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PARAMETRIC STUDY OF RELAMINARIZATION OF 
TURBULENT BOUNDARY LAYERS ON NOZZIE WALLS 

J. P. Ibeskovsky, S . J. Shamroth, and H. McDonald 
United Ai rc ra f t  Research Laboratories 

SUMMARY 

By means of an extensive comparison between t h e o r e t i c a l  p red ic t ions  and 
experimental data t h i s  inves t iga t ion  A S S P S ~ S  t.hc a q c ~ a ~ y  of 8 ?~iln_ilnry byer 
procedure t o  pred ic t  t h e  e f f e c t  of la rge  streamwise acce lera t ions  upon 
i n i t i a l l y  turbulen t  boundary layers .  The boundary layer procedure under con- 
s idera t ion  i s  based upon simultaneous solut ion of t h e  boundary layer  p a r t i a l  
d i f f e r e n t i a l  equations and the  i n t e g r a l  turbulence k i n e t i c  energy equation and 
has previously been shown t o  y i e ld  sa t i s f ac to ry  predict ions fo r  a large number 
of boundary l a y e r s  i n  t h e  subsonic t o  low hypersonic Mach number range. 
results of the present inves t iga t ion  show the  a b i l i t y  of the  procedure t o  
accura te ly  p red ic t  properties of boundary layers subjected t o  l a rge  streamwise 
accelerations. 
e f fec t  of free-stream turbulence, heat  t r ans fe r ,  R e y n o l d s  number,acceleration, 
and Mach number on boundary layers i n  supersonic nozzles t o  assist i n  the  
design of a quie t  tunnel.  Resul t s  of the inves t iga t ion  show that, even i n  t h e  
presence of moderate free-stream turbulence l eve l s ,  t h e  boundary layer  i n  the 
approach sec t ion  of the quie t  tunnel  nozzle relaminarizes and becomes t h i n  
enough t o  be removed by a small slot i n  the  nozzle wal l .  Furthermore, t h e  
ca lcu la t ions  ind ica t e  t h a t  it should be possible  t o  maintain a laminar boundary 
layer  f o r  t he  e n t i r e  length of t h e  supersonic port ion of the  quie t  tunnel  
nozzle. 

The 

"JE procedure is used t o  conduct a parametric study of the  



INTR ODUC T I  ON 

The loca t ion  of boundary layer t r a n s i t i o n  i s  an important consideration 
i n  the  successful design and operation of supersonic and hypersonic vehicles .  
I n  general, it i s  expected t h a t  the  m a x i m u m  wal l  heating a t  any poin t  i n  the  
f l i g h t  path w i l l  occur i n  t h e  region where t h e  boundary l aye r  undergoes 
t r a n s i t i o n  from a laminar t o  a turbulent  s ta te  and t h e  insurance of vehicle  
s t ruc tura l  i n t e g r i t y  requi res  an accurate predict ion of both t h e  t r a n s i t i o n  
loca t ion  and t h e  peak wall heating ra te  e i t h e r  by t h e o r e t i c a l  o r  experimental 
means. I n  add i t ion  t o  hea t  t r a n s f e r  considerations,  boundary l aye r  t r a n s i t i o n  
may p lay  a s i g n i f i c a n t  r o l e  i n  determining t h e  sk in  f r i c t i o n  drag and vehicle  
wake flow f i e l d .  
region f o r  t h e  complex three-dimensional flow f i e l d s  developing on hypersonic 
vehicles  other than f l i g h t  t e s t i n g  i s  through accurate wind tunnel  t e s t i n g .  
a model i s  t e s t e d  i n  the  proper environment, it should be possible  t o  obtain a 
flow pa t te rn  i n  t h e  wind tunnel  corresponding t o  t h e  flow pa t t e rn  which would 
occur under f ree  f l i g h t  conditions. Two obvious free f l i g h t  q u a n t i t i e s  which 
must  be matched i n  the  wind tunnel t e s t  are Mach number and Reynolds number. 
A t h i r d  quant i ty  which m u s t  be matched p a r t i c u l a r l y  i n  regard t o  determining 
t h e  t r a n s i t i o n  region i s  t h e  free-stream disturbance l e v e l .  It has long been 
recognized t h a t  t h e  free-stream turbulence l e v e l  has a dominant r o l e  i n  
determining t r a n s i t i o n  (e.g. ,  r e f s .  1 and 2 )  and, t he re fo re ,  it i s  important 
t ha t  the  wind tunnel  t e s t s  be characterized by the free-stream disturbance 
l e v e l  expected t o  be present under f l i g h t  conditions. 

A t  present t h e  only method of determining t h e  t r a n s i t i o n  

If 

The problem of obtaining a specif ied free-stream disturbance l e v e l  i n  a 
high Mach number wind tunnel  i s  one which requi res  ca re fu l  ana lys i s  during t h e  
tunnel design period a s  indicated by the  f a c t  t h a t  t r a n s i t i o n  measurements 
ca r r i ed  out i n  d i f f e r e n t  wind tunnel  f a c i l i t i e s  have been inconclusive and even 
contradictory.  
shown t h a t  co r re l a t ions  based upon t r a n s i t i o n  data from one supersonic wind 
t u n n e l  do not  necessar i ly  correspond t o  co r re l a t ions  based upon da ta  from a 
d i f f e r e n t  tunnel .  Upon examination of t h e  data ,  Fate and Schueler ( r e f .  3 )  
showed tha t  f o r  a la rge  amount of da ta  a d i r e c t  r e l a t ionsh ip  e x i s t s  between the  
loca t ion  o f  t r a n s i t i o n  and the  free-stream aerodynamic noise emanating from 
turbulent  tunnel w a l l  boundary l aye r s ,  thus indicat ing t h a t  a t  high Mach 
numbers t h e  acous t ic  mode i s  the  dominant free-stream disturbance mode and t h a t  
t h e  source of t h e  acous t ic  disturbance i s  t h e  t r a n s i t i o n a l  and turbulent  
port ions of t h e  tunnel wal l  boundary l a y e r ,  Bertram and Beckwith ( r e f .  5 )  have 
a l s o  demonstrated t h a t  a considerable port ion of t h e  noise found i n  a supersonic 
tunnel emanates from the  turbulent  tunnel  wall boundary layer.  Thus, t he  
development of a qu ie t  tunnel more representat ive of f r e e  f l i g h t  conditions 
would requi re  a laminar tunnel wal l  boundary layer  i n  a l l  regions which could 

For example, Pate and Schueler ( r e f .  3 )  and Pate ( r e f .  4) have 
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e f f e c t  t h e  test  sect ion of t he  tunnel.  One method of suppressing the turbulent  
boundary layer  i s  t o  cause t h e  normally turbulent  boundary l aye r  which develops 
i n  the  nozzle i n l e t  sec t ion  t o  rever t  t o  a laminar-like s t a t e  by means of high 
streamwise accelerat ion ( r e f .  6 ) .  
t r a n s i t i o n  i n  t he  nozzle approach sect ion and may suppress t r a n s i t i o n  of t he  
laminarized boundary layer  i n  the  supersonic sect ion of t h e  nozzle once the  
streamwise acce lera t ion  i s  removed. Reynolds number and Mach number o f f ec t s  
a r e  a l s o  expected t o  influence the relaminarizing boundary l aye r .  Thus,  an 
a n a l y t i c a l  procedure which could predict  the e f f e c t s  of high streamwise 
acce lera t ion ,  wall  cooling, Reynolds number, and Mach number, a s  wel l  a s  the 
e f f e c t  of free-stream turbulence on t r a n s i t i o n  and relaminarizat ion,  would be 
a t o o l  of considerable ass i s tance  i n  the design of t he  quie t  wind tunnel .  

Furthermore, wal l  cooling may delay 

Presently,  t he re  e x i s t  th ree  possible  approaches f o r  developing a 
b0uilciai.y layer  i i iewry io predict  irarisitiori anci reiamiriariAaiiori : t h e  semi - 
empirical  approach, t h e  s t a b i l i t y  theory approach, and the  turbulence k ine t i c  
energy approach. Typical examples of t h e  semiempirical approach f o r  predict ing 
t r a n s i t i o n  loca t ion  a r e  discussed by Hairston ( r e f .  7 )  and such approaches 
could a l s o  be used f o r  predict ions of relaminarization; however, semiempirical 
procedures cannot be used w i t h  confidence t o  p red ic t  t r a n s i t i o n  f o r  flow 
conditions s i g n i f i c a n t l y  d i f f e ren t  from t h e  flow conditions of t he  cor re la t ing  
data.  I n  addi t ion  t o  t h e  l imi ta t ions  imposed by data cor re la t ions ,  most 
semiempirical t heo r i e s  are l imi ted  fu r the r  by the  crude assumption of 
instantaneous t r ans i t i on .  Although the instantaneous t r a n s i t i o n  assumption may 
be acceptable i f  flaw conditions i n  t h e  v i c i n i t y  of t r a n s i t i o n  a r e  not of 
i n t e r e s t ,  t h e  assumption c l e a r l y  i s  unacceptable i f  pred ic t ions  i n  the  v i c i n i t y  
of t r a n s i t i o n  are required.  The instantaneous t r a n s i t i o n  assumption has been 
re l ieved  i n  t h e  work of Harris (ref.  8) who assumes a f i n i t e  length t r a n s i t i o n  
region i n  which t h e  t o t a l  shear s t r e s s  is a l i n e a r  combination of t h e  laminar 
shear stress and t h e  ful ly- turbulent  shear s t r e s s .  This model has successful ly  
predicted the development of t r a n s i t i o n a l  boundary layers  i n  the  low hypersonic 
Mach number regime and represents  a s ign i f icant  improvement over instantaneous 
t r a n s i t i o n  models. This model could be extended t o  re laminarizat ion,  however, 
s ince it heavi ly  depends upon empiricism and was not  intended t o  p red ic t  t he  
e f f e c t  of phenomena such as free-stream turbulence,  Mach number, wal l  tempera- 
t u r e ,  e t c .  upon t r a n s i t i o n a l  behavior, it does not serve a s  a general  boundary 
layer t r a n s i t i o n  or relaminarization predict ion procedure. The second possible 
approach which might lead t o  an ana ly t i ca l  predict ion of t r a n s i t i o n a l  boundary 
layers i s  based upon s t a b i l i t y  theory i n  which t h e  flow i s  divided i n t o  a mean 
flow whose s t a b i l i t y  i s  t h e  subject of t h e  inves t iga t ion  and a superimposed 
disturbance of spec i f ied  form. 
t r a n s i t i o n  from c l a s s i c a l  s t ab i l i t y  theory ( fo r  example, r e f .  9)  have had only 
q u a l i t a t i v e  success and t h i s  approach has yet t o  be applied successful ly  t o  
t h e  problem of t r a n s i t i o n a l  boundary layer  development. Furthermore, t h e  
appl ica t ion  of s t ab i l i t y  theory t o  relaminarizing boundary layers  i s  not obvious. 

Attempts t o  pred ic t  t h e  i n i t i a t i o n  of 



The t h i r d  approach for  pred ic t ing  the  behavior of t r a n s i t i o n a l  boundary 
layers i s  based upon t h e  solut ion of the  turbulence k i n e t i c  energy equation. 
The turbulence k i n e t i c  energy equation has proven t o  be a useful  t o o l  i n  
predict ing t h e  behavior of a wide va r i e ty  of tu rbulen t  boundary l aye r s  
(e .g . ,  r e f s .  10 and 11) and has been extended i n t o  the  t r a n s i t i o n a l  regime by 
Glushko ( r e f .  12), Donaldson, Sul l ivan,  and Yates ( r e f .  13), and McDonald and 
F i sh  ( r e f .  14) .  
Donaldson, e t  a l .  ( r e f .  13) has been developed i n t o  a p r a c t i c a l  p red ic t ion  
procedure. However, the  approach used by McDonald and Fish ( r e f .  14) has 
proven capable of accurately pred ic t ing  the  behavior of a wide v a r i e t y  of 
t r s n s i t i o n a l  boundary l aye r s  i n  t h e  subsonic and l o w  supersonic Mach number 
regimes and t h i s  approach has been extended by Shamroth and McDonald ( r e f .  15) 
t o  the  lcw hypersonic Mach number regime. 

A t  t he  present  time, ne i ther  the  work of Glushko ( r e f .  1 2 )  or  

I n  the present  repor t  t he  a b i l i t y  of the  McDonald-Fish procedure ( r e f .  14) 
t o  pred ic t  t h e  e f f e c t  of s t rong favorable pressure gradients  upon an i n i t i a l l y  
turbulen t  boundary l aye r  i s  assessed and the  procedure i s  then used i n  
conjunction w i t h  various inv isc id  flow ca lcu la t ion  procedures t o  a s s i s t  i n  
developing a design f o r  the  NASA p i l o t  model qu ie t  tunnel  ( r e f .  16). 
qu ie t  tunnel t h e  nozzle i s  preceded by a constant a rea  entrance duct.  The 
entrance duct i s  long enough so t h a t  a turbulen t  wa l l  boundary layer  i s  present  
a t  the  junction between the  entrance duct and the  nozzle i t s e l f .  I n  the  sub- 
sonic portion of t h e  nozzle t h e  flow i s  subjected t o  a s t rong favorable pressure 
gradient  which i s  expected t o  cause the  i n i t i a l l y  turbulen t  boundary layer  t o  
relaminarize and become very t h i n .  
boundary layer  is  removed by a suct ion s l o t .  A new boundary layer  i s  formed 
a t  t he  suction s l o t  which grows along the  tunnel wal l  downstream of t h e  t h r o a t  
region. This  new boundary l aye r  i s  i n i t i a l l y  laminar and the  favorable 
pressure gradient i n h i b i t s  t r a n s i t i o n .  Eventually a t  some s t a t i o n  downstream 
of the favorable pressure gradient  t he  boundary l aye r  may undergo t r a n s i t i o n  
and become turbulen t .  

I n  t h e  

S l i g h t l y  upstream of the  th roa t  the  t h i n  

I n  the present repor t  a series of comparisons between t h e o r e t i c a l  
Predict ions and experimental data f o r  i n i t i a l l y  tu rbu len t  boundary l aye r s  under 
t h e  influence of s t rong favorable pressure grad ien ts  a r e  presented. 
comparisons demonstrate the  a b i l i t y  of t he  McDonald-Fish procedure t o  pred ic t  
t h e  e f f e c t  of s t rong favorable pressure grad ien ts  on an i n i t i a l l y  turbulen t  
boundary layer .  
boundary layers  for  the p i l o t  model qu ie t  tunnel .  
l ayer  ca lcu la t ions ,  r e s u l t s  from invisc id  flow predic t ions  f o r  t h e  p i l o t  tunnel  
geometry a re  presented and compared t o  pred ic t ions  made independently by NASA. 

