o2 = + (1-M_ cos 82 (azmcz v A2 !:?f
d = MW (y,9)cosh (21)

It can be seen from the above formulae that the attenuation factor plays an
important role in the determination of peak frequency along directions close to

the jet axis. In some experimental studies, it has been observed that the

13



characteristic frequency for noise radiation near the jet axis is significantly
lower than predictions according to the convective effect. In Reference 5 , .
fhisjis called the reversed Doppler shift. Two mechanisms in the Plhillips theory
may be taken to explain this effect. The aero~acoustic attenuation for shear
noise is much smaller than for self noise af small values of 8. As a result, the
spectrum is dominated by the shear noise. Since the shear noise has a lower peak
frequency, the observed spectrum has a trend which runs against the Doppler shift
effect. The second reason is perhaps the more imporiant one. The aero-
dynomic attenuation coefficient in directions close to the jet axis is very large.
Since the attenuation, in decibels, is directly proportional to frequency, the
higher frequency part of the radiated noise spectrum will be heavily attenuated.
As a consequence, the peak frequency of the radiated noise spectrum will be
shifted to @ much lower frequency .

It is also evident from the above formulae that the ratio of the peck frequencies
of self noise and shear noise is not a constant. According to calculations obtained
so far, the ratic is generally within one or two one-third-octaves. The above
formulae are also sufficient to prove that Lt dominates the radiated sound frequency
in the low Mach number range, and the L dominates the frequency characteristics
in the high Mach number range. For all practical purposes of the present discussion,
the peak Strouhal number as given by Equations (18) and (19) can be taken as
w/a, where W is different from self noise and shear noise. For small Mach
numbers, the value of a is proportional toL,. For downstream radiafions af
large convection Mach numbers, however, the value of a s proportional to
@M. According to the definition of @, the latter quantity is identical to ML;.
Since M is a constant, the peak frequency is determined by Ly. It is interesting
to note that this phenomenon is not unique for the Phillips theory. Identical con-
clusions can be derived from the Lighthill theory.

In the output of the computation, the frequency is represented in terms of

band numbers. It is defined as:

N = Integer {3|og (w/0.002m) / log2 + 0.5} (22)

14



Table 2: Band Number N, and the Corresponding Center
Strouhal Number.

N Center St. N Centter St.
0 0.00100 30 1.02400
1 0.00126 31 1.29016
2 0.00159 32 1.62550
3 0.00200 33 2.04800
4 0.00252 34 2.58032
5 0.00317 35 3.25100
6 0.00400 ) 36 4.,09600
7 0.00504
g 0.00635
9 0. 00800
10 0.01008
11 0.01270
12 0.01600
i3 0.02016
14 0.02540
15 0.03200
16 0.04032
17 0.05080 -1 0.0007937
18 0.06400 -2 0.0006300
19 0.08063 -3 0.0005000
-4 0.0003969
-5 0.0003150
20 0.10159 -6 0.0002500
21 0.12800 -7 0.0001984
22 0.16127 -8 0.0001575
23 0.20319 -9 0.0001250
24 0.25600
25 0.32254
26 0.40637
27 0.51200
28 0.64508
29 0.81275

15




Each number represents a one~third~octave band. The center frequency for
band 0, 10, and 20 are 5t = 0.001, 0.01, and 0.1, respectively. A complete
list of center frequencies are given in Table 2 . There ure some advantages
of using this system. First, the output is compact and easy to comprehend.
Second, the band number is an integer, and it can be used as an index for the
construction of an overall noise spectrum. Noise radiation of the same frequency
from different slices and segments of the jet can be easily located via the band
number, and summed. Third, the calculated peak frequency cannot be con-
sidered as accurate because the definition of the turbulence structure is empirical .
It is perhaps more realistic to represent the peak frequencies in ferms of one~third

octave bands rather than their calculated numerical values.

2.4 The calculation of sound intensity and sound power.

Equations (1) through (3) give the mean square sound pressure in nondimensional
form. For practical applications, it is more convenient to compute sound intensity
in common engineering ferms. In mefric system, the sound pressure is commonly given
in decibel {evels with a reference root mean square pressure of 2 x 1073 N/m2.

The sound pressure leve! is defined as (SPL):

SPL. = 20logyy (p'/po)- (23)

In Equaticons (1) through (3), the atmospheric pressure is chosen as the
reference. Hence, the dimensional sound pressure level is related to the non-

In the present calculation, sound radiation from a unit slice of jet is computed.
The radius of the slice is assumed to be L, and the length of the circular slice is
also L. Hence, the total volume of such a unit slice is 1TL3. The sound intensity
at a given angle is calculated at a radial distance of r =100 L. In the present
program, each slice of jet is further subdivided info nine annular segments of

equal width. The sound emission from each segment is calculated in 26 directions:
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from 5 to 90 degrees at 5 degree intervals; and from 90 to 170 degrees at 10
degree intervals: “ The total noise radiation from the slice is the sum of i'he;se
nine segments. After the calculation of intensity, the tofal sound power is
computed by integrating the sound intensity over a sphere with a radius of 100L.

It should be noted that L is the local dimension of the shear layer. For
jet noise calculations, it is necessary to take the diameter of the nozzle exit
as the reference dimension. Furthermore, the sound pressure level should be
caleulated for @ convenient distance such as r = 100D instead of 100L. Also,
the unit length of a slice of jet should be defined as D. Hence, it is necessary
to adjust the computed nondimensional SPL by means of a numerical factor.
Assuming that

L = eD,

the following relation can be obtained from the previous equations:

(SPL), = (PL) + 10 {og.lo(ez). (25)

The power correction factor is given to the computer program as an input. If
contains three components: the scale correction, the correction for turbulence
intensity, and an empirical correction factor. That is
4 .
P o= e (v/0.60) P (26)
o em

w
where the empirical factor is given as Pem'

The computer output for the present calculation is set up in such a way as
to reduce congestion over the printed page. In order to cbtain the actual
caleulated SPL at 100D, 60 dB should be added to the output value. For the
total sound power for a segment or for the entire slice, it is assumed that the
diameter of the jet nozzle exit is 1.0 meter. In this case, the output value
of PWL should be increased by 100 dB in order to cbtain the actual sound power.
The main reason for doing this is that the results can be printed with two digits

before the decimal point instead of three, thus a wider blank space is available
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between numbers to facilitate easy reading.

2.5 The layout of the computer program.

The present computer program is organized into two paris. The first part is
the WKBJ transformation, and the second part is for the calculation of far field
noise. In the general solutions to the convected wave equation, the WKBJ
coordinates are carried implicitly. However, the closed form solutions for noise
emission from small volumes of 'rurbulence“depend only on ordinary coordinates.
The only factor which is related to the WKBJ transformation is the aero-acoustic

attenuation factor in Equation (3), Flb)/F(o). The value of b is

2/2MW {y, ) cos 8
Ju Lf {(1-Mccos 9)2+ (I,2Mi cos 92} 172

where W {y, B)is defined by Equation (7). The calculation for part one is
therefore relatively easy, as the only quantities o be computed are the
location of A and the integral W(y, 8). This part of the computation depends
only on the mean flow properties. Since both the velocity and the speed of
sound profiles are assumed, the only input parameters are the values of M_ and
A at the centerline of the profile. For each given angle of far field noise
emission, the transition point can be defined by the following formula:
Mo () + Al = — _
o o cos (27)

’

In the computer program, the search for y, is performed by numerical iteration.
The velocity profile is represented by 200 points from y=0 to 1.0 and 20 points
fromy =1.0to 2.0. Such a subdivision is compatible with the angular sub-
division as chosen in the present program. The results of this part of calculation
is directly available for the noise calculation. In the present program, the
option of data card output of values of W (y, 8} is also available. Since the
WKBJ transformation depends only on the mean flow properties, it is not

necessary to repeat the first part of the calculation if changes are made only
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in the procedures of noise calculation, variations in source distribution, or
turbulence structure. Hence, the data of W {y, 8) can be used with the second
part of the present program, or any other modified program based on the genetral
solutions of the Phillips theory.

In previous sections, the calculations of noise have been discussed in detail.
In general, the computations are set up for the prediction of the far field noise
radiated from a unit slice from a circular jet. The slice is subdivided into nine
concentric annular segments with identical width in the radial direction. In
each segment, the mean convection Mach number and the speed of sound ratio
is represented by a single value. Based on experimental indications, the
temporal and spatial scales of tutbulence are assumed to be constant throughout
the entire slice. In the computer output, noise radiation from each segment are
given at 26 angles from 5 to |70 degrees. The first number is the sound pressure
level, and the second number in the parenthesis is the band number which
indicates the peak frequency of the Gaussian spectrum. At the end of each
column, the total sound power from each slice is provided in decibels referring fo
10712 watt. The self noise and shear noise are printed on separate pages. The
sum of the two are given on a page following the self and the shear noise output.
It should be noted that the amplitude ratio of the self noise and the shear noise
is assumed fo be one.

The calculations are normalized according to the radius of the slice. If the
sound pressure level is measured at 100 radii away from the center of the slice,
the actual SPL is the value of SPIL as shown in the computer output plus 60 db .
If the radius of the slice is assumed to be 1 meter, the actual sound power level
should be the printed value plus 100 db. If the diameter of the slice is different
from the standard dimension, appropriate adjustments for frequency, SPL, and
PWL can be given to the program via the scale factors S and Pw as defined as
Egs. (17) and (26), respectively.

Noise intensity according to Equation (2) is computed for a number of angles
in the neighborhood of 82- The SPL is computed at five angles above and

below the rounded off value of 92 at two degree intervals. The result is
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printed on the same page os the self noise.

In this program, two types of turbulence intensity profiles are assumed:

V() =0.16 o272 (705 (28)

0.707y>

vo(y)=0.16 e (29)

Equation (27) indicates that the maximum turbulence intensity is located at

y = 0.5. This profile is suitable for uses in the mixing region of the jet. The

maximum turbulence intensity in Equation (28) is located at y = 0. Therefore,

the latter case is applicable for the developed region of the exhaust flow.

These two types of profilesare identified in the program via an input index.
The definition of variables in the computer program, and the arrangement of

the input data will be given in Appendix B .
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3.0 AN EXAMPLE AND DISCUSSION OF RESULT

3.1 The general trends of the computed results.

As discussions in the previous section have shown, the solution to the con-
vected wave equation has a very complicated form. It is rather difficult to
draw quantitative conclusions from Eqs. (1) through (3) by means of an order
of magnitude analysis alone. After the construction of the present computer
program, it becomes practical to evaluate aceurately the dependence of sound
emission on various mean flow and turbulence parameters.

Extensive calculation for noise radiation from a unit slice of jet has been
undertaken. It appears that a single slice of jet just beyond the end of the
mixing region can be highly representative of the overall jet noise radiation.

In the mixing region, the turbulence intensity and conveciion Mach number can
both be assumed constant. If the turbulence function is assumed to be Gaussian,
the spatial scale of turbulence and the scale ratio a will be sufficient fo specify
the source function. Since the value of Ly can be assumed to be a linear
function of x/D and the value of @ can be assumed constant in this region, the
noise emission characteristics in this entire zone are numerically similar. In

the transition region beyond the selected slice of jet, experimental evidences
seem to indicate that both the mean flow and the turbulence are changing very
slowly. It can be expected that the sound radiation characteristics can also

be slow varying in this region. In a subsonic jet, the sound power per unif length
is approximately constant from the nozzle exit to 10D. Beyond 10D, the sound
power per unit length diminishes at a rate close to x7. Ina supersonic jet,
experimental evidences indicates that the noise emission strength is following
x ' law from the jet exit to the end of the sonic core. In the subsequent
subsonic region, the x 7 law holds. According to such source strength
distribution, the calculated sound emission from the above chosen slice of jet may
be typical of 50 to 70 percent of the overall sound power from the entire jetf.

The total sound power as a function of Mj is shownin Fig. 3 . In this
set of computation, the values of & and A are assumed to be constants. The
spatial scale of the turbulence is constant in the subsonic range, while it is

proportional to the convection Mach number in the supersonic range . That is:
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a = 0.55
1.00

—
it

1 0.72 MJ.S_ 1,

0.72 M., M,> 1.
I

-
if

The U8 taw for sound power dependence is precisely observed for M, less
than 2.0. The U2 law is established for convection Mach numbers of grjeafer
than 3.5. A smooth transition exists between the U8 and the U3 regions. By
comparing the current result with the Lighthill theory, it is interesting fo note
that the approach to U3 law in the supersonic region is much slower for the
Phillips solution. One of the reosons may be the coupled effect of refraction
and convection. The influence of the convection factor is significantly
weakened by the coupled effect of refraction and convection.

