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Abstract

The interior radiances are calculaged within an optically deep absérbing
medium scattering according to the Haze L phase function. The dependence on
the solar zenith angle, the single scattering albedo, and the optical depth
within the medium is calculated by the matrix operator_method. The development
of the asymptotic angular distribution of the radiance in tﬁe diffusion region
is illustrated through a number of examples; it depends only on the single
scattering albedo and on the phase function for siﬁglelscattering.‘ The
exact values of the radiance in the diffusion region are compared with
values calculated from the approximate equations proposed by Va; de Hulst.
The variation of the radiance near the lower boundary of an-bptically fﬁick
medium is illustrated with examples. The attenuation length is calculated
for various single scattering albedos and compared with the corresponding
values forlRayleigh scattering. The ratio of the uﬁward-to the downward fiux
is found to be remarkably coﬁstant within the me&ium. The heating réte
is calculated and found to have a maximum value at an optical depth of two
within a Haze L layer when the sun is at the zenith. The location of this
maximum moves toward the top of the haze layer as the solar zenith angle
.increases and also as the single scattering albedo decreases. When the
single scattering albedo is leés than 0.8, the downward flux is so small
within the diffusion region that experimental measurements are probably not

possible. o o<
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INTRODUCTION

The interior radiance within optically deep absorbing media may be
calculated by the matrix operator theory recently reviewed by Plass gg_gll(l).
An entirely rigorous numerical solution of the radiative transfer equations
is obtained by fhis method. Further details oflthe matrix operator method
are given in the first paft of this series of articles by Kattawar and Plass(z)
(heréafter referred to as I). In the second part by Plass.gg_glL(B) (hereafter
referred to aé I1I), results are given for the interior radiance within a
medium with.Rayleigh scattering. l

The only reasonably accurate vélues for the interior radiance previously

reported in the literature appear to be those of Plass and Kattawar(a’s) and

(6)

Kattawar and Plass. Interior radiances were calculated by a Monte Carlo
technique for the earth’s atmosphere~ocean system taking into account the
optical properties of the interfaée between the atmosphere and ocean.

The present results obtained by the matrix operator technique essentially
use the relatively simple equation for the interior radiance originally given.

(7)

by Bellman (see equations (3-4) on p. 348) which do not appear to have been

used previously in practical calculations.
The only difference between the calculations reported here and those
for Rayleigh scattering given in II is the use of a Haze L phase function

(8)

as defined by Deirmendjian for the present calculations. The size distri-

. 1
bution of the radil of the haze particles is propertional to r6 exp(-15.1186 rﬁ).

The modal radius is 0.63u. A method for the calculation of the Mie phase

matrix in-an efficient form for use. in matrix operator calculations is given

(9)

by Kattawar et al.

The results of the present calculations illustrate the dependence of the
- interior radiance and flux on the optical depth within the medium as well as on
its absorbing anq gcattering properties. The development of the asymptotic

angular distribution of the radiance in the diffusion region is given. This

I<
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asymptotic distribution is unobservable when the single scattering albedo is
small, since the diffusion region only begins at great optical depths where
the flux is extremely small. The range of optical depths where the ratio
of the upward to downward flux is constant is investigated, as is the range
where the decrease of the downward flux with optical depth can be representad
by‘an exponential. The heating rate within the medium is calculated and found
to be nearly‘propbrtional to the downward flux except near the boundaries.
The results fpr the Haze L scattering function are compared with those for

Rayleigh scattering.

DOWNWARD RADIANCE
The phase'functioh calculated from Mie tﬁeory for the distribution of

particle si;es known as Haze L is shown in Fig.-l. The real part of the index
of refraction was taken as 1.55 in all cases. The phase function waé calcu-.
lated for five different values of the complex part of the refractive index:
n, = 0.0; 0.001; 0.0127; 0.028; 0.23. The single scattering albedo.mo is
defined as the fraction of the incident light lost by scattéring whereas_?
fraction 1 - W, is lost by absorption in a single event. The'corresponding

values of W, for the five different values of n, given above are: 1.000; 0.989;

2
0.890; 0.801; 0.503,  The average value of the cosine of the scattering angle (g)
for each of these cases is respectively: 0.6583; 0.6682; 0.6911; 0.?206; 0.8326.
For clarity these phase functions have been displaced vertically in Fig. 1.
The value of unity on each phase function has been marked by a short horizontal
line.

