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SUMMARY

A computer program, designated RETSCP, for the analysis of
Rocket Engine Thermal Strains with Cyclic Plasticity is
described in detail, RETSCP is a finite element program
which employs a three dimensional isoparametric element.
The program treats elasto-plastic strain cycling including
the effects of thermal and pressure loads and temperature
dependent material properties. Theoretical aspects of the
finite element method are discussed and the program logic

is described. A RETSCP User's Manual is presented including

sample case results,
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INTRODUCTION

A new generation of high performance liquid rocket engines

is being considered for Space Transportation System applic-
ations., The high performance goal for these engines demands
high chamber pressures which result in high heat flux levels,
Engine reusability is a prime objective. With the require-
ment of thermal and pressure cycling, the stress analyst must
be able to define the life potential of a given design,
considering cyclic fatigue where chamber wall stresses are

sufficiently high to cause plastic strains.

The state of stress in regeneratively cooled rocket chambers
varies in three dimensions. For such geometries, a numerical
method of analysis must be employed. The numerical technique
which has been given the most attention during the past
decade is the finite element method. For an outstanding
introduction to the finite element method, see Zienkiewicz's

text, Reference 1.

The following report describes a finite element computer
program designated RETSCP which was developed specifically
for the purpose of Rocket Engine Thermal Strain analysis
with Cyclic Plasticity. The program is an outgrowth of a

General Electric program called ISOPAR, Reference 2.
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ISOPAR employs a three-dimensional isoparametric element
to compute the elastic stress distribution in structures

which can be modeled with relatively few elements.

The transformation of ISOPAR into RETSCP followed a step-
by-step approach. First, the program was expanded to allow
for more elements in the structural model. Then, the
capability of including thermal loads and computing thermal
stresses was added. The program was next modified to

allow non-zero prescribed displacements and to treat sliding
boundaries. The symmetry condition in a rocket chamber is
represented by a sliding boundary. Finally, plastic behavior
with temperature dependent material properties was included.
In conjunction with this final step, residual strains are

output on punch cards to allow strain cycle restarts.

This report begins with a discussion of the theoretical
aspects of the finite element method. The RETSCP program
logic and computational scheme are then described. Finally,
a RETSCP program User's Manual is given which includes sample
case results. It is intended that a prospective program
user can go directly to the User's Manual to obtair a
working knowledge of the program. For application of the

RETSCP program to specific rocket chamber analyses, see

Reference 10,
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FINITE ELEMENT METHOD

The theory of the finite element method has been well documented
in several texts (c.f., Reference 1). There are many

types of elements which have been developed, Reference 3.

The choice between elements is this: use many simple elements,
or use few complex elements. The isoparametric element,
Reference 4, is a very complex element which leads to

accurate results with a course structural model.

In this section, the theory of the finite element method

is described with specific reference to the isoparametric
element which is used in the RETSCP program. The stress-
strain analysis, application of boundary conditions,

thermal loading, and bi-linear plasticity models are discussed

in the context of the RETSCP program.
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General Theory

The finite element method is a procedure for approximating
a continuum by an assembly of distinct elements having a
finite number of unknowns. For structural analysis, this
amounts to solving the force-displacement equations for
the element assembly subject to the prescribed boundary
values, That is, the following syste: of equations is

formulated and solved:
{F} = [K]{&) (1)

where, F and § are the forces and displacements at the

nodal points which connect the elements, and [K] is the master
stiffness matrix for the assembly. All symbols are defined

in Appendix A. The appropriate force and displacement
boundary conditions are used to obtain the solution to

equation (1).

The master stiffness matrix is formed by assembling the
individual stiffness matrices for each element. The element
stiffness [k] is determined by employing strain energy
considerations. Apropos to these remarks, the strain

within each element is related to the element nodal point

displacements as follows:

{e} = [B]{8} (2)
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For an elastic structure, the general stress-strain relation-

ship is
{c} = [D]{e} (3)

Now, the aforementioned energy considerations (c.f. Reference 1)
imply the following:

] = 17 o) [Blav @)

volume

The functional relationship in equation (2) depends on the
particular element employed. The detailed manner in which
the integration, equation (4), is carried out also depends
on the choice of element. The general procedure, however,
is to solve the force-displacement equations for the assembly

under the imposed boundary conditions.

Isoparametric Element

Following Reference 1, consider the eight node box element
shown in Figure 1. The nodal points are located in space
by their x-y-z coordinates in the rectangular right hand
system. We introduce a set of parameters (£, n, C) such
that their values are eithcr +1 or -1 on the element
faces. A set of eight linear functions of the parameters
is then defined such that their functional value is +1

at each corresponding node and zero elsewhere.




That is,

Ny = (1/8)
N, = (1/8)
N: = (1/8)
Ny = (1/8)
Ne = (1/8)
Ng = (1/8)
N, = (1/8)

N, = (1/8)

(1-€) (1-n)

(1-8) (1+n)

(1+€) (1+n)

(1+£) (1-n)

(1-¢) (1-n)

(1-8) (1+n)

(1+g) (1+n)

(1+8) (1-n)

(1-%)

(1-¢)

(1-2)

(1-¢)

(1+g)

(1+3)

(1+2)

(1+g)

(5)

Note that these functions apply when the node numbering is

such that nodes 1-2-3-4 go clockwise around the bottom

when viewed from the top and nodes 5-6-7-8 are above

nodes 1-2-3-4 respectively.
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Figure 1.

