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I. INTRODUCTION

. This report presents the results obtained for the first
three tasks under a program whose objective is to analyze
aspects of the broadband noise generated by rotor or stator
blades subject to inflow turbulence, in an annular duct.
The first technical section (Section II) introduces dissi-
pation, in the form of a generic eddy viscosity, into the
Green's function relating radiated pressure to blade fluc-
tuation forces. This adds an element of physical realism
to the analysis and serves to eliminate the singularities
or resonance effects which would otherwise occur in the
output power spectrum. These singularities occur at the
cutoff frequencies and become dense at higher modes, thereby
completely dominating the output power spectral behavior.
The introduction of dissipation eliminates these singular-
ities and smears out the neighboring peaks so that the
resulting output power spectrum should be well-behaved.

The next section (III) then relates the aforementioned
eddy viscosity to actual dissipation losses experienced by
waves propagating in a turbulent medium. This is carried
out in two w%¥§; first by means of a perturbation technique
of J. Keller for waves propagating in a medium with ran-~
domly variable index of refraction, and second by means of
scattering losses in a single-scattering treatment of waves
in a random medium. The second method is carried out by
integrating over-all scattering angles the single-scattering
cross~-section corresponding first to fluctuations in density
and sound speed in the background medium and, next, to
velocity fluctuations in the background medium. These
scattering cross sections are due to the work of Batchelor
The results from the two appraoches are shown to agree in
the scalar-fluctuating case where the background fluctuations
are the same. They give a wave-number dependence to the eddy
viscosity, involving the energy spectrum of the background
fluctuations at all wave numbers less than twice the incident
wave number. The method of incorporating these results into
the Green's function for radiated pressure is developed at
the end of Section 1II,

(2)

Section IV develops the space-time correlation function
for the normal component of the turbulent inflow velocity
fluctuations, assuming an isotropic, frozen turbulent inflow
velocity correlation tensor. The normal-velocity correlation

R,y 1is derived for distinct times and distinct points on

a single blade or on two different blades. The derivation is
performed admitting radially varying blade twist angle,.



Then the last two sections V and VI are aimed at develop-
ing an insight into the qualitative behavior of the blade
force fluctuation correlations in terms of the normal velocity
correlation developed in Section 1V, Section V derives
simplified approximate expressions for R;; in terms of three

components of the distance function in the case of zero or
small radial variation of blade twist angle. Then Section VI
utilizes these results to infer the temporal stationarity

of the blade-force fluctuations, the homogeneity with respect
to blade number, and the inhomogeneity with respect to radius.
These conclusions should then serve as the basis for subse-
quent developments of output power spectra for radiated
pressure. :



I1I, INTRODUCTION OF DISSIPATION INTO ANALYSIS OF ACOUSTIC
FIELD

We consider the linearized (acoustic) compressible flow
equations for an annular domain in the presence of a uniform

flow U, in the axial (x) direction, a force distribution
f; (per unit volume), and a dissipation in the form of a
simple eddy viscosity ), . Later the eddy viscosity will

be considered in detail and made wave-number dependent. e
retain the simple density-pressure relation

O(P - quldg‘) 1)

despite the presence of dissipation.

The linearized equations are then as follows:

D¢ + £, V& =0 (2)
$. Dut + 0. = S Vo AR ‘“‘QE, (3)
xl
= )L Ma-}—-
where D & + X (4)

Then, eliminating u® and $ , we find the following
equation for the pressure perturbation p:

(“M:)?xx ¥ Pyy ¥ Pez — Py - M, Pyt
Qg Ao

—
T U A DP =Y ‘(:' (5)
E;} ,



We then introduce the cylinder functions

‘v _=,Q (/MM ) (6)

which are linear combinations of J (/Am r) -and Y ;(mq r)
such that the normal (radial) derivative vanishes at both
inner (rj,) and outer (rout) radii of the annulus. Further,
we normalize such that

Vouk

m‘r me (v) (v—)c(v- = ‘ - | @

The Rm then constitute an orthonormal system with
respect to weighting function r, over the domain (rin,

rout)‘
Next we operate on eq. (5) with the operator,

, T
e M dx ““Jmf— & 'M&cle r R, 1((v) d

-_w y
(&5 8] -

(8)

and define 5hd ($juo)_ as |
e s A~ Vout—

| -|7\ ""M i t"
plx,ret)e e g/dc{xdtdedw

(9)



The result of this operation is as follows:

