
INFRARED MASER EMISSION FRQx INTERSTELLAR HYDROXYL MOLECULES 

By 

Robert Frank Pelzmann, Jr.
 

(NASA-CR-140180)- INFRARED MASER EMISSION UN-34-4 905 
fROM.INTERSTELLAR HYDROXYL.MOLECULES 

fStanford Univ.)y 134 p HC $-9-.75J250 
- CSCL20E -Uncias
G3/.16- . 50403 

National Aeronautics and Space Administration
 
Grant NGR 05-020-510
 

SUIPR REPORT NO. 595
 

~A 

October 1974 "5 .r 

1C10 

Institute for Plasma Research
 
Stanford University
 
Stanford, California
 



INFRARED MASER EMISSION FRCM INTERSTELLAR HYDROXYL MOLECULES
 

By 

Robert Frank Pelzmann, Jr.
 

National Aeronautics and Space Administration
 
Grant NGR 05-020-510
 

SUIPR Report No. 595 

October 1974
 

Institute for Plasma Research
 

Stanford University
 

Stanford, California
 



ACKNOWLEDGMENTS
 

Were it possible I would personally thank each person who contri

buted of their knowledge, understanding, or encouragement to this thesis.
 

I would especially thank Professor Vahe Petrosian who as my mentor was
 

the primary warden of this work. Professor Peter Sturrock's training
 

and insight also helped crystalize this work. My appreciation also
 

goes to Dr. John Wilcox for reading and to Ms. Evelyn Mitchell for
 

preparing this manuscript.
 

I am also grateful to Drs. Larry Caroff and Ray Reynolds of the
 

Theoretical Studies Branch of NASA Ames Research Center for their
 

intellectual and financial support during my years of study and for
 

their encouragement in the observational aspects of this work.
 

I am especially grateful to my wife Kathleen who suffered willingly
 

the tribulations of graduate life, and to my parents whose guidance
 

has brought me to this fulfillment of my goals.
 

This work was supported by the National Aeronautics and Space
 

Adiinistration under Grant NGR 05-020-510.
 

ii
 



TABLE OF CONTENTS
 

Page
 

List of Tables...... ................. vii
 

List of Illustrations .... ..... ......... viii
 

Abstract......... ................. ix
 

I. Introduction................. .......... 1
 

A. Observations of OH Emission .............. 3
 

B. Classification of OH Sources ... ......... .
 

C. Characteristics of Two OH Sources......... . 6
 

D. Summary .................. ...... .. 8
 

II. The Mathematical Formulation for OH Masers....... . 9
 

A. Notation of the Energy States ......... .... 9
 

B. Calculation of the Energy Levels...... ....... 13
 

C; The Molecular Constants and Energies..... ... .25
 

D. The Determination of the Transition Probabilities 28
 

E. The Population and Transfer Equations ....... 40
 
III. The Solution of the Transfer Equation......... . 45
 

A. Introduction.... ........ ......... 47
 

B. The Case of No Saturation .... . ........... 48
 

C. Partially Saturated Spherical Clouds.. ...... 52
 

D. dompletely Saturated Masers . . ..........
. 58 

E. Estimating the Emitted Intensity. . . ....... 59
 

IV. A Graphical Solution of the Transfer Equation..... 60
 

A. Introduction................ ........ 60
 

B. The Parameters of the Maser Emission............ 61
 

C. A Graphical Solution for the Emission........ . 62
 

D. Sumary ..... ........... ....... 67
 

V. The Population of the OH Energy Levels. ........ 80
 

A. Introduction..... ......... ......... 80
 

B. Ultraviolet Pumping .. ...... . . ....... 82
 

C. Collisional Pumping ... ...... ......... 83
 
D. UV and Collisional Pumping Combined ......... 85
 
E. Near Infrared Pumping .... ............ 86
 

F. Far Infrared Pumping ............... .... 88
 
G. Summary .... ........ ............ 89
 

iii
 



Page
 

VI. The Infrared Intensities of OH Masers.... ........ ... 102
 

A. 	Introduction ......... ......... . ....... . .102
 

B. 	Characteristics of OH Emitters ..... ........... 103
 

C. 	The Infrared Emission of the Orion and W3
 
OH Sources. .............. .. ............... 104
 

D. 	The Detectability Limit for OH Emission..... ...... .117
 

E. 	Summary and Conclusions ......................... 118
 

References ........ . ........ ................ 123
 

iv
 



LIST OF TABLES
 

Page
 

Table 1. The Quantum Numbers for Diatomic Molecules....... ... 12
 

2. The Matrix Elements of the -Hamiltonian... ....... ... 18
 

3. Rotational and Vibrational. Energies of the IIState... 27
 

4. Rotational Energies of the Z State....... .... .. .27
 

5. The Racah Coefficients......... ......... .....32
 

6. Allowed Transitions ............. ...... 32
 

7. The Line Strengths ........... ......... .. .33
 

8. The Spontaneous Transition Coefficients .... .... 34,
 

V
 



LIST OF ILLUSTRATIONS
 

Page
 

Figure 1. The Z Energy Levels...... .............. 15
 

2. The U Energy Levels...... .............. 15
 

3. The Hyperfine Structure............ ....... 15
 

4. Unsaturated Limits for Size and Pump Rate........ 70
 

5. Saturation Limit for Size and Pump Rate. . ...... 71
 

6. Oversaturation Limits for Size and Pump Rate ..... 72
 

7. Effects of Background Intensity on Saturation....... 74
 

8. Relation Between Core Size and Total Size. ...... 75
 

9. Relation Between Core Size and Total Size...... . 76
 

10. Intensity and Saturation Functions of Size ...... 77
 

11. Effects of Background on Emission.. .......... 79
 

12. UV Pumping Populations ......... ...... ... 93
 

13. UV Pumping with Absorption Populations ........ 94
 

14. 	 Collision Pumping at 1000 K. . .............. 95
 

15. Collision Pumping at 12000K... ... .... . . .. .. 9
 -


16. UV and Collisions Combined .. . ........... 	 97
 

17. Near Infrared Pumping at 26500K............. 98
 

18. Far Infrared Pumping at 500 K. ........... 	 .. 99
 

19. Far Infrared Pumping at 2000 .K.. . . ........ 100
 

20. The Far Infrared Lines of OH.......... . .... 101
 

vi
 



ABSTRACT
 

The anomalous microwave radiation from interstellar OH has been the
 

subject of intensive investigation since its discovery in 1963. An
 

investigation of the mechanisms put forward to explain the microwave
 

radiation now indicates that several different far-infrared.lines with
 

.wavelengths between 50 and 200 microns can also show the anomalous maser
 

emission. Further, different pumping mechanisms produce different far

infrared lines, so that spectral studies in the far-infrared to be made
 

in the near future will provide additional information on the conditions
 

and pumping mechanisms of the maser regions.
 

The energy structure and transition rates of the OH radical have
 

been carefully studied in rotational and vibrational energies to provide
 

the basis for studies of the population distributions under various ex

citing mechanisms. The absorption of ultra-violet or near infrared radia

tion which Litvak and others have proposed to explain the microwave
 

emission has been studied, as well as the absorption of low temperature
 

blackbody radiation and collisions with iholecular hydrogen. Each of
 

these provides population inversion in some infrared lines, while dipole
 

collisions with charged particles does not.
 

In applying the results of the-population studies to the transfer
 

equation a model of a uniform spherical cloud of OR is used with the
 

pumping process occurring uniformly throughout the region. For high
 

pumping rates the emission is unsaturated and the intensity is an exponen

tial function of the size of the cloud.. For lower pumping rates or
 

larger sizes the region of unsaturated emission shrinks until the entire
 

region is saturated, the intensity then becoming a linear function of the
 

size of the emitting cloud.
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-- The population solutions and the intensity formula are combined to 

show that under the various exciting mechanisms covered far infrared 

line radiation between 50 and 200 microns in wavelength will be emitted 

isotropically from the OH clouds at intensities detectable by a 36 inch 

airborne infrared telescope to become operational next year at the NASA
 

Ames Research Center. The solutions of the transfer equation may also
 

be applied to the microwave maser emission observed from interstellar
 

water Vapor and other organic molecules to provide information on the
 

conditions in the many dense molecular clouds which have been recently
 

discovered. The line widths of the emission and the observed sizes of
 

the emitting clouds is briefly considered.
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CHAPTER I
 

INTRODUCTION
 

Interstellar gases are largely composed of atomsof ions at a density
 

of about one atom per cubic centimeter. The ultraviolet radiation from
 

stars can ionize such gases, producing electrons of temperatures charac

4 o
 
teristic of the stellar radiation, about 10 K. There are also sub

stantial amounts of neutral hydrogen and even molecular hydrogen. The
 

gas apparently has two stable states: The first is a dilute gas of about
 

0.1 atoms per cubic centimeter with a high temperature and a'high degree
 

of ionization; the other state is a much denser, cooler gas cloud with
 

large amounts of dust particles.
 

When a gas cloud becomes dense enough collisions can provide an
 

important cooling mechanism. This will overcome the heating by ultra

violet radiation, allowing the gas to contract and cool further. This
 

in turn increases the dust concentration and the opacity, and with the
 

shrinking size 6f the cloud less and less heating radiation is absorbed.
 

The dense cloud of gas and dust apparently reaches a low temperature
 

stable state with densities near 10 4 to 106 atoms per cubic centimeter,
 

and temperatures of ten to a few hundred degrees K.
 

These dense dust clouds have only recently received attention,
 

partly because their darkness makes most optical observing techniques'
 

useless. Microwave and infrared radiation can easily penetrate these
 

clouds because of the small size of the dust particles and recent advances
 

in microwave and infrared techniques have revealed some startling charac

teristics in dense clouds. They represent a significant fraction of the
 

mass of our galaxy and are important in many galactic phenomena including
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the spiral structure -and star formation. Most startlingly, it is in
 

these dark clouds that many complex molecules have been discovered.
 

Molecules were first found in interstellar space in the 1940's
 

when they were identified in optical spectra taken by well established
 

techniques. Three molecular free radicals were found: CH, CH., and ON.
 

The development of radio astronomy led to the discovery of'the next mole

cule in 1963, the OH radical (Weinneb et al. 1963). These sparse dis

coveries and the concept that the interstellar gas is of low density and
 

high ionization led to the expectation that molecules in interstellar space
 

would be both rare and simple. It seemed reasonable however that dark clouds
 

would be the most likely place for molecules because of their higher density
 

and lower temperatures: Furthermore the dust should provide a shield
 

against the ionizing radiation of background stars and in 1968 a search of
 

such clouds revealed the first polyatomic molecules, NH3 and H20 (Cheung
 

et al. 1968). Both of these have convenient microwave spectra with wave

lengths long enough to penetrate dense clouds easily. The organic molecule
 

H2CO was discovered soon afterwards, and since then the number of molecules
 

found in interstellar space has increased rapidly. The total number of
 

molecules and isotopes discovered has reached nearly thirty, and it seems
 

that many others will be found as further searches are made with'increasing
 

sensitivity in microwave and infrared spectral regions.
 

The microwave lines of the OH radical have been observed in the
 

absorption and emission spectra of several hundred galactic regions.
 

The OH seen in absorption appears to be associated with regions of neutral
 

hydrogen as suggested by line widths and radial velocities which agree
 

closely with the observations of 21-cm hydrogen lines. In a very few
 

2
 



cases the four ground state OH lines are observed with intensities charac

teristic of local thermodynamic equilibrium, and comparison with the
 

-4
 
hydrogen observations indicates an abundance ratio of OH/H between 10


and 10-7 the larger value being associated with the galactic center
 

region.
 

For most of the sources neitherthe OH or th6 related H20 have energy
 

levels pbpulated according to the Boltzmann distribution. This was
 

indicated for OH shortly after its discovery in absorption by line
 

strength ratios which differed significantly from the LTE predictions.
 

The degree of anomalous excitation indicated by the observations of OH
 

in emission was even more unexpected. The OH emission is now believed
 

to result from maser amplification, but in the eight years since its
 

discovery the most notable properties of the OH emission remain unexplained;
 

even the mechanism which populates the energy levels is not yet known
 

with any certainty. Several mechanisms have been proposed for populating
 

the energy levels. and this paper considers the resulting infrared line
 

emission for the most interesting of these as a potential observational test
 

for the relevant mechanisms.
 

-A. Observations of OH Emission 

Anomalous OH emission was discovered close to HIT regions in 1965 

by Gundermann (1965) and by Weaver et al. (1965). This emission was 

strongest at 1665 MHz and was highly polarized, usually circularly. These 

properties along with very small angular sizes as established by inter

ferometry applied to all seven sources found in the following year or so. 

These early searches were usually made only in the two main lines and 

were confined to the brightest HIT regions: In 1966-67, Goss (1968) 
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extended survey work to weaker HII regions and to galactic non-thermal
 

continuum sources, as well as searching in all four ground state lines.
 

More 	sources of the main line type were found as well as several sources
 

of a new type which emit only at 1720 MHz and which are not associated
 

.with HII regions. This latter type of emission was subsequently found
 

to be 	unpolarized. The third major class.of,emission sources which radiate
 

predominantly at 1612 MHz was discovered by Wilson et al. (1970) to be
 

associated with stellar like objects whose continuum radiation is primarily
 

infrared. Finally, the first apparently normal OH emission of very weak
 

intensity was found in dust clouds by Heiles (1968). By 1969, thirty
 

anomalous OH emission sources had been discovered from the northern hemi

sphere and nine more from the southern hemisphere, all of which have
 

been 	well studied. More recently a large number of new OH emission sources
 

have 	been found associated with continuum sources (Downes 1970; Turner
 

1970a). Turner (1970b) proposed the following classification scheme.
 

B. 	Classification of OH Emission
 

Class I. These sources emit very strongly in one or both of the
 

main 	lines, with the 1665 MHz line nearly always the stronger, and weakly
 

or not at all in the satellite lines. All four lines in this class of
 

emission sources are highly circularly polarized, with the degree of
 

circular polarization usually being stronger for the most intense sources.
 

Some of these sources have features that are linearly polarized to a degree
 

higher than can be explained by resonant scattering, with no circular com

ponent. The emission profiles show little similarity among the four OH lines.
 

They consist typically of many narrow components of widths less than 2 kHz.
 

The line ratios in these sources vary strongly with velocity and time and
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do not resemble LTE predictions; the time scales are between nine days and
 

two months. If due to thermal broadening the linewidths correspond to 

temperatures below 50°K with the narrowest giving a temperature of 80K. 

Very long Baseline Interferometry indicates that Class I sources with 

several radial velocity features are close collections of separate sources, 

with linear sizes about 10 AU for-individual features-and separations of 

about 100 AU for features of a single source. Continuum maps of these 

regions indicate that the OH emission is near the continuum centers but
 

does not coincide. There is general evidence to associate Class I emission'
 

with infrared sources (Eliasson and Bartlett 1969; Wilson et al. 1970),
 

and a few are associated with compact HII regions (Mezger et al. 1967).
 

The most.heavily studied of the Class I sources are in W3, Orion A, W51
 

a and b, DR21, Sgr B2, W49 and NGC 6334.
 

Class Ila. These sources show anomalous emission only in the
 

1720 MHz satellite line, anomalously strong absorption in the 1612 MHz
 

line at the same radial velocity, and normal absorption in the main lines.
 

These sources are not'highly polarized, with typical values of 10% circu

lar or linear polarization in the emission line and none in the absorp

tion lines. These sources are speculatively associated with the shells
 

of supernova remnants, although the distances are not known. No high
 

resolution continuum mapping has yet been done on these because of the'
 

weakness of the emission. Typical members of this class are W28N, WA1,
 

CasA and NGC 6857. 

Class lib. This group of objects emits most strongly in the 1612 Miz
 

line with no emission and little if any absorption .in the 1720 MHz line.
 

The two main lines show emission much weaker than either the 1612 Au~z line
 

or the main lines of Class I sources. The intensities in the 1612 MHZ
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line is much stronger than the Class IIa emission and occasionally stronger
 

than the brightest Class I objects. The 1612 MHz linewidths are typically
 

15 kHz with 1665 MHz linewidths about 3 kHz in the same feature. The
 

strong satellite line is nearly unpolarized in all objects of this class,
 

and the weaker main lines are circularly polarized to as much as 65%. All
 

of the sources in this class are associated with IR sources listed in
 

the CIT catalog to the resolution of VLBI measurements, with several small
 

spots of individual sizes around 0':1 in a region about the IR star of 2"
 

extent. Objects in this class include VYCa MaJi, NML Cyg, NML Tau, CIT 3,
 

and CIT 7.
 

Class II1. Heiles (1968) discovered weak OH emission with LTE line
 

ratios in a number of dark dust clouds. Both the clouds and the OH
 

emission are extended, up to 2 in one case. There is no continuum radio
 

emission and little or do 21 cm hydrogen emission. The excitation tempera

+6 
tures are about 5°K with densities greater than 10 molecules per cubic
 

centimeter. There is no apparent polarization in any of the lines in
 

these sources, typical'of the thermal characteristics. Careful observa

tions by Turner and Heiles (1970) indicate some anomalies in the 1612/1720
 

satellite line ratio similar to, but weaker than, the Class IIa objects.
 

There is some speculation (Booth 1972) that this clash is a weak case of
 

Class IIa or b.
 

C. Characteristics of Two Strong OH Sources
 

The largest infrared telescopes available for observations beyond
 

100 microns are less than 1 meter in aperture, so that sensitivity is
 

rather poor in comparison with radio det.ectors. Thin far infrared radiation
 

detectable from the OH molecule will probably come from the strongest
 

"OH radio sources. Any reasonable pumping mechanism for the ground state
 

maser emission will involve infrared transitions so that the infrared
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brightness temperatures will be related to the microwave emission by the
 

ratio of the wavelengths, hence about 108K. The limited sensitivi-ty of
 

the IR telescopes restricts detectability to the brightest of the OH
 

sources. For this reason, we will consider modeling the two bright'est
 

class I sources, Orion A and W3, in later chapters.
 

The W3 source consists of several spots of emission about 8 AU in size
 

in a circular arc about 3000 AU across. Microwave emission has been
 

detected in the ground state and in four excited states,' 2*3/2j
 

3/2 .5/2 7/2, and 1/2 = 1/2 and 5/2. The relatiVe intensities in
 

these lines are 1.00, 0.03, 0.06, and 0.01, 0.0005 respectively. The
 

emission in the 2 i= 5/2 lines may be a false detection (Turner 1972).
 

W3 is associated with a compact HII region as well as a point.infrard
 

source. The brightness temperature of the 1665 MHz line is about 1013 OK
 

and the linewidth about 0.8 kHz. There is also an anomalous H20 emission
 

source nearby. Time variations are seen of the order of a few weeks in
 

the 1665 and 1667 MHz lines, but with no correlation between them. The
 

polarization remains constant with time during these intensity variations.
 

The total intensity in the lines assuming spherical emission is about 1028
 

ergs per second'.
 

The Orion A source is apparently a single small spot about 3 X 1013 

centimeters across with a nearby IR point source and a large background 

IR nebula. The brightness temperature is about 1012 oK and the linewidth 

10 kHz. There is an H20 emission source correlated with the OH source 

which fias a brightness temperature greater than 1014 oK. 
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D. Summary
 

In the following chapters we will discuss in detail the energy
 

16 i
 
structure of the OH molecule, specifically the 0 H isotope, and cal

culate the transition rates. This information will be applied to the
 

pumping mechanisms to predict the population distributions for varying
 

parameters of the OH regions. The eqaation of transfer for a simplified
 

spherical region will be solved for various degrees of saturation and
 

analyzed for relevant emission characteristics. Finally, the two results
 

will be combined to predict the expected detectable infrared emission for
 

some typical OH sources and to describe the relevant physical conditions
 

in the OH regions.
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CHAPTER II
 

THE MATHEMATICAL FORMULATION FOR OH MASERS
 

A. Notation of the Energy States
 

The energy structure of the OH molecule is as complicated as any
 

diatomic molecule, with contributions from the electronic excitation,
 

the internuclear vibration.the mole cular rotation, the electron spin,
 

the nuclear spin, and the interaction of each of these with the others.
 