Rectangular and parametric coordinate systems
for eight node box element.
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Now, the coordinates of any point within the element
X, ¥, 2z can be related to the coordinates of the eight
nodal points X,, Y, 2,

= T
X = lel L Nzxz + "'N8x8 {Nn} {Xn}
= . T
= lel + szz ¥ oooNSZs = {Nn}T{Zn} (6)

Equations (6) thus imply a relationship between (x, y, 2)

and (&,n,¢ ).

by the following parametric expressions:

Bear in mind, that our objective is to evalvate the stifiness

matrix for the three-dimensional box element, equation (4).

Thus, we require detailed expressions for the B-ma*

and D-matrix. The stress matrix, D-matrix, for otropic

material with elastic modulus E, and Poisson's ra .0 vis:

1 v/{l-v) v/(1-v) 0 0
v/(1-v) 1 v/(1-v) O 0
w/(1-v) v/(1-v) 1 0 0
0 0 0 1-2v 0
D= E(1-v 2(1-V)
+V) (1-2v
0 0 0 0 1-2v
2(1-V)
0 0 0 0 0
-9-
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The B-matrix relates strain at any point in the element
to the nodal point displacements. The general strain-

displacement equations are:

5
(Ex ) ( du/3x
ey ~ /3y
€ aw/ 3z
< z L < >
ny = du/3y + av/ax
Tyz dv/az + 3w/3y
Yxz aw/ax + du/s: (8)
L / L 7/

We relate the displacements of a point in space u, v, w

to the nodal point displacements {un}, {vn}, {wn: as follows:
u = Njup + Npu, + ...Ngug = {Nn}T{un}
Ve Njvy ¢ Nav, + ...Ngvg = {Nn}T{vn}
W= Njw, + Nzw2 + ...Ngwg = {Nn}T{wn} (9)

An element, such as this, for which the same shape function
expresses the element geometry and displacement fields is

called an isoparametric element,




Substitution of equations (9) into equation (8) gives,

’ N -
ex aN1
9X
€ 0
y
Ez 0
T
ny 3N1
Jy
sz 0
'sz 8N1
92
L J L

0

8N1
X

aNl
92z

~

aN1
92

<

aN;
3y

aNl
9X

ax
]

3N,
X

0 0 ... 9Ng
X
BNZ 0 ... 0
3y
0 aN,.. 0
2

aNZ ¢ e a8 0000 000 aNb

8N2
9z

B3

3z
9

az
an

o

we make use of the Jacobian matrix.

=

LI ] 3N8

92

That is,

dNg
X

aN3
9z

W 4 Y
0 uy
Vi
w1
0 UZ
V2
w2
8N8 [
LY ﬁ * ,
0 L ]
8N8 .
3y *
8N8 ug
ax V8|
w81 {10)
4 X /

To evaluate the displacement derivatives in equation (10),

(11)

Db g 0. g
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Substituting equations (6) into equation (11) gives,

. 7 4 9

aN; BNZ...BNs Xy Y1 z,

9§ dE 9g

an on an . . .

F)A EY4 L ) (12)
L L J

The derivatives in equation (12) are readily obtained by
differentiating equations (5). This matrix applies for all
elements and, thus, need only be evaluated once. Then,

we can determine the Jacobian at any position once the nodal

point coordinates have been specified.

It turns out that the derivatives with respect to the
physical coordinates are related to the parametric

coordinates as follows:

- b -~ -‘

aNl aNz.on aNl QNZ...

X X 3}

_?__N_l aNz... =£J]-1 aNl aNzoco

3y dy an an

aNl 3N2. . aNl aNZ. .0

3z dz g 14 (13)
3 - L .

-12-
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The above matrix defines the elements of the B-matrix
in equation (10). Thus, upon inverting the Jacobian
matrix, the B-matrix can be readily evaluated at any

point in the element.

Again we restate that our objective is to obtain the stiffness
matrix, equation (4). Toward this goal we will make use
of the following relation between element volumes in

both coordinate systems:

dVyy, = 19]dVe, (14)

where |J| is the determinant of the Jacobian matrix.

Then, the appropriate form of equation (4) to be evaluated is
11

1
[k] =[f[[B]T[D] [B]|J]| d&dndg (15)

-1 -1 -1
Equation (15) is evaluated numerically in the RETSCP

program. The method employed is wo point Gaussian
integration based on the following quadrature formula:
1
jpf(i)df = f(+0.57735027) + £(-0.57735027) (16)
-1

Of course, the integration is carried out over three
variables to evaluate equation (15). Thus, the terms in the
integrand must be evaluated at eight Gauss points within

the eight node box.
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One Kkey point remains to be made about the isoparametric
element used in RETSCP. The element described above was
based on eight linear shape functions, equations (5).
The RETSCP element uses those eight functions plus the

yuadratic functions listed below:

2
Ng = 1 -
2
Nyg = 1 =n (17)
2
Njp = 1%

Including these, the element has 33 degrees of freedom

(11 functions times 3 dimensions). Thus, the quadratic
terms imply a higher oruer clement. The functions,
equations (17), are not associated with any specific point
in space. For this reason, they are termed nodeless
variables., The nine internal variables arc climinated
internally within the program by the technique described
in Zienkiewicz, Retcrence 1. Physically this amounts

to separately minimizing strain ecnergy with respect to the
variables which are independent of the surroundings

(otherwise called static condensation, Reference 3).