The dashed lines in Fig. 1 show the analytic phase function which has
been used extensively in the literature and which was introduced by Henyey

(10)

and Greenstein . This phase function is defined as

p(w) = (4 W (l—gz) (l+g2 - Zgu)_yz, (1)



- whose normalization Is

Ly 12 (uydude = 1. (2)
-1o
The values of g calculated from the exact Mie phase function as given above
were used to plot the Henyey-Greenstein phase function. The approximate phase
function does not reproduce the actual increase in the Mie phase function for
scattering angles near 180° (the glory) for the first four phase functions
nor does it reproduce the sharpness of the forward scattering peak for
scattering angles near 0°. Only when the absorption is quite large (n2 = {.23,
wo = 0.503) does it approximate the Mie phase fungtion. The accurate phase
function obtained from Mie theory has been used in all of the matrix operator

calculations given here. They are included in the calculation by the method

1.

described by Kattawar et
The interior radiances were calculated.from equations (5) and (6) of

(1)

Plass et al. by the methods of matrix operator theory. Greatly imprﬁved
accuracy was obtained by the use of a Runge-Kutta methodito obtain a starting
value instead of using the single scattering approximatioﬁ. The differential
equations satisfied by the reflection and transmission operatofs (see

(

Kattawar ll)) Wére integrated from the origin to an optical depth of the order

of 10_3. Since the error of the Runge-Kutta method is prOportidnal to h5

where h is the interval size, the solution at this optical depth has an error

of the order of 10_15. These calcalationg were done on a CDC 7600 and required

approximately 8 min-of computer time for each of the five cases reported here. -
The calculations were continued out to very large (v = 16,794} optical

depths when the single scattering albedo W= 1; when wo‘<1 the calculations

were carried out to optical depths of 65-109 depending on the particular value

<



Of'@O. In each case results were calculated using several different values
for the albedo of the lower surface. Since this albedo only influences the
radiance near the lower surface, it is only of interest when studying the
radiance near this surface.

The downward normalized diffuse radiance is shown in Fig. 2 when w, = 1
as a function of the cosine py of the zenith angle of observation. These
curveé are in the principal plane, so the azimuthal angle ¢ = 0% or 180°. The
cosine H, of the solar zenith angle is 0.85332 wﬁich corresponds to a zenith
angle 60 = 31.42°., The downward radiance is shown for a number of different
values of the optical depth 7 within the medium. Imn each case the radiance
is multiplied by the factor (w/diffuse flux at depth ), so that the varia-
tion of the radiance with ¥ at different depths can conveniently be compared.
The incoming flux is normalized to unity across a plane pérpendicular to the
incoming beam.

At small values of the optical depth there is a pronounced ﬁaximum in the
downwa?d radiance due to the strong forward scattering of the Haze L phase
function. At T = 5 this maximum has become weak and is nearer the zenith.

The asymptotic radiance distribution exists for T > 13 on the scale of this
figure. The development of an asymptotic form for the radiance distribution

at large optical depths was predicted by Preisendorfer(lz), but no calcula-
tions have previously heen reported of its development with optical depth, other
than those in II.

The downward normalized interior radiance for UB = (.99, 0.9, 0.8 and
0.5 is shown in Figs. 3-6 respectively. When T,< 1 the angular dependence of
the radiance remains qualitatively the same as wo decreases, the only effect
being a slight increase in the wvalue at the maximum and a corresponding decrease

at the minima. On the other hand the angular dependence for large values of

o=
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T depends critically on wo. The ratio of the radianée at the zenith to

that at the horizon increases greatly as W becomes smaller. The optical
depth required for the development of the asymptotic form on the scale

of these figures increases as W, increases; the.asymptotic form is
approximately valid for Tt >»17 when wo> 0.8, but only when 1t > 33 when b= 0.5.

(12)

Preisendorfer was only abie to derive the variation of the
radiance with y at large optical depths in the diffusion region for the special
case of isotropic.scattering. In II the results for Rayleigh scattefing are
given which agree approximately with the predictions for isotropic
scattering. No other results have been reported previously for other
scattering functions. Thus it is of considerable interest to study the
- variation of the asymptotic radiance distribution as the phase function
is changed.

In the diffusion region the ratio of the upward radiance at the
nadir (u= 1) to that at the clesest calculated point to the horizon {u
= b.03785) is shown in columns 2 and 3 of Table 1 for both the Rayleigh
and Haze L phase functions. The ratio of the downward diffuse radiance’
at the zenith (n=1) to that at the closest calculated point to the
horizon (un= 0.03785) is shown in columns 4 and 5. In the diffusion region
the radiance at any particular value of U decreases as exp(-bt); the value of
the attenuation length b is given in columns 6 and 7 of this table.

The value of b is less for Haze L than for Rayleigh phase functions
for all values offu;; .The stronger forward scattering in the former
case allows the photons to reach greater optical depths. Thus the
downward flux is greater for Haze L than for Rayleigh scattering at any
pariicular optical depth such that T > 1. A consequence is that the valie of
b must be less than for Rayleigh scattering.

The ratio of the downward flux at the zenith to that near the
horizon as given in Table 1 shows that this ratio is larger for Haze L

than for Rayleigh scattering for all wvalues of @ s because of the greatly
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increased forward scattering in the former case. When W, < 0.8, the
downward radiance is largely concentraﬁed in a relatively'narrow selid
angle around the zenith.