& andtre U3 lawsin the present

The apparent success in reproducing the U
theory is unfortunately compounded with a failure in the prediction of absolute
sound power. The appropriate Lighthill parameter for jet noise prediction is
given by:

W = np Us/cg
(30)

n = 3x 1075

The current prediction according to Egs. (1} through (3} produces a coefficient
which is approximately 15 db too high. This puzzling factor can be compared
with a previous study by Pao and Lowson, (Reference 6 ). The value of o

in Reference 6 was chosen tobe @& = 0.167. This value is based on the
direct measurements in a low speed round jet, (Reference 1 ). Since the
sound power of low speed jets depends on the at in both the Lighthill and the
Phillips theory, an increase in the value of & will change the value of 1. By
substituting @ = 0.55 into the results of Reference & , the value of 7
would have increased by approximately 22 dB. In the Phillips solution, sound

is attenuated as it passes through the shear flow. An overall increase in sound
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power in the order of 15 dB can be expected. In the high speed range, how-
5

ever, the convection factor contains a component of o>, which compensates
for the direct influence of a4. The dependence of sound power on « is small.
Other variables such as the density of the jet and the spatial scale of furbulence
will have more direct influence on sound power in the supersonic range. In the
present computed results, the overall sound power is arbitrarily adjusted by
15dB.

The computed self noise and shear noise have different directivity patterns
in the downstream direction. In the classical analysis, the shear noise has an
apparent dipole pattern with the axis of the loops in the direction of the flow.
In the present solution, the aerodynamic attenuation factor is different
for self and shear noise. A typical example is given in Figure 4 . In the
directions close to the axis of the jet,shear noise clearly dominates the noise
output. This may be one of the important factors for the observed behavior
of jet noise in the downstream direction such that the frequency is much lower
than its expected value if both self noise and shear noise are important in this
regioﬁ.

The Phillips solution predicts the peak angle of noise radiation to be in the
neighborhood of 40 to 70 degrees from the flow direction. In the classical
calculations, the basic Lighthill solution indicates that the maximum noise
radiation occurs at the axis of the jet for Mo < 1.0. Hence, it is necessary
to provide independent refraction corrections fo account for the "dip" near the
axis of the jet. In the Phillips solution, there are two factors which contribute
to the decrease in sound intensity near the axis. The first one is the refraction
factor qm/qo; and the second one is the aerodynamical attenuation factor
F(b)/F(0). Calculations have shown that the latter factor is as important as
than the first one.

The prediction of directivity in upstream directions is drastically different
from previous theoretical results. The coupling of refraction and convection

has reduced the convection factor to a constant in Equation (1). In the Phillips
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solution, the directional pattern is determined entirely by refraction and
Doppler shift. The directional factor, designated as D(8 ) for convenience,
can be given as

Asing A

(1-Mccos 9)? = A2cos?d /2 (1-M_ cos 8)

D) =

For convection Mach numbers in the transonic and supersonic range, the above
factor behaves as (1 - M. cos 8)_2 sin 8. This factor should compare favorably
with observations where the upstream directivity is thought to behave as
(1 -M_ cos 9)-3 . In the high convection Mach number regime, such as rocket
noise radiation, the Phillips solution provides directional patierns which agree
very well with experimental measurements.

For noise emission calculations throughout the transonic and low supersonic
range, the peak frequency of noise radiation remains in the neighborhood of
St = 0.25. As discussed in the previous section, the mechanism which governs
the frequency undergoes a change from the time scale to the spatial scale of the
tutbulence. In the high supersonic range, the frequency is determined by the
convection velocity and the spatial scale of the turbulence. The calculations
have shown that it is necessary to assume that the scale should increase linearly
with the convection Mach number.

3.2 The input parameters for the F-1 rocket engine noise prediction.

The basic computer program for noise prediction from a single slice of jet can
be effectively used for noise prediction for an entire rocket exhaust flow. In
the present report, the F-1 engine is chosen as an example. It is necessary to
provide both the mean flow and turbulence parameters at selected stations along
the flow.

It is assumed here that the exhaust flow is expanded in the atmosphere at sea
level condition, and surface impingement is not considered. The mixing
properties of the flow is calculated according to the mixing model as given by

Donaldson and Gray (Reference 2). Results of such a calculation were reported
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previously in Reference 3. The convection Mach number M, and the speed
of sound ratio A, along the centerline are given in Figure 5 . The geometry of
the exhaust flow and the boundaries of the core, the supersonic region, and the
region of M_ 1 are shown in Figure 6 . In the present case the boundary of the
flow is defined as twice the radial coordinate of the half velocity point for the
portion of flow beyond the core. In the core region, the jet boundary is the
coordinate of the half velocity point plus the distance from this point to the
boundary of the core. Generally, the exhaust flow is bounded within a cone with
a half angle of 10 degrees. Thirteen stations from x/D =5 to 100 are chosen
os representative locations for the noise calculations. At %/D =100, the
convection Mach number af the centerline of the flow is slightly below 0.5.
According to the limitations of the p;resen? theory, noise prediction for M< 0.6
will be relatively inaccurate. Therefore, noise prediction for x/D greater than
100 will not be attempted.
. The structure of the turbulence can be defined by the spatial scale L, and the
scale ratio @ . Since experimental results of turbulence structure in a supersonic
jet is lacking, it is necessary to make simple assumpiions concerning the values
of these two quantities.

The spatial integral scale of turbulence as chosen in the present analytical
model is different from previous definition adopted in Reference 6. In the present

case, L1 is related to the experimental infegral scole via:

_ 2
(o)

Therefore, the proper range of L1 should be 0.4 to 0.9 for low speed subsonic

jets. The value of L, for this numerical example is chosen as follows:

Ly

L

0.72 for Mc < 1;

0.72 Mc for Mc > .

Although these conditions are empirical, the second formula appears to be
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necessary for the correct prediction of rocket noise frequency. The values of the
tutbulence parameters are given in Table 3 and 4. It can be seen from this table that
the vq‘lue of Ly can be six times the local thickness of the mixing layer, which is
indeed a substantial correlation length.

The input value of & requires some explanation. In the computer program,
the input value of o is modified through a formula:

0.75
/

o =a A (c + bA) 7> (33)

mod

The modified value of the scal e ratio is used in the noise calculation. For some
analysis in the transonic and low supersonic velocity range, it was found that
the above formula, with a constant value of @ s can automotically duplicate
the trends of sound power as a function of jet density as reported by Hoch et al.
(Reference 7). However, the rocket flow velocity is far beyond this speed range.
In the present calculation, the above formula is by-passed by assuming a variable
value for @, such that the modified value o4 is the desired value to be used
in the computation. Both the assumed value of g and Qg are shown in Table 3.
In order fo place the noise calculation for individual slices upon the same
reference unit, it is necessary to supply as input parameters a frequency scale
and a sound power adjustment factor. The frequency scale is defined by Eq. (17).
The power adjustment contains three factors: the geometrical factor, the
adjustment for the turbulence intensity, and an arbitrary factor. The detailed
break-down of the power adjustment factor is given in Table 4. The basis for
the arbitrary power adjustment will be discussed in the next section.

3.3 Discussion of results.

The computed results are given in Appendix A. The computed output for each
slice contains a table for te WKBJ transformation function, the far field SPL
and Strouhal number band for self and shear nonise, and o table for the sum of
self and shear noise. Since both the mean flow and the turbulence are given
in terms of simple mathematical models, it is advantageous to have the output in
its present form such that one can keep track of the contribution to noise from

various parts of the jet. Any irregularity in the computation can also be detected.
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Table 3: Run Parameters for F-1 Engine Noise

X/D A oy Mmas o, o.(mod) L/D L SF 10 log A Pw
5 2.4 8.6 1.75 0.729 0.30 6.15 3.370 -21.26
10 2.4 8.6 1.75 0.729 0.60 6.15 1.685 -18.26
20 2.4 8.6 1.75 0.729 1.20 6.15 0.843 -15.26
25 2.5 7.0 1.75 0.701 1.50 5.00 0.500 -~12.24
30 2,6 5.4 1.75 0.674 1.80 3.85 0.346 - 9.41
35 2.6 4.3 1.60 0.619 2.25 3.08 0.225 - 7.04
40 2.5 3.25 1.60 0.652 2.72 2.30 0.141 - 4.72
50 2.1 2.1 1.30 0.675 3.81 1.50 0.065 - 0.76
60 2.0 1.4 0.80 0,553 5.17 1.00 0.032 5.04
70 1.85 1.2 0.60 0.507 6.68 0.80 0.021 5.80
80 1.70 1.0 0.50 0.518 8.23 0.80 0.014 6.11
20 1.60 0.75 0.40 0.498 9.95 0.80 0.010 8.93

100 1.50 0.50 0.40 0.529 i1.65 0.8 0.008 10.626
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Table 4. The Correction Factors for Sound Power

X/D Geometrical (v0/0.16)4 Empirical Total (dB)
5 0.74 ~12.00 ~10.00 ~21.26
10 0.74 ~12.00 - 7.00 -18.26
20 0.74 -12.00 - 4.00 -15.26
25 1.76 -12.00 ~ 2.00 -12.24
30 2.59 -11.00 - - 9.41
35 3.46 ~10.50 - - 7.04
40 4.28 - 9.00 - - 4.72
50 5.74 - 2.00 - - 0.76
60 7.04 - 2.00 - 5.04
70 8.19 - 1.40 ~- 5.80
80 9.1 - 1.00 - 8.1
90 9.93 - 1.00 - 8.93

10.63 0.00 - 10.63

100

PWDB = 10 log]0 P

Geo
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In other words, the present program is designed as a tool for selecting the
best assumptions of the mean flow and turbulence structure for direct pre-
diction of rocket noise.

The most encouraging result is the prediction of directivity. In Figure
the directivity of sound emission from Segment 5 of each selected slice is shown.
The directivity patterns are normalized with respect to the SPL at the 90 degree
direction. If these directivity patterns are compared directly with rocket noise
daia, it can be seen that the peak to 90~degree difference in SPL is too high. How~
ever, the boundary of the jet of the actual exhaust flow has a divergence of approxi~
mately ten degrees. The unsteadiness of the boundary as well as the turbulent
scattering in the flow itself will produce additional fluctuations in the sound
radiation direction. In the current theory, the shear layer is assumed to be
paralle! to the axis of the jet. If it is assumed that the combined effect of jet
boundary divergence and scattering provides a directional difference of 15 degrees,
the directional patterns as given by Figure 7 should be modified. With this
correction, the measured 90 degree direction will correspond to the 75 degree point
in Figure 7 . As a result of this simple correction, the agreement with experimentu{'
data for all angles are very close (references 8, 9). It is very important to point
out here that the agreement of directivity in the upstream directions is very
important. The predicted values of SPL as based on the classical Lighthill results
will be much lower in such directions. As a result, the basic directivity curves
for rocket noise prediction are empirical and very conservative in most of the
methods as recommended for engineering purposes. Another important feature of
the current noise prediction is the accurate determination of the direction of
maximum noise intensity. For noise radiations in the high velocity sections, the
angle of maximum radiation is between 55 to 75 degrees from the axis of the flow.
For the low speed slices, the maximum angle is approximately 45 degrees. Such
angular variations can not be predicted accurately in the classical methods.

For each slice of the jet, the Strouhal number band for the maximum rodiation
intensity can be obtained from the computed output. These characteristic frequencies
are plotted against the location of the slice along the exhaust flow Figure 8 . On

the same figure, the measurements of apparent sound source location as a function
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of frequency is also shown. After correcting the difference in distance between
the actual source location and the estimated point of emergence at the boundary
of the jet, the ag-reemenf between the measured and the calculated sound source
location is very close. However, both the definition of the so called sound
source location and the comparison of results as discussed above can be misleading.
The sound source for the emission of sound at any given frequency is widely
distributed instead of concentrated. As the direction of emission is changed,
the foot print of the source location is also changed. For example, the sound
source locations for St = (.01 (Band 10) at 45 degrees and 135 degrees are shown
in Figure 9 . The source location for other Strouhal numbers can be obtained
from the numerical results as given in Appendix A. If can be seen clearly that
the sound source for ST = 0.01 at 45 degrees extends from 20D to nearly 70D.
For sound emission af the same Strouhal number at 135 degrees, the sound source
location extends from 10D to 50D. Since the location of sound source is very
important for noise prediction in the geometrical near field and mid-field, these
results of the present computation may have important engineering applications.
The prediction of the absolute value of sound power was found to be the most
difficult. The power dependence on M, is adjusted arbitrarily by -15 dB
vertically for all values of M- This factor is written in the computer program as
a constant element. From Table 4 , one can find an additional item of empirical
adjustment of sound power for some of the slices in the mixing region. The latter
empirical adjustment is based on experimental observations of sound source strength
in the mixing region of a supersonic jet. In the Phillips theory, the dimensional
analysis of sound power indicates that the sound source strength per unit length
of the flow is a constant. However, experimental evidences indicate that the
source strength follows an xVlaw. Itis easy to provide a physically convincing
argument for the x! law. For a small volume of turbulence convected at super—
sonic speeds, the sound power radiation is proportional to the kinetic energy in
the turbulence, (the usd ~law.) In the mixing region, the volume of the turbulent
region increases as x1, while the turbulence intensity remains approximately con-
stant throughout this region. Therefore, the sound power from a unit length of

the jet should also follow x1. Yet, this argument is hardly usefu! for any analytical
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.investigation of jet and rocket noise. Further analytical work is definitely

required on this subject. The x 1 law has been observed to hold from a short

distance from the nozzle exit to the end of the core region with convection

velocities greater than the ambient speed of sound. Based on this observation,

empirical power adjustments have been given to slices at x/D =5, 10, 20, and

25.