Finally, the stiffness matrix is obtained for each isoparametric
element by the above procedure. Then, the master stiffness

matrix can be assembled for the entire structure,
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Boundary Conditions

Once the master stiffness matrix has been assembled, the
objective is to solve the governing equations subject
to the appropriate boundary conditions, That is, to

solve the system of equations (1), which are rewritten

below:
( ~ ( Y [ )
Fl kll klz ) . . . kln 61
< . > = < . . . > * . s
F]] knl L d L] . [ ] - knn Gn (18)
\ / N / \ /

The stress boundary condition is automatically satisfied.

Namely, forces at nodes on a free-surface are zero in the

normal direction.

Prescribed Boundary Forces: Prescribed force values

of Pj at the corresponding node are treated simply by

replacing Fj by Pj in the force vector.

-15-
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Prescribed Displacements: Prescribed displacement conditions

are treated by modifying the force vector and stiffness
matrix. Say the jth displacement is to be prescribed

as a.;

j+ First, 1eplace Fj by ?j where

F, = F, - ak., (19)

Then, replace the jth row and column in the stiffness matrix

by zero except k.. which is replaced by 1. This is

3
tantamount to eliminating one equation; yet the size

of the matrix is not reduced.

As an example of the above procedure, assume u; has the

prescribed value a. Then, the resulting equations are

1 i 1
o 1 0 0 . . . 0
FZ - aklz 0 kzz kz-. . . . kzn
F3 - O.kls r = . . <
F, - aklnj 0 ki 2 ko
-~ o \

-16-
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Symmetry Condition: The symmetry condition is represented

by zero displacement normal to the plane of symmetry

and no restraint alonyg the plane of symmetry (sliding
boundary). The symmetry plane is often skew with respect
to the physical coordinate axis. This is the case for

a wedge segment with axi-symmetry. Thus, we will derive

a transformation to treat skew boundary conditions.

Referring to Figure 2, the displacements in the (x, Y)
system are (u, v). The skew system (x”, y”) has a rotation
of the x-axis of magnitude 6 (positive for rotation of
Xx-axis toward y-axis). The displacements are related

as follows:

u cos® -sinb u u
v sinb cosd v . v’ (21)

The original element properties were evaluated in the

unprimed system, namely,

{F} = [K]{s} (22)




P

'
i

— <

yl
u
————a
wlo =" N
- A
vi v Tx?
I N
77.7,7"
. 1 +0
AL » X
Figure 2. Notation for coordinate transformation.

The amount of work done is the sam¢ in both systems.

That 1is,

(Fe )T (s7y = (13T(s) = (FYT[L]) (6"} (23)
or

{(F*) = )TeFy = [L)TK] L) (87} (24)

Thus, we introduce the modified stiffness matrix below

(k] = L1 K1) (25)

I1f, the boundary conditions are introduced in skew coordinate
directions; then, the corresponding force and displacement
results are in the skew directions. The entire procedure

is carried out internally within the program by multiplying

-18-
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the appropriate rows and columns in the master stiffness
matrix by the appropriate sin-cos terms. It goes without
saying that only those nodes with skew coordinates need

be treated. The final results are then transformed back

into the physical coordinate systems.

Method of Solution

The set of joverning equations is solved in the RETSCP
program by Gaussian elimination. The master stiffness
matrix is partitioned in the interest of computational
efficiency. The governing equations can be written as

matrix equations in terms of submatrices. For example,

— /
K91 Ki2 ]| 81 F

- - = (26)

L.

The term Ay is eliminated from equation (26) to give:

(k*]{a,} = {F*} (27)
where,
2] = [kl - [R21) K111 (K] (28)
(F*} = {Fp} - [Ky,] [Ny, ] 1D (29)
-19-

e S

[



Squation (27) can be solved to give {AZ} by premultiplying
by the inverse matrix [K*]-1 . Then, back substitution

yields the following:

(a;} = [K,]1°1F} - (3,11 (K, 18,0 (30)

Alternately, equation (27) can be partitioned and the

same procedure reapplied to further reduce the system.

It should also be noted that the master stiffness is a
banded matrix. This fact also leads to a simplification

in the matrix manipulation. Consider the following:

' - 0
K11 K12
1 _ =T - -
[KI =%y, K32 Ky3
=T -
0 K32 K33 (31)

Elimination of Kll causes no change in EZS or x Thus,

33°

only EZZ need be modified. (See Reference 1).

Thermal Strain Effects

The previous development was based on elastic deformation
of an isothermal structure. In this section, the method
of including thermal effects is described; also, see

Reference 5.

=20~




J o s B

The temperature difference, referred to a stress free state,
is input data for each element. Of course, a suitable
average value must be uced for each entire element.

The free thermal growth of each element is computed.

Based on the element stiffness, the nodal forces required
to mechanically produce the thermal growth are determined.
These forces are then added to the force vector of the
entire assembly. Loads and deflections are computed as
usual for the assembled structure. The stress results

are adjusted by adding the fully restrained thermal stress
level for each element. The result is then the actual

mechanical stress state.

Bi-Linear Plasticity

The RETSCP program treats plastic material behavior by
adjusting the material properties and iterating upon the
elastic solution. This is the secant modulus procedure
which was employed in many previous two dimensional finite

element programs (c.f., References 6 and 7).

