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NOTATION
x € A means that x is a member of the set A.
A =?B mecans that A implies B.

{x|x has property n} denotes the sét of all x buch that x has
property A.

G:A * B mecans that the operator (or function) G maps the set A into.

_thc set B.
% denotes {%?;
_Re z denotes.the real pﬁrt of the complex number z.
Im 2 denotes the imaginary part of z.
X < @ ﬁeans-that x is finite. ‘
x{t) = a méans thaﬁ,x(t) = a for all t.
jim x(t) = a , or- x(t)'4 a as t > @ ' means that for all n > O there

is a T such that-lx(t)-a|<n
for all t 2 T.

Ut X denotes the supremum (or least upper bouhd) of the-set of
A numbers A, i.e. the least number y such that x ¢ y for all x € A.

il x denotes the infimum (or greatest lower bound) of the set of
%A ‘numbers A, i.e. the greatest number z such that x > z for all.
. X'€ A.

ttp € is the function on the real line defined by

{(~a,b) ‘-;1‘, ‘¢ < 0
stp 0=0, o= 0
(-a,b) (b, o> 0o .

fe-l 7 is the function defined by

f=a,b) Sod 0. = O stp. O.
(-a,b) (-a,b)

¢ denotes the set of all real numbers.
I 2R ’ ' . ’ o S

~denotes the set of -all mxn real matrices.
- .

-4

denotes the set of all n-dimensional real vectors.

A rar e ) ) . -
P{Iix 15 denoted A, a column- or row-vector is denoted b.
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ON THE ALGEBRAIC STRUCTURE OF BILINEAR SYSTEMS
Roger W. Brockett

Harvard University
. Cambridge, Massachusetts

— Abstract

T 4 Preliminéfy Ideas—-

= .

DATR MISS/N G-

Following a general theme in the mathematical theory
of model building, our concern here is with the relation-
ship between external (often emperical) .descriptions of
dynamic system, and internal (for us a description in terms

‘of differential equations) descriptions of the model. We

refer to the latter as a realization of an input-output
system. The system itself is thought of as a collection
of input-output pairs.

*This work was supported in part by the U.S. Office of
Naval Research under the Joint Services Electronics Pro-
gram by Contract N00014~67-A-0298-0006 and by the National
Aeronautics and Space Administration under Grant NGR 22-

007-172.



We want to describe a theory which is general enough
to treat systems of the form -

x(t) = (A+ Z u, (£)B )x(t)+ Z u ()b, 5 () = elx(t)]

where A and Bl are square mat1iccs, the by are colunn )
vectors and c¢[x] is a finite power series. This departure
from lincar systems, 1.e. systems for which the u, (t)B/
.terms are absent, and c¢ is lincar, is justified on the
grounds that a number of practical control problems can
only be modelled successfully if the multiplicative control
and output nonlinearity are present. The reasons for this

i By e

o e oy . - = = T 5 5

Dora MisS/NG

s s A st i i,
e o S @ i A

For bilinear models thc tools of linear algebra are no
longer enough. There is a simple explanation of this fact.
In order to decompose the system equations as completely as
possible, it is necessary to develop canonical forms for a
set of matrices which admit both linear onerations and a
type of multiplication. A form which is convenient relative
to the vector space structure of the set of matrices
typically is not well behaved relative to the multiplicative
structure and conversely. To sort this all out requires
more than just linecar algebra. For reasons having to do
with controllability, the useful multiplication rule is
[A,B] = AB-BA. The study of bilinear systems is intimately
connected, therefore with the study of sets of matrices
which are closed under vector space operation and also the:
above multiplication. These objects form Lie algebras and
if we are to make reasonable progress in understanding bi-
linear systems, this theory cannot be avoided.



Examples leading to bilinear constraints include
those where energy is to be conserved. If x must satisfy

x'Qx = 1

then we may model a controlled system by

m
x(t) = (A+ J u, (£)B)x(t)
; 1=1
where QA + A'Q = 0 and QB + BiQ = 0.

Higher order constraints can also be accommodated. Let
Vl,VZ,...,Vr and W be vector spaces over the same field.
A map
o1 V) XV, x L. xV_>W
is called multilinear if it satisfies, for all a and B in
the field and all i = 1,2,...r.

