 X-602-74-166
PREPRINT

o NSATH X 0 644
THE AVERAGED MOTION
OF A CHARGED PARTICLE
~ IN A DIPOLE FIELD

| A. J. CHEN
- DAVID P. STERN

(NASA-TM-X-70668) THE AVERAGE MOTIGN Ol ' ' y
..ON i -
A CHARGED PARTICLE IN A DIPOLE FIELD oF N74-26185
(NASA) 15 p HC $4.00 CSCL 20H
Unclas
G3/24 40939

MAY 1974 -

 —— GODDARD SPACE FLIGHT CENTER
* GREENBELT, MARYLAND

. b



For information concerning avaiiabilit'y' 7
of this document contact:

Technical Information Division, Code 250
Goddard Space Flight Center )
Greenbelt, Maryland 2077t

(Telephone 301-982-4488)



The Averaged Metion of a Charged

Particle in a Dipole Fielda

A. J. Chen*and David P. Stern

Goddard Space Flight Center
Greenbelt, Maryland 20771

* NAS/NRC Research Assoclate



INTRODUCTICN AND NOTATTON

The average motion of a charged particle trapped in the geomagnetic
Tield can usually be represented with adequate accuracy by assuming the

conservation of the Tirst two adisbatic invarisants [é,g. Northrop, 1965]

p7/2nB (1)

§ Dy ds (2)

where integration is along a field line between mirror points. In addi-

T
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tion, specificaticon of the averaged moticn also invelves the parameters
deTining the magnetic field line to which the particle is sttached. This
role is usually served by the Euler potentials ( of, P ) [eog. Stern,
1970 ] ; given (J, w) of the particle and ( &, P )} of the field

line to which it is attached at scme initial time ty » the "drift surface"

described by its aversged motion is completely determined.

In the absence of electric fields and time dependence the energy is
conserved and the drift surTace may be described by properties of the
trajectory not involving the energj, guch as the mirrering field Bm and
the quantity I' = J/v « In this case Bm and the initial values of
(n{,ﬁ ) are sufficient to define the drift surface, since I' may be

derived from them.

If in addition the magnetic field has the dipole configuration it
is often convenient to use instead of Bm the sine y of the equatorial
pitch angle. An appropriate set of Euler potentials is then, in polar

coordinates



N

( &% g: /r} sin” @ (3)

g a (1)
where a 1is the earth's radius and go ¥ ~0.31 gauss 1is the dipole
1
harmonic coefficient., In many applications it is convenient to introduce

s related quantity

L = ag:/o{, (5)

equal to the eguatorial distance , in earth radii, of the field line
with the given value of ©¢ (one could use L as an Euler potential,
but the form of B then is not es simple). With the sbove definitions one

ranm AAafPdina +hae A4
Can i wiis

evaluated between mirror points and proporticnal to I' . Here the initial
values of ol and of y are all that is needed to define the drift surface,
gince I depends on y and P is gbsent due to axisl symmetry. Appro-
ximations of the function I(y) have been derived by. Schulz Elg}?l] and

by cthers.

In the geomagnetic field this approach is often used al high energies,
where the effects of electric fields can be neglected. However, at
energies of the order of one kilovolt this method no longer works, since
t]ﬁ%;lg%%%gy may change appreciably : in this range p and J , rather than
B, and I (or I) are to be regarded as conserved quantities. The pur-
pose of this work is fo provide the means for treating this more general

motion, assuming a dipole field.



THE AVERAGED HAMILTONIAN

The chief tool in this treatment is the averaged Hamiltonian X(J, p,el, §.
the properties of which have been developed by Northrop end Teller [1960 3
egs. 30 ; see also Northrop, 1963, eqs. 3.68 | . Assuming the adiabatic
invariants J and p are conserved and denoting by W the kinetic energy
(in all what follows the nonrelativistic form m v2/2 will be used), the

averaged Hamiltonian has the Torm
K = wlet, J, p) + e¢ + (e/fc)ot P/ (7)

where W dis independent of P’ due to the axial symmetry of the dipole
field. For adiabaticity to hold, the electric field must be orthogonal
to B at least to the lowest order; if such orthogonality is assumed
and no time dependence exists, the electric potential ¢ will be a
function of (o{,P ) only and in general, the part of K not including
W will depend on o and f3 only [Northrqp end Teller, 1960, eq. 9 ] .