A complete treatment of plastic material behavior is given
in Reference 8. For the purpose at hand, it is sufficient
to say that total deformation theory is used; and, yielding

is based on the Von Mises criteria. For each element in
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the structure, the average value of the equivalent
(or effective) stress is computed. That is, the average

value of the following:

2e(o o 120(a - 12+ 6(x2 +12 +g2 )
0q -_ﬁ[(ox-oy) +Hog-0) (0 m0 )20 6(xt, er? ex? )] (32)

Then, according to the Von Mises yield criteria, yielding
occurs if o, is greater than the yield stress from the
uniaxial stress-strain test. For plastic behavior, equivalent
stress and plastic strain are related via the uniaxial stress-

strain curve as shown in Figure 3.

The RETSCP program employs a bi-linear approximation for
the uniaxial stress-strain curve. The curve is defined
by elastic modulus E, yield stress level oy’ and plastic
modulus mE. Plastic modulus and yield can be input as
functions of temperature. An example of the bi-linear

stress-strain curve is shown on Figure 4.

The essence of the secant modulus formulation is as follows.
First, conduct an elastic structural analysis. Compute
effective stress and check each element for yielding.

For elements which indicate yielding, define a new elastic
modulus called the secant modulus. The secant modulus is
based on the bi-linear stress-strain curve at the strain

level corresponding to the elastic result; that is, eioea-

-22-
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Figure 3. Relation between equivalent stress and equivalent

plastic strain.

o (T) m(T)E
Y

Figure 4, Bi-linear stress-strain curve,
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€

Figure 5. Secant modulus nlasticity iteration,

Associated with €total 15 @ bi-linear stress intercept %new:

The secant modulus is defined below:

sec ~ “new (33)

stotal

The secant Poisson's ratio, defined to give a consistent

stress-strain relation, is as follows:

v - 1 1 E

-24-
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Now, an elastic analysis is again conducted. The stiffness

matrix, however, is based on E .. and Vsec for plastic

c
elements and E and v for elastic elements. The entire
procedure is repeated and convergence is achieved after a

few iterative cycles. The process is indicated schematically

in Figure 5.

Cyclic Loading

Two effects of cyclic loading must be considered. First,
there is the ~ffect of cycling on the material properties
(see Reference 9). The effect of strain hardening

(or softening) can be introduced in the program on a
cycle by cycle basis; or, the cyclic stress-strain curve

can be input,

The second effect is the result of plastic deformations
during one half of the loading cycle. Upon removal of
the load, residual stresses (or strains) result when
plastic flow has occured. The residuals, in fact, may
be sufficiently large to also cause plastic deformation.

Thus, a stress (or strain cycle) is generated.

-25-
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The plastic strain components are related to the stress,

effective stress, and effective plastic strain as follows:

€
p . P - -
€% 23: (zox °y °,)
€
P -5 .
Ey 20, (20y I oz)
P P P
E = -
4 (€x+ Ey)
P _3 €
Yxy 3 EE Ty
e
€
Tyz = % 32 Tyz
e
P €
Yxz =3 B 1y
e

(35)

For rocket engine configurations, the shear strains are
relatively small. Another quantity of interest is the
equivalent total strain. This value is computed from

the total strain components as follows:

€

et " V%‘[(ex'ey)2+(€x‘€z)2*(€y'€z)2+ 6(‘(JztywnztzW)Z'z)]35 (36)

The plastic strain based on this value is then

3 E e (37

oy
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Equivalent total strain, in itself, has no physical significance.
Within the RETSCP program, the plastic strain components

and equivalent total strain are computed for each element

which has yielded. The residual strain components are

then provided as punch card output for successive run

calculations.

The residual strains are read into the program as input
data for the computation of successive loadings. The
strains are combined with the thermal strains and analyzed
in the same manner. That is, the loads at each nodal
point required to produce the residual strain values are
computed and added to the assembled load vector. This

point will be emphasized by example in a later section

of this document.




PROGRAM LOGIC

The RETSCP program logic is described in this section,

The general logic is discussed and the program tlow iagram
is given. Some specific points are made conceianing the
subroutine details. The detailed listing of the RI ISCP

program is given in Appendix B,

General Logic

The general RETSCP program logic is to follow the analytical
procedures outlined in the previous chapter to obtain

the desired finite element results.

The computational logic is controlled by the main program
RETSCP. Subroutines are called as required to perform
specific calculations. An overlay structure for subroutines
is employed to reduce core storage requirements. In this
manner, a specific calculation is performed in a subroutine,
the results are put onto tape storage (seven tape units

are utilized), and core storage locations occupied by that

subroutine are released for reuse.

The above core storage management procedures allowed the
RETSCP program size (number of elements) to be greatly
enlarged from the original ISOPAR program size. In fact,
the program was enlarged to fully utilize the availaole

core storage of the IBM 7094 computer.

-28-
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The data is read into RETSCP from punch cards. For each
element, the elastic properties and stiffness matrix

are computed (FEM3D). The master stiffness m-trix is formed
and the boundary values are incorporated (MATRIX). The
system of equation is solved by Gaussian elimination
(SOLVE), and the resulting force and displacement values

at each ncdal noint are printed out. The elastic stress
components and equivalent stress values =~ computed for
each element (STRESS). Now, .{ the equivalen* stress
exceeds the yield stress a plastic iteration is performed.
The iteration consists of: first, compute the values of
secant modulus and Poisson's ratio (STRESS); then, use

these values to recompute the elastic properties and stiffness
matrix for each element (FEM3D); finally, complete the
solution steps above. When the required number of
iterations have been p rformed, the stress results are
printed and the residual plastic strains and current

secant modulus values are punched on cards to allow cycling

and restart.