) '
¢(v1,v2,...,avi+6vi,...,vr_1,Vr)

v)

= q¢(vl,y2,...,vi,...,vr_l,vr)+8¢(vl,v2,...,vi,...,vr_l, a
Given a multilinear form ¢ : RV x R x ... x R™ R,
suppose the constraint to be satisfied by x is '

(X, Xyeen,x) = 1

Let the equations of motion be
. m o
x(t) = (A+ ) u (£)B,)x(t)
1=1 i i

This imposes the conditions on A and Bi

L(AX,X, .. e X)+L(X,AX, 0 o X)+oo o HL (X, %, . 4 AX) = 0
L(Bix,x,...x) + L(x,Bix,...x)+...+L(x,x,...Bix) = 0

Specific instances which require both the additive and
the multiplicative terms have been given in the literature
[1]. One large class of problems of this type arise in the
study of switched electrical networks, examples of which
appear in [2] and [3]. The bilinear form is of basic
importance in certain problems having a geometrical com-
ponent due to the Frenet-Serret formulas for curves in a
3-dimensional space.




The Basic Bilinear Model

We want to show that a large class of input-output
models can be reduced to the form
m
k(t) = (a+ ] u (0)B)x(t) ;5 y(t) = Cx(t) (1)
i=1
where x is an n-tuple, y is a q-tuple and A, {B } and C are
matrices of appropriate dimensions.

We begin with a simple observation. (Compare with
[2] section 7 and [3] section 4.)

Theorem 1: Any input-output map which can be realized by a
set of equations of the form
m .
CR(e) = (ak Z ug (8)B)x()+ § u ()b, 5 y(t) = Cx(t)
i=1 ‘
can be realized by a set of equations of the form

z(t) = (F+ Z u ()6 )z(t) 5 y(t) = Hz(t) (1)
: i=1
Proof: Let F and G, be defined by adding a single extra row

and column to A, an Bi respectively

F = [o o] 6, = [o 0 ]
0 A bi Bi
‘Let z and H be given by

z = [i] H = (0, C]

It is immediate that the z—-system defines the same input-
output map as the x-system, ' o

The second result is a little more involved. It
shows that nonlinear output maps can be reduced to linear
forms provided they are of the finite power seriles type.
This is the kind of result that has no counter part in
linear theory and points out the great flexibility inherit
in the bilinear model. The basis for the result is the
observation (which goes all the way back to the thesis of
A.M, Liapunov) is that if x satisfies a linear equation then
x(t)x'(t) satisfies one also. Thus in our case if x satisfies



(I) then (prime denotes transpose)
m . m.
2 x(e)x' (£)=(a+ T u, (£)B)x(t)x' (£)+x(t)x'(t) (A+ ] u (t)B)'
dt 121 i i {=1 i
which 1s an equation of the bilinear type! That is, there

[2] and Bizl

2 .
exist matrices A such that z=(x1,xlx2,xlx3,...

xg,x2x3,...,xi) satisfies

) - m
z(t) = (AIZ] + 7 ui(t)Bizl)z(t)

. i=1
Of course A[2] and B[2] are derived from A and B,, res-

pectively. One can %e more explicit using Kronecker product
relationships and the theory of symmetric tensors [4)}. The
same is true not only for {xixj} but also {xixjxk} etc. as

i3 easily verified. Thus associated with each bilinear
equation is a countable collection of bilinear systems. The
mth entry in this collection being the bilinear equation for
the mth-degree forms in x. It can be taken to be of dimen~
sion equal to the number of linearly independent m-forms in
n variables, i.e. n(n+l)...(n+m-1)/2.3-...m. We indicate
the vector consisting of these forms (ordered lexographic-
ally, for the sake of definiteness) by x!M™J,

Theorem 2: Any input-output map which can be realized in
. the form
m ' : :
x(t)=(A+ ] u, (£)B,)x(t) ; y(t)= E L (x(t),x(t),...,x(t))
=1 1 1 S peL P
where L. 1is a p-linear map can be realized in the form
m .
2(t) = (F+ ] u (£)G,)z(t) ; y(t) = Hz(t)
1=1 i i
Proof: It is clear from the previous remarks that if x
satisfies a bilinear state equation then so does x[m . Thus
we can write an equation of the form
' : ~ m -~
z(t) = [A+ ] u,(t)B,lz(t)
, 1=1 i i
where z is defined by ' .
2' = (x,xlz],...x[q]) :
. - m S "
and [A + Z ui(t)Bi] is given by
i=1 ' '