These 

The t h e o r e t i c a l  procedure i s  then used t o  ca l cu la t e  w a l l  
I n  addi t ion  t o  these boundary 
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s t r u c t u r a l  coe f f i c i en t s  of turbulence 

s p e c i f i c  heat 

skin f r i c t i o n  coe f f i c i en t  

sublayer damping f a c t o r  

dimensionless stream funct ion 

dimensionless temperature r a t i o  
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thermal conduct ivi ty  

d i s s ipa t ion  length 

reference length 

mixidg . length 

wake va lue  of mixing length 
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Prandtl  number 
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heat  f l ux  
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8 turbulence dissipation 

rl dimensionless transverse coordinate 

0 momentum thickness 

u viscosity 

V kinematic viscosity 

kinematic eddy viscosity 

P density 

7 shear stress 

x dimensionless longitudinal distance 
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SubscriDts 

e boundary layer edge condition 

00 free -stream c ondi t i on 

W wall condition 

t throat 

Suverscriuts 

- average quantity 

integral functions (see Eqs. ( A - 1 9 )  through ( A - 2 1 ) )  
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THEORY 

The UARL predic t ion  procedure is based upon a simultaneous so lu t ion  of the  
boundary layer p a r t i a l d i f f e r e n t i a l  equations ofronservat ion of  mass, momentum, 
and energy. The pa r t i a l  d i f f e r e n t i a l  equations a re  used i n  conjunction w i t h  
an in t eg ra l  turbulence k ine t i c  energy equation and a turbulence s t ruc tu re  model 
t o  pr'edict boundary layer  development. 
a wide var ie ty  of boundary layers  w i t h  Mach numbers varying from the  incompress- 
i b l e  t o  the low hypersonic regime. The procedure can include the  e f f e c t s  of 
heat  t ransfer  and wal l  t r ansp i r a t ion  and, i n  addi t ion,  has a multiple species  
and chemical reac t ion  capabi l i ty .  I n  b r i e f ,  f o r  a s ing le  component flow the 
procedure solves the governing momentum and energy equations by a Hartree- 
Womersley approach i n  which streamwise der iva t ives  a re  replaced by f i n i t e -  
differences,  the coordinate normal t o  the  wall i s  nondimensionalized and a 
stream function i s  introduced. The r e s u l t i n g  momentum and energy equations 
a re  t h i r d  order and second order nonlinear ordinary d i f f e r e n t i a l  equations,  
respect ively,  i n  t h e  t ransverse coordinate.  A t  each streamwise s t a t i o n  t h e  
nonlinear coef f ic ien ts  a r e  estimated from solut ions a t  the previous s t a t i o n s  
and the  resu l t ing  l inear ized  equations a re  solved as two point boundary value 
problems. The r e s u l t i n g  solut ions a r e  used t o  obtain b e t t e r  estimates of t h e  
nonlinear coef f ic ien ts  and t h e  e n t i r e  process i s  repeated u n t i l  two so lu t ions  
agree within a spec i f ied  tolerance.  When two successive solut ions agree,  t he  
equations a re  considered solved a t  t ha t  streamwise s t a t i o n  and the  so lu t ion  
proceeds t o  the  next streamwise s t a t ion .  

The procedure has been used t o  p red ic t  

The in t eg ra l  turbulence k i n e t i c  energy equation i s  coupled i t e r a t i v e l y  
t o  t h e  momentum and energy conservation equations. A t  spec i f ied  poin ts  i n  t h e  
calculat ion which i t e r a t e  upon t h e  nonlinear coe f f i c i en t s  of the momentum and 
energy equations, t he  i n t e g r a l  turbulence k i n e t i c  energy equation i s  solved t o  
determine the  turbulent  contr ibut ion t o  the  t ranspor t  coe f f i c i en t s .  The 
i n t e g r a l  turbulence k ine t i c  energy equation is solved even during laminar flow 
and i n  these cases the  predicted turbulent  t ranspor t  p roper t ies  a r e  negl ig ib le  
compared t o  t h e  laminar t ranspor t  propert ies .  Gradually as t h e  boundary layer  
thickness increases the  predicted turbulent  t ranspor t  becomes comparable and 
then much la rger  than the  laminar t ranspor t  (except, of course, i n  the sublayer 
region)  indicat ing t r a n s i t i o n a l  and fu l ly- turbulen t  flow. 
case of a ful ly- turbulent  flaw subjected t o  a s t rong favorable pressure 
grad ien t ,  the  predicted turbulent  contr ibut ion t o  the  t o t a l  t ranspor t  may 
decrease leading t o  relaminarization and development of an e f fec t ive ly  laminar 
boundary layer .  It I s  important t o  note that I n  the UARL procedure t r a n s i t i o n  
and relamlnarlzatlon are natural occurrences of t he  turbulence model r a the r  
than being t r iggered  by some semiempirical c r i t e r i a  such as momentum thickness 
Reynolds number. 
of Tay lo rdoe r t l e r  vor t ices  which i f  present may induce t r a n s i t i o n .  

Similar ly  i n  the  

In  I t s  present form t h e  pocedure  does not include any e f f e c t  
However, 
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i f  information were ava i lab le  which could relate two4imensional mean flow 
conditions t o  the formation of t h e  vort ices  and t o  the  subsequent development 
of the  Reynolds stress tensor ,  it seems reasonable t o  assume that  t h i s  i n f a r -  
mation could be incorporated within the f'ramework of the turbulence k i n e t i c  
energy equation and models such as the  present,  which a re  based on energy 
considerations,  could be extended t o  include the  e f f e c t  Of t he  vort ices .  

A de ta i l ed  descr ip t ion  of t he  governing equations and t he  turbulence m o d e l  
"he descr ip t ion  of the  method presented has been presented in refs. 14 and 15. 

i n  ref. 15 is  repeated in Appendix A of the present  repor t .  
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COMPARISON WITH EXPERIMENTAL DATA 

The primary purpose of t h e  present invest igat ion was t o  ass is t  NASA i n  
t h e o r e t i c a l l y  evaluating t h e  design of t h e  model p i l o t  qu ie t  tunnel through 
implementation of t h e  UARL boundary l aye r  predict ion procedure. 
i n  f u l f i l l i n g  t h i s  purpose was t o  evaluate t h e  UARL procedure's a b i l i t y  t o  
p red ic t  the behavior of boundary layers  subjected t o  l a rge  favorable pressure 
gradients .  Although the  a b i l i t y  of t h e  UARL procedure t o  pred ic t  t he  boundary 
layer mean flow behavior i n  going from t h e  laminar t o  the  turbulent  s ta te  had 
been previously extensively assessed ( refs .  14 and 1 5 ) ,  no d e t a i l e d  assessment 
had been previously made of the  procedure's a b i l i t y  t o  predict  t h e  e f f e c t s  of 
l a r g e  favorable pressure gradients on an i n i t i a l l y  turbulent  boundary layer. 
The experimental highly accelerated boundary layer da ta  ava i l ab le  f o r  compari- 
son w i t h  t heo re t i ca l  predict ions f a l l s  i n t o  t h r e e  broad areas; ad iaba t i c  w a l l  
low -speed flows, ad iaba t ic  wal l  moderately supersonic flows, and low -speed flows 
i n  the  presence of w a l l  heat t r a n s f e r .  The amount o f  d a t a  ava i l ab le  w i t h  heat  
t r a n s f e r  i n  highly accelerated turbulent  flows, i n  s u f f i c i e n t  d e t a i l  t o  enable 
predict ions t o  be made, i s  l imited.  However, enough da ta  i s  ava i l ab le  t o  make 
some meaningful comparisons. 

The f irst  step 

The Effec t  of Pressure Gradient Upon Transi t ion 

I n  general, i t  i s  expected t h a t  relaminarization w i l l  occur i n  regions of 
strong favorable pressure gradient and as a f i r s t  s t e p  i n  evaluating the  a b i l i t y  
of t h e  m o d e l  t o  pred ic t  relaminarization, a s e r i e s  of calculat ions were made t o  
compare theo re t i ca l  predict ions of t h e  forward t r a n s i t i o n  Reynolds number w i t h  
t h e  experimental da ta  of Feindt ( r e f .  17)  over a range of pressure grad ien ts .  
The r e s u l t s  of severa l  calculat ions made f o r  various pressure gradients  are  
shown i n  Fig. 1 where the  predicted va r i a t ion  of t he  momentum thickness Reynolds 

compared with the theory of van Driest and Blumer ( r e f .  18) and with t h e  
experimental da ta  of Feindt. ( r e f .  17)  a s  presented by Hal l  and Gibbings ( r e f .  
19). 
skin f r i c t i o n .  
stream turbulence l eve l  of 1 . 2  percent.  The van Driest-Blumer theory i s  
presented fo r  1 percent free-stream turbulence. Botn theor ies ,  as  well  as t h e  
experimental da t a ,  show only a mild e f f ec t  of pressure gradient on t r a n s i t i o n  
Rqmolds number over t h i s  moderately low range of t h e  pressure gradient  param- 
e t e r .  The UARL predict ions a r e  i n  good agreement with Fe indt ' s  da t a ,  showing 
an increase i n  t r a n s i t i o n  Reynolds number with increasing pressure gradient 
parameter. 

number a t  t r ans i t i on ,  R e T  w i t h  t h e  pressure gradient parameter (0  2 /v)dU/dx, i s  

The predicted t r a n s i t i o n  loca t ion  was taken t o  be a t  t h e  point of minimum 
The UARL predict ions and t h e  data of Feindt are f o r  a f r e e -  
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The Effec t  of Large Streamwise Accelerations 
Upon the  Boundary Layer i n  Supersonic Nozzles 

I 

I 

I 

I 

I 

1 

'. 

t 

I 

I 
I 

I 

A s  p a r t  of the  present  inves t iga t ion  predict ions of the e f f e c t  of l a rge  
streamwise acce lera t ions  upon i n i t i a l l y  ful ly- turbulent  boundary layers  were 
made corresponding t o  boundary layer  measurements obtained experimentally by 
Nash-Webber ( r e f .  6 ) .  
constructed with a f l a t  p l a t e  as one wall  and a contoured surface as the  
opposite wall;  t he  experimental data  were taken f o r  the  boundary layer  develop- 
ing on t h e  f l a t  p l a t e  wall .  
"C" i n  r e f .  6 ,  had e x i t  Mach numbers of approximately 2.0 and had ad iaba t ic  
walls. Both nozzles subjected the  boundary layers  t o  favorable pressure 
grad ien ts .  
turbulence i n t e n s i t y ,  a l e v e l  of 2 percent was assumed a t  the  nozzle i n l e t .  

under e i t h e r  acce lera t ion  or decelerat ion,  therefore ,  t he  in tens i ty ,  
(<$/3)4 /Ue,  var ies  inverse ly  with free-stream ve loc i ty .  
predict ions made using the  UARL t r a n s i t i o n  model, fu l ly- turbulen t  theory 
(frozen mixing l eng th ) ,  and the  data  of Nash-Webber ( r e f .  6 )  fo r  t h ree  d i f f e r e n t  
s tagnat ion pressures i n  nozzle "A" a r e  shmn i n  Figs .  2 through 4. 
of the  s tagnat ion pressure provides a means of varying the  free-stream uni t  
Reynolds number, Reynolds number increesing with increasing pressure,  while 
maintaining the  same pressure gradient .  The acce lera t ion  parameter, K,  

The measured boundary layers  were developed i n  nozzles 

The nozzles, referred t o  a s  nozzle "A" and nozzle 

Since Nash-Webber ( r e f .  6 )  did not repor t  a free-stream 

rphp f rep-st ream t l l r h U 1 P n C P  k i n e t i c  energy, 2 I C !  7 is essnmed tQ remnir! ccr?ster?t 

Comparisons between 

Variation 

however, i s  reduced as t h e  s tagnat ion pressure i s  increased due t o  the  increase 
i n  dens i ty .  The results shown i n  Figs. 2 through 4 ind ica t e  t h a t  the  predicted 
va r i a t ion  of momentum thickness  Reynolds number and shape f ac to r  made using t h e  
UARL pred ic t ion  procedure are i n  good agreement w i t h  t he  experimental data f o r  
t he  th ree  values of s tagnat ion pressure considered. 
well as Figs.  5 and 6 )  t h e  d is tance  along the nozz le  has been nondimensionalized 
by a reference length,  Lref = 30.5 cm (12 i n . ) .  The va r i a t ion  of t he  dimen- 
s ion le s s  mixing length ( A, /6), ind ica tes  t h a t  t h e  boundary layers  e f f e c t i v e l y  
relaminarize a t  a dimensionless dis tance of about 2.0. The re laminar iza t ion  
i s  also indicated by t h e  sharp increase i n  the boundary layer  shape f a c t o r .  
The predic t ions  made using fu l ly- turbulen t  theory a re  s i g n i f i c a n t l y  i n f e r i o r  
as they  do not  c o r r e l a t e  well e i t h e r  with the experimental da ta  o r  t he  
pred ic t ions  made using t h e  t r a n s i t i o n  model pas t  t h e  region of re laminarizat ion.  
The predic t ions  a f t h e  boundary layer  development i n  nozzle "C" a t  two values 
of s tagnat ion pressure are shown i n  Figs. 5 and 6. 
t h e  UARL procedure a r e  again i n  good agreement with t h e  experimental data  f o r  
both values of s tagnat ion pressure,  however, t h e  streamwise va r i a t ion  of the  

I n  Figs. 2 through 4 (as 

The predict ions made using 



momentum thickness Reynolds number a t  a stagnation pressure of 1.66 x 10'1 atm, 
shown i n  Fig. 5, i s  somewhat overpredicted. The sharp drop i n  the dimensionless 
mixing length occurs a t  approximately x =  2.75 f o r  both values of stagnation 
pressure indicating the region of relaminarization, and it i s  downstream of 
t h i s  region t h a t  the ful ly- turbulent  predictions deviate  s ign i f i can t ly  from 
both the  data and the  t r a n s i t i o n a l  predictions.  