The flow diagram representing the above steps is given

in the following section.

*‘
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Flow Diagram
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le———» Compute isoparametric data
ISOPAR at each Gauss point. (GP)
. -
aN; aN1,
It 13
an an
8;‘]1 aNyj G
Fl3 3z J °P
read in data
and for t__J‘
READIN each elemen FEM3D
call FEM3D 1
8 b
1 v v 0 0 0
v v
v 1 v 0 0 0
I~ I~
v Y 1 0 0 0
T~V 15
D(6,6) = E(1-v 0 0 0 1-2v 0 0
= 2v) (1+V) 2(1-v)
0 0 0 0 1-2v 0
2(1-v)
0 0 0 0 v 1-2v [
] 27T-v) ;
€0 = AT
S¢hx = €0Ly
gp T[Deo
compute
Equation (12) [J] , |
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Ecuation (13)

3Ny 3N,
e | e
el

Set up B (6,33)

{E}:[B {8}
- Equation (10)-modified
ayg 0 0 3N ()
3 Fr i
o M o 0o Iy
—
a9y
L= 0 0 a& 0 L) {w'g >
3z :
- w11
. . . . Ul
. . . . - [‘JSI

- I

Set up stress matrix for each GP

A (6,33) = DB

Eliminate internal nodes

(C7)gp = C7 (6,24)

Compute stiffness matrix
C(24,24) = [K] 5

Feph = Coep

READIN

FACE

Use linear interpolation to
ey g€t Stress matrix at center

of each face from those at
GP, DBA,(6,24) each face.
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MATRIX | ’

each partitipn
3T | ST}

F=F+ Fth

1

Equation (20)
o0 )Y 1 o o ]
F, - kél 0 ST

QFy - ké, 0= |0

Set up stiffness matrix for

-

Set up load vector

Insert boundary values

Equation (26)

result

Vi

4 .
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Leeeed STRESS i
0 = Deg
g * _1_[(ox--cx),)2+(c,vx-oz)‘7'+(o),-oz)2+6(1)2(),+1:)2,z+1)2(z)]!ft
.l.< i 5
0_.<0 O>0
e= e
E=E Y E’ESZC
v=y VEVG o
T T
Elastic | Plastic to n
solution iteration FEM3D

punch
residual strains
§ secant values
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Location 0
RETSCP / MATM / ZEROM
& ALPHA
ISOPAR READIN FACE
FEM3D STRESS
MATTM
MTINV MATRIX SOLVE
MTIN
MATMS
MATTMS
24877
Unused
Core
27067
COMMON
32767
«34-

I

!




USER'S MANUAL

The User's Manual section contains all instructions necessary

to prepare data for the RETSCP progr.um. Modeling of the
structure and preparation of the required input data cards
are described in detail. Some comments about program output

are included and sample case results are given.

Input

The input for RETSCP consists of punch card data which defines
the structural geometry, boundary conditions, and materials

properties.

The structure is divided into box shaped e'ements which are
connected by corner nodes. The following procedure for

locating nodes and elements is quoted directly from Reference 2.

(a) The 3-dimensiomnal solid is div;ded by a number
of non-intersecting surfaces. (Much like slicing a
loaf of bread.) The surfaces need not be flat or
parallel, though they frequently are.

(b) Each such surface is further subdivided by a
number of non-intersecting lines. (Much like the
lines on a piece of paper.) The lines need not be

straight or parallel, though they frequently are.

|
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(c¢) Each such line 1s further subdivided into a number
of divisions to give the nodal points. Nodal points

are numbered in sequence along each line, line by line,
and surface by surface.

(d) The nodes on each surface are said to belong to

the same partition. tartitions are numbered in sequence
from one side of the solid to the other. (The first
partition contains the first nodal points.)

(e) The number of divisions in adjacent lines can

vary to provide for grading of tiie mesh,

(f) 8-noced box elements are formed between adjacent
surfaces. They are numbered sequentially between each
pair of adjacent surfaces. The numbering continues

for successive adjacent surfaces in turn going from

one side to the other of the solid structure. (Although
in theory the boxes need not be '"square'", it is recommended
that they be as '"square'" as the shape of the structure
permits.) The first element has nodes in the first

partition.

The detailed data cards required to executs the RETSCP program

are listed below. Examples of the data preparation will be

given in a subsequent section.




Card Group 1: Identification Card

Number of Cards: 1

Format: (1114)

10.

11,

Number of partitions (9 maximum)
Number of nodes (225 maximum/25 per partition maximum)
Number of elements (96 maximum/32 per partition maximum)
Number of prescribed displacement nodes (225 maximum)
Number of materials (5 maximum)
Number of degrees of freedom at each node (always 3)
Number of nodes with applied loads (225 maximum)
Starting plasticity iteration number: 1, no iterations
or 2, iteration starting from elastic solution
or n, iteration starting from punch card input
based on iteration number (n-1).
Final plasticity iteration number
Punch output code for successive iterations: 0, no punch
output
or 1, provide punch output
Residual stress code: 0, no residuval strains input

or 1, read residual strain card data

-37-
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Card Group 2:

Coordinate Data

Number orf Cards: 1 per node in order

Format: 3F16.4

1.
2.
3.

x-coordinate (inches)

y-coordinate (inches)

z-coordinate (inches)

Card Group 3:

Node Number Carc

Number of Cards: 1

Format: 14

1.