Aty (B, 0 0 7
(2] (2] -
0 A +ui(t)Di .o 0
| 0 0 A[q]+ui(t)B£ql

Now y is a linear combination of the components of z since
it is multilinear in the .components of x. 0

Example: The reader may verify that the input-output
system defined by

X=u ; y=x

1s represented by

171 [o o o o o o] [1
x o ¢ 1 0 0 O %
dlx|_lu o o o 0o o %
e | 2 0 0 0 0 2 of]|=x
X% 0 u 0 0 o0 1 XX
(2] o o 2.0 o o] %

y=[0 0 0 1 0 0Olx

"~ System Interconnection

We say that two bilinear systems (I) and (I') are
interconnected in parallel to get the single system if we
simply add these outputs. That is, the equations for the
parallel inter-connection are

n

x(t)=(a+ ) u, (£)B,)x(t)

i=1

; y(£) = Cx(t)+Hz(t)
n - A

z(t)=(F+1§1 u, (£)6,)z(t)
Clearly this is defined only if the dimensionality of the



input spaces of I and I' are the same and the dimensionality
of the output spaces of the two systems are the same.

We say that two bilinear systems are interconnected in
series with (I') following (I) if the input to (1') is equated
. to the output of (I) the equations for the series inter-
cohnection are

ol
x(t) = (A+ ] u (£)BX(t)
{=1 .
3 y(t) = Hz(t)

mn
2(t) = (F + Z(Cx)ét)Gi)z(t)
i=1

Clearly a series connection 1is possible 1if the dimension of
the output of the first system equals the dimension of the
input of the second.

Remark: If the serles interconnection of two input-output
systems having bilinear realizations 1is defined then the
system which results from parallel interconnection has a
bilinear realization. If the series connection of a system
having a bilinear realization followed by a system having a
linear realization is defined, then the system which results
from series interconnection has a bilinear realization.

We have not been able to determine if the class of.
bilinear realizations is closed under series inter-
connection. '

The Canonical Form

The existance of the Jordan normal form for a linear
map of A" into A gives rise to the '"diagonal” or "partial
fraction" realization for linear systems. This is important
because in certain senses the Jordan form displays the max-
imum degree dccoupling which 1s possible. We want to des-
cribe the analogous situation for bilinear systems. As
might be expected, the results cannot be based on the tools
of linear algebra alone. : -

In view of the results of section 2, we are content to
congider hence forth systems which have realizations in the
form of equation (I).



We call two realizations

m .
x(t) = (A+ ] u (6)B x(t) ; y(t) = Cx(t) (1)
i i
i=1
"and - | ,
2(t) = (F+ ] u (0)6)x(e) ;5 y(t) = Ha(t) )
i=1 .
equivalent if there exists a nonsingular P such that PAP-1=
F and PBiP"l = G, and et - .

7/
~ We call a realization in the form (I) irreducible if
there is no nonsingular P such that

C i
PAP'1=I:§11 0 ],Pnip'h[‘fil 0 ]
s Ayy A B21 Ba
where Kll and ﬁi are square matrices, all of the same dim-
ension. ~That i§, for no choice of basis is the realization
in block triangular form. Otherwise we call it reducible.
‘A reducible realization is said to be completely reducible
if it can be put in block diagonal form (as opposed to
‘block triangular form) with each block being irreducible.
A realization of the form (I) said to be equivalent to a
triangular realization if there exists a nonsingular P
(possibly complex) such that PAP~1 and PB,P~1 are lower
triangular. (Including the possibility of nonzero elements
on the diagonal.) We call it strictly triangular if there
exists P such that PAP™1 and PB;P-I are strictly lower tri-
angular. (No nonzero elements on the diagonal.)

If a system is reducible then there are nontrivial in-
variant subspaces for the collection of matrices {A,B, }.
Let Vi be one of these which is of smallest (positive) dim-
ension. (There may be many, pick any one.) Let Vj be a
smallest invariant subspace properly containing Vj. Let V4
- be a smallest invariant subspace properly containing V,, etc.

‘Let ny = dimVj. Pick a basis such that the first nj

elements span the space Vi, the first nj elements span Vj,
etc. Relative to this basis the matrices A and Bi take the
block triangular form



- ' - =}
All 0 0 v e Bll 0 O L 'T
i i
A12 A22 0 cee B12 322 0 eee
A A A A £ st gl pt
13 23 33 °cc 13 23 33 °°°
L. . . L] » ) .A - . [ ] ..J L. . . [ ] [ ] L] L] . - - ~.

o1
Each of the collection of block diagonals {Akk’Bkk} are

irreducible and the Jordan-Holder Theorem insures that these
representations are unique in that regardless of how the
invariant subspaces are chosen, the construction will lead

" to an equivalent collection of irreducible diagonal blocks.
(They may occur in a different order depending on the choice
of subspace, of course.) We collect these observations in

a theorem. (See, e.g. Samelson [4] page 12 for a sketch

of a proof.)