The dependence of the ratio of the ;pward radiance at the nadir
to that near the horizon as given in Table 1 is more éomplicated. For
Rayleigh scattering, the ratio first decreases and then increases as
o, decreases. On the other hand, the ratio momotonically decreases
over the calculated range as W decreases for Haze L scattering. Thé
upward radiance is derived by multiple scattering from the downward.
The described variation of the ratio can be understood by comsideratiom
of an approximation valid for small values of 0 . ﬁhen W < 0.5 most
of the photons in the upward beam in the diffusion region have under-
gone only a single scattering after leaving the downward beam, because
of the high pfobébility of absorption for these values of W . Further—~
more the downward beam can be considered to be approximately in the
vertical direction in the diffusion region. In this approximation an
eleﬁentary integration over t of the probability for single scattering

shows that
P (1) /1P ) = [0(-1)/ 8 (- [+ ], (3)

where ¢ is any single scattering phase function. When 1 = 0.03785 the
approximate ratio predicted from this equation is 1.036 for Rayleigh scattering

and 0.24 for Haze L scattering. The ratio for Rayleigh scattering is approaching

q«
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this approximate value when wo = 0.1. Calculations were not made for Haze L
scattering for this value of wo’ but the ratio probably increases from its value
of 0.162 when wo = 0.5 to more nearly agree with the approximate formula. In
any case the approximate equation indicates how tﬁe upward radiance depends

on the phase functioﬁ. |

The variation of the flﬁx‘and radiance as a function of optical depth is
given in Tables 2 - 6 for wo =1, 0.99, 0.9, 0.8, 0.5 and for the sun at the
zenith. The optical depth is given in the first column. In each case the
lower boundary of the medium was taken at the largest optical depth shown in
each table. A lower boundary surface with zero albedo was assumed. The values
for the flux and heating rates are discussed in later sections. In all.cases
the incident solar flux is normalized to a value of unity through a surface
perpendicular to its initial direction.

The last two columns of Table 2 - & show the ratio of the upward radiance
at the nadir to that near the horizon (¥ = 0.03785 or 6 = 87.83°) and the ratio
of the downward diffuse radiance at the zenith to that near the horizon. When
wo = 1, these ratios become very close to unity in the interior of a medium of
total optical thickness 16,794, When w, = 0.5, this ratio for the downward
radiance can become large (139 at T = 2.98). These ratios can be used as a
test for the optical depth at which the asymptotic fadiance distribution begins,
since these ratios do not change within the diffusion region. When mo =‘0.99
these ratios are constant to five significant figures if 25 < T < 53, When
w, = 0.8 these ratios are constant to three significant figures if 25 < 1 < 65.

5

However, in this case, the downward flux is 2.8 X 10 at T = 25 and 7.5 X 10—13

G«
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at T = 65. Thus experimental measurements could.only be made with diffiéulty,

if at all, due to the low light levels and interference from other light sources
in this diffusion region. When w = 0.5, these ratios are constant within oné .
percent only when 33 < T < 61, The downward flux is only 3.9 X 10-1O at

T = 33, Thus, w_henlmO < 0.8, the radiance is too émall for éxperimentél.measgre—
ment within the diffusion region. A similér conclusion was reached in II for
Rayleigh scattering.

The downward interior radiance when the sun is near ﬁhe horizon,
w = 0.18816 (8 _ = 79.15°%), is shown in Figs. 7 and 8 for w_= 0.99 and 0.5
respectively. It is interesting to follow the position of the maximum value of
the downward radiance as the optical depth of observation within the medium
increases. For very small optical depths the maximum downward radiance is at the
horizon. At a depth f = 0.5 within the medium the maximum is near 79° (close to
the solar direction). When 7 = 1, the maximum has moved to about 75°. When T = 3,
the maximum is near 49° and 53° for Qo = 0.99 and 0.5 réspectively. It is near
32° and 36° at T = 5 and near 5° and 14° at T = 9; in each case the values are
for wo= 0.99 and 0.5 respectively. When w, = 0.99 the maximum value is at the
gzenitcth for all 1 > 13. This is true for w, = 0.5, when T > 21.
All of the radiance values presented so far have been in the principal

plane which contains the incident solar direction. Some examples of the azimuthal
variatién of the downward radiance are given in Figs; 9 and 10. As before the
actual dowuﬁard radiance has been mul;iplied iﬁ each case by the factor
(1/diffuse downward flux at depth T), so that the variation of the radiance with

u at different depths can conveniently be compared.

40<
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The downward normalized radiance is shown in the lower part of Fig. 9 when
u, = 0.18817 (9_ = 79.157), u = 0.26192 (8 = 74.82°) and w_= 1. At small
optical depths the radiance is maximum in the solar direction (¢ = 00) and a
minimum in the antisolar direction (¢ = 1800). At optical depths greater than
13 the radiance is independent of the azimuthal angle on the scale of this
figuré.

As another example the downward radiance is shown in Fig. 10 for
M, = 0.85332 (60 = 31.420), u o= 0.71392 (n = 44.440) and w, = 0.5. When there
is appreciable absorption within the medium, as in this case, the varlation with
azimuthal angle persists to much greater optical depth than otherwise. In this
case it is only at optical depths greater than 33 that the downward radiance is
independent of ¢ on the scale of this figure. This is another indication that
. the diffusion region has been reached.