Number of nodes

Card Group 4:

Number of Cards: 1 per partition in orde-

Format: 414

Partition ldentification

First element number in partition
Last element number in partition
First node number in partition

{ast node number in partition




Card Group 5: Materials Identification

Number of Cards: 2 cards per material
Format: first card 3F16.4

second card 4F16.4

Card 1: 1. Young's modulus (psi)

2. Poisson's ratio

3. Coefficient of thermal expansion times 106(in/in/°F) 3
Card 2: 1. Yield stress at reference temperature (psi), To

2. Yield temperature gradient (psi/©F), Ay

3. Plastic modulus times 103 at reference

temperature, m,

4, Plastic modulus temperature gradient

0 RSN NG e 37

times 108(1/°F), 1,

Note, Card 2 values above are based on the following equations:
0), = oo‘le (38)
m = myx1073-1,Tx10-6 (39)

The value of Tmust correspond to the reference value

on Card Group 7.




ot ¢ gt < ime Stas

————— .

Prestrain Data (can be omitted)

R L

Card Group 6:

Number of Cards: 1 per element

Format: 16, 3F15.8

1. Element Number
2. Prestrain in x-direction
3. Prestrain in y-direction

4. Prestrain in z-direction

Card Group 77 Element Identification

Number of Cards: 1 per element in order

Format: 914, F10.3

gk . e
b - ‘

1.-8. Eight nodal point numbers

9. Material Number

10. Temperature excess over reference value

The eight nodal numbers referred to above are obtained
for each element:
(a) Pick a face to be called the top;
(b) Look down through the top to the bottom face;
(¢c) List node numbers clockwise around the bottom
face (4 values);
(d) List coincident node numbers clockwise around
the top face (4 values) starting with the node

above the first node on the bottom face.

N
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Card Group 8. Element Number Card

Number of Cards: 1

Format: 14

1. Number of elements

Card Group 9: Displacement Boundary Conditions

Number of Cards: 1 for each node with
prescribed displacement

Format: 414, 4F16.8

1. Nodal number

2. 0 if x-displacement is prescribed; 1 if not
3. 0 if y-displacement is prescribed; 1 if not
4. 0 if z-displacement is prescribed; 1 if not
5. value of x-displacement (inches)

6. value of y-displacement (inches)

7. value of z-displacement (inches)

8. angle of rotation of x-axis toward original y-axis (deg.)

Sufficient displacement boundary condition data must be

given to fix the body in space.

-41-
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Card Group 10: Force Boundary Conditions

Number of Cards: 1 per node with
prescribed force

Format: 14, 4F16.4

Nodal number
x-force (pounds)
y-force (pounds)

z-force (pounds)

Card Group 1l1: Iteration Data (can be omitted)

Number of Cards: 1 per element

Format: 16, F20.2, F10.4

1.
2,
3.

Element number
Secant Young's modulus (psi)

Secant Poisson's ratio

3




L

Qutput

The RETSCP output consists of punched cards and printed data.

Punch cards are provided in conjunction with plastic
strain analysis. If requested per Card Group 1, the
secant modulus and secant Poisson's ratio are punched :

after the final iteration of that run. This allows the

A s

iterative process to be continued without recomputing
the initial iterations. For plasticity aaalysis, the %
residual plastic strain values are automatically punched
for the final iteration of that run. This data can be

input directly for subsequent strain cycling calculations

(Card Group 6). Secant values and residual strains are

automatically printed at the end of the printed output

when the above cards are punched.

The printed output starts with a list of the input data.
Note, that the formats may be slightly different from
the input. For example, Cards 1 and 2 in Group S5 are
printed in reverse order (Card 2, then Card 1). Also
Card Groups 3 and 8 are omitted. The input data is

printed for checking and debug purposes.

4 3= :
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The forces and displacements at each nodal point are
listed., Values are given in the rotated and rectangular
coordinate systems. The nodal force data output was
incorporated to allow numerical evaluation of the net

section force (such as rocket engine thrust force).

Detailed stress-strain data is given for each element.

The stress and strain components at the center of each
element face are printed as well as the coordinates of the
face center point. The average stress components for each
element are also listed. The effective stress which is
computed in the program is based on the average stress
components, The yield check data are then summarized

in the output. This summary consists of effective stress,
yield stress, total strain, plastic strain, and secant

values for each element.

If plasticity iterations are performed; then all of the
above output data is given for each iteration. Samples
of output data will be presented as part of the next

section.

~44-
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Sample Case Results

Three sample case solutions are presented in this section.
The cases were selected to demonstrate the capabilities

of the RETSCP program by successively introduting new

concepts. Elastic behavior of an isothermal structure

is treated first. Then, sliding boundaries and plastic

strains are introduced. Finally, thermal loads and

strain cycling are illustrated.

Cantilever Beam: Consider the cantilever beam with concen-

. trated tip load shown in Figure 6. The material is steel
and the tip load is sufficiently low that elastic behavior
is guaranteed. The beam is divided into four elements
as shown in Figure 6. The input data and computer output

results are presented in Appendix C. The bending stress

Vst

at the outer fiber is compared with the exact solution

in Figure 7. The deflection of the nodal points normal

to the neutral axis (68;) is compared with the exact
result in Figure 8. This example illustrates that excellent

results can be achieved with models having few elements, !