The Effect  of Large Streamwise Accelerations 
Upon Low-Speed Boundary Layers 

Predictions f o r  stronRlv accelerated flows. - A de t a i l ed  invest igat ion of 
a low-speed highly-accelerated boundary layer  which i s  su i t ab le  f o r  canparison 
w i t h  theory was car r ied  out by Blackwelder and Kovasznay ( r e f .  20). 
invest igat ion a flow i n  which the  free-stream ve loc i ty  was i n i t i a l l y  295 cm per 
sec was accelerated smoothly t o  a veloc i ty  of 1260 cm per sec over a distance 
of 350 a. 
maximum of 4.8 x 10' which i s  w e l l  above the usual value a t  which relaminari-  
za t ion  i s  observed. 
and the  accelerat ion then decreases t o  zero a t  I200 cm. The free-stream 
turbulence l eve l  was of t h e  order of 0.5 percent as determined from measurements 
of u',  v ' ,  and w ' .  Theoretical  predict ions of t h e  flow were made both wi th  t h e  
UARL t r ans i t i on  procedure u s i n g  0.5 percent free-stream turbulence and with the 
f ully-turbulent (constant dimensionless mixing length)  theory. 
the  two predictions with the  experimental data  a r e  presented in Figs. 7 and 8. 
Figure 7 shows t h e  var ia t ion  of the mamentum thickness Reynolds number and t h e  
shape fac tor .  
ment wi th  the experimental data .  I n  cont ras t  with the  t r a n s i t i o n  predict ion,  
the ful ly- turbulent  predict ion does not give good quant i ta t ive  predict ions of 
the momentum thickness Reynolds number and shape fac tor  downstream of the 
point  of maximum accelerat ion.  The var ia t ion  of the skin f r i c t i o n  coe f f i c i en t  
and the dimensionless mixing length i s  shown i n  Fig. 8. 
f ' r ic t ion coef f ic ien t  rmde using the  UARL procedure shows qua l i t a t ive  agreement 
with the  data but  quant i ta t ive  disagreement. 
a drop i n  skin f r i c t i o n  followed by a rise, however, t h e  t h e o r e t i c a l l y  
predicted rise an t i c ipa t e s  t h e  experimentally observed rise. 
t h a t  the fully-turbulent theory is  not even i n  qua l i t a t ive  agreement with 
experiment as far as skin f r i c t i o n  o r  shape fac tor  predict ions a r e  concerned. 
Tbe dimensionless mixing length shuws that relaminarization i s  e f f ec t ive ly  
complete by x = 960 cm. This is close t o  t h e  point  of maximum accelerat ion 
and coincides with t h e  point where the  ful ly- turbulent  predict ion begins t o  
show l a rge  discrepancies with the data. 
shows a sharp increase ind ica t ing  t h a t  t r a n s i t i o n  back t o  turbulent  f l o w  occurs 
i n  t h e  dmnstream sect ion where the  flow is  subjected t o  zero pressure gradient .  
This result is  consis tent  with the experimental r e s u l t s  of Blackwelder and 

I n  t h i s  

During t e acce lera t ion  the  accelerat ion parameter, K, reached a 

This m a x i m u m  accelerat ion parameter i s  reached a t  984 cm 

Comparison of 

The predict ions made using t h e  UARL procedure are i n  good agree- 

The predict ion of skin 

Both theory and experiment show 

It should be noted 

The dimensionless mixing length then 



Kovasznay ( r e f .  20) .  
t he  skin f r i c t i o n  coe f f i c i en t  it i s  of  i n t e r e s t  t o  note t h a t  t he  boundary 
l aye r  i s  i n i t i a l l y  a fu l ly- turbulen t ,  zero pressure gradient  boundary layer .  
A t  the  i n i t i a l  value of the  momentum thickness Reynolds number of 2500, t h e  
data co r re l a t ion  of Smith and Walker ( r e f .  21)  would ind ica t e  t h a t  the  skin 
f r i c t i o n  coe f f i c i en t  should be c lose  t o  0.00315, a value i n  c lose agreement 
with the  predicted value,  b u t  higher than that measured by Blackwelder and 
Kovasznay. Thus, some e r r o r  i n  the  experimental values of skin f r i c t i o n ,  which 
were determined by measurement of the  ve loc i ty  gradient  i n  the  viscous sublayer 
near the  wall, may be present .  

With regard t o  the  predicted and experimental values of 

Predict ions f o r  sink-flows. - Jones and Launder ( r e f .  22) have made 
experimental measurements of sink-flow turbulent  boundary l aye r s  which a r e  of 
p a r t i c u l a r  i n t e r e s t  because they are t h e  only turbulen t  boundary l aye r s  with 

length sca l e s  may develop a t  the  same r a t e  (ref. 23).  
acce le ra t ion  parameter, K ,  i s  constant and t h e  momentum thickness  Reynolds 
number and shape f ac to r  obtain approximately constant asymptotic values over a 
considerable streamwise d is tance .  
once these  asymptotic conditions a r e  reached. 'Jho predic t ions  were made under 
conditions inves t iga ted  by Jones and Launder ( r e f .  22)  for  K = 1.5 x l o 4  and 
K = 2.5 x 10-6, 
out u n t i l  a sens ib ly  constaat  value of the  momentum thickness  Reynolds number 
was reached. 
values of momentum thickness  Reynolds number and shape f a c t o r  as a function of 
the acce lera t ion  parameter a r e  shown i n  Fig.  9. 
taken from f i v e  sources ( r e f s .  24 through 28), a l l  of which show relaminariza- 
t i o n  except f o r  the data of Julien , e t  al. 
tunnel .  
a t t r ibute  it t o  t h e  i n a b i l i t y  of t he  Stanford tunnel  t o  produce high-K sink- 
flows because of no independent means of adjust ing Reynolds number. 
an a l t e r n a t i v e  p o s s i b i l i t y  may be t h e  presence of some turbulence generating 
mechanism. 
pred ic t ions  and the  Stanford da ta  fo r  high acce lera t ing  flows were made except 
fo r  t he  Moretti heat  t r ans fe r  runs discussed subsequently. 
po in ts  i nd ica t e  t h e  new data  of Jones and Launder (ref. 22) and the  flagged 
c i r c l e s  represent  the  asymptotic values obtained from the  UARL predict ion 
procedure. 
of R e  and H a r e  i n  exce l len t  agreement. 
the  comparison of t h e  predicted and measured ve loc i ty  p ro f i l e s  when the  
momentum thickness  Reynolds number becomes constant ,  The predicted, ve loc i ty  
p r o f i l e  f o r  K = 1.5  x 10-6 i s  compared w i t h  the  experimental data a t  th ree  
values of R e  The agreement between t h e  
pred ic t ion  and the  data i s  qui te  good, pa r t i cu la r ly  fo r  the  experimental pro- 
f i l e  a t  R e  = 711. 
mental p r o f i l e s  i n  the  v i c i n i t y  of a normal dis tance Reynolds number of one. 
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In  sink-flows t h e  

The ve loc i ty  p r o f i l e s  a l s o  become similar  

"he t h e o r e t i c a l  predictions f o r  a given value of K were car r ied  

Curves and experimental data taken from r e f .  22 f o r  the  asymptotic 

The symbols represent  data 

( r e f .  26) taken i n  the  Stanford 
This discrepancy has been noted by Jones and Launder ( r e f .  22) who 

However, 

Because of t h e  discrepancy, no comparisons between t h e o r e t i c a l  

The t r iangular  data 

The t h e o r e t i c a l l y  predicted and t h e  experimentally measured values 
A more s t r ingen t  t e s t  of the  theory i s  

for  t h e  given value of K i n  Fig. 10. 

Some discrepancy i s  evident f o r  the  other two experi-  



Similar  r e s u l t s  a r e  presented i n  Fig. 11 f o r  K = 2.5 x lom6. 
a r e  generally good a t  t h i s  higher value of K with discrepancies  occurring again 
a t  a normal d is tance  Reynolds number of one. The c o y p r i s o n s  shown i n  Figs.  
10 and 11 indica te  t h a t  the  UARL pred ic t ion  procedure may not adequately allow 
f o r  t he  thickening of t he  viscous sublayer,  which is  known t o  occur during 

' 

st rong accelerat ion.  

The comparisons 

Effec t  of acce lera t ion  on heat  t r ans fe r .  - Three comparisons between 
t h e o r e t i c a l  p red ic t ions  and experimental data were made t o  determine how wel l  
t he  UARL procedure could p red ic t  t he  va r i a t ion  of Stanton number i n  a s t rongly  
accelerated flow. The th ree  experimental cases which were used for comparison 
were measured by Moretti and Kays ( r e f .  2 9 )  and termed Runs 12, 41, and F-2. 
A l l  t h r e e  of t hese  experimental cases were b a s i c a l l y  similar i n  that a constant  
v e l o c i t y  law-speed flow was f i r s t  subject  t o  a near ly  s t e p  reduction i n  wall  
temperature, 
before  accelerat ions of varying s t rength  were appl ied.  
acce le ra t ion  parameter increases  sharply t o  a maximum K of 3.39 x 
then rap id ly  re turns  t o  zero. The comparison between the  predicted and measured 
va r i a t ion  of Stanton number along with the  wall temperature va r i a t ion  f o r  Run 12 
'Is shown i n  Fig. 12. The loca t ion  of  t he  i n i t i a t i o n  and end of t he  acce lera t ion  
a r e  indicated i n  t h e  f igu re .  
model and the experimental data ind ica te  t h a t  there  i s  no e f f e c t  on t h e  Stanton 
number u n t i l  t h e  dimensionless d is tance  x =  5.0 i s  reached with good agreement 
t o  t h a t  point even though the  acce lera t ion  was i n i t i a t e d  a t  x = 4.5.  
5.0 t h e  UARL pred ic t ion  and the  data ind ica t e  a sharp decl ine i n  Stanton number 
although the pred ic t ion  gives a l a rge r  decrease than t h a t  experimentally 
observed, The fu l ly- turbulen t  pred ic t ion  shows no decrease.  A t  x = 5.5 the  
data show an increase i n  Stanton number. 
t h e  t r a n s i t i o n a l  theory,  however, t he  predicted increase i s  somewhat delayed 
compared t o  t h e  data.  
shown i n  Fig. 12,  shows t h a t  e f f e c t i v e l y  relaminarizat ion occurs j u s t  pas t  
x = 5.0 and a l s o  ind ica tes  t h a t  the  f a i l u r e  of t h e  UARL pred ic t ion  t o  follow 
the  data once the pressure gradient  i s  removed may be due t o  incomplete 
t r a n s i t i o n  back t o  turbulen t  flow. 
p red ic t ion  made using the UARL procedure shows s i g n i f i c a n t l y  b e t t e r  r e s u l t s  
than  t h e  predict ion made using fu l ly- turbulen t  theory.  
r e s u l t s  for R u n  41,  I n  Run 41 t h e  maximum value of K i s  1.84 x 
near ly  constant a t  t h i s  value over t he  d is tance  from x = 4.0 t o  x = 5 .O. 
Again, qua l i t a t ive  agreement i s  shown between the  data and the UARL pred ic t ions .  
However, although the data only ind ica t e  a s l i g h t  degree of re laminarizat ion,  
t h e  theory ind ica tes  a s t rong relaminarizat ion.  

The flow was then allowed t o  undergo some thermal development 
I n  Run 12, t h e  

and 

Both the  pred ic t ion  using t h e  UARL t r a n s i t i o n  

A t  x =  

This behavior a l s o  i s  predicted by 

The va r i a t ion  of t h e  dimensionless mixing length,  a l s o  

However, on a q u a l i t a t i v e  basis,  t he  

Figure 13 shows s imi la r  
and K i s  

Based upon the  sink-flow 



boundary layer  r e s u l t s  of Fig. 9, a flow subject  t o  an acce lera t ion  parameter 
of 1.8 x 10-6 should show a s igni f icant  re laminarizat ion e f f e c t .  
then shows t h e  resul ts  f o r  Run F-2 where K reached a m a x i m u m  value of 3.04 x 

predic t ion  using t h e  t r a n s i t i o n  model shows q u a l i t a t i v e  agreement. From t he  
results shown i n  Figs. 12 through 14  it i s  noted t h a t  although only qua l i t a t ive  
predict ions of Stanton number through t h e  s t rongly accelerated regions a re  
obtainable,  t he  onset of t h e  e f f ec t  of acce le ra t ion  i s  well predicted by the  
UARL procedure, whereas the ful ly- turbulent  theory gives no ind ica t ion  of 
f ee l ing  t h e  e f f ec t  of accelerat ion.  

Figure 14 

and was near ly  constant from x = 4.0 to- x = 5.3. Here, too ,  t he  



CALCTJLATIONS FOR A QUIET TUNNEL 

The quie t  tunnel program cufient ly  being undertaken by NASA (ref.  -16) :uses 
a converging-diverging nozzle w i t h  an annular s l o t  j u s t  upstream of t h e  nozzle 
t h roa t .  The s l o t  i s  used t o  remove the boundary layer  which develops on the ' 

i n l e t  duct and convergent nozzle section walls t h u s  reducing t h e  boundary 
layer  thickness a t  t h e  th roa t  s t a t ion .  Predictions of the boundary layer  
behavior i n  t h e  i n l e t  duct and approach sect ion of t h e  NASA nozzle (convergent 
port ion)  were made t o  give an indicat ion of the  nozzle s l o t  height required t o  
remove the  approaching boundary l aye r .  A new boundary layer  then develops 
from t h e  edge of t he  s l o t  and continues t o  grow as t h e  flow moves downstream 
i n t o  the  supersonic sect ion of the  nozzle. 
i n  the supersonic port ion of t h e  nozzle undergoes t r a n s i t i o n  and becomes 
turbulen t ,  the  acoust ic  r ad ia t ion  emanating from the  boundary layer w i l l  
rlmi??a_te the 
r e s u l t  i n  %he a n B i t i &  measurements being tunnel depeidcnt. *efore, 

a h  a laminar boundary layer i n  the supersonic:section 

If the tunnel  wall boundary layer  

precess oezi;-rifig sfi ti -el piac& in kine tuqnei. anu' 

downstream as possible.  With these considerations i n  
M y  of the  effects of free-stream turbulence,  heat- 

t r a n s f e r ,  Reynolds number, accelerat ion and Mach number on t h e  boundary layer 
development i n  the  supersonic sect ion was conducted t o  determine both i f  t h e  
boundary layer developing i n  supersonic regions of thecontemplated NASA tunnel  
would remain laminar and how varying various parameters would e f f e c t  t he  
t r a n s i t i o n  locat ion.  
pressure d i s t r ibu t ions  were computed for  various nozzle geometries t o  f a c i l i t a t e  
t he  ca lcu la t ions  of Mach number and accelerat ion e f f e c t s .  
t ransonic  and supersonic inv isc id  flow computations were made f o r  t he  nozzle 
geometry specif ied by NASA t o  compare with the  pressure d i s t r ibu t ion  supplied 
by NASA i n  these  regions of t h e  nozzle.  

As a port ion of  these parametric s tud ie s ,  inviscid flow 

I n  addi t ion,  

Inviscid Flaw Calculations 

Pressure d i s t r ibu t ion  i n  the  transonic sect ion of t h e  NASA nozzle. - 
Although pressure d i s t r ibu t ions  were supplied by NASA f o r  t h e  t ransonic  and 
supersonic sect ions of the  NASA nozzle, severa l  inviscid flow f i e l d  predict ions 
were made f o r  NASA specif ied nozzle geometry using United Aircraft Corporation 
inv isc id  computer codes. 
compare the  inviscid flow predict ions made using UAC codes w i t h  the  predict ions 
made using NASA codes. 
supplied by NASA are given i n  TABLE I. Transonic flow f i e l d  computations were 
performed using t h e  UAC SUB code ( r e f .  30). The present version o f  t h e  SUB 
code cannot account d i r e c t l y  f o r  the presence of t h e  s l o t  i n  t he  nozzle wall, 
t hus ,  two predict ions of t he  t ransonic  flow region were made each modifying 

The calculat ions were made a t  NASA's request t o  

The nozzle coordinates and pressure d i s t r i b u t i o n  
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the approach sect ion nozzle w a l l  t o  represent the s l o t .  
of the inviscid flow f i e ld  i n  the supersonic section of the nozzle i s  dependent 
on the Mach number and pressure dis t r ibut ions predicted from the  SUB code i n  
the region of the sonic l ine ,  the location of the resu l t ing  sonic l i n e s  from 
the two predictions were then compared t o  determine huw sens i t ive  the sonic l i n e  
was t o  changes i n  the upstream geometry. 