’-VI~Mf)' -lL: Pmeq +0* 5 M2
P Ty Moy Py - oy 2t P
+%_ (-',\Z_JAM;)( (e Uo E2) Ny F
zir Voal ‘
Cl?‘o JL’ d, dv, i”"e__me“eiwh
00 T ) (¢] v,

1a

Y, R“P(VJ Y- ﬁ(xuv.vwc.l:c,>

(10)

_-)
Now we recognize that f has only axial and torque

components f_, f, , respectively, and we perform the inte-
gration on the right hand side of eq. (10) by parts with

respect to X, and © The. right hand side then becomes

L O O Y

{ iAbEv Fim %

(xe Ve @, to) (11)
L /

With the geometry as shown in Fig. 1 and with light loading,
the resultant force f is closely normal to the blade. Hence

g;x = 'Q_S'W\ E(Y‘)
i

¥

o = gcosi(v) (12)



where € (r) is the local blade twist angle. Then the
bracketed term in eq. (11) takes the form

| { )S = {'[Yu,v"o,.(i,‘{'u.) {I AV, S £(v) Fimecos E(.VQ))
| (13)

In the absence of the dissipation term, we can write the
left-hand side of eq. (10) in the form

~(1-m )( ) AN Ao ) e

where A, A\, are the roots of

(1-m0) a2 +—/1AH _c_d_ FAMON =0

Q
or
Ao oTMeR k \[’“f%m F-m[E -MH;)
(I=mc")

i
|
x
¢
it
I+
-

( l‘ Mpz.) : (15)

Then p would result from the four-fold'inversion of expression
(11) divided by (14). That is, in the nondissipative case,

I

6



37,
(1|T) ("MOL) Mm=-00 =i -0 - 00

-\’)()i,f,(‘},{’?)[: . Z Z &‘l“) \AA X‘“‘o

e(x (x-—xJ 6_’,["'“ (6-0-) RM‘V(VV) RM*L(V)

§—<X°' Ve, G"/h) <)‘_}\‘)~\ (>\~ %L).-l

(U\\Fv Sme(v.) +imcos €(\u)>
(16)

Now if the integration with respect to N\ is carried
out by residues, it is clear that the difference forms

wt z ]
(N=xe)= A & = Ay (-n)
(1- Mu") (17)

will occur in the denominator for each w,m,q.



For each combination m,q the value W = of w

which annihilates the radicand in (17) is the well-known
cut-off frequency which separates propagation from non-
propagation of the m,q mode. These Zeros a>mq become
extremely dense as m and q get large. Furthermore,
when we proceed to form power spectra of pressure p, the
cross terms (involving ml,mz,ql,qz) are integrable with
respect to W , but the self-terms are not integrable.
Instead, they lead to infinities or resonances in the output
or response power spectrum. These resonances become so dense

at large m and q that they completely dominate any output
power spectral considerations.

It is for this reason that the dissipation ( Jr )
term is introduced. With the dissipation included, we expect
that these resonances, which occur at the cut-off frequencies

W pq, Will be rounded off and, for large m,q smeared to-
gether, leading to a finite, continuous output power spectrum,
Moreover, since the origin of the blade fluctuation forces
is presumed to arise from the turbulent character of the
inflow to the blade row, therefore it is consistent to assume
that the dissipation should be of a turbulent character,

and )Jr is to be considered in the sense of an eddy viscosity.
Subsequently, V, will be related directly to the dissipa=
tion experienced by acoustic waves in a turbulent medium and
will be given wave-number dependence. For the present,
however, we treat Y, as a parameter and return to the full
expression (eq. 10) for evaluation of the poles in the A
plane in the presence of nonzero Vr .

Now the full equation for the roots of A 1is as follows:

(I-M})Al "f"/MMI/L - E—L + M) A

c(—ﬂ’L . Clo

- Ov‘bhx)(ﬁ+%w;)':o
G "

(18)



As it stands this is a cubic in A . However, we make use
of the fact that the dissipation ), is small and that the
only places where ). plays any significant role are at
the cut-off points (or singularities in the nondissipative
spectrum). Thus we solve eq. (18) for two roots

as follows:

We treat the %— term as a small correction to the
quadratic equation for A and lump it in with the constant
terms, giving A (where ever it appears in this term)
its nondissipative cut-off value, since these are the only
points where this term matters. This may be formalized
somewhat as follows: Consider the generic equation for A/

ax £ by +c ¥ FG) =0 (19)

where f( AN) is any regular nonlinear function of A .
Assume Y; is small and expand A in powers of M .
(Actually, this should all be done in dimensionless form,
but the argument would proceed in the same fashion.)