Two limiting cases are easily calculated. If J = 0 the particle is

confined to the equatorial plane aznd one gets

Wle,0,u) = us = uldl/® - PG, 1) (@

This form has been widely used in examining the motion of charged parti-

cles in the equatorial plane of model magnetospheres [Chen, 1970 ; Stern ,
12741;] °

On the other hand, if p =0 then v, = v . In that case , if
S denoctes the total length of the guiding field line, ecuation {2)

reduces to

J=2mvS:2vaoaL (9)



where

I, =2+ 3"% in{ 2 + 3%) Y 2,76

Expressing the kinetic energy gives

W, 5,0 = (B*8nIZa") L % = aJ, L) (10)

Here an approximation will be derived for W which can be used over
the entire range of parameters. In doing so, account should be taken of
the special nature of the dipole field, which constrains the allowed form
of W.

he dipnle field has the property that all its field lines have

= 1d has th toall It 1ave the
same configuration - only the scale length of the configuration varies,
This reduces the functional form of W from a dependence on 3 varlables

to a dependence on only two,.

For proof, let y %be introduced as auxiliary varisble. Then from (l),
(6) and (10)

= (y)

Qrg/w (11)
v = P/u (22)

If y is eliminated between (11) and (12) a relation is obtained of

the form

P/W = FlQ/ W {(13)

If W is extracted from this, it can depend on p , J and o only
through the functions P and @ « A convenient representation of it, with

the correct dimensionality and limits, would be

WP, Q) = P 4+ Qq + Z_AKPSK Ql"sk (1)

where 0 £ § £ 1, since Q vanishes when W =P and vice versa.
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It simplifies the calculation if { is replaced by

This reduces (14) to the form

Wp, X) = P(L+X/13 + Ja X5 ) (16)

Comparison with (12) shows that the expression in parentheses simply equals
-
y % . The results derived here will be presented in this notation.

THE APPROXIMATION TO W

Cne term in the expansion, the term lincar in X , can be derived

from the harmonic-oscillator approximation developed by Schulz [:197l]

for values of y near unity

Iy) = 0.74® (1 - ¥ ) (17)

If y=1-§ , then

/o.7h05 T 2%

Substituting in (12) gives the coefficient of X near y =1 as 1/0.7405
(the term proporticnal to X* may be neglected there)

W ="P/y3 = P(L+ 28 )

= P(1+ 1.3305 X ) (18)



A relatively accurate approximation to W , including two terms in

addition to the three developed here, is

=
il

P (14 1.3505 X - 0.030425 234+ o0.10066 4+ 2/ 1% )

= P £(x) (19)

As a test we note that by (12) this should satisfy

v X)) = 1 (20)

Actual values of this product, as functions of the mirror colatitude
Bm', are listed in Teble 1 . The largest errors fall in the range which
in most practical cases is inside the loss cone and for most of the field

line the error is 1% or less.

APPLICATION

The relation (20) establishes a certain relation between X and vy ,
or equivalently between X and the equatorial pitch angle A ( v = sin )
and this relation is plotted in Figure 1 . This plot can be used to deter-
mine the energization of particles drifting earthward in a combined

electric and magnetic field, in the following way.

Suppose a particle starts at L = L3 vwith an equatorial pifch angle
M, and arrives at L = L : we wish to know by how much has its kinetic
energy changed. The initisl kinetic energy is readily derived from the

given data, for by (12)

W = p,‘g?l /]'_.3 sin® } (21)



From Figure 1 the initial value Xy corresponding to A; is resd

off. By (15), (8) anda (20)

-, 2
X = (J%/aEBmu‘gO J2 12 = constant o L 2 (22)
1
Therefore the final value of X is
L
X2 = X3 (LE/L]_) 2 (23)

With X, having been derived, the corresponding value of the pitch
angle Az 1is readily read off Figure 1 , after which (21) is used
to obtain the final energy Wo .

From (8) and (10) it is evident that ir the Limiting cases
J=0 and u =0 W increases as L-5 and L-2 s, respectively, and
near these limits the zbove more elsborate method need not be used, It
becomes usgeful in the intermediate range where neither of the adisbatic

invarisnts can be congidered to be small .

MEAN DRIFT

By the formula developed by Northrop and Teller [_1960] the average

motion of the particle satisfies

Il

LS -(cfey v x/2p {2k)

<p> (c/e) /el (25)

[

The differentiation of the electromagnetic terms in equation (7) is
straightforward and therefore only that of W will be discussed. In the
gpecial case of the dipole mesgnetic field no dependence on i5 exlsts, so
there is no contribution to (et ) from this term, For deriving (25) one

nust substitute



-+ - &
2

X = J5(8amup) &K 2

H
1l

u ot® /&8 (82)2

after which differentiation ls stralghiforward. In order to give the

motion an intuitive representstion it is useful to map it into the equatorial
plane, where every point corresponds to a pair of values of (oi,ﬁ )

and can therefore represent the field line passing through it. Let V be

the velocity of the point at which the field line to which the particle

is attached crosses that vlane.Then iT ’2/®13==O and all varisbles are

evaluated in the equatorial plane

<> . Vel

1
1=

Il
1=

.VF;