There are no less than nineteen quantum numbers appropriate to the
 

description of the energy levels of the two electronic states of
 

interest in the pumping mechanisms of OH masers. The following descrip

tion of these quantum numbers is a useful adjunct to the understanding
 

of the energy structure and the emission which accompanies an OH maser.
 

The coupling between the two nuclei of the molecule can be described
 

as a nonlinear spring, or quantum mechanically as a particular potential
 

function of the separation. Vibration of the molecule in this potential
 

is quantized, and described by the vibration number V. This is the
 

only energy in the molecule which has no atomic equivalent.
 

The motion of the electrons in an atom takes place in a spherically
 

symmetric field, hence the electronic orbital angular momentum L is a
 

constant of the motion. In a diatomic molecule the symmetry of the field
 

is only axial and as a consequence only this component of the orbital
 

angular momentum is a constant of the motion. A precession of L occurs
 

about the internuclear axis with a component along the axis of MLY which
 

takes the allowed values of L, L-1, L-2, ... , -L. In the absence of 

perturbations the states with ML values of opposite sign have the same
 

energy, thus the component of the electronic orbital angular momentum is:
 

9
 



Note that except for A = 0 the states are twofold degenerate. In a 

manner similar to atomic states, these molecular states are designated 

as , fi A, , ... according to A = O 1 2, 3, ... respectively. 

The wavefunction of the molecule in these axially degenerate states
 

may be written in a manner which expresses the symmetry characteristics
 

of the molecule:
 

Ye+ = Xei
Ac + 7Re-iACP 

Myi+ - -iA(P 
Ye e e 

hence the degenerate states may be written as Z+, -, , , ,.... The 

separation of the symmetry states by A-doubling perturbations will be 

discussed later.
 

A closer investigation of the structure of electronic states shows
 

a multiplet structure due to electron spin just as in atomic states.
 

The spins of the individual electrons form a resultant S with the
 

quantum number S being half-integral for molecules with an odd number
 

of electrons such as OH. For A = 0 the resultant S is fixed in space
 

as long as the molecule is not rotating. In A 4 0 states the orbital
 

motion of the electrons gives rise to an internal magnetic field which
 

causes a precession of S about the internuclear axis with a component
 

r along the axis with the values S, S-1, S-2, ...p -S. £ is not a
 

well defined quantum number for A = 0.
 

The total electronic angular momentum about the internuclear axis
 

is the combination of orbital motion and spin. The quantized component
 

of that total along the axis is Q IA + sl. For A $/0 the electronic
 

state splits iiito 2S +'l levels. Additional angular momentum in the
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molecule is contained in gross rotation of the molecule and in nuclear
 

spin. The nuclear spin quantizes just as the electron spin, with resul

tant I and component Q1 . The nuclear spin splits the states into
 

21 + 1 further substates. The rotation of the molecule occurs perpen

dicular to the axis, with a resultant 0. Table 1 summarizes the quantum
 

numbers in diatomic molecules.
 

The several forms of angular momenta in the molecule'can interact
 

in different ways. Hund first studied the various coupling schemes in
 

detail, and his cases (a) and (b) are of interest (Herzberg 1950). In
 

the OH molecule, the ground state (A = 1 a IIstate) is intermediate
 

between case (a) and case (b), and the first excited state (A = 0, a S
 

state) is a pure case (b).
 

In Hund's case.(a)'the interaction of the molecular rotation with
 

the electronic motion is weak, and the electronic motion is coupled
 

strongly to the internuclear axis. The vector diagram for this is:
 

J 
 I 

0
 

\ I % I 

-\I
 

The quantum number for the rotation can take the values 0, Q+...
QC2-, 
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TABLE 1. THE QUANTUM NUMBERS FOR DIATOMIC MOLECULES
 

Nuclear spin ................ ........... ..... I
 

projection on molecular axis ..... ............... .. I
 

projection on space axis ....... ........ ........ MI
 

Electron spin ................... ............ S
 

projection on molecular axis ...... .............
 

projection on space axis ......... ............ M
 

Electron orbital angular momentum ............. .... L
 

projection on molecular axis ......... ........... A
 

projection on space axis ....... ................. MI
 

Molecular rotation ................ ......... 0
 

Total orbital angular momentum . . ............ .... N
 

projection on molecular axis. . ...
 ........... K
 

Total angular momentum without nuclear spin........ . J
 

projection on molecular axis (absolute value).. .
 

projection on space axis ....... ...... ..... Mj
 

Total angular momentum ........... ................ F
 

projection on molecular axis ... .......... .... F
 

projection on space axis ......................
 

Vibration................... ........... V
... 




In Hund's case (b) the spin is only weakly coupled to the inter

nuclear axis, hence the electronic orbitai angular momentum and the
 

rotation form a resultant N and its quantum number can take the values
 

A, A+l, A+2... The angular momentum N and the spin S then couple
 

to form the total angular momentum J with quantized values NI-S,
 

N+S-1, ... , N-S. The vector diagram for this case is: 

S
 

N
 

0
 
-I 

- A 

B. 	Calculation of the Energy Levels
 

As mentioned above the energy of an OH molecule is in several forms.
 

Since it is known that the energies associated with the interactions of
 

the various motions of the molecule are much smaller than the energies
 

of those motions, those interactions can be considered as perturbations
 

in deriving the expressions for the energy structure of the OH molecule.
 

In all cases the energy expressions in this paper will be given in
 

-1
 
term values of cm so that the energy differences will be directly in
 

units of inverse wavelength. To determine the energy in more common
 

units the expressions should be multiplied by Planck's constant and by
 

the speed of light (h X c).
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The erfergy states of interest in the pumping mechanisms are the rota

tion levels of the ground vibration state in the first excited electronic
 

state, that is the J levels of.the V = 0 state of A = 0 (the Z
 

electronic state); and the vibration and rotation levels of the ground
 

electronic state, that is the J and V levels of A = l'('the I state).
 

The Z doublets of opposite symmetry will be considered, as will the ij
 

levels split by symmetry, electron spin, and nuclear spin. Figure l,
 

diagrams the labeling and order of the states for A = 0, and Figure 2
 

shows the typical pattern of the A 1 ground state for each vibration
 

level. The levels in the Il scheme are further split by the action of
 

the unpaired nuclear spin which is shown in Figure 3 for a typical J
 

doublet.
 

The vibration energy of a diatomic molecule is easily separated from
 

the other forms of energy. With the vibration quantized by V 0, 1,
 

2, ... the vibration term value is:
 

G(V) = wme(V+ .)- C6Xe(V+ )2 + we(V + .)3 (II-B-1) 

where the constants Ue, )e,Y are determined experimentally for each
 

electronic state, and higher order terms are ignored. The vibration
 

may interact with the electronic motion of the molecule by altering the
 

average moment of inertia of the molecule. This is taken into account
 

by writing the rotational constants of the molecule as functions of the
 

vibration number:
 

B(l) Be+e+ + + 

4B3 (11-B-2)
 
D(l) =D + D e 

e e I ( e = W 

e 
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Figure 1. The Z energy levels
 

K * J 

1 7/2

3 2 
 5/2
 

2 5/2 +
 
2 3/2t+
 

1: 3/2

2 1/2

0 1 1/2 +
 

Figure 2. The H energy levels for each vibration 	state
 

K * J K 	 * S 

2 7/2 

t
4 1! 9/2+
 

____ __ 	 ",5/2 
3 	 3f2 

+ 2 
+ 2 2 
 3/2
 

21
 

1 1/2

1_ _+ 2' 

2 1 5/2 + 

1' + 21/ 
1 1 3/2 - 2 states 

2
 
S3/2 states
 

Figure 3. The hyperfine structure
 
F=
 

/ 	 2J + 1
 
2J+
 

J
 

*This is the label of the spin splitting. The prime refers to the
 

A-doublets.
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where higher order terms are again ignored. The subscripts used in
 

(II-B-1) and (II-B-2) refer to the electronic state being considered.
 

The letter p will be used for the f states and S for the E states
 

throughout this paper.
 

The rotational and electronic energies of the molecule take a more
 

complicated form. After Van Vleck (1929) the hamiltonian of the molecule
 

including the electronic and rotational terms and the L • S interaction
 

may be written:
 

_2 "BL2+L2) 
H = B[J(J+l)-A ] + BS(S+l) + AL z - 2BJ S + B(L +L 

+ (2BA)(LxS +LSy) - 2B(JxLx+JyL ) . (II-B-3) 

Here the z direction is along the internuclear axis, A and B are the
 

fine structure interaction and rotation constants, and the quantum numbers
 

have been described. The term B(L 2+L 2) is nearly constant and will
 
y
 

be ignored since it only shifts the energy by a constant amount (see also
 

Fontana 1962; Hill and Van Vleck 1928).
 

The eigenvalues of the wave equation with the above hamiltonian are
 

needed. There are six states to be considered: l3/2) H 3/2 ' 1/2' -1/2'
 

E1 / 2 ' z 1/2 " The interactions between all pairs of states form a six-by

six determinent that factors into two three-by-three determinents by
 

using the symmetric-antisymmetric vavefunctions mentioned previously.
 

Using the matrix elements of Van Vlck one determinent is:
 

k-Xg
 

E .Y-X 
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with:
 

k = + +, (xI-B-)+g 


and the matrix elements are listed in Table 2. The other cubic determinent
 

is identical except:
 

k a - 8 , p 6 - ( I-B-6) 

The eigenvalues may be found by diagnolizing the above to successively
 

hfgher order (Dousmanis et al. 1955).
 

The zero order terms are the energies of the y state with no
 

interactions (= 0):
 

k
 

X(0) (_Y)2 + 41+/ (P+y)
2,3 *2 2
 

The zero order energies then are:"
 

E(O) = E + B [J +-1/2][J + 1/2 :-l]
' . (I-B-8) 

(o) (J + y2)(J -.1/2) Bp4(K + 1/2 + - B 

T/1/2,3/2 + 1 ) 

Note that to this order, not even the symmetry differences in the TI state
 

are split. The interaction between the F and v states in first and
 

second order is needed to describe this splitting.
 

We proceed by expanding the determinent (5) and writing the eigen

values as perturbations of the zero order terms above:
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TABLE 2. 	THE MATRIX ELEMENTS OF THE HAMILTONIAN
 

(Van Vleck 1929)
 

a B [J(J+l) + 1/4] + E
 

1
 
SBp[J(J-i) + 1/4] -- A 

= BB [J(J+l) - 74] + A' 

8 = (J + 1/2) 

Bp(J - 1/2)(J + 3/2)]1/2
&= 


2(J + 1/2) ( L 

"fl= 2[(J - 1/2)(J + 3/2)]l/2KI1BLYlI) 

e= 114 + 2 BLI) 

E =E?,- El
 
E TI
 



kPY + & + 1 gP - P'11 -yP4' -ks 

(kP + ky + y - - *- X+ (k2+ 3+ ) 3 

(-x x)(x - x)(x - x3) (II-B-9) 

where:
 

- . o) + (1) , i 1,2,3 .(II-B-la) 

If the X from (11-B-10) are inserted in (II-B-9) and terms higher than 

first order in are omitted, these first order corrections to 

(II-B-7) are found: 

1 + *)/E
 

(il-n-li) 

x'Ai) + 1 03-Yivi[p yQ* 'n*)+kf~k 
2,3 2E EBpX 2
 

where
 

= +[4(J + 1/2)2 + (y-4)y]l/2 y A/B . (II-B-12) 

This procedure is repeated, writing:
 

+ (i) (2) 
 I-13
 

for the second order corrections. Using this in equation (ii-B-9) gives
 

the complex expressions for the perturbations:
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2) 

- +) 

2 + +2~n*) I(3+Y) 2~ B X~tX)
-±B
(2) +2,3 + ) t BX)E2B X 

p 

+ ( E+ + P 

- * - ) + 

The upper of the dotble signs in equation (I-B-14) corresponds to the
 

hi/2 state and the lower to the 113/2 state of the OH molecule.
 

Evaluating the energy terms of equations (II-B-7), (II-B-11), and
 

(IH-B-14) with the matrix elements of Table 2 gives the energy levels of
 

the molecule with X, giving the energy of the Z states and X2 and
 

X3 giving the energy of the I1l/2 and 13/2 states. For the E states,
 

the energy is written:
 

1-21 2"I 2 (Ix-B-l5) 

where I2 explicitly is the A-doubling energy splitting. W2 may be
 

expressed as a sum of first and second order terms:
 

( 1 ) + AVIV 2) (xI-B-l6) 
2 A A 
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The expressions for the energy of the f states are:
 

BIX
 

='(J - 1/2)(J + 3/2) ±, +1
 

a2 + (J-i12) !! 2s3/))] 

@+1/2)) 2)41/~[(J-1/2) (J+3/2) (1 +T- (tz-)/2) 

2
PE~, J+1/2)2X (1/)(J+3/2) + EPX JJ 1)1
 

Ea J12 (3-_1/2) (J+3/2 ~ 

2
 
2- [ + B (J-1/2)(J+s/2) - B! 12 2
 

2F (J-1/2)(J+3/2 [j2$(2-' + j(j+i)+3/41 + 1 - 2+
 

X3

B 
S4 3(2_%)
 

p
2a p~(2-X)[J(J+)+3/4] + 
i6p 2 J 

P(B -B ) 2(j+ )2 (I- -17) 
E 

where
 

B \ a \/-B\ 

13 BPI p (I-B-8) 

-aP 2 (1 \Bp + p sB 1 XBp - Bs+ 
=_ ps+2--E .t 

1E a 17~ E 2 2E 

and
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2 

WI = -aX (J + 1/2) .X - T (J-l/2)(J+l/2)(J+3/2) (11-B-19) 

and
 

(J+1/2)a%
WA± EX [(2(Jl/2)(J+3/2)±X)(BB)(J+l/2)2+ 
BP(L + (J-l/2) (J+3/2))} 

- 2B ((J+l/2 )2(J(J+1y 7/4h+ x,/2) - (J-1/2) (J+3/2)) 

+(J:}1/2) pp[(2(J-1/2P(J+Y/2) ±,x)(285 (J(J+l)-l/4) -2~J-/)(~/) 

+ B(2 (J+l1/2 )2_X) 

2(J+l/2)ax 

c2 (J-l/2)(J+l/2)(J3/2).
 
3B 3(II-B-2
B x 

) 

P 

where
 

C2 = -2a lp(x -4+ 6) + (ap2 + 4P2)(2-x) - %3/fp (n-B-21) 

In equations (II-B-17) to (II-B-21) the upper sign corresponds to the riH/2
 

states of the OH molecule and the lower sign to the 113/2 states (Dousmanis 1955).
 

Equations (II-B-7), (II-B-12), and (Ir-B-14) may be evaluated for the
 

energies of the Z state. For each rotational level with rotational
 

quantun number N there are two states that correspond to the tivo
 

orientations of S with respect to N in the OH molecule. For these
 

paired levels the energy is given by:
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W C + B'N(N+l) 

XB P) 2 ~I B s22,PI N12 

.,B -	 l 
BS)-rU(aS-2fs) ( P N(+l)(N+1/2) 

+ 2f-(B ;BS) .2(+l)
2 	 (I-B-22)
 

where:
 

C . s , + (4% 	 + 
-

and
 

Bas(P-Bs a 2B +Bs 
B' = B 2 1P1- - -

There is only one other effect that must be accounted for to model
 

the energy of the OH molecule to the accuracy of the second order terms
 

given above. The rotation of the molecule alters the effective equili

brium position of the mass-spring-mass model. This increases the
 

moment of inertia with increasing rotation and can be expressed by modifying
 

the rotation constant in addition to the expression (II-B-2) which corrects
 

for the average moment of inertia due to vibration. We write:
 

B(2) = B! I ) D	ei-fe. (II-B-23) 

e 

The higher order 	terms in (II-B-3) may also be similarly corrected:
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Ce 1 - Ce.Be e ) 

(II-B-24) 
e (1 - Fe fe)
 

For 11 states: 

fp =T2 X (J+1/2) (II-B-25)2 T X + 2(J+1/2)- -J+l/2 

For s states: 

fs = N(N+l) (ix-B-26) 

The upper signs in (II-B-24) are for the i1/2 states and the lower ones
 

for the 113/2 states.
 

The expressions (IIrB-22) give the energies of the Z states to
 

sufficient accuracy for our purpose. Expressions (II-B-17) t9 (II-B-20)
 

give the energy of the II states to the resolution of the A-doubling.
 

The states are further split as mentioned by the action of the nuclear
 

spin. To the accuracy of the above expressions, this hyperfine splitting
 

is given by W = W + Whf where
 

Whf = U 12a(± 2X + 2-X) + b[h(J-l/2)(J+3/2) ± x + 4-2] 

+ c(± x + 4-2x) (-- (J+/2)F} + (11-B-27) 

where
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I , J = F(F+l) - J(J+l)2 - IXI+1) (II-B-28)
 

The upper sign in front of X in (II-B-27) applies to the 11/2 state
 

while the lower one applies to the I state. Only the d term above
 
1/2
 

will give rise to any splitting of the energy levels, since the upper
 

sign here corresponds to the hyperfine level with F = J + 1/2 while
 

.
the lower sign is for the F = J - 1/2 level' The other terms only
 

make the splitting asymmetrical about the A-doublet level. For transi

tions between the rotational levels the b term will shift the hyperfine
 

lines slightly from the unsplit frequency.
 

No further splitting of the II levels will occur without the 

application of an external field. A magnetic field will split each 

hyperfine level into 2F + I magnetic sublevels which can give rise to 

polarization in the emission, but-these splittings and the hyperfine 

splittings are smaller than the typical width of the far infrared lines, 

and certainly smaller than the resolving ability of curient infrared specto

scopes. 

C. The Molecular Constants and the Energy Levels
 

The spectrum of the OH molecule and its isotopes has been observed
 

by several groups. A reasonably accurate fit of their data to the
 

previous formulae for the energy levels gives the following set of
 

molecular constants (Herzberg 1950; Dousmanis et al. 195; Dicke and
 

Croswhite 1962):
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16-1 H

0e 3735.21 
 cm-I 3184.28 cm- I
 

(exe 82.81 " 97.87 

DeYe 

Be 18.871 "" (17.355)" 

-0.807C~ -0.7703 
e 


Pe 0.0192 " -0.0083 

e 0 35.875 7' 
Y -7.444*

e 

o.60 -

Fe 1.20 

The hyperfine constants that have been measured are:
 

a 0.002 cm-1
 

-1 
d 0.00190 cm 

-1 

The energy levels in cm resulting from this set of values and
 

the previous formulae are listed in Table 3, where f and fl are the
 
11
 

A-doublet levels in the I2 state and f and f2 are the doublet

3/2 2 2 

levels in the f1112 state. K is given by K = J - 1/2 for the U3/ 2
 

state and by K = J + 1/2 for the U1 state. Table 4 gives the
 
1/2
 

The value of the intermediate coupling strength is not constant for
 

all vibration levels. Rather it has been shown to vary, and the most
 

commonly reported values are (Benedict et al. 1953):
 

v 0 1 2 3 4
 

X =I -7.444 -7.876 -8.214 -8.568 -8.96
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TABLE 3. ROTATIONAL AND VIBRATIONAL LEVELS OF THE T 

STATE OF OH (IN cm 

K 

1 00.00 
2 83.70 
3 201.90-
4 355.09 
5 543.54 

1 3568.31 
2 3649.10 
3 3763.03 
4 3910-55 
5 4091.95 

1 6971.02 
2 7048.85 
3 7158.60 
4 7300.50 
5 7474.98 

1 10210.31 
2 10284.31 
3 10390.59 
4 10526.99 
5 10694.61 

1 

V=0
 

00.05 

83.90 

202.37 

355.87 

544.82 


V= 1 

3568.49 

3649.28 

3763.40 

3911.26 

4093.10 


V= 2 

6971.18 

7049.16 
7159.00 
7301.24 
7476.04 . 