A= 2o + Vo, + v;l N, + -~

(20)
Then the nondissipative roots are
~b + Vb dac
Mey, = T G
P SN ZC\
(21)

And the first order (in Vr ) corrections are given by



Lo Ny he, + b Ay, FFGG) =0

or

/\(,)I = = g’ (/\(o),?_) = ¥ (' ()‘@1. )
2 ~ ==
2 G A(‘,,,L F | W’?_“‘C’ (22)

Then

\ ~ ‘l)‘tJLL—-;\—CxC - lc\V‘-L(-%(o)i)

,i&

(h?

'\/. Lf'-’ bec — HaVr 40@):)

VAN

(23)

We see that the Yt term enters just as it would if it were
lumped with the ¢ term and given the argument )‘(o)° ‘Now
we simply give A(o) its values at cut-off inside the function

£C A (09 since these are the only points where the Y term
enters signlficantly.

10



e b s e s F(2)

P

2.0

(24)
ithen we apply this recipe to eq. (18) we find
N E ML [/\cf-(i/w)/»iL —at -yt
'7.- - o~_—u —\ Hi/ fn:_.& T ('\J)
.(:—Mf) | - (25)

where

v ) ' o
v : "M, qu({ “'Mz A
(27)

and the radiéand combines into the form

Wt - (j-mr T yaTR? M, o
a_“l ' (l M )/uu;/ P,lfﬂng" (/umy"'_ Qol(l-Mcl)’-)

(28)

11



Thus our final expression for the roots X.,N;. becomes

VI Sl MC I S (WL ROV IS, " e i
e S 0 A G oy

(1-m>)
(29)

And, at cut-off Q)=1?Q%if_the difference (X.' A,,) becones

L

[ e )

=M. (Ao
(30)

Since A.XL are always complex, one of them will be in the.
upper half plane and the other will be in the lower half
plane. In order to avoid confusion we simply call the =

upper root A up 2nd the lower, Ao-

Note that the form (29) makes it easy to locate A,
and N\, in the upper or lower half planes, depending upon
the value of @ . 1In fact, this form, in the limit ), -o*

prdvides the best way (from a physical standpoint) to
evaluate the pole-locations with respect to the real A axis
in any residue calculations for the nondissipatlve case.

‘Then we may wrlte the expression for the radlated N
pressure field (See eq. 10) in the form

12



174
<o w W o

P(X'V'Q'JH: L Z Z golw %617\ &({{'o

Gm?(i-m2)

M= - cI:.l - ) oo L e
T o0 Vout
\ C{ 6, Cl X o O( Ve ‘g (xu)v\oleu,{-o 7
o — v

(e M) (HOX) S G0 ) + H XS 61,)

Qm(e -6.) —u..)“‘ l—)\ Pa(x- x%) r\)m‘/ ‘)

MT(V) ()\V‘ Sn¢ (Vg) + W CoS 5(\&,) )

(31)
Here, the notation
g d » (H (x-Xx.) %.(A‘Pu[,') F HOex) S(,\~P\,‘,)>
A=-w i ‘ .

is used to signify that all terms involving ) are evaluated

X > K,
at ( A= Nap , when 7K respectively.
= Mg X< Ky

If we concentrate the blade forces onto rotating lift-
ing lines located in the plane Xx, = 0, then

13



N

{ .(xu,vz.,.e., 2 L (vt ) 6k, )

+ E(e, Y ~.~fLJ°o)'

©

(32)
where (ro,to) is the (radius-and time-dependent) force
per: unit span on the J th plade and N is the number of
blades. Then eq. (31) takes the form ’ i Q

""\

O(X,v,er,{‘) = L Z Z_, \ \.d/\ Kflh

( }(I‘M ) w_w?;‘y:

- ~w —0

ot B R
SA% \L(\r F)(,\ )\

(L((x)S(,\-x“‘,) - be)s(’\‘/\uu]) PR

QTI--‘J (-f‘-f-g) [W\(é‘ at, ~ L.lI.Z)

R.. -( i?M (v. ) (wosm €(ve
AL ")

| 4—McoS€(\rL ) o .- (83).

