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Compressible Sea l  Flow Analysis Using the  F i n i t e  
Element Method Wi'th Galerkin Solution Technique 

John Zuk 
NASA-Lewis Research Center 

ABSTRACT 

Hiah pressure gas sealing involves not only balancing the viscous 

force with the pressure gradient force but also accounting for fluid 

inertia-especially for choked flow. The conventional finite element 

method which uses a Rayleigh-Ritz solution technique is not convenient 

for nonlinear problems. For these problems, a finite element method 

with a Galerkin solution technique (FEMGST) was formulated. One 

example, a three-dimensional axieymetric flow formulation has non- 

linearities due to compressibility, area expansion, and convective 

Inertla. Solutions agree with classical results in the limiting 

cases. The development of the choked flow velocity profile ir shown. 
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2 2 cross -sec t iona l  a r e a ,  i n .  ; m 

b a s i s  f unc t i on  geometr ic  c o e f f i c i e n t  
Table 2 

c o e f f i c i e n t  express ion  used i n  GADE, 

b a s i s  func t ion  geometric c o e f f i c i e n t  
Table 1 

c o e f f i c i e n t  express ion  used i n  GADE, 

undetermined c o e f f i c i e n t  

b a s i s  f unc t i on  geometr ic  c o e f f i c i e n t  
Table 1 

unknown c o e f f i c i e n t  mat r ix  

c o e f f i c i e n t  express ion  used i n  GADE, 

c o e f f i c i e n t  express ion  used i n  GADE, 

l i n e a r  b a s i s  f  u n c t i m  

b a s i s  f unc t i on  of an element m 

c o e f f i c i e n t  express ion  used i n  GADE, 

c o e f f i c i e n t  express ion  used i n  GADE, 

f i l m  th i cknes s  (gap ) ,  i n .  ; m 

eva lua t ed  i n  

def ined  i n  Table 2 

eva lua t ed  i n  

de f ined  i n  Table 2 

eva lua t ed  i n  

def ined  i n  Table 2 

def ined  i n  Table 2 

de f ined  i n  Table 2 

def ined  i n  Table 2 

t o t a l  number of mesh p o i n t s  

an i n t e g e r  

s t a t i c  p r e s su re ,  p s i ;  N / m  
2 

b a s i s  f unc t i on  i n t e g r a l  def ined  i n  Table 4 

b a s i s  f unc t i on  i n t e g r a l  def ined  i n  Table 4 

b a s i s  funmiion i n t e g r a l  def ined  i n  Table 4 

b a s i s  f unc t i on  i n t e g r a l  def ined  i n  Table  4 

t a s i s  f unc t i on  i n t e g r a l  de f ined  i n  Table 4 
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leakage  flow Reynolds number i n  r a d i a l  d i r e c t i o n ,  p U h / b  

modif ied Reynolds number, Re ( ~ / A R )  

r a d i a l  d i r e c t i o n  c o o r d i n a t e  

d i m e n s i o n l e s s  r a d i a l  c o o r d i n a t e ,  r / A R  

0 t empera tu re ,  F ;  K 

d i m e n s i o n l e s s  t empera tu re ,  
T/ATref  

l eakage  flow r e f e r e n c e  v e l o c i t y ,  f t / s e c ;  n / s e c  

v e l o c i t y  i n  r - d i r e c t i o n  o r  x- d i r e c t i o n ,  f t / s e c ;  m/sec 

d i m e n s i o n l e s s  v e l o c i t y ,  u/U 

dependent  v a r i a b l e  i d e n t i f i c a t i o n  number 

number of dependent v a r i a b l e  

c o o r d i n a t e  i n  p r e s s u r e  g r a d i e n t  d i r e c t i o n  

b a s i s  f u n c t i o n  i n t e g r a l  d e f i n e d  i n  Tab le  4 

b a s i s  f u n c t i o n  i n t e g r a l  d e f i n e d  i n  Table  4 

b a s i s  f u n c t i o n  i n t e g r a l  d e f i n e d  i n  Table  + 

b a s i s  f u n c t i o n  i n t e g r a l  d e f i n e d  i n  Table  4 

c o o r d i n a t e  a c r o s s  f i l m  t h i c k n e s s  

d i m e n s i o n l e s s  c o o r d i n a t e ,  z/h 

dependent v a r i a b l e  

b a s i s  f u n c t i o n  

a r e a  of  t r i a n g l e  

e r r o r ,  g l o b a l  o r  s e r i e s  t r u n k a t i o n  * 

2 a b s o l u t e  o r  dynamic v i s c o s i t y ,  ( l b f )  ( s e c )  / i n .  ; 
(N) ( s e c )  /a2 