37=3
 

10210.77 

10284.40 

10390.94 

10527.54 

10695.47 


2 


126.43 

187.71 

289.01 

429.45 

608.15 


3695.34 

3754.15 

3851.38 

3986.14 

4157.80 


7097.38 

7155.11 

7248.20 

7377.48 

7542.10 


10335.27 

10390.21 

10480.59 

10605.22 

10763.00 


2
 

126.12
 
187.47
 
288.83
 
429.23
 
608.16
 

3695.03
 
3753-95
 
3851.10
 
3985-99
 
4157.75
 

7097.30
 
7155.20
 
7248.02
 
7377.32
 
7542.10
 

10337.60
 
10392.22
 
10481.33
 
lo605.07
 
10763.07
 

TABLE 4. ROTATIONAL LEVELS OF THE Z STATE OF OH (IN cm 

K FI 

0 32440.61 
1 32474.62 
2 32542.56 
3 32644.22 
4 32779.49 
5 32948.31 

27 

F2
 

32474.30
 
32541.98
 
32643.45
 
32778.49
 
32947.05
 

http:32947.05
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http:32541.98
http:32474.30
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http:10605.22
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energies for the Z state. In this case F1 and F2 are the + and 

symmetry states of a given N. They are labeled in J accordingto,
 

J = N + 1/2 for F1 and J = N - 1/2 for F The symmetry is labeled
 

+ for N = even and - for N = odd in the E state. The f. levels are

i 

+ symmetry for K =even and - for K = odd, while the H levels are 
1 

- for K even and + for K = odd. Figures 1, 2, and 3 show the correct
 

labeling of the energy levels.
 

D. The Determination of the Transition Probabilities
 

A molecule may make a transition from a given energy state to a
 

lower one and hence emit a quantum of radiation spontaneously, under
 

the influence of another photon, or because of a disturbing collision
 

with another particl4. If we set aside the third of these for the moment
 

the contribution to the intensity of a spectral line from a slab of
 

molecules of thickness ds is:
 

dI 
ds = Nnhc v(Anm + BnmI) - Nmhc BmnInm (II-D-I) 

where the three Einstein coefficients are related by:
 

Bmn gn 
 Bnm 
 1
 
Bnm gm ' A 8,hc 3 (II-D-2) 

As before the frequency is given in units of inverse wavelength. Clearly
 

only the spontaneous coefficient is needed to fully describe the emission.
 

This coefficient is related to the dipole moment matrix element
 

of the transition by:
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n/vJ 6 4  vn vJ, 
3h
Anflv 'J - gji (n-D-3) 

where the ' denotes the initial state and " the final state, and gj
 

is the degeneracy of the Jth level. The summation here is over all sub

levels which are not distinguished from one another in the spectral line.
 

The n refers to the collection of quantum numbers of the state excluding
 

the vibration v and the rotation J.
 

In the approximation that the wavefunction of the molecular state
 

is separable, there is no interaction between the electronic motion,
 

the vibration, and the rbtation of the molecule, and the matrix element
 

is:-


InVnjI. I, I e fl fl /I (
=i
nv J 

+ Kn'!n"I<v ',i nM IMV ,J -D-4) (Iv 

where Dirac's notation has been used, and Me is that part of the dipole
 

moment operator independent of the internuclear distance while M is
 

the rest. For n' 4 n" the electronic eigenfunctions are orthogonal and
 

the second term above drops out. Thus:
 

n'v'J' n,,jMien,,,,., (--) 

Landau has shown that:
 

z Rn iIj 2 = {1Rx12 1 12n"R"lj Z + Ij1 1 + lR,2} 3 IzI2 

M 'M MIM M 'M" 
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so that if the dipole operator in molecule fixed coordinates is expressed
 

as M = Mnsino + MCcosO then: 

Rz= Kn'IM1n"n 'o'M'Isin2IJ"/o/O"M) 

J'o'M'Isineco.s IJ/'1M) (v'Ir 2+ KnlMCIn") " 1v) (IIDv") 

This contains w only in the form exp(ig ) so that the second expression
 

in each term above will vanish unless M' = M". Similarly, the expression
 

of Rx± iR will lead to the selection rule AM = ±1. If the wavex y 

function varies only slowly with the internuclear distance, averaging
 

over r allows the Franck-Condon overlap integral to be separated:
 

v'" V'I r2 1V//a (II-D-8) 
vib 
 )av
 

and the electric dipole moment:
 

Rn/n/ = (n'IMln")av (II-n-9) 

The remaining integral is written as:
 

/DIM"' = J;n'M'IsinecoseIJ""M") + K 'n1M'Isin2 IhQ/'o ") (Ix-D-10) 

.The remaining selection rules along with the ones deduced above are:
 

AM = 0± 1 AE = 0 

AJ =O, ± , AS = 0 (Ir-D-ll) 

AO = 0O ± 1 
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Finally combining all this gives the matrix element:
 

~Rnvtj -2 2 2 vv#2
 

E i Rvib SJ'Jfln (I-D-12) 
M /ill nlI// Pv 

where SJIjj is the line strength and obeys the summation rules:
 

E Sj lljf 2J'+1l , 2J3'+1 . (II-D-13) 

The transitions allowed by the selection rules between states of the
 

OH molecule are labeled 0, P, Q, and R according to the scheme listed in
 

Table 6. These labels do not consider the effects of symmetry or hyper

fine structure. Table 7 gives the line strengths of the various transi

tions of interest calculated from the general formulae of Kovacs, and Table
 

8 gives the resulting spontaneous transition probability matrix. In Table
 

8 the energy levels are numbered in order of increasing energy refering to
 

Figures 1, 2, and 3: levels 1-16 Are the H states with V = 0, 17-32 the
 

V= 1 levels, 33-48 the V = 2 states and levels 49-54 are the E
 

.states.
 

The above calculations can be easily extended to include hyperfine
 

structure if desired by writing:
 

[(2J'+I)(2F"'+I)W2(j'J"F ";II)]Sj~j11 (11-D-14) 

in place of Si/#; (.'..) is the square of the Racah coefficient listed
 

in Table 5.
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TA3LE
 

The Racah Coefficients 

F' = J'-I/2 F' = J'+1/2 

F J1+1/2 (F'+F"+3)(F'+F") (2-F'+F")(I+F'-') 

(2r'+i)(2F'+2)(2F"+i)(2F"+2) 2:'(2r'+1)(2F"+) (2F"+2) 

F" = J"-1/2 (F'-F"+2)(F"-F'+l) (F'+F"+2)(F'+F"-I) 

(2P'+i)(2F'+2)(2F")(2F'+1) 2F'(2F'+i)(2F")(2F"+1) 

TABLE 6
 

The 12 transitions allowed are (Dicke and Croswhite 1962):
 

Name Transition 

o12 (K-2, J-i) - (K,J) ; I - 2 

P1 (K-i, J-i) -. (K,J) ; 1 - 1 

P2 (K-l, J-i) -. (KJ); 2-. 2 

P1 2  (K-i, 4) - (KJ) ; 1 -. 2 

Ql (K,J) - (K,J) ; 1 - I 

Q21 (K, J-i) -. (K,J) ; 2- 1 

Q2 (KJ) - (K,J) ;.2 - 2 

Q12 (K, J+I) -. (K,J) ; 1 - 2 

RI (K+l, J+l) -. (K,J) ; 1- 1 

R21 (K+l, J) - (KJ); 2- 1 

R 2 (K+1, J+l) -. (K,J) ; 2-. 2 

S2 1 (K+2, J+) -. (KJ) ; 2 - 1 

Refer to Figures 1, 2 -and 3.
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TABLE 7 

The line strengths for the transitions in OH (dimensionless) 

K/ PI(K) 

R1(K-1) 

P2(K) 

R2 K-1) 

Q(K) Q2(K) R21 (K) 

P1 2(K+1) 

Q2 1 (K) 

Q1 2(K+1) 

S21(K) 

01 2(R+2) 

1 
2 
3 
4 
5 
6 

0. 
1.62 
2.90 
4.o4 
5.14 
6.21 

0. 
1.29 
2.34 
3.37 
4.37 
5.38 

2.30 
i.4o 
0.98 
0.73 
0.57 
o.46 

0.667 
0.300 
0.223 
0.188 
0.17 
o.16 

0.031 
0.045 
0.049 
0.052 
0.05 
0.05 

0.040 
0.037 
0.033 
0.027 
0.02 
0.02 

0.005 
0.006 
0.008 
0.007 
0.006 
0.005 

The line strengths for the 2E-211 transitions in OH 

K/ P p2 Q1 2 R2 

1 
2 
3 
4 

.587 

.795 
1.031 
1.280 
012 

.275 

.538 

.807 
P12 

.563 
1.063 
1.584 

Q21 

.331 

.688 
i.14o 

Q12 

.162 

.381 

R21 

.169 

.356 

.556 

S231 

1 
2 
3 
4 

.081 

.lo6 

.113 

.331 

.375 

.400 

.394 

.400" 

.319 

.331 

.306 

.175 

.238 

.262 

.244 

.319 

.338 

.050 

.075 

The line strengths for the 2- transitions in OH 

K// RI R21 R2 

0
1 

2 

2.66 
1.60 

2.66 
1.60 

1.37 

2.66 
i.6o 
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TABLE 8
 

TH( NFU SPCP.TINIOJS TlA4SIIC't -. x F8 CISl 300 

CAST "UneR 3q0 54 PI'S S. CJLitIm$ STORAGE W3DE 0 PAGE I 

COLUMN A 2 3 4 6 7 a 10 

RoW a 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0. 
S0 
COW 

2 
3 

8.545F-11 
.370F-l 

0.0 
f.lQ 

0.0 
1.0 

-0.0 
0.0 

0.0 
4.0 

0.0 
0o. 

0.0 
n.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

AR1 4 0.0 1. 37qE-O 1.b65E-09 0.0 0.0 0.0 q.0 0.0 0.0 O.1 
pow 
ROW 

5 
6 

3.468E-02 
0.C 

0.0 
3.4ThF-O0 

0.0 
0.0 

0.0 
0.0 

0.0 
1.159-09 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

Rod 7 0.0 4.410S-02 8.944E-03 0.0 6.435F-03 0.0 0.0 0.0 0.0 0.0 
ROW 
ROW 

84.433F-02 
7 0.0 

0.0 
0.0 

0.0 
5.179E-01 

0.qsqr-03 
0.0' 

0.0 
0.0 

6.467E-03 
0.0 

1. 139F-09 
0.0 

0.0 
0.0 

0.0 
0.0 

0.5 
0.0 

ROW to 0.1 0.0 0.0 5. 211te-01 0.0 0.0 0.0 0.0 9.513F-09 0.0 
R04 I1 1.737E-02 0.0 0.0 5. 579E-02 0.0 0. 3.SIOE-02 0.0 3.1231-03 0.0 
ROW 12 0.0 1.741E-02 5.618E-02 0.0 0.0 0.0 0.0 3.512E-02 0.0 3.105F-03 
ROW 13 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.255F O0 O.0 
ROW. 4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.251 00 
ROn 15 0.0 0.0 2.674E-02 0.0 0.0 0.0 0.0 0.0 0.0 6.178E-02 
ROI 16 0.0 0.0 0.0 2.675E-02 0.0 0.0 0.0 0.0 6.233E-02 0.0 
ROW 17 0.0 2.3%4E 03 1.569E 03 0.0 3.737E 01 0.0 0.0 2.74SE 01 0.0 0.0 
R04 18 2.396F 03 0.0 0.0 1.569F 03 0.0 3.736E 01 2.746F 01 0.0 0.0 .0.0 
ROW 19 1.202E 03 0.0 0.0 9.777F OZ 0.0 0.0 2.3485 01 0.0 1.816E 03 0.0 
R04 20 0.0 1.202F 03 9.780E 02 0.0 n.0 0.0 0.0 2.3401 01 0.0 1.8161 03 
ROW 21 9.244E 01 0.0 0.0 0.0 0.0 1.394F 03 2.551E 03 0.0 3.0 0.0 
now 22 0.0 9211 Ot 0.0 0.0 1.345F 03 0.0 0.0 2.551F 61 0.0 0.0 
ROl 23 0.0 3.75,E 01 4.145E OL 0.0 1.411E 03 0.0 0.0 3.111E 02 0.0 0.0 
ROW 24 3.754E 01 0.0 0.0 4.145F 01 0.0 1.4111 03 3.1181 Oz 0.0 0.0 0.0 
ROW 25 0.0 0.0 . .657E 03 0.0 0.0 0.0 0.0 0.0 0.0 5.0771 Oz 
#O 24 0.0 0.0 0.0 1.65*F 03 0.0 0.0 0.0 0.0 5.0OF 02 0.0 
POW 27 4.314E 10 0.0 0.0 3.674E 01 0.0 -0.0 1.755E 03 0.0 .2.453E 01 0.0 
Pnj 28 0.0 4.365F 00 3.675E 03 0.0 0.0 0.0 0.0 1.755E 03 0.0 2.453F 01 
ROW 29 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.8TE 03 0.0 
lOw 3o 0.0 9.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1o.57F 03 
ROW 31 0.0 0.0 4.083E 00 0.0 0.0 0.0 0.0 0.0 0.0 3.043F O 
ROW 32 0.0 0.0 0.0 4.0R3S 00 0.0 0.0 0.0 0.0 3.04SE 01 0.0 
Rn 33 0.0 1.470E 03 9.99SE 02 0.0 2.4t7E 01 0.0 0.0 1.824E 01 0.0 0.0 
R0 
R0 

34 
35 

1.479E 33 
7.144E 02 

0.0 
0.0 

0.0 
3.0 

9.996F 02 
5.957E 02 

0.0 
0.0 

2.4176 01 
0.0 

1.824E 01 
1.508E 01 

0.0 
0.0 

0.0 
1.174E 03 

0.0 
0.0 

ROW 36 0.0 7.14SE 02 5.159E 02 0.0 0.0 0.0 0.0 J.S0SE 01 0.0 1.174F 03 
AnW 37 5.395E 01 0.0 3.0 0.0 0.0 8.521E 02 1.603F 03 0.0 0.0 0.0 
POW 3a 0.0 5.3951 01 0.0 0.0 0.522F 02 0.0 0.0 1.602E 03 0.0 0. 
PCI 39 0.0 2.1V 01 Z.428E 01 0.0 8.3161 02 0.0 0.0 1.52e 02 0.0 0.0 
004 40 Z.IO5 OL 00 0.0 2.428E 01 0.0 8.316E 02 1.882 OZ 0.0 0.0 0.0 
ROW 41 0.0 0.0 9.685E 02 0.0 0.0 0.0 0.0 0.0 0.0 3.113E 02 
Rod 4? 0.0 0.0 0.0 9.685F 02 0.0 0.0 0.0 0.0 3.126E 02 0.0 
ROW 43 2.31)E 00 0.0 0.0 2.0851 01 0.0 0.0 1.037F 03 0.0 1.454F 01 0.0 
ROW 44 0.0 2.399E 0 .005E 01 0.0 0.0 0.0 0.0 1.031E 03 0.0 1.454S 03 
pow 4s 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 8.041e 03 0.0 
P W 46 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.092F 03 
ROW 47 .. 0.0 2.191C o 0.0 0.0 0.0 0.0 0.0 0.0 1.101F Ot 
POW 48 0.0 0.0 0.0 2.L97E 00 0.0 0.0 0.0 0.0 1.t091 01 0.0 
RO0 49 7.96LE 06 0.0 0.0 0.0 0.0 4.383f 06 1.06V1 06 0.0 0.0 0.0 
Rol so 0.0 5.21E 06 0.0 0.0 4.403E 06 0.0 3.636F 0& 0.0 0.0 0.0 
gOW St 0.0 T.1103 06 S.29OF 06 0.0 1.1071 OT 0.0 0.0 2.482F 07 0.0 0.0 
ROW 52 1.650E 06 0.0 0.0 2.140F 06 0.0 1.1301 07 4.567F 06 0.0 0.0 0.0 

ROW 53 7.320E 05 0.0 0.0 5.232E 06 0.0 0.0 1.054F 06 0.0 4.561C 06 0.0 
ROW 54 0.0 2.276E 05 1.438E 06 0.0 0.0 0.0 0.0 1.593E 06 0.0 1.481F 06 

34
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TABLE 8 (ont.)
 

CASE hU~bFR 300 54 ROWS 51 COLU M STORAGF RnnF 0 PACE 2 

COLU"N 11 12 13 14 ts 16 17 to 19 20 

1P 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
Rn, 2 0.0 0.0 0.0 0.0 0.0 "0.0 0.0 0.0 0.0 0.0 
POW 3 0.0 0.0 0.0 0.0 0.0 0.0 .0.0 0.0 0.0 0.0 
POW 4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 " .0 0.0 
Rog 
909 6 

0.0 
0.0 

0.0 
0.0 

0.0 
0.4 

0.1 
0.0 

No0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

ROW 7 O.D 0.0 0.0 0.0 D.0 0.0 0.0 0.0 0.0 0.0 
POW a 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
POW - 0.0 0.0 D.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
Pau 0.0 0.0 0.0 O.0 0.0 0.0 0.0 0.0 0.0 0.0 
RDA 11 O.D 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
POI 12 7.213E-10 0.0 0.0 0.0 D.0 0.0 0.0 0.0 0.0 0.0 
ROW 13 0.0 0.0 0.0 0.0 D.0 0.0 0.0 0.0 0.0 0.0 
Q 14 0.0 - .O 1.335E-08 0.0 D.. O~fn O.9 0.0 0.9 Von 

P0W 1.007E 00 0.0 Lo189E-01 0.0 D.0 0.0 0.0 0.0 0.0 0.0 
POW 16 0.0 1.006E 00 0.0 E.171F-03 2.162F-10 0.0 0.0 0.0 0.0 0.0 
ROW 17 4.036E 00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
ROg Is 0.0 4* 35 00 0.0 0.0 0.0 0.0 5.902F-11 0.0 0.0 O~n 
vow 19 0.0 2.610- 01 3.0 0.0 3.061E 00 0.0 1.103E-01 0.0 a.0 0.0 
Re, 2.611E 01 0.0 -0.0 0.0 D.0 3.061E 00 0.0 l.t08E-01 1.052¢-09 0.0 
Rod 21 0.0 0.0 0.0 0.0 0.0 0.0 3.148E-02 0.0 0.0 0.0 
AD.. 22 0.0 0.0 0.0 0.0 D.0 0.0 0'.0 3.166E-oz 0.0 0.0 
ROW 23 2.230E 03 0.0 0.0 0.0 O.D 0.0 0.0 1.83SE-02 8.259E*03 0.0 
Rog 
ROW 

24 0.0 
1.538E Ot 

2.229F 03 
q.0 

0.0 
1 a341 03 

0.0 
0.0 

0.0 
0.0 

0.0 
2.0ass at 

3.850F-02 
0.0 

0.0 
0.0 

0.0 
.ISZE-01 

A.2h4E-n3 
0.0 

ADW 26 0.0 1.588E 01 0.0 L.833E 03 2.O66 01 0.0 0.0 0.0 0.0 4.172V-01 
ROW 27 0.0 1.539E 02 0.0 0.0 2.064E 03 0.0 X.456F*02 0.0 0.0 4.76SE-02 
ROW 20 1.540E 02 0.0 0.0 0.0 D.0 2.064E 03 0.0 1.460E-02- 4*800F-O2 0.0 
Rod 29 0O. 0.0 0.0 3.005E OZ 1,043E 01 0.0 0.0 0*0 0.0 0.0 
401 0.0 0.0 3.009E 02 n*n 0.0 1.043F at D.n 0.0 0.n 0.0 
ROW 31 2.084E 03 0.0 1.481E 01 0.0 D.0 9.693E it 0.0 0.0 2.21$F-02 0.0 
ROW 32 0.0 1o952E 03 0.0 1.48tE 01 9.697F01 0.0 0.0 0.0 0.0 2.21TE-02 
ROW 33 2.911C 00 0.0 0.0 0.4 D.0 0.0 0.0 4.803F 03 1.156F 03 0.0 
ROW 34 0.0 2.811E 00 0.0 0.0 0.0 0.0 4.909F.03 0.0 0.0 3.15& 03 
Rog 0.0 1.751E 01 0.0 0.0 2.191F 00 0.0 2.420E 03 0.0 0.0 1.149F 03 
ROW 36 1.752S 01 0.0 0.0 0.0 D.0 2.191F 00 0.0 2.420C 03 1.950F 03 0.0 
And 37 0.0 0.0 0.0 0.0 0.1 0.0 I.CfiqE02 0.0 0.0 0.0 
Rog
ROW 

3a 
39 

0.0 
1.345E 03 

0.0 
0.0 

0.0 
'0.0 

0.0 
0.0 

0.0 
D.0 

.0.0Oo 
0.0 1.0 

t.s ge 02 
7.366E 01 

0.0 
8o54SE Ot 

0.0 
0.0 

ROW 0.0 1.344E 03 0.0 0.0 D.0 0.0 1.7367F 01 0.0 " .0 8.548f 01. 
Row 41 1.009C 01 0.0 1.2006 03 0.0 D.0 1.409F at 0.0 0.0 3.336E 03 0.0 
ROW 42 0.D L.0 9 01 0.0 ].ZO0f 03 1.409F 01 0.0 0.ft 0.0 0.0 3.337F 03 
ROW 
A.' V 

43 
4 

0.0 
9.169E 00 

q.467- 00 
0.0 

0.0 
0.0 

0.0 
0.0 

1.3kfF 03 
0.0 

0.0 
1.34RE 03 

0.828F 00 
0.0 

0.0 
5.829E Do 

0.0 7.42DE 01 
7.473F 01 '0.0 

ROW 0.s O.e 0.0 1.844E 02 661E 00 0.0 0.0 0.0 0.0 0.0 
RDA4 6 
Re. .7 

0.0 
.130E 03 

0.0 
0.0 

1.845E 02 
R.607E 00 

0.0 
0.0 

r..0 
D.0 

6.619E 00 
5.936E 0t 

0.0 
0.0 

0.0 
0.0 

,,o
a8o73TE 00 000 

ROW As 0.0 1. L3 ¢ 03 0.0 8.028F 00 5.q53E 01 0.0 0.0 0.0 0.0 8.277F 00 
R41 4S 0.0 0o 0.0 0.4 0.0 0.0 5.369F 05 0.0 0.0 0.0 
ROW so 0.0 0.0 0.0 0.0 0.0 0.0 0.0 3.620E 05 0.0 0.0 
ROW 51 6.9 4E 06 0.0 0.0 0.0 D.0 0.0 0.0 -5,457E 01 3.613F 05 0.0 
ROW 52 0.0 3.SIIS 06 0.0 0.0 0.0 0.0 1.129E as 0.0 0.0 1.o61. 05 
Rog 53 0.0 X.728E O6 3.0 0.0 4.675E 05 0.0 So0O OSasO.0 0.0 " 3.246F OS 
Ao 5 5.533E 05 0.0 0.0 0.0 0.0 3.523E 06 0.0 - 1.555E 05 9.53S 04 0.0 



TABLE 8 (cont.) 