Since the computation 

The first prediction was made f o r  a nozzle i n  which the s l o t  l i p  was 
smoothly fared i n t o  the approach section nozzle wall. The predicted stream- 
l ines  and sonic l i n e  far t h i s  contour, referred t o  as contour "A", are Shawn 
in Fig. 15 . 
so l id  line indicates the contour used i n  the  computation. 
cmtour  "A" are iden t i ca l  dawnstream of the slot. The second computation w a s  
made far an approach sectim outer contour which corresponds t o  the estimated 
&xwnnt . i~ -  g+.rt-nmlint= wh.t& dc..t3es +be c-m pzsszpg t b z c ~ ~ @  the nczzle thret 
from that pasrs3zig %Faxm@ the slot. The coordinates of th i s  streamline w e r e  
obtained by mass 
streamlines ana s - line for  this Ccmtour, referred t o  as contour "B", are 
shown in Fig. 16. Darnstream of the slot contour "B" is also iden t i ca l  t o  the 
NASA contour. 
contours "A" and "B" presented i n  Fig. 17 shows that the e f f ec t  of the m o d i f i -  
ca t ions t o  the nozzle w a l l  does not a f f ec t  s ign i f icant ly  either the shape or 
loca t ion  o f t h e  sonic l ine .  A comparison between the w a l l  pressure d is t r ibu t ion ,  
normalized by stagnaticn pressure, predicted using contours "A" and "B" and tne 
NASA d i s t r ibu t ion  i s  shown i n  Fig. 18. The pressure d is t r ibu t ions  fo r  contours 

the upstream region between x =  -3.0 and x =  -0.5 and the  d i s t r ibu t ions  a re  
near ly  iden t i ca l  i n  the throa t  region between x =  -0.5 and x =  0.0. The 
pressure d is t r ibu t ions  dawnstream of the throat predicted fo r  both contours 

Furthermore, 
the NASA d i s t r ibu t ion  shows a small discontinuity i n  slope a t  x =  0.350 which 
does not appear i n  either UAC calculation. It should be pointed out t h a t  the 
NASA pressure d is t r ibu t ion  w a s  calculated using the theory of Hopkins and H i l l  
(ref.  31) from x =  -0.90 t o  x =  0.294 and using the  method of characteristics 
dawnstream of 
pressure d i s t  
conditions for  the method of charac te r i s t ics  cauputation. 

The broken l i n e  indicates the  or ig ina l  NASA contour and the heavy 
The NASA contom and 

ervation of the f l c m  through the sonic s lo t .  The predicted 

An enlarged canparism of the  sonic l i n e s  predicted using 

11 11 A and "B", and the NASA pressure d is t r ibu t ion  show only small differences i n  

11 11 A and "B" are slightly d i f fe ren t  from the NASA dis t r ibu t ion .  

Thus, the apparent discont inui ty  of slope i n  the I'?ASA 
be the  r e s u l t  of slightly incompatible i n i t i a l  

Pressure d is t r ibu t ions  in  the smers onic section of the nozzle. - A 
computation of the flasr fleld i n  the supersonic section of t he  NASA nozzle w a s  
made using the UAC 
d i s t r ibu t ions  obtained f r cmthe  SFB code a lmg a plane perpendicular t o  the 
nozzle ax i s  a t  x =  0.25. The predicted wall pressure d is t r ibu t ion ,  shown i n  
Fig. 19, is  i n  excellent agreement w i t h  the NASA pressure d is t r ibu t ion .  The 
predicted flow field contains no expansion fans or shocks and the predicted 

code ( ref .  32) with i n i t i a l  Mach number and pressure 



e x i t  plane Mach number i s  close t o  uniform wi th  a maximum of 4.98 a t  the  
cen te r l ine  and a minimum of 4.93 a t  t he  nozzle  wall. Figure 20 shows an 
enlarged comparison between pressure d i s t r ibu t ions  i n  the v i c i n i t y  of the  
t h r o a t  as predicted by t h e  SUB and SUPER codes, and t h a t  spec i f ied  by NASA. 
A l l  th ree  pressure d i s t r ibu t ions  show good agreement. The SUPER predict ion 
f a re s  smoothly i n t o  the  predict ion made using the SUB code a t  x =  0.25. The 
SUPER predict ion i n i t i a l l y  gives s l i gh t ly  higher values of wall pressure r a t i o  
than t h e  NASA predict ion,  however, by x= 0.5 both d i s t r ibu t ions  are i n  good 
agreement. Neither t h e  SUB predict ion,  nor t he  combined SUB-SUPER predict ion 
exhib i t  the  d i scon t inu i t i e s  of slope observed i n  the NASA pressure d i s t r ibu t ion .  

Invisaid ca lcu la t ions  fo r  accelerat ion and Mach number e f f e c t s .  - S e v e r a l -  ! 
addi t iona l  inv isc id  flow f i e l d  calculat ions were made using t h e  UAC Perfect 
Nozzle code t o  obtain pressure d i s t r ibu t ions  t o  be used i n  boundary layer 
calculat ions showing t h e  e f f e c t  of accelerat ion and t h e  e f f e c t  of Mach number. 
The Perfect Nozzle code generates t h e  coordinates and pressure d i s t r i b u t i o n  of 
a sharp corner t h roa t  b e l l  nozzle wi th  a uniform e x i t  Mach number f o r  a 
spec i f ied  throat- to-exi t  area r a t i o .  
were computed for  a rea  r a t i o s  corresponding t o  e x i t  Mach numbers of 4.1, 5.0, 
and 6.0. 
shown i n  Fig.  21. 

Nozzle contours and pressure d i s t r i b u t i o n s  

The r e su l t i ng  wall pressure d i s t r ibu t ions  f o r  these nozzles a r e  

Viscous Flow Calculations 

Boundary layers i n  subsonic portion of NASA nozzle. - Calculations of t h e  
boundary layer flow f i e l d  on t h e  i n l e t  duct and nozzle approach sec t ion  walls 
of t he  NASA nozzle were ca r r i ed  out using the  pressure d i s t r i b u t i o n  specified 
by NASA given i n  TABLE 11, w i t h  a wall temperature of 65.5 deg C (150 deg F ) ,  
a free-stream temperature of 104.4 deg C (220 deg F) ,  and a t o t a l  pressure of 
10.2 atm (150 ps i a ) .  The i n l e t  duct extends from X =  -6.91 t o  X =  -0.911 and 
the  approach sec t ion  extends from x= -0.911 t o  x = -0.023 where x = X/&ef and 
%ef i s  taken as 30.5 cm (12 i n . ) .  Calculations performed f o r  free-stream 
turbulence leve ls  of 0.18 and 1.0 percent based on a reference ve loc i ty  of 
approximately 1176 cm per sec (40 ft per sec)  were i n i t j a t e d  from an assumed 
s tagnat ion point a t  t h e  upstream end of t he  i n l e t  duct .  
l e v e l s  correspond t o  1 and 6 percent based on the  a c t u a l  i n i t i a l  ve loc i ty  i n  
t h e  i n l e t  duct of 213 cm per sec (7  ft per s e c ) .  Transi t ion from laminar t o  
turbulen t  flow was predicted t o  occur i n  the  i n l e t  duct wel l  upstream of t h e  
approach section of t he  nozzle f o r  both turbulence l eve l s .  
boundary layer  behavior i n  the  approach sec t ion  of t h e  nozzle downstream of t h e  
i n l e t  duct I s  shown i n  Figs. 22 through 24 where t h e  boundary layer  thicknesses 
a r e  nondimensionalized wi th  respect t o  the  nozzle th roa t  radius of 1.27 cm 
(0.5 i n . ) .  I n  t h e  nozzle approach sect ion the boundary layer  thickness 
decreases continuously under the  influence of the  s t rong favorable pressure 

These turbulence 

The predicted 
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gradient  f o r  both turbulence l eve l s ,  as  shown i n  Fig. 22. The d i s t r i b u t i o n  of 
t he  dimensionless mixing length,  a l s o  shown i n  Fig. 22, ind ica tes  t h a t  f o r  
1.0 percent free-stream turbulence relaminarization of t he  boundary layer  i s  
i n i t i a t e d  a t  x = -0.65 and i s  near ly  complete a t  x = -0.4. 
d i s t r i b u t i o n  predicted f o r  6.0 percent free-stream turbulence ind ica tes  t h a t  
re laminarizat ion i s  completed over a longer dis tance being i n i t i a t e d  a t  x = 
-0.67 and showing e f f e c t i v e l y  complete relaminarization by x = -0.3. 
f o r  both turbulence l eve l s  t he  boundary layer i s  laminar a t , t h e  throat .  The 
momentum thickness a l s o  decreases continuously for  both l e v e l s  of turbulence 
as the  t h r o a t  i s  approached, as shown i n  Fig.  23. The behavior of t he  boundary 
layer thickness  near t he  th roa t  of t h e  nozzle i s  shown on an enlarged sca le  i n  
Fig. 24 with an ind ica t ion  of the  locat ion and height of t he  s l o t .  
seen i n  t h i s  f igure ,  t he  predicted boundary l aye r  thickness i s  almost ident ica l  
t o  the  slot height ,  thus ind ica t ing  t h a t  the s l o t  i s  la rge  enough t o  remove the  

The mixing length 

However, 

As can be 

en t i r e  velszi ty  Pc;?daq* Uyer. 

Boundary layer  downstream of t h e  s l o t  i n  t he  NASA nozzle. - F’redictions 
of t he  boundary layer development i n  the  transonic and supersonic sec t ion  of 
the  NASA nozzle were made f o r  free-stream turbulence l eve l s  of 1, 3, and 6 
percent based on a reference ve loc i ty  of 1176 cm per sec (40 f’t per s e c ) .  
r e s u l t s  of these  ca lcu la t ions ,  which were i n i t i a t e d  a t  the  s l o t  w i t h  a 
neg l ig ib l e  displacement thickness (6* = 0.000254 cm = 0.0001 i n . ) ,  a r e  presented 
i n  Figs.  25 through 27. The flow conditions a r e  indicated on the  f igures .  I n  
Figs. 25 through 27, a s  wel l  as a l l  the  f igures  which follow, the  boundary 
layer thicknesses  ape normalized by the  nozzle th roa t  radius rt = 1.27 cm 
(0.5 i n .  ) and a x i a l  dis tances  a re  nondimensionalized by the  reference length 
her  = 30.5 cm (12 i n . ) .  The acce lera t ion  parameter, shown i n  Fig. 25, has a 
maximum value of‘ 1.53 x 10-6 a t  t h e  s l o t  and decreases continuously through the 
th roa t .  A t  an axial dis tance of x =  0.1, the  acce lera t ion  parameter has 
dropped t o  l e s s  than 10 percent of i t s  m a x i m u m  value and between 
t h e  e x i t  of t he  nozzle, a t  x =  1.289, K decreases almost l i n e a r l y  t o  a value 
of 0.03 x loe6. 

The 

x =  0.1 and 

The incompressible shape f ac to r ,  fly i.e., the  l o c a l l y  evaluated shape 
f a c t o r  obtained from the  incompressible def in i t ions  of momentum and d isp lace-  
ment thicknesses ,  i s  also presented i n  Fig. 25. 
f a c t o r  i s  presented r a the r  than the  t r u e  shape factor  s ince it more s a t i s f a c -  
t o r i l y  ind ica tes  the  laminar or tu rbulen t  s t a t e  of the boundary layer  when 
dens i ty  gradients  $cross the  boundary layer a r e  s ign i f i can t .  
turbulence l e v e l  H decreases sharply under the  influence of t he  s t rong 
acce lera t ion  i n  the  th roa t  region. As the acce lera t ion  i s  relaxed,  t h e  
incompressible shape f ac to r  increases  t o  a r e l a t i v e l y  constant value of about 
2.5 ind ica t ing  a laminar boundary layer  for t he  e n t i r e  nozzle length.  
6 percent turbulence l e v e l  H* shows the  same i n i t i a l  t rend ,  b u t  near x =  0.1 
@ drops t o  a constant value of 1 .4  which ind ica tes  t h a t  the boundary layer  has 

The incompressible shape 

For the  1 percent 

For the  



undergone t r a n s i t i o n  t o  turbulent  flow. 
x = 0.2 for 3 percent free-stream turbulence. The streamwise va r i a t ions  of the 
momentum thickness and the  compressible shape f ac to r  a r e  shown f o r  t he  th ree  
l e v e l s  o f  free-stream turbulence i n  Fig. 26. 
turbulence leve ls  the  turbulen t  nature of t he  boundary layer i s  indicated by 
t h e  more rapid growth of the  momentum thickness .  F ina l ly ,  the  var ia t ions  of 
th,e dimensionless mixing and boundary layer thicknesses a r e  shown i n  Fig. 27. 
The var ia t ion  of the  dimensionless mixing length shuws that t h e  boundary l aye r  
remains laminar f o r  t he  1 percent turbulence l eve l .  The sharp rise t o  nea r ly  
constant values of 0.11 f o r  the  higher turbulence l e v e l s  i nd ica t e s  the rap id  
t r a n s i t i o n  t o  a turbulen t  boundary layer  i n  the  presence of t h e  higher f r e e -  
stream turbulence. 

This behavior i s  a l s o  observed a t  

For the  higher free-stream 

Rirametric Variat ion i n  the  Supersonic Portion of t he  Nozzle 

Effect of heat  t r a n s f e r .  - Since wal l  cooling i s  known t o  have a s tabi l i -  
z ing e f fec t  for  a constant pressure boundary l aye r ,  it may a l s o  be expected t o  
maintain a laminar boundary layer  i n  a nozzle where la rge  favorable 
pressure gradients  a r e  present .  
cooling on the  boundary l aye r  i n  the NASA nozzle were =de f o r  w a l l  temperatures 
of -17.8 deg C (0 deg F) and -73.3 deg C (-100 deg F) f o r  turbulence l e v e l s  of 
1 and 3 percent. 
stream turbulence are c o u p r e d  w i t h  p red ic t ions  made f o r  an adiabatic w a l l  i n  
Figs. 28 through 30. 
free-stream turbulence w a l l  cooling promotes earlier boundary layer t r a n s i t i o n  
as can be seen i n  the p l o t s  of incompressible shape f a c t o r ,  presented i n  Fig. 
28, momentum thickness ,  s h m  i n  Fig. 29, and dimensionless mixing length,  
shown i n  Fig. 30. Predict ions made f o r  the same w a l l  temperatures and f l a w  
condi t ionswith a free-streamturbulence l e v e l  of 3 percent are presented i n  
Figs. 31 through 33. The predicted va r i a t ions  of incompressible shape f ac to r ,  
momentum thickness,  and mixing length ind ica t e  that f o r  t h i s  higher turbulence 
l e v e l  w a l l  cooling has l i t t l e  effect on t h e  loca t ion  of t r a n s i t i o n .  