2 2 kinemat ic  v i s c o s i t y ,  f t  I s e c ;  m / s e c  



P d e n s i t y ,  ( l b f )  ( ~ e c ~ l l i n . ~ ;  kg/m3 

P * dimens ion less  d e n s i t y  , p / p o  

T s h e a r  s t r e s s ,  ~ b f / i n . ~ ;  N/cm 2  

I $ i ~ n )  b a s i s  f u n c t i o n  i n t e g r a l  d e f i n e d  i n  Table 3 

S u b s c r i p t s :  

i v e r t e x  number o f  t r i a n g l e  e lement  

j v e r  i e x  number of t r i a n g l e  e lement  o r  dependent  v a r i a b l e  number 

k v e r t e x  number of t r i a n g l e  e lement  

L t r i a n g l e  e lement  i d e n t i f i c a t i o n  

m mean o r  t r i a n g l e  sub-element reg ion  

N l o c a t i o n  a l o n g  f low leakage  l e n g t h  

n  v e r t e x  number 

U t r i a n g l e  e l e n ~ n t  i d e n t i f i c a t i o n  

v v a r i a b l e  number 

x v e r t e x  l o c a t i o n  c o o r d i n a t e ,  a x i a l  d i r e c t i o n  

Y v e r t e x  l o c a t i o n  c o o r d i n a t e ,  r a d i a l  d i r e c t i o n  

a v e r t e x  i d e n t i f i c a t i o n  of t r i a n g l e  e lement  

0 v e r t e x  i d e n t i f i c a t i o n  of t r i a n g l e  e lement  

S u p e r s c r i p t s  : 

X v e r t e x  l c c a t i o n  c o o r d i n a t e ,  a x i a l  d i r e c t i o n  

Y v e r t e x  l o c a t  i o n  c o o r d i n a t e ,  r a d i a l  d i r e c t i o n  

* dimens ion less  q u a n t i t y  



INTRODUCTION 

A purpose of t h i s  paper i s  t o  d e v e l - p  a numerical a n a l y s i s  t o o l  

which w i l l  enable  a n a l y s i s  of complex s e a l  problems. The numerical 

method of s o l u t i o n  u t i l i z e s  a new procedure--the f i n i t e  element method 

wi th  a Galerkin s o l u t i o n  technique (FEMGST) r a t h e r  than t h e  method of 

f i n i t e  d i f f e r e n c e s .  U t i l i z a t i o n  of t h i s  FEMGST should enable  t h e  f l u i d  

f i l m  a n a l y s i s  t o  be r e a d i l y  i n t e g r a t e d  wi th  s o l i d  mechanics and dynamics 

f i n i t e  element analyses  which a r e  c a r r i e d  o u t  by e x i s t i n g  computer pro- 

grams. Also, the  Galerkin s o l u t i o n  procedure can so lve  nonl inear  

problems which cannot be solved us ing t h e  conventional f i n i t e  element 

method which uses  a Rayleigh-Ritz s o l u t i o n  procedure (1) .  

I n  p ressure  balanced f a c e  seals and se l f -ac t ing  l i f t  pad s e a l s  (2) 

(Figs. 1 and 2). t h e  flow can choke. Thus f l u i d  i n e r t i a  must be  ac- 

counted for i n  a flow ana lys i s .  Since  i n c l u s i o n  of f l u i d  i n e r t i a  makes 

t h e  flow equat ions  non l inear ,  t h e  f low is c u r r e n t l y  solved u s i n g  a n  

approximate i n t e g r a t e d  average model (3). 

These approximate s e a l  ana lyses  may no t  y i e l d  s a t i s f a c t o r y  r e s u l t s  

when t h e  n o n l i n e a r i t y  becomes l a rge .  Fur the r ,  these  approximate methods 

a l s o  do not  y i e l d  d e t a i l e d  d i s t r i b u t i o n  information about t h e  f low f i e l d .  

