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MONTE CARLO INVESTIGATION OF TRANSIENT ACOUSTIC FIHIDS
"IN PARTIALLY R COMPLETELY BOUNDED MEDIUM .

 ABSTRAGT

This dissertation presents a Monte Carlo
technique for the determination of the transiéht radiation
fields in partially.or_complefelyﬁboundéd media. The‘impetus-
for the selection of this topic is thab the analysis of the

rediation in a partislly or completely bounded medium
presénts a problem 6f common interest in many branches of
engiheering'and phyaics; yet, at present, no satisfactory
method is availéble for its tréatment in the general case.
; : In thié dissertation a more generasl basic -
technique is developed with special emphasis on applications
to acoustical field solutions. 1t investigates what happens

te the field in terms of signal paths of disturbance

| B 144
PRECEDING PAGE BLANK NOT FILMED



iv

‘ originating from tﬁe energy source, and based on the informa-
tion 8o collected reconstructs the field as a function of:

| space and tims on a stetisticsl basis. For this analysis a
sultsble model is created from which is developed an algoritim
for the estimation of the acoustic pressure variations, as a

~ function of space and time, in the region under investigation.

|  The validity of the technique and the
algofithm thus created is demonstrated with the hélp of
simplé physical models, analyzed on the digital computer. The
results obtained from tﬁe presént work are compared with i
other available snalytical data.

At present, the applicability of the
proposed Monte Carlo technique is demonsatrated when the
mediuwm is homogeneous and is enclosed by either rectangulaf
or curved boundaries. Possible future developments are |
indicated which would, it is believed, make the Monte Carlo
method & valusble tool when boundary conditions are complex

or when the medium is inhomogeneous.
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Chepter 1
INTRODmeloN

_ 7 A.ﬂonte Carlo mothod 1is suggested for ths
computation of the tims- varying acoustical pressure in &
wide variety of probleum._The more 1n$aresting areas in
‘which the Monte Carlo method is spplicable ave the boundary
value and the initial value problems with linear differential
equatlona as the governing equations.

| Broadly speaking the msthod of detarmlnlng
an action at a distance from the source of the radiation
energy is to construct a field of dymemic and thermodynamic
quantities and then to study their propagation in the
supporting medivm, which in géneral absorbs,'emits, and
‘scatteré the radiation. In terms of wave motion the analysis
of, for example, potential and force fields, electromagnetic
and gravitational fields has been possible for considerable

time. An acousbical field is a scalar field of similar nature.

For the description of the field satisfactory approaches are



known wheh:tha medium extends to infinity, but not alwayé 80
when it is bounded. Thb suggeated ﬁoﬁté Carlo method is in
response.to ﬁha obvious.need fop é.numaricalamethbd to
supplement analytical methods of solution which are only
walid wﬁan the bouhdarias_ha?e simple'shapeé.'An alternative
method might have been dsvelopedifrom finite elemept

“ techniques; they have'alrea&ylbeén appiied su&cessfully to
a’m riuid pz?oblema, ';as suggested by Zienkiewicz (1967) and
Oden (1969). waaver, the ccmputer storage recquirements for
~such solutions in three dimsnsions could well be prohibitive,
and computation times excesaive: The Monte Carlo method is
particuiarly.effectivé in multidimansionél problems,

i The genorally known wave motion approach
that is developed for the description of g field in a bounded
medium results in a very lengthy GXBP61SB of mathematical
analysis as it involves explicit or implicit integrations
over a variety of complex surface areas. In contrast, the
:Honts Carlo technique thét is developed here calls for very!
simple repetitiﬁe caleulations. It=c§nsiders the probleﬁ,'
under investigation as a statistical problem. It investigates
what happens to the field in terms of the signsl paths of
disturbances originating'from the ensrgy source, and based
on the information so collected reconstructa the field as a

function of space and time on a statistical basis,



- The snalysis of signélmpaths;.rrcm'vieﬁpoint
of the Helmholtz wave equation snd the Eikonal equation, is
. ineluded in Appendix 1; Chapter 2 presents a brief survey of
the known analytical méthods for the deacfiptioﬁ of the
radiation field, wlth a highlight on the nséd forranmore
gensral numerical approach to supplement them..

~ The problam of radiation field in a bounded

madium is viawad in Chapter 3 on tha basis of the statistical”
model fncluded therein elso is a brief description, in
general terms, of tha Honte Carlo method along with its scope
and 11mitations. This 1is followed by a syatematic development
of gn algorithm.with special amphasig on applicgtions to
acoustical field solutions. o :

The algorithm thus created 1s verifiod
critically in Chapter L, snd is shown to give the known
results. This estabiishes the validity of the baslc technique
that is developed. Subsequent is the applicetion of this
techniqga in Chapter 5, to a specific physical model consisting
of a nonconductihg, 1sotr0pic! homogeneous medium enclosed by
rectangular walls. Caloulations are presented for a pressure
field caused by an actuating point source with its strength
tims history characterized by a double rectangulér pulse,
single cycle sinusoidal pulse, and a N-shape pulse. The
results are greupéd iﬁ-seven different cases for material

dbsorption‘cosfficients ranging from zero to one hundred



fpercant on different walls, with as~many'és gix different
’raceiving points dispersed in the region.
- The Monte Carlo results for Case l, 11

-walls perfeétly reflecting, for the single cycle double
recténguiar pulse source strength time history, are shown to
be in qualitative sgreement with those of Mintzer (1950);
~ but the much needed closer quéntitétive comparisoh is.not_
-possible in thia cage, mainly, due to ths lack of the
: knowledge of the specific normalizing factor utilized 1n tha T
Mintzer's reaults. '

| | ﬁith a view of presenting a qnantitative
comparison, for the case of perfect reflecting walls with
sinusoidal shape source strength time history, an analytical
 solution 1s sought in Chapter 6 in terms of the normal modes
by the application of the Green's Function technique.

The first half of ths dissertation , dealing
with the development of the basic technique and its applices’
tions, is restricted to considerations of the transient
acoustic field in rectangular rooms containing no 'sound
scettering' obstacles, having each wall uniform absorption,
and no ebsorption in the medium itself. The removal of each
of these restrictions will require further study; but the
bagic snalysis appégrs teo be woll adapted for these extensions.
The latter half of the dissertabtion presents an extension of
the above techniqua to problems whsere the boundsries are



nonrectangular. | N o |

In order to adapt the Monte Carlo technique,‘_ '-
developed in the first half of the dissertation, to the cases
of pragtical importance where the boundaries are not at right
angles, certain modifications becoms essentisl especially to |
“cover such ‘e.ventualirtli.es as the 'ocdm'rence of possible
focussing effects, the assoclated singularities, etc. in the
"r.egiqn under investigation. Such modifications end the |
exbanéion' of the propdseﬁ Honte C'arld -tecﬁzﬁque to covaf '- the
casea of’ curved boundaries, not- mcassar:!.ly of simple geometric
shape, ars stw!.ied in the latter half of 't:he diaaertat:ion. - |

| A In view of the particular importance of the |
transmissioﬁ prdperties of the axisymmetric-duct m_énginearing‘
applications, the concepts that are -d.evelc':ped are then epplied
to the prediction of the transient acoustic field caused by &
sound source inside e cylindrical duct. The results obtained
by the applicsastion of the Monte Cérlo technique in this case
are then compared with those from sn analytical solution based
on the theory cast in téms ‘of the normal modes of oscillation
of the duct. | -

A survej of the literature indicates, as a
common technigus, the ﬁse of superposition of infinite
succession of wave motions of monochromatic type, each defined
by a single frequencﬁ' of oscillation, in the study of forced
vibrati.éns snd sownd propegation inside a circular duct,



 However, in this disseréation_use has been madse . of somewhat'
different technique in srriving at the analytical results,
the approach is to utilize the time domain instead of the
fréquancy domain to characterize the sownd sources as well as
the field caused by them. If so deéired, this tims base
"1resulting field can always be transformed to the frequency
base by'the use of the Fourier Transrorms ' '

_' | ~ The problem of computing the effects of -
tha proPagating signal in a rogion surrounded by 8 curved o
boundary 1s identified in Chapter 7 and sn expression. in
nondimansional form is presented for‘a,pressura contribution
at & receiving point that comes under the influence of the
propagating ray tube that is trﬁced_in the‘Honte Carlo
processing, .

The proceas of random selection.of the
source along with the direction of the ray tube, with due
consideration of the specific directionsl characteristics of
| any perticular source, is considered in the most general- .
terma, with the help of flow disgrams, in.Appandix 6. In
Chapter 8 is presented a detailed discussion of the processing
- of the ray tube, and an algorithm is deveIOpad there for
evaluation of the pressure contribution at a receliving point
from the ray tube that is under process. bafining a gquantity,
- termed as 'eéuivalant distance', . as a function of the

divergence factor of the ray tube cross-sectional area,'this'



modified algorithm for the cagal‘af curvc& boundary is shown
to be in perfect ;agreeniant with_ that for the case or\ra"éta.ng-
ular bomﬁar."y, develéped in tha éarlier ’portion: of the ,'
dissertation. o | 'l | S

In Ghapter 9 tha problam of the acoustical )

B pressure fiold inside a rigid duct of constant radius’ is

investigated from the nomal mod.a point of view. - 7
e T Tha results from application of these t-..ro :'
mthods are prasanted in Chapter 10 for a psrticular case B

| 'whoro tha emission is from a single point aourca with & ;

single cycle sinusoidal shape strength tima histor'y. 'I‘his is

followed in Chapter 11 by a general d:.scussion of the
| develomnents of the Monte Carlc ma‘l:hod.. |



Chapter 2 .
RADIAYION FIBLD

_ The sound'ganerated at -a given positioh 6f
the source, in a compressible fluid, distributes itself as
2 acélar material field of radiation.-lt is a fiald'that;is
constructed to analyze the probiem of éction at a distance.
Viewed,macroscopically the radiation field is an idealized
-lcontinuous‘function of spacé and time'describing tﬁe dynamic
and thermodynamic state of the support1ng fluid medium.

" The acoustic radiation field which may be
congtructed as a solution to the initlal and boundary wvalue
problem, provides the basis for any systematic approach to
noise control,'and hence 1is of considerable-technOICgical
importance. Depending on the extent of the suppdrting medium,
axterior to the radiating energy source, the radiation field
is categorized as unbounded or bounded;.ln the former cass,
a8 the medium extends to infinity, only the diverging waves

originating from the radiator (Fig.l@) are present. A survey
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of the literature indica%es ﬁhat.a_lafge number of satisraétory
nurerical methods are available for analysis ofitﬁe radiation
field when the medium is unbounded.'Thésa.can be classified
Sroadly in two groups as !
| 1. Differentisal Equation Formulation
- Multipoint Boundary Value Problem
'II. Integral Equation Fofmulation
) - Extension of Classical Potential Theory.

On the other hand, in a bounded medium, the.bpundéries are
preéeﬁt at finite distances frem‘ﬁhe soufce..In acousﬁics,
‘the1physica1 effects of the boundarf'are to cause reflections
which then must be added to the wave developed by the ‘source
to give the resultant field. Figurelb shows a typical pressure
pulse in a bounded medium; also indicated therein is a region-"
of sﬁperpdsition resulting from-a wﬁli reflectipn, The methods
that are known and find certain applications in.the analysis |

. of s vadistion field in a bounded medium arve :

1. Separation of Variables

" The problem'of_pfactical importance invdlves,
Ain general, complicated cross;sections for'which.the natural
coordinate system becomes extremely complicated and as a
result the problem, in general, would not be amenable té the

standard method of separation of variables.
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2. Cbnformal'ﬁaggigg--

| The method of'conformai mapﬁing mékes.use'of
a technique of transforming the cross;sectiénal areé into a
simpler one, but ita success depends heavily on the availabi-
1ity of the pro#er mapping function. This effectively rules
out its application to problems with arbitrarj boundaries.

3. Green's Function

Even if it is known that the Green's function
does exist for the region under ihyastigatiqn, it is an
extremely difficult task to find it; and as such this method

is mostly used in the thecoretical approach.

u..Mbthod of Imaces

| - The method of images finds applicetions in
certaiﬁ special cases of rigid walls, but in a very few cases
tha'images are the resl images of the source. Even in these
few special cases it is no simple task to find these images
enalytically. : -

5. Method of Normal Modes

| In the norﬁﬁl mode méﬁhod the medium enclesed
is considered to be a threé diﬁaﬁsional elastic body having
its own natural modes of vibration govqﬁned by the machanicai
constant of the mass of the medium and the boundary conditions

on the enclosure surface. Then the sound field in a given
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'enciosure is expregsed as the.sUmmatioﬁ of the normal modes
 involving various decay constants and normel frequencies.
Although this method shares the gain,in-powér.afforded by the
generalized coordinates in mechanical problems, its applica-'
bility is limited to a feow specialized dases, as-in.cases
involving geometries othef‘than the separablé ones; the
procedure inevitébly becomss involvéd and complex. |
. This clearly brings out the fact that these

kndun‘analytiqal mathods‘can be appliled only in a very few
wspecializéd cases, ahd'theré is an obvious need for a more
general numerical methed to suﬁplément them. This is‘afforded
by the proposed Monté Carlo technique that is developed in.
this work; the central idea being td follow the propagation
of the signals of disturbance originating from the energy
source. ' .- ' _..
| .At every point in the medium the signai
propagates along a direction normal té the wavefrént, the
locus of the wavefront normel forming the required trajectory
that i1s used in the Monte Carlo method'as'the propagational
path of the acoustic ray. In ganérallthis is a function of

2. Initial direction of any particular ray emanating

from the snergy sourde |
b. Spatiél variations of the physical'and thermodynamic

characteristics of the supportiﬁg‘medium
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¢. Spatial variationslof the geomatric.shape and the
fhenmddynamic-properties of the boundaries that
enclose the region under investigation.
When these are specified mathematically the problem of the
detarmlnatlon of the ray trajectory becomes determinate, and
can be solved completely by formulatlng a set of equations
dafinlng the direction of the ray successively.\
In the Monte Carlo method based on the
sﬁatistical riodel the requisite initial direction for any R
. particular écoﬁstical ray from the source is selected at
randon in accordaﬁce with the directionsl charaﬁteristics of
the acoustical source. Such a selected raj is then traced
through mulbiple Teflections from boundaries, and through
otherlevents; ifrapplicable.'The pfessure time histories at
receiving points are calculated by sccumulating the effects
of penetrations of the rays throﬁgh'test‘géll volumes located
at these points,li.e., at the points where the ﬁrsssure isg to
be found. In -thé first half‘of_the dissertation the-methodtis
adapted to.the'problem of.the.reétangular room, and célculaﬁéd
results are given for compariSOn with othar calculated results,
such as those of Mintzer (1950), and those obtained by the
normal mode method. R
- The difficulties to be overcome in édapting

the method to more general problems are also digcussed, and

necegsary developments are shown to include adaptation to
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.cufved'boundarieé, td'mofing or inhomégenaous‘media, and to
problems involving diffraction. The latter poses the worst
problem, because it involves.a breakdown in classical ray' |
acoustics. Lopking further'aheadi it is fascinating to
conjégture whether the rays cén:ba treated-as trajéctories.
of phonéns, and whether; by such an approach, nonlinsar
acoustical'problems can be handléd by considéring,the

interactions between such phononsQ'



Cheapter 3

. STATISTICAL MODEL AND THE
~ MONTE CARLO TECHNIQUE

- PROBLEM IDENTIFICATION

| Sound is a dynamic disturbance of equiliﬁrium
of the physical characteristics of the supporting fluid medium.
The sound generated in one region will prOpagateraway; reflect
from nearby walls or structures into different paﬁhs, and
redistribute itself. The analytical problem associated with
such a physicel situation is the prediction of the soﬁnd field
everywhere in the fluid region ﬁnder‘investigation from its
observable chearacteristics such aslﬁregsure, particle velocity,
etc. at tha.source surface., This requires familierity with
~the laws governing the propagation of sound through the
supportiﬂg medium, and with the relationships between such
measures of soun&‘strength a8 the fluctuating preasure, ths
energy assoclated with the fluctuation, etec. In general tha
digtribution of the sound field in the médiﬁm.depends on the

15
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following factofs : | _ |
‘a. Distribution of the sound sources and their
‘strength time histories with any directional
- properties associated with them
. Thermodynamic and phyaical—characteristicé of
_tha supporting fluid medium |
c. Shape and thermodynamiec pr0pertieé of the
boundaries enclosing the region that is umder
invastigationg | .
When thése.are spécified mathemaﬁi¢ally'the problem, which.is
recognized to be a combination of the initial and the boundery
value problem, bedomes a determinate and, in pfinciple, can
be solved completely; howaver,_in‘pfactice.tha solution .
remains tractable only in a nesﬁrictad class of problenms
involving simple geometric shapes, thereby suggesting an
obvious need for a more general numericsl method to supplement
the known snalytical ones. The ﬁropdsed Monte Carlo technique
based on a statistical model and the tracing of the scousticcal
rays, whose directions have besn selected randomly, through
mitiple reflections from the boundaries and other events

sppears to meet this requiremsnt,
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DESCRIPTION OF THE MONTE CARLO METHCD

In ganeéal the Monte Carlo methqu; dealing
~with the solution of the problems by setting up equivalent
. tgemss' in which choices sre made by drawing random muibers,

- are classified under two types, P¥obabilistic"or Deterministic.
The initisl end the boundary valus problem in scoustics,
ideﬁbified;above, is a deterministic problem that can be

. formulated in theoretical language but can be solved by -
theoretical means only for vefy.simple'géometries. In fact,
being deterministic, this problem haaino'diract'assbgiation
with the random processes; but when its underlying structure
is exposad-it may perhaps reveai that‘it also dasc:ibés

some apparently unrelated randqm'prﬁceéses.'Practicaliy_all
problems in physics and engineering havse a statistical
basis, being influenged by a large number of factors having'
approximately equal effects; but one represents these by
nongtatistical methematical models when the‘samplas involved
are extremely large. For complex probilems the analytical
‘descriptiqn may be practically impossible; however, ths-
statistical simnlatioﬁ and its sﬁccassful investigation may
be poasible with the application of the Monte Carloc method.
This permits the solution of the determinstic problem under

invegtigation numerically by Monte Carlo simulation of the
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concomitant probabilistic problem. It is expected that in the
- 1limiting case of the large number of samples.tha solution
thug obtained will converge to the same 1imit as the physical
process that is represented. In fact one of the most serious
1imitations imposed on the Monte Carlo method is that a very
-difficult choice-must be made betﬂaen'the desired accuracy
end the economy. A genaralzdiscussion of the error analysis
and the probabllity estimates of .the Monte Carlo results is
included in Appendix 2, Access to a high speed digital

computer is essential in Monte Carlo applicaticns.
| ante Carlo methods are recent innovatiﬁhs,
since genersl programmes are generally unavailable special.
methods muat bé creatod to suit individual problems.‘Since
economic considerations will keep the level of the samplo size -
in any particular solution relatively amsll, it is expected
that the results ére sub ject to fandom fluctuétions and hernce
can be quoted only in the limits of plus end minus a standerd
deviation frcm.thé statistical mean. Then as shown in Appendix 2
the exadt solution of the simnlated problem can be estimated
to be within the limits of plus and minus one standard
deviation about 68 £ of the time.

_ It_pays to scrutinize the problem to see
whether any part of the experimsnt could well be replaced by

an exact theoretical analysis, since such a replacement will
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causa.ho uncertaihty. To escape the fqrmidable or even
impractical smount of‘éxperimental labour it be essential to
change or et least to distort the original problemm '
o A procadure that cen be used to establish
the megnitude of the statistical‘variability is the very
| siﬁple one 6f re§eating the.runs.-fha'réot‘cause for such a
varisbility is the whole set of random numbers that get .
amployéd in any'Hoﬁte Calo epplication to represeﬁt.fhe
vérious processes involved. Usually this simple procedure of
repeating the runs, treating these as indspendent saﬁples
until the variability has been reduced to the desired level
i; not feasible due to the large amount of the computationsal
lsbour involved to obtain any single sample. The quantity
under exsmination is often highly varisble; if not, in fact,
1ts mesn value cou;d have been esfimated by some deterministic
approach. In order to make the Konte Carlo application
economicallj competiﬁive-it is highly desirable to implement
- One or more of.tha_variahce reducing techniques, such as,
Stratification, Control Variates, Antithetic Variates, etc.
What most of these methods have in common is that they do not
"introduce bias into the estimation and thus they make the
results more precise without sacrificing reliability. A
Judicious use of any of the sbove methdds calls for a deeper
thought in the problem. Since‘no attempt was made to use such -
sophisticéted techniques here, there is no necessiﬁy to dwell
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on this subject here; Kahn (1954), Tocher.(l963), and
Hammersley (1965) provide certain discussion on this topic.

APPLICATIONS TO ACOUSTICAL PROBLEMS

~ The Honte Carlo method defies description
- beyond that already given in general terma, however, the
particular acoustical model thab.is used in this work here
can be described as follows.

A probabilistic mcdel is used, by means of

which the pressure time history at any receiving point in the_fl

field can be computed by supe:lmposing the effects of many
individual 'wavelets', fepreséntipg the disturbance generated
'by the sQurcé, transported along the rays of prppagation. In
order to obtain the results within a reasonable computing
time, the receiving point is represented by a small elemental
test coll surrounding it;.and the meen pressure within an&
amall time inerement is obtained.by-summing.the times of
transit of the rays through the test cell.

The rays araKaséumed to cbnsist-of small
tubes or bundles originating with a given elemental solid
anzle from the acoustical gource, having inteﬁsities,
directions, and times of origin which have been selected
at réndom, in accofdance with the spatial, directional,

and timewise distributions of these sources. Each ray is
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traced takihg account of its interaction with'bﬁuhaaries, or
with thpfgradieﬁts in the msdium through which it is tranam-
itted. Events occuring during the lifetime of any particular
ray ma&_ba of two kiﬁds; cauﬁai,.suqh as when 1t reflects off
| a'solidlﬁoundary; or proﬁabilistic, such as when lossaa[aﬁ—a
wall are accountéd for by a 'sudden déath' Zame . Trécing of
a particular ray is terminated elther when the required
solution time is elapsed, or when. it has been.terminated in
a sudden death. During all of this tims, the presaure time
bistory is determined at pﬁegelected 'feceiv;ng péints',
i.e.,‘ﬁoinfsfat which'the-pressure iﬁtdéaired,'by using
appropriate sampling tachniques. For this analysis a suitsble
model is created from which 1s develoPed an algorithm for
the estimation of the acoustic presaure Variations in the

region under investigation.
STATISTICAL MODEL

Any mathematical model of a physical system
requires the following three parts :_
1. & conceptual, idealized ph331ca1 model of the
| ~actual system ,
2. A method To solve the equations describing the
 1deslized physical model |
3., A computational procedure to implement item 2,
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The ultimate measure of a mathematical model is the degree to
.which it'produces satisfaction:to its user. This satisfaction
can usually be produced when the computed values agree with
"ﬁhe relisble experimanﬁs. An alternetive method of checking,
~ the validity of an& ﬁaw techniques is the application fo a
- very simple éhysicél model thet is amenable to another
proven technique, and the Subaequent=coﬁparison of the two
‘results. When this latter course of:ébﬁpariaon is adopted,
as 1z the case in the pfesent work, a proPer'consideratiaﬁ- _
‘~mnst be accorded to the fact that ths mathed selected for
.comparison.might not be an exact but an approximate one..
Obviously the better verification is afforded by the former

couwrse of comparison.

Governing Equation for the Pressure erld

The first step is to rormulate a conceptual,
idaalizadrphysical model of th9 acoustica1~system that is to
be analyzed. The generated sound in the region under.investi-
gation is conagidered to be a.collectiva effect of & certain
~—distfibution of sound sourcés.rIn'tha_absence of these sound
sources, let the medium be stetionary, and its physical state
be deseribed by a pressure field with a constent value, say
-PO' The introduction Qf-the sound sources causes Ehﬂ,pressure
in the medium to fluctuate. Let P(gr;t) be the total pressure
at a receiving point Er,in the field at tims t, the underscore
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(~) denoting the vectorial quantity. The distribution of the

préssureffield'is'governed by the nonhomogensous wave egquation :
t1/¢%)( 2% /0t ) ¢?P=RES. (1)

ﬁhere ¢ 1s the characterietic wgve velocity; it is the
velocity at which the pressure diaturbance propagates in thel
suppbrting fluid medium of characteristic impedance'jﬂcz,

'? being the mass density of the medium. In;Eq. 1 the term
'R.E S.'-1s 1nterpretable a8 a strength distrlbution of

simple acoustic sources per unit voluma

Assumgtions
" The claasical Wave Equation of linear

‘acoustics is expressed as
(l/c)(~32P/at2)--92P#0 (2)

This is obtainable from the more general NaV1er-Stokea
equation of fiuid mntion under certain restrictive |
assumptions, the more important of them are snumerated below,
the less important such as Body forces, chemical reactions,
etc. are omitted. o |
| I The.flnctuating acoustical pressure p(Er,t)
| given by - ' .- V

plx,t) = Blx,t) - B, (3)



‘1s sufficiently small compared to the equilibriwn
prassﬁra Pb. This implies the proportionality of
the deférmations and.the stresses 6ausad by thé
ﬁarturbaﬁion. This approximation will require
 reexamination when the mean square préssure
 levels are of the order of 130 dB. '
ii.. Thsfmo-viscOus dissipation is negligibly sﬁall.
Inclusion of these effects is possible, but the
. mathematical complexity will obscure the basic
problem. _:' | | S .
_III. In case of the sound generation by the turbulence,
| | -ths cfossacorrelatioﬁ between the sbund field
and the turbulence is_sﬁall qnoﬁgh to allow the
- decoupling of the two equation sets. This permits
'~tﬁ9 examination of the sound field independéntly
of the turbulence field., This aséuﬂpﬁion is seen
" to be invalid in the proximity of the sound
sources., | ' _' W
,'These'assumptions allow the separation of the wave equation

from the equation of motion.

Monopole Field

In the‘study of transient sound generation
in a given acoustic cavity, the notion of the multipole

representation of the acoustic sources can be used profitably.



The very usefﬁl conception of a monopols,
| commonly known as a 'point sburce' was introduced into the
subject by Halmholfz. The ﬁosition of a point source 1n the
field 1s the location of a 'pointusingﬁlarityJ. At such a
point, one c¢an imagine, thﬁt a fluid is introduced or
sbstracted at a certain rate. In the presence of certain

" volume distributed monopoles the pressure field is'gbvrrned

T.by the wave esquation
(1721402 r /0420 - 98P = om/2t  (h)

ﬂhare Q\is the rate of mass iﬁJQction per unit volume, the
overhesad dot (") denotes the differentiﬁtion of the guantity
with respect to time. In Eq. i the R.H.S. term ¢ m/b t
represents simple sources of strength D m/é)t per unit volums
considered as a gource for the greasure, and not for the
vélb'cij;y potential, |

Let C be the refarence point, origin, inside
" the volume V! (Fig. 2 ) of the fluctuating medium representing
an entity of volume distributed acoustic‘sources. Within this
volume V! consider an elaﬁental volune dV'(Es) representing a
point source at the position x,- Let x, be a receiving point
external to V'; then defining as the retarded time

T =t -R/c, where R =‘i X, ?.581-‘ | (5)
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Fig. 2. Volume Distributed Acoustic Sources

it 1s possible to express the pressure _contribu'tion from this
etnti'ty of the volume distributed acoustic sources at the
. receiving point X, at time t as a solution of Eq. I
represented by, using Eq. 3, '
plx,t) = A7) [ (UR) dmlx,T)/ 26 aVilx) (6)
A | v o _ |
When the linear dimension of the fluctuating
region V! i3 small compared to the distance R, i.e. when the

relation
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Ve )1/3l /R <<<1 : S '(,'7' )
is‘aétisfied, it is possible to approxiﬁate Eq. 6 by
plx,t) = (V/A7R) (3203 mx,,T) -~ (8)

In*otherrwords, the pressureifield at thb'receiving ﬁoint
X.s dua to the distributed acoustic sources, 1is eguivalent
- to that due to = concentration of the total sources at a
single source point Xy when the relation given by Eq. 7 is
‘satisfied An equivalent form of Egq. 8 is

p(;_:r,t) = (s’./m:n)_q(;s,fc;) (9)

where Q(x_,t) is the rate at which' the fluld material is intro-
duced at X, by = point source 1oéated theré and represents
its strength a8 defined originally by Helmholtz.
‘ - When the region is unbounded, Eq. B or 9
provides the sufficient informstion in regards the time
history of the pressure contribution at & given receiving
point X, resulting from the action of a point source locsated
at x . It is assumed here that the medium is homogeneous and

is at resﬁ initially.
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-Finite R_prasentation of the Source’:i- 7 ,
- As stated earlier, in the present statistical
‘model, the éeneration of soundrin a given acoustlc cavity 1s
~ considered to be a collective effect of'distributed sound
sources. From a given distribution, noﬁ; congider aireprasan-
tative source; if it is nbt‘adjgdeht.tb the solid bqundary, '
‘and has no preferred diractionslas its characteristics, it
wbuld emit isotropically in the madium. It is characterized
by its spatial location in the caV1ty, its tima of origin,
and its strength time history. Figure 3a is a typical
strength time history of an acoustical point source. Its -
time period T is divided into a finite number of . intervals

2np T /ot (100

whers ZLT. is a width of any individual interval. The strength
of the source In each of these intervals is spproximated as
congtant, The use of an equivalent finite aumber of elementary
pulses, as shown in Fig. 3b, then provides the requisite
finite representation of the acoustical source. Out of these
2 nb eleﬁentgry pulses ﬁny particular one'is defined by
its strength ‘Qi

~ eand its time of origin t; = (1-%)AT ( 11 )

wvhere f is an integral index such that B

1 £ 31 s
1 2 np
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Random Pulse Selection

Now at this stage an elementary pulse is
seleotéd from this aggr@gation..Thara are nuﬂber of ways‘to
| accomplish this with iarying degree cf_sophigtication,__
prbbably the simplest'oné would ﬁe td.génsrate an integer
'réndcm'numbef and then to pick a corresponding pulse. In |
-coﬁputer spplications, this naeds a‘genofation'of string of
random,numbers, which forms the essential element or any |

'Honte Garlo method,

Generstion of Pseudo Random Numbers

7 It was mentioned above thaﬁ a source of
rahdam numbers is required from which they can be-drawn.in“
succession, Wheﬁ a routine is to Be_chgcked,:it ig of great
convenience to bs sble to draw the same set of random
numbers each time ﬁho'calculations are repeated,fthereby
making the random numberas used in ths-ﬂonte.Carlo.application
not truly random but ?pseudo! random. ‘

Hull (1962) has presented a rather complete
treaties on various random numbe generators. The so called
'Hultiplictive‘Congruential Mothod' of generation requires '
a starting iﬁteger ¥y an integgr 8 a3 a mitiplier, and a
‘modulus m which is greater than a or y. The maximum period
of the resulting sequence of numbers is given by m, and this

1s chosen as a power of two for a binary computation,



‘Real type random number. The algorithm

thet is used for the generation‘of'a string of 'pseudo!
ranﬁom‘numbars in the present work is selected from the
1Collected Algorithm Computer Programs' 266-P-1 0 CACM. This
- is based on the multlplicative congruential method of |
generation of random numbers. It utllizes an intager 3125 as
& multiplier and 6710886l (— 2E 26 ) as a modul‘us. The exact

procedure here is as follows I

. integer C Y
‘.-ré-al R
““before first uge
set ¥ = any odd integer such that
Ly < 67108864 '
‘begin B -
¥ = 3125 x ¥
vy = (yg=-3/ 671088614.) x 671088é4
R=7v/ 67108861L | |
end. o P - o (12)

This provides R as a random nuinber of t‘ypé resl such that
| 0< R<1 - : (13)
An important property that is utilizad in
- —=fhe present appl:.cation is that the continuous random variable
[k obtained by this method has a uniform distribution over
the interval [ 0,11 . A uniformly dilstribu’ced raﬁdom variable
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represents the continuous analog to 'equally likely outcomes!
in the 'followihg sense. For any subi"nterval [ t,t +AT ]where

0 St < t+AT = T, - (Fig. 3)

the probability that the random variable IR lies between & and;'
't +A47T 1s the gsams for all subintervals having the game length
&’E That is the probability

PtsR s ¢t +4T ) ='A’C/Tp~ (;_11;)'

‘and thus depends only on the length .of the interval and not
" on the location of that interval.

Integer tyga random number. The required

1nteger random number i in.Eq. 11 above, for tha pulse' 

- selection, 1s obtained as
1':'_INT[(R)x(2np)+1]_'_ (15)

where the real type parameter of thé product (R ) x (2 n, )
is converted to the 1nteger type. All the integars upto 2 np
are seen to be equally probable for the valus of 1 given by
Eq. 15. A pulse corresponding'tO-this integral 1ndex'i is the
random selected pulse (Fig. la). It is daf:l.ned by its strangth

Q; and its time of origin t, (Eq. 11)
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“ Random Ra‘g’ Selection

At the time or its origin, the selected
" pulse emits ieotrOpically in the medium. The directions of
the emitting raya, which are normal to the disturbance
wavefronts s are infinite in number ; orily a few of these are
‘shom'in-Fig._‘l;b. It is necessary to select one on these.
The method that is adopted for this, givenl,by Havilend (1965),
| is ﬁo pick a point,' say A, at rendom on a unit circle with
'.polar coordinates, sey R, © (Fig. A3, 1, Appendix 3). This is
accomplished by Picking two Carteaian coordinates, say X1, X2,
st rendom, both in the range -1 to+1, and rejecting them ir
the point A lles outside the unit circle. Let ®1 and R2 be

| two random numbers:; then

X1 = 1-2R1 R |
X2 = 1-2 R2 . (16)
R® = x? + x22 |

Ir B2 < 1 values of the random numbers R1 and R2 are
accepted, otherwise rejected, and a new set of random
numbers is tried. Over a long peried, 7/ L tries will be
.sﬁcceesm, and this defines the ‘'efficiency' of the method.
This is a Iﬁonte Carlo method of random direction selection;
in Appe:idix 3 it is examined in more details and also included .
there ia its coinparison with an alternative method that is
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conceived on pure geometric considerations. :
N Let DC1{= cos=), DGE(:cos(&) DCB(—cos/Y")
reprasent the direction cosines of the unit vector in the

direction of the proPagating ray,-at the source position
(Fig. A3.1, Appendix 3); then

D61 = 1 -2R%
pe2 = 23x1 (1 -R3YE o
0C3 =zxa’(1-a2)*é R (17)

- This completes ths Speclfication of the initial direction |
vector for the ray selected at random. ‘ ‘ |
7 Rather than fcllowing a aingle ray - to
represent the signal propsgabion, it is more convenient to
follow & small rey tube (Fig he) consisting of & bundle of
‘rays originating from the enerzy source within a given
elemental solid angle Zlfl_centred sround this selected ray.

Influence of the Randomly Selscted Ray

Goﬁsider,xnow, the inriuenéé of thé'
randomly selected pulse with the intégral'index i, strength Q,
and time of origin t,, Further, let its influence be confined
.tp a2 ray tube, as defined above, ceﬁxered around the randomly
selected ray(« ,(3,V }. This is traced, taking into account
its interaction with boundaries, or with gradients in the
‘madium.through which 1t is transmitted. At any point along
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‘1ts frajactorj, the_nams of sgch:é ray tubé is constituﬁed .
by 1ts'directibn, its coordinatas,lanﬂits woight, A waight: -
of the ray tubé,represents iﬁﬁ intéﬁéitj;ilts originail _
weight 1s Q. | e -
| In the abaanca of phyaical, or thsrmodyna-
mical gradlents in the supporting fluid medium, the rays
originatlng from the energy 5ource.propagate essentially in
péths-composed of straight lines from one bouhdary'to.another.
Figure 5 shows first few reflectioﬁs_fr#ﬁ.thb re¢tangular o
walls., . _ | V'l”.,:;r . | S
o Now since the influence of the selected |
pulse is assumed to be confined within the ray tube that is
treced, it is essential to examine whether at éhy instant R
.during the'progress; the receiving point falls_within the
influence of this ray tube; then snd only“then_there‘could'
be a pressure conbtribution from this pulse at that particular

receiving point in the region.