14




Here )\ up 2nd A, are simply computed from the A, A
of eq. (29), depending upon which lies in the (upper, lower)
half plane of complex A . -

15



COMPUTATION OF WAVE-NUMBER DEPENDENCE OF DISSIPATION
OR EDDY. VISCOSITY .

1f we consider plane waves propagating at frequency
in a quiescent (Ug = 0) free field, in the presence of a

simple eddy viscosity J; , we find for an "incident" =
(referring to eq. (5) with U,=0, f = 0)

I1I1.

wave Po e_'“"‘ wt)

(.—_[(" AN '_V_:L L‘LLL\)> Po =0
o Aq
“ | (34)

or
K™ = wz/qol =z ot ('«}- (o ")
— Qu Q.
- (w Ve °
' aa”
W 35
for 2}1' L. <<‘ ( )
Qo
Hence

where k T _ ot
: o w”
Qo

(36)

Hence the wave amplitude exhibits an exponential attenuation
as it propagates in the direction of positive x. This is

of the form,.

LG, (37)

16



Now J. Keller(l) considers a wave propagating in a
random medium whose scalar index of refraction is given by
the expression

(I+Z_/A L/AL) | (38)

Here is a centered random isotropic process with M con-
sidered small relative to unity,and only weakly time-dependent
relative to the time dependence (Wt) in the “incident signal."™
He f£inds that the medium can be characterized in terms of

an effective wave number k which is complex. Moreover, the
imaginary part of k is shown to be given by

2k,
ki = ) kgt | L ()
) ke iyl G, (k) dk

(39)

where {p2> is the mean square value or intensity of A{ ,

and qj is its power spectrum, and isotropy is assumed
for/u/4.
B o
: . ; - -
(k) = MY T SMAT) v rsv)d
élu (21) . / |
.Z"S»
- 0 L Ky —>
e <J Sr

(40)

Translating Keller's Lu1into“an equivalent eddy viscosity,
via eq. (36) leads to

17



2k,

) = 7_olx([< = (-L'[T)Lae {pty k' ¢ (k')c“/\‘
. »

4 (41)

Thus we find an equivalent eddy viscosity which de-
pends upon the power spectrum of the random index of refrac-
tion at all wave numbers less than tw1ce that of the undis-
torted incident wave.

Now G.,K.'Batchelor(z) considers single or Born
scattering of an incident -plane wave in a medium with ran-
dom fluctuations in density and sound speed. If we temp-
orarily supress the actual relationship between

(33 and  _°2 and consider only the random fluctuation 7~

Se g 20 :
in sound-speed, Batchelor's result can be interpreted as follows:
For a stochastic system satisfying the equation,

(42)
with gay& g1ven as a centered random process, an incident

wave ‘(k °JE) gives rise to a Bogg or single scattering
cross section q‘({) , in the direction | , equal to

0‘.(,(-’) = 2T kf@?_c\( ko=l A) &Yy .

Here (43) -
{ is a unit vector,

.Qi is the power spectrum of the fluctuations ELﬁ
bvéa s T S o Ao

18



-
and F{l) is the scattered energy flux per unit volume per

unit solid angle-at direction zb , normalized by the incident
energy flux per unit area.

Thus, since only the 71/4 term in Keller's index of re-
fraction (38) contributed to Kim (39), we should find a closely
related expression derivable from cr(f) (43) with Batchelor's

@hsc‘/(w . playing the same role as Keller's @/u

The relation is Qerived as follows: The integral over
the unit sphere of o“/f)
\/

*

1= S ( ()40 - (44)

gives the energy scattered out in all directions, per unit
volume, per unit incident energy flux. Thus we have an energy
transport equation for the energy flux S . :

AJ ':‘Iﬁ
d x
- T
s=s e °*
1nc
(45)
But
| {(kx-wt) —i(kx-t)
S & e.
- e“lk'"“x (46)

19



Therefore we should find

- T ([ 07

=g U
\ TB=p Y=o
CF (2l/€m9) sme do c(cp

6\0 .