Thus i t  i s  necessary  t o  u t i l i z e  a numerical s o l u t i o n  scheme. A f i n i t c  

element method wi th  a Galerkin  s o l u t i o n  technique is used. A f i n i t e  

d i f f e r e n c e  scheme could have been used. However, i t  was f e l t  t h a t  

u l t i m a t e l y  a f i n i t e  element s e a l  f low a n a l y s i s  would be a powerful 

a n a l y s i s  t o o l .  



Some of t h e  advantages  of  the  f i n i t e  element method over the  f i n i t e  

d i f f e r e n c e  method a re :  

1. Boundary cond i t ions  need not  c o i n c i d e  wi th  coord ina te  l i n e s .  

2 .  Layout of nodal  p o i n t s  is more f l e x i b l e .  

3. Boundary c o n d i t i o n s  of  ab rup t  geometric changes, such a s  s t e p  

changes i n  f i l m  th ickness ,  do not  r e q u i r e  f i n d i n g  a s p e c i a l  i n t e r f a c i a l  

boundary cond i t ion  such a s  mags f l u x  c o n t i n u i t y  ( 4 ) .  

4 .  The method can y i e l d  n u a e r i c a l  s o l u t i o n s  more rap id ly .  S t u d i e s  

on a t r a n s i e n t  one-dimensional hea t  conduction problem show t h a t  t h i s  

method is  about s i x  t o  60 t imes f a s t e r  than t h e  f i n i t e  d i f f e r e n c e  method, 

depending on the  des i red  accuracy (5) . 
The disadvantages  of  us ing  t h i s  method a r e :  

1. The s o l u t i o n  is  an average va lue  over  the  element r a t h e r  than 

an exact  s o l u t i o n  a t  every po in t  i n  t h e  region;  however, t h i s  is 

s a t i s f a c t o r y  f o r  most engineer ing problems. B e t t e r  accuracy can be 

obta ined by decreas ing the  element s i z e .  

2 .  Programming is a l s o  more d i f f i c u l t .  A l a r g e r  sof tware  e f f o r t  

may be required.  

3. The c o e f f i c i e n t  matr ix  f o r  t h e  non l inea r  flow problem i s  non- 

d iagona l ly  dominant due t o  the  momentum equat ion.  

Although s e a l  flow problems, i n  p a r t i c u l a r ,  have not  been analyzed 

us ing f i n i t e  element techniques,  o t h e r  l u b r i c a t i o n  flows have been 

analyzed us ing t h e  f i n i t e  element method. Reddi ( 4 )  and (6) has  solved 

some incompressible and comp;~ess ible  bea r ing  l u b r i c a t i o n  problems us ing  

t h e  f i n i t e  element me'hod wi th  the  Rayleigh-Ritz approximate s o l u t i o n  

procedure. The Reynolds Zubr lcat ion equa t ion  .s i n  q u a d r a t i c  f u n c t i o n a l  



form and t h u s  is an admiss ible  form t o  a Rayleigh-Ritz s o l u t i o n .  

Recently Oh and Heubner ( 7 )  have app l i ed  t h e  f in i te-e lement  techniques  

t o  so lve  t h e  elastohydrodynamic f i n i t e  journa l  bear ing problem. The 

Reynolds' equat ion f o r  t h e  f l u i d  f i l m  and t h e  three-dimensional  e l a s t i c i t y  

equa t ions  f o r  t h e  bea r ing  housing were solved s imul taneously  us ing an 

i t e r a t i o n  scheme. 

The usua l  f i n i t e  element method, which is based on a Rayleigh-Ritz 

approximation, h a s  been extended t o  o t h e r  continuum problems such a s  

h e a t  conduction and dynamics (1 ) .  Th i s  means t h a t  a v a r i a t i o n a l  p r i n c i p l e  

must be  found; e .g . ,  t h e  t o t a l  p o t e n t i a l  energy of a system i s  s t a t i o n a r y .  