UPWARD RADIANCE

The upward normalized radiance is shown in Figs. 11 - 14 for w, = 1.0,
0.99, 0.8, and 0.5. As in the-case of the downward radiance, the upward normalized
radiance is computed by multiplying the upward radiance by the factor (u/diffuse
upward flux at depth 7). The radiance in these figures is shown as a function of
the cosine p of the nadir angle and is for the incident plane t¢ = 0° or 1800).
The cosine of the solar zenith angle was chosen as M, o= 0.85332 (31.420). As
expected the variation of the upward radiance with 1 is very much less than that
for the downward radiance.

When w, = 1 (see Fig. 11) the upward radiance above a thick haze layer increases
from the solar horizon (left side of all figures for upward radiance) to the nadir
and then continues to increase to a relatively sharp maximum at py = 0.835; the

radiance then decreases to the antisolar horizon (right side of figures). The

I & T
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maximum is due to the glory phenomenon, the increase in the phase function for
scattering angles from about 120° to 180" (see Fig. 1). The relatively rapid
increasé in the phase function as the scattering angle approaches 180" is the
reason for the maximum in these radiance curves. No maximum whatscever would havel
been obrained if the Henyey-Greenstein phase function had been used since it has
no maximum for backward scattering. This maximum still occurs at an‘optical depth
of unity for a haze with w, = 1, but cannot be seen on the scale of the figure when
T = 5.

The upward radiance at the top of the haze .layer (r = 0) is somewhat dif-
ferent when w = 0.99 (Fig. 12). The radiance increases from the solar horizon
to a maximum near ¥ = 70° and then decreases until near the nadir; the radiance
fhen increases to a stronger maximum near p = 0.353 than in the previous case
with w, = 1; the radiance then decreases to the antisolar horizon. The
maximum is stronger than in the previous case because of the small amount of
absorption which decreases the contribution from multiple scattering. A trace
of the relative maximum for 180° single scattering can still be seen at an
optical depth of 3 within the medium. The asymptotic form for the upward
radiance is reached in this case on the scale of the figure at 1 = 9; the
radiance increases from the nadir toward the horizon.

Whentno = 0.8 (Fig. 13) the maximum near the angle for 180° singlé
scattering is somewhat less than in the two previous figures, but is still
noticeable for 1< 3. The phase function still has a maximum at 180° in this case
(Fig. 1). The radiance at the solar horizon is largef than that at the nadir
at all optical depths.

The variation of the upward radiance with y is quite different whentuo = 0.5
(Fig. l4). There is no longer any maximum nearp = 0.853. The phase function
(Fig. 1) does not have a relative maximum for 180° scattering when the particles

absorb this much. At all optical depths from the top of the haze léyer to within
i<
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the diffusion region, the upward radiamce has qualitatively the same variation
with y in this case.’

The upward radiance when the sun is near the horizon (uo = (0.18816; 60 = 79.150)
is shown in Fig. 15 for the case 6, = 0.5. There is a much larger variation in the
upward radiance (three orders of magnitude near the top of the haze layer) than in
the previous cases considered. The asymptotic radiance distribution does not
develop (on the scale of Figs. 14 and 15) until optical depths of the order of
33 are reached.

Two examples of the variation of the upward radiance with azimuthal angle
¢ are given in Figs. 9 and 16 for no= 0.18816 and u = 0.26192. When u = 1
(Fig. 9), the radiance is a minimﬁm near ¢ = 120° at small optical depths. On
the other hand when Qb = 0.5 (Fig. 16), the ;adiance decreases monotonically with
$ . There is a larger variation with ¢ in the latter case and the radiance does

not become independent of ¢ on the scale of the figure until T = 33.

APPROXIMATE RADTANCE EQUATION
Van de Hulst13 obtained the following approximate expressions for the
radiance R(3y) in the diffusion region and the approximate single scattering

albedo wA,

RG) =1+ (-g) " bu+ 2 Q-g)" -m b R0 + .., %)

2 [(4-9g + 5gh)/45(1-g) - 1p% + ..., (5)

1 -1
wy, =1 - 5-(l—g) b

13<



where in our convention

g = 7 leGr, (odnds, 6)
o -1 .
2 .
he (07 {1 # ()P, (u)duds, W
0 . .

where ¢(u) is any single scattering phase function normalized according to

2
equation (2), Pl(u) and Pz(u) are Legendre polynomials (u and % (3 ™ - 1)

respectively), b is the attenuation length in the asymptotic radiance region as

tabulated in Table 1. The single scattering albedo and the radiance were
calculated for each haze phase function from thése approximate equations.
These approximate resul;s were checked against our exact calculations.
The value of the attenuation length was taken from the exact.patrix operat6r
calculations. The approximate equations for the radiance are accurate for
all values of u within 0.55% Whenrgo 3'0'997 These approximate equations,
however.develop inaccuracies rapidly as . departs further from unity. .When

the exact value of the single scattering albedo w_ = 0.900, the approximate

E
gingle scattering albedo calculated from eqﬁation (2), wy = 0.901; the .
calculated downward and upward radiance from equation (4) is given in Fig.
17. The downward and upward radiances calculated from equation (4) have
errors as large as 5.7% and 29.6% at the zenith when & = 0!9.