There are severa! pessible ways to resolve the fifteen dB over-prediction of

sound power.

@)

b)

c)

In the present model the local mean speed of the exhaust flow is
taken as the convection velocity of the turbulence. According fo
experimental evidences, the convection speed for a volume of
turbulence is generally lower than the local mean speed. If the
difference is 20 per cent, the predicted sound power will be at
feast 8 dB lower than the currently predicted value before any
arbifrary correction is made.

The assumed values of d’mod is between 0.49 and 0.73, with the
higher values given to slices with higher convection speeds. Lower
values of @ 4 may change the overal! sound power by two to
four dB.

For a Gaussian spectrum, the lower frequencies contain most of
the turbutent kinetic energy. If the turbulence spectrum is assumed
to decay according to a power law, part of the kinetic energy will
be shifted from the lower frequencies to the higher frequencies.
According fo the Phillips theory, the high frequency noise radiation
is highly attenuvated. The overall noise radiation is contributed
mainly through the energy content in the low frequency range . Hence,
the total sound power emission from a power law spectrum should be

somewhat lower.

In summary, the discrepancy in sound power prediction has its origin in

the definition of source function. Other than the major items as listed above,

factors such as the non-isotropic nature of the turbulence, the variation of L]
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Table 5:

Contribution to Total Sound Power From Various Amnular

Segments in a Slice of F~1 Rocket Exhaust With Tnit
Length AX = D.

X/D
Segment}10 20 25 30 35 40 50 60 70 80 90 100

9 |171.58 ] 174.58 1 175.12 | 175.00 | 173.88 | 171.71 | 165.48 | 159.07 | 154.25 149.09 | 141.64 | 130.59
8 V174.66 | 177.66 | 177.77 | 177.48 | 176.35 | 174.35 | 166.47 | 159.94 | 155.69 | 150.46 142,51 | 131.52
7 Y177.07 | 180.07 | 179.42 | 179.26 | 177.83 | 175.88 | 167.39 | 160.88 | 156.54 151.54 | 143.91 | 132.20
6 |175.50 | 178.50 | 180.64 | 178.85 | 178.44 | 175.96 | 168.09 | 161.68 | 157.29 152,26 | 144.68 | 133.27
5 | 171.97 | 174.97 | 178.58 | 179.08 | 176.99 | 178.39 | 168.42 | 162.17 | 158.15 152.78 § 145,15 | 133.66
4 V173,961 176.96 | 175.21 | 176.13 | 175.78 | 173.02 | 168.17 | 161.76 | 158.03 153,28 | 145.22 | 133.54
3 | 166.98 | 169.98 | 174.19 | 171.74 | 171.99 | 169.85 | 167.01 | 161.32 157.68 | 152.46 | 144,95 | 133.04
2 ]162.231 165.23 | 168.62 | 165.98 | 166.40 | 164.59 | 164.99 | 159.53 | 155.28 151.07 | 143.31 | 130.87
1 {155.321 158.32 | 160.92 | 161.46 | 158.59 | 156.95 | 161.28 | 155.94 | 151.64 146.63 | 140.13 | 128.36




and L, across the shear layer, etc., should also be examined.

The sound source strength distribution for x/D less than 100 is shown in
Figure 10 and Table 5 . Since empirical corn-acﬁons are involved in their
calculation, the result has little or no analytical significance.

Since the Gaussian furbulence structure has relatively poor spectral
characteristics, the construction of a computed spectrum is not attempted in
the present report. However, it takes only @ minor modification to the present
program in order to include such calculations. Discussion of the procedure was
given previously in Section 2.3.

The present numerical example has demonstrated that the Phillips theory can
predict correctly the quality of the sound field as produced by a rocket exhaust
flow. If some empirical assumptions are made regarding the strength of the sound
source, an accurate modeling of the actual sound field of rocket motors can be

accomplished .
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APPENDIX B

The Input Information

The input for this computer program contains two groups of input cards. Group
I contains two cards which carry the general information for each run. Group 11
is the data for each slice of the jet. There are one data card for the mean flow
_ information, one data card for the turbulence information, and optional data
cards for the WKBJ transformation function W (y, 8), if any. Group Il data

can be repeated as many times as necessary, depending on the number of individual

slices.

Group 1

Card 1: The read statement is in Subroutine INITAL.

13A6 TITLE(13) Title for each run. The total length of the title should

not be more than 78 characters.

Card 2: The read statement is in Subroutine INITAL .

F10.1 THET The first computed angle of sound radiation.
THET = 0. degree.

F10.1 DTHET Angular increments between 0 to 90 degrees.
DTHET = 5. degrees.

F10.1 DELY1 Grid size for 0.0 < y< 1.0: DELY1 =0.005.

F10.1 DELY2 Grid size for 1.0<y< 2.0: DELY2 = 0.050.

Group Il

Cord 3: The read statement is in Subroufine RSTART.

F10.3 AMAX Maximum value of the speed of sound ratio in ¢ slice
of jet.

F10.3 XMMAX The maximum convection Mach number in the slice.

10X ~-=«-
15 IPCH Code for the card punch output for W(y, 8).

IPCH = 0: no punch output;
=1: punch card cutput.




Card 4: The read statement is in Subroutine SETUP

15 IRD Read code for the punch card output for W {y, 8).
IRD = 0: no data; W{y, 8)is generated in the
program.

IRD = 1: Read data for W (y, 8).

15 ICODE Turbulence intensity profile code:

ICODE=1: profile for the mixing zone;
= 2: profile for the developed zone .

I5 IPRT IPRT = 0: regular computed output for noise;
= 1: detailed output information for the noise
computation of each segment . This option
is for debugging only.

5X -

F10.0  ALPHA The scale ratio. Recommended input value:
0.3 < ALPHA < 0.80.

F10.0 XL The reference scale of the slice: XL = 1.0.

F10.0 XL1 The spatial scale of turbulence: XL1> 0. 40.

F10.0 SF The frequency scale sg.

F10.0 PWDB The power adjustment factor in decibels:

PWDB =10 |oglo (Pw)a

Optional cards for the WKBJ transformation function: The read statements are in
Subroutine SETUP.
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APPENDIX C

Equation (79): the function W (yo, 8) should read W(y, 8 ).

A mul’riplicai’ive factor of‘sthouId be included in the following equations:
Eqs‘ (67)1 (68)1 (70)4' (72)1 (73)r (75)r (78)1 (82)1 (83): (84)r and (85)'

The coefficient Equation (83) should read:

21 Y2 1T2v4 M Pa (0) 92 tan 9
3/4 2,2 3/2 372 T (3/4) -
The coefficient of Equation (84) should read:
160 x 22/3x \’2x‘rr2 4 M8A (0)a 13/3 ton ©

T (3/2) -—--
9 r? A2 L4f3 3

The factor F(b) in Equation (85) should be replaced by F(b)/F(0).

The function W(yo, 8) in Equation (87)should read W(y, ).



APPENDIX A

NOISE PREDICTION FOR THE F-1 ROCKET ENGINE
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THE LISTING OF THE COMPUTER PROGRAM
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The Phillips (1960) convected wave equation is employed in this paper to study
gerodynamic noise emission processes in subsonic and supersonic shear layers.
The wave equation in three spatial dimensions is first reduced to an ordinary
differential equation by Fourler transformation, then solved via the WKBJ
method. Three typical solutions are required for disoussions in this paper. The
ourrent results are different from the olassical conclusions. The effects of re-
fraotion, convection, Mach-number dependence and temporature depondence
of turbulent noise emission arve analysed in the light of solutions to the Phillips
equation, Owing to the inherent restrictions of the WKBJ transformation, the
results of the present paper should be a,pphed to wave radiation from shear
Jayors whose thickness is no less than approximately one quarter of a wavelength.
Such & condition is satisfied for turbulent round jets with an exit velocity greater
than 0-6 times the ambient speed of sound.

1. Introduoction

Phis analysie is based on the convected wave equation first introduced by
Phillips in 1960. It is intended here to study the noise emission and propagation
properties in shear layers with known turbulenee structures. An effort has been
made to keop the analysis in direot parallel with the classical theory of aero-
dynamio noise. However, no direot comparison with the Lighthill. theory is
made beoause some basic assumptions are different, and the implication of
such differences has not been determined. The analytioal results indicate several
new aspects of noise radiation mechanisms whioh are not available in the clessical
rosults, Since the analysis and physical interpretation of this study are rather
involved, the assumptions made at various points throughout this paper are
summearized as follows,

The oonveoted wave equation itself iz derived through the basic prineiples
of fluid mechanies, and it is & natural extension of the Lighthill equalion of
aerodynamis noise, The linearized version of the general equation has the form
of a simple wave equation in Lagrangian co-ordinates. The right-hand side of
this equation contains four terms: a turbulent quadrupole, shear flow and
turbulenoe interaotion, entropy fluctuation and viscous effoct. If the flow domain
is free of shocks, the acoustic pressure fluctuation can be assumed to be de-
coupled from the entropy fluctuations. It is tacitly assumed in the present
analysis that-all terms on the right-hand side of-tho"wave ‘equation are known
qu&nt:bws and the contnbutmns of individual terms can be-considered a8 in-
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dependent: of each other. Justification for such an assumption is a difficult:
fundamental question in the theories of aerodynamic noise.

“The configuration of the flow field brings further restriotive assumptions-to,
the.convected wave equation such that it becomes mathematically manageable.
The shear-layer profile and the turbulence structure are assumed to be homo-
geneous in time and in the two Cartesian co-ordinates in the plane of the shear

‘layer. The mean flow velocity and tomperature profiles are functions of the
transverse spatial co-ordinate only. Under such. conditions, the three-dimensional
wave equation can be reduced to an ordinary differential equation by performing
Fourier transformation in the three co-ordinates for which the flow properties
are homogeneous. The unknown wave function now depends on only one in-
dependent variable, & spatial co-ordinate; together with two wavenumber com-
ponents and frequency as parameters.

The ordinary differential equation thus obtained i& a ocanonical Sturm-
Liouville equation, In essonce, this eguation can be visualized as & simplo wave
equation with a variable wavenumber which takes both real and imaginary
values, The point &t which the wavenumber passes from one domain-to another
is called a transition point. In the present analysis, this_one-dimensional wave
equation is first transformed toa standard form by using a WKBJ transformation,
and then solved by using the Green function and integral equation technique.
Several transformations are employed as required for different numbers of
traqsitidn,pointé at different positions dlong the wave propagatioti-path. =

A orucial point to be disoussed hore is the inherent limitations introduced by
the WKBJ method, According to Morse & Feshbach (1953), the WEKBJ method
is applicable only! when the change in wavenumber in one wavelength is suf-
ficiently small. In the present analysis, it means that the shear-layer thickness
should be at least of the oxder of one wavelength. However, this commenit applies
mainly to cases where only the first approximation for the-solution is taken.
The acouracy of such a solution is therefore subject to an asymptotic condition
whére the solution is exaot only if the wavenumber approaches infinity. In the
prosent analysis, the WEKBJ method is used in the transformastion of the dif-
forontial equation, while the equation is solved through the Green function and
integral equation teohnique. Hence, for any given wavenumber the aceuracy of
the solution can be improved by taking higher terms of the iterations. For
praotical computations, the convergence rate should be gufficiently rapid as
long aa the shear-layer thickness is greater than one radian of the acoustic wave-
namber, i.e..kL > 1, where k is the wavenumber and L is the shear-layer half-
thickness. In the case of jet noise, the value of kL is ditectly proportional to the
Strouhal number. It can be shown that the above restriction on wavenumber is

- gatisfied for all noise radiation at frequencies higher than the peak of the noise
spectrum if the jet exit velocity is greater than 08 times the ambiont speed. of
.sound. Hence, the above condition does not impose any gignificant limitation on
the application of the present analysis in dealing with noise radiation from high-
‘speed turbulent shear flows. ’ .

By solving the reduced wave equation through the WKBJ method, a solution
for thie wave funoction is obtained in mixed variables: one spatial co-ordinats,
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two wavenumber components and frequenoy. In the far field, the pressure func-
tion approaches asymptotically a function harmonie in the transverse spatial
co-ordinate. If the deviation from the harmonic funetion in the near field is
ignored, the wave funetion ean be transformed by Fourier analys:s into a pure
harmonie representation in wavenumber—froquency co-ordinates. However,
neither of the above two representations is convenient for practical applications
beeauso it is much more important to know the noise speetrum and intensity at
a givon point in space. It is therofore necessary, to transform the results back
through an invorse Fourier transformation into physical co-ordinates, This has
been accomplished in olosed form., One assumption has been made here to
simplify the mathematios: the shear layer is assumed to be symmetric in the
transverso spatial co-ordinate. The noiss radiation above and below the shear
layer is the same a4 all times, ‘

The key to this part of the a,na,lysm is that the process is actually a matching
of solutions. First, the pressure field is computed through the Phillips wave
equation. Second, it is agsumed that in the far field the solution is matched by
a pressure field whioh is governed by a simple wave equation throughout the
entire space. Hence, the only differences between the two solutions are in the
near field. As far as wave propagation in the far field is concerned, it really
does not matter what has happencd in the near field. The solution in the far
field as obtained through the inverse transformation is indeed the correct solu-
tion to the Phillips equation. A.by-product of this analysis is that an equivalent
-source function can be defined. After matohing the solution of the Phillips equa-
tion in the far fleld with & solution whioh is governed by the simple wave equa-
tion, & source funotion in the framework of the simple wave equation ean be
identified among the formulas. Such an equivalent source funetion in the near
field would provide the best indication of what effect the shear flow has conferred
upon the radiation efficienoy of the turbulent sound sources.