However, i n  f l u i d  mechanics such a p r i n c i p l e  may not  be  r e a d i l y  found 

i n  a workable form. Also, the  c l a s s e s  of non l inea r  problems t h a t  can be  

solved a r e  very  l i m i t e d .  The problem must be r e d u c i b l e  t o  a quadra t i c  

f u n c t i o n a l ,  Such problems a r e  descr ibed i n  equa t ions  which a r e  sometimes 

c a l l e d  "quasi-harmonic" equat ions .  The h e a t  conduction equat ion w i t h  

v a r i a b l e  conduc t iv i ty ,  i r r o t a t i o n a l  f low of i d e a l  f l u i d s ,  Lagrange's 

equat ion,  and the  compressible Reynolds l u b r i c a t i o n  equat ion a r e  examples 

of "quasi-harmonic" equat ions .  The compressible Reynolds ' equa t ion ,  

however, n e g l e c t s  convect ive  i n e r t i a  f o r c e s  wnose r e t e n t i o n  a long  wi th  

t h e  v i scous  f o r c e s  changes t h e  c h a r a c t e r  of t h e  equat ion so  t h a t  i t  is 

no longer  "quasi-harmonic". 

The Galerkin  method (8) by i t s e l f  could be used. Cheng and Pan (9) 

app l i ed  Ga le rk in ' s  method i n  so lv ing  t h e  non l inea r  unsteady Reynolds 

equat ion.  I t  allowed t h e  reduc t ion  of Reynolds equat ion d i r e c t l y  from 

a p a r t i a l  d i f f e r e n c i a l  equa t ion  t o  a system of f i r s t - o r d e r ,  o rd ina ry ,  

d i f f e r e n t i a l  ~ q u a t i o n s ,  which toge the r  wi th  t h e  equa t ions  of motion 

of the  journa l  bear ing,  y ie lded  a t r a c t a b l e  s t a b i l i t y  a n a l y s i s  of 



f i n i t e  p l a i n  journal  bear ings .  Unfortunately,  i n  many problems t h e  * 

s e r i e s  is unworkable when t h e  v a r i a b l e s  a r e  changing r a p i d l y .  Many 

terms a r e  required I n  o r d e r  t o  have a s a t i s f a c t o r y  s o l u t i o n .  Th i s  

problem may be overcome by us ing the  Galerkin  method wi th  piecewise 

c m t i n u o u s  d e r i v a t i v e  b a s i s  func t ions .  Thus t h e  formulat ion i n  t h i s  

paper is  e s s e n t i a l l y  t h e  Galerkin  method wi th  f i n i t e  elements a s  t h e  

b a s i s  func t ions .  
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RESULTS AND DISCUSSION 

The f i n i t e  element method wi th  Galerkin s o l u t i o n  procedure w i l l  be used t o  
so lve  3-dimensional axisymmetric and 2-dimensional s e a l  flow problems. k 
overview of t h e  technique w i l l  be presented by o u t l i n i n g  t h e  gene ra l  procedure. 
The method is b a s i c a l l y  a s  fol lows:  

1. Subdivide t he  region i n t o  t r i a n g u l a r  r i n g  elements a s  shown 

i n  Fig. 3 .  

2. Define an " i r r e g u l a r  pyramid" b a s i s  func t ion  Fn(x,y) a t  

each nodal po in t .  ( A  l i n e a r  b a s i s  func t ion  - f i r s t  o rde r  s p l i n e s . )  

See Fig. 4. Within each t r i a n g u l a r  element ,  Fn i s a l l n e a r  

func t ion  of d i s t ance  such t h a t  Fn 0 1  a t  n r ( x , y ) a n d  F n X O  

on the  boundary. Outside of t h e  region de f ined  by the  t r i a n g u l a r  

elements touching the  poin t  ( x , y ) ,  Fn = 0. 

Where: n  i s  the  nodal po in t  number, n  = I , * . . ,  N;(x,y) 

desc r ibe  t h e  nodal p o i n t s  i n  terms of t h e i r  r a d i a l  

and a x i a l  l o c a t i o n s ,  That i s ,  x  is t h e  r a d i a l  

d i r e c t i o n  nodal po in t  number, x = l;.. , Xmax = M, 

while  y  is  the  a x i a l  d i r e c t i o n  nodal  po in t  num- 

b e r ,  y  = I ," ' ,  Y = N 
max 

3. Let 

Where: j is  the  dependent v a r i a b l e  number, j = 1,. . , J 

4 .  Place t he  piecewise continuous s e r i e s  i n t o  t h e  governing 

equat ions .  

Where: i is t h e  equat ion  number, i = l , . . . ,  J 

5. Orthogonalize t h e  g loba l  e r r o r  t o  each b a s i s  func t ion  as re- 

qu i r ed  by t h e  Galerkin method. 



6. P l a c e  t h e  boundary c o n d i t i o n s  on t h e  a p p r o p r i a t e  nodal  

p o i n t s .  