Similarly When w, = 0.800, the value obtained from equation (5) is -~

B
Wy = 0.813; the radiances are shown in Fig. 18. The approximate equatioﬁ

is considerably less accurate for the upward than for the downward radiance
with large disérepancies obvious in these two cases. ‘When‘u% = 0,800, the
upward radiance calculated from'equation (4) is in error by 2042 near U = 1
and by 149% neaf ﬁ = 0.54; the downward radiance also calculated from.équa—
tion (4) is in error by 147 near u = i and 29% near V = 0.54. Thus the‘
approximate exﬁressions developed by Van de Hulst given by-equations (4) and
(5) are reasonabiy accurate only when u, 3 0.9§.‘

" In the diffusion region both the total downward flux as well as the

radiance at a particular angle decreases as exp{(-br1). The accurate values

of b obtained from the matrix operator calculations as a function of w gre
(o]

ghown in the center part of Fig. 19 for both Rayleigh and Haze L phase |

i4<
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functions.

Van &e Hulstl3 gives the following approximate expression for b
) ,
b™ = 3(1 - wo)(l -z )+ ... . (8

~The ratio b2/3(l - mc)(l - g) should be constant if b is given by the first
term of this expansion., This ratio is shown in the lower part of Fig. 19.

Obviously this is a poor expression for b unless wo is near unity.

RADIANCE NEAR LOWER BOUNDARY

A Lambert reflecting surface is assumed in these calculations atrthe
lower boundary of the optically thick medium, Neither this assumptioh nor
the élbedo of the lower surface, A, has‘any influence on the radiance in the
diffusion region far in the interior of the medium. 6n the other hand the
variatiqn of the radiance with optiéal thickness from the boundary is entirely
different at the lower boundary than at the upper becaﬁse ﬁf the entifely
different boundary conditions. WNear the upper:boundary the radiance ié strongly
depéndent on the solar . zenith angle and is in general also a function of the
azimuthal angle. In the diffusion region deep inside the medium, the photons
have made so many collisions that they have lost all memory of the. initial
solar direction. The radiance no longer depends on the solar zenith angle
and is independent of the azimuthal aﬁgle of observation. The radiance from the
lower boundary up into the diffusion region of an optically deep medium does
not depend on the solar zenith angle-nbr on the azimuthal angle of observa-
tion for the same reason just mentionéd.

Thus the development of tﬁe radiance from the lower boundary into the
medium is entirely different than that from the upper. Some examples are giﬁen
here. Both the upward and downward normalized radiance are given in Fig. 20

when ub =1 and A = 0. The total optical depth of the medium was 16,794, so

that the radiance in the region shown here is independent of both LR and ¢. ‘jiigﬂz
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The Optical»depth measured from the lower boundary is called.w'. At the
lower boundary the downward radiance increases monotonically from the horizon
to the zenith. The variation with U bécomes progressively less promounced
as 7' increases. At T‘~= 77 the downward radiance is equal to its asymptotic
form on the scale of the figure. Because of the assumption that A = 0, the
upward radiance is zero at the lower boundary. The upward normalized radiance
when 1' = 0.125 is shown in the upper part of Fig. 20; 1t decreases monotonically
from the horizon to the nadir. The upward radiance has approached its asymptotic
form when t' = 77.
As another example, phe downward and upward normalized radiance when
w, = 0.8 and A =0 and 0.15 is shown in Figs. 21 and 22. In this case there
is relatively little change in the downward normalized radiance from the
lower boundary into the aéymptotic region. At t' = 3 it is equal to the
asymptotic form on the scale of this figure. There is also relativelf little
difference between the curves for A = 0 and A = 0.15 except near the herizon.
As might be expected the upward normalized radiance is much more sensi-
tive to the value of the surface albedo as shown in Fig., 22. It approaches
the asymptotic form when t' = 9 on the scale of this figure. When A =0 the
upward normalized radiance decreases by over two orders of magnitude ffom the
horizon to the nadir when t' = 0.009766. As 1' increases the Qalue near the
horizon decreases and the value near the nadir increases to the correct
asymptotic value. The variation is just the opposite when A = 0.15. The
upward normalized radiance is constant at t' = 0 because of the assumed

' increases, the value near the horizon in-

Lambert bounding surface. As T
creases and the value near the nadir decreases until the asymptotic value

is reached. The limiting asymptotic curve for the radiance is, of course,

independent of the assumed value for the surface albedo, A.