Pressure in an unbounded led medium. Consider

now the effect of the previously selected pulse of integral
index i. At the time of its origin in the short interval of
time, say, from t; to (tifre) itlproduces_a localized
.disturbance in the immediate mneighbourhood of the source
position Xye At a subsequent instant t greater than ti, its

effect is localized in a very thin spherical shell with
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centre Es,_gnd radius c(f-ti).‘Now if'tﬁ reﬁresente that
particular instent-afrwhich ehe propagatiﬁg disturbsnce
arrives at the point in questlon, the pressure eontribution
.f.'rom this pulse can be expressed, using a 5-function eleng'
with Eq. 9, as o |

Cpg(met) = (SR Q S(6 -t -t)  (18)

where R = |x, - Esy_ze.c(t ~T) = ol - ti)_
| gggesure in a bounded medium In general,r‘.
now, if the varisble R in.Eq, 18 or R in Eq. 9, is defined

to be the arcual distance along the trajectory of eny*
' partieular signal orzginating from the source position upto

the point in question, Eqs. 9 and 18 hold even when the |
medium is bounded, only the difference is that in the case
of a bounded medium proper account needs to be taken of the
_multipie reflections that.the ray euffere'before arriviﬁg'ati.
_the recelving point. | B '
Thls effect of multiple reflectiens can be
' handled roelatively easily when the boundaries enclos;ng the
region form rectangles. It is this case that is trested
presontly; whilst the situation resulting in the case of
‘ nonrectangular boundaries is studied in greater details in
the latter half of the dissertation.”



39

' Let an infinite set R, =1 to= , .

. m »
reprasent all of the possible distances travelled by the
‘selected ray (X, f,4 ) characterizing the i'® pulss, from -

the source position to the point In question; then using
Bq. 18 above, the pressure time h.isf;ory at this point_K
resulting from this i"® pulge is

S m=1

= Z (S’/MR )Q 5(t~.-t -ti)' (19)
m=1 ' ‘
where tm-zti-{-Rim/c"

The concept of the method of images
provides a means of visualizing this result more clearly. In
this method, as shown in Fig. é for the case of perfectly
refle.cting walls of a rectangular.:_;'oom, en infinite arrsy of
image rooms is construéted, each éontaining an image source.
The pressure at the rece:.ving point i3 the sum of the effects.
of all of these image sources plus that of the true source.
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Finlte cell transient period. Thn total

- transient period, for which the solution is sought, 1s divided
up into, say, J time cells, each of duratlon At; and the
preséurs pimj is considered to be-the meén-Valua of tﬁe :
pressure pim(xr,t), given by Eq. 18 taken over the J time
1nterva1 resulting in an expression L

| jat R
'Pimj(;‘r’_) = (1/7a¢) f Pim(xr:t) dt
R S J/_\.t-l o

il

g AL qi/u%At %

if the ray passes through the .
th

roceiving point for the m™ time
‘auring the J*Rinterval |
= 0 otherwise. - { 20;)‘.

Pressure sccumulation slternate Method. The

method just described is further investigated in the latter
part of the dissertation, where the Monte Carlo technique of'
tha'presgnt part is modified to‘covér a.laﬁgér ciass of cases -
of practical interest involving boundaries ?haﬁ are not at
right angles to each other; however, a simpler alternative
method 1s possible for“rgctangular‘boundaries that ars
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investigated here. This consists of introducing e small
parallelepiped"aest cell of an elementsal 'vdlume AV gt the
receiving point, and thexi dpteminiﬁg"iﬁhe penetration AR of
- the propagat’ing ray into it, along'with_‘_fhe tra_vél distande .R,‘ .
_of this ray fube starting from the soﬁi'ée-upto the pe.net'xl-ation
point The two methods are shown in F‘J.g. 7. ' '_ |

| | Let &Rim and R be the length or penetra-'
tion and the travel diatance, respectivaly, for t;he ray tube
that is undexr processa; then the time apent by the ray in tho
 test cell is given by ’ ' | o

Aty = AR, /¢ ( 2:)
 The pressure contribution resulting from guch & penetration’
cen then be expressed as ' '

(Rim2 ¢ AT ASL / AV)

L I -.
1

vhere t /0t + 1

.(ti-’r:Rm/-c)/A-t-f L t2)

The first term on t'he right hand side of Eq. 22 corresponds
to that of Eq. 18, the second term is the s'ample correction
factor which is the ratio of the penstration time inter'é‘r’a]‘. to

the aversging tims interval; wheress the third term i.é the
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- ratio of the volume occupied by the rey tube to the test cell
voluma, and covers the probahility that the ray will miss the

B ‘test coll altogether.

. " Thus - goes tha processing of any particular
' ray tube with the accumnlation of its influence at a givan fro
receiving point in the region under’ 1nwestigatzon. Either

B ';‘ﬂhon the time index b exmeods ths- limiting value J, whioh

” corresponds to the total transition period 1angth or the'
. intensity of of the ray bube drops below a predetermined -
%“_level, the processing of that. partioular ray tube is. N
terminated and the process is repeated: for, sey, a total'_"-
~ of N ray tubes in a partiouler Monte Cerlo-run. Eech.ray

otube ropresents, separately,‘e'randomly selectedfpulae.

Normalized Presaure Value

| It is recalled that the time pariod Tp_ef'
the source was subdivided into 2 np_oqual.intervals of width
AT, and that the ray tubes which were used to'feprosent
the source strength time history were conSidered to be
| centred aﬁound a randomly selected oay with a solid angle ASL,
then since l;7T represents the total solid angle, tho.totgl

number of pulses'Hp that could have been selected is given by -

N, = (L7T/ASL) 2 np-; L7t Tp /ASLAT ( 23)
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, Finally, the expected pressure ié obﬁained‘
" by aversging over all of tha N pulses that ware followad, )

and normalizing by multiplication by the total numbar of  ";
 pulses N,. Then the resulting acoustic pressure, in the
B 'normalized form, in the Jth tims interval, can. be expressed,
using Eqs. 21, 22, end 23 as | - R

(H /‘” Z Z Pma

1=

}

-A pJ(§rj :

|l

(E’T /KAV&t) Z Z Qiﬁ Rm

'In the last ezpreséion; for siﬁplicity; the ihdex m‘and‘its
- corresponding summation s8ign have been suppressed with an _
understending- that in = closed acoustic cavity a particular
gelected ray, representing a random,pulse, can pass through
a giveﬁ feceiving point many number of times, thus making
pressurs contributioﬁs there at those instances, as a result
of the multiple reflections the ray suffers during its life
time trajectory. .
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_ The relation given by Eq. Eu is now divided

on both sides by ¢ e? , the characteristic impedance of the
- supperting medium, to yield;the rollowing‘ezpresaion‘for th§ 
‘expected pfeésure‘in'the_nondimsnsicnal.rdrm

_ : L N ,
M) = (T 7K o2AV at) ) 4R AR

Pi &7 7 M 3 11
- i=1 -

where p)’ (x,.) pylx,) / ¢ o ey

the overhead star { ) danoting the varisble in

nondimensional form.

Statistical Fluctuations

7 | As pointed out earlier the econonic
considerations, in general, keep the sample gize N relatively
.low; and as a consequences, the rasulta cbtained from the
statisticallaigorithm of Eq. 2} would obviously show certain
random fluctuations. In such circumstances it is essential %o
have the knowledge-of the standard deviation; which is
_obtained by repeating the'calculations leading to Egq. 2u in,:
‘8ey, K different blocks*ﬂith.thé sample value in any individ-
- ual Block k, where 1 < k s K, is given by Nk- The results.

‘:for this can be expressed as
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o
[pf(xrl] g = (T, /W, ?AV At) Z Q; R, AR,
.‘ . . 5
( 26 )

vhich is just an alternative form of'Eq 25,
- Now by assigning equal statistical welght
to each selection the reguired pressure field, which is the

statisticel mean of all of the samples, is given by

| K o
#* | . . o, |
pj_(gr) - ;{: Wi:[pj (ET)]k : (a7
k-1 '

where Wk is the statistical weight defined as
W = N/ ) K, | ( 28 )
1 ,

The variance of such a pressure field is given by

K. | .
RSP SR BUACR NEEERER J?
k=1 | . -
= :gf %

P R (29)



48

where 6; & . 1is the required deviation of the predicted
J- acoustical pressure in the Jth time interval

at a given receiving poiht B

_ A flow diagram showing the computer logic
neceéssary t§ perform these calculations is given in Fig. 8.
Before applying the technique thus developed, to a specifie
problem, it 1s essential to examine its validity in more
detail; this is done in the following chapter.
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Chapter I
VERIFICATION COF. Tom ALGORITHM -

The proposed Monte Carlo spproach for
applications to acoustical field sclubtions being a new one,
it is prudent to check its consistency by considering the
- results that would be obtained by solving a few simple
problems. The first solution that is considered here is that
of a source in an unbounded medium, whilst the second is
that of the ultimate average pressure rise that to be
expected in a rectangulsr room; both are treated in the
present chapter by evalusting the algorithm of the Monte
Carlo technique, given in Eq. 2 of the preceding chapter,

and then comparing with the khown solutions.
SOURCE IN UNBOUNDED MEDIUM

The problem is illustrated in Fig.9.. An

isotropic point source of strength Q(t), such ﬁhat the

quantity Q{t) is constant over its total period Tp(>>at),
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. is surrounded by an annular test cell of mean radius R(;ct),

thickness AR(=c At), and thus of volume
AV = I, T RZ AR | (1)

Let j be the time-index corresponding to the time interval
from (t-at/2) to (t+at/2), and N be the total number of rays
selected to characterize the complete strength.time history
qf the source of period Tp; then that corresponding to the

elemental time interval At is given by

n = N AL / Tp (2)

th

During the interval of the j Time cell every selected ray,
out of these n, penetrates the teat cell volume for a

distance '
AR. = AR ( 3)

im

and ét a mean distance of travel
R, = R | : ' (LI.)

Substitution of these values into Eq. 2l of Chapter 3 results.
_in the following expression for the acoustic pressure during
the jth time interval
j = Q/LTR | (5)

which is the known analytical solution for the problemn.
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SOURCE IN BOUNDED MEDIUM

Consider a point source acting in a_bounded
meditim of volume V. The position of the point source, it is
recalled, is a poigt of singularitylwhere the fluid is
introduced or sbstracted at a certain rate, and the volume
Q{t) thus introduced per unit time represents the strength of
the source in ouestion. At any time t, thé fluid volume

introduced by the source then can be expressed as

t T o
av(s) = _f ( Q) du 4T
0 0 |
T ‘ . t- v :
S ko YO dzu] - f”& AT) a1
0 o O

(6)
If the source only operates for its period from £-0 to E=:T?,

and cuts off at t:Tﬁ satisfying the condition

T
P

j, é(t) dt :' 0 ‘ ( 7‘)

then the final volume introduced by this source can be

expressed as{using Eqs. 6 and 7 above)



| avis >Tp) = th(;Tp)

Sl

== T AT)aT (8)

0

Génsider now the source strength time'

history of the source to be replaced Sy its eguivalent finite

approximation (Fig. 3) consisting of 2np elementary pulses;

then Eq. 8 takes the form

- e
j) = - AT Z 6, Q

i=1

av(t

for t,>T
) P

N

Since this relation represents the final fluid volume

-introduced by the source, the total change in the density of

the fluid medium, resulting from the activation of the

source in guestion, is given by

d?(th = .9 dV(_th /v

or in other words,

aglsy) /¢ = av (s,

{1

) /v

- (AT V) Z tié. ( 9)
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When this is small compared to unity, the pressure changes
can be taken proportional to changes in the density, and the

resulting acousticel pressure cen then be expressed as
pl{t) = K.ag(t) /¢ . (10)
where K is the elasticity of the medium end is given by

L ( ¢ o2 , for isothemal compression
kK = 5 .
: L § ¢“/4 , for adiabatic compression

(11)

¥ is the ratio of two specific heats of the fluid,
for sir Y=1.L02. |

Now consider the expeﬁted pressure rise
predicted by the Monte Carlo method, using Bqg. 2l of Chapter 3.

Becauss the selection of any one of the 2n_ pulses 1s equally

p
possible, it is readily shown that

i

lLq'-"[\/fzz:

E[pj} (?Tp/Nmf At). B L

| - “p
(fc AT/ AV AL) Z Q- (5;-t;). B{R}
-1

| el

(12 )
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vhere E {Ali} is the expected value of the penetration
distance. This is most readily obtainéd,.for the case of a
rectangular room, by using the method of imagés as shown in
Fig. 10, and considering the effect of all of the image
sources. The tobal number of such images which can influence
the pressure pj is the-number.in sn annular volume of radius

c(t -ti) and thickness cAt. Since there is one source per

J

‘room of volume V, the total number is
b Te (6,-t,0% A% / ¥

This number is actually equal to the number of reflections
in the room during the corresponding period. The expected
penetration into the test cell AV of any one of these is

equal to

AV / 4T ¢ (% '-wlsi)2

J

Therefore the expected value of the penetration'is the

product of these, so thzat

E{AR}-; cA‘vkat/v'r | (13 )

Substituting into Eq. 12, assuming the cut off condition

given by Eq. 7 to hold,
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_-(?ceAT/v}"Zi ﬁ;. Q; , for tby> by

( 1t )

which is in agreement with Eq. 10, in the light of Eqgs. 9

and 11.

This provides the requisite verification of
the Monte Carlo technique, and thereby confirms the algorithm

that is given in Eq, 2}y of the preceding chapter.



| Ghapter 5

CALCULATIONS FOR RECTANGULAR ROGM

REC'UANGULAR RUCM PROBL&M

- The sound received at one-ppint from anj
other point in the same room has two‘parts; that received
~directly and'that'received along a numbef;of indirect paths
involving reflections at the Boundary walls. It has been
realized for a long time that the reflection pattern in a
room, the background noise, and certain characteristics of.
hearing are the major factors that govern_the room acoustics;
but éxactly how these factors combine to give the ultimate
‘results has not been very clearly understood. Nevartheless
the quality'of‘speééh and music, for exsmple, in a room is a
function of the reflection pattern.

In general a sound source can be represented

as . pulsed wave trains. Most sounds of speech and music can
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be classified ag pulsed wavetrains whose amplitudes and'
frequency components fluctuate suffiéiently_within thé time
intervals shorter than the time constant of a given room so
that the room seldom‘reaches the steady state. Thus the
transient response of the room to tfansiantrsounds of this
-general type is an especially important physical problem of
room acoustics. The task of describing mathematically the
response of g room to an arbitrary trangient, and of studying
the roles of room geometry and distribution of absorbing
materials in this response is extremely complicated (Morse,
1968). The Monte Carlo technique develbped'in the preceding
chapter appears to be well-suited for this purpose; the object
of this chapter is to demonstrate this with the help of a
simplé physical model, |

An important aspect of architectﬁral
-acoustics is to get a clearer picture of,therrelation between
the reflection patterns end the sﬁbjectiVe'quality. The proper
control of the distribution of sound energy throught a room
and of the‘growth and decay of the traﬁsient sounds are the
- prime objectives of good acoustical deéign. Anj attempt to
" this end on quantitative basis calls for a systematic
interpretation of the reflection patterns by the hearing
meochanisms. It is anticipated ﬁhat the proposed Monte Carlo
technique will prove very helpful here by providing the

quantitative prediction of the reflection patterns.
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The specifié phyaical model that is
considered for the application of the Moﬁte Cério technique
congsists of a nonconducting, isotropic, homogeneous mediun
enclosed by rectangular walls. The essential dimensions of
the room are : o . |

length 110 ft. , width 66 ft. , height Wl ft. "
Calculations are presented for a pfessure field caused by
an acbusting point source characterlzed by a single cycle
double rectangular pulse, sinusoidal pulse, and N-shape :
pulse as shown in Fig., 11; the mathematical representation

of the source in each of these three cases being given by

Double Rectangular Pulse

Qt) = (/) [1 - HB(8)].
. | |
2 [ sin [_z(an-l)’ﬂ: t/Tp] }/(211-1) (1)

n=1

Sinusoidal Pulse

) = [a -H(t)][sin Leme/m ] 1 : | (2)
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N-shape Pulse

i B @ : |

Qlt) = (e/m)[1 - H(t)]'z {sin [2n7tt/TpJ § /n . (3)
where H(t) is the unit step function defined as

c , t<T
H(s) = { P

1 £t > T
y P

Tp Q 0,2 sécsf,-is the sourcertime reriod.
The results are grouped in seven different

' cages fbr material absorption coefficient ranging from zero

to one hundred percent on.different‘wails,'with as many as-

six different receiving points dispersed in the region.
GEOMLTRICAL SPuECIFICATION

_ The selected Cartesian coordinate system
(X1, X2, X3) is shown in Fig. 12. To facilitate further
discussion, each wall is designated by a symbol WIn(n-1 to 5),
and is shown in Fig. 12 along with an equation of its |
defining coordinate plane. The number of receiving points
-chosen for the evaluatién'of the acoustical field is six; _
the individual locations of these receiving points with their

specific symbolic designations : D, E, F, G, H, I are shown
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in Fig. 12, also seen there is the position of the point

source.

MATERIAL SPECIFICATION

In order to study the.effect of the variati-
ons in the material properties of the bounding walls on the
field, the material absorption coefficient was varied from
zero to one hundred percent on different wélls. The reéults
aie grouped into the following seven different cases:

Case.l All walls perfectly refiecting
Case 2 The wall repfesented'by X1=0, i;e.‘WLl; is
100 % absorptiﬁe; and all other walls perfectly
‘reflecting
Case 3‘ | The - wall represented by X3=14lit, i.e. Hﬂé, is
| 100 % absorptivé; and all other walls perfectly
refleéting |
Case It The wall represented by X3=0, i.e. WL3, is -
| 10 % absorptive;. and all other walls perfectly
reflecting | |
-Case 5 The wall repreéented by X1='110'; i.e. WL, is
| 20 % absorptive; and all othér'walls perfectly .
reflecting , '
Case 6 : The wall represented by X2=-66}, i.e., WLG, is
4o % absorptiﬁe; and all other walls perfectly

reflecting
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Case 7 - The wall represented by X2=0, i.e. WL2, is
60 %'absorptive; snd 21l other walls perfectly

reflecting,

GENERAL DESCRIPTION OF THE MONYE CARLO RESULTS

The supporting medium was considered to be
air with a maSS'densi%y'_? equal to 0.002378 slugs/ftB, and
& velocity of sound ¢ ecgual to 1100 ft/sec. Taking the space-
time volume (i.e. AV At) of the test cell to be O.h259
ft3-sec., in each of the above mentioned seyén cages, at an
individual receiviﬁg point, ten blocks of data were collected
ineluding a total of 50000 selected signal pulses, The results
from these MonteVCarlo calculgtions afe presenﬁed‘in the form'.
of the overall meen values with plus and minus one standard
deviation in Appendix . |
| In order to study the variations in the
pressure values, as & function of the spatisl location in
the region snd the material'propéfties oflthe boundihg'
surfaces, it was found more convenient to regroup tpelabdvé
results and present only the overall mean values as shown
in the following.figures: -
Double Rectanguler Pulse - Figureg 13, 14, and 15
Sinusoidal Pulse Lo Figures 16 to 28
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N-shape Pulse | Figures 29 to L1..
For these éalculations the tranéition‘period length of'b.h
gsconds, twicé the pulse duratidn, was considered.

- The nature of the diffused field can be
stugied by observing the variations in thé pressure values
for a ionger duration of time aﬁ any one receiving point
in the region. This is accomplished by accumulating the
pressure values at the receiving point BE, the one that is
in the vicinity of the.centre cf therfectangular room, for
a duration of 0.8 seconds, four timés the pulse duration.

These results sre shown in the following fipgures !

Double Rectangular Pulse Figure )2
Sinusoidal Pulse Figures 43 to 149
N-shape Pulse ; Figure 50.

For a case with perfect reflecting walls,
i.e. for Case l,-it is possible to make an estimate of the
adisbatic preSSura rigse in the room, The nondimensional
- pressure values, obtained for the three different source
configurations under invéstigatioﬁ by the use of Egs. 9, 10,

and 11 of Chapter Il are

Double Rectangular Pulse - 2.80387 E -¢
Sinusoidal Pulse ' 1.785. E -6 .
N-shape Pulse _ . 1.669 E -6

These levels are marked in Figures 13, 16, 29, L2, ug’ and 50,
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‘Some noticeable aspects of these pressure
time histories are discussed in the following sectlons with
a note on the problems that are encountered in specifying

the proper boundary'conditions for the problen.

PROBIEMS ENCOUNTERED IN BOUNDARY CONDITION
SP“CIFICATION

A survey of the existing room acoustlc
theory indjcates that a customary procedure is to describe
the preasure field in an enclosure in terms of normal modes
(Morse, 19hu) ~and to con51der-the_pressura at a r9961V1ng
point to be ths summéﬁion of ﬁhe contributions from each
‘excited mormal mode of vibration.'In such an analysis, based
on the concapt of 'frequency space' thellarge nﬁmber of the
excited modes are subdivided into a number of subgroups
having common properties. As shown by Hunt.(1939) the
complete decay egusebtion, when sssembled, contains one -decay
term.for each subgroup'and each term contains the number of
-modes of vibration, weighting factor, and an exponential
:decay factor. The expressions in the frequency domain are,
by themselves, fairly useful, for example, in the case when
the data about the incoming wave is available, and the
spectrun of the system.response is to be calculated. However,
recently there is an increasing interest in obﬁaining the

solution in the time domain; one common example that can be
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,citeé is the study of the loudness of an acoustical signal
from a2 dual point of view, both éubjective and structural. 
From the subjective point of view it is the earlier part of

- the time history of the response signal, inclusive of the
details of the rise time, that reqeives the highly favourable
weighting; whilst it is the overall response that is of

importance from the structural point of view.

- Transitional Characteristics
o The hitherto common technique_of'obtéining

the transitional characteristics of an enclosure is the
.application of the methods of opefational_calculus;-as
explained by Morse (19Ll). It aséumes the knowledge 6£'the |
steady state response of the system to an input of, say,
unit amplitude. In brief, it consists of evaluafing the
response of the system to either a delta excitation or a

‘it step-excitation using the Fourier and;tﬁe Laplace-
transforms. _ o

| Let X{w) e1“Y pe the steady state

| | ' 1ot

response of the system to an input of unit amplitude e~ 5
then its response. X¢ (t) to a delta excitation
o R :
S (%) :J (r/27) e"lut dw (k)

: %
is given by



= et
Xpw) = [ vem) xw) o g

-]

and to a wnit implilsa ekcitation

53 : : ) _
H(z) = j (-1/27r 1w ) ™% g4 '.
.ié‘given by
Xe) = [ (remie) xo) eI g
__IQ) l

Substitution of
- 8 = = iLJ
T & X(s) = X(is) = X(w)

in BEqs. 5, and 7 ebove gives

2 En)

X (%)

1

Xg(t) = o™ {X(s)/s]

11l

(5)
( 6)

{7)

(8)

-(9)_
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Thus the method eSsentiélly_redﬁces_to the following three
steps

I. Formulatlng X(s) from.X(L9) using Eq.VS,

=1
11, Flndlng either ‘i, ix(s)} or 4 {X(s)/si
- III. Using sppropriate convolution relationship to

find the response to a given function f£(t).

_ _ Evenlwith availabiiity of en extensive -
‘collection of formulae to obtain’ ‘i ~ {X(s)j from.i(s) )
such as that edited by Erdelyi (l95h) the applmcablllty of
this method is limlted to a class of problems whera the:
forcing function. f(t) is expressible in a suitable analytical
form. In this regard the proposed Monte Carlo technique ia
more'general; being able fo handié_any arbitrary forcing
‘function, since in this method no transforms afe involved,

the complete evaluation is in the time domain itself.
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Absorption Coefficient & Acoustic Impedence

Incident Reflected

- r : -
- v ¢ N . "

N ‘ Y. Vs AbSOi’bé,d. .. '.

" Transmitted

Fig.-sl. Sound‘Incidenf on 8 Layer of Material:

When_soﬁnd impinges on = layer of material,-
part of its.incident enefgj\is reflected while the remainder
_penetretes the matefial_gnd‘is either absorbed or trensmitted.
The aﬁount reflected from the pofous matefial is uéually
small, there the absorption mey be large depending on the
,thickness. On the other hand from a solid surface such as a
plastered tile, 95 % or more of the sound is reflected and
very 1itﬁle.is gbsorbed; any fransmitted sound for this

cagse would be entirely due to the vibrations of the surface
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generated by the incident wave;‘Taking the intensity of the
transmitted sound to be negligibly small it can be shown

that the ébsorﬁtion coefficignta éan be e;pressed as
.1 - lnrie; A S (10)

where ‘ﬁ is the comple# reflection coefficienf-defined as
r=p,/p; = (2 cos0 - gc)/(z coss +ge) (11 )

'z is the specific acoustic impedenbe'atithe point, and
is éx@ressed_as
z=p/u = (pi 5 pr)/(ui‘+ ur) o ( 12)
v, & u, are the particle velocitias in the direction.
of the reflecting surface due to ths.incoming &

reflected waves resp.

8 is the angle of incidence.

In general, the specific a§oustic impedéncezz;‘givenlbj

Eq; 1z, is'a'cnmplex,quantity, ité real part giving the
component. of the normal particle velocity at the surface
which is in phase ﬁith-pressure;'In the results reported in
this work the reflection coefficient was considered to be
real. In the Monte Carlo technique account can be taken of
both: the resistive-and reactiﬁe componehts of r, by tracing

the ray that is being-followed inside the solid surface, at
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the'ihcident ?oint, before it gefs reflected off the solid
surface. This does not présent aﬁy.ﬁaJOr difficulty, and the
procedure outlined in the precedlng chapter can be modified
suitably. ' )

When working in the time domain instead of |
the frequeh@y domain the main difficﬁlty would be in cofrectly
speciring'the boundary conditions. As stated earlier sinée
the.rooma acoustic theory based on the Normal Mode.apprqach .
is in thq’frequency domain, the‘material specification is
available as a function of frequency. Fbr examplé, a fair
approximation to the impedance of rigidly backed commerclal

sound absorbents is glven by

,—.:g - i cot (wwd/c) SR | 13 )
“where g is a constant independent of frequency
4 is the lining thickness. '

A deeper study aided by experimental verifications would be
essential in.trahsforming such 2. boundary dondition to the

time domain for its eventual use in the Monte Carlo technique.
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'DISCUSSION OF THE RESULTS

-Everf room, except.thbse enclosed by
totally absorptive boundaries, is‘é:resonant chamber capable
of being excited into resonant vibration of ome or mnany of
triply-infinite series @f ffeéuencies, these frequencies
being'deterﬁined by the dimensions of the room and the
velocity of.souﬁd. For a raétangular'room~these-arergiven by
'_thé well—kann Raﬁleigh'formulé

o = (er2) {ZB ‘(m-j/Lj)?'}l‘é
|
where m's arsrany non-negative inﬁegefs (Chépter_é)
‘ Ljfs are the'dimeﬁgionsfcf the'rbom.(Fig.‘l2}'
| (3=1,2,3)

In = rectangular room shown in”Fig. ia,for which the célcul;
ations are presented, the resonant or ﬁormﬁl modes of |
- vibration have frequency valués.shoﬁn in colum 5 of Table I;
calculated based on the ﬁalué of é as 1100 ft/sec. Columns 2,
3, and i of Table I glve the L1, X2, and X3 order numbers of
the normal modea. It is seen that there are 63 such normal
modes with frequencies lower than_SO,cycles, and several
hundred modes with higher frequencies. Whenever sound is

. produced in such a room, at least one, and usually many, of
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Pable 1. Nofmal,Mode_Frequencies

WOoOWOoOMMMNMMMPNONKFRNERNOMIKMFOOWOOHKMO

- g
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Impreassed Freq. cps

Freq. cps gggg%a Sinusoidal N-shape

Resonance

5.000 '5.000 5.000 5.000.

8.333 “

9.718 | )
10.000 o 10.000

12.500 - '

- 13.017

13.463 o e
15.000 ° 15.000 . 15.000
15.023 o | '

15.833

16.008

16,667

17.159 .

17.400

18.047

19.437

19.521 . - D
20.833 . . 20.000 .
21.230 o |

21.h25

22.423

23.108 : . |
25.000  25.000 - 25.000
25.000 1 '
25.495

25.495
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p
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Table I  (continued)

: Im@rassed Freq. cps
Ffeq. cps gggg%e Sinugoidal N-shape
25.672
26.353
26.823
26.926
26.926
27.951
28.186
28.395
29.155

29.686. N
30.047 R 30.000
30.323 o o '
30.460

31,667

31.722
33.583

135.356  35.000 - 35.000°

35.708
36.743
37-501 )
37.832

38.406

38.415
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. HNo.

51

52
5
5y
55
57
58

59

60
61

62

63

R
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W W W Www e W W W W W

- Regonance

43.693
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Table I (continued)

Impressed Freq. cps

Freq. cps ggzz%e Sinuscidal N-shape__
38.739.

38.811

39.696 -
110. 389 S 30,000
11.038 S A
4§1.240

41.341

42,238

415.000 -

45.070  45.000
45.347 I
46.166

47.501
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'tﬁese resonant vibrations are excited. The resulting soﬁnd
pattern in the room is a composite of thé gound radiated
directlj by tha_sburce and thé feéonént Vibrations ékcited by
the/ sou.fce ofr sound. | _
Reference to Fig. 11 and.Eqs. 1 to 3 above
1ndlcates that the source configurations that are under
con51derat10n are characterlzed by specific frequency valueg
shown in Columns 6 to 8 of Table I. Slnce the sinusoidal
Vpulse is & 'pure tone'! one it has E 51ngle frequency, although
this frequency is the fundamental frequency, the double |
rectangular ﬁs well as the N-shaparpulse-have'additional
-highef harmonic 'ovér.tonss'. In‘anspecific case chosen(Fig.'ll)
the fundamental'frequency of the source coincides with the
normal mode of S1l. No. 1, and as & result this particular |
normal mode is strongly excited ﬁaking the room to 'sing"br
resonate at this frequency. Thié is-tfué'for all thé thfee
configurations of the source (Flg. 11)}. In case of the double
rectangular shape pulse Sl. No. 8 23, W, 60, etec. and in
the case of the N-shape pulse Sl. No. 4, 8, 18, 23, 38, I,
S, 60, etc. are the additional normal modes that would be .
excited strongly in. thls room. '
 Depending upon the type of the standing
waves they repfesent the modes are classified as the axial,
tangential and oblique. It coﬁld be expected from the

existing room acoustic theory that the earlier part of the
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ppeséﬁre time hiSfory‘ﬁould be doﬁinated by the axial modes.
With the passage of time, the tangentlal and axiazl modes

would be generated to a substantlal extent, and the field
could be more. & mnore dlffused. The~tran31tlona1 period
representing the pregsure build-up extendsrfrom“the instant_
the source is initiated to the commencement of the steady
state. During the build-up-sfagé the motion is quite complic-
aﬁed‘by the continuous shift that takes place from the

natural frequencles of the standlng waves to the forclng
frequency of the gource. In the 1nvest1gatlon -of the. responce
of a rectangular room to a sonic boom.31gna1 in the tlme N
domaln, Valdya (1969} has found that the earlier part of the
time history resulting from the bulld-up of the modes is

_ typically of the form as shown in Fig. 52, whére thefordinata |
| is proportional to the pressﬁre‘Value;'The Monte Carlo |
results (Flg. 13 to 50) are seen to be in conflrmlty with
thls. '

_ When the sound from a source in an enclosed'
space is suddenly stopped, it-is wellknown that the soﬁnd |
appears to die away slowly father than immediately. When ths-
driving ceases, due'to the enefgﬁlétorad uﬁ in the system,
oscillations persist and again. thére‘is a transitional .period,
known as the decay period, in Whlch the motlon is compllcated
by the shift from the forced- frequency, the frequency at
 which the system was vibrating during the steady state, to
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_the-ﬁaﬁural frequencies of the standing waves.

| In cases whefe the two or more eigentones
have their natural frequencies closer than the average
spacing the dorresponding stﬁnding waves may be excited
strbngly. The interference and the beating effects between
the nearest modes of vibration explain the peaks or irregula-
ritles exhibited In the pressure tlme histories of Flgs. 13
to 50 and Fig. 52. After the source cut-off the total sound

‘energy in the room will not fluotuate, but at any glven

o poznt in the room, the pressure w1ll fluctuate because of the

interference between the normal V1brat10ns; partlcularly in i
the case of excitation by pnlﬁ.a few fﬁaquehcies the fluctuaé
tions produced by such interference may be important;-To
describe the observed irregularities in sound decay curves
Watsbh (1946) uses the term 'modulation' defined as the
deviétions of fhe sound decay cﬁrvés from a simple eprneﬁtiél
decay'irreSPective of the cause or the nature of the deviastions.
The theory and experiﬁent (Beranek 1971, Knudsen 1967, Wabson
1946, anes 1940) indicate the follow1ng three prlmary reasons
in the modulatlon of the sound decay curves

1. The presence of bheats produced by the interference

émong the reSOnance-freqﬁencies of the room
2. The occurence of multiple decay ratés resulting

from the shape of the room or the nonuniform |
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distribution of absorptlon on the walls
3 The abrupt changes in the pressure dus to the

passage of the term;natlons of the wavetralns

from the source.. . J

An alternative apﬁroach to‘visuaiize the _

situation that prevails during the transitional period is to
,artempt'to 'follow' the sound waves around the:room as they
are reflected back and forth from the walls (Bolt 1950) In
essence thls method con31sts of replacing the effect ‘of the
boundaries of the room.by an 1nf1n1te array of 1mage ‘'sources .
(Fig. 6), each 1mage corresponding to one of the rmiltiple
reflectlons of the original wave emltted by the source.
U31ng thls approach of multlple reflectlons in conJunctlon
with the Laplace Transform technlque Mlntzer (1950) has
presented a method for the descriptlon of a tran51ent pressure
| field in g rectangular room, Flgure 53 presents his results
'show1ng the variation of the pressure at the receiving point
(33',33' 221') in a room.(Flg. 12) due to. a p01nt source of
double rectangular pulse shape(Flg. llb) when all- the walls
are perfectly reflectlng The corresponding pressure curves
obtained by the application of the Monte Carlo teohnlque are.
seen in Fig. 13, Monte Carlo results are seen to be in
qualitative agreement with the Mintzer's results but their

quantitative comparison cammot be offered because the
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ﬁorméliéation factor used in the Mintzer's results is not
availablé. | | 7 |
Coﬁsider, for,example,.Fig. 13.1. It shows
the: mean preséure values, wiﬁh-plus and'minus one standard
dev1at10n, obtained from.the Monte Carlo appllcatlon,kat the
rec91V1ng point D, for Case 1, when the source is of the
double rectanoular shape (Flg. 11a). The meen pressure curve
of Flg. 13.1 is one of the const;tuent cufves shown in
Figs. 13 and 15, The initial build;ﬁp of _the pressure that is
E obsérved'(Fig. 13.1) is'the rééu1t.qf-the_multiple reflections
of thé pressure waves that gppeaf-ih the_iossieés mediwm. It
is also notiéed that in the.lattef portion of the observation
pefiod the rate of the pressﬁré build-up is not that high as
..it was in the firstfﬁalf;-this is becauéé‘the effect 6r the
pressure - wave féfiectidﬁs from the negétivé'hélf of the
source cycle, noﬁ, pértly balances theiéoﬁtinued build-up' 
N from.the-positivé.half. Aftér the gource cut-off at 0.2 secs.,
the pressure is seen ﬁd.fluctuate_atla frequency that is not
very ﬁuch diffeéent from the'forced-frequency, coincident
with the strongly exclted normal mode of S1. No. 1 (Table I)
-~ but around the mean presaure value of 2.8 E -6, which 15‘
the 1evel of the expected adlabatlc pressure rise referred .

to earlier and marked in Fig. 13,
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In the-Mintzér's mathod each reflection at’
the boundsry wall ‘is describeéd by means of a unlt functlon
with a suitable retarded tlms argument and results in a
series of 1ntegrals in a transformed space 'The terms of the
series are in the form of plane wave expan51ons around the
image source ﬁoints. At a given time the series is seen to
-possess a finite numbér of nonZefo:tarms.-It is obvious thaﬁ
the Mintzer's method can be. applled to cases where the 1mages
can be found analytlcally. It is in very few spec1al casss
will the images be the fmlrror images!. Even in these
special cases the calculatlons are quite involved requlrlng
to be able to obtain the transforms, subsequently the
| 1ntegrals are approxlmated by the method of the steepest
descent. In contrast the calculatlons 1n tha Monte Carlo
method are very s1mple. A ' o

| Con31der Flg 13 again. Untll the source
cut-off whlch occurs at 0.2 secs., the pressure values at
all thes31x rec31V1ng points D, E, F, G, H, & I are on
incfsaSe; aithough at:differént fafes;'but later, more
specifically durlng the interval 0 20 to 0. 32 secs., the |
pressure valuss are seen to be above the expected adiabatic
pressure line for the recslving points D, E, & F whilst
below that line for the receiving points G, H, & I. This

behaviour can be explained on the basis of the following
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physical reasoning. The decay.éﬁ”a point that results after
the sqﬁrce cﬁt-éff.consists of a series of discrete changés
in the pressure level resulting:from_the paséage of the
termination.-of the wavetrains from the source and its fifst
feow reflecfions. The drop due to the pﬁssage-qf the wavetrain
‘termination from the source is probably the most important,
since the wavetrains from the iﬁégesfhave various phéses¢
| and émplitudes-and.hence do'not.nécéssarilj recombine to
give the same abrupt change3aﬁuthe-reééiving point. For the
- case shown in Fig. 13, viz. Case 1 there is no absorptlon at
"the walls. In such a case since the various wave trains set
.up & well deflned standlng wave system it is possible that
'the passage of the termlnatlon of the wavetraln from the
source may change . the pressure at the rece1V1ng point from a
. node in the standing wave system to a 100p. Thua the preassure
-at the receivzng pomnt may rise by a dlscrete amount at the
-beginning of the decay; or in a731m119r manner, may fall by
a dlscrete amount if a 100p is: changed into a node at the
receiving polnt ' |

| Ahother point ﬁhat'can be noticed.from
Fig. 13 is that the first local peak on thé pressura curve
occurs at the ﬁecéiving point F.atlo.oh gecs. and not at the
' receiving point D which is nearer to the source (Fig. 12).
This is to be expected because_thé receiving point.F,is in.