7. Solve t h e  r e s u l t i n g  N J  l l n e a r  c r  n;nllne;rr a l g c b l - r r r  eq -  :- 

t i o n s  f o r  NJ unknowns. 

The d e t a i l s  of  t h e  f i n i t e  e lement  method w i t h  G a l e r k i n  s o l u t i o n  

t echn ique  w i l l  now be d i s c u s s e d .  The domain o f  i n t e r e s t  is s u b d i v i -  

ded i n t o  t r i a n g u l a r  s u b r e g i o n s  a s  s e e n  i n  F i g .  3 ( a  p l a n  view o f  

t h e  r-z p l a n e ) .  Consider  a  t r i a n g u l a r  s u b r e g i o n  w i t h  v e r t i c e s  i ,  

j, and k  as s e e n  i n  F ig .  5 .  

Let t h e  dependent v a r i a b l e s  JI1, Q 2 ,  J13, JIV be l i n e a r l y  

v a r y i n g  i n  t h i s  t r i a n g u l a r  s u b r e g i o n ;  1.e.. l e t  

The l i n e a r l y  v a r y i n g  f i e l d  a s s u r e s  c o n t i n u i t y  between e lements  

s i n c e  " l i n e s  which a r e  i n i t i a l l y  s t r a i g h t  remain s t r a i g h t  i n  t h e i r  

d i s p l a c e d  p o s i t i o n " .  The noda l  o r  v e r t e x  v a l u e s  of  +,,, a r e  d e f i n e d  

un ique ly  and c o n t i n u o u s l y  throughout  t h e  r e g i o n ;  however,  t h e  f i r s t  

d e r i v a t i v e  i s  d i s c o n t i n u o u s ,  hence ,  t h i s  f u n c t i o n  w i t h  p iecewise  

con t inuous  d e r i v a t i v e s  is  a  f i r s t  o r d e r  s p l i n e .  A t  t h e  noda l  p o i n t s  

o i  any t r i a n g u l a r  e l e m e n t ,  a  dependent v a r i a b l e  can be e x p r e s s e d  a s  



which in  matrix form becomes 

Hence, the unknown c o e f f i c i e n t s  from Eq. [l] have been expressed 

i n  terms of  the vertex pos i t i on  and dependent variable values at 

these nodal (vertex)  po in t s .  The inversion of  the c o e f f i c i e n t  ma- 

t r i x ,  [Dl ,  is shown in (10). Hence, i t  can be readily shown 

that the resul t ing  form o f  the dependent variable i n  a triangular 

subregion m i s :  

't- * -. 



The v a l u e s  f o r  a ,  b ,  and c a r e  shown i n  Tab le  I. The b a s i s  

f u n c t i o n  can a l s o  be  e x p r e s s e d  i n  t h e  above form. The b a s i s  func- 

t i o n  e q u a t i o n  i s  developed 1~ (10) and is 

where t h e  b a s i s  f u n c t i o n  may have one of  t h e  f o l l o w i n g  combinat i o n s  : 

{ F i = l ,  F  = O .  Fk = 01,  l F i = O ,  C , = l ,  Fk = 01, { F i = O ,  F = O .  F k =  11 [ l o ]  
j j 

A g i v e n  b a s i s  f u n c t i o n  whose v a l u e  is u n i t y  a t  noda l  p o i n t  XY, w i l l  

have a n  i r r e g u l a r  pyramid 's  b a s e  a s  i t s  r e g i o n  of d e f i n i t i o n .  The 

conven t ion  t h a t  is  used r e s u l t s  i n  s i x  member t r i a n g u l a r  sube le -  

ments - which comprise t h e  r e g i o n  of d e f i n i t i o n  of a  b a s i s  f u n c t i o n  

l o c a t e d  a t  an i q t e r l o r  mesh p o i n t .  See F i g .  5.  

As p r e v i o u s l y  d e s c r i b e d ,  t h e  p iecewise  continuous d e r i v a t i v e  

r e p r e s e n t a t i o n  of each dependent variable, [ a ] ,  is  p l a c e d  in to  t h e  

govern ing  Eq. [ 2  I 



Then the g loba l  e r r o r  is  orthogonalized t o  each b a s i s  func t ion  a s  

required by t h e  Galerkin method, Eq. 131 - 

Since t h e  b a s i s  func t ions ,  Fn, a r e  zero ou t s ide  o f  t h e  i r r egu -  

l a r  base pyramid reg ion ,  Eq. 131 -. can be  wri t ten as 

Thus, a  term of the  sum in [12] becomes t h e  fo l lowing  f o r  the 

b a s i s  funct ion t h a t  has a  value of u n i t y  a t  n = X,Y,  t h e  apex of 

t he  pyramid. 