Thus, predict ions of t he  e f f e c t  of w a l l  

The r e s u l t s  of t he  ca lcu la t ions  made f o r  1 percent f r e e -  

These comparisons ind ica t e  that f o r  t h i s  l a w  value of 

The apparent discrepancy of t he  pred ic t ion  o f  w a l l  cooling promoting 
t r a n s i t i o n  can be explained by c i t i n g  the dual r o l e  of w a l l  cooling i n  t h e  
presence of a pressure gradient .  I n  the  absence of w a l l  roughness and pressure 
grad ien ts ,  w a l l  cooling s t a b i l i z e s  the boundary layer re t a rd ing  t r a n s i t i o n .  
Hawever, i n  t he  presence of a favorable pressure gradient  t h i s  d i r e c t  s t a b i l i z -  
ing effect i s  orYset by the  des t ab i l i z ing  e f f e c t  r e s u l t i n g  from t h e  reduction 
of t h e  acce lera t ion  parameter, K, as is  shmn i n  Figs.  28 and 31. 
t i o n  of t he  acce lera t ion  parameter i s  due s o l e l y  t o  t h e  reduction of t h e  
kinematic v i scos i ty  near the w a l l .  
cooling may either enhance or i n h i b i t  t r a n s i t i o n  depending upon whether the 

This reduc- 

It appears that t h i s  dua l  e f f e c t  of w a l l  
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d i r e c t  s t a b i l i z i n g  e f f e c t  of wal l  cooling i s  g rea t e r  or l e s s  than the  ind i r ec t  
des t ab i l i z ing  e f f ec t  of the  reduced accelerat ion parameter. Since the  
t r a n s i t i o n  point  varied with wall temperature for  the  case of 1 percent f r e e -  
stream turbulence while showing r e l a t i v e  i n s e n s i t i v i t y  t o  wal l  temperature a t  
a 3 percent free-stream turbulence,  the  integrated e f f e c t s  of wal l  cooling 
could be, and apparently were, d i f f e ren t  f o r  t h e  two d i f f e r e n t  turbulence 
l eve l s .  The important observation i s  t h a t  i n  the  presence of a favorable 
pressure gradient wall cooling may not necessar i ly  i n h i b i t  t r a n s i t i o n .  

Ef fec t  of Remolds number. - The e f f ec t  of va r i a t ion  of t he  free-stream 
unit Reynolds number on t h e  boundary l aye r  development i n  the  t ransonic  and 
supersonic sect ions of t he  NASA nozzle was achieved by varying the  nozzle 
s tagnat ion pressure;  t h e  va r i a t ion  of stagnation pressure then being r e f l ec t ed  
i n  the  value of t h e  kinematic v i scos i ty .  The r e s u l t s  of the  ca lcu la t ions ,  which 
were performed f o r  s tagnat ion pressures of 5.1, 10.2, and 25.5 atm (75, 150, and 
375 p s i a ) ,  a r e  shown i n  Figs .  34 through 36. 
free-stream turbulence l e v e l  of 1 percent.  
s tagnat ion pressure of 5.1 atm (75 p s i a )  corresponds t o  a low Reynolds number 
case,  whereas the  25.5 atm (375 p s i a )  stagnation pressure ca lcu la t ion  represents  
a higher Reynolds number. Within t h i s  range of s tagnat ion pressure the  f r e e -  
stream uni t  Reynolds number a t  a given ax ia l  loca t ion  var ies  by a f ac to r  of 5 
between t h e  three  ca lcu la t ions .  The var ia t ion  of the  incompressible shape 
f ac to r ,  shown i n  Fig. 34, indicates  t h a t  f o r  both the  low ( 5 . 1  atm (75 p s i a ) )  
and intermediate (10.2 atm (150 p s i a ) )  values of Reynolds number a laminar 
boundary l aye r  i s  maintained f o r  the  e n t i r e  length of the  nozzle;  however, t h e  
higher Reynolds number pred ic t ion  shows t h a t  the  boundary layer  undergoes 
t r a n s i t i o n  from laminar t o  turbulen t  s l i g h t l y  downstream of t h e  throat. The 
acce lera t ion  parameter, a l s o  shown i n  Fig. 34, shows subs t an t i a l  va r i a t ion  with 
Reynolds number. This i s  a d i r e c t  r e s u l t  of the  va r i a t ion  of the  kinematic 
v i scos i ty .  
f a c t o r  along the  nozzle a r e  shown i n  Fig. 35. 
t he  laminar s t a t e  of t he  boundary layer  for both low and intermediate Reynolds 
numbers. It i s  a l s o  noted t h a t  the  predicted var ia t ion  of t he  momentum th ick-  
ness with a x i a l  dis tance for  l a w  and intermediate Reynolds numbers, and for  
t he  higher Reynolds number predict ion pr ior  t o  t r a n s i t i o n ,  i s  consis tent  w i t h  
t he  usual laminar boundary layer  theory; the momentum thickness g r m s  more 
r ap id ly  f o r  lower Reynolds numbers, Final ly ,  the  var ia t ion  of the  dimension- 
l e s s  mixing length and the  boundary layer  thickness i s  shown i n  F ig .  36. The 
va r i a t ion  of the  dimensionless mixing length ind ica tes  t h a t  t r a n s i t i o n  occurs 
only f o r  the  higher Reynolds number predict ion.  

A l l  ca lcu la t ions  were &de f o r  a 
The ca lcu la t ion  made using a 

The va r i a t ion  of t he  momentum thickness and compressible shape 
These r e s u l t s  again ind ica te  

Ef fec t  of acce lera t ion .  - Calculations were made t o  determine the  e f f e c t  
of varying the  acce lera t ion  parameter upon the  boundary layer  development. 
ca lcu la t ions  were made using the  pressure d i s t r i b u t i o n  obtained from the  
Perfect  Nozzle deck f o r  a Mach 5 e x i t  sharp corner t h r o a t ,  shown i n  F ig .  21. 
The sharp corner th roa t  represents  a zero radius  of curvature and gives the  

The 
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g r e a t e s t  possible  wal l  pressure gradient  i n  the  t h r o a t  region. The r e s u l t i n g  
nozzle geometry generated by the UAC Perfect Nozzle deck d i f fe red  from t h e  NASA 
nozzle pr imari ly  i n  the region of t h e  t h r o a t  leading t o  d i f f e r e n t  s t a t i c  
pressure d i s t r ibu t ions .  
on the  accelerat ion parameter, incompressible shape f a c t o r ,  and momentum 
thickness  a r e  shown i n  Fig.  37 where they  a r e  compared with the  values 
predicted f o r  t h e  specif ied NASA nozzle geometry. The ca lcu la t ions  f o r  t h e  
sharp corner t h roa t  nozzle were i n i t i a t e d  a t  t h e  t h r o a t  with a displacement 
thickness  equal t o  t h a t  a t  the  throa t  of the  NASA nozzle. 
parameter f o r  t h e  sharp cornered th roa t  nozzle only d i f f e red  s l i g h t l y  from 
t h a t  of the NASA nozzle,  as shown i n  Fig.  37. 
acce lera t ion  parameter d i d  not lead t o  any s ign i f i can t  d i f fe rence  i n  boundary 
l aye r  development, as shown i n  Figs.  37 and 38. The major differences between 
the two ca lcu la t ions  were i n  the throa t  region where d i f fe rences  were predicted 
i n  the  incompressible shape f ac to r .  

The e f f e c t s  of t h i s  va r i a t ion  of t he  nozzle geometry 

The acce lera t ion  

The s l i g h t  d i f fe rence  i n  

m e c t  of ex i t  Mach number. - The e f f ec t  of va r i a t ion  of the  nozzle ex i t  
Mach number was studied by making boundary l aye r  pred ic t ions  f o r  t h e  pressure 
d i s t r ibu t ions  showr i n  Fig.  21  for  e x i t  Mach numbers of 4.1, 5 ,  and 6.  
pressure  d i s t r ibu t ions  a r e  f o r  nozzles having sharp corner t h r o a t s  and 
uniform e x i t  flow. The predict ions were i n i t i a t e d  a t  the  nozzle t h r o a t  with a 
displacement thickness equal t o  t h a t  predicted f o r  t h e  NASA nozzle with a 
free-stream turbulence of 1 percent.  The predicted var ia t ions  of acce lera t ion  
parameter, incompressible shape f a c t o r ,  and momentum thickness a r e  compared i n  
Fig. 39. The va r i a t ion  of the  accelerat ion parameter shows t h a t  t he re  i s  very 
l i t t l e  e f f e c t  due t o  e x i t  Mach number i n  the  t h r o a t  region;  however, t he  
cha rac t e r i s t i c  l i n e a r  decrease i n  acce lera t ion  parameter downstream of t h e  
t h r o a t  shows t h a t  as the  e x i t  Mach number i s  increased, the  acce lera t ion  
parameter decreases more slowly. The va r i a t ion  of t he  incompressible shape 
f a c t o r  shows a drop near the  throa t  and then an increase t o  a r e l a t i v e l y  
constant value of 2.5 i n  the Yach 5.0 and Mach 6.0 nozzles while cont inua l ly  
increasing t o  a value of 2.7 i n  t he  Mach 4 . 1  nozzle. 
incompressible shape f ac to r ,  a s  well  a s  t h e  smooth continuous r i s e  i n  momentum 
thickness ,  ind ica te  tha t  a laminar boundary l aye r  i s  maintained f o r  the 
e n t i r e  length of a l l  th ree  nozzles.  The va r i a t ions  of t he  compressible shape 
f a c t o r ,  dimensionless mixing length,  and boundary layer  thickness a r e  shown 
i n  Fig.  40. The va r i a t ion  of the  dimensionless mixing length ind ica tes  t h e  
laminar s t a t e  of t he  predicted boundary l aye r s .  It i s  i n t e r e s t i n g  t o  note t h a t ,  
al though s t i l l  small, t he  value of the  dimensionless mixing length a t  the  nozzle 
e x i t  shows a trend of increasing w i t h  e x i t  Mach number. 
due ,  a t  l e a s t  i n  p a r t ,  t o  t he  longer dis tance over which the boundary layer  
develops i n  higher Mach number nozzles. 

The 

These va r i a t ions  of the  

This trend i s  probably 
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DISCUSSION 

The inconsis tencies  found when attempting t o  co r re l a t e  t r a n s i t i o n  data  from 

I of these inconsis tencies  i s  the  aerodynamic noise rad ia t ing  from t h e  tunnel  wall  
several  supersonic wind tunnels  ( r e f s .  3 and 4 )  and the  evidence t h a t  the cause 

turbulent  boundary layer  c l e a r l y  indicates  the need for  a quiet  supersonic wind 
tunnel.  
33) shows t h a t  the  l e v e l  of free-stream turbulence can s ign i f i can t ly  a l t e r  the  
s t ruc tu re  of even ful ly- turbulent  boundary layers and s ince the f luc tua t ing  
pressure associated with an acoust ic  disturbance can be e a s i l y  r e l a t ed  t o  a 
f luc tua t ing  ve loc i ty  ( r e f .  IS), it i s  reasonable t o  assume t h a t  the  varying 
magnitude of aerodynamic noise found i n  d i f fe ren t  tunnels  could e f f e c t  t he  
ful ly- turbulent  boundary layer  development as wel l  a s  t r a n s i t i o n  loca t ion .  

layers i n  supersonic nozzles has been conducted in  t h i s  invest igat ion.  

I n  addi t ion,  a recent invest igat ion by McDonald and Kreskovsky ( r e f .  

rm inerefore, tu a i d  i I i  t h e  design of a quie t  tunnel, 6 pai-aiiietric study of b~iiiidary 

Prior  t o  performing the  parametric study it was necessary t o  a sce r t a in  
t h a t  t h e  boundary layer  predict ion procedure used would give accurate predict ions 
of relaminarizing flaws. Comparisons of theore t ica l  predict ions of momentum 
thickness and shape fac tor  wi th  the supersonic data of Nash-Webber ( r e f .  6)  and 
the law-speed experimental data of Blackwelder and Kovasznay ( r e f .  20) were 
very good. Hawever, comparison between theo re t i ca l  predict ions of skir: f r i c t i o n  
and the  data of r e f .  20, although showing qua l i t a t ive  agreement, showed 
quant i ta t ive  discrepancies .  Similarly,  comparisons between theory and experi-  
ment f o r  sink-flow boundary layer  shape fac tors  and momentum thicknesses were 
very good, however, comparisons of ve loc i ty  p ro f i l e s ,  although very good i n  the 
outer region, showed discrepancies i n  t h e  wall region. F ina l ly ,  predict ions 
of Stanton number through relaminarizat ion (when compared w i t h  t h e  data of 
Moretti and Kays ( r e f .  29)) indicate  t h a t  the  onset of t he  e f f e c t  of acce lera t ion  
i s  accurately predicted although t h e  ac tua l  var ia t ion  of Stanton number through 
relaminarizat ion i s  somewhat overpredicted. Thus,  i n  general ,  t h e  theory 
p red ic t s  t h e  i n i t i a t i o n  of relaminarization and t h e  var ia t ion  of i n t e g r a l  
thicknesses through relaminarization very well. Comparisons between theory and 
experiment f o r  skin f r i c t ion  and Stanton number, although showing qua l i t a t ive  
agreement, shaw quant i ta t ive  discrepancies.  However, a s  discussed i n  the  
Comparison sec t ion ,  ne i ther  skin f r i c t i o n  nor Stanton number data a r e  
completely r e l i a b l e  and i n  any event gresent a much more d i f f i c u l t  measurement 
t a s k  than t h e  mean flow or  i n t e g r a l  thicknesses.  