‘the vicinity of one of the cormers of the enclosure and as a
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conséquence iﬁ-racaives the éontribution frbm.thé reflected
- pressure wave much earlier than any other rece1V1ng point.
. This statement is substantlated by another observatlon that
__the,first pressure peak, seen-on'the curve for the receiving
point F in Fig. 13 is absgent from the corresponding curvé in
Fig. 4. It is recalled that Fig. 1lj is for the Case 2 wheTe
the side wall WLl (Fig. 12) of the enclosure is 100 % absorp-
tive and as such there can be no reflected wave from this
wall. , | :: L i‘-“ :
| _' In Fig..lh, at any receiving point, the
‘pressure does not build up to as hlgh a value as it does in
_ the perfectly reflecting case (Fig. 13) In Flg. 1l the
pressure soon drops to zero. The pressure value in Flg. il
is seen to be vary nearly same at all the six recelv1ng pOlntS
D E F, G, H& I around 0. 36 secs. Such a phenomenon is
noticeable in Fig. 13 also. - |
' . Figure 15 shows  the effect of variations in

the boundlng wall material propertles on the preaaure tlma-
higstory at the receiving poznt D when the source 1s of the
double rectangular pulse shape. At any given time the hlghest
.pressure level is marked, ‘as to be expected, by the pressure
curve corresponding to Case 1, all walls perfectly reflecting;

‘this particular curve is seen to be an enveloping curve
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of ﬁhe pressure values a3 a function of time that can ﬁo&sibly
be attained in this chamber at the recelving point D for the
particular source conflguratlon (Flg. 11a) that is under
investigation. |

o Considef, TIOW, from.Fig.\IS-the individual
 pressure curves porrééponding-to Case 1, Case 2 and Case 3, .
In Case 1 all walls are perfectly réflectiﬁg; here the |
reverberant field generated from thg initiél portion'df the
positive haif of the source cycle builds up to maék‘compietély
the wave fleld gensrated from the remalning portlon of the
_posltlve half of the source cycle, the negatlve half of the
source cycle and the source terminatlon. In Gase 2 the 31de
- wall WL1 is considered 100 % absorptlve, and in Case 3 the
 09111ng 1. e. wall WLé is 100 % absorptive, while the other
- walls are perfectly reflecting._some_of the effects of sound -
gbsorbent materials is shown by these three curves. In Césé 2
the pressure does not build up, as pointed out earller,‘to ag
" high a velue ss it does in the perfectly reflecting case |
(Case 1), while in Case 3, where the area of the absorbent
material‘is_stili larger, thé maximum value of the preséure
<is-even less. In the curﬁe correspoﬁding to this Case 3 the
pressure soon drops to zero point and then goes to negative,
thereby showing that the wall reflections due to the first
‘half of the source cycle ére ndt_sufficient-enough to mask

totally the latter part of the wave that comes from the
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negativo half of the source cycle. A.look,at Figs. 16, 23,
| 29 and 36 reveals that this is.trué,las to be expected;-when )
the source configuration is'of sihgla cycle;sinﬁsoidal,or
' N-ghape pulss. - _ | | _7 o |
| Figures 16 Eo_22 show, for Case 1 to Case 7

respectively; the oompositeipiotureo_of thé.pressuro_Variations
at the six receiﬁing pointo D, E VF,‘G, H & I when the source
is a p01nt source with single oycle 31nu301da1 pulse configu-
ratlon, The wvalue of the expected adlabatlc pressure rise
shown in.Fig. 16 for the smnusoldal pulse‘ls 2/ tlmes thatfr
was found (Flg. 13) for the double rectangular pulse. & very i
strlklng indieation from the Monte Carle reasults of Flgs. 16
to 22, common to all of these, 13 that-after tho source
cut- off at 0.20 secs. tha tlme 1nterva1 between,‘say, 0.22
to 0. 3& secs. roughly corresponds to half cycle 1ength of
- the pressure ‘vibrations that prevail in the region under
investigétion. This is:in confirmity with the earlier |
observatlon that when the source is of sinusoidal configuratlon
-as shown in Fig. 11b the pure tone - source, in pr1n01ple
although a large number of v1bratlonal modes are excited, it

is the mode with Sl. No. 1 of Table I that becomes predomlnant,
its frequencﬁ belng c01ncldent with the souroe frequenoy of

5 cycles.
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| o A comparison of eny particular curve from
Fig. 16 or 17 with the corresponding curve from.Fig; 13 or
1l indicates tht the humber.éf local pressure peéks,_refefred
%o above as 'mddulations’, is larger and at thé same time |
muich more pronounced for the doubié rectgngulaf case than
for the sinusoidal case, the'reason'baing‘the.fectangular
pulgse has, in addition ﬁo its fundameﬁtal'freqﬁencj.of 5
:cyﬁlés,'higher harmohics of frequenciesd(Tabie I} 15, 25,‘
35, hS, etc. and the normal modés that are in the'viéinity '
of these overtones are also exclted strongly. This can ‘be.:
seen more clearly from.Flgs. 13.1, 1h.1, 16.1 & 17 1 whlch
‘1nd1cate separately the constltuent curves for the rec91V1ng
p01nt D of Flgs 13, 1&, 16 & 17 respectlvely. The more 7
absorbent area in Case 3 makes the pressure values more
negatlve in Fig. 18 than in Flg. 17 | _l

_ Figures 23 to 28 1nd1cate, for the receiving

_p01nts D B, ¥, G H& I respectlvely, the effect of variations “
in the bounding wall materlal propgrtles when the source is
a point sourde‘with.a singlé-cyclé,sinusdidal pulée configu-
ration. The curve corresponding to Cage 1, all walls perfectly
‘raflectlng, forms the enveloplng curve . represantlng the llmlt
pressure values. The 1owermost curve 1s for the Case 3 where

the absorbent surface is large.
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_ A camparlson of Flgures 29.1 & 30.1, Whlch
.show the. constltuent curves of FlgSs 29 & 30 separately for
the receiving point D, with Figs. 13.1 & 1l.1 indicates that‘:
' the number of modulations referred to earlier is larger when
the source configuration is of N-shéﬁe.than wﬁeh it is of -
the double rectangular shape; this being due to the fact that,
as shown in Table I, the N-shape 6aniguratidnhas additional
numbér of higher harmonicsa with'fhe frequencies in the |
ne ighbourhood of some additional groups of normsl m&des. |

Expr3531ng the tran31ent pressure reSponser_i
curves,'obtalned from these Monte Carilo calculatlons, as.
the Fourler series with. the same-fundamental frequency as
. that of the input and utlllzlng the approach presented
by Walters (1950) that makes use of the matrlx method for
numgrlcal evaluation of the coeff;c;ents‘lt 1a-possible‘to_:”
find the tfénsfep'functions for the,system. This ap?foach -
of Walters-is‘specificélly aimad at the expansion of a |
finite part of the nonperlodlc functlon into Fourier serles.r
In the present study such an evaluatlon of the transfer |
functions for the system was not undertaken but the expeﬁi-
mental results, reproduced in Fig. shi, thatuwere reported
originally by Bhatt (1939) seem to have’ a bearing on this

sub ject.
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The 1inear-dimension3 of the room shown in
Fig. 12 and that for the results of Fig. 54 are in the ratio
2.5 : 1.5 ¢ 1 and 2.56 & 1.7 : 1 respectively; whilst their
maximum dimensions are in the ratio 26.9 : 1. A comparison
of the mode designation integers on the resonance‘peaks of
Fig. 5l with those in Table I shqﬁs that the order of
occurrence of the normal modes is very nearly the same in
both these casges, but for the use with the room shown in .
Fig. 12 the frequency scale in Fig. Sl nseds to bs multiplied
by a factor 1/26.9. Thus for exampie, the rivst mode 1,0,0
then occurs at the frequency 130/26.9=5.018 which is in =
agreement with the value shown in Tabio I,
| Figure 5 shows that the effect of placing
the_absorptioﬁ material on the floor, corresponding to Case 3
in the present sfudy, is the drop in'intensitj of the first
five peaks, all ﬁhese with m3:=0, and the merger of the |
higher frequency peaks in a uniform response. The effect of
placing ﬁhe abgorption material'on the side wall, correspond-
ing to Case 2 in the present study, is to merge the hlgher
modes a8 before, but the 1oss of - 1nten51ty 1s not as much as
in the previcus case due to a smaller sbsorption area. The
wave corresponding to the normal mode 0,0,1 is normally
incident on the floor and grazes the side ﬁall. Thus when the

material is on the side wall its absorption is smell but is

quite high when the material is on the {loor, this is the
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reason pointed out by Bhatt for the absence of the peak
corresponding to the 0,0,1 mode from the solid line curve of
Pig. Sl.. | | |

. According to Strutt {1929} in acoustics
the room can be classified as a '1argé room! only when the
condition existing in a given room is such that the first
free freQuency of cscillation is very small with respect to
the forced frequency. This clearly shows that even with the
large dimensions {(Fig. 12), the room that is considersd
‘here cannot be labelled as a 'largé room!. The Honte Carlo
calculations are not restricted.fo any particular class of
roomn, large or small, S . ‘ .

The four walls WL1l, WL2, WL3 & WL (Fig. 12)
forming the tworcorners with the receiving points F & I are
perfectlﬁ reflecting in Case 1 & Casé.é; thus in these cases.
at the points on these walls, or in parﬁidular roughly in the
vicinity of the receiving péints F & I there are the veloeity
nodes which are equivalent to’thé.pressure extremals, This is
the reason why for the most part of the obsgervational period
in Figs. 13, 16, 21, 29 and 34 the pressure curves correspon-
ding to the receiving points F & I form. the enveioping curves
indicéting either the maximum or the minimum preséure values.

The effect of varying the wall material
properties for the N—sha@e gsource configuraﬁion is seen in

Pigs. 36 to 41 at the receiving points D, B, F, G, H & I resp.
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As is expected, for most part of the observation period, the
uppermost curve.is that corresponding to Cage..1 whére alllthe
walls are perfectly reflecting; whilst the ldwerﬁost curvé'is
~the one that corresponds to Case 3 where the sarea of absorption
is maximum. | | |

| The modulations of the decay curve and lthe
beat notes that result after the source cut-off arve seen more
cleafly in Figs. L2 to 503 these are the pressure curves forp
an extended time period of 0.8 secs.,‘four times the source
time period T , at the receiving poiht'E which is in the
vicinity of'the geometrical centre of the rectangular room.
A1l of the odd modes of vibrations have the pressure nodes

at the centre of the room and hence will not contribute to
the pressure value there. Figures 112, i3 & 50 are for the
Case 1 where all the walls are perfectly reflecting and

there is'no 1bss.in the medium, As time advances more and
more reflections arrive at the receiving point_mékihg the
sound field directionally and spatially diffuse. Piling up

of energy takes place at a sét ol frequency values close to
which there are nmumber of normal modes. Indicated in tﬁese
figures are the ex@ected adiabatic préssure values in each
case of the source configuraticn. Considerable absorption
that is present in Case 2, Case 3 and Case 7, for example,

is the cause for the drop in the pfessure intensity that is

seen in Figs. L, 45 & 9. The nature of these figures can be
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 e£n1éined on the basis of the interaction of two ad jacent
mode s W1th the help of the experimental observatlons first
reported by Knudsen (1967) and reproduced in Fig. 55

In a rectangular room of dimensions
30" x 19 x 24! by making oééillograms of two separate modes
0,2,0 (37.439 cps) and 1,0,1 (37.662 cps), and then balking
account of the changing phase differences and the different
rates of decay Knudsen has verified that the intermediate
curves in the top set of seven curves in Fig. 55 are some
typical decays resulting from the interaction ofithesé two
ad jacent modes.- . : |

In the bottom three curves of Fig. 55 the
upper and lower records show the decay curves obtained by
Knudsen for the two modes O »4,0 (75.16 ¢ps) and 2,0,2 (75.70
cps) whﬂlst the middle record is the_lnueractlon of these
twe modes obtained by excitiﬁg the rdomvaﬁ the intermediate
frequency of 75.5l cps.; here the beatrfrequency-correSpondS
'preciseiy bo the difference between 75.16 & 75.70 cps. A
reference to Table I and the’ decay curves, for example Figs..
L2, L3, 50, etc., shows that %the Monte Carlo calculations |
are ih géneral agreement with these observations of Knudsen.

The zbove digcuasion establishes the
qualitative agreement of the Monte Carlo results with the

other known results; in the following chapter is presented a
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o " The interaction of two adjacent modes. AF is the differ-
ence frequency between the two mades, and 7 is the period of the.
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quanfita{:ive comparisén uging an analytical solution based

on the Normal Mode method.



Chapter 6

PRESSURE FIEID INSIDE A RECTANGULAR ROOM
NORMAL MODE SOLULTION

The problem that is considered here is the :
‘ inve5£igation of the sound field inside.a‘region bounded by
rectangular walls using the normal mode point of viewf In
practical applications.the walls of any enclosure possess
certain smount of elasticity and heat conductiﬁity. Inclusion
of the finite elasticity and heat conductivity considerably
complicates the solution of the problem. In order to visualize
thersituation more cléarly, the side walls of the room are
considered'tb be absclutely rigid, and non-heat conduéting.
The supgorting ﬁedium inside the room ig assumed to be
homogeneous, and at rest initially.

| It is customary to describe the ﬁressure
field inside the rooms in terms of the normal modes, conside-
ring the medium enclosed to be a three dimensional elastic

body having its own natural modes of vibration, governed by

gy
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lthe mechanical constant of the mass of the mediﬁm, and the
boundary conditions on the enclosing sufface. In other words,.
this is to consider the enclosed mediwm as an assemblage of
regonators, standing waves that éan be éet into motion by
the source, and that will die exponentially when the source
is stopped. ( |

In this method the sound field inside a
'rectangular room is expressed z2s a sum of triply infinite'-
éet of eigenfunctions; depending upon the type of the
standing waves. they represent, thé;mbdes are classified as
the axial, tangential, and oblique. It could be expected
from the existing room acoustie theofy that the earlier part
of the response field, characterized by the pressure time
history, would be dominated by the axial modes; with #he
paésage of time, the tangential and the axial modes would be

generated to a substantial extent, and as a result the field

would be more and more diffused.
GOVERNING EQUATION

Consider a pressure field caused by a simple
- point source, radiating from a given source position X in
the region under investigation. It is governed by = nonhomo- -

geneous wave eguation of the type
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{(1/62).(%/08%) =92 | plx,t) = ¢ Q6.8 (x-x) (1)

where ¢ is the characteristic wave speed -
p(fr,t) is the fluctuating acoustical pressure at a
- given receiving point Zn at time t
- f  is the mass density of the medium
~ Q(t) is the strength of the source, measured as the
volume of fluid introduced by the source per unit

time.

Consider, now,'thelpoint source charscterized
by 8 single cycle sinusoidal pulse(Fig. 11)., Its mathematical

representation is rewritten, using Eq. 2 of Chapter &, as
QUE). S (x-x,) = {sin (27t / T ) S (x, - x,) [r -]
:._ﬁe{'Qofgs). e~1 b } [1 ?‘H(t)l (:27)

where j{a' represents the real part of the quantity'involved

p

L9 is the circular frequency of the source, given by
-9 | = -ET/TP (Ll-)
T is the source time pefiod

H(t) is the unit step function defined as
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1, &> T

. .0 » t q.Tp , '
H(s) = , (5)
Since the walls are considered to be rigid, the pressure

field satisfies the boundary condition =
(2/2n) plxz,t) = 0  on the boundary ( 6 )

where n - is a'direction normal to the Boundary surface.
The ~source is started at t= 0, and prior to that the qulescent
'condltion exisba; hence the initial condltlons that need to

be satisfied by the pressure field are the following two

plx,,0) - 0
rtiplz 00 = o Ty

'NORMAL MODE REPRESENTATION

The pressure field inside the region is,
now, assumed to‘be expressible in terms of the normsl modes

of vibration of the system as
' - M

where ‘q:M is the coefficient to be determinegd
¥y is the orthonormal eigenfunction that satisfies

the homogeneous Helmholtz equation |
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VE‘:+/&M2‘§:M = 0 (9)

2 is the correspondlng eigenvalue. for the Mth mode

AL
M

of vibration; since no energy is absorbed either
in the medium, or at the walls, all 4's are real
H==(m1,m2,m3) is an Integer Triad.
It is seen that Eq. 6 is satisfied only when

(2/2n) %9y = 0  on the boundery ( 10 )

Selecting the Gartesian coordinate system as shown in Flg. 12,
and denoting the length, wldth and helght of the room by .
Li, L2, and L3 resp., the eigenfunctions satisfying Eqs. 8

and 9 are expressed as
| HfM(E) = 093(D1°Kl)7._cos(D2.K2) . cos(D3.X3)
with My =| p12+ 022 +p32}%

where _'Dj = Imj / Lj

x = (X1, x2, x3) | (1)

, GREEN'S FUNCTION EXPRESSION

For the region bounded by the rectangular :
walls use can be made of the Green ] functlon expression

given by Morse (1961), which when expressed in the present

A
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: notétion takes the following form

GRIzlx,) = 2 Ay /Ry (12)

M
where R=1/ ¢ ,RM‘—{R‘? "/umz};é . (13)

by = lm) Yylxg) /Ny ) | ()

Ny is the normalizing factor, defined as
Ny = m ¥ oulz) Yylx) @M1 ax2 ax3 .o
, v .

(Lrt213) . {¢&_ ¢ & )
. ' T2 M
= V.l (15)
azil , for 3§ ©

J % , for §J O

V . is the volume of the enclosure,

Iet By = (1/éRM) .‘{e / Ry - L/ ¢)

1 Ry ob | |
s o /(RM+L.9/G)}

= - {oos (Ry ot) - 1 (19/ o Ry) sin (Ry ot) | / M2

(16 ).
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. Then the pressure field in the nondimensional form, for the

interval 0 < ¢t = Tp, can be expressed as

[z g/c? Ref-o (RIx i x) 018 + ) oy By |
: : M

(1/¢2) z {AM ‘_ sin(wot) /(&3 ﬂﬂz)
" : ‘

%
p (x,.,t)

-+ (R/ry) sin(mmct)//uﬂg} (17)

- Differentiation of this expression partially with respect

to t gives

(2/28) p¥(5,,0) = (2/02) ) my /4 Pl1 - (A4 57
LF ( 18)
Since M= (ml,m2, m3) " is an Integer Triad, the summation
over M is in fact a triple summation

L F f
;=0 my=

' = 0 my= 0

(19)

For a given ‘source frequéncy, the wave nwnber.keis a constant
but the eigenvalue /U‘M (Eq. 11) increases as the integer
components My, My, m3 take' higher and higher values, and as
8 consequence, with the increase in the number of terms‘in

the suwmmation over M

-
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1/ Ml -y /RIPE 0

This shows that the Eq. 18 satisfies the requisite'initial
conditions specified in Eo. 7. It is 2lso noticed that the

pressure amplituda increases con31derably as

by = R

This case is investigated separataly by the applicatlon of

l'Hospltal’s Rule; the resulting expr9531on is
# - 2 } 2
pix,,t) = (1/¢%) AM sin(ut /(R ALM j

(/u'M T E) + (R/R‘M) ain (RMct)//“ME}
+ (AM'/F?E) S_w.t/E - sinfw &)
(Ay =R ) | :
S (0o <t < T, )
P 7.

( 20 )

At t:.Tp the source is cut~off (Fig. il), the subsequent

pressure field is expréssed as
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P*-(ggr,t) = {1/¢2) z Ay {BM cos(PMct) + by sin(l?Mct)}r
{ 21 )

where the coefficiarits' ay _a.ﬁd bM are determined from the

following two conditions at t=T

o
P (ggr,Tp_)

i

* : N
P (?fr’TpJ

__(3/at)!p (Eb’Tp+’—'- { /at) p (gr,Tp_) ( 2;)
It is readily shown that this leads to

p*(_:_:r,t) = .(1/02) E AM[{sin(WTp}. cosD?Mc(t-Tp)J /(RE— A{MQ)}

M |

+ (R/Ry) {sin(.RMct)/,uMZ' '

o+ cos(L.oTp):. sin]:RMc(t-T_p)]/(R2-Mﬁ2)§]r.; |

( t,> Tp)
{( 23)
Appendix 5 provides the computer ‘
. pfogramw for these relat:ions,.with a printout of the
computed results for the pressure field at the receiving
~point D (Fig. 12) (Case 1). The Normal Mode Solution results
thus obtained are shown compared with the corresponding Monte

Carlo solution results{Appendix 'l programne and'thé result
priatout) in Pig. 56.
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OBSERVATIONS

The Monte Carlo chlculations of Fig. 56
consisted of tén blocks toﬁalling 50000 selected ray pulses,
and took 211 seconds of core time (Appeﬁdix t) on theiGDC 64,00
cémputer at the University of Virginia’s Computation Center. .
The normal mode solution included from {(1,0,0) upto (15,15,15)
and required 118 seconds (Appendix 5). Therefore, computation
.timas were comparable, although reéults of equivalent accuracy
would have been obtained by the normal mode method with less

modes and consequently less time. -

It will be seen from.Fig 5é thau the results
of the twb methods ere in genersl agreement, when it is
. conslidered that the normal mode solutlon should only be
expected to be within the 11mits of plus and minus one standard
deviation sbout 68% of the time (Appendix 2). Using Eq, 15 of
- Appendix 2, the probable relative error in these calculatioﬁs.

is expressed as

= (0.68 / B(p,"}) . 0[p,F s W)®

‘prob
~ where Egpj*} is the expected pressure value at the
time index j§ ]
2c %, 'r
3] [pj_}A is its variance

N ' is the sample sizs
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‘For each block the semple size N was 5000. Choosing 3= &,
for exampla; it is seen from the printout results of Appendix I
that |

Elpg, | = 2.10562361 B -06 end
p2{p, ) - :6:8064628 E |
Péu.} :*.?6-’806’.‘- 2,.]- "13 c.

‘Then the corresponding value of the probable relative error is

R prob o'.0038 .
- I% is noticed that whenever the variance is large, the value

of the probable relative error gets large.



Chapter 7
MONTE CARLO APPLICATIONS TU ACOUSTICAL FIELD SOLUFPIUNS
INSIDE A GCURVED BOUNDARY

INTRODUCTION

| | In order to adapt the Monte Carlo ﬂtechﬁique,
that 1s developed in Chapter 3 to the .cases of practical
importance where the boundaries are not at right angles,
éertainlmodifications become essentlisl especizlly to cover
such e?gntualities as ;he occurrence of possible focuszsing
effects, the sssociated singularities, etc, in the ragidn-
under inﬁsstigation. Such modifications and the.extension
‘of the pr0posed'Monte Garlo technique to cover the cases of
curved boundaries, not necessarily of simple geometric shape,
are considered in the preseht chapter. |

The problem of quantitative description of

en acoustical field iﬁ a'given region of curved boundaries,
in the presence of acoustical sources, is basically similar

. to that identified earlier in Chapter 3. By speclifying the

156
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thysical snd thermodynamical characteristics of the supporting
modium as well as the boundaries involved, and by utilizing
the notion of the multipole sound sources for the gene_aration
of sound, a conceptusl model is created to represent the

_given acoustical systen.
MONOPOIE FIELD NOND IMENSIONAL FORM |

Consider = representat.iva monOpola situated
at a position, say, 53 (Fig. 2) in an unbounded mediwm. Its
pressure contribution at a receiving point X, is Agive.ni by
Eq. 8 of Chapter 3. When considering ﬁhe‘effects of curved
boundaries it is more convenient to express this equation in
& nondimensional form. This is achieved by mtroduclng a set
of mew nondimsnsional Variables defined as -
R% = R/a; —V’*= V'/a3, 5:-* = X./85 Es*:“ x /o

*

£ = ct/a, ® =6 T /a, m ._m/’g7 , 'p.*: p/;> c2 { 1)

where & 1is some cha.racterlstic length of the problem that

is under investigation; for example, when considering the
field inside a cylindrical duct, a can be convenilently
chosen to be the maxmum raciius of the duct. Substitution of
these variables in Eq. 8 of Chapter 3 results in en expression
for the nondimsnsional pressure distribution caused by the

source under investigation, and it is given by
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) - . 2/5 t*e) " _(,_s ;T

= Q_(’E)/R L (2)
where QY (%) = v (x *,t ) /4T

igs the quantity that represents the strength time history

of'tha ensrgy source.

ENERGY SOURCE FINITE INTERVAL TIME REPRESENTATIOH

', A typical strength time history of an
acoustical point source is shown in Fig. 57a. Its total
period of activation

r¥ . e
o ¢l /e ; | ( 3)
where Tp is the source time period in seconds, is divided
into a finite number of intervals
. | ¥ % N ' .
= T ‘T '
2 n, p /AT L)

% - _ _
- where AT 13 a width of any individual interval. In each of

these intervals the strength of the source is approximeted
‘as constant. The use of finite number of elementary pulses -
thus defined; as shown in Fig. 57b, ‘then represents the

~ required spproximate finite time intervéi representation

that is necessary for the Monte Carlo simmlation.
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Now considering i as an integral index

-

such that

1 =4 s 2n, (5)

it i3 seen that a pulse corresponding to it can be defined
to be the ons wlth

strength Qi*

end time of origin ti* - (1-% AT (6)

Then with the use of Eq. 2 it can be shown that its pressure
contribution at the observation point Er? is given by

*(

By (x5 = Q) /R (7))

where the relation between the three variasbles t*, ti*wand R

can be very easily shown to be

£ = ¢ + B Co(s)
or in other words

tiﬁz_ﬁ-ﬂ* - e
e RU= xto- ozt

Recalling the definition given in Egq. 1 it is seen that an
equivalent dimensional form of Eg. 9 is given by s

by =t -UR /e - ( 20 )
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From this relation and the relation given

b& Eq. 5 of Chapter 3 it can be inferred that when £ is
considered to be an instant at which the wave of pressurs
disturbance that was originated atfthé source positioﬁ 53*,
end at time ti* arriﬁes at the receiving point 55* , the time
of origin t,* given by Eq. 6 and the retarded time T~ defined
by Eq. 1 sbove and Eq. 5 of Chapter 3 are synonymous.

| Since the pulse of index i produces, in the
iﬁmadiate nelghbourhood of ths.sburce‘position_§s*, a pressure
disturbence in a short interval, say, by  to (t,* +€), its
effect at any subsequent instantlt%(7>ti*).is localized
within a very thin spherical shell with centre 58* and
radius R*(=-t* - ti%). To be more specifie, let a new variable
tﬁ* be introduced to represent the inétant.at which the
disturbance wavefront that.was‘ériginated at time ti* and at
: the source position 33* srrives at the recelving point 55*;
then using a § -function, the pressure contribution from the

1th pulse given by Eg. 7 can be written as

( 11 f

Py (xtY) = (@F /R L ST -8 )
'thﬁre lRm*=f r¥ _ l]ff* _ ES*L'

is the distance traversed by the disturbance wave

during the interval t,* to t* ,
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Now-suppoﬁe that a given length of the
transitional period, the period for whicﬁ the solution is to
be studied, is divided into J time cells, each of durstion |
zxt*. Let pij#(gr*) be the mean value of the pressure
ps¥(x ¥,t%) given by Eq. 11 taken over the §* time intervel;

then _ S - at” ,
pif-‘?(xr*)_ = (1/at") [ opylx, Y)Y at”

At -1

AT o /RY at®

if the disturbance wavefront of the
.ith pulse passes through the receiving

~ point during the ' tims interval
= 0 - otherwise S {12 )

When the length of the time cell A t* of the transitional
period is considered to be the seme as A’E*, the length of
any individual subinterval used in the finite tims interval

répresentation of the energy source (Fig. 57); i.e. when.
At = ATV (13)

Eq.'lz reduces to
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I TN TURASAE %*
iy (me’) = Q" /By |
if the disturbance wavefront of the ivh
puléé passges through the receiving

~ point during the j*0 time interval

i

0 otherwise | )
RAY PRdPAGATION IN A BOUNDED MEDIUM

At evary point in a medium the signal that
describes the pressure dlsturbance proPagates along a
direction normal to the wavefront surface. The locus of this
wavefront normal is the requisite trajectory along which the
acoustical’raﬁ propagates. In general this is a function of
I. Initial direction of any particuler ray,
: -emmnating from the energy source |
II. Spatial variations of the physical and
thermodynamical characteristics of the
fluid mediwn |
I1I. Spat1a1 variations of the geometric shape
o and the tharmodynamlcal characteristics
of the boundaries that_eﬁclose the region
_ under - investigation. | |
Mathematical specification of these, ss pointed-out earlier,

is essentisl In order to make the probiem of the determinstion
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;.or the ray trajectory = detérminate one; thereby enabling a
formulation of a set of equations that defines the ray
direction aucc9331ve1y.

7 When the medium under_investigation does
not extend to infinity but is bounded at finite distances
from the energy source, it becomes essential to redefine the

vériéble R*, or_Rm#, appearing in the sbove formulation, as
the'arcual distance, measured along the ray trajectory,
starting from the source position X to the receiving point
position xr ; this takes into account any reflections from

~ the solid boundary thet might have taken placa durlng the
progress of that particular ray.

REX TUBEZ

| In the region under investigation, in
genéral, the'physioal and thermodynamicsal variations are
present; in the course of the ray trajectory, any possible
eventualities resulting from such variations can be taken
care of more convenientlj by following not only a single ray‘
but instead a small ray tube;_consisting of a bundle of rays,
- that originastes from the energy source, within a given
elemental solid angle AJSl, centred around a randomly selected
ray (X, {3,/ ). Such a ray tube and its tréjectory are shown
in Fig. 58. At any point along its trajectory the variasbles
thet define such a ray tube are its spatial and directional
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coordinates along with its weight; a ray tube weight ias its
intensity. Qi* is the initisl weight of the ray tube that
1s used to characterize the randomly selected puise with
' an integral index i, given by Eg. 5.

| In the praseﬁt analysis it is assumed that
the influence of the selected pulse is confined within the
ray tube that is traced. Then this pulse can contribute
towards the construction of a pressure-field'at a given
receiving point in the region, only when such a point is
intercepted by the propagating ray tube. The pre ssure
amplitude determined by the ray‘tuba there would represent
the extent of the pressuﬁe contributidn from the ray at

the time of such an occurrence.

Ray Tybe Di#ergence Factor

Pigure 58 shows two‘raéaivihg points Erl*
ahd §r2* that come under the inf;uenca of the propagating
ray tube, in the course of its trajectory, after suffering
a fow colliéions with the solid:surface on its way.

Lat si% and s; répresent the ray tube
cross-aactional'aréas iﬁ the nondimenaional form, normal to
the'central ray (x ,3,4); and let, in general, ni and n,
be the indices of refraction of the Supporting madium at
these two points_grl* and Eré* réspectively; Initially for

'%hg”épﬁiicafiBn of the proposed Monte Carlo technique, in
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' the pressnt work, a particuler case of homogenseous medium

is considered; then
n, = n, = constent (15 )

throughout the region. In a more general case, depending on
. . the extent of the variations in the" refractive indices from
cne point to another, it would be essential to take the
proper acéount of the resnlt-ing scattering effects.

| ' If pil is considered to be the pressure
contribution from this ray (o<, 3,4 ) at the position xx_l ’
then that at 52. can be expressed as ' “

#* #* Fy . +# %y

where DF12 is the ray tube divergence (or convergence)

" factor defined, in general, as

‘I)'Flz = {(nl / nz').(s: / s;) };ﬁ o ('17 )

md by = by "_’?::-2'}E ~%py | | |
- (6, + RF) + RB*/ DF12 2 (18)
Rl"f : .being the arcualﬁistance,- ﬁegéured éldng the

rayl{<,3, ’Y) trajectory from the source
position Xy to the receiving poim: xrl e
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Varistion in Ray Tube Cross-sectional Area

I% 13 seen from above that in order to
eatimate the pressure con&ribution ot any point in the
region 1t is essential %o be éble to.follow the variations
in the ray tube cross-sectional area during its lifetims.

A number of alternate methods were investigated, the one
that requires the minimal computational-efforts is outlined
- below. | | v |

This method consists of 31mnltaneous _
following of three rays originating from the same source, .
Out of these three, ons is the random selected ray (coc ,ﬂ, /?");: ‘
_ whilst the other two are simply adjacent to it with very
small elementaladifferences in tﬁair diredtional coordinates
initially. At any point along the trajectory ths area.formad' f
ﬁyfthb triangle with vertices corrssponding to points on
“these three rays there now represehts;_when normalized, the
fequiréd variaﬁion in the ray tube area. This variation;“in
general, is a fumection of the ioéal geomefry and the material
chéractaristics of the region that is under investigation,

- and so at the latter atage of the trajectory there is a
1ikelihood of these three rays being reflected from the

| surface positions with differing characteristics. This

. eventuality is reduced to a minium by holding the initial
differences in the components of the directional coordinates
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of these three rays to an absolute minimm, which in.other

words smounts to having the distances betwsen these three
rays, initially, as small as possible. As defined earlier,
when the linesr dimension is normalized by the maximm
boundary radius, at a distance of the order of 0.5 from
the soufce pesition, the initial ray tube é.réa of the order
éf 1.0 E -25 magnitude has been tried. The technique that

ie dev'eloped for such a processing is dealt with in conszider-

able detail in the following chapter.