At a point  of any t r i a n g u l a r  region of  t h e  pyramid base ,  a  

dependent va r i ab l e  i s  inf luenced  by t h e  values a t  i t s  v e r t i c e s .  

This can be expressed a s  



Since Ci = qi, e t c . ,  Eq. [141 can be expressed as 

where: Pi, F,, Fk a r e  b a s i s  func t ions  t h a t  have the  apex = uni ty  

a t  v e r t i c e s  i ,  j ,  k ,  r e spec t ive ly ;  q i ,  31 , Jlk a r e  t h e  magnitudes 
.I 

of the  b a s i s  vec to r s  which desc r ibe  t h e  plane (equal  t o  t h e  magni- 

tude of  t he  v a r i a b l e  a t  t h e  v e r t e x ) .  

n.- . . .  r . _ , -  
uy C I L I L L L L U ~ ~  A L I I C Q L  U Q U A J  ZU~LL:UI ID ,  Lire ~ e a u l i ~ i u i  a u I u i i u u  

vec to r  (where t h e  c o e f f i c i e n t s  have been determined) desc r ib ing  the  

t r i a n g u l a r  p lane  w i l l  remain a  plane;  a t  t h e  i n t e r f a c e  of t h e  tri- 

angular  element (boundaries)  the  func t ions  a r e  continuous but  not  

the  d e r i v a t i v e s  ( s ince  t h e  b a s i s  func t ion  is a f i r s t  o r d e r  s p l i n e ) .  

The whole volume of each b a s i s  func t ion  can be geometr ica l ly  i n t e r -  

p r e t ed  a s  an i r r e g u l a r  hexagonal based pyramid func t ion ,  

See Fig. 5 f o r  a p lan  view of t h e  region of d e f i n i t i o n  o t  a  typ- 

i c a l  b a s i s  func t ion ,  Pn. Fig. 6 i l l u s t r c r t e s  a 3-dimensional geo- 

m e t r i c  i n t e r p r e t a t i o n  of t h e  func t ion  space. Note, t h e  bases  a r e  

i r r e g u l a r  t o  show a  v a r i a b l e  mesh s i t u a t i o n .  



SEU FLOW EQUATION MRMtTLATION 

The compressible  s e a l  leakage flow w i l l  not  be analyzed using t h e  

f i n i t e  element method wi th  Galerk in  s o l u t i o n  technique (FEMGST). 

The proper dimensionless  governing equat ions  where "quas i - fu l ly  

developed", p a r a l l e l  flow e x i s t s ,  us ing  shear  stress as a dependent 

v a r i a b l e ,  are: 

1. Conservation of mass 

2. Conservation of momentum 

au* + ? a  a ~ *  = Re*p*u* - ar* ar* ax* 

3. P e r f e c t  ga s  r e l a t i o n  

4.  Shear s t r e s s - v e l o c i t y  r e l a t i o n  

where 

Only isothermal  flow c a s e s  w i l l  be considered.  

FEMGST Form of  Equations 

The procedure f o r  forming the  Galerkin approximation equat ions  f o r  

t h e  above set of  p a r t i a l  d i f f e r e n t i a l  equat ions  w i l l  no t  be presented 

us ing  t h e  procedure descr ibed  i n  t h e  previous s ec t ion .  D e t a i l s  of t h i s  

procedure can be found i n  (10). 



The equations governing isothermal compressible leakage flow in  

FEMGST form at nodal point XI are 

1 .  Cons~rvation of mass 

2 .  Conservation of momentum 

3 .  Shear s t re s s -ve loc i ty  re la t ion  

4 .  Equation of  s t a t e  

XY are defined XY XY XY and Gam The functions Aam, BaBm, Dam, Earn, Fa,, 

i n  Tab1e.s 2, 3 and 4. 

A typical seal flow region subdivided into triangular ring elements 

is  shown in  Fig. 3. The flow is treated as axisymmetric. Basically, 

FEMGST is the Galerkin method with f i n i t e  elements as basis functions. 