Theorem 3: Every bilinear realization (I) is eguivalent to
one in which the A and B, matrices zre in block triangular
form with the diagonal blocks being irreducible. Moreover
if-(A,Bi,C) and (F,Gj,H) are two equivalent realizations in
block triangular form with irreducible blocks on the diagonal
then there is a permutation 7 and nomsingular matrices Py
such that the diagonal blocks are related by

-1 | , -1
PAP " Fraorao ° BBk T € i) k)

We will say that an input-output system displayed
according. to the above recipe is in a reduced form.

Controcllability

A detailed study of the controllability properties of
bilinear and even more general systems, has been made in the
recent literature. References (5] ~ {8 ] contain many inter-
esting results. For our present purposes section 7 of [2]
and section 6 of [8] are relevant.

In reference [2] it is shown that if A is zero, or if a
certain commutation condition is satisfied, then the reach-
able set for

m
x(t) = (A+ ] u (£)B)x(t) 5 y(t) = Cx(t) ; x(0) = x_ ()
i=1 . °



-10-

is easily computed. However Jurdjevic and Sussmann [ 8]
have shown that the reachable set for (I) contains an open
subset of the set reachable for
m . :
k(t) = (v()A+ ] u (0B x() 5 y(e)=Cx(t) ; x(0) = x_ (II)
i= 1
From this fact it is easy to show that the reachable set
for (I) is confined to a subspace if and only if the reach-
able set for (II) is confined to the same subspace. We omit
the details but make explicit use of this result below.

Theorem 4: The reachable set for (I) is confined to a sub-
space 1if and only if there exists a nomnsingular P such that

part = |21 O
Y
) —~1 .
0
pp p-L ~11
i Bi Bi
| 21 22_
ol _ [O ]
(o] o ~
X .
- O

where the 0 blocks are all of the same dimension.

Proof: 1If there exists such a P then clearly the reachable
set is confined to the subspace consisting of those vectors
_ whose upper portion is zero.

Suppose the reachable set of (I) 1is confined to a sub-
space. Then by our remarks above the reachable set for (II)
is confined to a subspace. But from the results of section
7 of [2] we see that this implies that A and By can be simul-
. taneously block triangularized. : o

Remark: Notice that the set of matrices {A,Bj i} can \ be simul-
tancously triangularized if and only 1if one can simultaneously
triangularize the larger set obtained from {A,B; } by adjoin-
ing all linear combination products of any two elements,
products of products, etc. More precisely, we define {A Bi}
to be the smallest vector space of matrices which contains

tA B, } and is closed under multiplication by elements of

{A B } This larger set is called the associative algebra.’
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generated by {A,Bi}. The condition of Theorem 4 can be
stated as requiring that x, should not belong to any subset
of 92" which is invariant with respect to multiplication by
elements of the associative algebra. This statement is close
to the familiar (B,AB,AzB,...) test for controllability.

Theorem 5: Any input-output map which can be realized by a
bilinear system can be realized by one for which the reach-
able set is not confined to a linear sgbspace.

Proof: Use Theorem 4. If the reachable set is confined to
a subspace find the P which effects the decomposition for
Theorem 4. Delete the top block, then the input-output wmap
is the same but the state is not confined to a linear sub-
space. 0

: Observability

We willisay'that two starting states, X, and xlvof the
systenm ' : :

m
k(t) = (a+ § u (0)B)x(t) ;5 y(t) = Cx(t) (1)
i=1

are indistinguishable if for all inputs u, the response y is
the same. This follows our approach in [2] where more gener-
al output maps are considered. We start off the analog of
Theorem 4.

Theorem 6: The system (I) has no indistinguishable states
if and only if there exists no nonsingular P such that CP'l,

PAP-l, and PB P-l take the form

i
cp ! = [c, 0]
: i
A 0 B 0
pap-l o |11 - pl . 11
A A i pt i
21 22 21 22

Proof: Clearly if such a P exists then the system is not
observable since X, = (0,x) implies y = O.