Chapter 8
CURVED BOUNDARY PRUBIEM
RAY TUBE PROCESSING

INTRODUCT ION

The estimation of the pressure at é giien
'receiving-point in ths region under investigation 1s based

‘ on the study of the pr0pégation of the ray tube, atarting
from = given source, in e material medium of known geometry
snd physical prOperties. The Monte Carlo technique that is
developsd fér this‘purpose,is quite geperal. It is explainéd
here wiﬁh the help of a épecific problem of prediction of the
transient acoustic fisld caused by a sound source inside a
ﬁylindrical.auct. The procedure for a more genersl case is

outlined In Appendix 6.

MODEL SPECIFICATION

Thé‘pr0posed Monte Carlo method, as pointed

'but earlier, is not restricted to cases where the bounding

170
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éurface is of simple geometrical shepe; however, for clarity
and definiteness in the-presentation of the technigue that
is developed, the region that is selected for the first
 application is tha one that is bounded by a cylindrical duct
surface of circular cross-séction,‘rigidly closed on the
left and terminating on the right in a perfectly absorptive
mediw (Fig. 59). | ‘ ' |
| A small acoustic dfiver, mounted at'the
centre of the duct on the left bounding surface, is assumed
to give an-emissioﬁ.corregponding to a 'point source' of
sound., ' _A _ _ |

 With a view of presenting a tractable
analytical solution for the same problem, thereby providing
8 quantitative evaluation of the reéults obtained from the
application of the Monte Carlo techni@ne; the cyllndrical
surfece ls consgidered to be pérfectiy reflecting, and the
supporting mediwm is assumsd to be homogeneous, being at
rest initially. The main festurs of such a ﬁediﬁm is that,
. here, originating from the source, the ray tube propagstion
is essentially in paths composed of straight lines from one

collision to snother one with the bounding surface.
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RAY TUBE VARIABIES

| For any ray the starting point is the
position of the source, which is denoted in the following '
formulation, for brevity,'by |

g_s*(1,2,3) = (is:l.*, xs2*, x83%) (1)

In the particular case that is under investlgatxon here,
and shown in Fig. 59, the source position is coincident with
the origin of the coordinate system.
, o As explained in Appendix 6 the directional
‘law that ia.applicable in this case 1s the Cogine Pistribution
Law DL(2)., Let the unit vector in the direction of the
randomly selected ray (=, (3 ,¥ ) be denoted by

 pCcI(1,2,3) - (pe11, DGIé,'DCI3) | (2)

theﬁ the equation of this rey in péramatric form, with U as
& parameter, can be expressed, when the sﬁpporting filuid
madium is homogensous and is at reat initially, by the

" following set cf equations

xn¥ - pn . v

~ x12¥ = pei2 , U |
XI3* = po13 ., U _ (1)

vhere  XI'(1,2,3) = (x1u1¥*, x12¥, x13%)
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is a point on the selscted ray. The parameter U which is
st111 undetermined is chosen such that this point XI'(1,2,3)
is a point that 1s common to the ray and a eylindrical

surface of arbitrarily chosen radiug
. - . '
AREF® = 0,5 - (L)

7'This rosults in a relation

x11%2 + x12%% - o.28

which with BEq. 3 yields

v? . (pe11® + DCI2?) _ 0.25  (5)

Since the components of Eq. 2 are the direction cosines,
they obey the relation.

-

pc112 + peI2? + DoIs? - 1
vhich with Eq. 5 gives
U = 0.5/ (1-p0132)%2 ()

| Iet DCTL be the length of the duct, snd A
 be its maxinmum crossaectidnal radius; then the gebmstrical
veriations in the radial direction (Fig. 59), when present,
can be éxpresseﬁ mathematicall? by a definition of the local

oross-sectional radius A1 (X3") as
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a¥(x3®) = ad® + a2, xg* (7)
where - A2° = (1 - Ao*) / XME

(1 - 40" . a ./DGTL__A I (8 )

The point XI (1 2,3) defined by Eqs. 23
.and 20 is considered to be a reference point for the initial
definition of the ray tube area, if the relation

Carteas®) s oar® . (9)
13 satisfied.
| . It is noticed that when the relation of
Eq. 9 is not satisfied, the point XI%(1,2,3) 1ies outside
the region, in which case it becomes essential to redefine
the value of AREF® in Eq. i and repeat the process until

Eq. 9 is satisfied; when this is achieved, two additional
points are defined such that '

XTIy, 5,6) (x1y™ xxs'“ X16% )— (xn XI2® ,x13 + DPFEI)

X1 (7 8, 9) (x17 x18 ng ) = (xn + DPSI ,X15% x13 )
{100

where DPHI and DPSI are nondlmensional elemental lengths

of absqlutely amall magnitudes; for exam;:le, the results

presented in Chapter 10, later, use
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DFHI = DPSI = 1,0E -12 (11)

Originﬁting from the source (Eq. 1) two additional rays are
‘made to pass through these points (Eq. 10), and defined the

unit vectors in these directions as

]_29__1(!4-..,5,6.) = {(pc1y, DCI5, DCI6)

- {Jg*(h,s,s) - g_s*(1,2,3)'§ /1 g;*(u,-'s,e) - x8%(1,2,3)
p_g;t(7,8,9) = (Dci7, DCI8, DCI9) |

= { x1%(7,8,9) - x8%(1,2,3) | /.llzg*(?,'sm - x8%(1,2,3)4

| . | (12 )

~ This completes the identification of the three rays that are

~to be followed in the study of the veriations in the ray tube

eross-gectional area during its lifetime. |
| | i Consider a triangle shown in Fig. 60. Let

BO, Bl, BE and B3 be its three sides, and the aemdperimater

respectively; then using Heron's formula its ares is given :

by the expression
Area [X(1,2,3), X(t,5,6), X(7,8,9)]

= {33,(33_30),(33_31).(33--32)}35 (13
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x(7,8,9)

- x(1,2, .' . '
x(1.2,3) 5o = X(4,5,6)

Fig. 60. Area of a Triangle by Heron's Formula

. where 'Bo :--I3(1,2,3) - X{},5,6)1 -
f Bl = i_:_t,(u,s;e) - x(7,8,9) 1
B2 = 1X(7,8,9) - ¥(1,2,3)1
B3 = X(BO + Bl + B2) |

For the purpose of normalization of the
pay tube, consider R

AS

- aRTo" = area [ XI%(2,2,3), XI¥(4,5,6), X17(7,8,9)] ()
_to be the reference ray tube area. It is situated on a
reforence plane, which is at a distance
RREFT = |X17(1,2,3) - X87(1,2,3)0  (15)

from the source position; hence the preésura intensity there

is expressible ss (see Eqs. 7, and 8, Chapter 7)
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PREF" = ‘pi*(. x*(1,2,3), TREF")
= QMo srmR* 0 (16)
vhere TREF = TI® + RREF® . | | (17)

It is recalled that the nondimensional time parameter ¥
is defined as | | '

TI*; ¢ . TI /A '- - (18)
whsra TI 4is the time of origin of the selected pulae
in seconds. L |
After having these quantities as the
initial apacifications for the ray tube at the reference
'plane, the next logical step.is to investigate what changes

they undergo on meeting the sclid suﬁfacg-of the enclosing
~boundary.

COLLISION WITH 'fHE ‘BOUED'ARY SURFACE

For brevity, tha three vertex points of
| the ray tube in the reference plane, end the direction

coordinates of the three rays are designated, r93pective1y,

by
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xm*, 31, 3e2) = Oty Xty H)

)

(DcIj, Iy,10 20Ty, 5]

Il

DCI(§, J+1, J+2)

(vhere J = 1, L, and T} (19 )

Lot the points of collision of these three rays with the

boundary surface be denoted by |

* XC* _ i )

x¥(3, 3+1, 3+2) = (0%, X FPETE

(20)

The equation for the cylindrical duct surface (Fig. 59) is
given by ' | |

F(m* xa* ,X3%) = x’i*e + x2%2 _a1®2(x5) = 0 (21)
where the local duch redius A" (X3") at the axial position

' x3 is given by Eq. 7.

The point of collision, given by Bg. 20,
| is common both to ‘the ray and to the boundary surfece; hence
it satisfiea the relations

'3 & S & v en® %

Tog=Xy Ty - My ¥ie-¥i.e
,DCIJ o DGIJ+1' '.pc:[j+2

%2 #2 = % * 2

Xe™5 + XO .-(A0+A2.XGJ+2) = 0 ( 22 )

i+l
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From the first of these relations, the following set of

esquations follows

o Cow et E '# _
_ | | (23)
% * ®* #

Kgea = A3 (X1 - M 1) XI J+2

L

where Al2 DCIj /’DGIJ+1 s A32 = DCIj+2 / DGIJ+1

Substitution of these in the latter relation of Eq. 22:ylelds

a quadratic equation for the determination of KC*J*I

AL . X675 4 v 2BB . XU,  -CC = O (24 )

where AA = 1 + 2122 + (a2% | a32)2

- % - ®*
BB = Al12 . (x:_t g - AY? . XI 3+1)

re CIO R R
-2 L {ad®rad* L (x - 232 . X1 o)}

Jr2

oc = {a0"+ a2" . (XI*j+2 - a32 X %

e 2 2

‘The.two roots of this equation are expressed as
X",y = UMX, or UMN - tas)

where UMX = max (UA, UB)
TMN

- i

min (UA, UB)
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VA = ( -BB+D ) /AA
UB = ( -BB ~D ) /AA
D = (BB2+ aa . CC )%

VNoticing thét tha.vector drawn from the point
| 'E@%(J,J+l,j+2) towards the collision-point_ZQ*(j,j+1,j+2)

‘must necessarily point in the positive direction of the -
propsgating fay,ldepending upon the value of the directibn
~ coordinate DCij+1, there result the following two cases :
Case 1 : DCI > d-' then % £ 'qu :
- ERTRA LR B {26 )

Case 2 : DCI C3 then XC¥

J*l <_: _UMH

31

Subsﬁitution.éf thus selected value of
xc® 5o1 1n Eq. 23 completes the detemn.nation of the ‘collision

point X6 *(3, 31, j+2).
RBFIECTED RAY

Since Eg. 21 descfibes the c¢ylindrical
surface, the equation satisfied by the imward normal to the
tangent plane (Fig. 61) at the" point X0 (J 3+1, j+2) can be
written as

r® - xe /e = (x2 - xo¥,, 1)/9.2 (xg. l 2)/23

(27)
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; where

al, a2, and a3 are the direction ratios given by
al:-—Fxﬁ‘j « . . :-ij
X7 (3,3+1, J*?) _
a2 = - F» | = ~2x¥, o
X g o ‘ 3y
“ TS XCT(g, 31, §42) |
83 = - Fo# | = 2 (acd® + a2 . x®, ), aSf
R g L | S I \
v X671, 5+1, 3+2) _ - _
let 80 = (a1 + a22+a3%)2 . (28)

4 then the direction cosines of the inward normal are given by

it

(DCN,, DON, ., DCN )

~ DCN(J, J+1, J+2)
= (a1/a0, a2/a0, a3/20) (29 )
The angle of incidence =< is given by

co8 % = -‘(‘..:)CI‘1 . '.DG}*I'J + DCIJ+1 ..DC‘NJ*”I

+ DGIJ o° DCNJ+2)

( 30)
Since the angle of reflection is'equallto the angle of

incidence, the direction coordinates for the reflected ray

can now be expressed as

BCR(J, j«1, §+2) —-(Dch, Ryar D00 (31)
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where DCR, = DOI, + {2 cos oc) . DGHk

for k = j,' J+1, and J+2

The knowledge of these now enables the location of any
required polnt on the reflected ray. Let S
2% ' w* - ) :
x...?,’ (j,j+1,j+2) : ( jl J*‘l’ XR j+2j
be a point that 1s cormon both to the ‘reflected ray, and, say,
‘en imaginary cylindrical surface of radius RAD™ (Fig. 62-);
then the equations determining this point are

2 ® 3 R R i _
TRy =Xy By, -Ta By -Xio
= = — ( 32)
DOR, DRy .y  DCR, :
R - b=, #2 _‘ -
xaj +mdl - RA.D. ._Q.. ,-(33)
Let | Ale = DCR /DCRJ 1

A32 = DCR j+2 / pcR 1

-then Eq. 32 can be rewritten as.

R - t-3 - % ' % _
Mg = M2 R X0 ga) ¥ X0 -
o R o Cn)

m*j"ﬁa = A32 . (KR"*J*,1 - XG* | : '
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Substitution of these in,Eq. 33 sives a quadratic equatlon

for XR e g8 . | \
. 2 - * _ B
A XRTL, ¢ 2BB L X, - OC 0 .( 35 )
where AA = 1 + A122
N #* S
BB = (xc?j - Al12 . 39 j+1‘) . 412
6 = RaD¥Z - (BB / A12)2
~Hence - ' XR*3+1 = UMX-,'O:‘.UHN - {36 )
' where UMX = max (UA, UB)
UMN = min (UA, UB)
UA = (-BB + D) /AA
B = (-BB -D ) /4AA
‘D = (BB® + AA . CC )!5

There are two possible points, each one
1lying on eithar side of the duct axis, of intersection. of the
reflected ray with the cylindrical surface of radius RAD™ ,
let these be denoted_by.gﬁg%(j,j+l,j+2), and 33§#(j,j+1,3;2),
the former being_neérer to the positioﬁ gg*(j,3+1,J+2)

- (Fig. 63); then depending upon the vélue of the.coordinatéu

10*3*1 there result the following two cases :

3%

f

> 0; then XRA¥

Cage 1 : XC 41 ;- RA™ g = gﬂx R Sl

.
end XRB J+1

1"

TMN
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' - % ', : #* _ )
Case 2 ¢ XC'1+1 < 03 then XRA'j+1 = TUMN

E

- *
I (37);
Substitution of these values in.Eq. Bh completely determinas
the two points XRA (§,3+1,3+2), and XBB™ (j,j+l,j+2) on the
roflected ray. An additional point on the reflected ray that
can be obtained comparaﬁively easiij-is its intersection
| point with the duct axis. The coordinates of this point
are given by . | S
L %

XRF 3 = XR? j+1 = 0

/ DCR c¥

XC R

gal o |
(38)

XRF©, = XN

Je 2 (DCR

32

The above'aﬁalysis prévides'é technique foﬁ
the auccassiva determinatlon of the points that are traversed
by the ray tube during its propagation through the msdium,

If eny of thesa_points happens to be coincident with the
. given receiﬁing point, thbnithara it is necessary to evaluate
, the_contribution to the pressure field from this ray. 4

procedure for this is developed in the folldwing section.



.188

- PRESSURE CONTRIBUTION AT THE RECEIVING POINT

The rec;iving polnts are the preselected,
or the given, positions in the fegion at which the"prassure
field is to be determined. This preasure field is the -
radiation effect of the emission rram.the given acoustical
source.'It is recalled that in the Monte Carlo technique use
is mede of a finite number of elementary pulses, and the
corresponding ray tubes with randomly selected ray dirégtions,
for the representation of the radiation effect of the source
in question; the effect of,anylparticuiar ray; charscterizing
the proﬁagating disturbance éignal, being considered to be
_confined within the ray tubs. This clearly pcints'out.that;
for a ray (o, 3, ¥ ) to have a pressure contribution at a

glven racaiving point, denoted by,

w*(1,2,3) = (xm¥ » xS, ®3F) 0 (39)

the corresponding ray tube must necessarily éncountér this:
point'during_iﬁsrprbpagation tﬁrough the region.

| - The occurrence of such an encounter is
ﬁested by localiging the receiving point with'fespect to tﬁa
variable point on the raj trajectory. It is easily shown
‘that for the ray tube to be in the vicinity of the given
receiving point (Eq. 39), it is essaﬁtial,to havaAsatisfied
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one of the foliowing two relations :
x03* < 13" < xF3® -
I | { 40 )
- X®RF3° < XR3® < x03° o
where XRF (1,2,3) = (XRF1", XRF2", XRF3")
.@%(13233) = (Xcl*, XCE*, XCB*)
'ﬁre the latest points of intersection of the -

rey (= ,/3,7 ) with the duct axis, and the duct'.

boundary surface, respectively._ ;

The relation of Eq.'uo ensures the localization of the ray
tube and the receiving pcint in qusstion within two cross-
sectional planas (Fig. 63)

* 3

:; X3 = XRF3 o o
B ooy )
‘x3¥ = xc3* | -

Tesf Sphere _ '

| .consider a—sﬁall elembntal sphere, sﬁrrouﬁ~
- ding the receiving point (Eq. 39), with a nondimensional
radius & ,:a preassignad-small'vélue, and the recelving point'
itéelf'aslﬁha-center. Along its trajectory, if the ray («,3,{)
intersectslﬁhg surface of this test aphere, the receiving
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polnt is considered to be under the influence of this rajf;
and the pressure contribution is estimated. In sddition to-

- ~ the valus of the normalized ray tube srea, the other variable

" on which the pressure contribution depends is the extent of -
‘this ray penetration into the test .. sphere., It is seen
to 'be .maxinmm when the receiving poiﬁt lies exactly on the
ray trajectory, in which case the ray ﬁemtration is twice
t_:he'radius of the test sphére-; oh thé other hand, the ray
penstration, and hence the pressure contributioh from this.
ray, 1s zero when the ray is eitherl Just tangen_tialfbo the

tost éphare,, or does not touch it at all.

B Pemtration Distance

Let (xl x2,x3), and (yl,yz,yﬁ be the two

poinbs (F:.g. 63) that are common to the penetrating ray, and

: tha test sphere‘ then since this ray also passes through the

axial point XRF (1 2,3) givan by Eq. 38, the set of equationa

that is available here can be expressed as

X1 /DORL - x2 / DCR2 .—__r.(x3 ..;-:‘mf) /DGR3 (h2 ).
(x1 - B17)2 + (x2 - R2")° + (x3 -XR3T)% - 2 = 0

( L3 )'



. SO0URCE (0,0,00~

7 . X3*=XxC3+
CXRF3IM< XR3* < xC3*

RAY (<,8,4)7 . _
TEST SPHERE

o '-:‘F‘iS-‘ 63 Test ‘Sphere_‘ a:id -‘ﬁho R_aj'._Penetratiox‘i'_ o

XB*1,2,3) -
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BEquation 2 gives

0 ﬂ..

L

(DCR1 / DCR2)} . x2

. x2 = (DCR3 /DCR2) , x2 + XWF3® (Ll )
Substitution of the_se\inEq. L3 re_sult_s in a guadratic of
the form ' |

~ (DCR1 / DGR2)% + 1 + (DGR3 / DCR2)2 . x22

2. |- (cr1 /poR2) . x1* - xmS*

+ (DCR3 / DOR2) .. (xF3* - x®3%) | . x2
- (&% - @ + w2 - (st - w2] = o
o o (45)
TUtilizing the relationship that is satisfied by the direction
cosines, viz. '

peR1Z + poR2? + DER3Z - 1

and defining
" AA = 1 /DCRZ? |
BB = - (DCR1 / DCR2) . xr1* - ®"
(DCR3 )Dcl_ia) . (®mr3* - xm3™)
o - 32 '

- (1% + xr2*2) - (st L msF)2

( 46 )
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Eq. 45 is rewritten as
ML . x2° 4+ 2BB . x2.060 =0 - {47)

‘of which one root corresponds to x2 (Fig. 63), whilst the
other correspbnd.s to ¥y2; then it "indicates that a

(xa - y2)2‘= 2 (B2 + aa , cc) s a2 ( 48 )

Using Eqs. Iji, 46, and L|..7 it can be ghown that the pene-
" tration distance A R'? of the ray (e, 2,7) into the test
, 3phere ig given by . '

AR®2 - (n1 -‘7.}1rll.)'2 + (ﬁ -f;:'yzja + (‘x3 --33})2

= AL (=2 - §'2j2 |
Caoee® s o). ()
It cen be easily seen from this. exbression that A"R* is

" real, i.e. the ray penetrstion _takeé. piace into the Spheré,
only when the relation |

BB2 / AA + GC > O | (50)

. is satisfied.
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Equivalent Distance |
' Referenee to Eqs. 16 and 17T above shows -
that st the instant TREF_ the ray (oc,(s ,/¥' ), that is -
presently under progress, contributes a pressure PREF"  at
a distance RREF™ from the source position §§*(1,2,3); it
is also recalled thﬁt the raﬁ tube cross4sectiona1'area |
was denoted there by ARTU* » the reference ray tube area
for the normalizetion. ) o .
Gcnsider now the divergence factor DFIZ

‘defined as (see Eq. 17, Chapter 7)
DF12 = (ARTG® / ARTR ‘);‘5 . | (51}

whers ARTR? is the cross-sectional srea of the sams ray 4
tube, but in the proximity of the receiving
point XE (1,2,3).

It is now argued that since the ray tube
was at a distance RREF® from the source when it had its
. area as ARTOY s the receiving point XR (1 2,3) whsre the
ray tube erea is ARTR® oan be thought fo be at an
lequivalent distance! REQ* from the source; this equivalent'
ﬂisfancé REQ? being_dafined mathematically to be

REQ™ = REEF® / DF12

=~ RREF" /DF12 + AR" /2  (52)
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| Introducing the 'penetration factor! dqfinad as
. o, ol -
PNF = (REEF / DF12) . (AR" /DF12)
= REQ" . AR® /DF12 . (53)
1t is poasible to express the pressure contribution from

this ray (x,/2,1 ) at the receiving point @%(1,2,3),
using Eq. 16, Chapter 7, in the form |

= PREF* . REQ* e A R* {54 )
where T = TREF® + REQ¥

= (2" + RREF") + RBQY
using Bg. 17 above .

As was explained in Chapter 7, the given

length of the-':total transitional period, the period for
which the solution is to be studied, is divided into J bime
cells, sach of duratibn_A’E* , and p;;(,{ﬂ*) is conaid_ered
to be the mean value of the pressure pi*t@*, T*)', given by
Eq. 51;; taken over the Jth time interval, i.e. |

- | 3 AT‘”f

'Pi.J*QC_R*) - (1 /AT*) / | Pi*(@*’ V_T*).dT*

3 AT -1
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= (PREF" . REQ" . csh*)i | - (55)

where 3§ = T /AT® + 1

h

(n*+nmﬁa-mf)7At*fl ‘V(%J.

The index 1 that is introduced as a suffix to the right
bhand side expreasion of Eq. 55 is just to recall the fact
that the quantities included in the bracket thare are those
of the ray tube that has originated from the randomly
selected pulse with the ‘integral index i,

' It 1is emphasized here that the pressure

_ value given by Eq. 55 above is an aversged pressure. value '

'that is obtained by the process of averaglng over sn
elemental, but finite, space-time volums

(.57

AV L ATH = med . atT®
of the test sphere, that m_plac_és" the actusl recéiviﬁg
po_inf_ in the Monte G'arlo-tachniqné. '

' The .process leading %o the relstion of
Eq. 55 is repeated for the totality of 'NR  ray tubes in
a particular sasmple, and the préssure i.s accumulated over
the time cells for a given receiving point. This completes
the ray tube processing. | TR AN S

P . e - IO et
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. VARIANCE ANAIYSIS

The‘data acceumulated while the ray tubses
uﬁre being followed are now analyzed. At the-end of the
processing of, saﬁ, NR sy tubes, the agcumulated pressure
" values in the different time cells are sveraged over the
number NR , and the space-tims volume of the test spheré‘
(Eq, 57) used therein to rapresant the actual receiving _
point The preasure field thua accumulated isa then expressed

as.
") = (@) /R AT AT .
. 2 (mmeF" . rEQ¥ . aRY), (58)

i=1

This expression is seen to have a.étriking resemblance to |
the algorithm of the former part of the dissertation (see, w
for example, Eq. 26, Chapter 3)}.

 Equation 58 represents a single statistical
aample, as a result of the Monte Garlo calculations; and .
further requires the knowledge of the standard deviation.
This is obtained by‘repeﬁting thé.calculaﬁions leading to
Eq. 58 in, say K different blocks. The results of these

are conveniently expressed as
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. ) (Rt REQ” . AR'),
o i=1 B
| (59
-whdre BR,_ is the number of the_ray_fubes followed

in the k™ block

Iy

,('_1 < k < K)

By assigning equal statistical weight to
each selection, thé-required'pressura fieid,‘which is the

stetistical mesn of all the samples, is given by
. - ] - :
P'J*Q_C_S*) = Z Wy [p;@_ﬂ*)]'k'_'  (60)
| | k.:Z.L' | | |

where W, 1is the stabistical weight defined as

W = TR/ Z o mi | (61 )

The variance of such a.pfessure.field is then given by



199

. K | o

ot < 3w (b, - ot
| k=1
c 2 | |
- . | |
{ 62
Py 62

where o~ s 15 the required deviation of the

predicted acoustical pressure in
the jt time interval at tha
receiving point xR* (1, 2,3)

The rasults of the application of the
'Honte Carlo technlqus thus developad are presented in

chapter 10; before that, in the following chapter, the
problem of the pressure field in31de a duct of consbtant

"radiung 1s studied from the normal mode point of view._



Chapter 9

PRESSURE: FIELID INSIDE A CYLINDRICAL DUCT
NORMAL MODE SOLUTION

' Thé ﬁroblém that ié considefed here is the.
_investigation of the acoustic field inéide a region Bouﬁded
by a cylindridal duct surface, using the normal mode point
of view. In practical applicatigns;tha.walls'of a sound
conducting duct-ﬁossésss.beftain smount of elasticity, and
heat cdnductivity; Inclusion of the finite elasticity and |
" heat coﬁductivity considefably complicates the solﬁﬁion of
the problem.-In.ordér to visualize'thg.éituation more clearly,
the side walls of the duct are considered to'be absoiutelj
l'rigid,'and non-he at éonducting. The suppérting mediﬁm inside
the duct is assumed to be hombgeﬁebus, and at rest initially;
The duct is considered to be rigidly closed on the left, and

terminating on the right in a.peffectly'absorptive medium.

200



'QOI

' Consider a pressure fisld caused by a simple
point source, radiating from a given source position x4 in
the field. It is governéd by a nonhomogeneous wave equation

of the ftype

~

{(1/02)-(92/9 t2) - VE}P(ﬁ,,‘b-) = (2/t) n.S (x, - =z )
| | (1)

- uﬁere c | ' is the characteristlc wave speed |

| ' p(fr,t) iz the fluctuating acoustical pressure at a-
“ f givenrregeiving peint P at time t |

n is the vate of maés injection, per ﬁnit volume,-
| from the'soufcé.céntré,

| | When considering the field analytlcally

_ 1n31de a cyllndrlcal region, as 1s done here, it becomes

lmore convenient to use the cyllndrical coordlnate system.

{r,o, z) (Fig. ay) instead of- the nsual Cartesian coordinate

'system. In this case Eq. 1 takes the form

'1- 2/ar + (1/r) (a/ar) ¥ (1/0), (ae/a 6%)

r (32/932) - (1/63) .5 /ata)} plr, 6 ,2)
= (ae/atz) m . 5 (xr 'ffs) o .“(_2 ) 

whers X, = x.(r, 6 ,-z).
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Fig. 64 Cylindrical Duct Coordinate System .

The pregsure field p(r,e »Z) satisfies the'boundarjjconditions :
i. p is a continuous function | o
ii. the radial coﬁponent of the pressure gradient

vanishes at the boundary walls, i.e.
{(op/2r) =0 at r -a 3)

" iii. at a reference plsne, z =0, normal to the duct
axis, the perfturbation due to the source is
specified as an arbitrary function of r satisfying

(1), end (ii), and a periodib function of time %.
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In linear acousties, for'ths;inviscid medium,
in the sbsence of the~convective3valocity,,the'relation ;
between the particle velocity v, and the acoustic pressuré Ps

at any point in the medium, is. provided by the momentum

.equation

'?'(ag/aﬁnvp:o - ;i:-_ (4 )

At this point it is convenient to deflne ‘the
followlng new Variables, similar to ‘those used- 1n.Ea.1 of

'Ghapter_7,
#* P ' 3 -
r'= v/a, z =z/a, t7=ct/a, D= P/?icg

w¥om/ie, Yiv/e, Er%‘—,frfa" x” x/a - (5)

~s s

‘,and‘rewrite'Eq. 2 in fhe.nondimensional form as.

L (2267°2) + (/). @r%) + (1/r"2).(0%/202)
(2%/32°8) - (772872 } P
= QP S(xr x") (6)
where D - P (x ,t ) = -(r‘,ea,z ,t )
‘The pressﬁre'field inside the duect is now
assﬁmed to be expfessiﬁle in the-terms of the natural modes

of vibretion as
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P*(ff*,t*):;2{  2{ ' pj*(z%%t%) . Rj(r%?.(ai cos ib %:pi sin i6 )~
(7)
where 1  is a characteristic number restricted to the

iﬁtegral_Values by the conﬁinuity reguirement

P (69) = p (6 *~271) . | _
| N 8y
p¥(6O) _:—'p*_‘(e"i‘ZjI') L

(prlms (') denotes the dlfferantiatlon .
with respect to the argument)

ai, bi are the coefflclents to be determlned from the

given boundary condltlons in the referance

a0,

Substltutlon of Eq 7 into Eq. 5 results in tha separatlon

of‘equatlons
{'(a?/c)_r%e) + (1/07) . r)

+ ¢

Kija_ i’e/rle} Rj(r*) =0 ( 9)

L (2%/08%2) - (2%22°2) + &, *} o, "6

= (a%te)m 5(xr %) (10)

where 'Kijz' is the separation constant .
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The ;:haracterigtic_ value K, |, which in turn fixes the value
of the Senaratidn constant -K, i3 , is determined from the |
. appropriate boundary conditions 2t the duct walls, such as
that presgsented by Eq. 3 for the_particular cage that 13
under inyéstigatiqn here. ' | |

‘Bquation 9 is recognized to be a Bessel

eqﬁation of order i, and as such its solution is expreasible

as

_j (r ) ij rF) { 1;.)

- where Ji- iz the 1

tb order Bessel function of the First Kind.

_ It is observed that the boundary condltion
at the duct walls, glven by Ea. 3, is satisfled if and only
if the characteristic values Kij are the roots of the
- trangcendentsal equation | |

] — a : :
Ji(ijl_-o, g (}2)

In’ other words, the characterlstic Values are the

i
successive zeros of the Eq. 12, where the 1n§ex j takes on
wlthe values O, 1, 23 eeean successively. |

- A similar expression to that of Eq. 7 can be
wrltten for the partlcle veloclty v (Ei ,t ). Then using
'Eq. li, it can be shown that the relation satlsflad by the .

‘ axial component of the_partlcle_veloclty, denoted by vzj (z%,t*);
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and the correspondlng pressure p (z‘,t ) during the j°P

-mode of vibration is
| Dpj*'/a' 2 = -2V, /oY (13)
The madlum is considered to be qulescent

initially, and hence the 1n1tia1 condltlons for the problam_

can be expressed as

pj*(_Z_*, 04) "—- 0 | ( 11+ J_.'
v:}*(z*-, 0 = 0 ) I iz )
'a-_pj%('z*, 0./2¢% =0 (16)

. where the source is initiatea at time & = O

| Now the pressure pj (z ,t ) is expressed as
‘the sum of two components -
pj*(z*,t*) =~ qjtz‘"‘,t‘*.) regs )

On substltutlon, this allows the separatlon of Bqg. 10 into

the follow1ng two eauatlons
{062 +x, 2 }g )

3%
MS)

(a/a6%) w* . §(x, (18 )

[{a/at“g)u(a/a*2)+sz} (8= 0 (19
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. with the corresponding initial conditions as

(0 ) 0 i : -
o . | ( 20°)
Dg'j(0+_) /_.atf =0 | |
ayz,0,) = 0 c
ta)

* * |
q(z 0, /28" =0

: The solutlons of Egs., 18, and 19 can be
obtained most conveniently by the use of the Laplace

Tr angforms. De fining

. | . .
4. {gj(t*)}_—- _Gj(s*) = g o b g (¢%) &t
S : L ‘ ) C(aay
R v wa S % L3 P tez)
e e 2 (et 2 a
Ty | |
wﬁefe' -s'_* = §.a /. c

and taking -the transform of Eg. 18 results in, on maklng use

_7 of the initial condltlon glven by Eg. 20 above,
G (s%) = [s*. ‘M*{s*) - m(0;) } / (%2 4+ Kijz)

Using the convolution theorem, the inverse transform of Eq. 23

i3 expressible as

"(7'23 )
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| £*
'gj(t;;) - {og m (5% § ). co-s: Kij? id‘§
-l(sinK-.jt ..m(o))/K.} g(xr -:;_i
| "« 2 )
Similarly defining |
s [qj(z%,t%)} = Q"j(z*,s*) _=.'£.e".s§°* j(;*,t ) at”

¢ 'f** RS % s o Wk e N
7 v G = v, (s )._=([) o™% ® _j(z £7) at®
( 25 )

'_a.nd taking the transform of Eq. 19 results in, on mak:.n,g
use of the initial conditions glven in Eq. 21, a differential”

aquat:.on
(02552 - (24 EIEY (%,6%) = o0 (26)

This has two solutions glven by

. ) exp [+(s "+ Kije};é . -z%] _
Q(z,87) = 8(s*) - T e
oxp [-(s72 + K-ije)% 7]

~where  S(s*} is an arblit'rary function , to be determined
from the gspecified distribution of the source function in

the reference plane z*:. 0
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From these two solutions only the one is

selectad'that vanishes at z

+a; and it is given by

Qjﬁ.z%,s*_) = lsis%)'..': exp [;(s.*.e-r Kijz);ﬁ . 2] | (l..2j'.7 }

én partiél differentiatién with respe%._t to: ;*, th.i.é gives_ -
: é)qj(p,s*):/;az* ‘I';'S‘S*).f ts*a-f_Kiiéi% ¢ ;8 )

‘Using the 1n1t1a1 condition glven in Eq. 15, the transi‘orm

of Eq. 13 can be written as

4%

'aqj(z 8 )/az - '-'-sl - -j*(z ,s)

" Thig together with Eq. 28 g:.ves

S(s )- = s* .Vz,'j%(o,s*) /.(5_3*'2 + Ki,je')% |

substitution of which in Bq, 27 results in -

qjt_z’"",s*) SR A O I T

where 3 | wa . L
. D(z ,8°) = exp [- (s _2-1- Kij‘?) . z*] /_(s*2+ Kijz)

j( 29 )
From Tables of Laplace Transforms (for

example, Abromwitz, 196&, P 1027, and p. 1021) the followlng

relations are obt ainable
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o | - 0o - o, % z
o T &Jo [?ij ] (t%z-f 2*2)%Jf,'t§ R

S 7 -
% [ws ). thz D R NS BT

¥*

£
[
0
o rl(’g -¢) . fa.(g)d;

.:'“jc _[Ei(sg)_. Fé(?')