Aa previously mentioned, a t  each nodal point an "irregular pyramid" 

baais function Fn(r,z) is  defined (see Fig. I ) .  



DISCUSSION 

A s  a  s t a r t i n g  p o i n t ,  t h e  f i r s t  c a s e  s t u d i e d  i n  d e t a i l  was incom- 

p r e s s i b l e  r a d i a l  P o i s e u i l l e  flow. T h i s  f low is s i m p l e r  i n  n a t u r e  than  

t h e  c a s e s  of  i n t e r e s t .  For t h i s  c a s e  Eqs. [ 1 5 ] ,  [ 1 6 ] ,  and [ l a ]  a r e  

s o l v e d  w i t h  Re* - 0 and o* = 1. 

F i g u r e  7 shows t h e  model and c o n d i t i o n s  used f o r  s o l v i n g  incom- 

p r e s s i b l e  r a d i a l  P o i s e u i l l e  flow. F i g u r e s  8, 9, and 1 0  compare t h e  

numer ica l  s o l u t  i o n s  w i t h  t h e  e x a c t  a n a l y  t i c s l  s o l u t i o n s  a t  v a r i o u s  

r a d i a l  l o c a t i c n s  f o r  v e l o c i t y ,  p r e s s u r e ,  and s h e a r  stress, r e s p e c t i v e l y .  

Note, t h e r e  is e x c e l l e n t  agreement f o r  t h e  mesh s i z e  chosen.  

I n  o r d e r  t o  check t h e  compress ib le  f low f o r m u l a t i o n  of FEMGST, 

a s p e c i a l  i n v i s c i d  f low problem was s o l v e d .  The modif l e d  Reynolds 

number Re* was a  parameter  v a r i e d  i n  t h i s  s tudy .  The i n v i s c i d  f low 

problem had a l l  of  t h e  s a l i e n t  f e a t u r e s  of  t h e  g e n e r a l  compress ib le  

f low s e a l  l e a k a g e  problem. That is, n o n l i n e a r i t y  due  t o  c o m p r e s s i b i l i t y ,  

a r e a  expans ion ,  and c o n v e c t i v e  i n e r t i a .  However, t h e  problem is s i m p l i -  

f i e d  because  t h e  s h e a r  stress is e v e r w h e r e  ze ro .  The r a d i a l  v e l o c i t y  

d i s t r i b u t i o n  is shown i n  F i g .  11. There  is e x c e l l e n t  agreement between 

t h e  e x a c t  and FEMGST s o l u t i o n s .  

A compress ib le  s e a l  f low c a s e  of p r a c t i c a l  i n t e r e s t  was then  so lved .  

A s e a l  was s t o d i e d  w i t h  a  r n d i u s  r a t i o  of 0.8 ( s e e  F i g .  12) .  The 

t r a n s v e r s e  v e l o c i t y  p r o f i l e s  n t  t h e  s e a l  e x i t  are shown in Fig. 13, 

whereas t h e  r a d i a l  p r e s s u r e  d i s t r i b u t i o n s  a t  t h e  d i m e n s i o n l e s s  t r a n s -  

v e r s e  gap  v a l u e  of  0.25 are shown i n  Fig .  14. The modif ied Reynolds 

qsnnber a g a i n  was a  pa ramete r ,  h u t  i t s  v a l u e  h e r e  is a  measure o f  

t h e  c o n v e c t i v e  i n e r t i a  e f f e c t  i n  t h e  f low.  For Re* - 0 t h e  r e s u l t s  c a n  



18 

be compared with the exact viscous compressible flow solut ion.  Note 

the good agreement of FEMGST with the  exact  solut ion.  For Re* $ 0 there  

is no exact solut ion f o r  comparison; however, the  r e s u l t s  a r e  physically 

expected. The solut ions  were terminated a t  Re* = 12. A t  Re* = 12, the 

r e s u l t s  ind ica te  t h a t  the  l imi t ing  e x i t  sonic ve loc i ty  condit ions had 

been reached a t  the center l ine .  The so lu t ion  had t o  be terminated 

because r e s u l t s  indicated t h a t  the  formulated s e t  of equations was no 

longer va l id .  The r a d i a l  pressure d i s t r i b u t i o n  i n  Fig. 14 shows t h a t  

the  e x i t  pressureschange the  most with Reynolds number. This is expected; 

s ince  the  ve loc i ty  increase is the  g rea tes t  i n  the  e x i t  region, the 

densi ty  (pressure f o r  t h i s  isothermal case) must correspondingly de- 

crease.  This can be seen by examining the  compressibil i ty terms i n  

the  mass conservation equation. 