’ 
I 

t 

The subsequent ca lcu la t ions  made f o r  the quie t  tunnel study ind ica te  t h a t ,  
perhaps not surpr i s ing ly ,  t r a n s i t i o n  from laminar t o  turbulent  flow i s  sens i -  
t i v e  t o  the  l e v e l  of free-stream disturbance (see Figs.  25 through 27); a 
laminar boundary l aye r  being maintained only f o r  t he  lowest turbulence l eve l  
predict ion.  
28 through 33) t h a t  a des tab i l iz ing  e f f e c t  may r e s u l t  from wall  cooling i n  t h e  

I 

With regard t o  the e f f e c t  of wall cooling, it was found (see Figs. 
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presence of favorable pressure grad ien ts .  
r e s u l t  i s  the dual r o l e  played by wa l l  cooling i n  t h e  presence of a favorable 
pressure gradient,  t h e  d i r e c t  s t a b i l i z i n g  e f f ec t  and the  des t ab i l i z ing  e f f e c t  
of reduction of t h e  accelerat ion parameter. 
Reynolds number ind ica t e  t h a t ,  as one would expect,  increasing Reynolds number 
promotes t r a n s i t i o n  (Figs .  34 through 36).  
v a r i a t i o n  of the  pressure gradient (via  va r i a t ion  of nozzle geometry) show 
only s l i g h t  differences f o r  t h e  geometries examined (see Figs .  37 and 38). A 
s ign i f i can t  va r i a t ion  of the  pressure d i s t r i b u t i o n  i n  t h e  supersonic sec t ion  of 
t h e  nozzle cannot be achieved s ince t h e  major portion of t h e  p o t e n t i a l  energy 
associated with the  flow i s  converted t o  k i n e t i c  energy i n  the  t ransonic  
region near t h e  t h r o a t .  
number show t h a t  laminar boundary l aye r s  may be maintained f o r  t h e  e n t i r e  
nozzle length fo r  nozzles with e x i t  Mach number of a t  least 6.0 f o r  low free- 
stream turbulence l eve l s  (see Figs. 39 and 40) .  

A possible  explanation f o r  t h i s  

Predictions of  t h e  e f f e c t  of 

Predictions of t h e  e f f e c t  of 

F ina l ly ,  calculat ions made f o r  t h e  e f f e c t  of Mach 
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CONCLUSIONS 

Conclusions Regarding the Assessment of t he  
UARL Boundary Layer Prediction Procedure 

1. The UARL boundary layer prediction procedure, previously shown by 
McDonald and Fish t o  account f o r  t h e  influence of such items as free-stream 
turbulence and w a l l  roughness upon t h e  t r a n s i t i o n  from laminar t o  turbulent  
flm i n  a zero pressure gradient  boundary layer, has been shown i n  t h e  present 
s tudy a l s o  t o  account f o r  t h e  movement of the  t r a n s i t i o n  region due t o  
moderate pressure grad ien ts .  

2. The UARL procedure was a l s o  found t o  accura te ly  pred ic t  t he  
~ c r i p t i ~ ~  e? beiAqA&r;r 1 q e r  i&e,ggl p g r a ~ t e r s  ir: 8:: i~i?-,i~T>-* ?-,a;-bulent 
boundary layer subjec t  t o  la rge  accelerat ions i n  both low-speed and supersonic 
flows. 

3. The UARL procedure apparently pred ic t s  t he  onset of t he  e f f e c t  of 
s t rong acce lera t ion  on wall-dominated propert ies  such a s  Stanton number. 
However, t he  va r i a t ion  of wall-dominated propert ies  i n  boundary layers  under- 
going relaminarizat ion i s  i n  only qua l i t a t ive  agreement w i t h  present ly  ava i lab le  
da ta .  

Conclusions Regarding the Quie t  Tunnel 

1. The predicted boundary layer i n  the approach sec t ion  of the  NASA 
nozzle e f f e c t i v e l y  relaminarizes for free-stream turbulence l e v e l s  as high as 
6 percent based upon an i n l e t  ve loc i ty  of 213 cm per sec  (7 f% per sec) .  

2. The predicted boundary layer  thickness a t  t h e  s l o t  i s  approximately 
equal t o  the  s l o t  height .  

3. It should be possible  t o  maintain a laminar boundary layer  f o r  t he  
f u l l  length of the  NASA nozzle w i t h  adiabatic wal l s ,  provided t h a t  the  f r e e -  
stream turbulence l e v e l  i s  of the  order of 6 percent or l e s s  i n  the  approach 
sec t ion  based upon a mean ve loc i ty  of 213 cm per sec (7 f t  per s e c ) .  

4. The predicted e f f e c t  of wal l  cooling promotes e a r l y  t r a n s i t i o n  a t  
1 percent free-stream turbulence b u t  shows l i t t l e  e f f e c t  on t r a n s i t i o n  
loca t ion  a t  3 percent free-stream turbulence. 
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5 .  Transition i s  predicted t o  occur e a r l i e r  w i t h  higher free-stream 
unit Reynolds number. 

6 .  Variation of t h e  acce lera t ion  parameter downstream of the  nozzle 
t h r o a t  could not be increased s ign i f i can t ly  by changes i n  geometry and only 
in s ign i f i can t  e f f e c t s  of the  r e su l t i ng  changes i n  acce lera t ion  were observed 
on t h e  boundary l aye r .  

7 .  The indicat ions a r e  t h a t  a laminar boundary layer may be maintained 
i n  nozzles w i t h  e x i t  Mach numbers as high as 6.0. 
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APPENDIX A 

The Basic Equations 

Within the  framework of boundary layer theory,  various authors ( f o r  
example, Schubauer and Tchen ( r e f .  34))  have reduced the  time-averaged Navier- 
Stokes equations t o  t h e  compressible boundary layer  equations of motion. For 
two-dimensional or axisymmetric flows, steady i n  t h e  mean, t he  boundary layer  
approximations t o  the  momentum, energy, and cont inui ty  equation become 

I 

where x and y are coordinates i n  the  streamwise and t ransverse d i rec t ions ,  
u and v a re  ve loc i ty  components i n  the  x and y d i r ec t ions ,  p i s  densi ty ,  P i s  
pressure,  Cp i s  spec i f i c  heat ,  To i s  t o t a l  temperature, r i s  the radius of 
curvature f o r  an axisymmetric body, and the exponent CY i s  zero f o r  two-dimen- 
s iona l  flows and uni ty  f o r  axisymmetric flows. 
and the  e f f ec t ive  heat  t r ans fe r ,  Q, are defined as 

The e f f ec t ive  shear s t r e s s ,  T ,  

dli - -  I 1  - p  u v  

(A-5)  
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where p i s  v i scos i ty ,  k i s  thermal conductivity,  T i s  s t a t i c  temperature. 
Eqs. ( A - 1 )  through ( A - 5 )  overbars indicate  averaged quan t i t i e s  and primes 
ind ica te  f luctuat ing quant i t ies .  
t r a n s i t i o n a l ,  o r  turbulent  flaws; obviously, fo r  laminar flows t h e  primed 
quan t i t i e s  a r e  zero.  For turbulen t  and t r a n s i t i o n a l  boundary l aye r s  it i s  

T' convenient t o  represent t he  contribution of t h e  apparent tu rbulen t  stress, T 

t o  t h e  t o t a l  shear stress, 7, by an e f f ec t ive  turbulent  v i scos i ty ,  vT, and 
s i m i l a r l y t h e  turbulent  contr ibut ion t o  the  t o t a l  heat flu, Q, i s  represented 
conveniently by an e f f ec t ive  turbulent  conductivity,  kT, such t h a t  

I n  

The equations are va l id  f o r  laminar, 

The turbulent  conductivity,  kT, i s  r e l a t ed  t o  t h e  turbulent  v i scos i ty ,  vT, by 
a turbulent Frandtl  number, PrT, defined a s  

and t h e  boundary layer  momentum and energy equations, E q s .  (A -1 )  and (A -2 ) ,  
become 

I n  deriving Eq. ( A - 1 0 )  use has been made of the  d e f i n i t i o n  of t o t a l  temperature 
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0 U 2  T = T + - m  ( A - 1 1 )  

With t h e  flow laminar, Eqs. ( A - 3 ) ,  (A-g), and (A-10) are solved w i t h  
determine t h e  boundary layer development. If t h e  flow i s  t r a n s i t i o n a l  or  
tu rbulen t ,  it i s  necessary t o  model'vT and FrT. The spec i f ica t ion  of t h e  

through the  turbulence model described i n  d e t a i l  i n  t h e  subsequent sect ion.  

v T  = 0 t o  

I t u rbu len t  v i scos i ty ,  vT, and the  turbulent  Prandtl number, P ~ T ,  i s  car r ied  out 

After spec i f ica t ion  of t h e  turbulent  v i scos i ty  and Prandt l  number, 
Eqs. ( A - 3 ) ,  ( A - g ) ,  and ( A - 1 0 )  are solved by f i r s t  eliminating pV from the 
momentum and energy equations by appl icat ion of t h e  cont inui ty  equation. 
t h e  streamwise s t a t i c  pressure d i s t r ibu t ion ,  P(x), i s  spec i f ied ,  the  momentum 
and energy equations,  i n  conjunction with an equation of s t a t e  and equations 
governing vT and P~T, form a closed set of nonlinear, parabol ic ,  p a r t i a l  
d i f f e r e n t i a l  equations,  which can be solved upon spec i f ica t ion  of boundary 
conditions.  The w a l l  and free-stream boundary conditions employed i n  the  
so lu t ion  are given by: 

When 

a t  the  w a l l  y = 0 

I 
a t  the free-stream, y-a, 

(A -12) 

Deta i l s  of t h e  so lu t ion  procedure a re  presented i n  re f .  15. 

The Turbulence Model 

Fully-developed turbulence model. - The fully-developed turbulence model 

1 
I 

o r i g i n a l l y  presented by McDonald and Camarata ( r e f .  11) for  two-dimensional 
incompressible flow, forms the bas i s  for  the t r a n s i t i o n a l  turbulence model used 
i n  t h e  McDonald-Fish t r a n s i t i o n a l  boundary layer theory and, therefore ,  a t  t h i s  
junc ture  it i s  u s e f u l  t o  descr ibe the model i n  some d e t a i l .  The fully-developed 
turbulence model, which i s  described i n  greater  d e t a i l  i n  r e f .  1 4 ,  i s  based 



upon a so lu t ion  of t he  turbulence k i n e t i c  energy equation. 
k i n e t i c  energy equation i s  a conservation equation derived f r o m  the Navier- 
Stokes equations by wr i t ing  the  instantaneous q u a n t i t i e s  as a sum of mean and 
f luc tua t ing  parts. The i t h  Navier-Stokes momentum conservation equation 
( i  = 1, 2, 3, r e f e r r i n g  t o  t h e  three coordinate d i r ec t ions )  i s  mult ipl ied by 
t h e  i t h  component of f l uc tua t ing  ve loc i ty  and the average of the r e s u l t i n g  
t h r e e  equations i s  taken. The three averaged equations a r e  summed t o  obta in  
t h e  turbulence k i n e t i c  energy equation. The der iva t ion  of t he  turbulence 
k i n e t i c  energy equation has been given by Favre ( r e f .  35) f o r  compressible 
flow and approximated by Bradshaw and Fe r r i s  ( r e f .  10) t o  boundary layer  flaws; 
a der iva t ion  and discussion of the  turbulence k i n e t i c  energy equation used i n  
t h e  present  theory i s  given i n  r e f .  15. 

The turbulence 

As shown i n  ref. 15 ,  t he  boundary layer  approximation t o  t h e  turbulence 
k i n e t i c  energy equation i s  given by 

advecti.on product i on 

diffusion d l  s s ips t I on 

normal rtrtsr production presrure-dilitation 

All ca lcu la t ions  reported i n  the  invest igat ion were made wi th  t h e  usual 
assumption of zero p re s su re -d i l i t a t ion  contr ibut ion t o  the  energy balance 
( r e f .  10). 
r e spec t  t o  y between t h e  limits y = 0 and y = 6  which leads t o  

The turbulence model i s  developed by in t eg ra t ing  Eq. (A-14) w i t h  

where 

(A -14) 

(A -16 ) 



Following Townsend ( r e f .  36) and Bradshaw and Fe r r i s  ( r e f .  10) s t r u c t u r a l  
coe f f i c i en t s  % and L are introduced, together with a mixing length A ;  these 

I. . 
' sca les  a r e  defined a s  

(A-17)  

d 6  --._ 1 -- 3/2 , , '12 
< s  I - u ' v ' l  / L  , t u  v 1 = f 

For fully-developed turbulence the  structural coef f ic ien ts  81, a2,  and a3 a r e  
assumed .constant having values 0.15, 0.50, and 0.20, respect ively ( r e f s .  11 and 
37). As .is discussed subsequently, a 1  becomes a var iable  i n  the t r a n s i t i o n a l  
regime. 

i 
I 
1 

Using Eq. (A-17), Eq. (A-16) i s  put i n  the form 

1 '  where 

( A - 1 9 )  

(A -20) 

(A-21) 

where 'fl is a nondimensional transverse dis tance y/6+, 6' i s  an a r b i t r a r y  
reference length,  and 6 the  boundary layer  t h k k n e s s .  