" Using these results the inverse thansfqrm of Bq. 29 is

" expressed as

o o 0. "y t*;€;lz*
f_ Qj(z‘k’t*)- = t* . ‘ : .
o ‘_ L_ -VZJ*(O;t*-g')LfJO[KiJ-_(éZ %2)15] d{

_ t > z*
Differentlatlon of this relation with respect to & glves

o 0 , _ t* < Z*'
©oqylee) = ( 30)
where I = (B/a:t*). f* voy (0t7-5) . LK, (5252 a

. Z : . } :

_For thekeéaluation of this expression use is made of the
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.,Leibhiz's rule which states that
g, (6

(2/0t%) = f oo™, 8) &g
"go(t%) -

*)

g, (£")
- § 28,8 ) /2%, a4
go(t%) |
e I Cab B BTN C- I at”
w0 [67,8, (8%)] . ag, (£7) / att (3)
_H?re f(t%,§ ) = vﬁj%(g’t*_— & )_ - Jy [Kij...j.( §2 --2%2};51 _
golt™) = 2 5 g (8) = &
artE, 5 )t = [(77) vl -],
c TRy g - (87 - 2R)E]
2 ¥ % ‘
LN R NI RO R -3
agolt™)/at™ = 0 ;  agy (6 )at” = 1

% : s
f[t*,gl(t )J = 0 since vzj"f(o,o) = 0

Substitution of these valuss in Eg. 31 results in the
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the following expression for I

M,

-

I - ( Tofis 5 .(552"-_12*2);@}.(9'/;@ ) vzj*(o,t*-_g;J as

*
Z

Let u:JO[Klij.(‘;z-.-_ 2*2)%]
aw=(3/25) v, (0,87 -¢) . a3
au =3y fryg (32 - g'"f‘?);é].{d[xij ,(';2 -z%a)l'él/dg}l a

e gyl G2 T 02D g

then making use of the rule of integration by patrts
,t-u- |
_ g o BooE oy . 2 %24k
3% : o -
2 . s g2 F2yEs
| o ‘{Kij <& /44 =277 { ag

()
Then using Eas. 7, 11, 17, and 30 the pressure field inside

the duct is expressed as
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© @ | |
p%(ff*,t*) = 2{. ‘EZ Ji(Kijf%).(ai cos 16 + bi.sin’ie ).
i=0 j=0 ) '

L o, it < S ’
% s> b 4 '
g (t7) + : J«

( 33)
| - It is noticed that the gxpreésion'for gj(t*)
‘és given by Eq. 2i contains a Kronecker delta function, and
as a result it does not contribute 6 a pressure field st |
eny other point different than the point coincident with the
source position.
| Eventhough.frcm.the kﬁowledge of vzj*(o,t%)
it is possible to evaluste I in Eq. 33 (ses Eq. 32), yet the
pressure field cannot be determined, since the values of the
cdefficients_ai,and bi are Stili undetermine@; these-are |
détermined fr;m the matching conditions in thé reference
plane z#z.o as shown below; | ‘
| From.Eqs; 13, and 33, fdilowing a gimilar
proceduré as above in the use of the Lebinitz rule, and
carrying out a feW'mathematical steps, it can be readily
shown that the expression fdr the axial component of the

particle-#elocity inside the duct reduces to



vz‘*.(fu:'%’t%) = vz*(r%, 8,2 46" ) S,
| | | . {0, <z
= §; ;E:\ Ji(Kijr%)'(ai cos 10 + b, sin ie). |
1=0 =0 _, N P £ > 2
‘where I;=v (O & ~z*) -z _f (o £ -z —})
| _ 0 ,

Jl[Kij.“({%zz*)-}'%] K, /[U vz )!5} .
| ()

Thus in the reference plane (z = 0) the axial component of

‘the particle velocity is given by

(r,@ 0,t") Z ZJ(Ki.r)(a 0051@

10 320
+ by sa.nie)vj(Ot)

(**35 y
In order to determne the numerical |
coefflr:lents ay and b :Ln the above expresslons it is
_necessary to specify, for example, certain distributions of.l_
the velocities in bhe initial section 2° = O, &g an effect of

the actuating source. In general it has the form -

A
“

,0,0,85) = F(x¥, 0 ).7(t%) | ( 36 )

M.
v?(r
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where the function F(r', O) can be expanded into a double
series involving the characteristic functions of the problen

that is under investigation

o | : o
Flr,0) = 2 z ("Cij 'co.s 16 + p’ij sin ix-_ ).Ji(Kijr?)
- (31

4=0 =0

Using the orthogonallt}r property of the trlgnometrlc functlons,
and the Bessel functions, the coefflcn.ents.xij and ﬂi' are
evaluated; the resulting sxpressions (Rschevkin,1963,p.193)
are : . |

| 1 27 |
e :{ 2% o i. o (o *y LE g ¥

03 1/, (Kojr‘ ) ( (F(r » 0 )_‘JO(KO;}P J.r” dr” 4o

' 0 0 ' "

0j e
| 127 |
RPN CVZ eI {} gF(r*, 2 ).Ji(Kijr*).cog 16 .0 ar a6
| 12w
_ﬁij b (l/ﬂl#ij) é ({F(?*,e. ).J-:.L(Kijr*)_.sin ie.?* dr%-d_e
where i-};-Mij = % [(Kij/fi)g -1 } EfKij)

: ('38')
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_ Wnen the source is a simple poiht éource,
in the-proiimity of the source plane ("= 0), the disturbance
propagates as the plane:wave motion; then the velocity
distribution resulting from the source iﬁ the -plane 2 =0

- can be expressed; for example, by the functions

Flr ,0) = 1 |
0. . , 5 <0
p(s¥) = { sin (2%t / Tp*)' , 0 <.t*w<er*
. - #* #*
| ( 39 )

where Tp* =¢T /a ,T being the period of the source

pulse in seconds..

Then in this case Eq. 38 givés

| o I
To; T £2/J02(K05)}' [ Gy s o™
Tt o x
_ﬁcj = 0

=0

o | -
ij R s for 10 { ho )
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Thes’e"ralations together with Eqs.' 36, and 137 give

v(r,@Ot)' Z"C .JO(KOj)T(t) -(l.;.l)

Xy
R '
+

Comparison of Bgs. '35, and 41 shows the matching condi_tibn,

viz.
vj(r*,@,o,t*) = v*(r*,er:b,t*) o ( L2 )

-requires that for the paz;ticular. source, having the source

functions defined as in Egs. 37, and 39

¥(0,t%) = %OJ.T(t*J | o L;3.')

_ai.vzj
In the light of these relstions Eq. 33 can now be rewritten
a8 | | 7
.
o - 0, t < z%
% ‘ #y

J=0 _ - ' G ,'t*;z*
where = T(£%-2") - f Tt - §). Jl[ Oj (§2 *2)%]
’ 2

-EKoj-é 7 g2 2*2)%}. ag_"‘
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E
o %

g

"[dEKoy(éa-z*afﬁ]/.ﬁi-ls- af

Lot dw= I’ [KUJ ({, 2. *2)25] { [Koj’( 2-3*2');5]/d§} .
Cw = T(h - §)

thgn W o= lJO[KOj...( §2—z§;2)%j

du = - Tr(t%-¢) &

" Use of these in conjluncticlm with the rule of integration by
_4 parts reduces the above exbressioﬁ to the following form
I = r(s%-a%) + T(6%- g }.Jo[ﬁs..(-ga-;z’".’z);‘é]}t*

_ L | j R i
+ L_ T(t" -5) ToKos- ( 272, q

&

(%2 (). JO[K @1 -z“?)"’é}

) d’ :

_siﬁce T(O):O ; and JO(O)': 1

()
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In order to eValuate the coefficients acoj
in the above relatlons, use can be made of the follow1ng
property of the Beassel functlons'

(a/dx) { & Jn(x){ = 23 (x) (s )

n-1

which, for the particulér'case with n=1, on integration
between the limits O and 1, gives
_ . _ x | :

s 00 = | os.ag e (u7)
Let t =K ¥ 5 th

Jﬁ T (Kgye™) ¥° ar’ = (1/K4,%) . é’ b Tolt) av
=. ?1(K01) Xo;

Substitution of this result in Eq. LO simplifies the expression

for the coefficients in the following form
o = N i
0] _ (E/KOj)_. Ji(Koj),/ 5 (Koj) (-48.)

The numerical results from this analysis
.are presented in the following chapter, as a comparison with
those obtained from the application of the Monte Carlo

technigue presented in the pfeceding chapter.



Chapter 10

CALCULATIONS FOR CYLINDRICAIL DUCT

 PREASSIGNED GONSTANTS

For the 'demonstfatigon of the applicabili‘by
of the proposed Monte Carlo £echnique to a problem involving -
a curved boundary, the acoustic source is _cbnsidered to be
of sinusoidal shape, characterizing its. strength-time .
~ history. The following is a liast ‘.of 'the preasgssigned 'consténts, '
used in this ﬁroblem, expressedr in dimensional form (FFS
- system) : ' | |
~ Source Strength Pactor QO:- 1

~Soqrce Period Tp = 2.0E -03
Duct Radius A = 7.5
Wave Speed ¢ = 1.10E 03
Elemental Time Interval A'T =5,0 E -05'
~ Characteristic Mass Density of the Mediumf= 2.3780 E-03
. -'Sourca Cartlesian Coordinsates XS(1,2,3) :_(o,o'()) U
‘Receiver Cartesian Coordinates XR{1,2,3) ={(1,3,10)

220
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Duct Minimum Radius AC = 7.5

Duct Length DCTL = 1.2 B 02

'Radius of the Test Sphere £=1.0 E -0l

DPHI = DPSI = 1.0 B -12 N |
No. of Rays followed in one Sample NR = 5000

MONTE CARIO SOLUTION

The Monte Carlo results are shown compared
with the Normal Mode calculations in Fig. 65. These Monte
Carlo calculations consisted of five blocks, totalling
- 2500 selected ray tubes; and took 189 seconds of core timﬂ,-
each block réquiring about‘39'seconds of core time, on the
CDC 6400 computer at the Computational Centre of the

University of Virginia. (Appendix 7).
NORMAIL, MCDE SOLUTION

| The Normal Mode solution included the
Summation'of.the series for the first 26 modes. In order to .
save the computational time, extensive use was made of the
tabulated results for the requigite zeroth order Bessel
functions, first order Bessel functions (McClain, 1962),
and the successive zeros of the Bessel function of the

first order (Watson, 1962, p. 7L48).
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The spproximate evaluation of the definite
integral‘(Eq. 32, Ghaﬁter 9) appearing in the expression
for the pressuré.figid by the Normal Mode method was
carried out separately by making use of two different.
.ﬁsthods; the first was based on the composite trapezoidél
rule, repeated intérval halving;-together with the Romberg's
extrapolétion:techniqua' whilst the second one was based on
the Chabyshev‘s formula (Rekotrys, 1969, p. 59&) for six
terms. The normal mode results from thess two methods were

found to be in close agreemsnt(ﬂppendix 8).

OBSERVATIONS

It is evident from.Fig.GS:thét the results -
of the Monte Carlo techniqﬁe-are in close general agfeement
with‘thésé frqm_the Normal Mode method, when it is considered
that the Normal Mode solution shoﬁld ohly be expected to be
within the limité of plus and minus one standard deviation
about 68 % of the time.. | |

Anothér point that is poticeable iz the
certain amounﬁ of shift along the time axis. In the Normal
Mode solution the time interval between the commencement and
the termination of the pressure contribution at the receiving
point is sharply defined, thécommencement being coincident

with the instant at which the initial portion of the direct -

i
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" disturbsnce wave reaches the receiving point. Obviouwsly this
is & minimumm time that e dlsturbance wévefront takes to reach
the given point. In contrast, in the Monte Carlo soiution '
since the directions of the ray éubes'that sre followed aﬁa
selected at random, the.probsbility of selecting the exact
values of the direction components coineident with those or.
the direct-ray is'nagligibly smail; and as a conseﬁuanée the
r.andomlj selected signal path, in general, takes s certain |
émountrof additional time before reaching the receiving point.
This results in a certain amount‘nf shift,along the times axis.
- Using Eq. 15 of Appendix 2, the probable |
felative.error in the calculated pressure values can be
‘oxprassad as |

= (0.68/8{p,"} ) . (2 {p,*} /M)*
pro_b “ . o | ‘
whare ‘ E {p3§§ is the expected pressure value atfthe
time index J '
D3(p,"} 1s its varience

is the semple size

_ Ghodsing'j:;BO, for example, it is seen from the printout
results of Appendix 7 that

Bi{p™

Pypl = 1-16751;31;9.-' E -0}

Dggp;é; = 1.89393499 E -07
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N = 5000 .
The corresponding value of the probable relative". error is

5 = 0.035
prob o

. " In general,. the values of the stendard
deviattons for the Monte Carlo results of Fig. 65 are
.. ira.ldﬁively'_' high, indicating a sﬂ.de scope of further
refinemsnts in the basic Bamﬁiing technique, directed
towards the reduction of the variances. ) _

| In Fig. 66 are shown the results of two
additional blocks of the Monte Carlo cslculations; the éurva
corresponding to Bloeck 3 is the same =s that sesn in Pig. 65.
From Fig. 66 it can be concluded that, for most part of the
observational period, the Monte Carlo solution is in general

 agreemsnt with the Normal Mods solution.
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Chapter 11
CONCLUSIONS

_ The Monte Carlb technique 15 developed and
proposed for the determination of the pressure-tims history
at.a chosen point in a partial enclosure. At present, its
applicability is demonstrated when the medium is homﬁgeneous
and is enclosed by either rectangular or curved boundaries.
Although the present atuﬂy'cohsiders the béhaviour‘due to
simple point sources, it is possible to study the effect of
any sort of source by building up a distribution of point
sources of verious intensities. | '

When all of the acoustical matafial is on
one surface of a room, the room is mever satisfactory
scoustically ss thefé are prolonged reflections between'ths
opposite surfaces which do not have acoustical material. The
Monte Carlo enalysis of the transient acoustic fleld, presented
in Chapter B2, is reatricted to rodms containing no ' sound
gscattering’ obstacles, having each wall uniform sbsorption.

The removal of each of these restrictions is essentiasl in

227
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making the prbposed Monte Carlo technique more genaraliy.
applicable and requires further study. In order to makarthe
Monte Carlo application economically competitive it is
highly desirable to explore the @ossibuity of implimenting
one or more of tha-vériance reducing techniques, such as,
Stratification, Control- Variates, Antithstic Variates, etec.

As emphasized by Knudsen (1940), it is
the detailed naturs of the sound decay, espacially during
‘the early stages of decay, and npt mersly the average rate
of decay, that affects the acoustical excellence of the
- music rooms or the auditoris; thus it abpears_that[a fairly
detailed experimental snd theoretical investigations of the
- short term transiént response of rooms having-various shapes
and absorptiva treatments should prove highly instructive.
The prOpar control of the diltribution of sound energy
throught a room snd of the growth and decay of sounds are
the prime objectives of good aeoustical design. One attaina
scientifically rigorous and predaterminable control of thess
objectives By-a comprehensive study. The proposed Monte Garlo‘.
téchniqne; when developed further, is foreseen to provide
, va1uab1e camputational tobl in such a study.
For complex problems, it is anticipatead
,that; tﬁe proposed Monts Gario apprOach.maj prove to be

exacting and even indispensible; but bafore long ons needs
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to make developments, in brief, on the following lines:
 a, Adapt the method to inhdmbgeneous and moving
 ‘media. This means that a method of tracing
the signal paths through veriable media, in
' the presence of flow is required
b. Adapt the method to problems involving
- seatteriﬁg,.uhicﬁ 1s:present in;ménﬁ_..
‘problams of practical interest.'Analyﬁical |
solutions can be obtainad,in simple .
gsomstrios, such as'scaﬁtering of pléne :
. waves by cjlinders; On the other hand,
' #catfaring is ignored in‘cléssical optics.
: Thélproblem.here ié to develop'é 'gams’
. under which the signal paths passing
"‘nbaf an obstruction are deflected, so that
- the =averaged result is correct.

‘It 4s seen from these subtasks that the
research interest here encompasses such works as the development
of the requisite probability thegry as direct épplication to
the mény variable phenomena in acoustics, analysis associated |
with complicated boundsry conditions in the acoustic radiation
theory, and computations of acoustic interaction effects with
due considerations to the problems ih-energy conversion

machanismg,
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The subtask (b) above, ralating to scatt- |
ering, is Judged to be ths critical problem. A detailed |
study of known enalytical solutiona is called for, both to
provide insight into the problem and to provide checks for
futﬁre Honte-Cario.calculations. The'majorrdifficulty hera- _
1s that the equations govarniﬁg the deflections of the signal_ 
peths have to be formulated when the results are given in
terms of wave solutions. The ultimate meazsure of a2 msthematical
_ nﬁdel and the sampling technigques for its ana1ysis is the
degfee to which their applicationéfproducewsatisfaction fo
| its user. Thia satisfaction can usually be produced when the
computed values agree with the reliabie experiments; and
makes it essential to undertake'certaiﬁ ekpefimental model
studies for the final veriricatlon of the Monte Carlo results.
| The research work, directed towards the

- further development of the prOposed Monte Carlo techniqne
" into a valuable tool for appllcations to cases involving
inhomogeneous medium and complex boundary g¢onditions,
presents a field of research which not only is fascinating

. but also holds promise of marked improvements in the
' undersbanding of the transient scoustic fields.
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Appendix 1

s

" SIGNAL PATH FORMULATION

The Monte Carlo technique that is developed |
in Chapter 3 investigates what happens to the field 1n terms
'of the disturbance signel paths orlglnatlng from the energy
source, and based on the 1nfo:mation S0 collected, reconstrucﬁs
the field és a function of the spade and time on'a.statisticalrl
basis. The formuletion of the signal paths can be justmfied
from the viewp01nt of the Helmholtz Wave equatlon and the
Eikonal eﬂuation, such a justiflcation is presented in this
Appendix. o N
‘_ Gonéider the effeét of the radiating sound
source 1n a medium Whlch was at rest initially. When the
sttention is confined to a speclfic band of approxlmately |
constant frequency of the emitting source, the fiald can be

expressed using the solution of the Helmholtz Wave equation
(v + gDy =0 (1)
where ¥ (%) is the time-independent spatial part of the

wave function
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f?(g)lis the wave ﬁumber defined as
..R(gt_) = f—P/ elz) = 27T/A(§J'. (t2l)

‘App is the angular frequsncy of the source,”
considered approxlmately constant fcr a Speciflc
frequency band of the source - . _

',R(g) is the wavelength, characterlsticjlengthrbf the
medium T
c¢{x) is the charactefistic-waveﬂveloci?y of the
| mediwm, P
Equatlon 2 clearly shows that for = glven value OfLJ, the
wavelength?\changes with the wave Veloclty c.
| | Equation 1 is a. 11near elliptlc, second
order partlal dlfferential equatlon, Whlch with proper
boundary conditions represents the radlatlon problem in
acoustics.. For a radiating surface with an arbitrary shapen& :
dlstribution of , for example,a particle velocity on it, no
standard method can be applied;.arecourse has tb be made tbr

- ‘some numerical'procadure. Agsume & trial-solution of the form
¥ (x) = Alx) . emo 8(x) (3 .)'_

where A(x) is the amplitude function
Ro ' is the stenderd wave mmnber (=t9/¢ ), with do as
some standard wave veloclty (constant)

S(x) is the phase function(real)
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‘Vhen Eq. 3 is _srﬁbstituted in Eq. 1 and equated separately to
zero the real and imaginary parts , the following two c-_oup‘ied

differential equations result

o vEar|RE-RrE (vsBla =0 (L)

ivsatl-o sy
No exact solutions are poséible for these; however, an
excelle_ht approxima@te so}.ution.can be-obtained by the
Wentzel-Kramers-Brillouin (WKB) zﬁethod,’- This is based on the
fact that 'in a slowly varying medium the wave smplitude
function A(x) will also be.ha slowljr varying function; and

hence as.a first approximation
veéax=o L (61
Then Bq. L redu_ce's to S
(vs)E=n® (7))
where n(z) = R(x) / R, = cg / elx) (8 )
is the generalized refractive index of the medium.
It is observed that Eg: 7 is a differential equation of the

‘first order and second degree. In principle its solution can

be found, given the spatial veriation of the refractive

index and the initial surface of consbant S,
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= & +d=

Fig. 1.1 Constuction of the Néighboufing S

Wavefront Surfaces ,

A-surfaéé of constsnt S forms an individusl
wavefront, end a set of wavefronts is é family of such
surfaces having the values of the nondimen51ona1 cuantlty

R ) {Bg. 3) differing in inerements of 2’I Let
'-Sh =  o;. 
" be a gifén inifial wavéfroﬁt.Its-neighbouﬁing surface
Sr;é(-t—d@k
is construbte&_by going out aloné ezch non@al a distgnce

de / | grad S |

and connecting the resulting terminal points (Fig, A1.1).
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Continuation of this process sets up sﬁccessivg gurfaces
.8 = constant

'Now:it is possible to inﬁegréte Eq..7. The value 6f S(x) thus
obtained is then substituted in Eq. §, and solved for the -
amplitude function A(g) The solutlon of Eq. 7 in genera1,~

can be expressed as

) I R

BT T

‘iigrad‘S = n(r)

' where ;QKE) is a unit normal to the wavefront.

It is observed that in Egq. 9 r sgignifies the spatlal
dependence on the three coordinates of the point, but does

" not imply a particular choice of the Céftesian'coordinates
only. The continuous curves that are évefywhera paréilél to
the unit vector é(g) are recognized to be the RAYS, These
rays~represent the required'propagationél'pathé of‘the
disturbance signsals. - _‘ | o

| | Let s represent the arcual coordinate along
the ray repreéenting the réy distanbe;.then the above

relation cen be expressed in a more suitable form as follows:

(a/as) (n 8) = (d/as) (grad S) = 8§ aiv(grad 8)
| = (l/n)(grad S) { aivigraa 8)| , from Eq. 9
(1/2n) V (grad 8)2= (1/2n)V (n2) , from Eq. 7

= Y n 7. . . - ' (10)
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Given the spatial variation of fhe-rafraptive'index n at the
“local point and the 1nit1a1 directlon go of the desired
ray, using Eq, 10 it is possible to make the suc06331ve
evaluation of:tha ray traJectory. The effects caussd by
fluctuations in such physicairveriablés; for example, as
den31ty, temperature, convective veloclty, etc. can be

added to thls basic form as and whsn required.
‘ It i3 recalled that the basic form fepresen-
ted by'Eq. 10 is based on the WKB appr031mat10n. Before its
use it is worthwhlle to examine 1ts validlty and the '
conditions imposed thereof. Taking for 31mpllc1ty the one

dimensional case, the exact Egs. u;& 5 now take the form -
- {(eBrax?) + l'[_n2.l - (dS/dx)ajkoa}-A,-_'_# o (m )
-(a/ax){(as/ax) 4% - o - o  '( 12 )
_In,the'WKB'appfOXimation the use is made of_f%efrélation
_éS/dx = n - ( 13 )
i:hen fxfom Eq. 12
AG) - B {elx)® | : oty
where B :‘A(xo).[c(xo)}% is a_cénstant.

The unknown exact derivative in Eq. 13 is now represented by

dS/dx;nil-rE(x)} o (15.)
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| Substitutlon of Eqs. 1 & 15 into Eq. 11 gives

5 (1+ é:/z) = (1/n2){ (1/8c2) {dc/dx)g .

(lfhc) (d c/dx?)} (1/Ro ) (1 6_)‘7"

- In a slowly Varylng medium o N
‘_.i. the index of. refractlon deviates only sllghtly from
| its mean value equal to unity, i.0..
n(zx) = 1 +2(x) , where lz)|<f~1
11, (a%e/ax?) << (dc/ax)®

Hénce - F o= (1/8} {(1/c) (dc'/dx")aj; where x'; :; !?0 ( ~17 )

It is noticed that (1/¢) (de/dx!) represents the relative
change in‘the_wave velocity in thé distan¢e'of one local
wavelength. - | | _ |

| | Generallzlng the results of Eq. 17 it can

'be stated that the WKB anproxlmation is good enough for a .

‘ medlum wherein the medium propertles do not change appreclably

in a dlstance of one local wavelength.



Appendix 2
ERROR ESTIMATION IN THE MONTE CAR_LO.'mTHOb |

7 [ Ths numerical answer to a given problem.by
"rthe applicaticn of the Monte Carlo technique is obtained by -
averaging end analyzing the many results of repetations of aﬁ\ii
 .exporimant on a high spaed computer. Any single result is a
‘runction of a gsequence of random numbera that are employed
in that particular Monte Carlo run, It reprasents & random’
avent, which is an event that has & chanca of happening.
‘numerical moasure of this chance is given by its probability;
it is a number lying between 0 and 1, both inclusive, higher

a'Values indicate greater chances..
PROBABILITY ESTIMATE

Suppose that a random Variable b'e has a

jfinite mathematical expectation '

.E{xi' = M | _.('1.)'

22



Itg variance and standard deviation are given by
p?(x{=- E{x-B(O)}2 (2)

réépecti#ely.-Tha'probability of occurrence of anievenﬁ{

‘ _ connected with this Variable can be examined in.the 11gh$ of

-Chsbyshev‘s theoram vhich is stated as .
For ‘any positive mumber h, there exzsta the
probabllity relation ‘
P {]x -Ml > hog | s 1782 (n)
1n,or equivglenﬁly . ) | |
. f B o
P{IX-m|< hGy] 3'1-1/1: S (5)
| For exsmple, it says that at.leaét 3/4 of5tha total probability
- is within * 20 from the mean for any fandcm Variable.'This
'thaoﬁem.guaranteGS“the'lqwer,bpund:;bﬁt when the S%mPlQ-SiZQ
-‘ia large, which is the uéuai case with any Monte Carlo
| _calculation, it has been found that ths atronger results
than those given by Chabyshev's theorem usually hold. A
“oommon empirlcal rule ( Mosteller, 1961 ) 1ndicates that
~-sbout 68 %, 95 % and 99.7 % of the ’cotal ‘probability values
| of a random variabla lie within + o, -\;20‘- and + 3o from the |
meen. The numbers given for the emprical rule agree exactly

with those for the normal probability distribution.



. ERROR ANALYSIS

| Suppose that Xy, Xps Xgs <ees, X, ave the
n independent outcomes resulting from n different runs of the
Monte Carlo simuletion of the abova problem.rolating to the
random varisble X with finite mathematical axpect:ationM(Eq.l)-

It ie reasonsble to represent the Monte Carlo estimate of

by ‘

A ": 1X1+W2xa+ WX + J.-.--kwnxn (6)

H' wl-i' W2+W3 +.---'+Wn

where Wi is a 'weighting‘factor', a quantity that represeﬁts,
in some sense, the length of the sequence of random mumbers
used and the sample size Nirwhich gives the number of
indepondent trials in the ith run. Tha error involved in the —
'value,ﬂtn‘given by the Monte Carlo method can then be

expressed as

-0 (7))

S = |

The distribution of AL, is obtained from the 'Limit Theorems’
'bf'the'thaory of probability. In the Monte Carlo method the
wvalues of the sample size N, which are commonly employed, are

6

of the order of 103 - 107 and as a result it is possible to

considar'MM to be distributed verj nearly in accordance
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with the Gaussian 1aw.'Then using the 'Three - Sigma Rule?,
where - the error igs known with the probability of 0.997,
Shreider (19684) has shown that the exact estimate of the -

error 5 of the Monte Carlo method is given by
§ = by -mis3 DAX} /N % - 35 /W% (8)

It shows that the accuracy of the Monte Garlo me thod depends
only on the sample size and the. Variance. Two ways of
- reducing this error ars seen to be
l. Increass in the sample size R _
2. Change In the sampling technigue to make:the
variance D7 X} small; as stated earlier in
Chapter 3, methods suéh as Stratification,
Gontrol Variates, Antithetic Varistes, eto.
" can be employed for this purposs.
The extent tc vhich each of thesa altarnatlves to be employed
depends heavlly on the ralatlve_coat of sach for the particulaé‘
problem that is under investigation., This 1s examined in what

follows.

Efficiency of a Monte Carlo Technigue

Suppose the Monte Carlo simulation of a
given problem, on average, involves mb'numberkof computer

operations per trigl with a computer time tc per Operétion;
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then using Eq. 8, for the desired accuracy o, the total
computar time required for a Monte Carlo calculation or '
gample size N can be expressed as

Toxﬂmctc::‘?mca- t, /§° (9

Equation 9 clearly shows that s With all o.ther factors'_
remaining seme, to halve the error it is necessary to incresase
.the total computer tims four times; quite often this becomes
i.mpractical and the remedy lies in careful design of the way
in which'the samiales are collected asnd analyzed.

| o ~ As is evident from Eq. 9 the efficiency of

a Monte Carlo technique 1is inversely proportional to the
product of the sampling variance and the amount of labour
expended in obtaining such an estimate; it is this product
that is under control of an analyst for a preassigned
' deéifable accuracy. A slight increase in the labour would be
permissible if it results in overwhalming decrease in the
sampling variance. The ef‘fic:.ency of mathod 2 relative to
method 1 is given by - |

*221 :_‘92 {nl = (mlf o) . ('o‘fl /'gfa )2

where 121- i3 the labour ratio

Yoy is the variance ratio
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The labour ratio 121 depends partly on the computing machinsry
availsble and paftly on the Monte Carlo method employed; whilst
the variance ra#io Yoy depends mainly on the complexity of

the pﬁrticular problem that is under investigation and the
details of t_iie technique employed. | |

Economiés | _
| | Consider a case whers the requirement is to
achieve a preaésighsd lovel of accuracy at a minimum cost.
The total éost,of a Monte Carlo msthod‘is.made up of the
following three parts: | ,
I. Cost of'&esign of the eﬁ@arimént, this includes such
costs =as | - o
tha'develbpment cost of the basgic sampling
~ technique | |
‘ en additional cost towards extra analysis
performsd, if any, in an attempt to reduce
the sampling variance
II. Cost of programming |
III. Computer machine cpst;
The total cost s 1s given by
s =s e, = él T | (1)
whoere s, 1s the combined cost of I & II

32 is the cost of X1l
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& 18 the factor of proportionality
T, 1is the computer time for a sample of size N (Eq. 9).
As is seen from Eqs. 9, 10 and 11 any attempt towsrds the
refinement of the technique is beund'to alter both s, and Py
the former through the cost of analysis whilst the latter
through the efficiency factor m, 6-2. Thie interdependency
makes it impossible to predict in.advance the form of the
variations in the standard deviation o . '

" Elimination of T fromﬁEqs. 9 end 11 gives

s_sl+[3,o--2 | o (12)

where (I = 9 m, ac/gz . |
The condition of minium'eost-:equifes

(ds /- ds;) = 1 + 0—2‘(dﬂ3/ dsl) + 2 (do / del) =0

(13 )
In fact the proportionality factorcx in.Eq. 11 is different
for different sampling methods and thus is s function of 8.
The number of computer operabtions m, is_aleo different for
different sampling methods. Under the sssumption that these
two variations more nearly balanee'each other, Eq. 13

reduces to a differentisl equation

mf/d%)=-1/éﬂ&_' (1)
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the solution of which gives the sampling:plan ¢-(sl).
Substitution of this value in Eq. 8 gives the required ssmple

size.

Probable Relative Error

Whenever a complicated problem is solved
with the Aid of & computer it is always necessary to consider
the possiblility of random error, this msy result dus to &
Tault or a rounding-off procedure. ﬁnder such circumstances,
since the final result can.bnly be regarded as reliable with
certain probability approaching unity, the error can haraly _
be calculated from a theoretical formula. |

| Equation 6 sbove gives the Monte Carlo

estimate AL, or the varisble X. The exact value A (Bq. 1)
is séldom known. This mekes it 1mpossible to eValuate the
error o (Eq. 7) in practice. Since the Monte Carlo results
are the mathematical expectations of. some random quantities,
fhe following relation forltha probable relative error,<§ prob?
usually provides the order of the statiatical error in the
Monte Carlo calculations. | '

S - (0.68 /E(X{) . 02X| /W% (15)

prob : S ' & -
where B{X! is the expectation value of X (Eq. 1)
| DE(XE is the varisnce of X (Bq. 2) |

¥ is the.éamplé size.
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A closs observation of the Varlation 1n
the results with increasing sample size N furnishes an
additional information sbout the error. In the works of
‘Bouguet (1958) it was ssmumed that the deviation from the
oxact value follows a normal digtribution when N Ho,_whare
N, 1is the preassigned sample level; but Shreider (196l4) has
observed that this type of approach has not been adequataly:
Justified. | | ' '



Appendix 3
A NOTE ON THE SEIECTION OF RAY DIRECTION

_ The Monte Carlo method of random direction.
selection, outlined in Chapter 3, is exsmined here in more
details first and ie further compared with an slternative

mothod conceivable on pure geometric considerations.

MONTE CARLO METHOD

Heﬁispharical secﬁion of a unit sphare is
shown in Fig. A3.1. In the coordznate plane X1-X2, point A '
is selected at random such that it lies inside the circuler
fcross-section. Let B be its projection on the sphericsal

surféce in X3 direction. Then the 1line joining the origin 0
to this pdiht B provides the requisite diractioﬁ for a ray;_
The method 1is based on the principle of Rejaction Technique.
‘In order to determine the afficiency of this method consider
the shaded area of Fig. A3,1. It 1is defined by_tha curve

251
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Fig. A3.1 Selection of Ray Direction Monte Carlo Method

[
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| . '[(1-1'12);’* s -1s 151 -
X2 = f£(X1) = - N (1)
‘ : - L 0 , elsewhere _

Suppose that a point is chosen at.randam in the square

I
W
n
B
N

1l
L

)
=
A
e
n
ZA

such that its coordinates are, independently, uniformly
distributed in the interval (-1, 1). Such & point, defined by

X1 1~ 2Rl

X2 = 1 - 2R2 - (2)
X3 = 0

‘can be obtained by utilizing two random mumbers K1 snd R2
_ that are distm.‘buted uniformly in the interval [0,1] . The
sbscissa X1 of this point is acceptable es a sample value if
this point falls inside the graph of f(Xl) if not it is
ro jected and a new st of random numbers is tried.
' In order to evaluste the probability of this
point lying inside the shaded erea of Fig. A3.1, con31der its
first quadrant. Under the assumption that R1 and R2 are
iﬁdependent the pfobability of selecting s value of X1 in the
region X1 to X1 + AXl is given by .

ey 7 ey} . [8x /7 ;o) |

i.e.{rx1) . Axa]
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Then the. probability of obtalining a satisfactory point st the

first trial, which is called the efficiency T of the technique,
is given by '

H

=) £(x1,) Axi, d:]fc.l];i . > elxi) Axy
1 - 1 i

1 1 | |

={fanan =/ @Q-xua =T/u. (3)

0 o o

The probability that the process will fail. (n - 1) times a.nd

~then succeed on the n th trial is p.iven by

(1-y)@tn o
and the mathematioal exvectation of n is ziVQn by
o o | _
E{n} =Zn(1-7)n‘1=1/«2=-waz ()

It is nossible to prove that the distribution of the selscted

~ point B (Fig. A3.1) using this method is uniform. The 1line

from O to B haa as its directich vector

DG (1,2,3)

(

(pe1, DC2, DC3)

(cose, cos (2, cost )

(5)
Using Eq. 7 of Chapter 3 the component DC1 is rewritten ag

DC1 = cos < = 1-2R2
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Then | R = sine/ 2

X1 =R cosd . (6)
1(2 = R ginéb

In terms of the =énglqasa o« gnd 9 (Fig. A3,1), 'now, Eq, 5 is

rewritten as ‘ ) -i, _

D¢(1,2,3) = (cosx, sine cosp, cosx sinf) (7))
let _jP(x). be the probability of component x,
then '

P(X1, X2) aX1 aX2 = dX1 aX2 /7
RaR 46 /7 = sinx de a0 / 4T
= aR/y L8

1l

Equation 8 shows that the above Monte Carle method for
selection of a ray di'réction provides an feven distribution!'

of directiona in the sense of !equally probeble'® directions.