16<
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FLUX

Flux values at various optical depths within the medium are given in
Table 2 when W, o= 1, and B, = 1. The second column gives the upward flux; the
third column shows the downward diffuse flﬁx; the fourth column gives the total
downward flux including the incident solar beam, which is assumed to be at
the zenith. The difference between the total downward flux and the upward flux
- is shown in the fifth column. The upward and downward flux have the same
numerical value to four or five significant figures down to optical aepths of
several thousand. _ﬁevertheless,their difference is constant to three significant
figures in our calculations. This difference is necessarily a constant for a
conservative problem (mo = 1). The incident solar beam makes no contribution
to the total downward flux to five significant figures at optical depths greater
than 13. The total downward flux becomes significantly greater than unity over
a large range of'op;ical depths starting from the upper surfacé és is the case
for Rayleigh scattering (see II). When 7 > 5, the total downward flux is
always greater for the Haze L than for the Rayleigh scattering medium. .This is
due to the greater forward scattering from the haze phase function and persists
down to an optical depth of 16,794 at the lower surface of the médium, even
£hough the photons which reach this level have undergome an extremely large
number of scattering events.

The first four columns in Tables 3-6 tabulate the same gquantities as afe in
the corresponding columns of Téble 2. The fifth column of Tables 3-6 shows the
ratio of the upward flux to the total downward flux. The quantitya F/ 31, which

is proportional to the heating rate of the layer, is given in the sixth column.

17<
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Within the tabulated accuracy of four significant figures, tﬁe incident beam does
not contribute to the total flux at optical depths greater than 17 when W, = 0.99,
0.9, or 0.8. When 0, = 0.5, the incident beam does not contribute at optical
depths greater than 33. This is quite different for Rayleigh scattering (see II)
where the incident beam makes a significant contribution at much larger optical
depths. The stronger forward scattering from Haze L ‘than from Rayleigh is the
reason for much higher flux values at corresponding levels deep within a Haze L
compared to a Rayleigh medium. For example, at 1 = ;0.98 the ratic of the downward
diffuse flux for Haze L to that for Rayleigh is 19, 5,768, and 55,420 for |
we = 0.99, 0.9, and 0.5 respectively. An important consaéuence of this is that
the direct solar beam makes a significant contribution to the flux and radiance
at deeper levels for Rayleigh than for Haze L scattering, especially when there is
appreciable absorption in the medium. This in turn is an important factor in
determining the optical depth at which the diffusion region first develops. The
diffusion region camnnot develop as long as the direct golar beam is a significaﬁt
fraction of the radiancé in that directiomn.

A quantity which is often measured experimentally is the ratio of the upward
interior flux to the total downward interior flux. This ratio is remarkably
constant over a large range of optital thickness in an optically-deep medium,

The limiting value of this ratio in the diffusion region is determined only by
the phase function and the single scattering aibedo. Since the upward flux is
derived by multiple scattering from the downward flux, this ratio only changes

near boundaries where other factors have an influence.

18<
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When w = 0.99, the ratio of the ﬁpward to downward interior flux is 0.673
“and is constant from 9 < 1< 69 for a medium of total optical depth of 109. The
corresponding value of the ratio for Rayleigh scattering is 0.793. The ratio is
dlways larger for Rayleigh scattering than for Haze L because of the larger
probability for backward scattering in the firs; case. When Wy =70.9, the ratio
is 0.265 (compared to 0,470 for Rayleigh) when 17 <1< 65 for a medium of total
optical depth of 77. When w, = 0.8, the ratio ig 0.136 when 17 < 1< 65 for a medium
of total optical depth of 77. Finally when wy = 0.5, the ratio is 0.0171
(compared to 0,132 for Rayleigh) when 25 < 1< 61 for a medium of tqtal optical
depth of 65. Since the diffusion region only begins at approximately t = 25 when
W, = 0.5, it would be extremely difficult to observe the flux or radiance in this
Tegion since the total downward flux is only 8.756 x 10_8 at Tt = 25. The ratio is
not only much lower for Haze L than for Rayleigh when W, = 0.5, but the diffusion
region is established at a much smaller optical depth in the former case.

The heating rate is proportional to the quanity 3F/31, which is also given
in Tables 3-6. Iﬁ the diffusion region the heating rate is proporticnal to the
downward flux. The ratio of 3F/31 to the total downward flux in this region is
0.03311, 0.2293, 0.3771, and 0.6642 qhen w = 0.99, 0.9, 0.8, and 0.5 respectively.
fhe corresponding values for Rayleigh scattering are 0.03564, 0.2775, and 0.818
for w, = 0.99, 0.9, and 0.5 respectively. The variation of ;his ratio with Wy is
shown in Fig. 19;

The heating rate as a function of optical depth within the medium is shoﬁn
in Fig. 23 when w, = 0.99 for various values of - All of these curves have
been normalized to thé value unity at T = 0. When the sun is at the zenith the
maximum heating occurs at an optical depth T = 2 within the haze layer. When

u, = 0.85332 (31.430), the maximum heating occurs at approximately T = 1.4. As the

19=<
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sun moves away from the zenith the region of maximum heating rapidly approaches
the top of the haze layer. It is at approkimately T = 0;2 when uo = 0.53786 (57.460)-
This fact may have important consequences on the development of clouds. .
The heating rate as a funetion of optical depth within the medium is shown
in Fig. 24 when u0 = 1 and 0.18816 (79.150) for various values of wé. When
L 1, the optical depth at which the maximum heating rate occurs moves towards.
the top of the haze layer as W decreases; it is aPproximately at T =2, 0.7, and
0.2 when w, = 0.99, 0.9, and 0.8 reépectively. When the'éun is near the horizen,
the heating rates decrease very mﬁéh mote rapidly as T increases than when it is at-

the zenith.
_CONCLUSIONS

The wvariation of the fqu and radiance within a very thick Haze L
scattering-absorbing layer has bgen stﬁdied and illustrated through a number of
examples. The dependénce on the solar zenith angle, the single scattering albedo,
and the optical depth within the medium is shown. These results are compared with
those for Rayleigh scattering.