The left-hand s ide  of Eq. (A-18) represents  t h e  streamwise r a t e  of 
change of turbulence k ine t i c  energy and i s  derived d i r e c t l y  from t h e  turbulence 
k ine t i c  energy advection term. The term PeUz@ 

production. The terms designated by E are turbulen t  source terms r e s u l t i n g  
from disturbances imposed upon the  boundary layer  by the f r e e  stream. 
shown - i n  Eq.  (~-16), E i s  the  sum of two major contributions t h e  f irst ,  
($/2) (ma6/ax-T) representing the free-stream ve loc i ty  disturbance (i .e., 
free-stream turbulence entrained by the  boundary l aye r )  and the second, 
- P ' v 1 + ( m / 2  , representing the  d i r e c t  absorption of acoust ic  energy. In  
subsonic and moderately supersonic flows the  acoust ic  source term i s  
negl ig ib le  compared t o  t h e  free-stream turbulen t  ve loc i ty  disturbance. 
higher Mach numbers t h e  acoust ic  term may become the dominant source and, as 
ind ica ted  by Pate and Schueler ( r e f .  3 ) ,  t h e  acous t ic  disturbance i s  the  
dominating disturbance i n  high Mach number wind tunnels having turbulen t  
tunnel wall boundary layers .  I n  t h e  present inves t iga t ion  of t h e  NASA p i l o t  
model quiet  wind tunnel it i s  t h e  tunnel wal l  boundary layer i t s e l f  which i s  
under inves t iga t ion  and when t h i s  i s  laminar t he re  i s  not expected t o  be an 
acoust ic  disturbance source. 
wall boundary layers t h e  acoust ic  disturbance has been assumed negl ig ib le .  

represents  the  i n t e g r a l  of 
i s  the  normal s t r e s s  turbulence production minus d iss ipa t ion  and PeUe@3 23 

As 

7 

A t  

Thus,  i n  t h e  present  ca lcu la t ion  f o r  t h e  tunnel  

For fully-developed t u r b u l e n t  flow, as i n  r e f .  11, L and A are given by 

L -g = 0.1 tanh [ N y / ( o . ~  811 (A-22) 

where 2, i s  the "wake" value of t h e  mixing length a t  any p a r t i c u l a r  streamwise 
s t a t i o n .  Although Eqs. (A-22) and (A-23) give accurate  representat ions of 
and L through most of the  turbulen t  boundary layer, it i s  well-known t h a t  they 
overestimate the  length sca les  within t h e  viscous sublayer and a re  somewhat 
inaccurate a t  low Reynolds numbers. Following McDonald and Fish  ( r e f .  14) the  
experimentally observed damping e f f e c t  i n  the viscous sublayer i s  modeled by 
assuming in te rmi t ten t  turbulence within the  sublayer leading t o  t h e  r e l a t i o n  i 



(A-24) 

In  Eq. (A-24) r is  the intermittency f ac to r ,  B t h e  damping f ac to r ,  and the  
subscr ipt  T ind ica tes  t h e  value with turbulent f l a w .  
t h e  square roo t  of r .  
the  damping d i s t r i b u t e s  normally about mean height y+(y+ = yd-) wi th  a 
standard deviat ion Q leading t o  t h e  equation 

Obviously, 3 i s  equal t o  
As i n  ref. 14, the present inves t iga t ion  assumes that 

+ where P i s  t h e  normal probabi l i ty  function; y 
de ta i led  discussion of the sublayer damping treatment i s  presented i n  ref. 14. 
I n  t h e  present  calculatims t h e  von Karman constant K was taken t o  be 0.43. 

is  taken as 23, and CJ as 8. A 

I n  regard t o  the  l a w  Reynolds number e f f ec t s ,  Coles ( r e f .  38) has 
observed and cor re la ted  the  departure of the mean ve loc i ty  p r o f i l e  of a flat 
p l a t e  turbulent  boundary layer  from t h e  usual s i m i l a r i t y  laws known t o  hold a t  
higher Reynolds numbers. Using Coles ' corre la t ion  of -the mean ve loc i ty  p r o f i l e  
i n  the low Reynolds number regime, McDonald (ref. 39) integrated the boundary 
layer equations of mean motion t o  obtain loca l  d i s t r ibu t ions  of turbulent  shear 
stress and evaluated the  local mixing length d i s t r ibu t ions  from the  assumed mean 
veloc i ty  d i s t r ibu t ion  and the  computed shear stress d i s t r ibu t ions .  
these calculat ions,  a lm Reynolds number correction f o r  the d iss ipa t ion  length 
of t he  form 

Based upon 

(A-26) 

was derived where L,/6 i s  given by Eq. (A-22). In the  calculat ions presented 
i n  the  present report  the d iss ipa t ion  length used was obtained by multiplying 
Eq. (A-26) by the  sublayer damping f ac to r  2). 

When n w r i c a l  values of the  s t ruc tu ra l  coef f ic ien ts  an are specif ied,  
Eqs. (A-22),  (A-23), (A-25), and (A-26) a r e  used t o  represent L and a ,  and the  
pressure d i l i t a t i o n  i s  e i t h e r  neglected or modeled, t he  turbulence k ine t i c  
energy equation, Eq. ( ~ - 1 8 ) ,  becomes an ordinary d i f f e r e n t i a l  equation with 
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t he  dependent parameter A , ( x )  which i s  solved i n  conjunction with the  
' 

boundary layer momentum and energy equations t o  pred ic t  t h e  development of both 
the  mean flow f i e l d  and the  turbulent  shear s t r e s s .  

~ 

I n  addi t ion t o  including t h e  turbulence k i n e t i c  energy equation i n  t h e  set 
of equations governing the  boundary layer  d e v e l o p m a i t  - i s  necessary t o  
spec i fy  the turbulcn% heat flux contr ibut ion,  -PCpV'T' As PreviouslY 
s t a t ed ,  i n  t he  present  procedure, v 'T'  i s  spec i f ied  by assuming a tu rbu len t .  - 
Prandt l  number, P ~ T ,  which - r e l a t e s  t he  velocity-temperature cor re la t ion ,  v'T', 
t o  t he  Reynolds s t r e s s ,  u 'v '  , through Eq. (A -8 ) .  The turbulen t  Prandt l  number 
d i s t r ibu t ion  used i n  t h e  present procedure va r i e s  with d is tance  from t h e  wall 
i n  t h e  manner suggested by Meier and Rotta ( r e f .  40). A t  t h i s  juncture  it 
should be pointed out t h a t  an a l t e r n a t i v e  procedure can be used t o  determine 
v 'T ' ,  based upon an e a s i l y  derived - conservation equation f o r  e i t h e r  the  
quant i ty  T'2 or t he  cor re la t ion ,  v 'T ' ,  which i s  similar i n  form t o  the  
turbulence k i n e t i c  energy equation, Eq. ( A - 1 4 ) .  
conservation equation it i s  necessary t o  assume a universal  s t ruc tu re  r e l a t i n g  
quant i t ies  analogous t o  d i s s ipa t ion ,  production, e t c .  While s u f f i c i e n t  
experimental data  e x i s t s  t o  allow va l id  modeling of the required terms fo r  t h e  
turbulence k i n e t i c  energy equation, t he  ex i s t ing  da ta  does not i nd ica t e  haw 
proper modeling could be ca r r i ed  out f o r  t he  v 'T'  conservation equation. 
a t  l e a s t  for  the  present ,  t he  approach based upon a turbulen t  Prandt l  number 
appears preferable t o  an approach based upon the v'T' conservation equation. 

- 

- 

However, t o  solve t h i s  new 

I 

- 
Thus,  

- 

Transi t ional  turbulence model. - The McDonald-Fish t r a n s i t i o n a l  turbulence 
model i s  based upon a solut ion of the turbulence k i n e t i c  energy equation w i t h  
the  s t r u c t u r a l  coe f f i c i en t s  modified from t h e i r  fully-developed turbulence 
values.  The following discussion of t h e  model condenses the  presentat ion i n  
r e f .  14.  
a2,  and a3 a r e  assumed constant and a re  s e t  equal t o  0.15, 0.50, and 0.20, 
respec t ive ly .  

energy balance when the  boundary layer  i s  f a r  removed from separat ion,  as shown 
by Bradshaw ( r e f .  37). 

McDonald-Fish model modifies a 1  through the  introduct ion of  a turbulence 
Reynolds number, R,, defined by 

For fully-developed turbulen t  flows the  s t r u c t u r a l  coe f f i c i en t s  a l ,  

Although it i s  probable t h a t  a l l  coe f f i c i en t s  vary i n  t h e  , 
I t r a n s i t i o n a l  regime only the coe f f i c i en t  a1 cont r ibu tes  s i g n i f i c a n t l y  t o  the  

equal t o  the i r  fully-developed values and t h a t  only a1 need be modified. 
Therefore, t he  t r a n s i t i o n  model assumes a2 and a3 a re  

The I 
I 
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Noting t h a t  

(A -28 ) 

t he  turbulence Reynolds number becomes 

(A-29) 

To be cons is ten t  with the  i n t e g r a l  turbulence k ine t i c  energy - equation, 
E , i .  ( ~ - 1 8 ) ,  a layer-averaged turbulence Reynolds number, R,, i s  introduced a s  

where 6,, t h e  sublayer thickness ,  i s  defined as the  loca t ion  a t  which t h e  
laminar stress has f a l l e n  t o  four percent of t he  t o t a l  s t r e s s  ( the  four percent 
d e f i n i t i o n  gave a sublayer mean temperature i n  very good agreement with the  
so-called Eckert reference temperature).  

1 

- 
The McDonald-Fish model assumes t h a t  the turbulence Reynolds number, R,, 

i s  t h e  sole  var iab le  influencing the  development of a 1  and a r e l a t ionsh ip  
between al and R, i s  obtained by considering the  development of an incompress- 
i b l e  constant pressure f l a t  p l a t e  equilibrium turbulent  boundary layer .  It 
should be noted tha t  under the assumption tha t  a 1  i s  so l e ly  dependent upon R, 
it i s  only necessary t o  der ive a r e l a t i o n  for one s e t  of flow conditions t o  
obtain a universal ly  va l id  re la t ionship .  
it i s  r e a d i l y  ascer ta ined that fo r  t he  incompressible, constant pressure 
equilibrium turbulen t  boundary layer  , $3 , E ,  and &$,/ax a r e  negl ig ib le  which 
leads t o  the reduced turbulence k i n e t i c  energy equation 

I 

Based upon experimental observation, 

1 
~ 

I n  Eq. ( A - 3 l ) ,  CY i s  the  skin f r i c t i o n  coef f ic ien t  and t h e  independent var iable  
has been changed from streamwise d is tance ,  x, t o  momentum thickness  Reynolds 

I a 



number, Re, using the momentum i n t e g r a l  equation. 
general  form of a Bernoulli equation 

Equation (A-31) has t he  

which has t he  general  solut ion 

When t h e  mutual dependence between 8,, f ,  g, and R e  i s  determined f o r  the f l a t  
p l a t e  equilibrium boundary layer, Eq. (A-33) provides the  required general  
re la t ionship  between a 1  and R,. The quan t i t i e s  f and g a r e  evaluated by first 
noting tha t  f o r  t he  f la t  p l a t e  equilibrium boundary layer  8/6 var ies  very 
slowly w i t h  Re. Neglecting t h i s  var ia t ion  leads t o  the  result 

I 
f = -  

The quant i ty  g w..ich is equal t o  t h e  fac tor  4@0/(Cf%6) I s  evalua,ed 
numerically by in t eg ra t ing  the p r o f i l e s  of Maise and McDonald (ref. 41) Over 
a wide range of Reynolds numbers the grouping i s  found t o  be sens ib ly  constant 
with a value appraximately 6.66. Thus, Eq. (A-33) becomes 

where t h e  a r b i t r a r y  constant a0 i s  the  value of al when R e  
It should be pointed out that a t  large values of Re/ReO, al asymptotes t o  ?he 
fully-developed value of 0.15. 
(A-26) i s  changed from R e  t o  8, by using the  p r o f i l e s  of Maise and McDonald 
( r e f .  41) which i n t e g r a t e  t o  give 

i s  equal t o  Re  . 
The independent var iab le  of Eqs. (A-35) and 

R~ = 68. I si, + 614.3 R, > 40 (A -36 
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A t  low Reynolds numbers good r e s u l t s  are obtained using the  equation 

t 

(A-37) 

I n  the  intermediate range l<a,<40, t h e  two d i s t r i b u t i o n s ,  Eqs. (A-36) and 
(A-37), a r e  joined by a cubic constructed t o  match t h e  value and slope a t  the  
j o i n  poin ts .  F ina l ly ,  t he  constant of integrat ion,  ao, i s  determined on t h e  
bas i s  of  comparison between experiment and theory.  
theory and experiment f o r  low Mach number, ad iaba t ic  w a l l  boundary layers  i s  
obtained by s e t t i n g  a0 equal t o  0.0115 when RT i s  equal t o  unity. During the  
assessment of theory as applied t o  l o w  hypersonic Mach number boundary layers  
Shamroth and McDonald (ref.  15) showed tha t  good r e s u l t s  fo r  t r a n s i t i o n a l  
boundary layers  could be obtained over a range of Mach numbers and wal l  t^o 
f r e e  stream temperature r a t i o s  by allowing a0  t o  be a function of the  wal l - to-  
free-stream s t a t i c  temperature r a t i o ,  Tw/Te. 
chosen so t h a t  f o r  incompressible flow the theory would agree with t h e  
incompressible da ta  of Zysina-Molozhen and Kuznetsova (ref.  42) i n  t he  range 
0.5<Tw/Te<2.8. 
be independent of wall temperature r a t i o .  The var ia t ion  of a0  w i t h  Tw/Te i s  
shown i n  Fig. 41. 
shown i n  Fig. 41 leads t o  good comparisons between theo re t i ca l  predict ions and 
experimental data  for  a var ie ty  of boundary layers  i n  t h e  supersonic and low 
hypersonic Mach number regimes ( r e f .  15). 

Best agreement between 

The funct ional  re la t ionship  was 

For Tw/Te >2.8 t h e  t r ans i t i on  Reynolds number i s  assumed t o  

The funct ional  re la t ionship  based upon incompressible data  

I 

I 
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THE MACH 5 LAMINAR FLCkJ SLOTTED NOZZLE 

Dimensionless dis tance 
from t h r o a t ,  

X =  x/rt  

Dimensionless Radius, 
1" /rt 

&e s sure  
Ratio 
P/PO 

Approach sect ion and outer wal l  of s l o t  

-21.878 
-21.400 

-20.400 
-19.900 
-19.400 

-18.400 
-17.900 
-17.400 
-16.900 
-16.400 
-15 .goo 
-15.400 
-14.900 
-13 ,900 
-13.400 
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-io .goo 
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11.5000 
11.489 
11.4686 
11.4390 
11 a3990 
11 -3530 
11.3040 
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11.0300 
io. 9690 
io. 9080 

10.6550 
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0.9999 
0 9999 
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- 
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0.56066 
0.53483 
0.50892 
0.48298 
0.45709 
0.43130 
0 .bo570 

0.84123 

0.75654 

0.71014 

0.66179 

0 -39320 
o .38036 

0.30662 
0.28909 
0.26015 
0 23839 
0.19603 
I). 15789 

0.35535 
0 -33074 
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TABLE I. - NASA S U P P L I E D  PRESSUFE D I S T R I B U T I O N  I N  
"HE! MACH 5 LAMINAR FLBW SLOTTED NOZZLF: - Continued 

0.3512 
0.3992 
0.4558 
0.5218 
0.5972 
0.6826 
0.7766 
0.8788 

1.1118 

1.5256 
1.6778 
1.8358 
1 9992 
2 ~ 4 4 0  
2.7080 
3.0940 
3.5020 

0.9902 

1.2420 
1.3804 

3 9300 
4.3760 
4.8400 
5.3240 
5.8280 
6.3520 
6 .?$o 

8.0380 
8.6360 
9.2580 
9.8900 

10.5 440 
11.2220 
11.9040 
12.6200 
13.3360 
14.0900 

7.4600 

Supersonic sect ion 

1.0654 
1.0824 
1.1036 
1.1286 
1.1438 
1.1924 
1.2306 
1.2728 
1.3190 
1.3696 
1.4238 
1.4812 
1.5410 

1.6662 
1.7310 
1 .&40 

1.6028 

1 *9996 
2.1368 
2.2740 
2.4106 
2.5464 
2 .6804 

2.9418 
3.0648 
3.1914 
3.3112 
3.4280 
3.5408 
3.6488 
3.7542 

2.8122 

3.8548 
3 *9500 
4.0436 
4.1294 
4.2140 
4.2900 

0.15700 

0.14018 
n .14861 

0.13162 
0.12287 

0.10628 

0.09087 

0 ~ 1 4 3 7  

0.09851 

0 -08355 
0.07667 
0.07027 
0.06448 
0.05916 
0.05435 
o.05000 
0 .Ob257 
o .03622 
0.03091 
0.02660 
0.02302 
0 .02006 
0.01758 
0.01549 
0 -01373 
0.01222 
0.01093 
0.00982 
0.00887 
0.00805 

0.00670 
0.00614 
0 ~ 0 5 6 6  

0.00732 

0.00523 
0.00484 
0.0045 1 
0.00420 
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TABLE I. - NASA S U P P L I E D  FjRESSURE D I S T R I B U T I O N  I N  
MACH 5 LAMINAR FLClW SLOTTED NOZZLE - Concluded 

14.8380 
15.6240 
16.4060 
17.2240 
18.0380 

19.7440 
20.6040 
21.4860 
22.3840 

24.2160 
25.1500 

27.0500 

18.8920 

23.2900 

26.0920 

2a.0140 
28.9860 
29.9640 
30 9 9500 

4.3664 
4.4334 
4.5005 
4.5582 
4.6158 
4.6634 
4.7106 
4 -7550 
4.7928 
4.8258 
4.8564 
4.8806 
4.9026 

4.9354 
4 -9475 
4.9568 
4.9636 
4.9680 

4.9214 

0.00394 

0.00348 

0.00311 
0.00295 

0.00369 

0.00328 

0.00281 
o .00269 
0.00257 
0.00247 
0.00237 

0.00222 

0.00210 

0.00200 
0.00197 
0 .OD194 

0.00229 

0.00215 

o .00205 



TABLE 11. - NASA SUPPLIED PRESSURF: DISTRIBUTION FOR 
INLET DUCT AND APPROACH SECTION BOUNDARY 
LAYER CALCULATION 

Dimensionless Distance 
From 'Throat ,  X = x/rt 

-165.878 
- 21.878 
- 17.400 
- 15.900 
- 14.900 
- 13.900 
- 12.900 
- 11.900 
- 11.400 
- 10.900 
- 10.400 
- 9.900 - 9.400 
- 8.900 
- 8.400 
- 0.378 
- 7.878 
- 7.378 
- 8.900 
- 6.378 . _ :  
- 5.878 
- 4.878 

- 4.378 
- 3.878 
- 3.378 
- 2.878 - 2.378 
- 1.878 
- 1.678 
- 1.638 
- 1.520 
- 1.360 
- 1.300 

Contour Distance From 
Last Screen, S 

m. 