- ALTERNATIVE METHOD

- An alte_rﬁativé method, .based on pu.’r-ely"-
geometric considersations, is outlined by Krokstad (1968).
This maﬁhod consists of introducing n planes, parallel t-o‘the
~coordinate plane X1 - X2, between X3-= 0 to X3=1. Angle ‘.’fi
and the corresponding radius Ri of the circle showm in
Fig. A3.2 are given by the following relations |
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n

‘ _ 21 .1 90°
yi;ﬁ - T g =~

Ri - Sin A{li “ ( 1: 1,2,3-.-;h)
‘ | (9)

On the spherical surface the distance between iwo edjacent

circles is given by
b =T/ 2n. - (10)

Ib.t m; be an Iintegral number, representing the number of
points that are considered on the i’ circle: it is defimed .
by | ‘.
| m, = INT [’:1%/5] |  ( 11 )
wherei 1i = 27 Ri

The angle ai'j shown in Fig, A3.2 is giveh by
. y ‘

. 2l-1 90 T S
ei’j T 2 _- mi ,(',J=1,2,...¢gmi) : ( 12 )

The line from O t0 B has as its direction vector
pe(1,2,3) = (DC1, DC2, DC3)
-~ (sin _'Yi cos 61,3, sin}; sin 91,,1' cos ¥ ;)

( 13)
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In this method, the approximation of the
Quentity 1;/b by en integer m, (Eq. 11) for different values
of i, is ssen to lead to = nonﬁnifom distribution of the
selected points; and as 'é consequence there appears an
inherent degree of unevenness in the 'distrib_ution of the
selected directions obtained by this method. |



Appendix 4

RECTANGULAR ROOM PROBIEM MONTE
CARLO PROGRAMME

" This appendix gives‘ih full detalls the
results af'the application of the proposed Monte Carlo.
technique (Chepter 3) to =a rectangulgr boundary prdblem
that is ﬁnder investigation (Chapter 5).'Included herein
18 a complete lisfing of the programme that was used in
these calculations on the CDC 6400 of'tha”computing Center
of the University of Virginis, Ths.printout resulté
accompanying this listing correspond to the pressure
values shown in Figs. 13.1 and\56.' :
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Appendix 5_

RECTANGULAR ROOM PROBIEM NORMAL
MODE PROGRAMME

This appendix gives in full debtails the
results of the application of the Normal Mode solution
technique (Chapter 6) to a rectangular boundary problem N
that is under inveétigation (Chﬁpter'S).Included herein
is a complete listing of the programme that.was used inl.
these calcuiatioﬁs on the CDC 6&00 of~thé Computing Center
of the University of Virginia. The printout-results
accompanying this listing corréspond_to the pressure

 values shown in Fig. 5é.
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Appendix 6

MONTE CARLO APPLICATIONS TO ACOUSTICAL FIEIDS
- A MORE GENERAL PROBLEM

The problem of investigation of the
tranéiont‘acoustical field, due to a.monOpolo gound source,
ingide a cylindrical duct, considered in Chapter 8 represents
a particulor case of a more general prcblem in acoustics., In
this appendix is ofesented an outiine'of-a nore general
Monte Carlo flow diagram (Fig. Aé.l) developed_for'investi-.
gation of an acoustical field inside a nonrectangular
boundary, due to.a distrlbution of sound sources. For
convenience of discussion, the programms is subdivided under
.the following five major headings : |
I, Input and Initiation
II. Source Routine |

IITI. Ray Tube Initial Spacificétion Routine
IV, Ray Tobo Processing Routiﬁe'

V. Analysis Routine

278
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The progressive, step by step, processing in the simulation

is presented in the following sections.

INPUT AND INITIATION

The quantities NR, NS, and NRB that appesar
in Fig. A6.1 require the permanent storage; whilst NSA, NR4,
and NRC require the dynamic storage. - | o
| | In the conceptual, idealized, physical model
- of a given acoustical system for its appropriate deSqriptionr
it becomes.esssntial to 6onsider a certain finite number of
different acoustic soﬁrces; this number is,designated'by the
quentity NS. As explained in Chapter 7, in the Monte Carlo
applicetion, the strength tims history of each of these NS
~ sources needs to bé replaced by its equivalent finite
interval time rebresentation;ifram which is selected then a
set of inltial variablesr for the ray tube. The number of such
ray tubes used to represent each of these N3 gources, in any
particular block of célculations, is given by the quantity
NR. At any gtége during the process (NSA - 1) is the number
of sources alraady“pfocessed, and (NBA - 1) is the number of
ray tubes that have been processed for the ¥3A®® source that
is currently being processed. The ratio.NRA/NR constitutes
& sort of estimate of the probabilities, and in'order to

observe the convergence and the reasonsbleness, it is sometimes
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desirable to initiate the results printout periodically, say
after every NRB ray tubes. NRC denotes the number of ray

tubes processed after the last printout, and is reset to zero

-after printout. Duriﬁg the entire problem, 1t is noticed
that, NSA accumulates; whersas NRA mccumulates only_in a part
of the problem corresponding to any pérticular source. Fof a
~ particular source, if so desired, the computation may be
-terminated for thﬁt part for any ratio NRA/NR aﬁ which the
statistical considerations indicate that the accuracy that
has been obtgined is sufficient enough.

. All problems require the use of spatial
| and diractional coordinates. In complicated geometries, for
a example in cylinders, even if-there is a symmetry, as pointed
out by Cashwell (1957), it is not worthwhile to use the
coordinata system dictated by the symmetry, the reason being
that when the ray tube proceeds from one position to another,
the directional coordinates change; on the other hand, since
the direction cosines remain unsltered under the linesr
displacamehts, the Cartesian rectangulsr coordinate syétem is
preferable. In the aﬁalysis presented here the system thét is
used is the Cartésian rectangular coordinate,system; this
‘along with the directional coordinate system is defined as :

Spatisl @ X1%, x2, x;;"_“ - n

Directional : DG1, DG2, DG3 |

*

Temporal : T
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| | Systems encountersd in practice involve
‘the variations in geomeﬁry and matefial properties of the
- encloaing bounding surface. A finite approximétion for this
would be to subdivide the region into appropriate zones with
zonal index given by, say, ' | .
2N =1, 2, 3, ..., ZNMX _
presuming that in each of thesa'zoneé the properﬁies are
very nearly constant. This involves storing'ths-material,-
aﬁd the geometrical properties as functions of spatiasl vector,
saj, RVEC, locating the ﬁogition in the region, aé woll as
the zonal index ZN. Pérmanent storage'then containg the
quantities such as ‘ ,
" Material Properties : MIL(RVEC, 2N)
Geometrical Properties GTL(RVEG,‘ZN) .
- In such cases ZN is asnother parametér thet must be added -to
the list of the ray tube parasmeters..Summarizing, the

. parameters for the ray tube are : .
5

'Space coordinates Xl*,' XZ*, X3
" Direction coordinates '1_ DC1, DC2, DC3-'_
 Time cdbrdinate ' ' T%_

Weight g

Zonel index - ZN

In sddition to the material and geometrical
properties of the bounding surface, the quantities that

require a permanent storage with specific memory location in
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the machine are the positions of the receiving points, 1.e.
the points at which the acoustical field is to be deﬁenmined,
end the specification of the sources.

SOURCE ROUTINE

The machine is led from the start of the

- problem to the point A in Fig. A6.1; it is here that the
proﬁer assignment of the point source psrameters takes place.
After having finished the processing of a souréa, the machine
returns to this position‘for assigﬁmsht of a new source.

In éha statistical model,.representing the
glven scoustical system,ftha generation of sound is considered
to be en effect of certain distributed point sources. This,
in-gensral would be a constitution of surface, as well as |
~volume distributed sources, the locations of these being the
pqints of siﬁgularities in the field..

| | It is possible to specify, in some practical
epplications, the exact number of the total point'éources with
- their locations, origln times, strength time histories, and
diractlonal propertles, then these are stored in the psrmanent
 storage of the machine as :

- SORS(NSA) = SORS(XS1, XS2, X33, TS, DL(N))
for ¥NSA = 1, 2,-'3,"'...., NS

whers (XSngSE,XS3) are the three rectangular Cartesian

coordinates, dimension length, of the source
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- position
TS is the time oflérigin, in seconds, of tha'sourqé _
N is the integral index dalling e specific direét-
fional law DL(N) from the permanent stérage .

In another important claés of problems it
is possible to specify the source distributioﬁ function. In
the statistical model, the continuous variation ié to be
‘replaced by its equivalent finite approximation; in generasl,
this will call for subdivision of the region containing the
ensrgy sources into source zones |

SZN(I) =1, 2, 3, ....
To each of these is associsted an'épprOpriate welghting
function | o |

SWF(N) , ¥ =1, 2, 35 eees
Now each source zone is'a collection of the point sources,
the number of these gources being directly proportional to
the weighting function of that particular source zone, having
identical strength time histories, and the directional
‘properties charactérized by a specific directional law DL(N),
Thé selection is to be.made.at random, until from all of these
source zones, ths sources forming the totality NS are duly
processed. A method to achieve this is to gonsrate a random
number, snd to use the Re jection Technique. The sdurce

selection is exsmplified by a few spscial cases of intersst.
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Volums Distrlbuted Unlform Source

Let ths interval of the three Cartesian
rectangular coordinates representing a region in which the

sources are distributed uniformly be given by
XA(I) = X(I) = ¥B(I) for I =1,2,3 (1)

Let £(x) be & probability density function (pdf), and W be
a unlformly distributed random nnmber over the interval [0,1]
(see Eq. 12, Chapter 3)}; then

XB ’ - .

j f(x) dx = 1; rlx) dx = dx / (XB - Xa)

. X . .
R =F(X) -—-/ flx) ax = (X - Xa) / (XB - XA)
_ X .
. Hence X = XA + R(XB ; XA) ' i { 2-)-

This relation determines the varisble X as a function of the
 random number K, and thus results in a selection routine as

shown in Pig. A6.2,

Surface Distributed Uniform Source

For definiteness conaider the surface

X3 = constant
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.

NInput © xAGY, XBD
FOR I ~1,1,%

JES

rCOF“IPUTE SOLRCE
LZONE INpDEX

SIN(INDEXD

Fig. A6.2 Selection Routine for a Volums Dist-ributed
Uniform Source in an Interval Xa(l) < X(I) < XB(1),
(I =1,2,3) | .
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to be the surface on which in an annulus of radii RO, and R1
(RO < R1) the sourctes are distributed uniformly; here the
object is to determine ‘the source position inside this given

annular region. In this case since the pdf can be expressed

a8
f{r) dr = 2 77: :- ar /T(R1Z - Rozl
R o - |
R = F(R) = J £lr) ar = (8% - RO?) / (R12 -iR0?)
| RO | | o
Hence R :[RO2 + R(RIE-ROZ)-}% ‘ ' ' ('.3)

This determines the radius R. In order to determine the polar

b.ngle ¢ wuse is made of snother random number R, the pdf

here being
t{d)ae = a¢ /27
o 2 '
‘R =ff(x3dx=(¢+7t)/27f
, -
Therefore ¢ = 7?(253- 1) o .- (L)

Equations 3 and i together form the required set of relations

for the selection routine shown in Fig. A6.3.
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xix)

1

Xt

7 | 7‘_[:'[NPUTV: -RO,R.?,XEE |

|

i

(Com PUTE SOURCE

ZONE INDEX
: .':T.ZN(I.'\MDEX)_J

- Pig. 46.3 Selection Routine for a'_Suri‘ace‘Diétriﬁﬁted

Uniform Source on an Annulus oi‘ Rad'ii RO and er
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*  "RAY TUBE INTTIAL SPECIFICATION ROUTINE

~ In the source routine the source position
and its directional @roperties are specified for a particular

value of the source index NSA by designating
SORS(NSA) = SORS(XS1, XS2, XS3, TS, DL(N))  ( 5 )

Now the machine is led from pésition A to position B in
Flg. Ab.1. It is here the prOpar assignmsnt of the ray tube
paramsters takes place After having flnished the processing
of a ray tube, the machlne returns to this point B for
assignment of a new rey tube.

From the permanent storage the quentities.
' that need to be activated here are the directional 1anZDL(N)

and the set .of elemﬂntary pulsea '

EP(NSA, :[)_’a EP(NSA, T(I), Q(I)) (6

i

where T(I) = (I - %) AT  for I =1¢%o02 n,

| AT  is the elemsntal time length such that the
product of AT and 2 n, gives. the fotal
activation period of the source given by

Eq. 5 sbove.

From this set of elementary pulses, representing the strength

time history of the source SORS(NSA), a random selection is
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made of one, say EP(NSA, I), its strength being Q(I}, and its
time of origin being

S PL =4S o+ Iy (7))

At this time of origin this selected pulse emits disturbances
in the medium in accordance wWith thefdirectional71auﬁDL(N}.
These disturbances are to be represented by the ray tubes,
and‘rollowed through along their trajectories. In order to
accomplish thisit is essential %o a331gn the initial direction
coordlnates DCl DC2, DC3 to the ray tube at the position of
the gource, whera it orlginatas. A few of the,diractional
 laws of practicailintérest are considered below with the

corresponding direction selection subroutines.

Isotropic Diractional Law DL{])

 This is applicable to a point source which
is not on or near to a solid boundary Then the emission is
isotropic in 211 directions. In such = case, the selection
of the directlon coordinates can be viewed as the selection

of a random point on & wnit sphere (Fig. A6.}) definsd by

pc1®+ pc2? + De3? - 1 o (8)
From Fig. A6.l4 it is observed that

D3 = cosé
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ELEMENTAL AREA dA

(e, bea,besd

——(bC1,bc2,0) o
T

. | E——M_T |

- IR =(1-be3)™]

Dl = Rcosg |
BLi=RaINg

Fig. 6. Selection 'R_outline f'o.rr Isotro.pic.Directio-nal
Law DL(1) E |

7 .
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~and the elemental area dA‘ on the spherical surface is

given by
dA = sinbd deo d¢ = dC3 a¢

Let £(DC3) be the pdf, and K be, as before, a uniformly
distributed random number over the interval [0,11 ; then
since
- £(DC3) dDC3 = 2 sinbd 40/ 4T = % ddC3
' ' DC3 - | |
R = F(@DC3) = ( f(x) dx = % (DC3 + 1)
-1 |
Hence DC3 = 2R -1 = - {(9)
. The remaining two components DC1l, end DC2 are then determined

by using the equation for the circle (F:Lg. Aé L) in the
DCG1-DCZ2 plane to give

"R = (pc1 ¥ pc2?)® = (1 - po3?)® (10)

end another random number K to provide ‘the polar angle ¢ , |
just similar to that in the case of Fig. 46.3

95_ = 7((_21?-1) - ( 11 )
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Then Eqs. 10 and 11 together define
DC1 = R cosd , _DGé‘—— R gin & (12 )

resulting in a2 routine shown in Fig. A6.l.

Cosine Distribution Law DL(2) | _

| This refers to a pbint source emanating
from a surface; let the direction of the outer normal,
pointing into the medium, to this surface be defined by

. the direction cosines
DCL = 0, DC2 = 0, DC3 = 1

then by definition the cosine distribution has the pdf

£(DC3) = 2DC3 with DC3 > 0 -
| DC3 | | g
R = F(DG3) = [ £{x) dx = DC32
Hence : | ch - R % | ( 13 )

With this restriction, the other directi‘on components DC1,
- DG2 gre chosen by selecting a point on the unit sphere
(Pig. A6.l4); resulting in a routine shown in Fig. A6.5.
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[ e TaRr-1)]

|0l = Reoso
_' DLL=Rsing|

Fig. _A6.5'. Selection Routine for Cosine D:is'.tribution
Law DL(2) A |
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General Distribution in the Upper Half Directional Space DL(3) -

Occagionally it is necesgary to consider
a point source ﬁith DC3 = O having soms experiméntally
determinsd distribution of the direction component DC 3,
supplied in a tabular form. Let |

.DC3(O) = 1> D03(1)> >bC3(x) = 0 (14 )

then defining F(I) to be the probablllty of DC3 being greater
than DCB(I), it can be t:abulated as

_F('O) = 0< F(1)< ... <F(I) =1 - (ais )

Vith the use of these tables a routine as shown in Fig., A46.6
(Cashwell, 1957) can be constructed, where the method of

- Interpolation is sdopted for the determmation of the exact
| value of DC3; the other components DCL, and DC2 are then
obtained, as before, by locating a random point on the unit
sphere (Figs. A6.5 & A6.l) ﬁith the. above computed value

of DC3. |

Pre_,iudiced Directional Law DL(LL)

This corresponds to a prejudiced point
source in which certain range of directions need %o be
sampled more thoroughly than the others. For exampie s

consider a case in which DC3 is uniformly distributed on
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JInpPUT @ Den )y, FUDD
T FOR ALL T

...7 ‘v‘-." ‘- ) £ . .
(R = ry T

| Yes

D3 = DC3(x) + (R~F@) (IX3(I-1) ~ A3 (D) J(F(T-13 - FCD))

S [R=w-dzyal

\ EE ]¢=7r(1m71) :

S I = Reose|
C | bea= Rsing|

Fig. A6.6 Sélection'Routine for General Disgtribution:
. in Upper Half Directional Space DL(3) |
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the range -1 S DC3 < 1; hut more Mportant are the
directions corresponding to the range |

-1 £ DC3 = DC3P < 0 o - (16)

Here -1t 1is possibla to give.an squal likelihood of the ray
direction on this prescribed range of Eq. 16, or its .
compiemant by assigning the respective weights (DC3P + 1),
end (1 - DG3P); the total weight processed for the totality

of NR ray tubes being given by
% MR (DC3P + 1) - % MR (DO3P - 1) = MR (17)

The routine for the. selection with these welght factors is
shown in Fig. A6.7.

RAY TUBE PROCESSING ROUTINE

The assignmant of these direction éoordinai-
rates, as: ezplalned in the 1ast section, completes the initial
gpecification of all the parsmeters for the processing of the
ray ‘tube. Now the machine is led from the position B to the
position d of the flow diasgram (Fig. Aé.l)..The,position C
forms the main core of the Monte Carlo proéedure; this is s
positibn at which the lifetime of the ray tube is processed.
The technique for tha precessing is similar %o that given

in Chapter 8.



T JINPUT: DX3P

'{wr.su-acs@

[o‘¢3=R+wr(r—Rﬂ :

! Cﬁc'xa?WT=1%ag}—{Dcs=Dcéflrﬂ " B
) . [No : . 7 J e

oo [R=0-D37

St

i
Dl = Rcose
D= Rsing

_ F'ig. A6.7 Selection Routine for Pfejudicied Directional
- Law DL(L) | o
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ANALYSIS ROUTINE

_ The data accumulated while the ray tubes
wore followad'are ndw aﬁalyzed and the results are printed.
The magnitude of the statistical varisbility is determined
by evaluating the varisnce end the standard deviation, as

shown earlier in Chapter 8.



Appendix 7.

CURVED BOUNDARY PROBLEM MONTE
CARLO . PROGRAMME

This sppendix gives in full details the
results of the applicabtion of the prbposed Honte Carlo
technique (Chapter 8) to a curved boundary problem that
is under in#éstigation (Ghapteflo). Included herein is a
complefe listing of the progremme that was uéed in these
calculationé on the CDC 64,00 of the Computing Center of
the University of Virginia. The printout results .
accompanying this listing correspond to the pressure

values shown in Fig. 65.
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00000000000"0000’00?0000000Q’00.00“00000#0‘0##}004000##&‘04i’0'000'00000000;4‘40&000

000!9000Oi”i‘f’*“**"t'0*’0'OOOOOQO#*Q#’QOOO‘#OOO#‘40000000000#’#009000’000000000000

MLYITE)
0ouogs

TTITE

c

PRDGREH__Iﬂéﬂin_jIﬂEuIgnﬂMIE!I;,lAEEEElﬂEQIJ_lazﬁﬁzﬂﬂlgﬂT3
COMHON/CDRNLE S IRAN)RANNG,OC(4) s NRA , NRC

DIRENSION Nﬁ:DL(iOI.ISiJI,RRlJI,!RT(Q!.QI(9|.ARlBJ.lIt9i.l¢($’p
1¥2AL9), XDV, P(250) ’ ’ '
EATERNAL DISRAY
MONTE CARLO CALCULATIONS FOR TRANSIENT AGOUSTIC FIELD INSIDE A

._________;E___H_CYLIND%IC#L_DU;I_QQE_IQ_A;SIHGLE_SYCLE SINUSOIOAL SHAPE PULSE

000003

200955

~He0arr__

LLLERY
oga1es

T DA014S

noNZss
BG0260
f002ss

020306
004313
90323

c

¢

¢

BETTEI A

oo3rs

e0o4as
900411
00CE16
PDIL2Y.
D00G6Y

19
20

23

— L
T000865 25

0043512
ppos22
000524
400545

30

[
33

. agessd |

a006s3

3z

INPUT QUANTITIES .
PE‘D(S;%CZ]QUofp.PI,Q,C|'lﬁflllltl.s).TPLS.le(I),I.i,S!.AHI.OCIL.
ADPHT,EPSLONONST § RCAD(S,LOLINS,NR,NRA,IRAN :

VARIADLES IN NOMODIMENSIONAL FORH X
RSTR=SGRT(XRILI**24XR(2) %52} /74 & 25TR=XRIIN/A & TPSTR=COTR/A

ITP3TR=JI5IR+IPSTR £ TPLSIR=CYTPLS/A 3 JSIRI=SQRT{ZSIRF*2+
IRSTR®32) F/TPLSI] £ AUSTR=AMN/A I XINXSTR=DCTL/A § DPSIaOPMI
A25T2=(1,~A0STR) /XIMASTR & RAzAOSTR § RO=A2STR 3 RADS2sRSTR**2
FHNORM= (=00*TPSTRYA%%2) /L LONSTPC*%2) % (kP NR)* (TPLSTRI*({4,/3.)"*
IPIEPSLONT* 1)) -
NRIIE|6.500}03.TP,PI,ﬁ.C,IPLS,DNST,(!S!LI.Itt.SI.IKRlligliipa)'

AANN,DCTL, Q02 RSTR, TPSTRS ZSTRLZTPSTR, TPLS TR, JSTRYLAOSTR, XIHXSTR,

282573, 0PHL ) EPSLON,FNORN § MRITE (6,501)4S, M3, NRE,IRAN
WM=0 € N0 19 J=1,258) ¢ PLI=,.0 - O
ConTIMUE L DO 20 I=1,3 § XSCI)=NSCI)/A .
XR(II=XROII/A 3 RADS2xRSTR*2 § NSA=z1 } NRAcNRCz(
RANDOH SELECTION OF THE RAY DIREGTION COSINES

. c
—QO0ZES___ 2. CALL OCINTL (NUXDLNSA)IE U=,5/50RY(),-DC(3)*%2) § DO 23 11,3
141

DETERKINATION OF VORTICES OF THE RAY TURE TRIANGLE AT REFERZNGE PT
ATLIN=0CTY} € XL(DI=XSCIdeusnCe)y
COUTINIE T XIM4lax1c1) & XI(S)=XI{8)eXI(2) $ XI(GIoXIC(3)+DPHI

XEETr=XT(L)4+0PST ¢ XI19)=xI(3) & YO2QISRAY(XTCG) XI5}, XX 060 ,XSE)

‘1,XS(2),XS(31l 4 AL G =(XT(6)=X3013)7Y0 $ AT(S)mIXII5)-2502))/Y0

003512 29 _ ECCJ4+1)FUNX_%_GO_T0 3%

1PL 3 AR(ISLIZAT (Je1)+2Z*ALFACOS®BZ 3 ARCJ+Z) AT (U4 Z}H+2 *ALF ACO5*BY

- PANDOM PULSE SELECTION FROM SOURCE STREWGTH TIME _WISTORY
ALEOI={XI(EI-XSIZDI/Y0 § YO=DLSRAYIXILZ) ,XT{B) 4 XT(9) NS (LY RSLES 5
1¥5430) 3 AI7)=(XIU7)=XSL))/Y0 3 AL{BY=(XI(8)-XS42)}/v0 § AL(9)n{
2XILII=XSA3) /Y0 % RREF=RAYDIS=DISRAVIXI (1) ,XIC2) 4XIE3D ,XS 1) 4XS5(2)

3,%5(3)) 3 CALL GRAN § TI=RANNO®TPSTR/4, § PREF=COS(PI*RANNO/Z.)

TPG=.5*TPSTR £ TI2=TPO~TL 2 TIZ=TPO+TL % TI4zTPSTR-T1
DETERMIMATI ON OF REFERENCE RAY TUE AREA ARTO_FOR NORHALIZATLOM

BOSDISYAYUXI (13,XT £2)4X1 €3) %1 fh, AL (53,XI (B0}
BL=DEISRAYAXE €7),XI (8),XI (91, %XL (63,1 (5),XT 46))
BZ=DISIAYONT €7 1aXT (B 4 XT (9 yXT €40 ,XL (2} ,XI ()
B32,5%(B0+I1+02) § YL=SQRT(33%(B3-801%(0I-B1I*(B3I-02)) ‘§ ARTO=YYL
HCOLSH=G t JFINR.LT.HNRA) GO TO 140 .
DETEAMINATEON OF POINT OF RFAY COLLISION WYTH THE DUCT SURFAGE

D0 32 J=1,7,1 % AL2=AT{JY/ALLI*L) § A32=AI(J+2)/ATLJ¢1) § A1+
1812522+ (RE*AJZN**2 5 P=AL2*(XI{II~AL2*XI(J+1) )~RE*ANZ* (RA+RD® IXT
2{Je2) ~AZ2*KT(J*411)) § Cz (RA+RBT (XI{J42) =A32%XI(J41))Ive2= (X (D}~
JALZPNI{J+1) )2 & CALL ROOT{A,B,CyUMX,UHN)
IFTATLaedb o GToW0) 29,30

XC LS+ 1) sUHy j
DETERMINATION OF THE DIRECTION VECTOR OF THE REFLECTED RAY -
A22aKECHI+13-XILJe1) § XCUJI2XT(JD+AL2%A22 § KGO 2 =xIC 0+ 21+ A32%A2
12 1 B1=-2°XG(J) $ B2==27XC{J+1) § Bl=22RA*(RA+RA*AC{J+2)) .
ASA=SORT (AL %*2+ 02832+ 83%%2) ¢ E1=41/A5Q 3 B2af2/A50 % B1=B3/ASQ
ALFECASa- (AT (J) *AL+AT(S+11°02+AT(J+2)%0T) § AR(JI«AELJ) ¢ 2 ALFACOS®

CONTINUE § -TF{XCA3) W LT. 0 0RLNCE{ZILGT XINXSTR) GO TO 22

{13



000618 RAYOIS*RAYDIS +DISRAYIXC(L},XCA2),%C (30, XL(1),XIL2),X2(3))

— w0 THIS COMPLETES OETERMINATION OF COLLISXOM POXMYS AWD REFLEGYED OGS
eoos2s NCOLSHaNEOL SN+L
¢ DETERMINATION OF THE MONZERD COMPOMENT OF THE POINT COMNON TO
c PAY AHD THE DUCT AXIS
92062e XRFI=XCEIN=XCLZITARIID/ARCZ) § IFIZSTR.LT.XC(2)) 60 D &2
c DETEPHINATION OF POINT ON REFLECTED RAY BEVOND THE DUCT AxIS
_.00GA3Y  IFU(ISTRGAT.ARFIIS2,062 _____
LI 1YY ] 42 00 w6 Ju1,743 § A120ARIJEZBR(ILT
02654 AT2=AR(Js2) 7AREJH1Y 8 A=D1, Q+AL2%02 § a-(xctJl-axz'xctJvl)a-ltz
0065 . C=RADSZ-{p/AL2)%%2 & CALL Rootta,s CyURX, URN}
negee2 | IF{XCEI+13.6Y,.0.0)03, 44

g00seTY 43 XA21J+11=UMN 8 GD TD &5
- DJIBET2 .. kb . NARBLJeL)2UMX

03674 L1 ﬂZZﬂlQQ(J*ll-!C(J’I! K !RB(JlSKClJ!*ﬂlz'AZZ ] XRB(J*E"!C(J#ZI‘

1A32%A22

00o704 L 1] CONTINUE

Q09706 Bz DISRIT(XEBI:lleﬂizl.!RB(SI.KRBtHIp!RB(Sl.IRB(&l!

gaprie Bl=n!SQAY(xRB(T!.!REIB),XRBI?l.!Pltb).!RB(SI.KRB(GJD
,jﬂﬂ?1?____‘d__~BZ*UISRlY(!RB(Tl;!ﬂﬂla!,!RB[QI.:&S!;!.!RE!EP'xgalsljn

0oo72n B32,5%(b0+114B2) % YISSORT(ARSIDI=(N3I-BQI*IRI~-B1)*{01=B2))) FARTD

00763 Y2=DISRAY(XRALI pAR(2) ,XRIZ),XROULY ,XRBI2),XRBI3)} § GO TO 100

c DCTERMINATIOW OF SDINT ON REFLECTED RAY PRIOR 1O OUGT AXIS )

8007514 14 00 56 21,733 § AM2eARIJIFARLI+L)

blgrss . AJ2TARUJH2) FARIJFL) § Aci.04AL2%*2 § 8=IthJl-AL?'!ClJOIP)'AIZ
~-PI07RS .. ____ CeRADSZ-{B/AL12)%"2 £ CALL ROOTALA,9.C.UMX,UMN)

Quezrs IF(XCLI*1).6T,.0,0153,5.

001046 53 HRAGJel}euMx 3 GO T 55
0120y L-1) FRA (L) <UMN
ga11l0s 55 AZ2=XRALJ+1)~XC(J+5) & KR&IJ} XC(J)en12%n22 3 KR!IJOZ)'IC(JOZ)O

1A32%A22
- DOL0L5 56 CONTIWWE
qogaLr Bs:uls&nvtlﬂk(i),xﬂllzl.xRA(Jl,lRAIhI.anlsl,lﬂA(E))
0031623 OL=DTSRAY (XRA(?) , XRA(A) 4 XRATD) s XRA [ ) 4 KRACS)Y 3 XRA(E) )
9010332 B2=DISRAV(XRRA(T) ,XRALA) » XRALD) JXRA(L) JXRAL2) , XRALIID
Q01035 | E3=.5°(80+43+82) § YLI=SART(ABS(B3*(BI-BO)* (B3~ Bll’lﬂs-BZ))JIIRTﬂ
001054 Y22DISRAY(XREIL) 4XRUZ) (XRIII,XRA(LI, XRACZ) yXRAL3)) $ GO TO 100

—D01%52 B2 DD 63 J=1,9_3 XI(J)=XCLJ) § AT{J)nARIL}

J01G67 &3 CONTINUE £ GD TO 24 )
c PEMETRATION IN TEST SPHERE, PRESSURE CONTRIBUTION
0d1071 100 IFCY2.LTLEPSLON)I105,106 -
002376 105 DLR:SQR!IZ-’ﬁBStiARt3I'!RF3’!ARll)'KRIIIOARCEJ'xR(ZIflRIJ)'ZS'R)l
1842+ EPSLONT #2-2A0S2=( XRFI~ZSTRI**2) )% Y3I=SQRT(YL) % YScRREF*Y3

001123 . .. PRA=PREF*(YSOLR/Z.IP0OLR_T Y6ERREF+YS

71131 JELFIXC(TI*YE}/TPLSTRISL=JSTRE § IF(J.GT.JNIPCIIaPL )T +PRY
Q01163 JEIFIX(LTI24Y6)/TPLSTRI #1-JSTRT $ PLJ)2pP i) =PRY

001152 JIIFIXCITLII+YE) FTPLSTRI#1=JSTRT £ PN 2Piy)«PR]

0011452 JEIFIXCOTIL4Y6) FTPLSTRI 4+4~JSTRT § JFIJ LT, 100)}PLII=P1I) +PRL

001173 106 IF(HRALLT.NR}Z2,110
001298 _ 117 D00 115 J=1,1680 § P(JITFNORM*P(J}

001204 115 CONTINUE § WRITE(S,506) (J,P(J),Jx1,100)
gat220 HRITEL6,212) IRAN & WRITE (6,510} ARTD
[ FORMATS
801234 212 FORMATUIGN*IRAN =2110)
001234 401 FORMAT(BILL)
001238 _  4GC2_ _FORMATISEL1S,8)

. 931236 508 FORMAT(LiML, JOX*TRANSTENWT ACOUSTIC FIELD IN GYLINGRICAL DUGT®3(7)
137X*MONTE CARLO METHOU®3{/)10X*PREASSIGMED CONSTANTS IN DIMENSIONA

20€



1L FORMIFPS SYSTEN}®*//5X*SOURCE STRENGTH FACTOR GO = SEL0.4,IX*SOUR
ZCE PERIOD TP = SE1Qvh3X°PI = *ELQ,4/5X*0UCT RAQIUS A & *E€10,4,3X

IFHAVE SPEED € x FELO. 6, SACELEMENTAL TINE INTERVAL TPLS & *F13.4/

ISXSCHARACTERISTIC MASS DENSIYTY OF THE MEQIUM ONST 0 *ELQ.h/
G5X*SOURCE CARTESIAN COORDINATES XNS(142,3) o *3(E10.4,2%)/

‘GEXORECETIVER CARTESTAM COOROINATES XR(L42,3) & *3LEL0,04,2%)/5X*0UCT

& NINIMUM RADIUS AMIN = PE1G.4,3X*OUCT LENGTH DCTL & "E10.477/
Z10x*yARIASLES IN NONDIMENSIONAL FORM®//5X*Q0 = *E16.0,2X*RSTR = ®

09L23% 501
001254 506

00123 510
00123n
o c

_ ARITHWETIC STATEMENT FUNGTIONS_

BE16.842X%TPSTR x *F16,8/5%%ZSTR 2YEL16.8,2X*ZTPSTR 2*F16.8,2X*TPLST
GF = PELIB.0,2XPJSTRT o "X . /5K®AQSTR = *E16,8,2X*X3MXS
178 = YEL6.9,2R*A25TR = *E16.8,2X0PHI=0PSI= "E£16.8/5X*RADIUS OF TH
2€ TEST SPHERE EPSLON * SE16.8/SX*PRESSURE NOIMALIZATION FACTOR
JENORIM = *ELG,0) . i

FOSMATISXPHG 2 SI2,2M%MR_ = *I5,2X*NRD % *IS5,ZX*IRAN = %]9///)

FIXHAT(ZON"PRESSURE VALUES IN THE NONOIMENSIOMAL FORN®/
125X CHOTE TINE INDEX=INDEXSJSTRTI®ZIS(GX,I3,4%,EL6.8]0)
FORHATISX*RAY TUBE AREA FOR NORMALIZATION AT REFERENCE RADIUS
1AREF=,5 ATD = *E27,20)0 - '

STOP £ END

€0t



L NRC

Ttvangn

PRIGRAY LENGTH

L ELTRY Y

FUMCSTION ASSIGNMENTS

STATEREMT ASSIGNMEHTS

22
i
X3
55
106
602
510

-

BLOCK MAMES AND LENGTHS

COANL M

VACIAALE ASSIGHMHENTS
A

a
R12

B}

LR
EPSLON
J
NOXDL

Pl
R&
r3
N J ¢S
TPLS
U

o
et

NRF3
b O]
¥s

. STAST OF CONSTANTS

D0L260

FLINE I O B K B B

lll.!ll!l!!

{

INCLUOING I/D OGUFFERS

062322

doo2rs 24 = 0004sS 29 =, 800317 . k14 - f10522
00I524 b2 - 000640 43 - DOGBET L1} .= doese?2
geoe7u 52 - 00078} §3 - = 061000 5k = 001003
0G1d0s . B2 = Q81062 100 = 0D107%_ 105 - _ 001076 .- _—
01472 1160 « 0012qq 212 - 001260 LO1 = ¢01263 .
pe1z6s 500 - 001267 501 = 001426 506 - 00163%
Botus2 : :

gocoic e e

0023C3 Al = Q01620 ALFACDS~ Q023710 AMN - e23ar
no1631 ARTO - 602257 Asq - 802367 AQSTR = 002325
grzlnl A25TR - DD233D A22 = DO2366 A32 - DOz23ae
02363 .80 __._= 002352 __ Bl = 002353 B2 - 00235%
002355 c - 202304 oG = af0ho2C0l BCTL - A02319
pe23rd DHST - 002313 DPHI - 002311 Dest - Daziz7?
prz2y2 FHMORM - 002334 1 - 002305 IRAN = gopppocps
0g233n . JH = 002335 JSTRT - Q2324 HECOLSN = 0Dp2368
00567 - WR - J02315 NRA « 203006581 WNRB « 002316
00000TCOL NS = 002314 ___ NSA_ = Be2337 [ = 004736
boz3g2 PREF - 002345 PRY - Qp2376 a0 - 002309
902311 RADSZ = 002333 RANNG = 400001C01 RAYDIS -~ 002343
Bo2332 RPEF - 002342 RSTR - 002317 TI = 002344
002367 TI: _= har23s0 TI4. « 002351 | YP = {02301
0c2304 TPLSTR - 002373 TPSTR « GO232y . TPO'® - 002346
002360 ___UMN = 002365 ... UMX __ ~ D0Q236% __ XC =. 00165 =
[ 18 3-LF4 HR - QOleDu YHA = 1564 ARD = Q0rL675
pa23ir1 XRT = Q01607 XS ‘- BOL6Q1 X3HXSTR= 002326
4n23st Yi -~ 0323%6 ¥z . - _op237e2 Y3 - 00237y
ap23rs L - 0Q23rr I5TR = dp23izo0 ZTPSTR =

START OF TEMPORARIES

01665

..START OF INDIRECTS

021531

UnUSED COMPILER SPAC

629000

ot



poeo1s

09002%

FUNCTION D!SRBVlK&;KZ:!I.Vl:TZ-IEi

DISRAY=SQRT ((Y1=N1) 9224 {V2-X2)002+( V)~ IJI"ZD
PETURH % END
SUBROUTINES

S0€



“prseay T

SUBPROSIAN LENGTH
0egGso

FURCTION ASSIGNWEMYS —  __ _
STATENENT ASSIGNAENTS
‘PLOCK NAMES AND LENGTHS

- VARTASLE ASSIGNMENTS

OIS2AY ~ 0GI047

START OF GOMSYANTS
gonoso

. START OF TEMPORARIES
0860318

STARY OF INDIRECTS
o0oaos?