To use FEMGST, a new computer technique had t o  be developed. The 

system of equations from FEMGST could not  be solved by the usual  

i t e r a t i v e  solut ion methods. Thus, a d i r e c t  method algorithm was 

developed and used t o  reduce the l a rge ,  sparse,  nonsymmetric band 

matrix.  This method g rea t ly  reduced machine s torage requirements and is 

described i n  (10). 
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Table I. - Values of Geometric Basis Function 
Coeff ic ients  



Table 11. - Coefficient Expressions Used i n  Galerkiri Approximat ion 
Difference Form (CADE) 

Variable Form GADE Form 

XY 
a+$ rbOAam Dm 
I - =  Note: rJIa ar  

*m 
2Am am 



Table 111. - Basis Function Integrals For a Basis Function \Jho~e 
Apex (Uni t  Value) i s  a t  Nodal Point a 

1.  L-1 Eiement; a = j ,  therefore, F = 1 J 

Repeat above calculations for: 

2 .  L Element; except a - k ,  Fk = 1 

3 .  L + I Element; except a = k, Fk = 1 

4 .  U - 1 Elenlent; except a = j ,  Fj = 1 

5 .  U Element; except a = i ,  Fi = 1 

6 .  U + 1 Klerrient ; except a = i, F = 1 
i 



Table I V .  - Values of Basis Function I n t e ~ r a l s  

- 
R22 = r zdrdz 

- 
U2 = f r  z2d rda 

= /7r z3d rdz 
lt d 



Table IV. - Continued 



A A 
[r3dzdr = [L 4 A ki  (r4  k - r:) + (r4  - r:) ++ ( r i  - r4) 

j ,- j 

1 5 5 l B  5 + - B ( r  - ri) + 5 jk , - rk) 5 ki k 

1 + - B  ( r  5 i j  i - 
where : 

?i + z ,  + zt r i + r  + r k  

Z 
m 

3 9 dr 3 

b c c  
B =U=U. 

-C 
B = 

i j  ri - r j  k jk 

a c c  j k  - I i j k 
rj - rk 

- C 
i 

b c c  y Z k  i l k  
r - r  
j k  

- C i 

Table IV. - Continued 
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Figure 1. - Pressure-balanced face seal with self-acting lift pads (added for axial film stiffness). 

t 
LEAKAGE 

GAP 

. 2  1 
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Figure 2. - Gas bearing for seal 
support. 



FEMGST

z
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Figure3. - Thefiniteelementidealizationofflowthrougha
gasfilmseal.

(a)THREE-DIMENSIONALREPRESENTATIONOFTHEBASISFUNCTION.
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(b)BASEOFIRREGULARPYRAMIDUSEDTO DEFINEBASIS
' FUNCTION.

Figure4 - Geometricinterpretationofan
irregularhexagonalbasedpyramidfunction.
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Figure 5. - General pattern of irregular pyramid basis ;mction (IHBPF). 

Figure 6. - Geometric interpretation of function space (irregular hexagonal based pyramid 
basis functions). 
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Figure 7. - Incompressible radial Poiseuille flow sample problem. 

SPECIFIED ENTRANCE VELOCITY (AT R1) 
EXACT SOLUTION AT R2 
FEMGST solution at R2 
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Figure 8. - Comparison of FEMGST solution wi th exact solution for radial velocity distribution. 
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- EXACT SOLUTION 
o UNIFORM J E S H }  RMGST 
A VARIABLE MESH 

Figure 11. - Comparison of exad  inviscid flow solution with 
FEMGST for velocity distribution and RP = 1, 1.5, 5, and 
100. 

Figure 12. - Domain and boundary conditions for compressible seal leakage 
problem. 



--- INLET PROFILE 
(BOUNDARY CONDITION) 

Figure 13. - FEMGST solution for exit velocity profile for a range of Reynolds num- 
bers (0-12); 11 x 17 uniform mesh. 

Figure 14. - FEMGST solution for radial pressure dis- 
tribution at an axial location of z* = 0.2500 for a NASA-L.W~S 
range of Reynold5 numbers (10-12). 