(47)

where we now assume; as did Keller ’ t‘hat (ﬁs / is isotropic

and thus depends only on }lio - k ,( [_ 2k sing . Here &
_1s the angle between -incident and scattering dlrections i

k and ,( ’

Integratlng (47) w1th respect to L( and letting

2k,sin & = K , We find .
Z :

zk |
kfm = <(S—q)2>(ln')1k‘4. @ (k) (lk ZQM—QC@S(’

) S C‘o c>_
k'so k ‘
(48)
or 2[(
=¢ .S__E‘Z T L
DL (g, ) i
k'=0 " (49)

20



And this agrees exactly with Keller's result (39), with

.§ii playing the role of Keller's /u. .
2o

Now Batchelor(z) shows the relation between fluctuations
in sound speed and those in density,

280 = =~ 3¢
QC fo

(50)

and gives a more complete form of the stochastic wave equation
(42) which includes both effects simultaneously. The net
result, after invoking single scattering, is to modify the

scattering cross section a-(iv from the relation given by
(43) to the following:

(0= Tl <(8) cosio § (k-kd)
2 © sy
Fo
(51)
The angle © is, as before, the angle between .E; and .?;. The

spectrum dyﬁ?? is now that of the relative density variation.

Repeating the preceding development for this new scattering
cross section and again invoking isotropy, we find

21



LT

@-‘() (F =0 ?‘,

(52)

Hence, finally, the equivalent eddy viscosity for isotropic
fluctuations in density, with related fluctuations in sound

speed, is given by

o .Lke
Vo= 2k, = () amt( k'@ (K
o (%)) So @gj )
o S
2.
(l—_k_k‘z)lclk'

(53)
22



And again, in this more complete case, the effective eddy

viscosity depends on the power spectrum of Sbﬁ, for all
wave numbers less than twice that (ko) of the incident wave.

The relation (53) for a wave-number dependent equivalent
eddy viscosity holds for fluctuations in the related scalars,
density and sound speed, in the background turbulent medium.

A similar, but more complex treatment can be given for the
single scattering approximation 28 fluctuation-velocity-
induced dissipation. Batchelor ) also treats this case and
arrives at a scattering cross section

s
G‘(X ) given by (in our notation)

- - ! N - s
qc”—
(54)
where the notation is as before, with the additional quantities

mean square fluctuation velocity (in one direc-
tion)

]

vy
¢

. fluctuation velocity power spectral tensor
L)

-
We integrate (- over the unit sphere (over { ) as pre-

viously, to find L for an isotropic velocity fluctuation field
in the following sequence of steps:

23



t

= E[zk.s:n%)

4T kY (55)

Here E(k) is the normalized energy spectrum. Then

k(j; kg @ij (E’o - kQT ) is given by

ICLSLLY S SRR A A 1)

¢ (tk,smg)*

(A

E (2 k.sin ‘-_j) (@ku%m%)
+ (2kosing)*

k>

l&f- - (.k} - Lc,‘ZCog (7)1)

- (@kusin%)Lk} ~ (2 Lc.,szl{z”)L)

4-'rr(7.{<‘,5m%)' '

k! E(1kesing) (' B SML%>

$ (Lk,,sfvxg )2‘

(56)

- 24



Thus

. LI
l— = 21 <V'L) k‘ﬁ' g o[ gvl@ SMGCOS (}COS—-— E[zL Smé)
417 al .y (2 ko sing )’

2k, |
= [2m) < v >l< (JL t(k)zsm‘—’cosfz(r stfr)‘

AT a,t
)d (k) , Cos &
z
2k,
3 o L 2 2
_ 2 ' oy Kk i-,l£.)'~l<‘1
| W(VIP L(u C‘l(l E(L\Z ke ( ¢l 2 (’ ET(,_-,".)
A4, ([()
o
(57)
Then using
) oI
k... * (47)
and
Y. = 20.K., - a,T (58)
kl. k'L ’



we find, for the equivalent eddy viscosity resulting from
velocity-induced (single) scattering losses,

VT: Ti:) E_(L:L:_) (l‘ f:})('— ‘L—:z )LC“/\:
o
(59)

Thus, once again, we have an equivalent eddy viscosity )
dependent upon the energy spectrum of the background fluctuations
(in velocity, for the present case) for all wave numbers up to
twice the incident wave number,

- The actual eddy viscosity to be used in our expressions
(e.g. eq. 29) for A should include both contributions (59)
and (53). 1f coupling exists between scalar $y/p_and vector
$& fluctuations, then there should also be cross spectraliterms
in Vr . However under isotropic assumptions if we invoke

an additional assumption of nearly solenoidal velocity fluctua-
tions, then velocity fluctuations are uncorrelated with scalar
fluctuations

(sgsay =0 (60)

We invoke this approximation herein and merely add the contribu-
tions (53) and(59) to Vr .

The foregoing has been developed for a quiescent free field.