A diffusion region always exists in the interior of a sufficiently thick
‘medium. Within this region the upward and downward radiance is independent of
the solar zenith angle, of the azimutrhal angle of observation, and of the albedo of
the lower surface. The asymptotic radiance distribution in this region depends only
on the single scattering albedo and on the phase function for single scattering.

A necessary condition for fhe existence of the diffusion region at a given depth
within the medium is that the direct solar beam be very small compared to the
radiance in the same direction. The ratio of the downward (upward) radiance at-
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the zenith (nadir) to that near the horizon approaches a limiting value as the
optical depth increases and the diffusion region is reached. However, when

“, < 0.8, the dowaward flux is so small within the diffusion region that'experimental
measuremeﬁts would be difficult if not impossible.

In general the variation of the upward radiance with angle of observation is-
much less than that for the dowmward radiance. The radiance computed.from the
approximate equations of Van de Hulst has been compared with the exact values.

The approximate eqﬁations are accurate only when‘wo > 0.99.

The radiance near the lower boundary of an optically thick medium is
independent of the solar zenith angle and the azimuthal angle of observation.
The'variation of the downward and upward radiance as tﬁe.pdint of observation
is varied from the lower boundary uﬁ into the medium is illustrated with examples.

The -total downward flux may be greater thau unity (normalized to unit
incident flux through a plane ﬁerpendicular to the solar direction) néar the
upﬁer boundary when the sun is near the zenith and when mo'is néar unity. When
the medium is abéorbing, the downward diffuse flux is greater for Haze L than for
Rayleigh phase functions because of the greater forward scattering in the former
case.

In the diffusion region the flux (or the radiance at a particular
observation angie) decreases as exp (—BT), where b is the attenutation length.

The value of b depends only on Wy and the phase function. It is always less for
Haze L than for Rayleigh scattering for the same value of W,

The_ratio of‘thé upward to the downward flux is remarkably constant within

the medium. When m; > 0.8, this ratio is constant within 10% for ¢ > 3 down to

points near the lower boundary. This ratio is always less for Haze L than for

o
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Rayleigh scattering. When w, = 0.5, the ratio is 0.0171 and 0.132 fér Haze 1. and
for Rayleigh scattering respectively; the appreciable difference is due to the
backward scattering characteristics of the phase functions.

Within the diffusion region the heating rate is ﬁroportional to the total
downward flux, The heating rate has its maximum value at an optical depth of two
within a Haze L layer when the sun is at the zenith. The optical depth atlwhich
this maximum occurs moves toward the top of the haze layer as the solar zgnith
~ angle increases and also as the single scattering albedo decreases.

This work was supported in part by Grant No. NGR 44-001-117 from the
National Aeronautics and Spece Administration. Acknowledgement is made to the
National Center for Atmospheric Research, which is sponsored by.the National

Science Foundation, for computer time used in this research.
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CAPTIONS FOR FIGURES
FIG., 1. Phase function for single scattering as a function of the cosine of
the scattering angle. The real and imaginary part of the index of refraction,

n, and Ny, were chosen to be: n

1 = 1.55; n

= 0.0; 0.001; 0.0127; 0.028;

1 2

0.23. The corresponding values of the single scattering albedo wy = 1.0;
0.989; 0.890; 0.801; 0.503. The average value of the ﬁosine of the scattering
angle is: g = 0.6568; 0.6682; 0.6911; 0.7206; 0.8326 respectively. The

" solid curves are calculated from the exact Mie theory and are used in.all of
the multiple scatfering calculations repérted here. The approximate Henyey-
Greenstein phase function is shown as dashed lines for comparisom.

FIG. 2. Downward normalized interior radiance as a function of the cosine

(u) of the zenith angle. Curves are given for various values of the optical
depth within a very thick homogeneous layer scattering according to the Haze L
phase function for w, = 1. These curves are for Mo = 0.85332 (31.42?) and the
incident plane containing the direction of the incoming beém @ = 0° for left
half and ¢ = 180° for right half of figure). The solar horizon is at the

left of the figure, the zenith is at the center, and the antisolar horizon is
at the right of the figure. The incoming flux is normalized to unity aéross

a plane at right angLes to the incoming beam. The downward normalized radiance
is obtained by multiplying the radiance by the factor (y/diffuse downward flux

at optical depth 1).

FIG. 3. Downward normalized interior radiance for w 0.99 and y = 0.85332,

See caption to Fig. 2.

[

FIG. 4. Downward normalized interior radiance foruw 0.9 andu = 0.85332.