On the other hand, if there exists two indistinguishable
states then there is a hyperplane of indistinguishable
states. Hence

co H =0
(A+ZuiBi)
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for some subspace 4. Let x be in O then x belongs to the
kernel of C. Thus we may characterize Jf as the largest
subspace of the kernel of C which is invariant under the
action Of‘¢(A+Xu B )" If such a subspace exists then there

exists a choice %fibasis such that (A,{Bi},q) has the form

indicated. ‘ o
The remark following Theorem 4 is relevant here as well.
We now give the observability version of Theorem 5.

Theorem 7: Any input-output map which can be realized by a
bilinear system can be realized by one for which there are
no indistinguishable states.

Proof: Use Theorem 6. If there are indistinguishable states
then triangularize the system and delete the lower part of
the systems. If the resulting system has indistinguishable
states repeat the operation until there are no more indis-
tinguishable states. ' . D

Example: We can apply these results to a linear system
with a linear or power law output. The n-dimensional scalar
input, scalar output system

Xx=Ax+bu ; y-= (cx)2 ; x(0) =0

takes the form

1 0 0 0 1 vy = [0, 0, L.
?g- x | =|lw A o x| 3. x (*)
xlzl 0 uB A[Z] xlz] ‘ o x[2]

Now if (b,‘Ab,...,An-lb) is of rank n = dim x, then there is
no vector space which contains the reachable set for the
realization (*). The observability criterion can be applied
to show that this systen has no distinct indistinguishable
states 1if c; cA;...cAn ) is of rank n and cAlb is nonzero
for some 1. : :

*Here and above ¢ with a subscript refers to a transition
matrix associated with a linear system. See [9] section 4.
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Equivalent Realizations

The state space isomorphism theorems for automata and
linear systems are well known and of basic importance in
these fields. Recently theorems of this type have appeared
in other settings, for example [2] and [10). Here we want
to describe such a result for bilinear systems.

In this section we show that any two bilinear realiza-
tions of the same input-output may differ at most by a
change of basis provided some natural minimality conditions
are satisfied,

Let us agree to call x, an equilibrium state of the
bilinear system’
m
x(t) = (&+ ] u (£)BOx(t) ; y(t) = Cx(t) (1)
i=] : -

if Ax, vanishes. This is the same as asking that x, be an
equilibrium sclution of the differential equation which
results when all the ujy are set to zero.

Theorem : Suppose that we are given two realizations of
the same input-output map '

o .
X(t) = (A+ ] u (£)BX(E)5y(t) = Cx(t) ; x(0) = x_
1=l T

Hz(t) ; z(0) = z,

m : .

z(t) = (F+ ] u, (t)G,)z(t)y(t)
i i ,
i=1

Let X, and z_be equilibrium states. Suppose that both

systems are observable in that any two starting states can

be distinguished for a suitable choice of u and suppose that

the systems are controllable in that the reachable set from

X_or z_ 1is not confined to any proper linear subspace.

Tgen th® two realizations are equivalent.

Proof: Let the z-system be of dimension n. Without loss of
generality we can assume the x-system .is of dimension less
than or equal to n. Let ul,uz,...,un be controls-which are
defined over the intervals (0,t3], [0,t5],...[0,t,] which
result in z-trajectories zl,z yeesyzll.  Let t, be the larg-
est of the t's and define §l,d2,...,38" on [0,t,] by shifting

the u® to the latter portion of the interval and filling in
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on the first portion with O.

i 0 0ttt - ti
u (t) = {
u (t—t*+ti) t*-ti £ttt

Let,ii be the resulting trajectory in the z system. As a
result of the assumption that z, is an equilibrium state

[ z 0€tcgt,~t
~ *
zi(t) =,{ ° 1

i ‘ .
3 (t-t*+ti) ; ottt €t

i
Let xi be the trajectory which the x-systems generates under
the control ul, Because both systems generate the same
input-output map we have

©® (a+zu B ) Gl e, %), KN,
- H¢(F+2uici(zl(:*),Ez(t*),...2“(:.*))

where ¢ and ¢

. (A+ZuiB1) Gi) are the transition matrices

(F+Eu:L

which result from an arbitrary control u.

Now the matrix Z = (El(t*),Ez(t*),...,En(t*)) is non-
singular by construction. If x-system is not of the same
dimension as the z-system, or if the matrix X = (il(t*),

iz(t*),...,in(t*)) is singular then there exists a nonzero
vector n such that Xn = 0.