CASEfNNltst 310 54 1nS 54 COLUdMIS STOPAGEMOVE0 PAGE 3 

COLUMN 21 72 23 24 25 26 27 28 29 30 

.OW 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
Am 2 0.0 0.0 0.0 0.0 0.0 0.0" 0.0 0.0 0.0 0.0 
nd 3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
ROW 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
Ind 5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 O.n 
SOW 6 0.9 0.0 G.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
ROW 7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
lOW a 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
PO4 9 0.0 0.0 3.0 0.0 0.0 0.0 0.0 0.0 O.0 0.0 
AnW 80 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
poW 
IOW 

11. 
12 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

*OW 13 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
901 14 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
lOw 15 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
ROW 16 0.0 0.0 0.0 0.0 .0.0 0.0 0.0 0.0 0.0 0.0 
ROW 17 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
ROW 1a 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
I 19 0.0 0.0 0.0 o.n 0.0 0.0 0.0 0.0 0.0 0.0 
R01 20 0.0 0.0 0.0 0.0 0.0 0.0 - 0.0 0.0 0.0 O.0 
ROW 21 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
AMW 22 5.382E-00 O.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
'OW 23 S.106E-03 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
trW 24 0.0 5.077E-03 4.636E-10 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
Ow 25 0.0 0.0 0.0 0.0 0.0 0.0" 0.0 0.0 0.0 0.0 

IOU 26 
ROW. 2 

0.0 
0.0 

0.0 
0.0 

0.0 
2.766t-O 

0.0 
0.0 

A.793F-00 
2.905E-03 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

I1U 28 
AnW 2q 
bOW 30 

0.0 
0.0 
0.0 

0.0 
0.0 
0.0 

0.0. 
0.0 
0.0 

2.773E-02 
0.0 
0.0 

0.0 
1.004E 03 
0.0 

2. q&E-03 
0.0 
I.O1E 00 

6.304E-0 
0.0 
0.0 

0.0 
0.0 
0.0 

0.0 
0.0 
2.023r-08 

0.0 
0.0 
0.0 

And1 31 0.0 0.0 0.0 0.0 0O 5.214E-02 7.9"4F-01 0.0 1.121F-03 0.0 
gOJ 
ROW 
to, 

32 
33 
"4 

0.0 
7.476E 
0.0 

01 
0.1 
0.0 
7.474E 01 

0.0 
0.0 
5.49ZE 01 

O.0 
5.490E 
0.0 

01. 
5.2510-02 
0.0 
0.0 

0.0 
0.0 
0.0 

0.0 
R.069q 
0.0 

00 
7.o7F-01 
0.0 
8.0SF 01 

O.0 
0.0 
0.0 

1.0SF-03 
0.0 
0.0 

Anw 
ROW 

35 
36 

0.0 
0.0 

0.0 
0.0 

,.6)E 01 
D.0 

0.0 
4.694F 01 

3;646t 
0.0 

01 0.0 
3.646F 03 

0.0 
5.216F 03 

5.213E 01' 
0.0 

0.0 
n.0 

0.0 
0.0 

NOW 37 0.0 2.'08E 03 4.90E 03 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
IOU 38 2.741E 03 9.0 3.0 5.122S 03 0.0 0.0 0.0 0.0 0.0 0.0 
tOW 39 2.046E 03 0.0 3.0 6.051E 02 0.0 0.0 4.3?F 03 0.0 0.0 0.0 
gag 
anW 
Ind 

40 
41 
42 

0.0 
0.0 
0.0 

2.74'F 03 
0.0 
0.0 

6.C54E 
0.0 
0.0 

02 0.0 
3.0 
0.0 

0.0 
0.0 
3.0221 0l 

0.0 
1.022E 
0.0 

03 
0.0 
3.3770 
0.0 

01 
4.32*E 
0.0 
3.1781 

03 

01 

O.0 
3.682E 
0.0 

03 
0.0 
0.0 
3.6-OE 03 

A 43 0.0 0.0 3.532C 03 0.0 4.943F 01 0.0 0.0 3.096F OZ 0.0 0.0 
AD. 44 0.0 0.0 0.0 3.532F 03 0.0 4.92E 01 3.097E 02 0.0 0.0 0.0 
904 4. 0.0 0.0 0.0 0.0 3.803F 03 0.0 0.0 0.0 0.0 6.03E 02 
A0 46 0.0 0.0 0.0 0.0 0.0 3.804E 03 0.0 0.0 6.048F 02 O.0 
PnW 7 0.0 0.0 0.0 0.0 0.0 6.121C O 3.*14F 03 0.0 2.977 01l 0.0 
Ind 48 
An.d *9 

0.0 
'3.0 

0.0 
2.9S90 Or 

0.0 
7.2aSE 04 

0.0 
0.0 

&.155F 03 
0.0 

pl.n
0.0 

0.0 
0.0 

3.933E 03 
0.0 

0.0 
0.0 

2.19IE 
0.0 

01 

An. 50 3.09F 05 0.0 2.478E 05 0.0 0.0 0.0 0.0 0.0 0.0 O.0 
And St 7.562E O 0.0 0.0 1.689E 05 0.0 0.0 4.7 1E 04 0.0 0.0 0.0 
aOW 52 0.0 7.719c 04 3.211E 05 0.0 0.0 0.0 0.0 2.415E 05 0.0 0.0 
loW 53 0.0 0.0 7.181E 04 0.0 3.1331 05 0.0 0.- 1.176E 05 0.0 0.0 
ROW 54 0.0 0.0 1.090E 05 0.0 0.0 1.014F 05 3.775C 05 0.0 0.0 0.0 

36
 



TABLE 8 (cont.) 

CASE ,tIISFR 300 54 *.S 54 COUtFIS STORAGE %ODE0 0 PAGE 4 

36 37 38 39 40CnLU.N 31 32 33 34 35. 


0.0 0.0 0.0 0.0 0.0
 
R". 2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 

- #0.1 3 0.0 0.' 0.0 0.0 0.0 

3 0.0 0.W 0.0 0.0 0.0 0.0 0.0 0.0 00.0 00 


Ro1 4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
R3 5 0. 0 0.0 3.0 0.0 0.0 0.0 0.0 0.0 O.0 1 0.0
 
POW 6 0.0 0.0 0.0 
 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
Rol 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
ROW a 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
Sf4 9 0.0 0.' 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 

an, 10 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
ROW 13 0.0, 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0."
 

R*0l 12 0.) 0. 0.0 " 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
pn 13 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
p"1 14 0.0 0.0 0.0 0.0 0.0 0.0 q.0 0.0 0.0 0.0
 
ROW 1- 0.0 0.0 0.0 . 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
R#0 14 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
904 17 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0.
 
#014 is 0.0 0.0 0.0 0.0 0.0 
 0.0 0.0 0.0 0.0 0.0
 
Row 19 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
Raw 20 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 

R04 21 0.0 0.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
Riw 22 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
ROW 23 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
R04 24 0.0 0.0 0.0 0.0 0.0 0.0 0.0 O.n 0.0 b.O
 
R04 25 0.0 0.0 . 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
ROW 26 0.0 0.0 0.0 O.0 0.0 0.0 0.0 0.0 -0.0 0.0
 
RAw 27 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
ROW4 28 0.0 0.0 0.0 . 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
aw 29 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
R04 30 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
PC.4 31 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
RnW 32 6.123E-11 0.0 0.0 o0 0.0 0.0 0.0 0.0 0.0 0.0
 
tIN 33 0.0 0.0 0.0 0.0 0.0 0.0O 0.0 0.0 0.0 0.0 
R. 34 0.0 0.0 1.522E-09 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
Rowa 3S 5.11OE 00 0.0 d.23ZE-OZ 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
ROd 36 0.0 6.11O 00 0.0 8.279E-02 4.4Z5F-09 0.0 0.0 0.0 0.0 0.0
 

ROW 37 0.0 *. 2.59E002 0.0 0.0 0.0 0.0 0.0 0.0 0.0
 
R04 39 0.0 0.0 0.0 2.s')2F-0) O.0 3.0 1.026F-10 0.0 0.0 0.0
 
R34 39 0.0 0.0 0.0 1.492E-02 1.747E-03 0.0 1.193E-04 0.0 0.0 0.0
 
R#1 40 0.0 0.0 1.502E-02 0.0 0.0 1.734E-03 0.0 1.206E104 1.346&-O 0.0
 

10O4 41 0.0 4.162E,01 0.0 0.0 . 3.095r-01 0.0 0.0 0.0 0.0 0.0
 
ROW 42 4.164E 01 0.0 0.0 0.0 0.0 3.103E-0t 0.0 0.0 0.0 0.0
 
*0OW 43 4.1tOE 03 0.0 I*14E-02 0.0 . 0.0 3.836E-02 0.0 0.0 5.93E-02 0.0
 
R04 44 0.0 4.111E 03 0.0 1.t43E-02 3.835F-02 0.0 0.0 0.0 0.0 %.07E1-02 
R4 45 2.090E 01 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
ROW 46 0.0 2.t11 01 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
POW 47 0.0 1.941E 02 0.0 0.0 3.6231-0Z 0.0 0.0 0.0 0.0 0.0 
R*4 48 1.952F 02 0.0 0.0 0.0 0.0 1.7136-02 0.0 0.0 0.0 0.0 
Row 49 0. 0.0 1.602E 04 0.0 0.0 0.0 0.0 9.3tE 04 0.0 .0.0 
l0 f0 0.0 0.0 0.0 L.130E 04 0.0 " 0.0 q.37 E 03 0.0 0.0 0.0 

RO 51 0.0 0.0 0.0 1.703E 04 1.127f 04 0.0 2.356F 03 0.0 0.0 0.0 

ROW 52 0.0 0.0 3.52be 03 0.0 0.0 4.56SE 03 0.0 Z.4D6F 03 0.0 0.0 
RO 13 3.3SZI 04 0.0 1.5230 03 0.0 0.0 1.014E 04 0.0 0.0 2.2SIE 03 0.0 
POW 54 0.0 2.404S 05 0.0 4.8?31 03 3.077E 03 0.0 0.0 0.0 . 0.0 3.4141 03 
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TABLE 8 (cont.) 

CASE UwSER 300 54 n.is 54 COLU-,fl, StOOAGE M30 0 PAGE 5 
COLUXn 41 42 43 44 45 46 47 48 49 so 

A,31 1 0.0 
, "2 0.0 

ROW 3 0.0 
RnlW 0.0 

A. d 0.0 
now 6 0.0 
Rol 7 0.0 
.nw 8 0.0 

ROle 9 0.0 
POW 0 0.0 
Rl I 0.0 
*nW 32 0.0 
ROW 13 0.0 
Rnfl 14 0.0 
AO 14 0.0 
ROW i6 0.0 
ROW L6 0.0 
Pow 18 0.0 
PO*W i9 0.0 
ROwe 20 0.0 
04 21 0.0 

RI4 22 0.0enW 22 0.0 
ROW 24 0.0 
ROW 25 0.0 
00W 25 0.0 
now4 2? 0.0 
RO 28 0.0 
ROW 29 0.0 
RAW 39 0.0 
ROW 31 0.0 
Ani 32 0.0 
00. 3z 0.0 
POW 34 0.0 
POW4 35 0.0 
RC 36 0.0 
PC.' 36 0.0 
PoW 38 0.0 
POW 3 9 0.0 

O.0 
1.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0l 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

. 0 . 
. 

CO 
o.0 

1.0 
0.0 
0.0
0.0. 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
'2.0 
0.0 
3.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0. 
.0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
3.0 
3.0 
3.0 
3.0 
0.0 
0.0 
0.0 
0.0 
3.0 
0 0 

0.0 
0.0 
0.0 
0.0 
0.0
0.0 

0 
0.0 
0.0 
0.0 
0.0 
o.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0
0.0 
0. 
0.0 
0.0 
0.0 
0.0 
o.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
"0o 

0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0) 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0
0.0 

0.0 
0.0 
0.0 
0.0 
0.0
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0 
0.C 
0.0 
0.0 
0.0 

* 0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0
0.0 

0.0 
0.0 
0.0 
0.0 
0.0
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.00.0 

-
-

0.0 
0.0 
0.0 
0.0 
0.00.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
o.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.00 0 

0.0 
0.0 
0.0 
0.0 
0.90.0 
0.0 
0.0 
0.' 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0) 
0.0 
0.0 
0.0 
0.0)
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.00.0 

Ro 40 0.03 
Rfd 43 0.0 
RI' 40 2.0.7E-09 
Rno 2.537*.0O 
Pd 44 0.0 
on4 45 O.30oi 
P;w 4C 0.0 
IC 474 0.00(n4 45 745E010 
Po0w 49.670 0.0 
POW 4C 0.0 

0.0 0.0 
0.0 0.0 
0.0 0.0 
0.0 0.0 
'.539070' 0.0 
0. 0 3.0 -
7. 5372603 0.0 
3.7F7-02 1.090E-10.0 .3.0 

).0-t0 0 
).72E02 033.01 

0.0 
0.0 
0.0 
0.0 
0 
0.0 
0.0 
0.00.401 

0.0 

0.0 

.0 

0.0 

0.0 

0.0 
0.0 

0.0 
0.0 
0.767E-040.O 

0.704 

0.0 0.0 
0.0 0.0 
0.0 0.0 
0.0 0.00.0 0.0 
0.0 0.0
0.0 00.0 
0.0 0.0 
0.0 0.00.650 0.0~5j~~
0.06FOP0.0 0 .0 
0.0 0.0 

0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.00.0 

0.0 
0.0 

0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.00.0 1 
CI 
0.102 

0.4 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0)
0.00.0 

.0 
0.0 

ow 51 '0.0 
Ing 52 q.697E 03 
POW 53 9.69PIE 03 
In0g 54 0.0 

5. 2SqF 03 
0.0 
0.0 
3.164" 03 

3.0 
0.0 
3,0 
,4.176E04 

0.0 
0.0 
0.0 
0.0 

1.464F 
0.0 
0.0 
0.0 

03 0.0 
7.6373 
3.6471 
0.0 

03 
03 

0.0 
0.0 
1.034F' 03 
0.0 

0.0 
0.0 
0.0 
T.4860 03 

1.13LE-02 
0. 
0.0 
0.0 

0.0 
5.910E.o 
0.0 
0.0 
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TABLE 8 (cont.)
 

CASE fUMAER 300 54 MlS 54 COLUMNS 

C'.UJ 51 52 54i3 


ROw 1 0.0 0." 0.0 0.0Pfow 2 0.0 0.0 0.0 0.0

Row 3 0.0 0.0 0.0 0.0Raw 4 0.0 "0., 0.0 0.0Rod 5 0.0 0.0 0.0 * 0.0
POW 6 0.e 0.0 0.0 0.0
Co. 7 0.0 
 0.0 0.0
RO a 0.0 0.1 0.0 

0.0 
0.0
04 9 0.0 0.0 0.0 0.0
 

ROW tO -0.0 0.0 0.0 0.0
ROW It 0.0 0.0 
 0.0 0.0ROW 12 0.0 0.0 0.0 0.0
RCA 13 0.0 0o. 0.0 0.0R0 14 0.0 0.0 0.0 0.0nW is 0.0 0.0 0.0 0.0
.PRW 16 0.0 0.0 0.0 0.0 
ROg 17 0.0 0.0 0.0 0.0
POW to 0.0 0.0 0.0 0.0
Pd 19 0.0 - 0.0 0.0 0.0
ROW 20 0.0 0.0 0.0 0.0ROW 21 0.0 0.0 0.0 0.0

POW 22 0.0 0.0 0.0 0.0ROw 23 0.0 0.0 0.0 0.0ROW Z 0.0 
 0.0 0.0 0.0
Raw 2' 0.0 0.0 0.0 0.0ROW 26 0.0 0.0 0.0 0.0p1d 27 0.0 0.0 " 0.0 0.0
 
ROW 28 0.0 
 0.0 0.0 0.0ROW 29 0.0 0.0 0.0 0.0ROW 30 0.0 0.0 0.0 0.0POW 31 q.0 0.0a .0 0.0 

ROW 32 0.0  0.0 0.6 0.0POW 33 0.0 
 0.0 0.0 0.0

ROW 34 0.0 0.0 0.0 0.0
ROW 35 0.0 0.0 0.0 0.0
POW 36 0.0 0.0 0.0 0.0ROW 37 0.0 0.0 0.0 0.0POw 38 0.0 0.0 0.0 0.0Row 39 0.0 0.0 0.0 
 0.0
 
ROW 40 0.0 0.0 0.0 0.0

ROW 41 0.0 6.0 0.0 0.0POW 42 0.0 0.01 0.0 0.0Rw 43 0.0 0.0 0.0 0.0ROW 44 0.0 0.0 0.0 0.0 
0ow 45 0.0 0.0 0.0 0.0POW 46 0.0 0.0 3.0 0.0 
ROW 47 0.0 0.0 0.0 
 0.0AIig 48 0.0 0.0 0.0 0.0ROg 49 0.0 0.0 
 0.0 0.0
AOW so a.0 0.0 0.00.0

ROW 51 0.0 0.3 0.00.0
ROW 52 1.601-01 0.0 0.0 0.0 
tOw 53 1.01-E-01 0.0 0.0 0.0 
POW 54 0.0 3.612t-

0 t S.0?E-O1 0.0 
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E. The Population and Transfer Equations
 

The energy state of an OH molecule can change by one of four possible
 

mechanisms. First the molecule may spontaneously emit a photon and change
 

to a state lower by the energy of the photon. Second it may encounter a
 

photon and be induced to emit or absorb a photon of the same energy and
 

change to a different state, Third it may encounter a particle of finite
 

mass and be induced to change its energy state without emitting or
 

absorbing a photon. Finally, it may change states under the influence
 

of a particle and emit a photon. The rate of change of the population
 

of the it h level then is:
 

dN. 
z 32 1 . (I-E-l) 

dt ..N. i . W j3 3
 

where
 

IVW (A kIBlklk +I +Ck + Dlk)lk iBlkI + and W.. 0 (II-E-2)
 

and' Alk Blk C'k, and D are the rate coefficients for the four
 

mechanisms above in order. 'l
is the line shape factor, which will
 
1k
 

be discussed later. For our purposes the A and D factors may be combined
 

as A' - A + D lk Degeneracy may also be included by writing:
 

N. 
Bi. gB. = g A g.Ali , N. = - . (II-E-3) 

This results in an equation similar to (II-E-1) with the N's and W's
 

replaced by the corresponding N 's and W 's, and the left hand side
 

multiplied by the degeneracy factor gi
 

Since only two specific levels of a complicated energy structure
 

are of interest in a line transition, the rate equations can be written
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specifically separating those two levels; the subscript u for the upper
 

and Z for the lower of them the two rate equations are:
 

dN
 

= N.Bguv1 - B01 e - 4 e Ru(N-Nu)R N'u~ut
a N U'g NuAu + 

( II-E-v) 
dNt
 
d = NtBtuIa + NuBu-I4 + NuAue + Rt(N-Nu)@R - FtNu5
 " 

where 

R = Z3 j u - _ 

H =SW. u 

(II-E-5)
 

j % 

Ntu Nt + N 

N = N. 