To find the value of k, appropriate for our application (eq.
29) we proceed as follows: First in fluid-fixed coordinates
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(S,’L,},li) the frequency &, is related to that 2 in our
(casing~fixed) (xyzt) coordinate system by the equations,

X= §<Fuot
A
%<=‘§
F=T
(61)
Therefore we have the equivalence,
Ckewt) g R AULT —eoT
o _ et(xg AT -0 )
(62)
Hence the relation between Ul,and W is simply,
W= wW-rU, (63)
and
\KO = L:‘__)O = (’_Q - ‘I\ Md
Qo Qo (64)
At cut-off
A——_ - MU\)/C\Q .
I~mr (65)
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and

/e

l"MoL (66)

This, or rather its absolute value, is the value of k, to be
used in applying eqs. (53) and (59) to the evaluation of ),

M or ) yp and >~1° (eq. 29).

This result can be shown in a different manner. Our wave
functions are of the form

]

Fee RMP(V) (67)

in transverse (y,z) or (r,éa)iplanes. These satisfy an equation
of the form

*Y\rv-.'-%’)b"‘ a ;‘u Y&O +//(w;z’y =0 (68)

or

A +/t{,.1; ¥=0

(69) -

Thus our three dimensional modes or wave forms

G=ve™

(70)
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satisfy the equation
2
Dyyr O == Mgt 9 N
(71)

Hence each of the modes, from which our pressure expression
is synthesized, bas a wave number k, satisfying

lﬂ,z = )\L JI—/L(WLL , (72)

But, from the first of egs. (15) we have, (in the nondissipative
case) '

(73)

This agrees with our expression (64) for the value k, to be
used in evaluating ﬂr .
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1Vv. CORRELATION R, ; FOR BLADE-NORMAL VELOCITY FLUCTUATIONS

In forming output power spectra or related quantities
from the expressions developed in sections II and III, it will
be necessary to have available the space-time correlation of
the forces '

S:’,- (v.t,) , ij (vl”cl)

b2

on blades M ,

tl,tz, respectively. In order to perform an actual computation
of such correlations it would be necessary to invert the inte-
gral equation for three-dimensional, nonsteady compressible
cascade aerodynamics under sinusoidal gust entry conditions.
Since this is beyond the present state of the art, we proceed

as follows: First, in the present section, we compute the
space~time correlation R,; for blade-normal velocity compo-
nents U, on one blade or on two distinct blades. Then, since
the blade force fluctuations are induced by the inflow normal
velocity fluctuations, we use the results for R,, , or simplified
approximations thereto, to infer certain facts about the ex-
pected general behavior of the required blade force correlations.

Z~ at radii ry,r, and at time instants

We refer to the blade-row geometry as illustrated in
Fig. 1, and develop the correlation R,, in terms of the
velocity correlation tensor Rii of the inflow. Moreover, we
o

assume thatthe inflow correlation temnsor is isotropic in fluid-
fixed coordinates and frozen in casing-fixed and blade-fixed

coordinates. This means that, in(f%uid—fixed coordinates
3
(§’1’}/T) ’ Rij is given by

Ry = (Hp-9@®) 55, + 9080 S

) —

f’L

with § = {(ﬁ”‘go)L *’(Y‘To)L + (S'Sb)z_

S S S TR b I

(74)
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is considered normalized, so that f and g are dimensionless,
%h unit values at g-

o) = ‘3(0):

(75)

Now

(76)

and thus for the V th blade lifting line located in the
plane x = O,

Ut |
vl:: \/‘: Y‘Cog(-Qf'f—Z?TV/,\))

o
}

S = F = Y"S"IVI(—(L{' T‘?-ﬂ_l//N)

T="tT

(77)

Therefore, for two blades H )Q and two different times
tl,tz and radii ry,ro, we find the following:

- - uu tA
S) = i, - V‘,'_CL (78)
V| Si - TL s-L
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where

[5) = (S2)(=hrmh)

Also

P = Hgl = Ufjcdl FViEvn -2 nVcosa
| | ' (80)

where

A=k + 1#!& ‘ (81)
N
From Fig, i the normal fluctuation velocity component uy
can be expressed as follows: .
U, = Uesim€ + Uy cose cos (2 t+amV/n)
~ Uy €os € Sin (at+ary/N)

= W SIME COSELLucosLQF+Zﬂ77N)

- Uy sin (& + 2T |

(82)
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where

g=g(v) = blade local twist angle as
defined by reference to Fig. 1.