Xn = Ho

co 0
(A+ZuiBij

(F+EuiGi)zn =

Thus Zn is a starting state for the Z-system which is
nonzero but equivalent to 0. This violates the observability
hypothesis. Thus X must be a square matrix which is non-
singular.

Since we have for all u.

X = HY

Z
104.; w R Y (F‘+§ |’_‘,‘ )



-15-

and since I is certainly a possible trénsition matrix

cxz ! = H

Moreover, since no two states give rise to the same input~-
output map, the equality

-1 -1
co = CXZ ~¢ ZX
(A+ZuiBi); (F+ZuiGi)
implies
S | -1
o} = XZ 7¢ ZX
(A+ZuiBi) (F+ZuiGi)
From this it follows that for P = XZ'1
A= prp!
-1
Bi PGiP
and from above
-1
C = HP o

This result can also be used to establish isomorphism
theorems for realizations in inhomogeneous form. That is,
two realizations of the form

m
x(t)=(A+2ui(t)Bi)x(t)+izlui(t)bi y(t) = Cx(t)

can be showh to differ only by a choice of basis provided
the appropriate minimality conditions are satisfied.

We point out that in actually determining equivalent
realizations for systems and in the classification of
systems, the results-available in the study of Lie algebras
(e.g. [4]) are of fundamental importance. Some recent work
relating Lie algebras and system theoretic ideas is re-
ported in [11]. :

Conclusions
In this paper we have shown that a particular bilinear
model is both quite general and easy to work with. Build-"
ing on previous results we have shown how to get a basic
‘structure theory. There are many more specific problems
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which can be examined using these tools. Some of these are
~under investigation and will be reported on soon.

2.

3.

4.

10.
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PREFACE

The theory of differential equations and control have been
linked very closely because most of the early applications of con-
trol theory were to engineering problems of the type which are most
naturally described by ordinary differential equations. The
questions of importance in control have helped to revitalize cer-
tain problem areas in differential equations and methods and tools
from control have been useful in obtaining new results in differ-
ential equation theory. On the other hand, going back to the era
of Lie himself, there has been close ties between Lie theory and
differential equations. Thus it is not surprising that one finds
that Lie theory and control are also closely connected. This
"triangle" is the subject of this set of notes.

In control theory, Lie algebras make their appearance as Lie
algebras of vector fields. Topological properties associated with
Lie groups show up in the study of controllability and stability.
Partial differential operators arise in the Fokker-Planck equations
modeling the uncertainty of the environment and our uncertainty
about the measurements we make of it. The problems which are of
interest in control frequently require a generalization of the
usual treatment of topics such as existence of geodesics, express-
ions for the spectrum of the Laplacian etc. The modification is,
roughly speaking, to include the possibility of a metric which is
"infinite" in certain directions, subject only to the condition
that the directions along which it is finite can be combined in
such a way as to make the distance between any two points finite.
These notes contain a brief account of some of these topics, to-
gether with references where complete proofs can be found.

I have included a few exercises for the reader, both to indic-
ate some results which do not exactly fit the format chosen here
and to indicate some partial results and suggestions on additional

. problems of interest. Most of the examples are to be found in the
exercises as well.

It 18 a pleasure to thank Prof. David Mayne for organizing
such a stimulating forum for the exchange of ideas on system theory.

I. THE ALGEBRAIC THEORY OF LINEAR DIFFERENTIAL EQUATIONS
1.1 Lie Algebras and Linear Differential Equations
Clearly any linear differential equation of the form

x(t) = A(E)x(t);  x(t) eR™

can be expressed as

m ;
x(t) = (] u (0)A)x(t)
1=1
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with the Ay constant matrices and the uj(t) scalar functions of
time. In view of the fact that the solution of the equation with
a single Ay, i.e.
x(t) = u(t)Ax(t)
is » t
AJ u(o) do
x(t) =e O x(0)
the question arises as to when the solution of the general problem
can be written as the composition of a number of such solutions
8,(t) A g, (t) Ag (t)
x(t) = e 1 272 e B0 x(0)

for a suitable choice of the 84 (). Otherwise stated, we would
like to know 1f the solutions of the matrix differential equation

X(t) = ( { u, (£)AIX(t); X(0) = I (identity)
1=1 ‘
Ag,(t) Ayg,(t)  Ag (F)
X(t) = e "1 e 272 e

for a reasonably wide class of ug (t) and over some interval of time,
say |t| < €.

can be written as

The above question is basically answered by a classical theorem
of Frobenius [l]. However the theorem of Frobenius which applied
here is a theorem in differential geometry. To use the insight
of his result we need to look at the problem posed from a geometrical
point of view., Consider the identity matrix as a point in the set
of all nonsingular n by n matrices. Suppose that the one parameter

curves eAit leave the identity as indicated in figure 1.