At this point, tho main part of the analysis is complete. Since the non-
homogeneous nature of the wave equation in the transverse direction precludes
a olear description of the wave propagation process in common terminology
of ray acoustios, it is necessary to malke some further simplifying assumptions
for the sake of interpretation of results. These assumptions include taking the
high frequency limit, the definition of the turbulence struoture as & Gaussian
distribution, order-of-magnitude estimates of integrals, and others. These mis-
cellaneous items will be disoussed individually as they are needed later in this
paper.

In a review by Laufer, Ffowoes Williams & Childress (1964), it was noted that
the original Phillips solution contained & fastor {M2*-—%2/Q%1 Q1. If the ingle
¢ between the 2, axis and the projection of the wavenumber vestor on the plane
of the shear layer reaches s critical value such that 1— 3,008 ¢ = 0, M?—i?/Q*
venishes. Therefore, the Phillips solution becomes singular, Furthermore, the
speotrum of the radiated sound diverges as the faotor @ approaches zero. It
was on this basis that Laufer, Ffowoes Williams & Childress had stronfr reserva-
tions as to the validity of the Phillips solution.

Both of these singularities can be resolved as they are mathematioal in nature.
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The oeocurrence of the former singularity is a result of an assumption made in
the analysis of the original Phillips solution. In Phillips (1860), the Mach number
is assumed to be very largo such that the distance between the pair of transition
points is small compared with the thickness of the shear layer. However, the
effective convection Mach number M, cos ¢ equals one at the critical angle. The
separation betwoen the transition points then equals the thickness of the shear
layers, and the above assumption is violated. This point has been discussed in
Pao (1972). In tho present analysis, the position of tho transition point and the
proper form of the WKBJ transformation are defermined without any mathe-
mationlly restriotive assumption. Apart from the restriotions disoussed earlier
in this section, the solutions are uniformly valid for all wavenumbers at all
Mach numbers, ’

The divergenco of the speotrum is a mathematieal problem associated with
the spootral analysis of either the convected wave equation or the simple wave
equation. The factor (I )~} in the speotral solution to the wave equation is an
integrable singularity which appears to have no partioular physical significance.
In all practical applications, the solution to the wave equation should be written
in terms of the space and time co-ordinates instead of the spectral co-ordinates.
The former solution can be recovered from the latter by means of an inverse
Tourior transformation as given in this paper. One finds that such a solution
depends explicitly on (Mg)}. The singular condition no Jonger exists.

Among the assumptions in this paper, there are two important differences
from the Lighthill theory. In tho Lighthill theory, it is assumed that the shear
flow dimension is much smaller than the wavelength. In this analysis, the shear
flow dimension should be at least of the same order as the wavelength. Second,
the Lighthill theory was originally derived for convected turbulence at low
Mach numbers while the Phillips theory was originally derived for shear flows
with very high Mach numbers. Since the Lighthill theory has been subsequently
extended by Ffowes Williams (1963) to the high-speed regime, the second dis-
tinotion is actually rather ambiguous, Nevertheless, these differences in the
basio assumptions make it rather diffioult to compare directly the results of the
present analysis with the classical results. In view of such difficulties in com-
parison, the analysis in the present paper has been kept in direot parallel with
the spectral analysis of classical acrodynamie noise theory. By comparing the
analysis step by step, one ean indeed gain much insight into the difference between
these theories.

2. Formulation

By using the momentum equation, the continuity equation and the equation of
state for a perfool gas, & conveoted wave equation can be derived (Phillips, 1860):

DB p) _3_‘26 p) _ L dugdu, D (1DS
D"a}og (Po 32| axilog(% }—1—3—@%4-7255(5;-37)

oL & ([Bu, bu; 20u,
Vaalp o Gt s a ) O
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whero p is the pressure, S is the entropy, v, denote the velocity components, ¢
and 2, denote thetime and throe-dimensional Cartesian: co-ordinates, and ¢,
y and g are the specific heat at constant prossure, the gpecific heat ratio &nd
the ooefficient of viscosity, respectively. For_sound radiation processes in a
turbulent flow, both heat conduction and viscosity are likely to be wimportant,
Turthermore, if the flow field is shock free, one can-probably consider separstely
the effect of prossure fluctuations and the offect of entropy fluctuations. Under
theso ciroumstanaos, the last two terms of the right-hand side.of (1) can be
omitted. . . o

In order to construet a solution to the conveoted wave equation, 113 is necessa.ry
to specify the flow fiold. A paraliel shear flow has heen chosen such thet it has
a oharnoteristio thickness 2L and such that tho mean flow properties and the
turbulent struocturs are homogoneous in time and the spatial co-ordinates z,
and x, in the plane of the shear layer, The monn flow welooity %, and the local
speed of sound e are functions of x, only. Although the foregeing assumption
should be sufficient, further restrictions ean reduce the bulk of the analysis
without loss of generality. In Phillips (1960), an antisymmetric flow field is
assumed. In the prosent analysis, tho flow is restricted to symmetrieal profiles.
The fluid far from the shear layoer is assumed to be stationary. Equation (1) can
be further simplified if small terms are omitted. In a turbulent flow, the
fluctuating velooity components are small in comparison with the mean velocity.
However, the derivatives of the fluctuating velocity components eannot be
assumed small. In the present study, terms depending on small guantities to
second or higher orders are omitted. Bquation (1) then becomes

.?..i.q‘]‘ ...?._ 8+ _3_+___ .a_)u’i...._a_c2_a._]lozr :?i)
B %) T\BT oy Mo, 0w, By T \py

] Oy Py B ug)

R E O
where % denotes velocity fluctuations with zore mean and %, the mean velooity.
BEquation (2) is different from the original equation given by Phillips in two
respoots,

(i) There aré two source torms on the right-hand side of this equation. The
first term is the shear noise and tho second torm is tho self-noiss.

(ii) An additional term {(3/2¢+ %, 8/0x,} u; 8/x;} log.(pfpo) n,ppears on the left-
hand side. It can be regarded as & dispersion Lorm. Both 8/0t and T, 8/0x; of the
fluotuating velocity components are large quantities.. Fortunately, their com-
bination represents the evolution of the, turbulence in the'moving frame. of
reforence, which is known to be slow. The value of Dui/Dt is of the same order
" of magnitude as the acoustio radiation. Hence, the cffect pmduced. by this term

may be compared to the diffraction of sound by sound, which.ig sebond- order
effeot. Aftor this term has been neglooled tha rosulbing equa.tlon has the same
left-hand side as that given by Thillips.

In the present study, the right-hand side of (2) is agsumed known, the same
-gssumption as was made in the Lighthill theory, Such an assumption ig made

here strictly 'in the belief that the results of tho analysis.indeed: reprosent; the
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first-order effects of turbulent noise radiation. Philosophicelly, the turbulent
source function is o part of the dynamical process in the flow, and thus inseparable
from the left-hund side of the differential equation. A rational discussion of the
limitations of this assumption must be doalt -vith from a point of view quite
different from the praoticel intentions of tho present analysis, and thus Lies
beyond the scope of this paper.

The shear-layer helf-thickness L and the maximum shear-layer veloeity ‘U
oan be chosen as the reference paramoters to non-dimensionalize (2). Since the
mean flow and turbulence are homogeneous in time and in the plane of the
shear layer, a generalized Fourier transform in these co-ordinates is adopted to
simplify the non-dimensional convected wave oquation. The ordinary differential
equetion thus obtained can be written as .

dﬂ

e
E}'ﬁq}(% kg kg, @)+ M2 D(y, kys Koy ) = — m Dy, &y, ooy ), (3)

with . {Mm+k11lf,,(y)}2_7c°i+k§

MA(y) M2

'uf,- &y _ tU M = U M _ al(y) (4)
u=g, Yi=g, T M= c(y)-jT,'
where y is an abbreviation for y;: M is the reforence Mach nimmber; &; denotes-the
wavenumber components and  stands for frequency. The functions. 4, ®.and
I are defined by - - i :

Aly) = oo
4y, = j f f Bly, Ty by ©) xpi(Ry s + kgt + 07) by dley o,

(5,7 = f f Ty, iy, oy 0) OXD (g + iyt + 07) ey iy des,

Uy, 1) = A log{nly, e}, )
o, v, 2 OM, Do
Gy, 7) =74 (y)_[a—yi 2y o e,

whero-G(y, 7) reprosents both the eelf-noise and shear-noise source terms in the
conveoted wave equation. Bguation () will be the working equalion for further
analysis in this paper. Very few assumptions, apart from lineavization and the
choice of the flow model, have been adopted in the dorivation of this equation.
No signifioant restriotion has been placed so far on the range of applicable Mach
numbers of the flow as chosen for the conveoted wave equation.

The funotion Mg can be analytically identified with the wavenumber k. If
the Lighthill wave oquation is subjeeted to Fourier transformations in the y;, 7,
and 7 co-ordinates, an ordinary differential equation can be obtained:

d2n(y, by, kg, ) [ Ay 4+ K3 (Y, By By ) = — MPD(y, Iy, By 00), "
K = M2 — (I + D). )

In the far field, the value of Mg approaches a constant. Hence, (3) and. (8) are
identical if the funotion Mg and the wavenumbor.component k; are assumed to
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stand for the same quantity. Owing to the interaction of the shear flow and the
wave propagation procoss, the function Mg becomes a variable in the near field:
However, it can still be identified with the transverse wavenumber aomponent
in & limited sense, i )

The function M3 may vanish at certain points in the shear layer. Such a zero
is called a transition point because the value of J/2¢® changes sign across this
point, and the reduced wave oquation changes type either from hyperbolic to
elliptio or vioo versa. Honoo, it is necessary to employ the WKBJ ‘method to solve
(8). There aro three ceses that.need to be considered. In the first case, there is
no transition point along the path } between the sound sourge and the far field.
In common practice, it is actuelly not neesssary to use the WIKBJ technique to
golve (3) in this case. Here it is considered as a zeroth-order WKBJ transforma-
tion and is troated in the same manner as the other two osses. I the gecond cafe,
thore is ono transition point located betwoen the sound source and the far field.
However, there should be no other transition point within approximately two
radians of wavelength. Hero the differential equation will be hyperbolie in the
far field and elliptio near the source. The source oscillation which contributes
to noseradiation is hydrodynamioc in nature. For this case the WKBJ transforma-
tion for well-separated transition points will be employed. In the third case,
there are two transition points near the sound source. The distance between.
these two transition points is less than two radians of wavelength. This case
can be analysed by & WKBJ transformation for a transition point where M2g%
has a zero of second order,

The ocourrenoe of transition points is mainly a funotion of the convection
Maoch number and the angle of radiation. The situation can be considered
from two different points of view. If a small sound source volunis is given'in
the shoear layer, where the M, can be regarded as constant, the number and
position of transition points are determined by the angle of radiation. In order
to desoribe completely the wave radiation in all directions, all of the above 6on-
ditions for (3) will be encountered. From another point of view, one can consider
wave radiation in a given direction with source contributions from all layers of
the shear flow. In this oase, the transition point will be fixed at o point of the
ghear layer where 41, is predetermined by the angle of radiation. Although the
former point of view is the most practical for applications, the latter view is
represented by the formulation of (3).

3. Solution to the convected wave equation-

Through the Fourier analysis indieated in the previous section, the pressure
field and the sound source funotion have been broken up into plane-wave
olaments, Sinco the Fourier transformation is performed in the stationary-frame
of reference, the frequoney o represents the frequency of a plane-wave element
as measured, at & fixed point in the far ficld. The projection of the wavenumber
veotor on the plane:of the shear layer is ropresented by %, and %,. These com-
ponents romain constant throughout the ontire space including the shear-layer
flow domain if a plane-wave element has beon chosen in the far field. However,

|
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wave propagation is non-uniform in the direotion normal to the plane of the
shear layer and is governed by (3).

In the far field, 2 plane-wave eloment is determined by its frequency and wave-
number veotor. In the present case, the frequency and two components of the
wavenumber vestor are known. Since the magnitudes of the wavenumber and
frequency are related through the speed of sound, %, is also known. From. the
above indioations, it is clear now that the role of (8) is to determine how a chosen
plano-wave element in the far field is velated to the turbulont sound sources in
the noar field, and how sound is propagated from the source through the shear
layer into the far-field. The.solutions to (3) given below for various cases will
confirm the above-mentioned role of the reduced wave equation.