Since we are going to form a second order correlation and since
(ux,uy,uz) have zero mean values, therefore, it is unnecessary
to correct for mean velocities .t and U,.

Now we form R,, from eg. {82) evaluated at (rl,tl) on
blade V; and at (rp,ty) on blade ).

SV R,L = <‘v‘l7{ Ry SMESME, +caSE (oSE, (12,'3 C, C,

+ Qz?.SnS;_"R%ZCnSL'RlS Cﬁ;)
}F Sm <, Co5€, (I'Z,S Cz“R(LSL)
F SmMé&, Cos €, (Riic' “'?usl) i

(83)

-3
Here the Rij are given by (74) with § and § as given by (78)

and (80), respectively. (v”} is the (unidirectional) mean
square velocity fluctuation.
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Thus

Ry = (Fsi-9G1) wibtd o q0p)
\SJ

(@/9 (va-ne)t Foq(p)
‘fl

R33 :- ({'(S")_‘j(f)) [V:S.“VLS},)’- + C‘S(g’ )
, (&

R-L = l?u = ("(f)'ﬁj(f'))(-’uu{'d)(vn C.“VLCL)

y T

§

Ry =Ry = (Fp)- ﬁ(f))(—uoh)(r. SiTVSe)
f?.

Ry = Ryy = (F6)-9(9)) (ncivice ) (s, —1use)
| =

(84)

Inserting the relations (84) into (83) we find

R--‘--L = ‘3(§){SIV\ E‘S(V\ €2t CosAA CLos €, Cos 67_‘%

F (F(e1-9(9))
f?.

- ) 2
3 SME Sin ELMLZ{'A t V.rzmse.cosézsmz/l

- Y,_uo{"({ S ELCoSE Sin A

(85)
~v, Ueby CoSELSME, SmL\l3
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where £ and A are given in eqs. (80) and (81). For zero
or small twist variation

Elv) =€, =€, =&
(86)

and

. ’ oL
+ ((‘“}) (S’lv\zi U. f‘dz f—c.u§2£ V. V‘ZSW\zA
g‘l.
- SIMg CoS € Sima Mu(.‘cl (v.1~r,_))

(87)
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V. SIMPLIFIED OR APPROXIMATE FORMS FOR R,
Utilizing the notion

(\d = (), -(),
(Jw =L0),rC),
() = () + {;( )
C)y = () =4 ()4
@
we may rewrite eq. (80) for sz in the form
p= uf'{—dz F vyt o+ v (i—cesA)
= U v b (nergt)sina
4- Va (89)

If we assume that . f(?‘) g( 9 ) decay sufficiently fast with

f that we may neglect terms in pz of higher than second order

in difference quantities ( )d, then we may approximate fL by
the expression,

~ 2 .
S’L = Mc'z{'d + rqz + 4—’;\,\2'5‘&“?_43
T

~ v
= U h(z + V‘dl- F v tat

(90)
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lso the constant- & form (87) for R,; can be approximated

by

RJ__L =¥ 3[5’) +- i(?)"cs f") (S'H\Ig uazk{l -‘-COSIQ fngimzﬂ
S:'l.

~LSMmECosSE uufaYk>

~ ' 2
2 ql) + K90 Cukcme F Vi cosgsma)
f \
~ . Y g0 ( : , ~
- (3{?) 4~ F/S’)"f) f’) (.-(,IU{;—dS”h«f +cosS € rh.{,\)
| I
(91)
Now we can decompose 3? into 3 components, §1, 'f“ , and f;
as follows:
= (v-n Y= v (raatan)
. (A
PJ. = ('"Uu{'d'gfﬂ£+2_\/m$m§_(a8‘£)
= (blade~normal)
g (" uoE{SMﬁ + Ve ACeSE )L
(92)
2
?“ = (-~ Ug{-d CoSE — LV $ A sim E‘)
z {(chordwise)

2
= (*MQ,L({COSE -VMA_L':;W\E;)
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Then j?z, as given by approximation (92) is equal to

A A
(93)
and
Ry, & 3(5)') + ('“5")"3(9))2&&
fz
= 6/97(9dlf?a.l) v fLop) .
S>‘2_ fl
(94)
For solenoidal veloéity fluctuations,(3)
gl9)= gF'e)  + Fos)
= (95)
Hence, in this case
= ‘ yo9 O£ — ?LZ
R.LY.L* \;'(f) 1;?)(1 ‘FZ_)
_ by L 5 2y
' {-9) - {"_Zfﬂ (Fuf'?d)
(96)