The subscript of f distinguishes the evaluation of for emission 
ij
 

e. or absorption a, or one of the relaxation processes R or p. 

Integrating the rate equations (II-E-4) 'overfrequency, averaging
 

over direction, and applying the transformation (II-E-3) the two rate
 

equations of interest become:'
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dN
 
A
=(NZ - N)B*J -N + (N -* N 

dNe
 
= -(NZ - Nu)B*J - N* A + RI(NtN -	 (I-E6 

where I, J, and are related by:
 

f P= i f 	 V!fkdv = I J dv Ay I Id2 = J 
So (rx-E-7) 

The above equations cannot'be used to determine the actual
 

populations of the levels considered because the relaxation term R.
 

depends upon the populations of the other levels of the molecules
 

energy structure. A more workable approach to be used here is to solve
 

the simultaneous equations (II-E--1) along with a normality condition such
 

as F N- 1 for the populations-and hence determine the values of the
 j .1
 
R's by:
 

-t-t
U 
u N-Nt
 

(-E-8) 

-fu
 

with
 

Ck Wkm k= uz 
m 

which can then be used in the transfer equation solution.
 

The equation of transfer for the radiation" from the two states has
 

the form:
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dIv hij 
-d -,-2 [(N lp + NAu,){ NNttI4aJ I--

In the following we will assume that 4 has the same form for emission 

and absorption. Differences between the two functions have not been 

mentioned in the literature, but could arise from the line narrowing 

characteristic of unsaturated maser amplification or other processes. 

By integrating over frequency and combining with the steady state solu

tion of the population equations (II-E-6), the transfer equation may be 

written in dimensionless form, after Goldreich and Keeley (1972): 

d3 1(J + 1/2)S (-B-0) 

where 

DIreRu+rl' 

AA - S uB 

, L =-A, AN u
ds = 

2S
B* VANo 

In the above relations, 3 and 5 are just the dimensionless intensity 

and average intensity, R the total rate of input to the two levels, Ia 

the average relaxation rate, and a and p are the pumping and decay 

rates of the pair of levels. L is the unsaturated growth length and 

AN0 is the unsaturated population difference. S is a term including 

the spontaneous emission, and is related to the excitation temperature 

of the levels in the following way. Anticipating a population inversion,
 

the excitation temperature may be written as:
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N I hvo\ 
eXP(TIU x (II.-E-l2) 

hi AN 

For << 1 and << 1 the population difference gives:
ItT 
 N,
 

AN 1 kTe
 
N u and . - k (ii-E-13) 

The equation of transfer (II-E-O) can be solved exactly only in
 

one dimensional geometries. Analytical solutions for higher dimensioned
 

situations can be found only for unsaturated conditions, where 3 << P.
 

The following chapter will discuss the solution of .(II-E-O)for
 

spherical geometries.
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CHAPTER III
 

THE SOLUTION TO THE TRANSFER EQUATION
 

To analyze the population inversion in the states of any molecule,
 

the rate equations expressing the total rates of entry to and exit from
 

each energy level must be solved. These equations must include both
 

collisional and radiative processes and depend upon the properties of
 

the emission region. Since the radiation intensities will change through
 

the region, so will the populations of the energy levels. A study of
 

population ratios of close pairs of levels must consider simultaneously
 

the solution of the equations of statistical equilibrium and of radia

tive transfer even for the simple case of time independent emission. For
 

the case of the OH molecule there are over one hundred energy levels
 

relevant to the study of the maser emission; this presents a formidable
 

computational problem to solve the emission equations by this brute
 

force method.
 

A more usable approach is to-consider only the needed pairs of
 

levels for the spectral lines of interest. Separate analyses for differ

ent lines can then be combined in various ways to provide a qualitative
 

understanding of the interactions of the multiple rate and transfer
 

equations. Quantitative calculations of-the stimulated emission are of
 

doubtful value with this approach because of the complexities of the
 

interactions. Chapter V describes the efforts .of other authors in
 

solving the transfer equations along these lines. Our approach will be
 

to solve the complete rate equations coupled with the transfer equation
 

for one maser line.
 

If stimulated emission is not very important in the other energy
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levels, and if the induced transitions in the pair of levels considered
 

does not affect the populations of the other levels, this simplification
 

can be completely satisfactory. Our solution will be useful if the
 

transition considered is the dominant transfer path out of an energy
 

level, and can be applied quantitatively to more complex situations
 

by iterating the rate equations with the changing intensities. The effects
 

of the interactions are explored in Chapters IV and V. In this chapter
 

we will explore the coupled solution of the rate and transfer equations
 

for the two levels of an inverted population ratio using equations
 

II-E-8,-0, and -11 for a simple model gas cloud. The treatment of
 

Goldreich and Keeley (1972) will be extended to generalized degenerate
 

energy levels and to all degrees of saturation, correcting some signifi

cant omissions in their derivations, and removing some simplifications.
 

Their results for partially saturated masers omit several terms and
 

use an incorrect approximation of the transfer solution for small core
 

sizes, which leads them to the false conclusion of a constant minimum
 

cbre size. They also ignore the effects of the background radiation
 

which we will show to be important for microwave masers in determining
 

the saturation state. The same omissions mislead them to find a core
 

of constant intensity in fully saturated masers. Further, their
 

expressions over simplify the effects of the population inversion ratio
 

on the maser characteristics. In the following sections we will derive
 

the relations among the maser characteristics- avoiding the errors and
 

simplifications, and in Chapter IV show that the solutions presented give
 

an understandable and interpretable picture of the nature of the maser
 

process.
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A. 	Introduction
 

One of the simplest models for a cosmic maser is a homogeneous
 

spherical cloud of molecules in which inverted population is created at
 

a uniform rate. Even in such a simple model it is not necessary that
 

the size of the cloud be the observed size of the masing region. Rather,
 

for moderate degrees of saturation, tie observed source could be sub

stantially smaller than the actual size of the region. Additionally,
 

even if the inversion is created uniformly, it will not be uniform
 

in the cloud. If 10 K isotropic external radiation i s incident on
 

a sphere with a gain of 1012 through a diameter, the radiation density
 

will be 107 at the center and roughly l013 times the fractional solid
 

angle of the outward radiation at the edgesof the cloud. If the
 

angular distribution of the radiation is more than a few milliradians
 

wide 	the radiation density and hence the saturation will be largest
 

at the surface. This phenomenon has been observed in other one dimen

sional geometries.in laboratory lasers, and has been suggested by many
 

authors to occur in astrophysical masers as well. The apparent reduc

tion in source diameter and the increase of saturation toward the outer
 

edges 	of a spherical region are shown to be related in the following
 

sections.
 

In the following three sections we will solve the transfer equation
 

for the limiting cases of almost no saturation, partial saturation with,
 

a central core of unsaturated amplification, and total saturation. The
 

results are presented graphically in Chapter IV.
 

The derivations here are restricted in several ways. Since the
 

transfer equation explicitly contains the solution of the two-level
 

population equations given in the previous chapter, the solutions pre
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sented here entrain all the earlier'restrictions. One significant
 

restriction is that the line shapes for emission and absorption be the
 

same; if theline of interest is an incomplete overlap of several lines,
 

this may not be true. Polarization, scattering, and Zeeman effects will
 

be neglected and with them, any cross relaxation effects. Inclusion
 

of the hyperfine structure and-the Zeeman structure in the rate equations
 

would lift some of these conditions, but the anticipated width for the,
 

infrared lines exceed the energy gaps even with line narrowing by maser
 

amplification.
 

The equation of transfer from Chapter II is:
 

dJ S + 'If (III-A-1) 

The most general solution to this equation, assuming that the g term 

is only a function of the linear dimension and not of the intensity, is: 

1exp{ ds1tSjf dyrJ(s) 9(so)texPf dt + f 4P [expjso ; ds 

s0 s0 a0 y
 

1s
 
.+L esxp (ds'dsdy$

TJ - )(II-flj 


y
0-


If ~iis a function of intensity then this is just an integral form
 

of (III-A-l).
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B. Solution of the Transfer Equation for No Saturation
 

In solving the transfer equation in regions of no saturation the
 

term from the population equations is set to zero,. so that the stimulated
 

emission has no effect on the populations of the maser levels. This will
 



occur only if the pumping rate is high enough. If g is set to zero in 

the above equation the terms may be "integrated.to find: 

5(s) = 5(so)5 p[s-so] + (S + l/2)[exp[s-so]-1 , (III-B-I) 

where s is the path length in the medium (refer to Eq. II-E-1I).
 

For a spherical geometry a ray path through the region along the 

line of sight will make an angle e with a radius vector. If [ =.cose, 

the ray path length is so = -Pi to s = +B with R the total radius 

of the region. 

Using these limits, the intensity in the positive direction from
 

(III-B-1) is a function of the total radius R and the offset from the
 

region's center and is given by:
 

I(R,) = q(R,-l)exp[R(p+jpj)] + (s+l/2)exp[R(-I-IpI)']-l3 (III-B-2)
 

where (R,-l) is the isotropic background radiation intensity of the 

appropriate frequency. 

The average intensity at a point r in the spherical cloud is 

given by II-E-7, with dQ = sineded = dtd, or: 

j 1 I(r,pt)dpid* S I(r.t)d (III-B-3) 

4+9
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The resulting average intensity for totally unsaturated regions is:
 

e2 - / l(2R- 1 
J(R)= L----+ 1-+ .(S+ e (III-B-4) 

2 22? 

where o is the background flux S(R,-l) incident in the rear of the
 

cloud.
 

Equations (III-B-2) and (III-B-4) will be valid as long as the 

condition << P remains valid. The maximum size of such a region 

may be established by replacing the inequality with an equality, so that 

the stimulated rate of population transfer is equal to the average 

natural decay:
 

BJ = (Ar,) (III-B-5) 

In the dimensionless forms of the preceding chapter this condition
 

becomes:
 

p'= g. (nx--6) 

Setting the intensity given by (III-B-4) equal to gives the radius
 

R1 which is the upper limit for the size of a totally unsaturated re

gion from the relationship:
 

11 R2 2 

- ,e 11 + 2 (o3e 2 1 _l1 (III-B-7) 

where "1/a is given by the pumping mechanism.
 

The dimensionless parameters in the preceding equations may be
 

related to the physical conditions of the maser region with the following
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equations. The physical size is related to the parameters of the region
 

by:
 

A-6\ 
 NOH IN u 
 i N~c)]LV secjl1)klOO iV/v/1V c 3)VN0 .51 XlO c 

where D is the physical diameter in cm, and
 

hv 143°0K for 'X = 100 t
 
V 0.080 K for 
 X = 18 cm 

Nt lil+r\ TB 1-r 
5 

Nu , S l -r) T , R.=-C D(1-r) 

U) [1 - "=VTr'r/Ii-/A/~r/(,III-B-8) 

The saturation boundary and the intensity then are dependent on three
 

* 
parameters: the scaled size of the region C D the population ratio r,,
 

and the background intensity o = To/T . The boundary relation becomes: 

( ) e1 e2R-


B. 2R x 2R 1

and the intensity at the center of the observed disk is
 

V + 

The distribution of intensity across the disc given by equation
 

(III-B-2) is essentially gaussian. The half idth of this is related to
 

1/2

the apparent source size, and is proportional to R Using the scale
 

length (CXD), the ratio of real to apparent size is:
 

Dreal C*D 
 * /2 
(c D). (III-B-li)Dap * 1/l22app (c D) 
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C. Partially Saturated Spherical Clouds
 

If the radiation density at the outer edges of the spherical cloud 

of OH exceeds , or equivalently if the radius of the cloud exceeds 

R1 as given in the preceding section, at least part of the cloud will
 

be saturated. Saturation is characterized by a high radiation density
 

and hence high stimulated transition rates, which depopulates the upper
 

of the two states involved in the maser, and in the extreme forces
 

the two populations to become equal. The transfer equation is charac

terized by small gain so that:
 

lim [(S+l/2 )(eX-l)] = (S+I/2)x (III-C-l) 
x-O
 

and the gain is proportional to the path length. Logically, higher
 

pumping rates in the maser mechanism will reduce the degree of satura

tion if all other parameters are constant, and lower rates will increase
 

saturation. If the pump rate is a constant, then larger values for the
 

cloud radius will give higher radiation densities and greater saturation.
 

We can model this saturation behavior in a spherical cloud as a
 

core of radius a which is unsaturated surrounded by a shell of saturated
 

population. The intensity in the shell is directed-mainly outward with
 

a mean value of (a) = P at the boundary between the core and the
 

saturated shell. The gain outward of the boundary is proportional to
 

the path length, so that the transfer equation may be solved using:
 

a2 
3 r2 arc2 

from Goldreich and Keeley (1972), where the first term is the outward
 

component of the boundary intensity times the linear gain, the second
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term is the correction for measuring r from the center of the sphere,
 

and the third term is the additional contribution of the core in the
 

spherical geometry. Lang and Bender (1973) consider a similar approxi

mation for-the case of complete saturation as a first estimate and solve
 

the transfer equation and coupled rate equations iteratively using
 

numerical methods. Twenty iterations change the above expressions by
 

less than twenty percent and we conclude that (III-C-2) is a reasonable
 

approximation for the gain behavior in saturated regions.
 

The characteristic integral to be evaluated in the transfer equa

tion solution (III-A-2) is:
 

3r2dr
Sds 

J r3+3r2+a2(3-a) 

The third order polynomial in the denominator of this integral makes
 

exact evaluation very difficult, but the problem can be highly simplified
 

by a few reasonable approximations. If the gain rate in the saturated
 

region is large .enough then P <<'I will-hold and the integral becomes:
 

PdS =S 3r2dr
 

(3-a)
ra2 

This will be shown to become unworkable for small values of the core
 

radius a (see page 53); for small values of a the last term in the
 

denominator of (III-C-3) is negligible, and the integral becomes:
 

.(111-0-5)fn-dsJ-dr 

These two integrals are easily evaluated; the first is:
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c-6 

3
3r2dr gn s +a2(3-a) i -c6 

Sr 3+a2 (3-a) s 3 +a2 (3-a)o 

and the second is:
 

(111-C-7
fC ,+ dr =-n (so+3)3 

0 

Goldreich and Keeley incorrectly apply (Iii-c-6) to the limit of small
 

a, hence finding a discontinuity in the core size as complete saturation
 

is approached.
 

Relationships for the core size and the total intensity may be
 

found by integrating along a line of sight through the center of the
 

cloud using equation (III-A-2). At the rear core boundary:
 

4SR3+3a2-a3 S 2 3 a 3+a4j +I [R3_a3 ] 

1(a,-l)=I(R,-l) L7 + 3a R-a R- 3a+a +**[R-] 

(3II-6-8) 

for the approximation '(iii-c-4). If thegain in the rear side of the
 

cloud is not too large the relation 1(a,-g) = 5(a,-i) holds,
 

hence 5(a,+) is given by:
 

g(a,+g) = (a,-l)e 2 aP + (S+1/2)(e2S[-!) 

and (11-C-9) 

5(a-i e2a_ ] 1 i+ F 2 a -1]2 Le2 al 2\2/ l 2a- j 

Combining (III-C-8) and (III-C-9) gives the relationship between the 

core size, the total size, and the pumping rate, with J(a) = 
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2-a3
\ To02a-I + k \+a 
A- 7 22+3a2 

2 3-(a-++ 	 + 3aR - - a 3a2+ _ R+ a3)
 

a- ' a
2ae 61 ~ I 3a2 a+ 

e4+ -1( 3 al2)-a33R a 3a2+ 4) . (III-C-10)+( 	 +/e22aea 


The integration path is completed by applying (III-C-8) to find the
 

surface intensity on the line of sight:
 

FRR+3a2a	 3 -aa
232 e2a + + ( R 3
 a
 

+a 	 (H3+3a2-a3)(e2 a-l) + 3aR -a3R -- 3a3+a
 

2 3
3a3a2
 

3 utcu

X 	L+R 3 a2 -a3) e2a] + (e2 a..l)(RBa2_a3) 


It can be seen that in the limit R = a the equations (11I-C-10)
 

and (111-c-l1) become equations (III-B-9) and (III-B-2) respectively.
 

For small values of a (III-C-10) looses meaning as the only solution
 

for a = 0 is the trivial R = 0 for all a and, (III-C-11) becomes
 

useless. Furthermore, equation (I1-C-11) is cumbersome to use in
 

finding the brightness temperature.
 

The second approximation (III-C-5) gives an indication of the be

havior of the cloud as the saturation becomes complete. Again we inte

grate along the line of sight on a diameter of the cloud. For the back
 

half of the saturated shell the intensity is:
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F3+RV +- 3(j+R 4_1 1[3+R\ 3 _ 	 -C12 
o+J+0 3+111 T.-l(3a) 	 ~[- )-S[/a-1\ + 	 .r31-012 

The intensity crossing'the core is again given by equations (III-C-9)
 

so that the intensity at the core boundary is:


[e /R\3 \1i 

e 3R' +1 [ 3+R a ++ [+R


2().r~a'Jtlc05F/) 'I a/j3 ( + L\+a,
 

2a- 13( 	 4V ! 

+ 	 1: S e2a-I 

2 (111-0-13) 

Setting J(a) = again gives the relationship between the core
 

size, the total size, and the pumping rate as:
 

2 
+a) T 2-1 + )(1R) 3 + (2)f(e t 1+ 1)(R 4 (a aJ } 

The peak intensity is given at (R,+Il) by:
 

TB To 2a 3+ h6 2aiR 6 

a)3 ((t./.,3+~~ +a +(~) + - Ir 	 (3 ] (s+af --T) T 3+a /k3-3J l3a/L 	 3 a 

2(13r- 1)ea~)L~ )+31 ) tI< 
(111-C-15) 

and once more these formulae reduce to the unsaturated case when R = a.
 