By using & WKBJ transformation, the one-dimensional wave equation can be
transformed to the following standard form: -

dﬁﬂ/dgﬁ_}_ gn:,] = gn(g)??'*'kn(g) (n =0, 1, 2), (7)
with gn(8) = 3 2" [ - 3OOV, (8)
hn(g) = -‘MAF(E! k].s kﬂ: w)hﬁ-’g Aﬁ’

where the transformations of the independent and dependent variables are de-
fined by . '
18 =) o),
) n+4+2 v 2/(n+2)
£= v =" watr) )

¥'(y) = défdy = qly) E4n

The value of # denotes tho order of zero at the transition point, and the lower
integral limit g, indicates the position of the transition point. For » = 0, there
is actually no transition point throughout the path of integration. Therefore,
¥, 0an be conveniently choson as y, = 0. The funetion g,,(§)-1s'a residue funetion
arising from the WKBJ transformation. In the far field, g,(£) approaches zero
as £-%, In the neighbourhood of the transition point, the limiting values of ¥ and
g, remain finite as § approaches zero. In the remainder of this paper, the solutions
will be identified by S0, 81 and 82 for cases with » = 0, 1 and 2, respectively.
_ Since the Green function, integral equation technique for solving (3) is essen-
tially the same as that given in Phillips (1960), details of the derivations will not
be repeated here. In Pao (1871), the solution to (3) has been given as

206 = HE+ j fR(g, g HE) +hy@}de, . (10)

where H(£) is an arbitrary solution which satisfies the homogeneous wave equa-
tion and R(£, s) is the resolvent kernel which is conjugate to the kernel K{(£, 8)
of the integral equation. As a first approximation, the resolvent kernel

R(£, ) = K(£, 9).
However, the solution can actually be given in o simpler form:

C g = HE) +f:R<§,a)k(a)ds. (1)

. 9)
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The difference lies in the starting-point of the iteration. In (10), the zeroth-order
golution is assumed to be H(£), while in (11} the zeroth-order solution is assumed
to be zero. In the limit, both iterations will lead to the same analytic solution.
For each of the threo main solutions, the boundary conditions and the analytical
nature of the integrals are different. "Theso solutions will be discussed separately.
For clarity of interpretation of results, only the first approximation to the,
resolvent kernel will ba employed in the discussions 1mmedmte1y below. The
higher iterations will be diseussed later in this paper.

The acoustic mode SO

In the S0 solution, no transition point is encountered along the wave propaga-
tion path, Henco, tho value of M%) is always positive and bounded away from
zero, The homogoncons sohutions to {3) are the simple harmonic functions of £,
The kernel of the intogration can be written ag

K(E,s) = (20)1 {6~ — ¢~} = gin (£ —3), {12)
where ¢ is a dummy variable corrosponding to £, It should be noted also that the

origin of the § co-ordinate has beon defined to be the snme ag the origin of the

¥ co-ordinate. Sinco tho first a.ppm‘clma.tlon to the resolvent kernel is X(£, s),
the solution can be given as

Oqly, by, by, 0) = {My(y)}t [“’* R Towld +f Sin (£~ 8)hq(s, &y, by, 0} ds} (13)

where ¢ and b are arbitrary cansta.nts to be determined by the boundary
conditions,

If the wave is assumed to be propagating away from the shear layeraty = + 0
theso radiation conditions will serve as the required two boundary conditions.
In the present disoussion, the shear layer is similar to a jet exhaust flow into
a stationary ambiont medium. The convection velocity vanishes on the y; axis
at g3 == 1 00. The main shear flow will be confined to the neighbourhood of the
Y1 ¥ Plane, '

For the above-mentioned flow condition, it is easy to verify that the outgomg
wave at +coisrepresonted by exp (i€} and the outgoing wave at —cobyexp (—£)
The boundary conditions can be writton as

-
a—!—%-@.fﬂ e hy(8, by, by, 0)da = 0, |
. (14)
b —if &8 hy(s, by, by, w}ds = 0,
2 0

Hence, the solution to tho convosted wave equation for the 80 mode is
Dyltf, Foys by ) = (28)71 {Mg(an)} 4
' £
x {efs f et B3, by, by ) ds+ €= J‘ €9 R, ey, Ty )ds]_, (15)

Eroni'the struoture of this solution, some immediate conclusions-ean be made.
First of all, & local frequency can be defined through a Lagrangian transformas
tion of co-ordinates. The local frequenoy of pressuro fluctuations as measured'in
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a frame of reference which moves with the convestion velooity M ean ,bq \ﬁrltten
as, .. . C e o
wp = 0+ Ry MM, Gt o (16)

o T

%Once & far-field plane-wave olement has been-determined; the vdlues:of kl,ch
"andl-@ will remain constant, The value of Mg, though variable;:is directly
proportional to the valuo of w. In the high frequency limit, there is & straight-
forward physical interpretation of (16). The value of Mg can be made.arbitrarily
largo as the valuo of w inoroases. Under such conditions, the value of Mg will
appear to be constant over many wavelengths in a small interval Ay in the shear
layer. If it is further assumed. that a correlated, turbulence volume lies in Ay,
then-the integrals in (15) will have the form of & Fourier transformation. These
intograls will thus serve to select o harmonio component from the source function
and pass it-to the far field as a radiated plane-wave olement. This source element;
will have & looal frequency w, and a wavenumber vector-(&y, k,, Mq). However,
by definition of Mg (equations (3) and (16)), the:following relation holds:

of = (A/MPE RS - . ()

Hence the magnitude of the wavenumber vector is related tothe local fre-
quency through the locsl speed-of sound. The source element which is responsible
for far-field noise radiation is, therefore, an acoustic component of the turbulence
struoture in the convected frame of reference. Therefore, the S0 mode of-noise
em.ission oan 2lso be called the acoustic mode.

* The Doppler offect of froquenoy shift can be recovered directly from (18). If
the angle between the far-field wavenumber vector and the y; axis is deﬁned asd,
equation (16) can be written as

 wy=o(l—M0080), With &y = ko008, @ =—ke/M, (18)

where k,, denotes tho magnitude of the wavenumber veotor in the far field, and.
the megative sign in the w aveliumber-frequenoy ratio indicates a forward-
propagating wave according to the definition of the I‘ourxer tmnsforma,tlons

Therefors ..
@ = wof(1— M, cos 0}, (19)
Sinee it is known from the above discuission that the local frequency of the source
funotion equals w,, the source function and the far-field noise radiation are
related by the Doppler shift relation. una.txon (19) is derived only from the
far-field conditions and the definition of w,, its validity does not depend on the
details of the shear flow profile. This relation should apply equally well to solu-
tions 91 and 52. . i

The 81 solution

In this case one transition point exists hetween the far field and the source.
region. The governing differentisl equation is hyperbolic on the far-field side of
the transition point and is olliptic on the other side, In Erdélyi (1950, p. 98)
it is shown that the solutions on both sides of the transition point can be made
analytioally continuous through tho use of Airy functions. The matohing con-
dition at the transition point has been included in the dofinition of the Airy
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functions. For this reason, it is more convenient to define the fransformation: in
& way which is slightly different from (9): 3l

gto) = {3 [ 14 dy}g. S o)

Acoording to this definition, £ is real and positive for points on eith.er side of
the transition point. The sign convention for the Airy funotions requires, how-
ever, that the argument of the funotions be negative for the hyperbolie branch
of the solution and positive for the elliptic branch. In tho prosent analysis, the £
co-ordinate is pointing at the opposite direction from the y co-ordinate for wave
radiation to plus infinity.

The kernel for the integral equation can be given as

_ W{Bi(—g)Ai(—s)-—Ai(-g)Bi(-.s)} for >y,
K(E"g)"{w{Bi({-,’)Ai(s)—-—Ai(g)Bi(s)} for y <y, n} (21)

Henoe, the first-order approximate solutions to the conveoted wave equation are

Ouly, b ) = (Mg} HHa A (~£) +0Bi (-
+J:w{Bi(-g)Ai(-a)-Ai(-..g)Bi(-s)}kl(s,ffl,kz,w)ds} for y>y (22)
and ]
Oy by by @) = (Maly+et (o 41 ©) 5B
+ f:n{Bi(g)Ai(s)—Ai(g)Bua)}fw,kl,ka,w)d-s] for y<u (28)

Two boundary conditions are required for the S1 solution: the pressure wave
is outgoing as £ epproaches minus infinity, and the pressure fluctuation vanishes
as £ approaches plus infinity. In order to define the boundary conditions, the
asymptotio approximations for the Airy funotions with large argument are

required:

Al(=g) v miedainCedm, Bi(—f) ~ i toosEiim)
Ai(f) ~ dmigtet, Bi(f) ~ mbEtel,

where { = §£. A<ter these values of the Airy funotions have beon substituted
into (22) and (23), it oan be seen that the asymptotio value of the solution is
& linear combination of the simple harmonie funotions exp {£¢ f M|q| dy} in the
far field, and the exponential functions exp{ + z'f M |q| dy} in the near field. Hence,
the boundary conditions oan be written as

a+ﬂr13i (-s)kl(s)ds~ib-m:rAi(-a)h,(a)da =0,
0 om (25)
I>+J.‘J mAi(s) hy(s)ds =0,



462 8. P, Pao

where k,(s)is an abbroviation of &,(s, ky, &y, ). The solution to the St ea.sa fory. =y,
in the far field can now be written as P

Oy, by, by ) = T{Maly)} £} [{Bi (—E)+i AL(—£)}
X {_J‘:’Ai {3)7&1(3)d8+f: Ai(—s.)kl(a) ds] ,
+A (—g)fm{Bi(—-s)—l—iAi(—s)}hl s)ds]. . (26)

Since the present subject is wave radiation into the far field, the solution for the
olliptic branch is not shown. However, it can be easily recovered from (23) by
substituting into it the values of the constants ¢ and b.

In (26), the last torm on tho right-hand side vanishes as soon as y is beyond the
shoar layer. Thoe remainder ropresents tho source contribution of the shear layer
along the puth of wave propagution. The contributions from the elliptic region
and the hyporbolic region ave givon in soparate terms.. In-the elliptic region, the
integral ropresents an oxponentially weighted sum of the source elements looated
at varinble distances from the transition point. The radiation officiency of a
gource function docreasos rapidly with distance from the transition point. It
should bo noted that the distance is measured in terms of wavelengths, For tho
samo physical distaneo along the y axis, the distance-would appear to be much
groater for high frequenoy than for low frequency. Tn this region, the transverse
wavenumber of tho-source eloment is imaginary, and the ratio of frequency to
the real component of the wavenumber is less than the local speed of sound.
Henco, the source element can be characterized as hydrodynamie.

Tn the hyperbolie region, the funotion Ai(—s) is oscillatory. When the value
of a is large, it can be shown that the noise radiation solution forthe hyperbolic
region of 81 approaches the form of the S0 solution agymptotiocally,-if the fune-
tion Ai(—s)isreplaced:by its asymplotic value as given in (24). The interpretation
of this part of the solulion is, therefore, the same as for the S0 mode. From
disoussions of the contributions of the source funetion in the elliptic zone and
the hyporbolie zone, an interesting conclusion ean be made. For low frequencies,
gouroce eloments in both rogions ean radiate noise with comparable efficiency.
Tor high frequencies, only sources in tho hyperbolic region and those in the
noighbourhood of the transition point are responsible for effective emission of
noise into the far field,

For shear flows with very large convoction Mach numbers, more than one
transition point may appear within the half-thickness of the shear layer. The
elliptic zone of tho differential equation is now bounded. In the presence of
a socond bransition point, tho second boundm'y condition, which states that
the pressure fluctuation vanishes at ‘infinity in tho elliptic zone, cannot be
established. However, the second transition point can be ignored if the frequency
of sound undor consideration is sufliciently high because the separation between
these transition points will appear to be very large, and their influence on each
other will be very small, If these transition points are separated by more than
two radians of wavelength, the error in the solution due to accepting the second
boundary condition in its present form is less than one per cent.
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The 82 solution

If the distance betweon two econseoutivoe transition points is less than two radians,
their presence must be considered together. In the limiting case, the transition
points are considered to be u single point with & second-order zero for the function
M2g%. Tho WKBJ transformation and the resulting differential equation for
the present case is given by (7) with n = 2. The homugeneous solutions of the
wave equation are related to Bessol funetions of order one quarter, as given in
Phillips (1960). It is more convonient to represent the homogeneous solutions by
a pair of functions Pa and Qa:

Pa(f) = 3EHJ_y(3E*) — o J{3E7),
Qu(f) = PEHI_4(16°) +iay J*(%éz)},} (27)
oy = 2-H1+1). ) :
The kernol for the integral equation can now be written as
K(£,8) = n{Qa (£)Pa(s) —Pa(§) Qa(s)}. (28)

It should be noted that the reduced wave equation for 82 is hyperbolic on
either sido of the second-order transition point. In the present study, the origin
of the WK BJ transformation is defined along the y axis as follows: it is the upper
transition point for the upper branch and the lower transition point for the lower
branch. In Phillips (1060}, the definition of the origin is somewhat different.
Neither definition is exact. In the presont case, the derivative of the transforma-
tion nocds to be defined in the neighbourhood of the transition point such that it
remains finite:

NPT ¢ 1AV e

timy ) = H{z ()] = @i, (29)
On the other hand, the Phillips definition results in an inacouraoy of the trans-
verse wavenumber component in the far field. Since the final solution is given
in integral form, an isclated singular point in the definition of ¥’ can be removed
with affecting the value of tho solution. The present definition of the WKBJ
variable appears to be aceeptable. For both the upper and the lower branches,
the solution can be written as

Ol ) = ()£ {aPaE)+5 Qo 9 |
47 TQa @) Pale) - Pa (O Qu o)l b Ky ) ). (60

There is a total of four arbitrary constants: a, and b, for the upper branch,
and a, and b, for the lower branch. Theso constants will be determined by four
boundary conditions. Two of the boundary conditions require that the pressure
wavo should be outgoing at ¥ = + co. The othe. two conditions require that the
branch solutions should match at £ = 0. At the second-order transition point
the pressure should be in equilibrium, and the wave-induced flow field should
bo kinematically compatible. For 82, the convection velocity has a finite jump
across the transition point. Its value is exaoctly twice the local spoed of sound.
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The treatment of matehing conditions for wave propagation across a shear dis-
continuity has been discussed in detail by Miles (1957) and Ribner (1957). The
same matohing conditions are wsed in the present analysis. The asymptotic
values of the functions Pa and Qa for large values of £ can be'written as

Pa (£) = (2n€)bexp{—i(26*+ 4m)}

Quie) = Crfytexplige+im) J ° E G
If theso expressions are substituted into (30), the solution W111 be representad by
the harmonic {unctions exp{+ 1 f Migl. dy} in the far field, There are two cases
which need to be considered.