—_UNUSED COMPILER SPACE

L FLTY R

'90¢




& L _SUaR0UTINE_GRAN
a00202 COMMOM/ CORNLN JFIRANyRANNO,EL6) .
080902 TRAN2J125TRAM § [1SIRAN/EIL0B86, § TRANSIRAN=I1%67108864
600011 RANMOBFLOAT (IRAN) /67108864 & RETURN § END _
/
e

Lot



oAy

SUBPROGRAN LEMGTH
gnoc2s

FURCTION ASSTGNMCNTS ©

STATEMENT ASSIGNMENTS

BLOCK NAMES AMD LENGTHS
CORNLY = 0O0QQLe :

T VARIAGLE ASSIGMMENTS
E = 000D92C01 IRAN = (Q00DO0COL 14 - 000D>s RAKNO = DDOO81COL

START 0OF CONSTANTS
gooo16

. STABY OF TEMPORARIES
ganLzo

START OF INDIRECYS
ohozs :

UNUSED CONPILER SPAGE
224500 .

30¢




. i SUBROUTINE DGINTL (NDX). .
COMMONSCORNL K I!RAM,RQHNU.DCIQJ.NRI,NRC

[ILLE ]
000903 CALL GRAN
000204 DC L3I =SORTIRANNDY
[[LRDEEY PADZSQRT 11-0G(3)*%2)
00001 CALL GOAN

_.gpocis PHI=[2%RANY Q=) #22/7
000023 DCt1)=RADPCOSIPHYY
ppooze OC12) 2RADSE INIPHT)
29503t NRA=NRA+L :
000033 NRCSMRC+L
g00063s RETURN

_ugoo3s END

60€



TpeInre

SUBPROSRAM LEWGTH
080052

_FUNCTTON ASSTGNMENTS

STATEMENT ASSIGHMENTS

BLOCK MHAMES AHD LENGTHS : ..
CORNLW = 0O00G:iC -

" YARIABLE ASSIGHHENTS

oc = 407002C01 NRA = G00006CQHL NRC - 00DOO7COL PHI . - 000051

RiD -  opoOste RANNO = QO0DOLCODL

STARY OF CONSTANTS
~.hooo37 )

START OF TEMPORARIES
00te -

START OF INDIRECTS
— 020352

UNUSED COMPILER SPACE
024500




suawourme ROOT (A, 8,0 pLiMx,Umn)

330916 NaSORT(B**24A%C) § UAnt- -040)1 /8 § UA=(~00) /A § UNX=ANAKLCUA, us)
pooaz? UMNS AMING-{UA,uB)
080038 RETURN § END
i
]

TTE



ROOQT

SUBPROGRAM LEHGTH
200055 -

CFUNCTION ASSIGHNMENTS

STATEMENT ASSIGNMENTS

BLOCK MAMES AND LENGTHS ' .

- YARTABLE ASSIGHMINTS _
3]

- aq4pes2 11} = 030053 UB

STARY OF COMSTANYS
00003y

. 5Ta=T ofF TEMPORARIES _
00043

STARY OF INDIRECTS
BRroCs2

L UNUSED COMPILER SPACE

T

024809

2TE -



—

CORE MAP 16.59.2F, NORMAL CONTROL [TEYY B Uedali L YN '
==<TinFe== 000 wIQOF --u--uz---.--vm-;-::::.--..-z-,-:::-_:usagz;:u:::nau-_".:::::.“;ummmmu_wu:ﬂmu1rs.-e v_—
FHA LNADER  Lhafuy FNA TARLES (52776 : . ) ‘ . '
~PROGAAH-===A0ORE5S~ =~LABELEQ==«COMMON==
THANED auoiLe CORNLM 000100
pIsaAy J0655h
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TRANSIENT ACOUSTIC FIELD IN CTL!HDRIC&L pucr

MOMYE CARLD METHOD

PRERSSISHED CONSTANTS IN OIMENSIONAL FORM(FPS SYSTEM)

SOUACE SYRENGTH FACTOR 00 = $.0000E+00  SOURGE PERIAD TP = 2.0DB0E- 03 PI = J.1u16E+00D .
"DUCT RADIUS & = 7,5009E¢00 WAVE SPEED C = 1,1000€+903 EL[HENtﬁL Ting: INTERVAL TPLS = §.UDD£E-GS
CHASACTERISTIC MASS DENSITY OF THE MEDIUM DNST =  Z.3780E-

SOUALE CAPTOSIAN COORDINATES X5(1,2,% = 1§, 0. O

RECCIVER CARTESIAN COORDINATES XR{1,2,3) = 1.0000E¢00 3, 0000E«DD 1. UﬂﬂﬂE*Bl '

e -— DUST MINIHUM RADIUS ANIN 2 T gﬁﬂQ&E&ﬂﬂ DUCT LENGTH DCTL = 1,2000£+02 e

VARIABLES IN NOMOIMENSIONAL FDQH

Q0 = 1.0000C0C0E+00 ASFR = &,21637021€-04 TAST® =  2,93333333E-01
o ST m L IWBITINIECA]_ ZTPSTR = 1.6ZH6666TE4PN__[PLSIR __,lnlal}xlasﬁonl, JSTRY = 19

A0STR =  1.02000000E+00 X3MASTR = 1.6C0GACO0E+DL A2SFR & Q. DPHI=DPSIs  L.G0000030E~-32
PADIUS DF TWE TESY <PHERL EPSLOW =  1.00CO0GDOE-08 -

PRLSSURE NOPHALIZATION FAGYOR FHORM = -9,33397524E~103

W5 = 1 NR = S0J0 KNRA = L IRAN = 22758845

PRESSURE VALUES IN.THE NONOTHENSIOHAL FORM
INOTE TIME IMDEXaIHOEX+JSTRT)

1 0. 2 0. 3 0. 4 U. ) ‘ 5 g,
6 b. T 0. . : 8 0. 2 . 10 3.
[T & SUUNNS | R Az 0, - 13 0, ik 9, i 15 P _
15 0, 17, 0. 18 0. 19 0. 20 1.
21 g. ) 22 B, 23 0. FL 25 [
26 0. 27 0. ) 28 0. 29 8. 30 1.
N 0, - 32 6. . 3 0. 34 o, © 35 o.
15 0. I f. 38 o, 39 =1,02850833E-D3 Wi
e Ul P 19264 096E-04 _ 42 -2,26685362E-03 %3 <1.25847894E-03 Wi -1,58040309E-03 45 ; a?:s;zu,;-g; N
46 =1.18178749E-D3 W7 ~5.90462333E=04 48 *1.16271611E-03 49 =3,31580572E«04 50 -1-56?:99655*[&
s1 3. u539u°0~5 1% B2 4.,719176419E-03 53 T.b1404907E-QN S 1.22018589€E-03 - 55 3.
56 0. 57 ~9.869307BBE~JL 58  Z.76T42377E-D3 89  2.65128428E-p13 .80 3.
61 . 3.59776866E-04 ) 62  3.2255529KE-03 63 2.16374829€-03 6k 6,3013454GE-34 6%  1.275556283k=C)
&6 1.30870749E-p3 67 5,90L68331E-pk . 68 1.16271631E-03 69  3.31580572E-0% 7 14673598 38=( 4
RN & 6.3582163?5 O T2 =3 eMTDESSBE-G__ . T3 ~7.61k04907E-04 Ih 1.54898460c~0y IS 1a
76 77 9.45633078EE~04 T8 ~2.76TW23tTE-D2 - T3 =1.65277995c=43 a0 g
81 3 59&312295-0& 82 =9,58699342E- 04 83 -9.05269351E-04 B T G k2215640E-04 85 1.
LT - 87 +1.15530914E-0) .1 N ) 89 [ 90 1.
91 -e.tzzxssuxE-ou 92 =1.35446THIE-0) 33 0. 94 =4,37503536E-03 95 Q.
95 0. 97 Oa 95 o, %9 - 8, ’ 140 2.
——. IBAN = XEPE2304 [ ) —— e ——
- RAY TURE ARER FOR WORMALTIZATION AT REFERENCE RADIUS AREFx.5 ARYO = 4,99200647454710406399C-26

e
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16.59.23, (FFL = C1K5001 _C9®
p

UNIV. OF VIRGINIA SGOPE 3.3 aPR 01,72 Suwn 296
16.59.15.THANEGE -
1653415 THANED (20250, T200,CM61000. BALAKRISHNE
16.59.15.0 THANEDAR ACROSPACE '
LBe5T el RUNIS oy 5y THANED)
16.59.1 9. CONMO(THANED)
168459.19.THANED,

16.59.213, ]

16.5%9.23. Io

AT .00.33.5TQP

17.30.91.CP 039.240 SEC.,

17.00.01.PP 004.tud SEC.
00,412 SEC,

17.00.91,10.

002.747 SEC,. .

G04.060 SEC.
00b.403 SEC,

THANEDG //77 END OF LIST 7/¢/ 0000504 LINES
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PACGIAH VINSTD (INPUT, OUTPUT, TAPES mINPUT, TlPEb =OUTPUTY - e e L el
8007013 OIRESICH XROX ,XST3) PRES TS5, 681 4 JANIS) . . . .
pIA0I03 FEAD{S; 401 LIRNINI 3Nl ,5)
peoaLs FIAD{5,402)00,TP,PI,4, C'(lﬂfll.I*l.!l,TPLS,IlSIll.I”i,il AMN, DGTL.
tneAat, °'LDU.0VST T READIS )01 NS 4N, HBZ  TRAN,; NRPT , 144X
poo10y P'Tﬁ-’ﬂnl(XP{t!"E’xRIEI"ZlI& L ISTR=XRU(IIFA § TPSTRaCeTP/A
gagits ITPST2*ZSTR+TPSTR S TPLSTR2C*TPLS/A § JSTRY=SQRTLZSTRY®2+ — P UV U
_ 1RSTR**2) /TIPLSTY § ACSTR2AMN/A T XIMXSTR=OGTL/A § DPSI=DPHI
Go013s E2STRatY,~AQSTRYZ/NIMNSTR ¢ RASADSTR £ R8:A2S5TR
0Bk 2 | . Frnaiz I-QG‘!PSTR'R"ZD!(lDNST‘C"El’lk'NR)'ITPLSIRI'((E-IS-D‘
’ ARISEPSLON®®3))

po0161 HILFELS,500000, TP, PY AL, TPLS,DMST, (XSII), 151,30, IXRLT) ,1010,3),
: zLH*,D'TL.OGsDSTQ.TPSTR zsm ITRSTR, TPLS TRy JSTRT ,ADSTR, xsnxstk.
25251, UFHE ) EPSLON, FHORM § mun(a,souns.nq,naa.nnm

ogezro N I3 M=1,RPT £ REAJLS, 402} (PRESIN, I, d=1,JHAX)

0oe30s 39 CONTIHUE T HOTTE (£,209) (IRMIN) ¢ N=1,NRPT) } 0o 40 Jr1,JHAN .

oplzs 40 HYLlTEdR, 255!J,(PQESIN.Ji,u-t.NRPTl - S

00034tk HRAITELE 42070 3 00 63 J=i,JMAX 3 X1=X2=0.0 § 0D &1 I=1,NRPT : .

809354 | w1 XL=aH1¢PEFS(T4J) § Xz lilNRPT $ 00 42 =14 NRPT S
160155 “z ¥2R¥240PRES (T, Jh«X11#%2 £ VRNSEXZ/NRPT § STON3SQRT(VRNS} - : '
Goo4ny . FAP=A145TOM £ X14=X1-STOM

920u06 43 - MITTC(6 20810, X1, VRNS, STON,X1P,X1%

c FA2MATS
0004 31 287  FORMATEION®VARFANCE AND DEVIATION ANALYSIS®//10X*TIME INDEX*SX*MEA
1n'1hx'vnaznNCE*:1x'DfVIn1lon'rx~£n£An1¢¢BEVIATIDNl'2x‘InEANI-IDEv:

2ATIONI® /7Y

000432 268 FOPHAT(I2X,13,5t4%,E16.8))

000431 209 FORMAT{10x*PRESSURE VALUES IN THE HONDIMENSIONAL FORH 'SUHMARY OF
1THZ MOMTE CAPLO CALCULATIONS. (S RUNSI®//24X*RUN L*, 15X*RUN Z7¥,15X*
2RUN 3%, 15XYRUN u',1sx‘2un S*//7L0X IRAN VALUE® 34X I8,4102X,I83/7/}

009631 4017 FNRAMATIALL9) o e | e i e o e e e

80063t 402 FOPHAT(GELS 48}

C00WYL 500 FOXwAT{1HL, JOXYFRANSIENT ACOUSTIC FIELA IN CYLINGRICAL DUCI'J(!J
1I7¥*HTITE GATLO METHOD*I{/)LNK*PRTASSIGHED CONSTANIS IN DIMENSIONA
LLFCRMIFPS SYSTEAI #//SX*SOURCE STIENGTA FACTOR Qb = 'ElU.“-J!'SOUR
2CE PI2I0T TH = *E30.,4,3X%PL » *ES7.4/75K 0UCY RADIUS A = YELJ.4pdX
IPWAYT SPFER [ 3 SELD A, IXTELEHCNTAL TIME INTERVAL TPLS & “EfQ.47/
ISLCHARRLIERISTIL MASS DENSITY OF THE YEOIUM DNST = *E106.4/7
45X*57U2CT CARTESIAH COORDINATES FSlle2,31 3 "I(ELG. 4,2%) 7
SGA*FENCIVER CARTESIAN CDORDINATES XR{L,2,)) = 'Jtsiu.h.lefﬁl'uuct
6 MINIMUM 2A0TUS AMIN = PEL10.4,3X*0UCT LENGTH OCTL = *€1i0.e///
T1IX*vARTADLES IN NONDIMENSIONAL FORM®//S5X?G0 = *E16.B,2X*RSTR = *
AF16,8,2X%YP5TR 3 $E16.B/SA*ISTR =*E16 W, 2N*ZTPSTR =*E16,8,2 *TPLST .
GE = ST1R,A,2XJSTRT = #14 ZSAPAOSTR 3 YELG,.8,2X*X3IHXS
172 2 %E£16,8,24%A25TR = SE16.8,2%7DPHIxDPSI: *E16.8/5K*FADIUS QF TH
2f FEST SPHERE CPSLON = *C16.8/5X*PRESSURE NORMALIZATION FAGTOR
JFNORY @ PEL1G M)

000834 501 FORMAT{SE®NS = S[2,2X%NR = *15,2X*NRE = #15,2X¢T0TAL NUHBER OF RUN
15 NROT = 41277/}

000431 stop .

000463 [ T3]

R —— - : —_ PP . v w e mbmn s i te e e w - e vm———— e e g o



| VRNSTO

PROGIAM LENGTH INCLUDING 1/0 BUFFERS

095544

FUNCTION ASSIGHN®ZNTS
STATEMSHT ASSIGL4EMTS
4t - 00C354 «2 -
209 - QGOLTS 401 -
501 - 001855 S
T BLOCK NAMES AND LENGTHS

VARIAQLE ASSIAMMHENTS
a 138 1 LEL]

[+ - [OC1L3E nnTL -

DPSI . _=_ DCL&6& _ EPSLOY =~

I3AY = fTik%1 AN -

JSIRT =~ fCluki N -

N BT - 014652 HS -

a9 - DG61uwX¥2 Ra =

STDH =  D40175 ™ -

TPSYR = 001455  YRNS __=
X1 * DCla?2 1M

WIMASTR=  DCLkED ISTP -

START QF CONSTANTS
pboKds

STAOT OF TEMPORARIES
ooost?

STAST QF INDIRECTS
000748

" UNUSED COMPILER SPAGE
en2s5ay :

0003565

ngnsaz

ERTAY|
001442

13 A

DOL4u2y
01434
BILh4s
101666
0oLa33

Q01677
004455

207 - ogoowsz 208

+

W12 - 00052e 560 -

AQSTR = 001462  A2S8TR -
ONST = 001445 DPHI -
LFHORM __«_ Q014?01 =

J - Bcle7l JHAX -

NR - BO1447 NRB -

Pl - 001634 PRES =

1] ~ O0iue7 RSTR =
CTALS = 001440 IPLSTR -

~ AR m Q00TA2 _ X5 ... -
xiP - QU176 Xz . -

ZTPSTR = (001457

030478
000526

001465

DO144]
201437

001453
0a1450

‘200750

- AB07LS
001473

001458
L LEEY

L1€



< CORT MAP  12,25.,46, HOIMAL CONYROL ’ 038100 pLy200 [ R RIS FTRPY
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FAR LOZDER (24744 FWA TABLES 033116
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MORTE CARLO HETHOO

TRAMSIENT ACOUSTIC FIELO IN CYLINDRICAL OQUCT

PRtHSLIGHEd:CONQYAHTS IN DIMENSIOMAL FORMIFPS SYSTEM)Y

SNBCE STOEYMGTH FACTORX A0 = 1,000CE+00
DUZT RADIUS & = 7.50C13€+00

WAVE SPEED € = 1.1000E+03

CHARACTERISTIC MATS DENSITY OF THE HMEDIUM OMST = 2,3780E-Q3
SOYRCE CRRTESIAN CODRNINATES XS{1,2,3) = 0,

RECEIVEP CASTCSIAN CONRUIMATES XRE1,2,3) = 1,06000E+0D
DUST MINTHLS 2B3IUS AMIM = 7,500DE+00

VARTAELZIS L NONIIMENSIONAL FORM

an = 1.62003C2GE+07  RSTR = b.21637021E-G1 TPSTR = 2.93333333E-01

572 » 1. 7TITIVIICCT ZTPSTR = 1.626666BLTE+D0  TPLSTR = Te3ISIIAIIE~QI. _JSTRT = 1928
4:3TR = 1.JLG20300E400 XKINXSTR = 1.60060000E+01 A25TR = 0. DPHIaDPSIn
PAJIYL NF THD TLST SPHERL E#FSLON & 1.60000000E-01

PREZSURE NOFAALIZATION FACTOR FNORM = =9,33397524E~-03

N3 ® )

PRESSURE VALUES IN THE NONDIMENSIONAL FORM SUNMARY OF THE MGNTE CARLO CALCULATIONS (5 RUNS)

RUN 2
e .. JRAN VALUE 22758845
1 =7:1925u096E~-04
2 ~2.2R515362E-03
1 =1,258647034E-03
[ C+1 BETLOG0RE-DY
5 =1.27556282E-03
6 “1.3%17ATL9E-]]
4 “5.C0LAAITILIE-CY
.4 =1.1627 1511E-03
9 -3, 1158 357 2C-0n
10 =1.IB7I6F39E-4
11 C 3. ChTuN04E~Qk
12 1,719176419€E~0%
13 T.BLlLI4INTE~D4
14 4.2231B6893E~02
1% 0.

—— 4 . B . P B
17 =3, kh930710E~-04
i8 2.76742377E~03
19 2.Rh6L28A28E-03
23 G.

21 3,697 7E065E=04

VI 5 4 3.223552752-03
z2r 218174 929E-0]
24 B ELULEEDY
25 1.275545282E~03
26 1,34178749€-01
27 S.FLUBATTILIE~Oh
24 l.e16327416L1E-317

HR =

5030 WNRA =

RUN 2

3u098u29

=6.21930565E-04h

~1.45231818E~-03

+S . AANZ2ATSIE-OT
=3 181090I4E=-03
-1.06276331E~0%
~3.01355064€~-0]

B - -
=1.51G0%77LE-DY

6.219305a5E-0k
~5,05022058E-04
~h 8351614 1E-D0
=2 0B6032497E~03
B.59843967E~04
1.22R10741E=-0D23
T.96786884E-00
~1.72831925€-03
~8.456298099E-94
2.60195217E-03
© 3.27939530E-D1
“1.A7183364E-23
1.4456938336-013
3.87101043E-03
5.99AB7516E-]3
3.36582924E~03
1.97307783E-03
331355063603
1.56080141E=03
2.665630185-03

De
J.0000E+00

1 TOTAL NUMDER OF RUNS NRPT = &

RUN 3

.. 37658337

ul
=9.7827390BE-04
=2.15410297E-03
N
«3.61585190E=03
=1.4L56343SE-03
“Ga T2U21410E-DY
1.261771064E-04
“6,95EHSLISE-Dk
5 1779327SE-O%
~1,71803054E=D3
1.557:3819E-03
1.22054833E-03
2.0017J565E-03
2.9996 354 3E-03

~1.15451961E-03

0,

3,.500L9622E-14
Hal5678T21E-03
2.590L5564E-03
L4l 285715E-04
2.97TH8013E-D)
1.71713uw9hE-03
e 2419677 3E-D4
3.61565190E-03
L.636623126-03

3.58078065E-18
~6.4797170LE-DS

SOURCE PERIOD TP = 2,0009€-03 T = 3,1%16€902
ELEMENTAL TIME INTERVAL TPLS ® 5.,0000E<05

1+00C0E+0L
DUGT LEMGTH OCTL = 1,2010E+02

RUN &

0. .
=1,73863271E~02
=1.8L477572E~0]

LT l.04BTR2SLE~CE

~L.19897270E~03
=2+ 00593521€E~0k
=2.480022700-13
‘F.38301BALE~-2
=4 60465875E=04

4.76311169E-035.

2481T35851E-04
1,85389501E-04
=3.39632134E-03
2.87866503E~04
=5 MWBLTISTOE=D N
2.863497477E-03
1.12287041€-323
1,90 173&31E-0)

3. T0TB3u506L-004

Je
W 1617 L104E-046

 3.25321267€-03

Y. 21993728E-03
1.94875251E-03
b, L6hYB3I5E=)3
1.8673n643IE~04
2.u8002270E-117
1.3264LJ101E-07

25612083 _

T1.00000000E522

RUN &
3373511
=3.434924942E8=04

=5a%39392cBE~-c S
=1al048FGUE=yd

.'?9-3)55?5?95-35‘_..

~leTH50u146 =33
843736126 E-4

=lel7ad4Ta50«,3
=1,072335(6E~-2"

=1.10868 uuz=-.3

. =ZeB26591L 8L~ 45

~2+BRGHABTTES
D.
1.9216bbibE=13
=8,93383645C =5
1.17012C01E~22
L.22756141E-03
3.2400h6?18-J3
=1laQ50u09Yi6L=-03
Jattt59f5d5-53
Lalibw2ildn-53
1.318582010-22
Wa03JulsTuieC 8
6,L723)0c -0
24537T5%5ER2~ 3
Fa929598.8 - i
16700082354
1.070895135-,13
2eTuTlufite~ 7




29
3t
3t
12
33
I
25
1%
37
1
a9
40
41
42
“3
P
LS
45
Wr
Y3
(1]
50
54
52
53
55
- 5%

TIME IHDEX

LOENT AL AN

-
- o

[
NP AR I N

P T b e
[ - -1 -

n
~n

AL RSN N
[ T R B )

[
(R

LR R
Cof P b

L
s

J.J15AIST2E-ON
hs IGAZLIAITE=O4
=Y. ETI6550E-08
T E14C 4AITE-D4
1.SuBLALGRE~DY
0.

[ T

. 463 OTIRE=T4
~2.FHTW23TTE=03
=1.6527 7995E-03
—»n.

3.53487229E-04

~9.5357FI42E=034
=9.05259351E~0h
T UEZLGHMLE-TY
0. -
3. — .
~1.15500944E-0Y
T
Q.
n. -
~T. 6221564 LE-ON
=1, 354L56763E=-0]
8.
=4, 3750 3536E-03
9.

HE AN

~3.75223321E04h
*1.57509814E-03
~2,37709603E-03
~1.52821096E-0%
1. 7795 1ALLF~0]
=1.2364503E-03
~9,E3431976€~34
-6.16125979£=-0k
~3.9u336551€-04
=2,[93¢214bE~TS
~8.23855111E-04
2.R20275382€6-0n
2-715u8YIE-D4
7.69235154E~04
B,Bu024%71E-04
B.TR1534R0E=-0k
b, 75177 327E-04
1.13294995E=03
2.63325396E-03
JLEBWSELIGE-Dg

AL 14251T1KE=0h

J. 67161611803
2.7THILG178E~02

L1.732%%3133E-03

2.67213438E-0)
1.L3719230€-D3
L.613263150-03
1.571211592=01
1.129462106-11
16754 T49E-0
lo&k?2277096E- 3
6.92651T84E-04
2.72530257E-0w
=2. 790 TL2I3E~-04

“6.132A67LTE~OG
9.03832047E-04
1.2A058713,.-03
J.0L249020E-013

~&s7T1B36ITIE-DG

“1,07925272E-03
FuI1532366E~04
5.51229216E-03
3. 380905453E~03

~2+R0195217E=-03

«3.27939530£~-83

. 24901859645E-03, .
~1.21900777E~D3

=2. 41069224603
=1.10647550E=04
=1.84T3C2IIE~10
“9.10314519E-03
O

=1.56080241E-03

-1,1565924TE-11
-8.84584757F~05
-2,210002226-03
=P G707LTATE-NN
~1.h5852033E=-03
«3.75007568E04
-1.200853493E-04
~1,72831925E6-03

VARIANGE ANO UDEVIATION ANALYSIS

VARTANCE -

9,08875603E-08
1.70991873E6-07
1.151991670-06

A1.12076330E-06

B.95610341E-07
9,19308793E-07
6,90959480€-07
6:37911074E=0T
3.2B4bGTROE-DT
1.0A63TY24E~OT
1.303720TuE-DB
1.85341628E=06
J.52062841E-06
9.854L403734E=-07
1.47867317E-06

S.34620943E-06

2.20467219E-06
3.115515952-06
3.712333555-06
2.46500095€-05
4,24396755E-07
L 1.647571248-07
3.36755972E-06
1.251819795-06

T 1.066I5R8LE-T6

8.53791228E-07
1.103593065=06
1.15693775E-05
1.78313699E-06
1.85393479E~07
1.67142459E-05
I 6T95089E-06

h.47524258E-05h -

1.66173988E~1%

T30021689E-04
*ha 182556 IE-T0
1. BRTAST29E-03
=l.55T725819E-0F
2:5241 317 1E-0Q4
=2.00172565E=07
=2 06L2IIBLE-D3
1.1545L2460E=-03
0.
Fo1J1641D42E~ Db
*1.979439564E~03

.. =2s59965568E-03

=1,.40785715E-04
=1.99964522€£-~03

*5.63031995E~00 -

=4, 24194 TIE-GY
0.

=2.0875008 E-U3
=1,55235843E~03
=1.669272E-03
~9.9767232TE-05
=1.71054T40E-04
~2,23020909€E-04
=2, 320L4433E-03
0.

2+23020909E~-D4%

DEVIATION

01075630604
e 2307 +31LE-Ou
1,77538494E=-03

1. 05865133E-03 _

9. 463H6MFE-T4
9,58833920E-04
8.3606LBA7E-04
7.98693354E-04
S.73111325E-04
3.29602676E~-04
1.141600591E=-D3
1.361393465E-03
1.B7894350E-03
Q. 9267507060k
1.21600706E-03

2+J121ATLGE-0Y __

1.4848LIB2E-03
L.76509242~03
1.92674169E-03
1.47133423E-03
6. 51LG 7V RE-DG

CL bl R5992912E-h

1,83511645€=-02
1.11884753E-03
L U3284GLTE-D]
F.J2483711E-0%
1.050652056E-03

=1.9ETIVTTOE=-OW

1.96694126E-03
=4, ?6311159E-05
~2,8LT3%851€-04
=1.85389501E6-04
$.26491956E-03
2896450 IE=-04
5.4buTISTIE-DG
~2.86397477E~03
«1.1226008LE-03

0:

9. 70783450E=04

N L B
=he1517H100E-0N

=1.51457396E-03

~1.50522156E~-03
¢

~2.BETB9125E-03

LrTea 6143122800

bRy
~L BHR2T0ZAIE-]3

c=1.81703942E-]2

~3.TQ7T70425E~05
F. 707704 25E~05

o 3l0620043E-0Y

v VMEAN) ¢ (DEVIATION) _ (MEAN) = (OEVIATION)

1.65211109E-53

1.33534152E6-03
. 36133636E-08
1.30054934E-03
1.77987384E-03
2.11547692€E-03
1.28883664E-03

=8.6R5%94216E~04
0.
a.

=33747HB27E-DS
~1.15201983E~33
“6.01711G97E=J4

=8,33271519C-04
=YaTa1tbpIE-04
=L LT3 LIBE-04
LoB256TI75E-0h
L1.78IR2TFIE-0N

3.08670461E-34 _

3, 01953796E=04
14641694 03E-03
24150587393E-03
1.75197022E-03

2.10003165E~03
3.15034662E-33__

$.95994115E-03
2.B9803236E-03
4455999556E-03
1.83984964E=D3
L 4G5T0RUIE=D3
L 3. BTT51902E-33
b,538520231E=33
2.90173833E=)3
3.705629156-03
2.35928261E-03
2.663763530-33
2.62334479:0-03
2.464A0T02E-03
5.5{89679335-24
2.723328306-03
2.L7242552E-03

S 2.33800717€-33

1. 039L)244E-03

S4.b9563559E-04 _ _

J,.22405140F«53
1,ub530B08-=5u
JuS3al6lr1_~u3
2+527602573.3
~1.321645616E-13
1:630809eC 2~}
=155 240805 = 4
=2.06879796C~37
~2+349335912-33
19060 Bl-ud
=1.353d8d59c=,3

~B,G7357CL0E~I5,

=3 TROSRIETE-TL
~2.591322:b2=33
1.152601725=,3
hd W3 -T0-1-1 - 18-t |
=6, 86546959 -24
4.7666930vLE=un
“LedEPuTeGe=43
~1+6MMI AL~y ]
~2+11537 b~
=1+19330391E-un
=1.0C3uT504kc=y)
=2452760297:~03
0.
=%.29213148TE2-C3

=2 WB1N0Z51E-]3

=B+ 362389549 =14
=13 1310 BubE-u]
~4,1524BLITE-CI

=2.506B72195-52

bl R VR VAL T |
=Z+24957560L5-23
~1.81955343£-03

14814819335 ~33.
~9, 648055870 du

=3 505 w841y
~1:981061{3c~03
=L 081L0557C=32
~1.BU7299 4=y ]
=2.2331794910:-~=_4%
L PR3 ©1 FAT IO

SleuTel2Pe95-33

~1.0u3686LY5~3d
-6,32132483E=14
TednSLl21733-08
~1.17293085F-3
1.627493537¢
3.065713190-33
9, 2828350504
B.BU0LIT?BE~dy
1.63934a1E-53
5.05LC31515-24
8.627225035-uh
5.191226L2E-24
=2.0587 30 3E-0u
~3.1d43926850- "y
1.22229023c-.w
“1.28732¢LBE-3 2
=1.B86290btbE" 3
~1.50867i842-13




15
36
37
1]
I3
40
L3
LT+
LR
L1
45
LT
'Y
LT
49
59

51 -

52
53
54

55 |

=1 473N LTLLIE-0N
3.508G7A0GE 0N
1. 711630 0E=04
“5,3995 T84 4E=08
"1 L5 P2Uu?IE~0]
W, T233503%E=-06
“4,TH027RALE=04
~1,83652196E-07
=3.95315747€=~04
=2, 56E8JuLiE-08
=2.51111658E=]3
=1,59262518E~0n
~1.34116L32E~03
=1.25371541E=-03
~1,12607869E-01
~4e9I2153T7E~D4
~5,75508630E=0)4
=1.03259756E=-023
7,131 0027 E-0k
=1.1591 Q4L4E-03
=7.973LGLTOE- 04

1.06BI614%E~04
B.TCOS TR -06
JT92161b4E=ph
3. eH142084E=06
1.90738033E~06
3,03539537E-05
Ye2Xr3NI02E~-DT
3.58202551€-07
T.993749L7E-07

‘6. TL79L7TBE~OT7

1,19055798E-105
1+66358215€E-07
5.5L636602E-07
HoMT189866E-07
§.58022075E-07
T IARSOMISE-NT
1.80983113E~07
1.03693358£-06
V.u?2750306=-07
2.72215245E-04
1.2030B5H9E~116

1. 0336157 3E-013
2.94967369E=03
Ll 94TIuT28E~0]
1.8604L0930E=-0F
1,38407941E-03
1.74223861E-03
5.6897566)E-04
5.98503251E~04
8.94077707E~04
8,19633873E-0%
3. u5064632E-03
L, B7BELBITE-DS
To62048924E-04
b.68722563E-04
J.26294810E-0
8.53450066E-104
Ma25421101E~04

A.,018302308-03 __

B, 6UbSOTL0E~-C4
1,64989458E-0T
1,09685254E~03

=T 295254 TE-OH_,

B,05674h10E-04
3,.35048109E~33
2.1184B762E~33
1.3205254B€~02
=7.80853174KE~]5
1.,78553221E=012
8.9947373BE~15
=1.29832111€-33
5.07771960E-0¢
S.69950LIBE-04
3.19329652E~34
3. 07619L19€E-0n
=5,99012335E- 04
=5, 84592 H51E-04
~1,99T83879E~1ty
3.66214688E-04
*1.50087 353604

LaS0BLOGSIE~ON
A 90696533E=D4
249951236TE~Jb

«1 1R155T (4 a3
w2 5l BES e KE=1)
=le?T2REGba =13
=2 4COL5214E- L)
~Za8ul25hLIE~53
-1 .594445 . 15-33
=L 04B8303.5c-J3
=2.4502222E-233
“1 28338805513
“1.070d11.22=-3]
=5.481562499C~32
~G 08104 5E=00

“2.0863110.6E-33 .

*1, 922337586 -3]3

=%ad523Td50c+53

=1.35208544E-33
=1.0d¢32953E-u3

m2e11089440E-2

=1 57006 Tut=)3
~2.80909242E-23
~1.898192715-13




05715272 UHIV, OF YIAGINIA
L2 AR L ITLVRHSTAS :

SCOPE

3.3 APR 01,72 SUM 296

12,25, I7.VRUS TN, 420260, T100,CHALOBY . HALAKRISHHA
i2425437.0 TA2L{ILR AEROSPACE a
12,25, 37, AR (PALT) . .
12.25.37.RUM,
$2.25.460.L00 ) ’
12,23.%4, (RFL = 013230). CP 000.975 SEC, . T e e e e e e -
12.2%.64, - PP Q03,719 SEC, : ' o i )
12.25uh%, I0 000.3n% SEC,
12.25.45,5100 o
12.25.45,.CP 001,432 sec,
12.2%.45.PP C03.964 SEC.
~12.25.45.10 000,379 SEQ._ . ______ e e e e——— e e e e e
VENSTAS /777 ENQ OF LIST 2777 Q0D0349 LINES
‘ L
R
4V




Appendi:t 8

CURVED BOUNDARY PROBIEM NORMAL
MCDE PROGRAMYE

| This appehdix gives in full details the
results of the application of-the Normel Modé solution
techmique (Ghapter 9) to a curved boundary pfoblem that
is under investigation (Chapterld); Included herein is
8 compiete 1isting of the programms that was used in
these calculations on the CDC 6400 of the Computing
Center of the University of Virginia, |

| In fact here there are two brogrémmes. The

first is jusf a pilot programme. As its output it shows
three tables. Thé first'table givés the characteristic
values KM( KOj in Ghapter?'),_and thelexpansion coeffidi—
ents AM({ o 0j in Chapter }%..Theée characteristic values
were taken from Wabson (1962, p. 748), and the expansion
coefficients were then éalculated using Eg. 48 of Chaptenr 9.