P - e e s e 2 e e e s vl e e ..w;.,.«r-.mbm_».emw._mml

17

20

element
number

partition number

Load: Pz = 0,5 1bs. (2.224 Newton)
Size: Lx = 1.0 in. (2.54 cm)
L, = 4.0 in. (10.16 cm)
L, = 1.0 in. (2.54 cm)
Matl.: E = 30 x 106 psi (20.68 x 10% N/cm?)

Figure 6. Cantilever beam sample case configuration




Bending stress, [cy]z = -0,5 in

(-1.27 cm)
(N/sz) psi
16 L 24.
14 1
20,
12 +
finite element result
16. /_
10 L
exact solution
8 L 12.
6
r 8 o
4 -
4.}
2 L
0 . C [ Y
0 1. 2. 3. 4,
y(inches)
1 2 3 4 5 6 7 q QL lp l}
y(cm)

Figure 7. Outer fiber bending stress for cantilever beam example.




Deflection, §

(cm)

_a{inches
20x106 | s.x1070% )

exact solution

finite element

"6 o -6 b
15x10 L 0.Xx1- o result

10x10°6 4.x10°% }

sx10°6 b 2.x10°6

\‘ ‘L 0 o -4 —
1 2. 3. 4
y (inches)
0 2 4 6 8 10
y(cm)

Figure 8. Nodal point deflection (§ ,) for cantilever beam

example.



Thick Wall Cylinder: The second example case is the stress

distribution in a thick wall cylinder. Due to the symmetry,
the structure can be modeled by the thin wedge segment
shown in Figure 9. The boundary condition, with pressure
load on the inner radius, is zero displacement in the
tangential direction and freedom to move in the radial
direction (symmetry condition). The finite element elastic
stress results for the configuration shown in Figu.e 9

are compared with the exact plane-strain thick wall

cylinder solution in Figure 10,

If the stress conditions in the cylinder are sufficiently
large, yielding will occur. A closed Sorm solution was
obtained by Mendleson (Reference 8) based on the Tresca
yield criteria (i.e.,0y -0,.>035). Yielding under conditions
of interna. .:ressure will occur from the inner wall to

some radius p = r =p. . The plastic and elastic stress
i
distributions, according to Reference 8, based on bi-linear

material behavior are as follows:

o

op = Cylc1(p%-1) - p *Cs(lnp- p )
] 0.

0 - 0
_ - PLPe (40)
fﬁ = (i_z. C1(92+1) + 2 + C3(1+lnp- _p.
% Pzl %] %
-49-
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N

o 1-8
65- = Cy|ine, - < _E - _p +C(1-2)
% 1'Bcz P P 1 p>p
L i (G c (4)
E 2 B¢ 9 ogP p2
o, = V(o + o) } all o (42)
; where,
= 2 = - 2
C, i‘; i , C, = m(1-y")
2 o (1-vZm)
C3 = 1 -m , C4 = 1 -m
1-vlm (1-v2)m (43)

The quantity B is Ro/Ri and the value of p. is computed from Equatica (44)
below:

(44)
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Stress values for the configuration shown in Figure 9
were obtained by the finite element method and by closed

form solution with results shown in Figure 11.

The difference between the two sets of results is due ¢
the different yield criteria employed. Recall that
RETSCP uses the Von Mises yield criteria; whereas, the

closed form solution is based on the Tresca criteria.

Specific input data for the thick wall cylinder example
is given in Appendix D along with the computed results.
Note, that the elastic solution is generated as a
by-product of the plastic analysis (first iteration).
Summary data only is given for iteration numbers 2, 3,

4, and S.
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odd number nodes at z=0
z into paper ( even number nodes at z2=0,1 in,
(.254 cm)

(5.08 cm)
(:> partition 1

~3
13 15
\‘—-1é;gi~—~—— !
Y @ 19 5
Nl (0! NG

~3

26 T 27
2
R.=1.0 in. — 29 32 8

(2.54 cm)
mff

p = 15,000 psi (10,341 N/cm?)

Figure Y, Configuration for thick wall cylinder example.
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Stress
(N/cm?) (pgd)
25000
] 15000
20000
closed form solution
- finite element
i 1n000 4 15000 P results
: 10000
5000 -
|
) {
5000
05 §
-0 a P - - A —
i 1.0 1.2 1.4 1.6 1.8 2.0 i
OJp 0 & A 'y a R f
(inches) §
-5000 :
-5000 - i
-10000 f
~10000 - -15000 ;
: 1 § ) R xz
2.54 3. 4, 5. (cm)

Figure 10, Elastic stress distribution in thick wall cylinder.
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10000 -

5000 -

- 5000 -

-10000

1

Figure

(p

25000

20000

15000

10000

5000

-5000

-10000

-15000

1)
Plastic
Zone

A
¥

closed form solution

finite element results

b —
r
Oz
>~ 0= == == T e
‘/
y
o ) a i a ) a [ ] //‘. R
1.0 1.2 1.4 1.6 1.8 2.0
- (inches)
/’—(/K
P
Prae
3 //
A~ Oy
7
7
P4
/7
£
X y
/
/
/7
/
V4
'L“ v L] ) : R
2.54 3. 4, 5. (cm)
5.08

11. Stress distribution in plastic thick wall cylinder.
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Heated Element Cycling: As a final example we consider

a single cubic element which is cycled between two temp-
erature limits, Two opposite faces of the cube are fixed.
The temperature range is sufficiently great that the
element stress exceeds the yield stress. Thus, this is

an example of plastic thermal strain cycling.