We can now determine the limit for the cloud to retain an unsaturated
 

core by setting R = RP at a = 0 in equation (III-c-14) above.. The
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reulting relationship for R2 is:
 

(1 + =2 0.22 +3(1[2 2)h (iir..c-6) 

Again, equations (iii-c-14) and (III-C-15) become equations (III'B-7)
 

and (III-B-2) when R = a. Furthermore, the solution for the first
 

approximation matches the solution for the second approximation at
 

R = a, so that for small values of R the second approximation will
 

best represent the maser emission. This will also apply for large values
 

of R if the saturation is almost complete and equations (iii-C-i4) and
 

(III-C-l5) will describe the emission. Otherwise the first approximation
 

is the appropriate choice and equations (III-C-10) and (III-C-ll) should
 

be used. The core size is given by (III-C-15) or (111-C-10) respectively.
 

The distribution of intensity is no longer gaussian if the cloud
 

is partially saturated. In the region of the disk near the center
 

the gain through the saturated shell is nearly constant whether or
 

not the line of sight passes through the core. However, the core contri

butes an extra (exp(2a)-l) to the gain so that even for small core
 

sizes the core dominates the apparent size of the cloud. Since the
 

core's contribution is roughly a gaussian function, :the apparent size
 

is given by:
 

Dreal C D 
r 1/2 (III-c-17) 

Dapp (2CL) 

where L is the physical size of the unsaturated core. Thus, clouds
 

that are appreciably saturated can appear much smaller than their
 

physical size.
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D. Completely Saturated Masers
 

If R is gteater than the value R2,' given by equation (III-C-16)
 

the region is over saturated. The intensity at the center of the cloud
 

exceeds the boundary value of i(O) = by a factor K > 1. The average
 

intensity J(r) in the transfer equation may be written:
 

To find the solution of the transfer equation in this case we apply
 

(III-D-1) to the integral (II±-A-2), and follow the technique of Section
 

C. The over-saturation parameter K is related to the other variables
 

by setting 5(0) pK, giving:
 

T +R3/K l(3+KR 3/K 1.+) 3K)
-3 

+ K)r )31t3/K+l_() 

The peak brightness temperature is given at the center of the disk by:
 

T__2oB 3+KR 61 1(3K T 2\ K)3/K_l[3K)/ ri 1 
T_ T ( 3 2 1 1 1 3±KR3 3I 
V V 

+ 1i[QKR) I ] . (III--3) 

With the gain in the maser roughly proportional to the path length,
 

the saturated maser has a Lorentzian intensity distribution and the half

intensity points are at about 0'.7 R. Then the apparent size is related by:
 

D 
app
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Lang and Bender (1973) give a value of about 3.8 for the above ratio by
 

considering in detail the intensity distribution across the disc.
 

E. Estimating the Emitted Intensity
 

Equations (III-B-10), (III-C-15), and (III-D-3) give the maximum
 

brightness temperature of the maser emission, at the center of the
 

observed disc. This could be converted into an intensity if the size
 

of the disc were known in sterradians with the standard formula, but
 

since the OH cloud will probably be unresolved in the receiving
 

antenna, the effective brightness temperature of the entire disc is
 

needed. The effective brightness is essentially the average brightness
 

temperature over the physical disc, and for unsaturated masers is given
 

by: 

(TB) TBmax 2 (II I-E

or for fully saturated masers by:
 

KTB)=.TBI (,xrr-E-2) 
Imax X CD(l-r) 

Partially saturated masers with a core of size L have an average
 

brightness temperature of approximately:
 

(T T a [ + I 1 (III-E-3)
TBmax X [2C2-r) . CD(l-r)l 

Using these the intensity of the maser emission can be estimated from
 

equations (IV-D-I) and (IV-D-2).
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CHAPTER IV 

A GRAPHICAL SOLUTION OF THE TRANSFER EQUATION 

A. Introduction.
 

The theoretical analysis of molecular line emission from inter

stellar sources involves the simultaneous solution of the equations for
 

line transfer and population equilibrium. Most-of the emission of
 

astrophysical interest is very simple and any number of simplifying
 

assumptions can be introduced in the solution of the coupled rate and
 

transfer equations without loosing physical significance. The key to
 

these simplifications is the assumption of local thermodynamic equili

brium; remarkable agreement between theory and observation has been'
 

achieved under this assumption for a wide variety of astrophysical
 

sources. For a few radio emission sources involving fine structure
 

emission from OH and other molecules this assumption falls far short of
 

adequate. Brightness temperatures exceeding 1013 oK make any LTE
 

considerations untennable for these sources; the only currently acceptable
 

explanation for the intense radiation is amplification by stimulated
 

emission.
 

This maser action makes theoretical analysis very difficult because
 

the population and transfer equations become interdependent and very
 

nonlinear. Various attempts at the solutions have involved ignoring
 

the rate equations while solving the transfer equations for stimulated
 

emission, approximating a transfer equation in population solutions, and
 

solving a coupled two level rate and transfer equation. Chapter III
 

presented a solution of a two level maser of spherical geometry which
 

couples to a multilevel set of rate equations; this chapter will
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describe how those equations can be used graphically to understand
 

the characteristics of the maser action and to predict the intensities
 

of proposed maser emissions.
 

B. The Parameters of the Maser Emission
 

The formulae of Chapter III relatesthe pumping rate, the saturation
 

state, and the intensity to the physical conditions of the maser region.
 

The parameters are used in a dimensionless form and are scaled with
 

the physical conditions in the following manner. The physical diameter
 

is scaled to a dimensionless radius by:
 

R = CD(-r) 

* 

where D is the physical size in centimeters, C is the scale length: 

A_'ec- __°_ 106 NmOH O/ .1 ) (v-B-1) 

cm .
AVIV-1(TO_ 0 51.)0c
 

and r is the unsaturated population ratio nl/nu, so that (l-r) is
 

the population difference An/nu . If there is an unsaturated core in
 

the region its size is similarly scaled by:
 

a =C L(-r) 

where L is! the physical size of the core in centimeters. The pumping
 

rate is given by (1 + r/A) where A is the spontaneous emission
 

coefficient. The background and emission intensities are given by:
 

Ic2
T T vk
 
v 2kv
 

T0 0c2 
=.0 *, T - (Iv-B-2)

Tv 2kv2
 

6V
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where TB is the emission brightness temperature and T0 the background
 

brightness. The state of saturation of the region is given for partially
 

saturated clouds by the size of the unsaturated core; the boundary
 

between the core and the saturated shell is defined as the point where
 

the spontaneous and the stimulated transition rates are equal. If there
 

is no core and the stimulated transition rate exceeds the spontaneous
 

rate throughout the cloud, the emission is characterized by the satura

tion ratio K of the stimulated transition rate divided by the spontaneous
 

rate at the center of the cloud.
 

C. A Graphical Solution for the Emission
 

Equations.III-B-10, III-C-15, and III-D-3 give the peak brightness
 

temperature for a spherical cloud, but are hard to use except for the
 

case of unsaturated emission because of the interdependence of the
 

intensity and the saturation state. This section will present a two
 

step graphical analysis of the emission which additionally provides a
 

clear picutre of the character of the maser amplification and the sensi

tivity of various parameters. The state of saturation in the cloud will
 

be considered first, followed by the intensity determination.
 

For a region with an unsaturated core the size of the core is re

lated to the total size and the pumping rate by (III-C-14);
 

11)+ ) ~~~T2a(){a)% + _'IF l 

+1( a-I- 3+ 1% +-R - + f2~i+ r(1RR)- I 31~a\ 1- (IV-C-l)
2 _5a- 3ak (3-) a 
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The region is completely saturated when a = R in the above equation,
 

and has just reached complete saturation when a 0. For regions with
 

a higher saturation level the appropriate equation is (III7D-2);
 

+ A)= 4 + 1) K - +r/ 3K -. 3- (IV-C-2) 

If the scaled size C D 'is chosen as the independent variable,
 

the pumping rata becomes the dependent function, and the population
 

and saturation ratios become parameters of the relationship. Equations
 

(IV-C-l) and (IV-C-2) then divide the size versus pumping rate field 

into regions of unsaturated, partially saturated, and over saturated 

amplification, with the boundaries dependent on the parameters. Figure 

4 gives the boundary between unsaturated and partially saturated emission, 

and figure 5 the boundary between partial saturation and over saturation, 

with zero background intensity and population ratios between 1 and 10 

In figure 4 the unsaturated region is to the left of the function line, 

and in figure 5 the over saturation region is to the right. In the 

region between the two curves, for a fixed population ratio, the cloud
 

has an unsaturated core. For a population fraction less than 0.01 the
 

partially saturated region at small radius values is negligible, so that
 

the emission can change rapidly from unsaturated to fully saturated
 

with small changes'in size or pulping rate.
 

If the pumping rate and the size of the cloud meet in a region of
 

over saturation, the saturation ratio is an important factor in determining
 

the emission intensity. Figures 6 and 6a show the lines of constant
 

saturation for two values of the population ratio. In both figures, the
 

unsaturated limit is also shown to indicate the limited conditions which
 

63
 



can produce partially saturated emission. For values of the saturation
 

parameter greater than 10 the boundary moves very little because the
 

saturation is depleting the upper state population so strongly that
 

further increases in the intensity can have little effect. (Recall
 

that the population ratio r is the value produced by the pumping
 

process without stimulated emission, not the local value of the popula

tion which varies radially in the cloud.) In figures 6 and 6a the value
 

of 0.01 for *(l-r) corresponds to a one percent population inversion,
 

and a value of 0.1 to a size percent inversion. This is the range of
 

inversion needed to explain the microwave emission.
 

The effects of the background intensity on the saturation limits
 

can be seen in figure 7 for a population inversion ratio of 0.01. The
 

background radiation increases the degree of saturation for small
 

pumping rates and dominates the saturation level until the'size of the
 

region is sufficient for the spontaneous and stimulated transitions in
 

the region to affect the emission. For microwave emission the line
 

temperature T is 0.080K so even the isotropic 2.70K cosmological
 

background controls the saturation state at small scaled sizes. For
 

infrared lines around 100 microns the line temperature is 1430 K; at this
 

wavelength only a rather bright background would affect the saturation
 

state. The appropriate background temperature to use is the brightness
 

temperature of the background emission multiplied by the fraction of the
 

hemisphere the background source fills as seen by the rear of the maser
 

cloud.
 

Equation (IV-C-i) also gives a relationship between the overall size
 

of the region and the size of the unsaturated core. For partially
 

saturated regions the core size determines the degree of saturation of
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the maser 6mission. Figures 8 and 9 show the relationship between the
 

core size and the total size for zero background and population ratios
 

of 0.61 and 0.10 respectively. The difference between the unsaturated
 

and the saturated core sizes for a fixed pumping rate .is less in figure 9
 

because the greater inversion allows the intensity to increase as a
 

faster rate with increasing size, hence bringing on saturation at a lower
 

value of C D. The most interesting characteristic of these two figures
 

is the rapidity with which the core disappears after a critical size is
 

reached. In figures 8 and 9 the critical size occurs at the elbow of
 

the curves, with the core size going to zero with only a small change
 

in the total size. The critical size of the core is seen to vary only
 

slowly with increasing values of the pumping parameter. If the OH or
 

the H 0 emission regions are bnly partially saturated with a core near
 

this critical limit and the region is subject to turbulence or other
 

variations which could change C D the saturation state and the intensity
 

could vary greatly over short periods of time as the core emission of
 

exponential growth flickers on and off. For a background intensity with
 

T/TV less than 1000 the relationship between core size and total size
 

is nearly unchanged; for higher values the curves of figures 8 and 9
 

move slightly to the left, with the critical value of C D about fifty
 

percent lower for To/T = 1000.
 

Once the saturation state and the parameters of the maser region are
 

known, the determination of the emission intensity is straightforward.
 

Equation (III-B-lO) gives the maximum possible brightness temperature,
 

from an unsaturated region as:
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T B T 2RT 
T T e + e . (IY-C-3) 

For the partially saturated case the intensity is (III-C-15):
 

TB T= e2a/3+R) 6 [ le2a3 + R I 

T~ ~ e-lak~-

+ ~Sr \42L 1 31

il+r\( 2a/3i-R )3[ -a (31-R3 3aR\)
_)43R 1-a" - 341-a( 

If the region is over saturated, the saturation parameter k dharacterizes
 

the emission and the intensity is given by (III-D-3):
 

T T - 6/K " 1/ 3 3 + 

33 [(3F 

The intensity of the spherical region and its dependence on the
 

saturation state is presented in figures 10 and lOa for population inver

sions of one and six percent. The unsaturated limit is the upper limit
 

for the emission from a maser region of the given parameters, and the
 

inversion limit is the lowest emission which can occur with any popula

tion inversion. For scaled sizes over a few hundred the saturation state
 

is the most critical parameter of the emission intensity, with more
 

than 10 orders of magnitude between the unsaturated intensity and the
 

inversion limit at C D = 1000. As the population ratio decreases the
 

maximum intensity approaches the inversion limit. In figure 11 the
 

unsaturated maximum intensity is shown for population inversions down to
 

percent. This can be used to set upper limits to the possible
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emission intensity even if the saturation state is not known. The lower
 

limit on the intensity for any population inversion can be seen in
 

figures 10 or 10a and is independent of the population ratio.
 

D. Summary
 

Figures 4 through 11 give a straightforward method for determining 

the emission intensity from'a spherical region of population inversion. 

The pumping model gives the population ratio and the pumping rate, and 

the physical conditions gives the scaled size. Figures 4 to 9 are used 

to determine the state of saturation of the region, and figures 10 and 

11 then directly give the peak brightness temperature. The average 

brightness temperature can then be determined from (III-E-1,2 or '3)and 

the intensity is given in watts per square centimeter per hertz per 

sterradian by: 

cm(VT>watts2Hzlstr-l) (IV-D-l)
 

Finally the flux can be found from:
 

8k(TB) source) (watts cm-2iz-1 > (IV-D-2) 

Then the collecting area and the receiver bandwidth are all that is
 

-needed to determine the power received at the detector.
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CAPTIONS FOR FIGURES 4 THROUGH i1
 

Figure 4. 	The boundary between the unsaturated state and the partially
 

saturated state for spherical masers as a function of the
 

pumping rate and the scaled size, for selected parameters
 

of the population fraction. The size is scaled by
 

equation (IV-B-l).
 

Figure 5. 	The boundary between the partially saturated state and the
 

fully saturated state for spherical masers'as a function
 

of the pumping rate, the scaled size, and the population
 

fraction.
 

Figure 6. 	The saturation limits of a spherical cloud with a population
 

fraction of 0.01, showing the region of partial saturation
 

between the unsaturated limit and the saturation limit, and 

indicating 	the degree of oversaturation with lines of
 

constant K.
 

Figure 6a. 	The saturation limits for a population fraction of 0.10.
 

Figure 7. 	The effects of the background intensity on the partial
 

saturation boundaries as a function of the ratio of background
 

brightness temperature to the line temperature hv/k for
 

a population fraction of 0.01.
 

Figure 8. 	 The relationship between the size of the unsaturated core 

and the total size for zero background intensity and a
 

population fraction of 0.01, at various pumping ratesj showing 

that the unsaturated core disappears with a limited variation 

in the total size.
 

Figure 9. 	The relationship of figure 8 for a population fraction of ,0.I0. 

Figure 10. 	The maximum brightness temperature at the center of the
 

observed disc for a spherical maser with a population fraction
 

of 0.01, as determined by the state of saturation of the cloud.
 

The unsaturated limit is the highest possible brightness for
 

this population fraction, and the inversion limit is the
 

minimum; the saturation limit is the intensity which just causes
 

the unsaturated core to disappear.
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* Figure lOa. The central brightness of a spherical cloud with a popula

tion fraction of 0.10. 

Figure 11. 	 The maximum central brightness of spherical masers for a
 

range of population values as a function of the scaled
 

size of the region.
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CHAPTER V
 

POPULATION OF THE OH ENERGY LEVELS
 

A. Introduction
 

In the decade since the discovery of the OH emission a number of
 

mechanisms have been put forward to explain the maser pumping. The
 

four mechanisms that will be discussed here cover the major exciting
 

pathways available in the OH molecule, though the actual pumping which
 

occurs in astrophysical masers may be a complicated combination of any
 

or all of these mechanisms. The first OH emission discovered was
 

associated with the ionized gas near hot stars. This association suggested
 

that ultraviolet radiation could be the exciting power for the masers
 

through resonant lines near 3080 A. Litvak et al. (1966) and Perkins
 

et al. (1966) proposed a UV absorption mechanism which required selective
 

absorption in the UV lines to provide the microwave inversion. Infrared
 

astronomers have also associated some OH sources with infrared stars,
 

which can pump the OH through the'2.8 and 1.4 micron vibrational bands,
 

or for lower temperature infrared clouds the pumping could be through the
 

100 micron rotational levels. Studies of these pathways have been
 

presented by Litvak (1968, Litvak et al. (1969), and again by Litvak
 

(1973) and by Shklovsky (1967). Townes (1970) and others have also
 

proposed that the OH emission could be pumped by the collisional action
 

of atoms or molecules with the OH. Most'of the other mechanisms proposed
 

can be lumped under the title of chemical pumping where the OH is created
 

in an excited state by the formation process. This later is so dependent
 

on the assumptions of the formation mechanism that any desired popula

tion distribution could be produced with careful assumptions, and is
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hence too vague to provide further insight. We have made numerical
 

calculations of the populations produced by the other mechanisms and
 

will present them here. Our desire is to examine the far infrared
 

emission which would result from the pumping, and consider the micro

wave emission only as it can help ,determine the physical conditions of
 

the maser region. This allows us to ignore the hyperfine structure of
 

the OH molecule without significant loss. The energy structure of the
 

ground vibrational state is shown in figure 20 for reference, with the
 

dipole allowed transitions and their wavelengths in microns.
 

In the derivations of Chapters II and III the interactions between
 

the transfer equation and the population equations have all been folded
 

into a modified transfer equation, whose solution was then presented
 

in Chapters III and IV., The population solution of the emission problem
 

then becomes an eigenvalue solution of the matrix of transfer coefficients
 

and can be written as the system of equations:
 

dn.
 
gi X =. n-n i .njJ 0 

.j J 

where (V-A-l)
 

Wij = Ai + BIi.1 + Cij 

and the ni are the normalized populations corrected for degeneracy.
 

The solution of theabove matrix will then give the population fraction
 

as ni/gi since this is the value of the population which will be
 

needed in the transfer equation.
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B. 	Ultraviolet Pumping
 

The ultraviolet pumping mechanism proposed by Perkins et al. 
(1966)
 

and refined by Litvak et al. (1966) involves the absorption of 3080
 

radiation through the transitions from the ground state lambda doublet 

of the OH molecule to the six lowest rotational levels of the first 

excited electronic state of OH, followed by spontaneous decay to the 

various rotational and vibrational levels of the V = 0,1, and 2 

ground electronic state. The exciting source is assumed to be an 05 

type star at a distance of 2 light years. The only radiation absorbed 

is through the six transitions leaving the lowest Lambda doublet 

although transitions involving the other rotational levels of the 

ground electronic state are nearly the same wavelength. This selective 

action could occur by resonance with some line structure in the 05 star, 

or through the filtering action of an intervening gas such as hydrogen. 

Figure 12 shows the populations of the OH states which results
 

from this mechanism for various distances of the exciting source. The
 

ground state lambda doublet is not inverted, so this simple mechanism
 

cannot provide the observed microwave emission. However, the lambda
 

doublets of two excited 1, states are inverted and could lead to

1/2 

detectable maser emission if the exciting source were closer than two
 

light years. If the exciting'source were very closes the 12-10; 11-9,
 

8-4, and 7-3 inversions could lead to observable infrared emission at
 

wavelengths near 100 microns. If the exciting source were farther away
 

the OH cloud would have to be extremely large to give observable
 

emission. Unless the exciting source were very restricted in its inten

sity outside the 3080 A absorption band the OH would Probably be
 

disassociated by the star at distances closer than a few tenths of a
 

light year.
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As the ultraviolet radiation propagates through the OH cloud,
 

absorption will alter the intensity distribution in the six UV lines.
 