<§&>
Substituting {27) in (24) and (25) and subtracting the former from

the latter then gives

VK = f{cfe) V x B (28)

Since V 1is in the equatorial plane, it has no component parallel to B ,

from which follows (compare eg. 3}, Northrop and Teller, 1960 )

v = (e/cB®)})B x VK (29)

This resembles the formule for the magnetic drift velocity in the
presence of a force field - VK , but is actually not the same thing
(except in the limit J = 0 , when the particles are confined to the equa~
torial plane) since V is an averaged drift veloclty, averaged over the

entire Tield line and then projected onto the equatorial plane.
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Equation (29) provides a method for calculating V ; for instance, in
the case of the dipole field or in other axisymmetric fields where 9 = a‘¥

one obbtains, by resolving B into Vet X VF , the relation

————;zi“ (1+ 1125k X - 0025664 7> 4 0.0727 2P & 28/ I ) (50)

which also Tollows from (25). This can be evaluated by means of (26) and
provides a quick derivation of the averaged magnetic drift velocity
(electric drifts can be simply added to it) which in general requires a

lengthy calculation.

Tf the values of (J, u) are set, K is a function of (o{,P) and
can be chosen to serve as an Euler potential. Tet then u(c¢,9 ) be the
conjugate Euler potential, l.e. let it satisTy

B = VXx Yu(«p) (31)

The mean rate at which u changes can be evaluated in the equatorial

plane and is, in the absence of explicit time dependence

<1'A> = K'Vu = e/c = constant (32)

Taken together, K and u describe the mean motion of particles, mepred

into the eguatorial plane, in a simple intuitive way. By (29)

V.VK = 0 (33)

i.e. the particle stays on a constant value of K (this no longer

holds if K contains direct dependence on t), 50 that lines of constant

K in the equatorial plane resemble rays along which particles are guided.

On the other hand, by (32) lines of constant u play the role of "wavefronts",
since a group of particles starting initially from a given value of u

will at all times share the same value of u , in the particular represen-

tation of u which was initially chosen (the choice of u is not unique,
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and & group of particles lined up along a line cof constant u 1in one

representation might no longer do so when ancther one is used).

These "pacing Tunctions” (they pace the rate at which particles advance
along lines of constant K) will be discussed in a separate paper. The
"sonjugate potential" of a given electric potential $ (oL, 33) [§t_e.?.E:
;21&9 ] represent the special case of u when W = O and ’b/%'t =0

in equation (7) .

According to Northrop and Teller, the "bounce time" T For one

complete osecillation between mirror points satisfies

T-l

DK/ Pa

(PK/0X) (RX/?J) (34)

By {15) X depends on J through I(y) {(the denominator there

is related to the Tirst invarient p) and explicitely one then finds

X = J/emvely (35)

(this may be compared to eqs 9 , where I has attained its maximal
value I, )« Thus

= ulg(l)l/ 8 m a® L° )jé‘ ( 13506 - 0.040B6T :x:l/5 +

+ 016777 x2/5 + 2}(/1?—’J ) (36)

Note that the averaged equatorial drift velocity V and bounce period
T given by ecuations (30) and (36) respectively reduce to the
expressions derived by Schulz I~l971] in the Yimits of J =0 and p =0 o
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CAFTIONS TO FIGURE AND TABLE

Figure 1 =~ A plot of X (defined in equation 15) against the
equatorial pitch angle A .

Table 1 ~ Values of the product y° £(X) (given in eguation 20)
using the approximation (19) for f(X), as a function of

mirror colatitude ©  and of .
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Table 1
O > 2 72 2(x)
degrees degrees

5 0.03 1.0290
10 0.21 1.0356
15 0.71 0.0002 1.0297
20 1.66 0,0008 1.0179
25 3.7 0.0031 1.0063
30 5 o 3l 0.0087 0.9989
35 8.23 0.0205 0.9966
4o 11.89 0.0k2k 0.9986
45 16,33 0,0791 1.00%2
50 21,56 0.1350 1.0075
55 27.58 0.2143 1.0099
60 3k .38 0.3189 1.0102
65 41.97 0. 4473 1.0081
70 50,32 0.592L4 1.0049
4 57 o5k 0.7120 1.0026
78 65 .20 0.8242 1.0010
& 73.23 0.9167 1.0001

86 81.54 0.9782 0.9998
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