The simple finite element model is shown in Figure 1.
A sample of the data input and output are given in Appendix
E. The corresponding stress-strain loop is depicted

graphically in Figure 13.

As the material is cooled from its stress free state,
elastic stresses are built up until the yield point is
reached (point "a" in Figure 13). Continued cooling causes
plastic strain to the level indicated by point "b'". The
total strain at "b'" corresponds to the cooling thermal
strain. The point "c'" corresponds to the plastic strain

residual due to cooling.

The point "c'" is the starting point for the heating cycle.
As the material is heated, elastic changes occur along the
line c¢-d. Plastic changec due to heating occur along the
line d-e-f. Point "e'" corresponds to the residual stress
state at the original reference temperature. Thus, the
plastic strain resulting from the cooling half cycle is the

prescribed displacement for a subsequent analysis.
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Upon heating the cube, we follow the plastic strain line
d-e to point "f", The plastic strain at '"g" then gives
rise to the residual stress state "i'" as the material

returns to its original temperature.

For multi-element structures, the residual stress-strain
levels during plastic cycling are determined by inputing
the plastic strain values of all elements and solving

the residual stress equations for the assembly.
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N

N E 7
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N\

o e e

A
N
\\ 1.0 in. (2.54 cm)
\ N
1 3
N N

[y

.0 in. (2.54 cm)
Element @

z axis out even number

of paper nodes at
='1.0 ino
(-2.54 cm)

TSNS
v

= 5600 psi (3,861 N/cm?)

= 4,04 x 10-3

= 17.65 x 105 psi (12.17 x 105 N/cm?)

= .33

= 9.8 x 107 in/in/°F (17.7 x 1079 cm/cm/0C)
= +200°F (+111°C)

= -200°F (-111°9C)

Configuration for heated element cycling example.
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stress
(N/cm?) (p;i)
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0 P 8’ L. A < ]
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3 !
[
{
-2000 L / -3000 p
!
!
I
!
I e
1 £
-4000 } b -6000 =

Figure 13,

Stress-strain loop for heated element cycling

example,
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APPENDIX A--SYMBOLS

B Matrix of differential functions, Eq. (2), (10)

D Elastic matrix, Eq. (7)

E Modulus of Elasticity

Esec Secant modulus, Eq. (33)

Fj Force at nodal point j

Fj Modified force vector, Eq. (19)

F# Equivalent force vector, Eq. (27)
(in Gaussian elimination method)

F* Force vector in skew coordinate system

J Jacobian matrix, Eq. (11)

K Master stiffness matrix, Eq. (1)

K* Equivalent stiffness matrix, Eq. (27)
(in Gaussian elimination method)

K Partitioned stiffness matrix elements

kji Element stiffness, Eq. (18)

L Length, or transformation matrix for skew
coordinate system, Eq. (21)

m Plastic modulus ratio

m, Plastic modulus ratio at reference temperature
times 103

Nn Parametric functions at nodal point n, Eq. (5)

P Load

P Pressure

R e, e - o

i




APPENDIX A--SYMBOLS, Cont'd

Ry Inner radius

Ro Outer radius

r Arbitrary radius

re Radius at yield surface

T Temperature

u, Displacement of nodal point n in x-direction
u’, Displacement of nodal point n in x“-direction
av Differential slement of volume

L Displacement of nodal point n in y-direction
v'n Displacement of nodal point n in y“-direction
L Displacement of nodal point n in z-direction
X,Y,2 Cartesian coordinate system

x%,y” Skew coordinate system

(rotated by angle 6 from x-y)
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APPENDIX A--SYMBOLS, Cont'd

sec

Thermal expansion coefficient

jth prescribed displacement, Eq. (19)

Ratio Ro/Ri’ Eq. (44)

Ratio Ro/rc

Shear strains components, Eq. (8)

Plastic shear strain, Eq. (35)

Displacement in the partitioned matrix, Eq. (26)
Displacement matrix, Eq. (1), (2)

Displacement in the skew coordinate system, Eq. (23)
Displacement at the nodal point n, Eq. (18)

Strain matrix, Eq. (2)

Plastic strain, Fig. 3

Total strain, Eq. (33)

Equivalent total strain, Eq. (36)

Components of plastic'strain in x, y, z directions
Parametric coordinate system, Fig. 1

Angle of rotation of x-axis into the x“-axis

in the skew coordinate system

Poisson's ratio

Secant Poisson's ratio, Eq. (34)

Stress
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APPENDIX A--SYMBOLS, Cont'd.

Oe Effective stress, Eq. (32)

Oy Yield stress

Onew New stress, Eq. (33)

%o Yield stress at reference temperature, Eq. (40)
o Radial stress component

Og Tangential stress component

[ Dimensionless ratio r/Ri

Pe r/Ri where yield occurs at r

Txy Shear stress component, Eq. (35)

A Yield temperature gradient

Ay Plastic modulus temperature gradient

times 10% (1/°F)

Special Symbols:

[1, (1} Matrices

[ ]T Transposed matrix form

|J1 Determinant value of J matrix
(1! Inverse matrix

«62-
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APPENDIX C--CANTILEVER BEAM EXAMPLE-
INPUT AND OUTPUT DATA
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APPENDIX D--THICK WALL CYLINDER EXAMPLE-
‘ INPUT AND OUTPUT DATA
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