See caption to Fig. 2.
24<
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FIG, 5, Downward normalized interior radiance for'mb = (.8 and B, = 0.85332,
See caption to Fig. 2.
FIG. 6. Downward normalized interior radiance for w, = .5 and Mg = 0.85332.

See caption to Fig. 2.

H

F1G, 7. Dovnward normalized interior radianée for W, 0.99 and W, = 0.18816

(79.15°). See caption to Fig. 2.

fi

FIG. 8. Downward normalized interior radiance for.wo 0.5 and Hy ™ 0.138816.
See captionAto Fig. 2. |
FIG. 9. Upward and downward normalized interior radianﬁe for wé = 1,

W, = 0.183817 (79.1505, and u = 0.26192 (?4.820) as a function of the azimuthal
angle ¢. The upward norﬁalized fadiance is obtained by multiplying the

" radiance by the factor (n/diffuse upward flux at optical depth T}.

FIG. 10. Downward norm;lized interior radiance for w, = 0.5, n, = d.85332
(31.430), and ¥ = 0.71392 (44.450) as a function of the azimuthal angle 4.
FIG. 11, Upward normalized interior radiance for w, = 1 and M, = 0.85332.

The solar horizom is at the left of the fipure, the nadir is at'center, and

the antisolar horizon at the right. The values shown are in the incident plane.

FIG. 12. Upward normalized interior radiance for w 0.99 and My = 0.85332, -

0.85332.

FIG. 13. Upward normalized interior radiance for w o= 0.8 aﬁd uo =
FIG. 14. Upward normalized interior radiance for wo= 0.5 and Boo= 0.85332.
FIG. 15. Upward normalized interior radiance for w =0.5and u = 0.18816.

FIG, 16. Upward normalized interior radiance for w, = 0.5, My = 0.18816.

(79.150), and p = 0.26192 (74.820) as a function of azimuthal.angle.

ks
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FiG. 17. The upward and downward normalized interior radiance in the diffusion
region. The solid curves are the exact results from matrix operator theory for
wo = (0.900 and Ha%e L phase function. The dashed curves are calculated from the
approximate equation (4). The other quantities are defined in the text.

FIG. 18. The upward and downward normaliéed interior radiance in the diffusion-
region for mo = (.80. See caption to Fig. 17.

FIG. 19. The top set of curves shows the heating rate divided by the total
downward flux in the diffusion region as a function of 0. Thg solid curves are
for Rayleigh and the dashed curves for Haze L scattering. The center curves
show the diffusion length, b. The lower curves show the quantity

b2 /3 (1 - wo)(l — g) which should be constant when the approximate expression
given by equation.(S) is wvalid.

FIG. 20. Upward and downward normalized interior radiance for w, = 1 and
surface albedo A = 0, The optical thickness t' is measured from the lower
‘surface of én optically deep'medium.

FIG., 21. Downward normalized interior radiance for w, = 0.8 and A =.0 (1ower
curves) and A = 0.15 (upper curves). The optical thickness T; is measured from
the lower surface of an optically deep medium.

FIG. 22, Upward normalized interior radiance for w, = 0.8 and A= 0 (uéper
curves) and A = 0.15 (lower curves). The optical thickness t' is measured from
the lower surface of an optically deep medium.

FIG. 23. Heating rate as a function of the optical depth from the upper
boundary of the medium for w = 0.99. Curves are shown for Bo= 1.0; 0.85332;
0.53786; 0.40452; 0.18816. All curves are normalized to the value unity at

‘T = 0-
o<
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FIG. 24. Heating rate as a function of the optical depth from the upper
boundary of the medium for My = 1.0 and 0.18816. Curves are shown for w, = 0.99;

0.9; 0.8; 0.5. All curves are normalized to the value unity at T = 0.



TABLE 1

1P (1) /19P (0.03785) 1% 1371992 (4. 03785) b
Wy Rayleigh Haze L Rayleigh  Haze L Rayleigh Haze L
0.99  0.8614 0.7647 1.2045  1.3542 10,1724 0.1011
0.9  0.6939  0.45% 2.1305 3.0411 0.5232 0.3119
0.8 0.3406 5.684 0.7048  0.4363
0.5 ~0.68 0.1616 ~17 46.6 0.9474 0.676

a.1 “0.94 " 66 0.99%853
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1.71
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0.000

down
total

BT
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0.5065
G.4943
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0.4181
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0.1085
2.562 -3
1,270 -5

.5.810 -8

2.617 =10
1.176 -12
5.279 -15
2.370 ~17
1.588 -18
1.022 -18

1"P¢1)/1"P(0.03785)

o O 0 0O 0O O o0 0 0o o0 o o o o0 o o o o

.36251
.36187
. 36063
.35599
.34151
.32272
.29981
.27307
. 24429
. 20060
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.16188
.16163
16158
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.16157
.16032

1down 1y /799%0 5 43785)

12.
12,
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i8.
28.
49,
81.
117,
139,
80.
53.
47.
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46,
46.
52,

1281
3863
4484
1146
7095
7497
4235
3569
3654
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0714
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6074
5803
5757
5769
1052
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