First, if the shear flow velocity is extremcly la,rge, two transition points may
appear simultaneously within the half-thickness of the.shear layer. Since the
shoar gradient is lorge, these points may be very close together. The shear flow
on the two sidos of these transition points appears to flow in different directions.
Tts analysis is quite similar to flows with an antisymmetrical profile. Here, the
outgoing wave is reprosented by the Qa (§) component for both branches, The
radiation conditions can now be written as

+ o
- ‘ﬂ‘f Qa (8) (s, by, by, ) ds = 0,
0 : (32),

ag= [~ Quie)ufe by iy 0) s = 0.

Agcording to Ribner (1857), the matching conditions at the origin of the £ co-
ordinate can be given as

@, Pa.(0) + b Qa (0) = @, Pa (0) +5,Qa (0),
a, Pa’ (0) +b, Qa’ (0) = —a, Pa’ (0) b, Qa’ (0),}
Qa(0)=Pa(0), Qu'(0)=—iPa'(0), -

where Pa’ and Qa’ indicate first derivatives with respect to £. It follows that

by = §{1—~i)ay— i +i)ay,
ol ok v @4,

Hence, the solution to the wave equation can be written as

(39

Dy, by, gy ) = {Moly)}-t £ [Pa»(g) L+°°Qa. (8) hal8) ds+ Qa(£)

x { j :Pa (5) hofs) ds + 31 —3) f Qu (e Bufe)da—§(1+) f :“’Qa. () Fuls) ds}]
for the upper branch, and (35)
Dy, by, kg, 0) = w{Mo(y)} ¥ £ [Pu (&) f " Qa (&) hyfs) de+Qa (£)

U o o) do (1~ @)J' Qa (&) hyfe) ds — §(1 +t)j Qa. (8) hg(s) d8}]
(38)

for the lowor branch. In the above-equations, the radiated wave is represented
by the Qa(§) term. Its coefficient is composed of threo parts: direot outward
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radiation from the sources, inward radiation as reflected by the transition zone,
and the contribution from sources on the other side of the transition points.

In the second oase, the velocity of the shear flow ic not necessarily high. Sincs:
the velocity profile is symmetrio, the transition points come always in pairs,
When the frequency of noise radiation is sufficiently low, these transition points
have to be considered together. The boundary conditions sre different: the
solution approaches Qn (£) at y = +co-and Pa (€) at 7 = —co. The WKBJ trans-
formation near the transition point is also different. Since the velocity gradient

-variishes at the tronsition point, the limiting value of ¢ at £ = 0 is given by

- #3 a5 (% )} | #7)

where the second derivative of M,/4 indjoates the mean ourvature of the shear
flow profile at § = 0. The matohing condition near the origin of the £ co-ordinate
now reads : .
@, Pa (0) b, Qo (0) = ay Pa (0) + b, Qa (0), } (38)
a, Pa/ (0) +d, Qa’ (0) = a, Pa’ (0) +6, Qa’ (0),

which is actually equivalent to stating that both the pressure and the pressure
gradient be continuous across the transition point. The solution for the present
0856 0an now be written as

Oyl by by 0) = Mg y)}-*gi{m © j Qe (8) hyfs) ds o Qa (£)°
X ¢ P&(s)ha(s)ds}. (89)

Equations (356), {36) and (39) are analytioally similar. In further disoussions in
this paper, these cases will not be cited separately.

Sines the wavenumber is assumed to be small, the value of § will be amaill
throughout the shear layer. The soures funotion is concentrated near the origin
as far ag the £ co-ordinate is concerned. Furthermore, the interval between the
original transition points along the y axis is reduced to zero in the transformation.
Henoe, it is more convenient to ealoulaio the intograls in terms of the y co-ordinate.
In this case, all tho sources are located near the origin of the £ eo-ordinate. The
exprossion for the souroe integral can be significantly simplified, For example,
the coofficient of the Qa (£) torm in {36) oan be written as

f Pa (5) 2,(8) ds—}—m} ~1) f Qa(s) hy(s)ds— (1 +z)f Qa(s) hy(s)ds

==1}(1-z"‘ Pa(O)-]-I-I—E%;%’éIfﬂd (40)

where Pa (0) = 0:5770338. Tho coofficients for the Qa (£) term in (37) and (30)

can also be reduced to the same form, where the limits of integration in the y co-

ordinate are the boundaries of the shear layer. In the interval between the

original transition points, the source function can be identified as & hydrodynamic

pressure fluotuation. The source in this interval is in fuot tho most important

part for §2. In the above equation, the source integral is simply a sum of 2ll
30 FLK
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the coniributions throughout the shear layer without weighting factors. In
common turbulence struotures, the hydrodynamio components contain most of
the kinetic energy. Hence, the contribution to noise radiation comes mainly
from source functions in the elliptical region of the §2 wave équation.
Although the S2 analysis is based on the assumption of low-frequenoy noise
radiation, the validity of tho results here is limited. In the WKBJ transformation,
the residue function g(£) is proportional to k-2 within the shear layer. It beoomes
vory large if % is much smaller than one. Although the iteration of the integral
equation will eventually converge, tho convergenoe rate will be very poor. I'or
all practical purposes, the present solution should be applied only to cases

where & ~ 1.
The inverse Fourier transformation

In most praotical studies of noise radiation from turbulence, it is necessary to
Iknow the sound intensity and spectrum at given points in space. The solutions
obtained so far in the present paper are represented mainly in terms of the wave-
number—frequency co-ordinates. Henco, it is the purpose of the analysis in.this
geotion to recover the spatial rosolution of the §0, §1 and 82 wave functions,
The spatial representation of the solution is advantageous from yet another
point of view. It has boon notoed before in Laufer ef al. (1964) that the spectral
solution diverges ab smell values of Mg. Evidently, a factor of (Mg)-% is con-
tained in all solutions for 80, §1 and 52 as given by (18), (26), (36), (37) and
(39). This weak singularity has stirred up serious concern about the validity
of the solutions. Such a singularity will not appear in the spatial representation
of the solution to the wave equation.

The solutions in all three cases approach asymptotically the harmonio fune-
tions exp (& z_[M (%) dy) in the far field. It is possible to represent @, (y, &y, &y, )
entirely in terms of the wavenumber-frequency co-ordinates. In order to keep
the mathematical expressions from being too complicated, the shear flow profile
and its associated turbulence structure are assumed o be symmetric with respect
to the y co-ordinate. As a consequence, the radiated wave field can also be
regarded as symmeotric with respect to the y co-ordinate. With this assumption,
the Fourier transformation of the wave function with respoct to y will be.the
game a8 & cosine transform, and it can be written as (Erdélyi 1954)

-2};, f fwf.l’n(y. Iy, ko, w)e R0V dy = {M qm}*m @, (ky, kigs Mg, )
| = (Mg gy Onll b M), (1)
where G, = Dglhy, by Mg, 0) = %J‘:e""ho(s)ds for S0, (42)
®, = Bylly, by Moy ) = 1-7}?7{ f AL he)ds+ f ;Ai(s) hus) ds] for 3(14,3)

1 1 2 -
@ = Dylbs by M) = 570 [ P O ftetay for 35 (44

12 = KB+ R
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"¥n (41), the wave function is considered to be harmonic in the far field as
well as in the near field, That is, _the original wave function has been replaeed:‘
by one which is harmonie throughout the.entire space, ‘while it ‘matches. thc-
original solution in the far field. .

By using (41), tho sput,ml and temporal msolutzon of the solutions csm be_'
recovered by moans of a four-dimensional inverse Fourier transformatlon '

)} ) . )
Dy, 1) = ”f (Mga)? Oully by Mo @) ooy ity dkdes,  (45)

kL — JPa®

whoro the limits of integration are # co. This equation has exactly the same form,
exoopt for some numerioal constants, as the genoral solution to a simple wave
equation in three spatial dimensions (Morse & Teshbaeh 1053). This equation
con then be written alternatively as

n(y’ L= ""'J.J.J'J.P Yo f”) G(Y: ¥ w) gfol dyo dw,

P(yo,co) H (Mg @, (K, w)e""‘k rodk : (46) -

G(Y’ yﬂ’ ) - efka/R,
R |y=Yo| 2 2—V.Yofr  (r=yi7 = ||},

In tho ‘abovc equations, the origin of tho y co-ordinates is assumed to be in the
sourco ragion. The dimension of the ontire source rogion is‘assumed to bé smail
compared with tho-distanco from a point y,, in the source region, to a pomt y
in the far-fleld. unataon (45) oan now be written as !

j j_w{qu}}(D (k, w)ohp[ i¥o- (k“k‘)]ﬂf”tdyndkdw (a7)

If tlns equa.tmn is firgt integiated with respect ‘to ¥, and then mtegmted Wlth '
respect to k, the rcsult can be written as

eikr

(YI )."" dnr

Gy, 1) = I (Mg}t (211)3 @ (E— cu) efut o, : (48)’
If noise speotrum is preferred the above equation can be expressed as
Do) = S (2 (Mg, (’“‘ o). T b

Henoe, the spatial resolution of the solutions to the. convoeted wave equation
has been recovered in terms of closed-form expressions.

Throughout the above analysis, it is not necessary to define the oqulvulont
source function P(yg, @). Thorofore, any source function which can produee the
corroct spectral function in tho far ficld will suffice.

Tquation (49) indicatos some important-proporties of tho wave emlssmn process
The-intonsity of the pressure wavo depends.on the inverse square of the radial
distance botween the source and the receiving point in the far, ﬁeld ,JFurthor-
more, tho pressuro fluctuation in the neighbourhood of any point.in thc fmr field

0-2
! 3

Lo
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is dominated by a thin peneil of rays emitted from the source in the direotion of
the receiving point. Since this solution is extremely similar in form to the solution.
writben: in the wavenumber co-ordinates, the inverse transformation has been
overlooked in previous studics of the conveoted wave equation. After the inverse
Fourier transformation, (48) and (49) show that the actual noise spectrum at
& point differs from the plane wave spectrum, (15), (26) and (30), by a factor of
kfr. As a consequence, some previous interpretations by Pao (1972) concerning
the parametrical dependences of the solutions in various modes ave in-error.

Noise emission from random sources

For a random noise source, the source function can ohly be defined in & statistical
sende, The results as obtained above have to bo further qualified. It can be -
assumed that, for any of the above solutions, & complex conjugate problem of
the wave propagation process can be posed. After the general solutions.for hoth
problems have been obtained, they can be multiplied together, and the ensemble
averago of the product can then be taken. The result will represent the statistical
solution for noise emission from random sources. The S0 solution is chosen here
to demonstrate the analysis. The general solution of the complex conjugate
problem corresponding to the S0 oase can.be written as

O,k by 0) = (Mg et [* e pin)araes [“evsryar). (50)

Hence, the ensemble average of the produot of these solutions can be written as

5508 = g { [ ancororea|) :e**’e“f"ho(s)k:,“(r)‘drde], (51)

where the ensemble average, denoted by an overbar, of the produet of disjoint
integrals is assumed to bo zero. If the turbulence is assumed to'be locally homo-
geneous in structure, the correlation coefficient of the turbulenoe at two separate
points depends only on the distance of separation, and the intensity of turbulence
depends only on the mean value of the co-ordinates of these points, A change of
variable can be defined:

Aa=y*—y p=1iy+y*) Co- (62)
where y* and y are points along the y axis which correspond to r and s, re-
spoctively, along the § co-ordinate.