For example, if f(j’) is approximately expressible by

$p) - o

(97)
and if the condition (95) is met,
Then
_P/ d 2 e
R,z e (i~ Suts )
ij\_ (98)

where A  is the integral scale for f. The correlation

-9/
o f/2 leads to a k™2 type power law in the power spectrum

E(k) and hence is not a bad approximation in the universal
equilibrium range where k'5/3 is the correct dependence. The
simple exponential fails at 5’ = 0 where it has a discontinuous
slope.
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VI. INFERRED BEHAVIOR OF BLADE FORCE CORRELATIONS

In accordance with the plan outlined at the start of
Section IV, we use the simplified forms of R,; developed in
Section V to infer something about the general behavior of the
blade~force correlation in the absence of a full inversion of
the integral equation for three-dimensional sinusoidal gust
entry for a cascade in subsonic compressible flow.

We define the normalized correlation ¥ as follows

( L}’; (V'uh) s:l-/-,_(v-?-; ‘:L)> = < (- (V.)) L< F(V")>l/’- .
Flo, v, v,V 0 )

(99)

The forms given in eq. (94), together with the definitionmns
(92) of' §, ¢_ and §; , are the most suggestive for purposes
of inferring the general behavior.of ¥ . First ¥ should
obviously depend on rj and rg through both ry and ry, since @
and §;, exhibit this. behavior. Second, ¥ should depend on
t1 and tg only through tys since t enters nowhere in f

or R,; and since the boundary- value problem for the nonsteady
blade pressure distribution is invariant under translation in
time. Thus ¥ is stationary (independent of t ). Finally, W
should depend on blade numbers ){ and ), only through the
difference J/ , Since only Mi (and not LQ ) enters into
R.j (through /A ) and since the boundary value problem for
pressure is also invariant under translation in & . Hence
we expect

Y= Yl v, a, (-Uet)

(100)

and A , in turn, depends on )Q and f, . Thus % should be
~ statiopnary in time and homogeneous in blade number, but not inmn
radius..
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In order to invoke the best available estimate of
a wave-number dependent transfer function between upwash
and blade lift per unit span, we revert temporarily to

a two-dimensional cascade geometry and utilize thesingle-
wing transfer function developed by Filota's(4 for airfoil
response in a gusty atmosphere, together with the_inter-
blade cascade effects developed by Lane Friedman(%) for
subsonic compressible oscillatory aerodynamics. The
Filotas analysis treats three dimensional sinusoidal gust
entry in terms of the effective inflow wave number ampli-
tude and direction., The resulting transfer function
relates 1lift per unit span to upwash as follows:

Litt__ _ ame b, U w(oo00,t)T

unit span

Here v\/(é,o,'o,i:) is theinflow upwash at midchord at time t.
Then T is given as

| . ﬂ.ﬁ(H-%CoSﬁ)
~ k.b, (S'"P '+ 2k, b(1+Lcosp) )

T = (l ‘-. T ke lo,, (_H— SM"(% + ko E,Cos(s).)v"

(101)

Here k, is the-magnitude of the blade-plane component of
ipflow turbulent (Fourier compoqint),wave-number vector

ko and @ is the angle between k0 and the blade mid-=chord
line, If we express the turbulent inflow velocity

U (X) in the usual Fourier-Stieltjes form
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Wiz = ([ R dE @)
. (102)

. , i/ -
then for each Fourier component, J Z,(k ) , ko is given by

-2 -—

ko = k -~ N(RR)

(103)

-2 ’ :
where N is the unit normal to_ihe blade plane, Then the
angle @. is the angle between k, and the blade mid-chord
line, »

The interblade dependence of the transfer function
may then be estimated by use of the oscillatory aerodynamic

influence coefficients developed by Lane and‘Friedman(s)
using an interblade phase lag angle ¢~ which is expressible

as
-

0= E'X

(104)

- .
Here X is the vector from the mid-chord point in the nth

blade to the mid-chord point on the (n+1)th blade, in a
plane normal to the blade mid-chord lines,

In this way the best available estimate of wave=-
number dependence and blade-to-blade influence can be
incorporated into the blade force correlations (or the power
spectrum thereof) for use in subsequent radiated-field
power spectral estimates.,
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