Figure 1l: Neighborhood of I in the set of all n by n matrices

We regard the set of all points Xf the form

Se {X:X= I e 1 i, a, € ”}

i=1
as a subset of the set of all nonsingular n by n matrices. Our
question is, when do the integral curves of the given matrix differ-
ential equation corresponding to a wide class of u,(.) lie in S?
In order for this to be trne for all plecewise continuouz u's we
tequire, for example, that
At At -A.t =A,t

eleze l,e 2
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be expressible as an element of S. To see why this is so we point
out that the choice
-1 t < g<2t '
ul(o) = 0 0 0<¢t; 2t€0< 3t
1l 3t €0< 4t
-1 0€0<t
uz(o) ={ 0 t€0<2t; 3t <0<t
‘ 1l 2t € 0 < 3t
ui(o) =0 1i>2

yields ‘Alt.Azt ~Ayt -A,t
X(4t) = e " e T e e

Geometrically, what we are asking is that in following the 4-sided
path shown in figure 2 we should not be lead out of the set S.

- ‘ : Alt A2t -Alt —Azt
Figure 2: 1Illustrating the path leading toe " e " e ~ e

More generally if f. and f, are smooth maps of R™® into ”?
and if we apply the abovée choice of u(:) to the system

x(t) = uy () £[x(8) [tu, (t)glx()]; x(0) = x

then a slightly messy calculation shows that to second order in t
we have

x(4t) = x_+ {05- . g(x_)- c—ﬂ)x o f(x ) }e2
Bo t-3

The quantity g g(x)- f(x) is usually written as [f,g] and is
called the Lie bracket of f and g. One calls a set of vectors
£4:R® >R? involutive if the Lie bracket of any two is a linear
combination of the Tfif. Frobenius showed that the set of points
near x, which can be reached from x, along integral curves of

n

x(t) = ]} ui(t)fi(x)

i=1

with {fi} involutive can be expressed as
L b (e syt 6, (y,0,,3))) )

where ¢,(t x) are the solutions of

x(t) = f [x(t)]
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The reason the set {fj} must be involutive is that otherwise the
special choice of u(:) outlined above will, for small t, surely

N

lead out of set of points expressible as ¢m(tm,¢(tm_1, ...¢(t,x°)).-)).

Applying this type of thinking to the linear case, we see first
of all that the Lie bracket of Ajx and Ajx is [A1x, Ax]=(AjA2-AjA))x
That is, the Lie bracket of the vector fields is expressible as the
commutator of the matrices. We write [Aj,A4] for AjAj-AjA;.  Thus
if the set of matrices {Ay} have the property that

n

(A4, = kzl Yigfk
then the theorem of Frobenius would imply that for small [t| we can

write o Aigi(t)
X(t)xo = I e
i=1 )
A linear space of square matrices which is closed under [:,:] is a
matrix Lie algebra. Of course if the original set {A;} does not
form a basis for a Lie algebra we simply supplement it with addition-
al A's until it does. If x is of dimension n then there are only

n? linearly independent matrices so this process always results in
a finite set. -

o

Wei and Norman [2] have given a direct verification of the
above representation based on the implicit function theorem and have
developed a set of nonlinear differential equations for the gj(°).

The basis for their derivation is the Baker-Campbell-Hausdorff
formula ‘

e*Be™ = B+[A,B]+ -;- [A,[A,B]+ -3l (A, TA, [A,B]).. .. ]

Thus if one assumes'a solution of the form.
' A.g.(t) Ag,(t) A g (t)
X(t)Xo= e 1°1 e 2°2 m°m
and then differentiates, the result is
Algl(t)eAzgz(t) Amgm(t)

i(t) = Alél(t)e

cs e
A, () Mg () Ag (6)
+ e ? 1 'Azéz(t)e ? 2 veel n®m
L MO Ay A g (t)
e e

LI oAmgm(t)e

Now we must collect all the A's together at the left in order to
compare this expression for X with that given by the differential
equation. The Baker-Campbell-Hausdorff formula provides the means
to do_this. To see how this happens, observe that by inserting
'5131“).:1’31 (€

e freely we can arrive at
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A,g,(t) -A.g (¢t) A.g,(t) Ag, (t) A.g,(t)
. . 1°1 1°1 . 1°1 2°2 1°1
_glA1+g2e Aze +...gme e ...Am...e