The correlation function of the turbulenoce ean be written in these co-ordinates

a8 - Ti(5, By Fogy ) B (r, gy g @) = N () TL(Ag), (53)

where IT(Ag) is the correlation function and N(x) indicates the source strength
distribution. For a small source volume, N(x) can be defined as N{x) = 1 in
tho source region, and vanishes elsowhere, Unfortunately, (51} cannot be further
simplified because the co-ordinate transformation between y and § is neither
linear nor homogencous. The origin of the £ co-ordinate is always fixed at the
transition point. A convolution integral for (51) is therefore impossible to derive
except for speoial cases. For practical problems, the integrals wﬂl be evaluated
by numerioal-calonlations. *
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The higher ilerations of the resolvent kernel

The resolvent kernel of & Volterm integral equation can be obtained from K (§, 8)
by itoration:

B o) = $.K7E ), (54)
whoto  Ko(Eo) = [ KNG K0 ddr, KE0) = K(G 0

whero g(r) is the residue funotion of the WKBJ transformation as defined in (8).
The subsoript for this function is omitted here to avoid eonfusion. For the
oases as studiod in the presont paper, the kernel of the integral equation can

be written in general as
K, 8) = Fy(&) 15(8) - By (E) Fya), s (65)

where Fy(£) and Fy(£) are the normalized homogeneous.solutions for each case.
A formalism can now be established for the iterated kernels. If the functions are
treated as components of & two-dimensional vector, then

K™{E,8) = F(E) GHE, 8) Fifs), . (56)
" where BE8) = J’ G, ) Byl 0 By ) G (r8)
and . {GLE, )} = ((1) -‘(1))

The sunimation convention is adopted for these equations. Since g(£) approaches
zero like £-2 for £ — oo, the itoration is expected to converge rapidly.

There are two main reasons for writing the resolvent kernel in the present.
form. First, this formalism can be adapted direotly for numerical computations.
Second,.an exphclt form of the functional dependence of the resolvent kernel
is necessary in order to show that the iteration will change only the source
integral and not the form of the radiation boundary conditions in the.far field.

The radiation boundary condition in the far field requires the knowledge of
both ®(£)-and its first derivative.. Using the nth approximation of the resolvent
kernel, the solution to the wave equation can be written as

OE) = aBE)+bR(E) + Ti) f 3, G (£, 5) () hls) d. (57)

Henoe, the derivative of ®(£) depends on both the derivative of F(£) and the
derivative of the integral, The derivative of the integral contains two terms:

= f z, 6 B o ds = S05EHTEO W0+ [ B2 03E 0 Ho)ho)ds.
(58)

Aooordmgtothedoﬁmtmnof Qyt, a),bothG’ {£.8) and itafirat derivative vanishes
at infinity, Henco, the dorvivative of the mtegml vanishes at infinity.. The.
boundary oconditions ave defined by the homogencous solutions' and their,
derivatives. The analytical form of tho radiation boundary eonditions are, there-
fore, not affected by the order of iteration.
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4, Discussion

Refraction effects )
It has been pointed out earlier that the key wave propagation properties in
a shear flow aro fixed by the reduced wave equation, Some properties, such as
tho Doppler shift and the dynamical nature of source elements in a In oal frame of
roforence, have been disoussed in connexion with 80. Closer 'examination of rela-
ions botween the source function and far-field plane-wave elements will be’
given in this section. . :

Tn. S0, tho source element for noise radiation in the high frequency limit can
be identified as an acoustio component of the local turbulence structure. Hencs,
such an element has also » loeal divection of propagation. If the local sonvection
Mach number is AL, then the local divection of propagation 6, will be related to
the far-field angle of radiation 8-by

00s 0y = A cosdf(1— M, cosb). _(89)
This relation ig obtained: through (19) and the folIowing formulae:
ko088 = kycosf, ke =M, k= Mwuld, (60)

wheoro k, is the magnitude of the wavenumber vector of the source element.
Tt should benoted that (59) is identical to the refraction relation for wave propaga-
tion in a shear flow. Honee, the refracted path of wave propagation in the shear
layer can bo traced by meansof (59). The above disoussion applies also to the
noige radiation ‘mechanisms for source functions located in the hyperbolic
branch of $1. -

Tor sound sources'in the elliptic branch of 81, the interpretation can be given
from a different point of view. Analytically, the wavenumber component in
tho transverse direction is imaginary. It is well known that in such cases the
wave petticle velocity is out of phrese with the pressure’ by 3. There is no
enorgy flux in this direction. However, the wavenumber component, &, in the
direstion of the flow is real, and the turbulent energy contained within.a given
source element will be earried forwards through local pressurs fluctnations. For
a small souree volume located beneath the transition point, its pressure fluctua-
tion is folt, with an exponential deeay factor, by the fluid layer in the neighbour-
hood of the transition point, At the transition point, the pressure fluctuations
attain the sonie phase velocity. Henee, the pressure fluctuations can now propa-
gato and turn as an acoustic wave, and leave the shear layer as & radiated plane-’
wave oloment. For source elemonts which are located in the elliptic branch
of 81, equation (59) fails bocauso Jcos 0| > 1. Hero &, is no longer related to wy
through tho local speed of sound as spocified by (60), .

Tor source voluines in 82, the iransverse wavenumber component cannot
be procisely dofined. Novertheless, it can be-considered as zero. The turbulence
sourse fluctuation has n-real propagation veloeity in the direction of the flow.
The general solution in 82 indicatos that the sourco function in such cases is
coupled directly with radiated plane-wave elements in the far field.

The correspondenco between the source and the radiated noise as deseribed.
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hero is not the same as that given in the olassical analysis of turbulent noise.
In both theories, the frequoncies are related through the Doppler shift relation.
In the classical analysis, the wavenumber vector is the same for a plane-wave
element in the far field as for the corresponding turbulent source component.
Tho analysis which leads to this conclusion s similar to the derivation of (48)
in connexion with the inverse Fouricr transformation. This is perhaps a necessary
consaquenee if the wave propagation process is governed by the.simple wave’
aquation throughout the entire space. Owing to such correspondences between
wavenumber and frequoncy, the phase speed for the souree component in the
aonvected frame of reference can range from zero to values much greater than
tho local speed of sound. This phase speed equals the loeal speed of sound only if
0 =}, and it is greater than the ambient speed of sound for all.é > }7. In the
present theory, the losal phase speed of the source element can only be equal to
or smaller than the local speed of sound. In the oase of radiation in upstream
diroctions, the transverse wavenumber component changes rapidly in the shear
layor such that locally the ratio of frequoncy to the magnitude of the wave-
number veotor is always the speed of sound. The physical interpretation of such
requirements appears to be corroct. The turbulent source is embedded entirely
in the fluid and is not in contaoct with any solid surface. In addition, only linear
wavo propagation is considered. Hence, the fluctuations in the turbulence can
only have phase speeds whioh are equal o or less than the local speed of sound.

So far, noise radiation has been considered in one direction at a time. The
solutions are given in forms such that all contributions from various source
volumes are summed along the path of radiation which leads to & given direction
in tho far field. On the other hand, it is more familiar to consider a given compact
source volume which radiates noise in all directions. It is clear from the above
discussions that different spectral components of this volume of turbulence will
be responsible for noise radiation in various frequencies. The noise radiation
mochanism will also be governed by different: modes of solution to the convected
wave equation. .

Tor a given conveotion Mach number for the source volue, the far field can
bo divided into a maximum of four zones, The governing type of solution which
rolatos the radisted noise to the source function will be different in esch zone,
Tho dividing angles 8y, 0, and g, for those zones are given by

cos, = 1)(M,~4), 0,=0 if (M—-4)<g1],
cos 0, = 1{/(M,+ 4), }
o8l = 1J(M,— A), Oy=7uw i (M~4)>-1.

Tor sound radiation between £ = 0 and 8, the source element is locally acoustic.
However, the pressure wavo has to pass through a pair of transition points in
order to reach the far field. For high frequency radintion, the prossure wave will
be heavily attenuated as it passes through the elliptic segment between the
fransition points. For low frequency radiation, the radiation mechanism will
bo govorned by §2. This zone exists only if the convection Mach number is
sufficiently large such that 3, — A is greater than one. In the second zone bounded
botwoon 6, and 0,, the source element is hydrodynamie. Here the noise radiation

(81)
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process is governed by sither S1 or §2, depending on' the frequency. It.should
be noted that 4, is always smaller than . For noise emission between 8, and ;,
the sourée element is’locally-acoustic. Since there is'no transition point between
the rource and the far field; the sound -radiation process is governed by S0.
A fourth zone exists between f; and @ = m-in the special case where the flow
temperature is high while the conveotion Mach number is small such that M,— 4
ig Joss than — 1. Tho source element for sound emission in this zone is again
hydrodynamic, and wave propagation will be governed by §1 or §2. In most
casés, only 0, has a non-trivial value, The noiso-radiation meohaniems will be
only those described above for the gocond and third zones. ) .

The boundary betweon zones should:not be considered as a.sharp line of
soparation. For example, the source: components in the third zone which are
rosponsible“for noise radiation-near .0, and .0, aro indeed acoustic in nature. N
However, the source volume.is located very close o a transition point. It is
more appropriate to describe the radiation process by means of S1.

. Convection effects’

In disoussions below, the value of %, will be taken as zero. This agssumptio,n_'is'
made mainly for convenience. With this restriction, the paths of noise-radiation”
will fall on g plane which also contains the normal and the g, axis of the shear
layer. If the source function is confined to. & .small volume near the ofigia,
a rotation of co-ordinates in-the plane of the shearlayer will make any radiation
path coincide with such & vertical plane. The value of &, in the new co-ordinates
will'be zero, I this oase, the conveotion Mach nuimber 2/, will-be replaced by its
effective component M, cos ¢,"where ¢ is the angle of rotation.

A simple turbulence structure can now be introduced to serve as-the source

funetion: .. - ..
— . Byt o reay 5 1 A2 T\ -
R L e I (A D
— BIAL, . . , . - ona

or ik 6) = ok (D 0y - Likibexp - HBL + (L)~ (63)

where .is-the spatial separation:from the souirge, 7 i§ the time delay, L, is the’
gpatial scele of the turbulence and L, is the time scale of the turbulence. This

turbulence struoture satisfies only the equation of continuity of an incompressible
fluid. The quadrupole self-noise source cannow bewritten in more precise terms:{

Byy O 2y oyf  OA9A; A, 0
where the turbulence is assumed to be locally ineompressible. According to -
Batchelor (1860, p. 179} the fourth-order correlation can be related to.the second-
order-correlations via ' C .

2o o (T, (64)

o w0 v = vy vierol vl + R T (65)
1 The shear noise term will not bo presented in this paper. Ite-anslytieal form is-much
simpler, whilo its functional depondenco’is similar to that of the golf moise torm, See Puo &

Lowdon (1070).
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If k; =.0,then only the derivatives with respect to g, and i, need to be considered.
Equation {(84) represents a contraction of the fourth-order correlation function ¥
which contains sixteen terms. These terms can be evaluated through convolution
integrals, and their sum turns out to be rather simple:

R, o
¥ by by 0) = WT%—W[U"‘L‘) ~ 2k L"sa,\ﬂ*ar}

X 8Xp [-— 2 (%Hl) — ¥y Ly)? + .(woLt)g}] . (66)

It should be noted that %, has been considered as a variable in the convolution
integrals. It is given the value of zero only after all the integrations have been
completed.

Equation (66) roprcsents tho ensembloe average of the square of the self-nmse
term which appears in the convested wave equation. Therefore, it can be used
direotly in the caloulation of the mean-square value of the sound pressure.
A formula for the mean-square value of the pressure field has been derived for
80 in the provious section. By using the same procedure, it is oqually easy to
derive formulao for the spectral density funotion @, &¥(y,w) which deseribes
the noise spoctrum reeecived at a point in the far ﬁeld The goneral formula for

(v, w) is given by (49}, and the source integrals for 80, §1 and S2 are given by
(42)-(44). A symbolioc expression for the mean-square value of the source mtegml
oan be written as

T, BE(k, 0) = f RFHe)

M (> —y, by, byy )
A PAUSHES
where Fi(£) stands for exp {4 £}, Ai( % &), Pa(£) or Qa (£), whichever is appro-
priate; FT(£) is the complex conjugate of F,(£); and the variables » and s are
dummies corresponding to the transformed co-ordinate £, There are two cases -
where this integral can be estimated analytioally. In the first case, the source
function is eonfined to the neighbourhood of & transition point. In the second the
souroce volume is small and located sufficiontly far from a transition point, and it
is required also that the funotion ¢(y) be approximately constant throughout the
gource region. The functional depondence of tho above integral oan reveal im-
portant information concerning the convection Inws for each of the threesolutions.
Honoe, the estimate of this intogral will be examined separately for each case. .