0 .o 
1.8288 
1.8345 
1.9050 
1.9178 
1.9306 
1 - 9434 
1 9563 
1.9694 
1.9763 
1.9833 
1.9905 
1.9981 
2.059 
2.0063 
2.0142 
2.0222 
2.0326 
2 -0977 
2.0469 

2.0638 
2 90553 

2 -0723 
2.0810 
2.0897 
2.0984 
2 .lo72 
2.1160 
2.1196 

2.1226 

2.1269 

2.1204 

2.1257 

ft. 

0.0 
6 . i300000 
6.018718 
6.250103 
6.292076 
6.334054 
6.376114 
6.418391 
6.461433 
6.483864 
6.506949 
6.530670 
6.55541 
6.581074 

6 A08265 
6.634649 
6.6688233 
6.688233 
6.715564 
6.743150 
6 770971 

6 799056 
6.827351 
6.35 5887 
6.884608 
6.913401 
6.942441 
6.954235 
6.956646 
6.963898 
6 973979 
6 977909 

6.582213 

Dimensionless 
Radius, r/rt 

11.5000 
ii ,5000 
11 ~ 4 6 0  
io .  9690 

io.  5810 
io. 3980 
10.2760 
io.  1090 
9.8810 

9.3380 
8.9930 
8.6190 

10.8480 
10.7240 

9.6320 

8.6030 
8.2160 
7.8260 
7.4210 
7.0040 
6.5720 

5 . a70  

4.7680 
4.2960 

3.3420 
2.8480 
2.6450 

2.4730 

2.2036 

6.1360 

5.2320 

3.8190 

2.6020 

2.2820 

Pres sure 
Rat io  

0 9999770 
3 .  $999770 
0.9999673 
0.9999714 
0.9999583 
0 -9999432 
0 09999342 
0 9999304 
0 09999281 
0.9999240 
0 -9999169 

o .9998876 
0.9998619 
0.9998309 
0.9998293 
0.9997898 
0 *9997433 
0 09996898 
0 -9996292 
0 -9995614 
c) .9994841 
0.9993846 
0.9992465 

0.9987087 

0.9968761 

0.9930038 
0.9925850 

0.9T81970 
o .9867291 

0 9999052 

0 99905 10 

0.9980443 

0.9946463 

0.9910844 
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TABIE 11. - NASA S U P P L I E D  PRESSURe D I S T R I B U T I O N  FOR 
I N L E T  DUCT AND APPROACH SECTION BOUNDARY 
LAYER C A E U L A T I O N  - C o n c l u d e d  

~~ 

- 1.19 
- 1.120 - 1-07:, 
- 1.030 
- 0.982 
- 0.940 
- 0.908 
- 0.870 
- 0.848 
- 0.820 
- 0.788 
- 0.7:-3 
- 0.758 
- 0.740 
- 0.720 
- 0.710 

- 0.666 - 0.646 - 0.630 - 0.604 
- 0.585 
- 0.568 
- 0.558 
- 0.552 

- 0.688 

2.1292 
2 .U07 
2 ;I317 
2 .1326 
2 1337 
2.1346 
2.1352 
2.1360 

2 ~ 3 6 9  

2.1381 

2.1388 

2.1364 

2.1376 
2 1377 

2 -1396 

2.1390 
2 -13% 
2 -1397 
2.1400 
2,1402 
2.1406 
2.1408 
2.1410 
2.1411 
2.1412 

~~ 

6 * 985453 
6.990462 
5.9396 
6 -996885 
7.000220 
7.003150 
7.005320 
7.007820 
7.009240 
7.011020 
7.O13090 
7 *01359O 
7. ~114920 
7.01980 
7.017170 
7.017740 
7.018890 
7.020020 
7.021010 
7.021760 
7.022910 
7.023710 
7.024420 
7.024840 
7.025090 

2.0600 
1 .@38 

1.7760 

7 QnQn 
L . U F W  

1.8410 

1.7204 

1.6324 

1.5742 

1 . (-1780 

1.606 

1.5298 
1.5298 
1.5070 
1.4886 
1.4680 
1.4592 
1.4400 
1.4264 
1.4140 
1.4094 
1.4020 
1,4012 
1 .4x4  
1.4000 
1.4012 

o .9827085 

0 9652792 

0 09595346 

0,949w3 

0.9785564 
n nn\.nrnc 
u -7 I* I F >  

0 -9652792 

0.9542777 
0.9k-65237 

0.3306027 
0.90765 lp) 
0 .go76510 
0.8888883 
0.8683 142 
0.8393871 
0.823443 
r3; 7873495 
0.7470208 
0 7079584 

0.6239762 
0.5853385 
0.5495445 
0.5277362 
0.5145390 

0.6761727 

1 

, 
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U'm - - - THEORY OF ym DRIEST & B L U M E R , T  = O.Ol'(REF. 18) 

UARL PREDICTION, %=o-012 
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-0.02 0 0.02 0.04 0.06 -0.04 

82 dU 
PRESSURE GRADIENT PARAMETER -7 7~ 

Figure 1. - Comparison between measured and predicted transition Reynolds number. 
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0 MEASUREMENTS OF NASH-WEBEER (REF.61 
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Figure 2. - Comparison between predictions and measurements for supersonic nozzle "A ' .  
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e 1.0 1.5 2.0 2.5 3.0 3.5 

DIMENSIONLESS DISTANCE ALONG NOZZLE, x = X/L,,f 

Figure 3. - Comparison between predictions and measurements for supersonic nozzle "A". 



0 MEASUREMENTS OF NASH-WEBBER (REF.@) 
STAG PRESS 0.5 stm HQ, MEX~T = 2.0 
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DIMENSIONLESS DISTANCE ALONG NOZZLE, x = X/L,,f 

Figure 4. - Comparison between predictions and measurements for supersonic nozzle "A". 
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MEASUREMENTS OF NASH-WEBER (REF. 6 )  

STAG PRESS 0.166atm He, M E X I T = ~ . ~  

PREDICTION WITHTRANSITION MODEL 5= 0.02 
U ----- PREDICTION WITH FULLY TURBULENT MODEL 
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DIMENSIONLESS DISTANCE ALONG NOZZLE , x = X/L,,f 

Figure 5. - Comparison between predictions and measurements for supersonic nozzle "C". 
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Figure 6. - Comparison between predictions and measurements for supersonic nozzle "C". 
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0 MEASUREMENTS OF BLACKWELDER 81 KOVASZNAY (REF. 20) 

PREDICTION WITH TRANSITION MODEL = 0.005 
U - - - - - PREDICTION WITH FULLY TURBULENT MODEL 
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Figure 7. - Comparison between predictions and measurements of momentum 
thickness and shape factor for low speed flow. 
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0 MEASUREMENTS OF BLACKWELDER & KOVASZNAY (REF. 20) 

PREDICTION WITH TRANSITION MODEL 

- - - - - - PREDICTION WITH FULLY TURBULENT MODEL 

= 0.005 
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Figure 8. - Comparison between predictions and measurements of skin friction 
coefficient and predicted mixing length for low speed flow. 
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CURVES AND EXPERIMENTAL DATA FROM JONES AND LAUNDER (REF. 22) 

CY-PRED~CT~ONS UNDER THE COND~T~ON OF JONES AND LAUNDER, 5.1 = 0.01 
U 

A-NEW DATA OF JONES AND LAUNDER (REF.221 
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0 HERRING AND NORBURY (REF. 24) 
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0 JULIEN ET AL (REF. 26) 

LAUNDER ANDSTINCHCOMBE (REF. 27) \ 0 JONES(REF.28) 
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ACCELERATION PARAMETER, K = 

Figure 9. - Comparison between predictions and measurements of momentum thickness 
Reynolds number and shape factor for sink flow boundary layers. 
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D Re = 689 MEASUREMENTS OF JONES AND LAUNDER (REF. 22) 
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0 1 .o 2.0 3.0 4.0 5.0 6.0 7.0 8.0 
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Figure 10. - Comparison between predictions and measurements for a sink flow boundary layer. 
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Figure 11.- Comparison between predictions and measurements for a sink flow boundary layer. 
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0 DATA OF MORElTI AND KAYS RUN 12 (REF. 29) 

u’, - PREDICTION ( - = 0.01) 
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---- PREDICTION FULLY TURBULENT 
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DIMENSIONLESS STREAMWISE DISTANCE, x = X/&f 

Figure 12. - Comparison between predicted and experimental results for heat transfer in an accelerated flow. 
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Figure 13. - Comparison between predicted and experimental results for heat transfer in an accelerated flow. 
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0 DATA OF MORElTl AND KAYS RUN F-2 (REF. 29 

U' - PREDICTION I 'P" = 0.01) 

-00- PREDICTION FULLY TURBULENT 

U 

DIMENSIONLESS STREAMWISE DISTANCE, x X/L,,f 

Figure 14. - Comparison between predicted and experimental results for heat transfer in an accelerated flow. 
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Figwe 15. - Cafculaw streamlines aml sonic line for the transonic section of the NASA Mach 5 nozzle 
with slot fared in-throat and supersonic section follow NASA contour. 
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Figure 17. - Comparison of calculated sonic lines in the NASA Mach 5 nozzle 
using different approach section contours. 
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CONTOUR A -.-.-.-, CONTOUR B ------ NASA DISTRIBUTION 

Figure 18. - Comparison between calculated and NASA wall pressure distribution in the transonic 
section of the NASA Mach 5 nozzle - calculations based on two different 
approach section contours. 
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DIMENSIONLESS DISTANCE FROM THROAT, X = x l r t  

Figure 21. - Predicted pressure distributions in supersonic nozzles with exit Mach numbers 
of 4.1, 5.0 and 6.0. 

69 



To"104.40C (22OOF) 

T, * 65.5OC (150OF) 
Po = 10.2 atm (150 psia) 
Ui=:213cm/sec (7 fpr) 

- -  0.01 
"h 
"I 
"hl 
"i 
- - 0.06 .L-- 

3.2 

a 

d 
w 
2 
Y 2.4 u 
I c 
a 
w 
t 

t 
4 1.e 

a a a z 
3 
g 0.E 

( 
- 
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Figure 22.- Prediction of mixing length and boundary layer thickness in the 
approach section of the NASA Mach 5 laminar flow slotted nozzle. 



";n - -  ui = 0.01 

---- .x =0.06 
ui 

To = 104.4'C (220') 
T,=65.5'C(150°F). 
Po - 10.2 atm (150 pria) 
Ui = 213 cmlsac (7 fpr) 

DIMENSIONLESS DISTANCE ALONG NOZZLE AXIS , x = X/L,,f 

Figure 23. - Prediction of momentum thickness in the approach section 
of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 24. - Boundary layer thickness in the region near the throat of the 
approach section of the NASA Mach 5 nozzle. 

72 



CALCULATION INITIATED AT SLOT - THROAT AT X=O 
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Figure 25. - Acceleration parameter and predicted incompressible shape factor in the transonic and 
supersonic sections of the NASA Mach 5 laminar flow s;otted nozzle. 
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CALCULATION INITIATED AT SLOT - THROAT AT X - 0  
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Figure 26. - Predicted momentum thickness and shape factor in the transonic and supersonic sections 
of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 27. - Predicted dimensionless mixing length and boundary layer thickness in the transonic 
and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 28. - Effect of heat transfer on acceleration parameter and incompressible shape factor in the 
transonic and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 29. - Effect of heat transfer on momentum thickness and shape factor in the transonic and 
supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 30. - Effect of heat transfer on mixing length and boundary layer thickness in the transonic 
and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 31. - Effect of heat transfer on acceleration parameter and incompressible shape factor in the 
transonic and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 32. - Effect of heat transfer on momentum thickness and shape factor in the transonic and 
supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 33. - Effect of heat transfer on mixing length and boundary layer thickness in the transonic 
and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 34. - Effect of stagnation pressure on acceleration parameter and incompressible shape factor 
in the transonic and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 35. - Effect of stagnation pressure on momentum thickness and shape factor in the transonic 
and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 36. - Effect of stagnation pressure on mixing length and boundary layer thickness in the 
transonic and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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Figure 37. - Effect of nozzle geometry on acceleration parameter, incompressible shape factor and 
momentum thickness in the transonic and supersonic sections of the NASA Mach 5 
laminar flow slotted nozzle. 
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Figure 38. - Effect of nozzle geometry on shape factor, mixing length and boundary layer thickness 
in the transonic and supersonic sections of the NASA Mach 5 laminar flow slotted nozzle. 
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t Figure 39. - Effect of Mach number on boundary layer development in supersonic nozzles. 
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Figure 40. - Effect of Mach number on boundary layer development in supersonic nozzles. 
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Figure 41. - Variation of structural coefficient with temperature ratio. 
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