Litvak et al. (1966) showed that this selective absorption leads to
 

a limited region of population inversion in the observed ground state
 

lambda doublet. Figure 13 shows this effect for the UV mechanism
 

with the 05 star at a distance of two light years, with the optical
 

depth scaled to the strongest UV absorption line. At this distance
 

the higher rotational levels have small population fractions, but the
 

microwave inversion of the excited lambda doublets is maintained or
 

increased over a greater distance than the ground state doublet. Despite
 

the low populations it may be possible to detect this emission if the
 

region is large enough. This microwave inversion would also not disappear
 

if the exciting source were mubh closer, and in that case there could be
 

detectable infrared emission;.
 

C. Collisional Pumping
 

In equation (V-A-l) a term C.. has been included for the colli

sional transfer rate. Dipole collisions between OH and the common 

charged particles of the interstellar gas have been studied by Barrett 

and Lilley (1957) and further by Rogers and Barrett (1968) and Goss 

and Field (1968). However the regions of OH emission are replete with 

complicated molecules, and charged particles can be uncommon members of 

the Off medium.
 

Townes (1970) and Goldsmith (1972) suggested that molecular colli

sions occurring in the interstellar medium could lead to excitation of
 

maser transitions in ammonia and carbon monoxide, and possibly in OH.
 

Townes and Gwinn (see Townes 1970) suggested that if the colliding
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particle is a diatomic hydrogen molecule the OH could be excited in a
 

preferred rotational state which would lead to the microwave inversion.
 

Goldsmith found that in the case of CO the collisions with charged
 

particles, although more frequent than molecular collisions, would
 

produce only a thermal population distribution because the collisionally
 

induced transitions were restricted to dipole allowed changes. Even 

the quadropole transitions produced a nearly thermal population distribu

tion. However, as Goss and Field (1968) and others have shown, there 

are no selection-rules for molecule-molecule collisions because the
 

interaction forces are very short range. Goldsmith then applied constant
 

deexcitation cross sections with exciting cross sections given by:
 

-AE 
i gia. exp i-> i -

to find population inversions in the CO molecule. Figures 14 and 15
 

show the effects of this pumping scheme'on the OH energy structure,
 

-15 2 
using a constant de-exciting cross section of 10 cm . with the
 

reverse exciting collisions using the above cross section. There are no
 

selection rules in this scheme, and for densities below 108 H2 molecules
 

per cm the spontaneous transition rates of the infrared lines exceeds
 

the collisional rates. The action of this mechanism is then to excite
 

the OH to all possible levels, the variation in rates among the levels
 

being only the Boltzmann factor in (V-C-i), with the excited molecules
 

returning to the lower states by spontaneous emission. Since the exciting
 

and the de-exciting rates are not symmetrical the OH population distri

bution can take on anomalous inversions just as it would if the OH were
 

formed in the excited states. For densities below a few H2 particles
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per cubic centimeter the collision rates are not sufficient to excite 

the OH molecule. As the kinetic temperature increases the exciting 

and de-exciting collision rates becomes more nearly equal, and the 

population distribution takes on a thermal character. For the kinetic 

temperature of 100 0K only the 18 centimeter microwave line is inverted 

sufficiently to produce detoctable emission unless the H2 density 

exceeds 106 particles per cc. In figures 14 and 15 the populations 

of the odd numbered states except 1 are identical to the populations of 

their even numbered doublet partner, so only the even numbers are given. 

Above 107 cm-3 densities the infrared lines from levels 12 to 10 and
 

8 to 4 are sufficiently inverted to produce maser radiation. At a
 

kinetic temperature of 1200°K the collisional rate across the lambda
 

doublet is nearly equal-in both direction, and the microwave inversion 

is disappearing. Between 106 and 108 cm-3 the inversion of the 96.4
 

micron line between levels 8 and 4 disappears. The 12 to 10 inversion
 

is significant at densities above 105 cm-3. The higher vibrational and
 

electronic states have been included in this model, but the energy 

differences are so large that the collisional pumping from the v = 0 

levels is negligible, and the populations are near zero. 

D. UV and Collisional Pumping Combined
 

Figure 16 shows the combined effects of the UV pumping scheme
 

(without absorption) with the exciting star at two light years, with the
 

molecular collision scheme. Because the UV pumping at this distance is
 

so weak, the collision effects dominate the excited state populations.
 

In fact, the collisions can still produce the microwave inversion if
 

the density of H2 particles exceeds 103 cm
-3. Because of the weakness
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of the UV pumping the infrared emission is the saie as in the
 

collisional case.
 

E. Near Infrared Pumping
 

The vibrational bands of OH at 1.4 and 2.8 microns can be excited
 

and produce maser pumping by resonance absorption of infrared -radia

tion. A number of the other molecules in the interstellar medium have
 

emission in the range of these transitions, and for temperatures of
 

a few thousand degrees the black body peak occurs between the two
 

wavelengths. If the OH is near a star or protostar of this temperature,
 

it would be possible for the vibrational bands to be excited. If
 

there is a significant amount of dust in the vicinity, the longer far
 

infrared portion of the spectrum could be strongly absorbed so that
 

only the vibrational transitions are excited. If the radiation incident
 

on the OH cloud is of equal intensity in the 1.4 and 2.8 micron bands
 

and nearly zero at other wavelengths the population will have the
 

distribution shown in figure 17.- The temperature of a black body with
 

equal intensities at 1.4 and 2.8 microns is 265 0°K so this is the listed
 

exciting temperature, although the excitation is more correctly a pair
 

of equal delta functions at 1.4 and 2.8 microns with a line width equal
 

to the vibrational bandwidth. The intensity of the pumping radiation
 

is the black body intensity at 26500K multiplied by the fraction of the
 

sky that the OH cloud sees filled with the pump source. This is the
 

equivalent to the distance function of the UV pumping case, but here
 

it is difficult to estimate the physical size of the infrared source.
 

For vibrational excitation the parity selection is fixed for all the
 

transitions and there is no parity assymmetry which can produce a lambda
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doublet inversion. Litvak and others have proposed that the trapping
 

of the far infrared radiation by resonant scattering in the OH region
 

as the mechanism for producing the microwave inversion. Selective ampli

fication of the magnetic hyperfine structure caused by the presence of
 

a magnetic field, or a plasma propagation effect such as parametric
 

down conversion discussed by Litvak (1970) are needed to produce the
 

microwave inversion with the correct polarization properties.
 

The near infrared pumping mechanism does produce some very
 

interesting results for the far infrared emission pattern. Figure 17
 

shows the population solution, with only the odd numbered levels shown,
 

as the even numbered levels have identical populations to their doublet
 

counterparts; the dashed lines are the populations of the rotational
 

levels in the first vibrational state. If the pump source is a large
 

part of the sky at the OH region, the lowest 1/2level has
 

population than the ground state, and a very strong infrared maser emission
 

at 82 microns is expected. A sky fraction below 10-4 for the pump source
 

does not produce any infrared inversion, andas the intensity increases
 

the infrared inversions appear and grow more intense. When the pumping
 

source fills half of the sky at the OH cloud all the infrared transitions
 

connecting the 23/2 and 2fl states have inverted populations.
 

More intense pumping can lead to population inversions in some of the
 

2.8 micron transitions connecting rotational levels of the v = 1
 

and the v = 0 states.
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F. Far Infrared Pumping
 

The assumption in case E that the far infrared radiation from the
 

pumping source is negligible is not easily justified. Unless the ex

citing radiation is a resonant line from some other emission s6urce,
 

the radiation in the 100 micron region of low temperature black bodies
 

can be important in the OH pumping. Litvak and others have proposed
 

that the trapping of far infrared radiation in the OH cloud or from a
 

nearby protostar is important in producing the microwave emission from
 

some of the Class II OH sources. This section deals with a simple far
 

infrared model to show that for some conditions the FIR radiation is
 

indeed important, at least to the production of infrared masers.
 

The pumping proposed here involves the absorption of black body
 

radiation from low temp&rature objects in the vicinity of the OH cloud
 

as a function of the sky fraction they cover. All the infrared transi

tions of the three lowest vibrational states and the vibrational transi

tions among these three states. For temperatures of a few hundred degrees
 

the black body peak, and hence the greatest transition rate is near the
 

100 micron wavelengths of the rotational transitions. The population
 

distribution among the low rotational states should be nearly thermal
 

with little infrared inversion possible. The only source of inversion
 

pumping for these very low temperatures is the dilution of the pumping
 

radiation by the background space. If the pump only occupies a small
 

fraction of the sky however the intensity will be too weak to provide
 

detectable emission lines. Since the absorption of black body radiation
 

has no parity selection rules there will be no microwave inversions
 

with the populations of the doublet pairs identical. If the temperature
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of the black body pump is in the range of a few thotusand degrees, the
 

vibrational transitions at 1.4 and 2.8 microns are strongly excited, as
 

in the near infrared pumping model of Section E.
 

Figure 18 shows the population distribution which results from the
 

absorption of 5000K black body radiation. In order to see the infrared
 

emission the OH cloud must be nearly enclosed by the pumping source, and
 

then only weak inversions are produced in the 5 to 1 and higher transi

tions. In order to be detectable the infrared emission resulting from
 

this pump will have to come from a very large OH cloud. Figure 19 shows
 

the population distribution produced by a 20000K pumping source. Pumping
 

to the vibrational levels and the ensuring decay to the excited rotational
 

levels affects the ground state population even for small sky fractions
 

allowing the 5 to 1 transition to become inverted at a sky fraction of
 

0.1. Sky fractions above one percent produce'weak inversions in the
 

11-9 and 15-13 lines, and larger pumping rates produces infrared inversion
 

in all the AJ ='+I transitions'and the 50 micron band of AJ = 0
 

transitions are nearly inverted when the sky in ninety percent filled with
 

the pumping source. For high pumping rates the populations of the v = I
 

states begins to become significant. The population distribution of
 

figure 19 is not greatly different from the near infrared pumping model
 

of figure 17 for sky fractions above 10-2 if the difference in temperature
 

is considered.
 

G. Summary
 

The four pumping mechanisms discussed in this chapter cover the
 

most likely exciting pathways available to the OH molecule which do not
 

require the creation of OH in an exciked state. Under two of them the
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microwave main line inversion is easily created, and under all of them
 

there are some infrared line inversions. A more detailed analysis of
 

the energy and transfer structure of the OH molecule which includes
 

the hyperfine structure is necessary to model the class II satellite
 

line emission, though efforts have been made in this direction in the
 

papers mentioned by Litvak and others. The ease with which the colli

sional pumping model produced the microwave inversion implies that
 

collisions can indeed be important in the emission of the interstellar
 

molecules, a view that has long been held by Townes and others. The
 

common occurrence of infrared inversions means that infrared observations
 

can make significant contributions to the study of the interstellar
 

molecules. Current observing capabilities in the infrared region around
 

100 microns are limited in sensitivity, and the next chapter will consider
 

the possibility of detecting-the infrared maser emission of the various
 

pumping models.
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Captions for Figures 12 through 20
 

Figure 12. 	 The population fraction resulting from the UV pumping
 

model including vibrational levels as a function of the
 

intensity or distance of an 05 exciting star.
 

Figure 13. 	 The population distribution of the UV pumping model including
 

the effects of attenuation of the UV radiation by the OH,
 

as a function o the optical depth in the Pl(1) transi

tion at 3080 A.
 

Figure 14. The population distribution of the collisional pumping model
 

- with the kinetic temperature of the H2 colliding particles
-2
 

2
be 1015 cm	.
 

Figure 15. 	 The population distribution of the collisional pumping model
 

for a kinetic temperature of 12000 K, which corresponds to
 

the thermal line width of the microwave emission.
 

Figure 16. 	 The population of the OH molecule with the combined action
 

of UV pumping by an 05 star at a distance of 2 light years
 

and collisional pumping at a kinetic temperature of 100 0K.
 

Figure 17. 	 The population effects of near infrared pumping, where the
 

exciting radiation is confined to the 1.4 and 2.8 micron
 

bands, with the ratio between the two band strengths corres

ponding to a temperature of 26500K. The dashed lines are
 

the populations of the first vibrational state. The intensity
 

of-the pumping radiation is given by the black body intensity
 

at 26500K times the fraction of the sky that the pump fills as
 

seen by the OH cloud.
 

Figure 18. 	 The population distribution of the OH molecule with pumping
 

by a 5000 K black body filling a fraction of the sky. Only
 

the odd numbered levels are shown, with their even numbered
 

counterparts having the same population.
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Figure 19.- The population distribution for black body pumping at
 

2000 K as a function of the dilution factor.
 

Figure 20. 	 The energy level structure of the lowest vibrational state
 

of the OH molecule showing the allowed transitions and
 

their wavelengths, and the numbering scheme used in
 

figures 12 through 19.
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CHAPTER VI.
 

THE INFRARED INTENSITIES OF OH MASERS
 

A. Introduction
 

The discovery of the OH emission in 1965 stimulated a steady stream
 

of theoretical discussions which have attempted to explain some -or all
 

of the important characteristics of the OH maser emission. The problem
 

of polarization of the OH emission has yielded least to the efforts in
 

part because the polarization is a characteristic of the propagation of
 

the emission as it passes through the cloud and is dependent on the
 

pumping mechanism of the OH. Previous chapters of this work have
 

analyzed several of the important pumping mechanisms available to the
 

OH in interstellar space and along with the papers published by other
 

authors have shown that the observed OH intensities can be explained by
 

one or another of these pumps. To make furthei? headway against the
 

problems of polarization and observed size, and of the conditions in the
 

OH regions, a determination of the active pumping mechanism for each
 

emission source must be made. The results of the pumping analysis of
 

Chapter V indicates that population inversions can occur in the infrared
 

transitions of the OH molecule in different proportions depending on the
 

active pumping mechanism involved. This implies that successful obser

vation of the infrared line emission from the OH sources can aid in
 

determining the pumping mechanism -andphysical conditions of the region.
 

Using the model of the maser emission in spherical regions presented
 

in Chapters III and IV we can describe the conditions of the emitting
 

region as derived -from the observed microwave intensities under various
 

pumping mechanisms and apply these conditions to the prediction of the
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infrared line emission. As shown in Chapter V a pumping mechanism which
 

allows parity effects, such as the UV pump or one of the collisional
 

models, and which produces a ground state population inversion also
 

produces population inversion for some infrared lines. Of course mecha

nisms which require propagation effects to produce the microwave inver

sion can also have infrared inversion, but we cannot use the microwave
 

observations to analyze the conditions of the OH regions in these cases
 

using our simple transfer model. For these pumping mechanisms a set of
 

physical conditions consistent with the observed emission can be assumed
 

in order to estimate the resulting infrared emission. Section D will then
 

consider the detectability limit of current and projected infrared
 

instruments and the limits this sets on the possible OH emission.
 

B. Characteristics of OH Emitters
 

The complicated nature of the OH emission has been discussed in
 

Chapter I; here we will mention the properties of the emission in the
 

sources W3 and Orion OH which are appropriate.to the models of the
 

maser amplification and pumping mechanism discussed in Chapters III and
 

IV.
 

The W3 region of OH emission is one of the most heavily studied
 

and complicated of the microwave OH emitters. W3 is in a HII region,
 

which is maintained by one or more stars of spectral class 0. Infrared
 

observations have also revealed significant near and far infrared emission
 

similar to hot dust'and IR stars in the vicinity of the OH microwave
 

sources, and a number of other complex,molecules have been detected in
 

the region. The physical sizes observed may only be vaguely related
 

to the actual dimensions of the OH emitters, but they indicate a number
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of small regions with diameters betweeni 10 and a few hundred astrono

mical units (A.U.) scattered over a region of about 2000 A.U. The
 

lines observed in emission are at frequencies of 1665 and 1667 MHz, with
 

line widths of 5 to 15 kHz. The effective brightness temperatures,
 

given by:
 

Ix2 431T 


1'B 8iAk 0
 
source
 

have steadily increased from l05 0K to the presently accepted values
 

between 10 1 and 1013 degrees as the resolution of long baseline inter
ferometry has lower&d the observed size to 10 8 to 10 9 sterradians.
 

Other observations of OH absorption clouds indicated that the OH concen

-
tration is between 1 and l03 cm 3 and the densities of other molecules
 

-3
and atoms less than 10 cm
 

The OH source in Orion is located near the trapezium stars, an
 

area generally associated with star formation. As in W3 there is signi

ficant observed infrared emission from a large region surrounding the
 

OH source and an infrared star of about 20000K nearby. The optical
 

obscuration in the region has been estimated at 20 to 100 magnitudes
 

due primarily to a large amount of dust and cool gas. The physical size
 

observed is less than 2 X 1014 cm, and the linewidth at 1665 and 1667 MHz
 

is abbut 2 kHz.
 

C. The Infrared Emission of the Orion and W3 OH Sources
 

For the ultraviolet and collisional pumping models discussed in
 

Chapter V there is significant inversion of the microwave energy levels
 

which would lead to the maser amplification of the 1665 and 1667
 

MHz lines. In these models we will use the observational properties
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mentioned above to estimate the physical characteristics of the OH clouds,
 

and then use these estimates to calculate the expected infrared emission.
 

The other pumping models do not show inversion in the lambda doublet
 

which gives rise to the 1966 and 1667 MHz lines, but propagation effects
 

such as resonant scattering infrared trapping, or parametric conversion
 

could lead to the inversion of the satellite lines at 1612 and 1720 MHz,
 

or possibly in the main lines. For umping models which do not have
 

intrinsic microwave inversion we will assume some characteristics consis

tent with the microwave observations.
 

In order to determine the intensity of a maser amplified line using
 

the relations of Chapter III or the graphs of Chapter IV the following
 

procedure will be used. Chapter II gives the spontaneous coefficient and
 

the wavelength of the transition; these are combined with the physical size
 

and the OH density to determine the scaled size from (IV-B-1), also using
 

the population of the upper state of the maser emission. The numerical
 

pumping model calculation which determined the population also gives the
 

population ratio and the pumping rate Pa of the transition using (Ii-E-5),
 

(II-E-8), and (II-E-ll). The scaled size, population ratio, and the pumping
 

rate are then used with figures 4, 5, or 6 to determine the state and degree
 

of saturation in the spherical region. For partially saturated regions
 

figures 8 and 9 permit the determination of the core size using the calcu

lated parameters. Finally, figures 10 and 11 determine the scaled intensity.
 

The peak brightness temperature so determined is averaged with (III-E-1),
 

(III-E-2), or (III-E-3), ana the intensity can be found with the line
 

width and source size using (IV-D-l).
 

If the microwave intensity is to be used to determine the parameters
 

of theOH cloud, the above procedure is reversed. The pumping model and
 

the observations are'used to determine the scaled intensity, which sets
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range on the scaled size that depends on the saturation state. The
 

pumping rate from the pump model is combined with the population ratio
 

and this range of sizes to choose a consistent set of values for the
 

size and saturation. Then the density and molecular characteristics
 

are used to determine the physical size. The procedure can be iterated
 

to verify the chosen values. The parameters so found are then used in
 

the foregoing manner to find the infrared intensities.
 

In the transition matrix of the OH molecule the rates connecting
 

the J s1/2
levels of the states are greater by factors of 10 or
 

more than the rates connecting the 21/2 states to the 2H3/2 states.
 

This leads to population inversions in the crossing transitions under
 

most of the pumping models considered, with the wavelengths and molecular
 

constants of:
 

wavelength A.. 	 T =h
 

82.6 	p 3.5 X 10-2 sec- I 174'K 

I

9 6.4 	p 8.9 X I0 - 3 sec- 1490K 

115.1 	P 3.1 X 10- 3 sec ! 125 0 K 

"
134.9 p 1.2 X 10-3 sec - 107'K
 

-11 1
18 cm 7.11X 10 sec 0.08°K 

9 - 16.3 cm 1.16X 10- sec 0.220K 

1. 	Ultraviolet Pumping
 

In order to produce the microwave inversion with ultraviolet
 

pumping the selective absorption of the UV radiation propagating into
 

the cloud must be considered. The population distribution with this
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absorption included is not significantly different for the infrared lines
 

than when absorption is not included. The microwave inversion occurs
 

over a limited distance, while the infrared inversions are maintained
 

over significantly larger distances. With the infrared populations
 

which occur under pumping from 2 light years the increased size of their
 

.inversion regions is not of importance, since the emission will remain
 

below detectable levels. If the exciting source is moved closer, to
 

1000 A.U., the populations of the infrared transitions are much larger,
 

and the population of the 6.3 cm .transition has increased to detectable
 

levels. Of course at this close distance the OH dissociation rate could
 

increase to a degree which would destroy all the OH emission. If this
 

dissociation is tempered by a high formation rate, the entire emission
 

complex of the W3 region can be explained by the selective absorption
 

creating a shell of microwave inversion. Density variations or turbulence
 

in the OH cloud surrounding the exciting star could then lead to the
 

formation of numerous spots of microwave emission, as is observed. However,
 

the inversion in the 6.3 cm line of the 2 J = 1/2 doublet could
 

occur over the entire region. Since the population in this line is an
 

order of magnitude below the 18 cm populations and the pumping rate in
 

this level is lower, the 6.3 cm emission could be lower in intensity, as
 

is observed. The large extent of the population inversion for the infrared
 

transitions leads to significant emission intensities.
 