If in 80 the source volume is sufficiently small, tho value of Mg will appear to
be eonstant acrosa the source volume. Consequently, the variables » and ¢ will
be related linearly to y and y*. The funotion F(r) F{(s) can be written as & func-
tion of A3 and g, which are defined in (52). After a simple analysis, it can be shown
that the integral is equivalent to a local Fourier transformation in the variable A,
Furthermore, ' = My, in the source region, Hence,

B, OF (y, w) = (167%2)2 (Mg,,) (27)° By Bf (K, )

o (Mg, d ML
= 1{62!'1;27‘13 { ﬁé’o] 1 ;80n3L1;12 {(Fey L)t + 2(key Ly )2 (j’fgo V2 + (Mg, L)%
X exp[~ %{ (g Ly)? - (09 Ly) }] :
- v MY I’t

= 3280, A° (qm) (ko Ly)* foxp - ‘}{Uanﬂa*‘(wDLe) 3. (68) o

dydy"‘, (67)
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By comparing this equation with the classical results, one finds that the con-
veotion law is tremendously different for the present equation. In the classical
result, the factor (kyLy)¢ will bo replaced by (k, Ly )4; the term (k4 Ly )? in the ex-
ponential index will be replaced by (£, .L4)? so that

@, OF (Y, ©) ~ MP(1—H,0086) (g Ly) oxp [ — §{(Ra Ly)? + (w0 L)), . (69
where & bandwidth adjustmont of (1— 2, cos8)~* has been included, If (68) is
written in the same form, tho conveotion factor of (1- 2, 0050)“" will be
absent from the exprossion for sound intensity:

v MEL, { Q. L 2
e (=) e - 3L+ @ . (10

Tn (68), thero is a factor of g./gy. It is-natural to ask what may happen if ¢,
vanishes. If this is the cose, the source volumse will be in the immediate neigh-
bourhood of a transition point, the S0 solution will not be valid. Radiation from
auch source volumes should be caleulated by using the S1 or 82 solution. In the
above analysis, the discussion should be valid for all frequencies as long as the
souroe volume remains compaot and small. That is, it is not necessary to confine
the analysis to the high frequenay limit. However, this analysis is not valid for
very low frequencies where the WKBJ transformation itself would fail.

In the 82 case, the values of r and s aro small throughout the shear layer. Hence,
the funotion Fy(r) 2/} (s) can be replaced by its value at = 8 = 0. The integral .
in (67) oan be written simply as an integration of the source function over the
variables A; and z. For convenience, the source volume is assumed to be small
such that the convection Mach number will be approximately constant for the
entire source volume. While this assumption allows a straightforward interpreta-
tion of the result, it is not essential to the analysis. The value of i’ is proportional -
to L} (MQ)} in the present case:f

1d

W = k(M O, Q= ﬂ_ﬁ-(!1 ) )

where « is a proportionality constant which equals one in the neighbourhood -
of the transition point. It should be noted that the integral in {67)in its present
form can be considered as a Fowrier transformation in the A; co-ordinate, while
the wavenumber component in this direction vanishes. The result of the integra-
tion can now be writfen as

@m) My 5o T, 07 (7:1‘ w)

(DO ‘1’3‘ (Y: 0)) =

d)’ ‘DS (Y! Cl)) 167

ML, (Mg,

= T (0 Pt (0) (Bt oxp - HU L+ 0 )
w“ﬂﬁv L, (tan &

T e L‘;’;n]i’ O Lot oxp [ L+ oL

Again, the factor Mg,/ deserves some attontion. It remains finite for all direc-
tions of wave radiation which belong to 82. The domain of validity for S2 has

+ Thore aro two cascs of 52, In tho othor one, ¥’ = k{FMO'),
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been defined in the last subsection. Ilere 0 will always be smaller than 47, and

it oan approach 3 only if the valuo of M, approaches infinity. ' N
If tho wavenumber factor is rewritten in terms of the local frequency wy,

equation (72) will read ’

— _ mABi L Pa?(0) (0oL cosG)¥ _ . . ’

0.TF ) = el T Meosopr P [~ HO L - @Y. (73

The convection Isw as shown in this cquation is different from the classical
result in two ways. First, thore is an additional factor of (cos G)*%. Second, tho
gonveotion factor is stronger by a factor of (l-- M cosf)1. Analytically, the
latter effect is a-rosult of the intoraction between the noise radiation mecha.njsm .
and the shear veloeiby gradient, sinco an additional factor of (%, L;)} comes from
the My, [y’ factor in (72).

The 81 case will be considered in itwo parts. Again, the sourco volume is
agsumed $o be small: il is looated either in the neighbourhood of the transition
point or far away from it. The convection offeots associnted with the former
condition can be analysod in the same way as is the 82 cnse. Hero, the value of
y* in the neighbourhood of the transition point is S

¥ = BEMQ) " (74)
and tho function F,(r) F¥(s) will be evaluated at » = § = 0. Hence, (67) can be
written as ‘

—_— a2 M LA (0) tan 0
@, Pf(y, w) =
21 91, ) sPATLE O}
. A MEL Ai® (0) tan 0 (wyL,cos 0y
= gred21} Qb (1— 3], cos )"

(ky Ly)'s exp [ — }{(ky L4)? + (wo L)}

oxp [~ 3{(k Ln)* + (w5 Ly)™]..
- (78)
In (75) the convection factor is difforent from the classical result by a factor of
(cas )% (1 — M, cos §)~+%. The interaction hotween the sound emission process
and the velogity gradient is slightly woeaker than in the S2 case.
If tho souree volume is located in tho elliptic branch and far away from the
transition point, the Airy funotions san be roplaced by their asymplotic forms.
Consequently, )

Fir) FEEY @) ¢ (o = ristFy(r) FY (a)f{M2g(r) glo)}E
= mexp{—fﬂﬂfqdy}exp{—fu quy]. (76)

Sinco the source volume is small and g remains approximately constant over the
sourco volume, the argument of the oxponential funetion ean bo written as- -

h ¥
'JWquy :f quy»rf Mgdy =@+ Mgy —y1),.

e

Q=fy'ﬂfgcly, - (17)

where g, is a suitable point in the sonrce volume and ¢, is the value of g ab y,.
“Tt js important to note that thoubove function deponds only on z and not A,.
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The integration of (67) over the variables A; and x has again the meaning of
o Fourier transformation of tho source funotion in the A; co-ordinate, while the
wavenumber component vanishes. The result of the integration can now be
given as <

—e vl M8, q, wy Ly 008 8 :
9, O (y,0) = 323.3 YL 1:; X ¢ ((1 f. _1]}0 008 9))1; oxp [ — ¥k L) + (0o L)%, (78)

_ The convoetion factor (1— M, cos0)~" is exaotly the same as in the classical
rosults. Howover, the above equation contains also & factor of (cos 0)*e~29. From
the definition of transition point, one can verify that the transition point is
olosor 1o the edge of the shear layer for smaller values of 8. If the source volume
is loeated ot & fixed depth in the shear layor, the distance between the source and
the transition point will be greater for smaller angles of radiation. For-a given
froquency, the direetivity of noise radiation will be strongly modified by the
faotor e~2@, This is perhaps a contributing factor which leads to the observed
cardioid pattern of jet noise radistion at high frequenoies.
¢ is a linear funotion of w,: '

Q = kIW(yO: ) =

Mu,cos6
H:—EMW(%’ 8), (79)
where , 18 the position of the source funaotion and & is the angle of noise radiation
in the far field. By-means of this definition, (78) can be integrated over w, in closed
analytioal form. : ) ‘
Mach-number and temperature dependence

Equations (70), (78), (75) and (78) can be integrated’analytically over w,. The
vesult will provide a value for the total amount of noise emission in a given
direotion for each of these oases. The exponential function in the turbulent
source epectrum oan be written as a funotion which depends only on w;:

oxp [~ §{{(ko Ly} + (o Le)}] = exp [“‘3 (%)a(%)gtawamﬂ)] for S(}'so)
exp [~ {(ky Lo)? + (0 L)} = exp [“% (ﬂﬂ%)s (wZLl)a

(1~ M, co80)* +a2M2 cos® 6
X (1= o030 ] for St a.nd. 82, (81)

LyfL, = (M [),

where « is & constant which defines the ratio of the integral spatial scale and
the integral timo scale of the given turbulence structure. The value of & can
be taken as 0-1 in jeb turbulence, The value of M/}, is a matter of definition.
" Tf a singlo source volumo is under consideration, the reference Mach number }
oan bo dofined as the same as the looal convection Mach number 7. Hence,
MM, = 1. Equations (70), (73}, (15) and (78) can now be integrated for noise
emission in a given divection. The rosults are, respectively,

N 3 % 2hrhof MBatq,, (A4 "4
* vy = 0= el et e
P, O3 () 7242L, q, (J’Iﬂf) {(1—23, costh)

(A2 402 M2}%  for SO, (82)
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21 x 28 7724 M8 Pa? (0) ok tan @ MA\E -
A0 P@) {oos O3 (ﬂ) .

x {(1— 1,008 0)? + a2 MBcos? 6}-*% for 82, (83)

. O, 0f (y) =

— 160 x 28 7203 M3 Ai%(0) e’ tand MW
&.8%) Tl ) foos O (37
. x {(1— M, cos0)®+-atM2oos2 G}t for S1(a), (84)
——  3xobabul Mialq,, (BN
O, 0¥ y) = 0 "°(_.E)I¢Tb ey
1 I(J) rgAngqo M ( )c B

% {(1— M, cos 0)2 + a2 M3 cos? O}-¢ for S1(b), (85)

where I'(z) denotes the gamma funection, and the funotion F(b) and the value of b
are defined as-

o) = f :eb=~u' (u—b)idu, (86)

- 2} M ¥ (5, 0) cos
," Lt{(l — .M:., cOo8 6}3 + azMgCOS?' B}ﬁ"

It should be noted that the value of b in (87) is defined for solf-noise, Its value is
smaller for shear noise by afactorof 1/24, In (82), there is a factor of (1 ~ M,c0s8)1
It is important to note that this term remeins finite for all solutions which-belong
to 80, According to (68) end (61), the value of (1— 2, cosf)! can never be
greater than (M, + 4)/A. For small'values of Mach number, all of the above cases
oboy an 38 law. For high Mach numbers, the current results are not the same as
the olagsical results. Tirst of all, the S0 case approaches an M3 law only when M2
becomes significantly greater than 4% However, this does not mean that S0
radiation is necessarily moro efficient in the higher Maoch number range than 51
or 82, beoause this type.of noise radiation did not have the advantages of a con-
veotion factor to begin with as did the other two cases. It is quite surprising to
note that the convection law for the 82 and S1(a) case turns out to_be less
offioient than the A2 law in the high Mach number range: there is an J*® law
for 82 and an M9 law for S1(a). For the S1(b) case, the Mach-number de-
pendenco is identioal to the classical results.

It is not olear whother the slight decline of the noise radiation efficiency in
the 81(a) and S2 cases is experimentally observable, assuming that the above
conclusion is correct. The overall noise radiation depends also .on the fourth
power of the turbulence intensity »,. If this non-dimensional value depends on
oven a small positive fractional power of tho Mach number, the dependenace of v
on Mach number will largely compensato for small deviations from the M° law.

Another unexposted rosult in this study is the dependence of the radiated
sound pressure on ¢;fc,. In (1), both the sourcs function y(8v,/dy,) év,{éy, and the
pressure fluctuntion log (pfp,) are multiplied by a factor A. Since the source
function as dofined in (8) dopends explicitly on A-2, it may appear that the
intensity of the radinted noise would dopond on A-4. This is not the case if one
examines carofully the solutions as given by (15), (26), (36) and (89). While the
faotor 443 of the source integrand is evaluated in the shear flow region, the

b

(87)
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factor 4 associated with log (p/p,} should be evaluated in the far field, where it
has a value of one. Hence, the sound intensity in the far field depends only on.4-2
instead of 4—4. Such a dependence can be written as either 7'/T} or p,/p,, and it is
much weaker than the corresponding dependence discussed in Ribner (1964).

Limitations to the present theory

In general, the aceuracy of the present analysis is Fmited to the extent where (3)
is applicable. Although thore may be further improvements of this wave equa-
tion under speeial flow conditions, it appoars that the present solution contains
a sufficient number of differences from the elassical analysis to warrant detailed
considerntions.

The second limitation of the present analysis is inherent in the WKBJ trans-
formation. The application of the WKBJ method should be resiricted to cases
where kf; > 1, where k denotes hore a dimensional wavenumber. The value of kL
is direotly related to the Strouhal number 8¢ in aerodynamie noise:

8t = wL2nU = kL{2zM (kL = 27StM).

For & turbulent round jot, the characteristio dimension is the exit diameter of
the jet. For most jots, the peak Strouhal number is between 0-25 and 0-30. If
the jet veloeity is greator than 0-6 times the ambient speed of sound, all the
noise radiation near or above the peak of the spectrum can be studied by the
present theory. The same statement can be made also for rocket noise radiation.
The -peak Strouhal number for rocket noise ranges from 0-04 ‘down to 0-02.
However, the corresponding valuos of M ranges from a minimum of 6 to well
above 10.

In the final diseussion, most of the interprotations are made on the assumption
that the source volume ig small. If the source volume is large, much of the simple
interprotation in terms of ray acousties will no longer apply. Hence, such dis-
cussion serves only to indicate the underlying mechanisms of noise emission
from, a physical point of view of fluid mechanies.

Finally, it should be pointed out that the present formulation is given in-
torms of Cartesian co-ordinates. It is-perhaps more appropriate to study prob-
loms such ag job noiso radintion in terms of eylindrical co-ordinates. Mochanisms
guch as low frequenoy noise radintion and the intoraction betwoon job instabitity
and noiso radistion can be desoribed more ascurately in oylindrical co-ordinates.
Analytionl teehniquos such as Fourier transformations and WKBJ methods re-
main available for obtaining solutions from the latter case.

" 'This work was supported by the Unsteady Gasdynamics Branch of National
Aeronautios and Space Administration—Marshall Space Flight Centor, under
contract no. NAS 8-28588,
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