The second tabls gives the Bessel functions of the first

B 323
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kind snd the zeroth order for arguments ﬁanging from 0.to
85 at a step of 0.1, these values were taken from McClain
- {(1962). The third table gives the different arguments that
will enter in the evaluabion of the integral given by Eg. 32
(Chapter 9.} when the soufce period is divided into }O
subdiviéions. Corfesponding to these arguménts, as.required,
the Besse1 function values were obtéined bj using the
~method of linear interpolation in conjunction with the
sbove tabulated values. | | o

| The subéeqﬁént”programme 1isting corresponds .
to the programme in which the approximste evaluation of
- the definite integral was carried oﬁt‘by means of the
Chebyshev's formuls for n-= 5. The printout results
accompanying this listing correspond %o the pressure values

shown in Fig. 65.
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Toedded T

000003
400037
900651

0057,

000066

080142
neaied

_dnazab
i

080234
ggeesy
o0o0260
Bo0265
000304
_baoary
pno3z2
00037
080361

angsol

_000sDL

00datl

22,

Tk

26

4]
4

402

. ube

500

' WAITE (6500100, TP,PL Ay TPLS, (XSIIY ) T2l X (XRET) ,Ing, 30,00 ,R5TR,

PROGRAM DUC THRM{INPUT,,OUTPUT, TAPESEINPUT, TAPESG=QUTPUT)
OIMENGION XS{3),XRE3) PISD) EL26), AHIZ6)AUNLL0),BESLIOLBTLY,
LARGMNT(B5L) ;QGHNT (26,500 ,XI8(50} INOX (50}

RIADIS, W02 O, TP, PIAC (XRID) 4 I31,3) ,TPLS, (XSLD) .!'llsl
asra:saatrxatl;--a+xn:an--znfn % ZSYR-!R(J)IA g TRSTRuC*TR/A
ZVPSIP22STRTPSTR § TPLSTR=CPYPLS/ZA £ JSTRT2ISTR/ATPLSIR
JMAX=2FPSTR/ZTPLSTR & TOPITP=2.*PL/TPSTR '§ JHAXL®JMAK~JISTRY

LTPSTR,2Z5TR, ZTPSTR, TRLSTR, JHAX  JSTRTY -
CALCULATION -OF THE BESSEL~FOURIER SERIES COEFFICIENTS

CREADIS, 0020 ALPHAIO, (ECTY 151,260 & WRITEIG,502)

READ (G eQbl (ANITI 154,20) & Riaoli.knhl(BESLJBII!.I-L,lslI
uq:f21&.soa:ct.511l.ant::.l-t.asr B HRETECS,510) & DO 20 Iey,0884
ARGHNTITIE AP (1=14) & un!re:s.su:nc:.nacnnrlx).aESLJotti.xnl 854H
STRZ=Z§TR*v2 ¢ WRITE(E,512)

ELzZ5TR T OO 22 Jz),JHAXE § XLsXL*TPLSTR

XIBC) aSORT (XL*¥2-7STR2) & OO0 26 M31,26 $ EIGEH-EtﬂI
DO 2& Jri,JHaxi § RGMNT (M, Y zETGENTXIDLJY

CONTINUE § WRITE(6,510)M,EIGEN

WRITE (645147 £, REHNT (M, B0 4 J=1 , JHAXL) § NRItEts.szsi
00 29 JS1,JHAXL. T INOXUDISIFINCL10. RGHNT (L, d)hed .
CONTINYE § ua:r£(5.51~|t[uo:tJl.Rsnutti.J).J-i.Jniutl
FOMATS .

FORHAT(SELG . 8)

FORMAT(BELD.Y)

FORMAT (1ML, 30x* TRANSLENT ACOUSTIC FIELO IN GYLINDRIGAL DUGT*3(/)
137X *NOIMAL MODE METHOD*IC(/}LOX*PREASSTIGNED CONSTANTS IN ODIMENSIONA
1), FORMIFPS SYSTEM) *//SH*SOURCE STRENGTH FACTOR Q0 = *E10.%,3X*S0OUR

. 2CE PERIOD TP = TEL0.%,3X*PI = YE10.4&/5X°0UCT RADIUS A = *E10.4,3X

tooeod
BTIOTE

phoedl
00de01

pDOMOX
_gogsay
Tpoos0s
‘000%01

502

553

510
512

S1h
546

I*HAVE SPEED € = *ELO &, IX*ELEMENTAL TIME INTERVAL TPLS = PE10.4/
LEX*SOURCE GARTESIAN COORDINATES NS{1,2,3) = *J(€10,4;2X)7 .
55X *RECEIVER CARTESTAN COORDINATES XR{1,2,3) & S3LEL0.4,2X) /27
C10X*VARIABLES IN NONDIMENWSIONAL FORRY//75X*Q0 = *E16,84,2X*RSTR = *
TE16.B8,2X*TPSTR = *E16.B75N%ISTR B EL16,8,2K"2TPSTR s ELG.8,2X*TPLST
BR = YELG.O42XYJHAX. = *I& 2X*JISTRT = *Ia///}

FORMAT(20XYCURVED BQUNDARY CIRCULAR DuUCT*//

110X TABLE § CHARACTERISTIC VALUES KW AND EXPANSION COEFFS. AW/)

FORMATES X, 4 (13, 1X,E20.3, 1,E10.3,4X})
FOSMAT(10X* TABLE 2 BESSEL FUNCTION JOX) (I,X,J0(X})®/}
FOMAT(10X*TABLE 3 VALUES OF ARGUMENTS FOR THE BESSEL FUNGTIONS J
10 IN THE INTEGRAL FOR THE PRESSURE FIELD*//)
FOZMAT(5Y, d(l!,ll E10.351%0)

FORMAT(10X*PILOT INDEX FOR ARGUNENTS FOR Mai®/)
sToP '

END

G2¢
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PROGRAM LEMGTH INCLUBING 1/0 BUFFERS

013150
_FUNCTION ASSIGNMENTS

SYATEHENT ASSIGNMENTS
€82 = 000423 &0
503 - 0005e6 5S¢0
516 -~ 000602

“BUOLK MAMES AND LENGTHS

YARIABLE ASSIGHMENTS
&

ALPHALRS~

~ QBoTO61

‘AUX = 001008 BESLJG"
_EIGEN - 007103 1 .

JHAX - 00ror3 JHEX]

P = QDO64D pI

RSTIR = [DOTOLS TOPITR

TPLSTR « porery TRSTR

R = 003635 X3
_ZIPSTR - 007070

START OF CONSTANTS
200005

START OF TEMPORARIES
_popsiy

START OF INDIRECTS
00Gs30

UNUSED COMPILER SPACE
B22e00 :

000425
00as53

foroza
boio29
007863
otrors
8oV O60
garore

‘007067

900632

see. - 000827

512 = DOO562

An BOOTSH

c ~ 007062
CINDX __ - 005774
JSIRY = qgerare
Qo - on7p58
TP - a7osy
D -~ 0O6Fi2
Z5TR - QBTOBG

So2
514

ARGHNT

LINE I I I RN TRV B

Bous3e
099576

00254y
poor22
ga7i01
ugrine
Na4266
Q0To6s
2orign
agrorr

92€




[] ecome maP 16.36.01. wORMAL CONTROL . - ' . ooopsi00 020608 000000 000806
L .===TINE«==L 040 HODE --L1--I.2-----‘[1PE"-----—--------QSER---OO---GILL-----'------Flﬂ LOAD«=LHA LOAO=~BLMX COMNent ENGTH~=
FML (DADER OSu7wu FWA TABLES 053123 : '

~PROGRAM~=~-ADBDRESS= --Lasn.to---cannon--

OUC THRHM 06109 : :

SQRt 813254 ) -

SYSTEN 013313 . SCOPEZ 013313
. _GETBA Dike25 . : .
: INPUTE 014Ghk

KODER - 014564 .

KRAXKER 016033

QUTPTC. A1T104%

slos 17478 ’ ' : )

----unsnlsnEu Ex!ERuaLs--—-- R L REFERENMNCES

€

L€



TRANSIENT ACOUSYIC FIELD IN CYLIMDRICAL DUCT

———————— s e e - - L. —— o . -

NORMAL MODE METHOD

PREASSIGNED CONSTAMTS IN DIMENSICMAL FORMIFPS SYSYEN)

SOURCE STRENGTH FACTOR O0. = 1.0000E+0¢ SQURCE PERIOD TP ® 2,00006-03 PI & 3,1416E+00
QUCT RABIUS A = 7,5000E+00 WAVE SPEED C = $.1000E+03 ELEMENTAL TIRE IHTERV&L TPLS = 5-!0005-05
SQURCE CARTESIAN COORDINATES XS(1,2,3) = 0. - 18 [
RECEIVER CARTESIAN COORDINATES XR(Lp2,8) = l.GGBGEGBB 3. C0D0E+DO - 1.00005+40)

Y VQRI&BLES IN MONDIMEWSTONAL FORM.  °
Qo = 1.00000000E+00 RSTR = 4. 21637021E-81 TPETR = 2,93%33333E-01

ISTR »  1.33333333€:00 ITPSTR =  $.6266686TE+00 TALSYR » T 3333IIIZIE«03 JHAN = 221 JSTRY = 181

———— e e = . - o sl T I P - e e

_ "CURVED QOUMDARY CIRCULAR DUCT
TABLE { CHARSCTERISTEC VALUES KW AND EXPANSION COEFFS. AN ‘
3.8376400 3.721€-08 2 T.016E400 ~1.0h6E-06 3 L1.01TE4Q1 ~1.381E-01 - & 1,332E+01

1 ‘
§ 1.647E401 2.635E-B5 . & 1.96ZE+0) =2,66LE-0S T -2,276E+01 -1.388E-04 8 2.590F+01
9 2,905E+61 2. 099E-05 10 3.219E401 *3.4376-07 11 3.533E401 1.73I9E-05 . 12 - 3.B84TE+D1
13 %,162E40%1 1.226E-05 15  boWTBE+DL ~6.263E=D6 15 &,790E+0% 1.,009E-06 16 5.104E+0¢
A7 S.419E401 -2.30%E-06  §8 S5.73IE40) =1.071E=05 19 5,08TESDL . 2.246E-D6 20 6.361E¢01
21 6.6Y5E401 L.BSBE-D6 22 6.990E+01 4,251E-08 23 7.304E*0L  6.44GE~D6 - 24  T.6LAE+01
25 P.9I2E+01  6.3I54E-06 (26 B.24BE+DL =2,2K5E-06 o
TABLE 2 BESSEL FUNCTION JO XD  UT,M,380X1)
t 0. 1.000E+00 2 1.000E-01 9,975E-01 3 2.000E-1 9.900E-01 & 3.000E-01
5 6,0006-01 9,604E-0% 6 5.0006-01 9.3858-01 7 6.000E-02 9.120E-0¢ 8 7.000E-D%
9 8.000E-01 B8.46IC-D1 10 9.000E-D1 B.07SE-01 11 1.000€+00 7.652E-D1 12 1.100E+DD
33 _1,2006400 6.711E-01 _  t4 1.300E¢00 6K.20L1E-BL ' 1S L.400E+00 5.669E~01 16 1.500E+00
17 1,600E400 4.554E~01 18 1.700E+00. J.980E-1 1% 1,800E+00 3.400E-01 20 1.300E+00
21 2.000E+00 2,239E-01 22 "2.100E+88 1,666E-0% - 23 2,Z00E+08 1,104E-08 2% 2.300E+00
25 2.400E+00 2.507E-D3 26 Z.SO0DE+00 ~&,BISE-Q02 27 2.600E+00 -9.681E-p2 28 2.700E+00
29 2,800E+00 ~1,850F-08 30 2.900E400 =2.2L3E-01 31 3.00DE+00 ~2.60LE~01 32 3.1D0E+00
3} 2,2006+00 ~3.2022-01 I J.I00E000 ~3.443E-D3 35 3.400E¢00 ~3.643E-08 - 36 3.500£+00
37 3.600E+00 -3.818E-D3 38 3.700E+00 -3,992E-01 39 3.000E+00 ~k.D26E-0% w0 3.900E+00
41 - &, 0006400 =3.971€ 03 42 &4, 1Q0E+0D -3.887E-01 43 8,200E+00 ~3.P66E-~Di ok 8, 3D0E+0D
85 &,G00E+00 =3,423E-01 46  &,500E+060 ~3,205E-04 6T 4.600E+BD =Z.5361E-01 B 4. TDOE+D0
89 &, B00E+00 ~2.404E 01 50, &.900E408 ~2.0976-01 51 S.G00E+00 ~1.776E-01 52 $.100E+00
%3 5,200E+00 -1.103E-01 Se S.300E480 ~7.550E-02 55 5,4006400 =k.121E-02 56 S.500E+0D
S7 5,600E+400 2.697E-D2 58 5.700E+00 5.992£-02 59 S.800E+00 9.170E~02  BU 5.900E+07
(61 &,000€+400 1.5065-01 62 . 6.100E+00 1.773E-01 83 B£.Z00E¢00 2.017E-0% 6k 6.300E+00
B5 6.6U0E+Q0 2Z,833E-01 66 B.500E+00 2.501E-01 . &7 6,600E+00 2.740E-D1 68 6.700E+00
59 6.800L*0Q 2913 =01 ¥0 5.900E+00 Z.981E-01 1 T.000€E+00 J.O001E-R1 T2 TL.1QUEs00
T3 T.200E408 2.951E-01 . P4 T.300E+GD 2. 885E~01 TS 7.400E+Q0  2.786E-01 Te 7.500E+80
P7 7.600C+D0 2.516E-6t 7O PLTDOEADD  2.346E-01 79 7.800E+00 2.154E-01 B0 7.900E+00
8L 8.00GEe0D 1.717£-01 82 8.400E¢DD 1. a7SE-QL 63 B,200E+00 1.222€E«01 . 6% B,300E400
B5 B.&4D0FE+00 6H.9165-02 B B.S00E+00 N.396E-02 . 87 B.600E¢8D 1.&82F-02 88 B.T00E+Q0
B9 #.800E+00 ~3.9215-02 30 8.900E+08 ~b.525E-92 91 9.000E+00 -9,033E-02 92 9,100E+00
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b 10DE+DL
kalatigsd1
4. 180E+01
ka220E¢01
4,269C+01
4. ID0E+D1
ba3W0E4DL
4.3B0E+0L
3I“EUE’51
b.hbOE+S
h.500E+D1
b.5L0E408
8,568DE401L
4.,620E+01
b,b6OE]L
h.700E+4R1
L TLURE+DY
G TBOE+DL
haB20EDY
h.B60E+01
4i300E«QL
& I40E+DL
h.SODE+DL
5. 020E+04
5.D60E+D1
5.,100E+01
5.1%0E+01
S.180E+01
5.220E+01
$.260E+01
S.300E+Q]
B.JL0E+0L
S.380E+01
S.420E+04
5. 0560E+0L
5.500E+21
5.540E+018
S+S80E01
5.620E+0%
S.660E+01
5.700E+01
S.TubDE+DY
S.780E+D1
S.820Een01
5.860E+01
S.900E+AY
5,94 0E+D1
5.980E+01
G B2OE+DY
E.OROE+OL
6.100F+02
6.14DE+DL
6.180E4+01
6.220E+Q1
62 260E+01
G,300€E%01
B.3u0Eedy
6. 3B0E*DL

L. 003E~21
L.238E-01
1.276E-01
1.114E-D1
T.778E-02
3.232E~02
L. 716E=02
“5,455E=02
-1,007€~01
=1.208E-03

-1.216E-p2
=1.033E-01

=6, 904E«02

*2.h15E~02

2.409E-92
G.810E~02
La010E=01
Lad77E-b1
1.458E=-01

9.5T1E-D2

6 074E-D2
1.652E~02
-2,991E-02
=7.125E-02
=1.010E-01
“1.18TE-01
-1.102E-01
~8.840E-02
*5.290E-02

*G.I6TE-03

3.529E-02
T.4D4E-D2
1. 008E~ 01
Lo L116E~01
1.067E-01
8.136E-02
o SLeE~D2
2.646E-0)
=& U24E=-02
~7.6k7E-02
=1.004E-DOL
-1, 084E~D]
~9.923E-02
~T.455E-02
=3.832E-02
3.683E-03
WL LBCE-02
7.858E-02
9,976E-02
1.B51E-01
9.386€-02
8.793E-02
34506 -b2
-9, 648E~03

=ha90DE~-02-

=~B.037E-D2
=3.889E~02
=1.017E-01
~8,854E-D2
~5.150E~-02
=2,496E -2
1.52rE=-02
5.284E-D2
8.186E~02
. T21E-(2
3.826E-02

380
Jou
a8
g2
36
&00
LT LY
[1.7.]
N2
416
420
LY.
W28
432
L1
LT}
L11}
il
B52
456
L1]]
L1
LT ]

. 472

416
L1.]]
L7119
LL.1]
492
436
s00
50n
she
S5tz

- 516

520
524
528
532
51s
540
Sud
Sa8
55¢e
558
560
564

568

572
576
580
b1
588
592
596
600
(-1 1N

698
. 612

615
620
624
628
b32
636
b%0

3.790€¢01
3.830€¢0)
3.870E¢01
3.910E+01
3.950€+0¢
3+990E+01
8. 030E+ 02
&.0T0E+0)1
h. 110808
4. 150EeDy
4. L90PE+D%
h.Z30FE+0}%
Ne2T0E4D)

. 310E 0L

. 350E¢ 01

e 3IRESDY

LT ALY 5N
buab70CFOL
4. 510E+D1
ke SS0E+ DL
4+590E+49)
h.BIDESDL
4. ETOE+DL
h.710E+01
4, 7S0E+0})
& TY0E+0S
h.8I0E+O1
4.8TOE+DL
4+310E+ 01
h.950E+01
4, 930E+ 0L
S.03BE+QL
S.0TOE+DY
S.110E+0%
$.150E£+08
5.190£+01
§.230E+08
5,270E«D}
5.310E+01
$.350E+01
5.390E+481
5..30E+81
S.4T7T0E+D1
S.550E+ 04
5.550E+01
5.590E+01
5.630€E+D1
5.670E+01
S.T10E+DL
S.750E+Q1
5.790E+01
S.830E+01
S.870E+0L
5.910E+01
5.950E+01
5.930E¢N1
6.030E¢01
5.0T0E+Q)L
6. 110E+ 01
6,150E+01
6. 190E+01
6. 230E+811
6.270£+01
Ba310C+0%
6435GE+01
6.390E+01

- 1.078E-81
1.267E~01
1.254E-01
1.084E=-D1
6.727E-02
1.993E-02

«3.007€-02

~7.685E~02

~1.07%E~-01
+4.228E-81
~1.188€=04

3. 608602

=5,852€E~02

~1.211€E-02
J.5T8E~-D2
T-76RE=-02
1:.060E-04
‘-190E-°l
1+326E-01
8,818E-02
5.029E-02
4, 828E~03
=& 10CE-02
~8,000€E-02
~1.061E-01
=1.153E-03
=3.063E~01
~8.062E-D2
=h,251E-02
1.972E-03
&.5T3E-D2
8.206E~D2
1.051E~01
1.1156-08
1.003E-01
7.337E-32
3.513€-02
=8.340E~03
=5.017E-02
~8.3T9E-02
=1.040E~-381

-1.077E-0Q1

=B, knlE-02

~b.6Y¥TE~02

~2.8108-02

1.6J1E-02
S.&1TE-D2
8.523&-02

1.027€-01

1. 038E~01
B.BEIE-D2
5.961E-42
2 inlE-Q2
~1.991E-02
=5.7T83E~02
-8.636E-02
~1.011-01
=9.94%E-02
=8.294E-02
=5, J05E=-02
~1.500E~02
2.516E-02
6.110E-02
B.720E-02
9.942E-02
9.590E-02
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ShL 6.400E+01 9.253E-02 642 6.W10E40L B.836E-02 643 6.420E401 B.325E-P2 - beh 6.0I0E+01 F.?32E-02
845 B.LLDE40L  7.063E-02 646 B.450E+01 6.3Z4E-02 647 6.560E+DL S5.523E-02 BB B.N7OECDL  b.b5AE-02
849 £,4B0E+01 I T6BE~02 650 6, 490Ee01 Z.8326-02 651 £,500E+01 1.869E-D2 652 6.510E¢01 B8.8A5E-03
853 6.520€+01 -9.917E-04 - 654 G.530E4DE ~1,0B4E-02  §55 6.500F481 -Z.057E<02 | 656 6&.550E401 -3.008E-02
657 6.560E+01 -3.927E-02 650 6.57DE401 -4,B06E-02 659 6.580E+d1 ~S.635E-02 660 6.590E¢01 -5.607E-02
661 £.600E+01 =T,114E-02 662 6.6L0E+01 =7.76BE~02 663 . 6.620E+01 -B.IDSE-02 664  6.630€+01 -8.77TE~02
665 6.640E¢01 -9,161E-02 666 6.550E401 =9,453E-02 667 6.660E+01 ~3.651E=02 2 668 6.670E+0L ~5.7516~02
669 6.680E401 -9.755E-02 670 6.690E40L ~9,660E-02 671 6,700E401 ~9,470E-02 672 6.71DE+0L =9.185E-02
573 6.7Z0E+01 ~B.BRYE-02 - 674 6. TI0E+OL -B3.365E<02- 675 6,THGE+0L =7 FG9E=02 676 6.750E+01 -7,176E-02
677 E.760E+01 -6.482E-02 678 G.770E+01 -5.725E-02 79 6.78060% -4.911€-02 680 6,790€+41 ~&.049E-02
681 5.800E+01 -J.149E£-07  HAZ 6.810f¢01 -2, L18E~02 683 6.020E+01 ~1.267E-02 684 6,830£¢0) ~3.038E-03
685 A.BLOE0L 6.606E-03 686 B.B50E+81 1.617E-02 687 6.860E+01 "2.5566-02 2 688 b.870E¢Dl 3.4BBE-02
689 6.BROE4D1  L.IW4E-02° 690 6.890E401 5.1756-02 691 6.900E+0L 5,954E~02 8§32 6.9106+01 6.6726-02
693 6.920£+01 T,322E-02 534 6,930E+01 7.898€-02 695 6.940E404 B8.395E-82  BI6 6.950E+01 B.B07E-37
C 697 6.960EeD1  9.130£-02 698 6.970E¢01  9,352E-02 699 b5.930E«01 9,.5006-02 2 TOO0 6.990E401 G9.543E-02
Tt F.0ODE+0L 9.491E-02 702 7.010E01 §.344E-02 703 7,020€+0% 9.104E-DB2 70w 7.030Ee01 B.7T3E-02
TS 7,0u0€+01 B.3ISSE-02 706 7,.0S0E+01 7.855E-02 707 7.0GUE+0L 7.276E-02 708 7.070E+01 6.626E-D2
709 T.080E001 S,014E-62 P40 7.09DE+01 S.43PE-f12 . 71y T, A00E¢d1 . 3NME-DZ 712 7.110E+01 3.4naE-02
FAY  7.120E+01  2.549E-02 714 7.130E+01 1.626E-02 Ti5 7.180E+01 6.885E-03 716 T.150E+D1 ~2.549E-03
PLT T.A60E401 =1.195E-02 T8 7.170E+01 =2.121€-02  ¥49 7.180E+0% =3.025E-02 . 720 7.190E¢01 =3,897E-02
TZL 7.ZDOE+0L =4, 729E-02 722 7.21084B1 =5.513E-02 723 7.220£401 -6.281E-02  72h 7.230E+01 -5.906E-D2
725 P.2L0E+01 +7,500E-02 726 T.250E401 -8.019E-02 727 1.260E+01 ~8.457E-02 728 7.270E+01 -8,810E-02
723 7.2BIE+D1 =9.075E-02 730 7.2905¢01 -9.248E-02 731 T.IDOE+0L ~9.329E-02 732 7 34GEe0L ~9,.3LTE-02
T3 7,320£401 ~9,2126-82 734  7.3B0E+01 =9.015€-02 T35 7,34DE+01 «B.720E-03 726 7.350F+01 =A.355E-02
737 F.30UEsDS ~7.d98E-02 738 7 370E401 -7.363E~02 739 7.380E401 «6.756E=02  Ta0 7T.390E+01 =5.082E-02
T 7.L00£401 ~5.340E-02 - FAZ 7.440E401 -4,561E-02 743 T.420E+01 ~3.730FE-g2 Tuh  P.e3OE40L -2.863E-02
TAS  T.hulE+Q1 ~1.969E-02 Thé T.4S0E+0: ~1.056E-012 TH? T.MBOE+DL =-1.339€-03 Thd . T.MTDE+DB)L T.884E-03
74T T.4B0E+01 L.702E-02 750 7.690Es0t 2.597E-D2 - P54 7T.500£¢01 3. G6LE-02 752 T.51DE+01 4.237E~02
753 7.520E+0% S5.005E-02 75 T.530Ee01 S.821€-02 . F5S  7L.540E+01. 6.h98E-D2 © 756 T.S50E401 7. 11i0E-02
TS7 7.560E+0% 7.640E-02 750 T.STOE+01 B.112E-D2 759 7.580E+0% B.u93E-02 ©  TED 7.590E+01 8.788E-02
761 T.6DOE+01 8.996E-02 762 T.6L0E+01 9.113E-02 763 7.620E40% 9.133E-02  T6h 7.6I0EeDL 9.07HE-02
765 T.6h0E+01  3.910E-02 . 766 7.GS0E+01 A.674E-02 = 767 T.650E40L 8.343E-02 - 768 T.670E+01 T.93CE-02
769 7.680£+401 7,438E-02 . T70 7.690Es0% 6,B72E~02  F?L 7.TO00E401 6.238E-02  F72 T.TLOE+DL 5.543E<02
773 T7.720E+01 AJ793E-02  TT8 T.TI0E+DL 3.997E-02  TI5 7.7WOE4DL 3.461E-02 776 7.TS0E401 2.295£<02
TPT  FLTGOENL 1. 407E202 778 7.I70E+01 5.069€-03 . 779 7.780E+01 -3.977E-03  TAG 7.790E+01 =1.297E-02
781 7.000E+01 ~2,182E-0Z 782 7F.B10E+01 -3.085€-02 T8 7.B20E+01 -3, AT6E-02 784 7.A30E+01 =4, 667602
785 7,8LDEs0L =S.410E-02 786 F.BSOEDL -6.099E-02  TBT 7.B8BOEUL =6.7356-02 788 T.870E¢01 ~7.28kE-02
7A9  7.88DCsDL =7.TIOE-02 790 7.090E401 =8,177E-02- - 793 7,900E¢DL ~84502E-02 792 7.9L0E+G1 =8.7%1E~02
793 7.920€+01 -8.894E-0Z  POn  P,Q3DE4QL -8.957E-02 .. 795 7.$40Ee0L -8.930E-02 795 7T.950E+0L -8.815E-03
797 . 7.960£+01 =8.6L1E-02 FOR' 7.9FDE+DL =B.322£-02 799 T.98DE¢0L +7.950E~02 600 7.930E+01 ~7.N99E~D2
801 8,000E+01 -6,374€-02 802 B,U10E+01 -6.380E-02 ~ 803 8.020E+01 -5.723€-02 804 B8.030E+0L -5,010E-02
805 B.060E+01 =4.247E~02 806 B.050E+0L ~J.443E-0Z 697 B,060E+01 -2,606E=02 808 8, 07FE+01 =1.743E-02
TTT 809 B.DS0E+QL =8.646E-03 810 8.090£401 2.169E-D% ALl B8.100E+01 9.066E-03 812 8.110E+061 1.781F-D2
813 0.120E401 2.637E-02  B3% A,130E+0L J.N66E-02  BL5 8.140E+01 4.259E-02 .. B16 8.1506+D1 5.008E-02
617 B.160E¢0) S5.707E-02 618 B.170Ee8L 6,34TE-02 819 6.180E+01 5.924E-02 820 8.190E+0L T.M11E-D2
821 8.200E40L 7,.B62E-02 822 B.21DE*01 8.2{5E-02 = 823 B.220E+01 B8.485€-02 824 8.230£+01 B8.673F-02 -
825 8.260E+01 8.769E-02 826 B.250E401 B,780E-02 827 A.260E+01 B.703E-02 - 828 .270C+01. . 8.539€-02
829 8.280€+01 8.29GE~02 830 B.230E+01 7.959E-07 831 B.YOOE+01 7.549E-02 832 A,310E+D1 7.064E-02
833 H.32DE+0L  6.508E~02 834  8,3J0E401 5.889E-02 835 B.J40EC01 S5.201E-02 . 836 B.¥S0E+01  h.482E-02
837 B.360L+01 3,710€-02 830 B.37DE40L 2,901€-02 839 B, I00E+0L. 2.064E-02 840 B.390E¢01  1.208E-02
8l B LGUE+O1  3.402E-03. 882 B.M10€+0% -5.296£-03  BeZ  B.420E¢0E ~1.393E-82  Bkh 0. 430E+0f -2.2826-02
845 B.4LUE+DL -3.067E-02 866 B.&SDE40L -3.861E-02  Bh7 B 46QE+01 ~4.615€-02  Bed 8.470E+D1 -5.322E-02
Bh3  B.ABOE+01 ~5.975E-02 850 8.AUE+0L -6,568€-02 851 6.500E401 -7.094E-02 ‘
. YABLE 3 VALUES OF ARGUMENTS FOR THE BESSEL FUNCTIONS JO IN THE INTEGRAL FOR THE PRESSURE FIELD

3.232E+00

i : . . : :
‘1 5,366E-01 - 2 7.599E-01 3 9.319E-01 & 1.878E+QD 5 1.206E+00 & 1,323E+00 F 1. e3)E400 8 $.532E¢08
© 9 21.B27E+BD 10 1.748E+00 1% 1.B0ME+00 12 1.887E¢DD £3 1. 96GE¢00 14 2.063E+00 15 2.118E+D0 16 2,.:19C0E+08
7  2.260E+00 18 2,329E+00 19 2.396E+00. 20 2.461F+00 21 2.5256+00 22 2.S8BE+D0 23 2.650E+00 2%  2.710E+DD
25 Z.TTRES00 26 Z.B2BE+0D 27 - 2.08BE+00 28 2.942E¢00 29 2.998E+00 30 3.054E¢D0 I 3.LDAE+0O 32 J.162E+00
< 33 3.215€+00 3% X.26TE+0D 3% I IL9E+00 35 3.370E400 37 3.421E+400 3o J.6ATLIES0B 39 3.521€+00 &0 3,.S5TQE+0Q
2 T.016E+00 : : : . :
L 9,826E-01 2 L,39LE+00 3 1.TOSE«D0 & 1.973E400 5 2,209€+00  § 2.023E+00 T ReB21E+00 & 2.80LSE+Q8
9 2.973E¢00 10 JIJANSE00 11 3.303F+00 12 3. NS00 43 3.600E+00 &4 3.741E400 15 3,877E+00 16 &K.010E+08
17

.139E+00 18 &, 26RE+00 19 S 3BTESO0 20 4. SOTESDD 21 & .624E«0D 22 Q.73IFEL00 23 4.B852E+00 2% A 962E+00
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25 5.07LE«0Q

3) S.bhB6EsDC

3 L.017Ee¢DY

L 1.425E+00

9 K IZ1E4D]

17 _6.001E+00

2% T.35LE+0

33 A.53%E+00

& 1.332E+01

1 1.886E+00

9 S.65BF+00

17 74860E+00

25 9.631€+00

33 1.118€+D1

5 1.6LTE+4]L

L 2.306E+07

9 6H.99%E+00

17 9.7T16E¢aD

25 1+191Es+]1

I3 1.387E«01

5 1.,962E+¢01

1 2.767E+00

9 B.3I3LE+00

VAT 1u1sTEem

25 1.4180+01
33 1.6M6EeNt
T 2.276E£401
L J.187E+Q0
9 9.6BHE+OD
17 13636404
25 1.665E+08
33 1.910E+02
8 2.590Ee02
1 3.622E+00
9 1.100Eep1
17 1.528E+01
25 1.872E+01
33 Z.173E+08
9 2.9056+01
1 4.068E+00
9 1.236Fe01
17  1.713E+01
25 2.100E+01
33 Z2.437E+401
10 3.219Es+D1
1 &.508E+00
9 1.3587E+0L
L AT 1.899E+qt
2% 2.3zvE+02
33 2.701E+01
11 3.533E+01
T W, JUBELDD
9 1.501E+01
8T 2.084E+DL
25 2.554E«01}

33 2.954E+(3

12 J.BuTEQL

: 1 5.338E+30
9 1.634Es+01
_ AT 2.27GEsD2
25 Z«7B1E+DL

. 3XI 3.2208E+b)
. S 13 wul62EeD1
1 5,828E+00

9 1.76TE+0L

2T Z2.M55E+01

26
h LY

10
18
26
3

10
18
26
34

10
18
26
I&

10
18
26
3s

18
e

26
3%

19
14

T 26

E

10

18

26
34

14
13
26
kL]

10
26
36

10
18
26
4

ia

18

S+178E+00
5.982E400

2.017E+00
%+ 560E+00
b.183E+00
T.SU9E+00
B.6F5E400

2.642E+00
5.972E+00
8.098€+00
9, 834E+00
1.136E+D1

3.26BE+0D
T.383E+00
1.005E+01
l.216E+01
1.405E401

3. 890E+00
8. 793E+DD
1. 192E+101
1eb4BE+QL
1.67IE+01

4.514E+80

1. 020E+01L
1.,3836+01
1.68DE+01
1.941E+04

5,137E+00
1. 1B1E4D1
1. 5746401

1,912€+Q1

2. 2095402

5.75E + 82
1.302€+014
1.765E+81
2+ 1L4E+01
ZuhPTECOL

. 6. 383400

1,443E+01
1.956E+81
2, 3T6E4+01
2. TU5E+DL

T.007€+00
1.584E+02
2.108E+D]
2. BOAE+0O1
3. DL3E+02

T+ 630E+9D
1.725E+01
2,333E+04
2. 86DE4DL
3. 281E+D1

8.253E+00

. 1aBBBE+QL

2+529E401

27
s

11
19
27
35

3
11
19
27
35

3
11
19
27
s

3
11
19
27
35

3
11
19
ar
35

3
i1
19

27

3%

3
11
19

27
J5

-3
11
19
27
35

3
11
19
27
35

3
11
19
27
3s

3
11
19

5.206E+00
6. 077E40D

Z.UTHELRD
4, 789E+0)
6. 3J6LE+ 00
T.662E+00

8. 81ZE+00

J.260E408
6.2T2E+00
8. 331E+00

1+ 003E+01

1.454E+01

4.0n6E+RO
T.754E+00
1.030E+01
1.260E+01
1.42TE+OL

&.7TLE 00
9.234E400
1.22TE+G1
1.477€483
1.6935E¢ 018

5.535£+00
1.074€:01
1.423E40¢
1.T14E+Q}
1.972E+01

6. JDOE+ 00
1.219€+01
L.620E+02
1.954E+ 01
LelhhEeDL

T+06HE+ DD
1.367EeDL
1.816E+02
2.188E+01
2.516E+01

7.829E+0D
1,515E+0%
Z+013E+01
C 2e42NE4GY
2.788E+01

B.59TE+D0
1.663E+ D1
2.209€401
Z.6BLESOL
3. 064E+ D2

9.357TE+00
1.811E+01
2+506E+01
Z2+898E+81
I 333601

1.012€+01
1.959E+01L
2.602E+0%

5.387€+00

cBeLTLE#DO

2.062E400
5.009E¢00
6.535E+400
T.813E4D0

8. 909E+ 00

3. T4TES 0O
8.560E+00
8.559E+00
1.023E+01

Cl.a72€e02

S.632E4Q0
8.109E+00
1.058E+01
1.265E+01
1.449E+01

S.516E+00G
9.658E+00
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