For UV pumping from 1000 A.U. the inversions, their populations, their
 

population ratios, and their pumping rates [found by numerical solution
 

of equations (II-E-Z), (Ii-E-5), (iI-E-8), and (II-E-a)], are
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nu/nOH (1-r) /A
 

6.3 cm 4.0 X 10- 2 0.32 3 X 109 

96.4 j 1.0 x 10 - 2 0.8 200 

10- 3  96.5 6. 7 x o.6 105 

-
115.1 	 a 1.02 X 1O 0.9 290 

4115.2 1i 8.8 X 10 - 0.95 300 

In the UV pumping scheme there are three sources to model; the Orion OH
 

source, the W3 source, and the extended W3 source with the emission
 

region ten times larger for the infrared lines and for the 6.3 cm line
 

than for the 18 cm line. The scaled size, saturation state, and average
 

brightness temperature using figures 4 and 5 to determine the state of
 

saturation, (and figure 6 for the microwave lines, which are fully
 

saturated), and figure 10 and 11 for the intensity. The set of results
 

which consistently fits the 18 cm observations of the 	Orion OH source are:
 

*D State 	 TB)K I (w/cm2Hz str) 

1011 
 7.0 X 10-14
6.3 cm 380 FS, 	K = 50 

96.4 	 Lm 8.0 PS, a/R = 0.2 2 X 10 5.9 X 10-14
 

- 14
2.7 Xl096.5 pm 7.2 	 9 X 104 

F.S. = fully saturated, the extent indicated by the parameter K.
 

P.S. = partially saturated.
 

U.S. = unsaturated.
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The parameters and conditions of the region as determined from the 18 cm
 

observations are:
 

14 
MW observed size = 3 X 10 cm
 

physical size = 8 X 10 cm
 

nOH = 102 cm-3
 

For the 193 OH source the expected results are:
 

C*D State (TB7OK I. V(w/cm2Hz str) 

6.3 cm 500 F.S. K = 9 	 1012 7.0 X 10-13
 

96.'4 pm 19.0 P.S. a/R = 0.2 1.5 X 106 4.4 x I0 - 1 3
 

105
96.5 	9m 11.6 P.S. = 0.2 7 X 2.1 X 10 - 13
 

3 X 104
115.1 9m 3.4 P.s. = 0.8 6.3 X 10- 15
 

4 -15
 
115.2 pin 2.3 P.S. 0.8 I X 10 2.1 X 10

where the 18 cm observations gave
 

MW observed size 9 X 1014 cm
 

physical size = 1.8 X 1015 cm
 

nOl = 102 em-3
 

For the extended W3 source the results 	which match the 18 cm and the
 

6.3 cm observations (the latter being used to estimate the size of the
 

entire OH region while the former determines the smaller 18 cm inver

sion region) are:
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C*D 	 ITB>°
X in m State 	 K I(w/cm2Hz str)
 

96.4 	 16.3 P.S. a/R = .3 3.2 X 107 9.5 X 10-12
 

= .3 1.0 x 107 3.0 x 1o -2
 

96.5 	 10.1 P.S. 


x 109
115.1 9.7 P.S. = .9 4 8.4 x 10-14
 

115.2 9.3 P.S. = .9 3 x 105 6.3 x 10-I4
 

with the 6.3 cm and 18 cm observations giving:
 

-3
 
nOH = 70 cm
 

physical size = 7.3 x 1015 cm
 

MW observed size = 1.0 X 101 cm
 

2. Collisional Pumping
 

The pumping of the OH molecule by low temperature kinetic collisions
 

with hydrogen molecules is not a likely model-for the OH emission in the
 

Orion vicinity because of the large amounts of infrared radiation with "
 

a spectrum similar to a 7000K black body. Further, if the observed line
 

widths are due to thermal broadening, then the implied thermal tempera

tures are rather higher than.the 100 degree temperature of the cool
 

collision model. Nevertheless, this model is able to produce the inver

sion needed for the microwave emission, but the infrared emission level
 

is below the detectability limit, unless the density of colliding particles
 

-3
 becomes greater than 108 cm . For a density equal to that value, the
 

population results are:
 

nu/nOH (- ra/A
 

-3
96 b' 2.45 x 10 0.05 90
 

115 p 1.5 X 10 0.3 70
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and the emission determined from figure 10 and 6a is:
 

C *D State (TB). I (w/cm2Hz str)
 

- 1 4
1.4 x96 i 29 F.S. K = 1 4.7 X 104 OK 1o
 

If the collisional temperature is increased to the thermal line width,
 

0

1200 K, the emission in the infrared states becomes more visible. The
 

population inversion of the microwave transitions is reduced by the de

4 -3exciting action of the collisions, but for densities above 10 cm the
 

- 8microwave intensity is still achievable, and at 10 the infrared line
 

emission is significant. The lines and their population parameters' at
 

that density are:
 

X nu (l-r) Pa/A
 

115 p 1.3 X 10-2 o6 470
 

135 p 1.2 X 10-3 1.0 1100
 

Applying these results to the determination of the intensities and satura

tion states with figures 4 through 11, we find for the Orion OH source
 

that:
 

KTB)
C D State' IV(w/cm2Hz str)
 

115 p 7.2 U.S. 6.7 X lob OK 1.4 X 10-12 

134 p 11.6 P.S. a/R = .8 4.2 X 105 0K 6.4 X 10-14
 

where the 18 cm observations give
 

3
 
nOH = 10 

2 cm
 

physical size = 6.3 X 1014 cm
 

II
 



For the W3 emission:
 

C*D State (TB) I (w/cm2Hz str) 

115 10.8 P.S. a/R = .6 7.3 X 106 o° 1.5 X 10- 12 

1.8 X 10-14134 p. 16.3 F.S. K = 1 1.2 X 105 OK 

using the 18 cm value of:
 

102 cm
-3
 

OH = 


physical size = 5.1 X 101 cm
 

In this pumping scheme the extended W3 source is inappropriate because
 

the estimated 6.3 cm inversion is very small.
 

3. Near Infrared Pumping
 

The unusual near infrared pumping scheme-described in Chapter V
 

easily produces infrared population inversions. However, since there
 

are no parity effects included in-this model, there is no microwave
 

inversion to match the emission with. If we make some assumptions about
 

the size and density of the OH sources, the infrared emission can be
 

predicted. The assumed diameter of the region is chosen to be three
 

times the observed microwave size, to account for reduction in size
 

expected in the microwave emission. Since OH absorption studies of the
 

10-6  - 3
I73 region show nOH/nH ' and other'work finds nH - 10 cm the 

value of nOH = 102 cm- 3 will be used for this pumping model. The same 

parameters will be used for the far infrared pumping model which also does 

not produce a microwave inversion. If the twin delta function pumping 

sourcehas an effective brightness temperature of 26500K the infrared 

112
 



2 .
populations reach a maximum for a sky fraction of 0'3/2 = 10- For
 

further increases in the pumping intensity the populations of the
 

vibrationally excited state become significant, with little change in
 

the v ='0 populations. The population results for a sky fraction of 

10 - 2 are: 

n/nO (i-r) Pa/A
 

82p 7.6 x 10- 2 .6 93 

96 i 1.8 X 10- 2 .4 loo 

115 p. 8.2 x 10-3 .4 560
 

3135 P 3.0 X 10 .3 1090 

These lead to the following intensities and conditions for the Orion OH
 

source:
 

C*D State (T1B) I (w/cm2Hz str) 

82 p 6.1 F.S. K = 1 2.0 X 106 °K 8.1 X 10- 13 

1 3 
96 v 8.9 P.S. a/R = 0.4 1.0 X 106 OK 3.0 x 10 

115 p. 9.1 P.S. a/R 0.4 7.2 X 105 °K 1.5 X 10- 1 3
 

1 3
 
134 p. 9.0 P.S. a/R = 0.5 1.0 X 105 OK 1.5 X 10 -

With the chosen parameters of:
 

physical size 6 X 10 4 cm
 

2 3
 
10 cm
nOH = 
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For the W3 source the results are:
 

CD State (TB) IV(w/cm2Iz str)
 

-12
 
82 p 11.2 P.S. a/R = 0.5 1.5 X 107 OK 6.1 x 10


9 X 106 oK 2.7 X 10-12
 96 p 13 - P.S. a/R = 0.1 


115 p 11.7 P.S. a/R'= 0.7 1.4 x 106 oK 2.9 X 1013
 

lo- 1 3
 
134 p io.6 U.S. 9.5 X 105 OK 1.4 x 

using:
 

physical size = 6 x 1015 cm
 

2 '-3 
nH =10 cm 

4. Far Infrared Pumping
 

For the OH source in the Orion region the far infrared pumping
 

mechanism can be appropriate for an exciting temperature of 5000K.
 

The presence of the HII region in. the vicinity of the W3 source might
 

indicate that the exciting temperature of 20000K could be a more valid
 

estimate. The infrared emission in the trapezium region of the Orion
 

source could also produce 2000 K exciting radiation for the far infrared
 

pump. The lower pumping temperature produces a lower total intensity,
 

so that the populations of the infrared transitions is not sufficient
 

unless the pumping source occupies most of the sky as seen by the OH
 

cloud. In this instance the population results for the Orion OH source
 

are:
 

ni4 



% nu (l-r) I /A 

-2  
96 p 1.4 x lo .o6 76
 

115 V 7.0 X 10- 3  0.27 290 

135 P 3.5 x 10 - 3  0.3 130 

and the emission from Orion OH is:
 

C*D State (TB) I(w/cm2Hz str)
 

96 [ 43 P.s. a/R = 0.3 6 x 0 OK 1.8 x 10-13
 

115 p 23 F.S. K = 1 3.2 x 104 oK 6.7 x 10 - 15
 

135 p 20 F.S. K = 3 1.6 x 1o3 OK 2.4 X 10-16
 

where the parameters used are:
 

physical size = 6 x 1014 cm 

- 3
nOH = 102 c
 

At the higher pumping temperature of 20000K population inversions in
 

the infrared lines become detectable for sky fractions above ten percent. 

For a sky fraction of 50 percent the far infrared lines will be strongly 

inverted, and the pumping rate sufficient to keep the infrared emission 

almost unsaturated. The population results at /2v = 0.1 are: 

nu/nOH (l-r) Pa/A 

-82 p 3.0 x 10 2 0.1 16o 

115 p 9.0 x 10- 3 0.16 73 
313'4t 3.2 x 10 - 0.20 62 
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and at 0 /2t 0.50 the excitation results in: 

u/n (O-H Pa/A 

82 a 3.1 x 10-2 0.3 8oo 

96 o- 2  1.5 x 0.1 300 

115 p 9.1 X 10-3 b.2 250 

134 [t 5.0 X 10-3 0.1 1340 

For the OH emission of the Orion region this means an intensity pattern
 

given by the following at 0s/2t 0.50:
 

S2
 

C -State IV(w/cm2Hz str)
CD (TB) 


82 p. 32 P.S. a/R = .9 1.3 x 106 5-3 X 10-13
 

-13

96 p. 21 P.S. a/R.= 0.5 5-7 X i05 1.7 X 10


115 A 12 P.S. a/R = 0.1 2.6 x 104 5.4 x Io- 15
 

-
 1&134 p 6.2 F.S. K = 1 1.0 X 103 1.5 X10 

where we have used the values of: 

physical size 6 x 1014 cm 
- c
 

- 3 
nOH = 50 cm 

For the W3 OH source the intensity pattern is:
 

CD State TB) I (w/cm2Hz str) 

82 p. 47 P.S. a/R .5 7.2 X 106 2.9 X 10 - 1 3
 

96 1 40 P.s. a/R .6 1.5 X 106 4.,5 x 10 - 1 3
 

2.8 x 105 5.9 X lo-14
 115 p. 24. F.S. K = 2 


1 5
 
134 p 20 P.S. a/R = 0.1 1.3 X 104 2.0 X 10 

116
 



physical size = 6 x 1015 cm
 

- 3
 
nOH =10 cm
 

-
In these last two calculations, values of- nOH below 102 cm 3 have
 

been 	used to show that detectable IR emission can be produced even for
 

low OH densities if the pumping is strong enough.
 

D. 	The Detectability Limit for OH Emission
 

The formula of Chapter IV can be used to determine the emission
 

intensities of the OH sources in engineering units, or the characteristics
 

of potential infrared instruments can be used to estimate the detecta

bility limit in terms of the average brightness temperature of OH sources.
 

Most 	of the current 'infrared instruments are designed as wideband detec

tors, 	and are mediocre tools for detecting narrow line emission in the
 

infrared spectrum. A reasonable sensitivity limit for the narrow emission
 

lines 	of the OH masers for the one meter infrared telescope of the NASA
 

Ames 	Research Center when used as a broadband receiver is at an effective
 

brightness temperature of 105 OK. At this level several of the emission
 

lines 	given in the previous section would be easily detected, but dis

tinguishing the line component may be difficult. The regions where
 

'substantial OH emission is possible are already known to have significant
 

amounts of near and far infrared emission from extended dust clouds.
 

Since 	the angular resolution of a one meter IR telescope is 20 arc seconds,
 

or an order of magnitude larger than the OH sources, a significant amount
 

of diffuse background radiation will also be measured. Unless care is
 

taken to switch the beam between areas of similar background, the OH
 

line emission will be indistinguishatle from the background. The use of
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high resolution infrared spectrometers can ease this difficulty and also
 

lower the limit of detectability.
 

The detectability of an infrared source of limited size is set by
 

the available integration time during the observation and the power
 

collected by the instrument. The total power on the detector from a
 

source smaller than the beam size with an effective brightness tempera

ture of TB extending over a disc of D" arc seconds in diameter in an
 

emission line Av wide is:
 

-m0,1 1-1 I10O F A ' "BO ) D"s) \ 2 /AV/V ( A watts (VI-D-1)i 0.96x 

.where A is the aperature of the instrument in meters. For a sensiti

vity of 3 X 10-1 4 watts (Hz)- I/ 2 an integration time of 100 seconds
 

will give a signal to noise of 30 if the factors in the above relation
 

are all unity using a detection band between 50 and 300 microns. Longer
 

integration times will improve this figure, but guidance stability can
 

become a problem. At this figure an effective brightness temperature of
 

105 0K can be considered a detectable signal if the emission can be
 

distinguished from the background. The extended W3 OH model would have
 

an angular extent of about 2 arc seconds, therefore detectable IR emission
 

is expected for most pumping models. The Orion OH source has a physical
 

extent that puts D" at'less than 0.1 arc seconds, thus the IR lines would
 

be detectable only if the pumping was very strong.
 

E. Summary and Conclusions
 

A number of infrared emission lines from the OH molecule have been
 

shown to undergo maser amplification to detectable levels from the Orion OH
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and the W3 OH radio sources. The energy structure of the transition
 

matrix of the OH molecule was carefully studied to determine the available
 

pathways of excitation .in molecular OH. A transfer equation which was
 

coupled to the complete population solution was solved for a spherical
 

geometry of general saturation state for the characteristic degree of
 

saturation and intensity as controlled by the physical parameters of the
 

cloud and the strength of the pumping.- The transfer matrix of the OH
 

molecule was then combined with the effects of pumping by ultraviolet,
 

infrared, and collisional mechanisms to determine the population distribu

tions and to determine the degree of population inversion occurring.
 

These population solutions combined with- the transfer equation to estimate
 

infrared line intensities at wavelengths near one hundred microns, and
 

to predict effective brightness temperatures between 105 and 107 OK for
 

the detectable infrared lines.
 

Because the microwave masers are fully saturated the effects of the
 

background radiation are minimized. Since the gain in the saturated
 

cloud is a linear function of the diameter, adding a sizeable background
 

brightness just allows the required size of the OH cloud to be reduced 

somewhat, or the pumping rate lowered. If amplified background radiation 

contributes one third of the emitted intensity and the background of the 

OH region in W3 or W49 is the infrared radiation observed nearby, then the 

time correlation suggested between infrared and microwave emissions can
 

be explained as the result of varying the background component of the
 

amplified emission. Then the variations expected in the infrared emission
 

will be very large. The factor for the-background intensity in the maser
 

emission is nearly three orders of magnitude smaller for the infrared
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lines thantfoi7 the microwave lines, but the infrared emission is nearly
 

unsaturated, so that these small variations will be greatly amplified.
 

The infrared intensities for these OH sources would thus vary over a
 

range at least as large as the microwave emission, to an order of magni

tude greater variation.
 

For all the pumping models considered for the OH emission there has
 

been at least one proposed manner in which the microwave inversions
 

could be produced. For pumping by radiational processes a complex propa

gation effect is necessary in order to produce the parity selection which
 

populates one of the lambda doublet levels over the other and hence
 

creates the microwave emission. For infrared pumping the effects of
 

radiation trapping in the 82 micron line are needed, and it is difficult
 

to understand the needed amounts of trapping in regions only 14 to 

1015 cm across. The population inversion produced by a collisional pumping 

model which greatly simplifies the expected differential collision effects 

is in its simplicity a marked contrast. The collisions with moderate 

,density H 2 molecules easily produced the needed microwave inversion even
 

at densities which precluded detectable infrared emission, so that it is
 

difficult to see how collisions cannot play an important role in the
 

excitation of the OH masers.
 

In some of the OH sources similar to the Orion OH source the presence
 

of large amounts of dust and other obscuration could significantly
 

attenuate the infrared line emission; however this process itself results
 

in significant amounts of heating for the obscuring dust, and could be a
 

significant factor in the processes occurring in the region such as the
 

formation of condensations and protostars. The mechanism of transferring
 

energy from a very hot source such as an 0 star to the dust is easily
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accomplished by such line radiation. If the OH emission is pumped by
 

a collisional process on the other hand, the extraction of the kinetic
 

energy from the cloud by the infrared radiation could lead the gas and
 

dust evolution in a different direction. It seems then that in regions
 

where significant infrared OH emission occurs that emission can be an
 

important element in the local evolution.
 

Figure la shows that for values of C D under ten there is little
 

more than an order of magnitude between the unsaturated limit intensity
 

and the inversion limit intensity. Since the inversion limit is the
 

point at which the population difference becomes zero, it is expected
 

that the intensity of the emission for small enough values of C D will
 

be nearly independent of the population of the lower state. This of
 

course is the case of integrated spontaneousemission, where
 

(A/nOH ) D 

with D the physical diameter. Since most of the IR emission occurs at
 

small values of C D this allows us a check of the maser calculated inten

sities. The 135 micron line of the collisional,pumping model with
 

nH2 = 104 cm- 3 would have a spontaneous emission of
 

1.9 X 10-15'w cm 2 Hz str1 , or less than two orders of magnitude below 

the maser emission, as expected. That the maser amplification only 

provides a gaiin of a hundred is not unreasonable for the relatively low 

populations found in the IR excited states. Further, the pumping rates, 

while high enough to prevent complete saturation, hav6 the IR masers
 

rather close to the critical core size. The exponential gain of the'
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maser comes only from this unsaturated core and little intensity is
 

contributed by the saturated shell. Finally, this level of spontaneous
 

emission is available only for the pumping described, since normal
 

thermal mechanisms could not provide sufficient population to achieve
 

even the above intensity.
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