= A ul(t)+A uz(t) + ... + Amum(t)

We apply the Baker-Campbell-Hausdorff expansion to each term on the
left. If the set {A,} is 2 basis for a Lie algebra then we can -
express the result as a linear combination of the A,. Since the Ay
are linearly independent we can equate coefficients on each side
and thereby get a set of differential equations for the g;. It is
important to note that the differential equations for the gy only
depend on the Ay through the commutation rules

n
[Apad = 1 Y A
k=1 ijk k
Thus when a differential equation is solved by this method a whole
class of differential equations are solved at the same time -- ome

for each set of A's which satisfy the given commutation relationm.
Exercises

1. Show that if the Ai in

m
X(t) = u, (£)A, X(t)
PRACN

are all upper triangular then it is possible to express the solution

~of the differential equations for the gi( .) explicitly in terms of
integrals,

2. Show that the smallest Lie algebra of matrices which contains
Aj and Ag

0 1\ . _{o o
A (o 1) s Ay = (1 o)

is 4 dimensional.

3. Study the definition of Euler angles from the point of view of
the Wei-Norman equations. In particular explain why it is gener-
ally not possible to obtain a Wei-Norman representation the entire
half-line [0,») in terms of the degeneracy of the Euler angles.

-4, Show that for any square matrix P the set of all solutions of
PA+A'P = 0 from a Lie algebra.

1.2 The x[p] and x(p) Equations

'Associated with each linear map of R™ into IR™® are two
families of linear maps which may be described as follows. Choose

a basis in R M and let the original map be represented b) the matrix
A. Then we easily see thac

[ e =]



_23-

implies that the n(n+l)/2 linearly independent terms of the form
y1Y4 depend linearly on the n(nt+l)/2 linearly independent terms of
the form XiX§. More generally the set of all linearly independent
p-degree terms Yi¥jye+ Yk depend 11nearly on the set of all linearly
independent p-~ degree terms X{X4...Xy. How many linearlvy indepen-—
dent terms of degree p are there in n variables? If we denote

this integer by Ng then it is easy to see that

Pl P ptl
Notl " N * 8
from which an induction gives Np - (n+§-1). Thus associated with

each map of R" into R® is a sequence of maps, the pth one mapping
14 NP
R™ into | .

In order to give this family of maps a matrix description we
NP
need to choose a basis in 1R 1 which is in some way convenient.

The principle which guides our choice of basis is this: let <x,y>
be the ordinary inner product

n
<xX,y> = igl xi 1
If the map of P; into ﬁ{ defined by A preserves length, we would like

NP
the maps of “R fnto R0 ¢ preserve length as well. To achieve
this we introduce the basis elements

[P\ (PP P=p,~-..P P, P S
1 1 -1
ﬂ ) ( . ) ( P ) 11 22...xn“; ) P,=p; Py 2 0
Py \ py A 1=1

For example if n=p=3 we have basis elements

2.3
v’_xl 29 /_xlx3, /-xlxz, y/-xlx2 45 /_x 3, xz, rx2x3,/_x2x3,x3

1f we denote this vector, ordered 1exigraphi7ally, by x[p] then the
choice of basis is such that (]|x|]=(<x,x>)1 '

HxPI| = |]x]|?
More generally, we have ‘

<x,y>P = <x[p]’y[p]>

We denote by A[p] the map, or matrix, which verifies
y = Ax => ylP] o 5lpl [p]

The principle properties of A[ pl are covered by the following
theorem.

 Theorem 1: Suppose we are given A and B. A : IR®™ » A" and
B: W™= RN, Then AlP] ang slp] satisfy -
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- 1[p]
i) Iu = INp
n

11) @p)y[P] = alPlglel
111) (Ag)[p] = (A[p])q; q integer;. Ad defined

iv) (A.)[p] - (A[p])-
Proof: 1) Clear from definition. 11) Let z=Ay=ABx. Then

2 PloalPI I [PTRI] [P ] 145 1PLIP) | 444y This follows from
ii) on letting B=A (or B=A-l if A is invertible) and using in-

duction. 1v) This follows from the identity <x,y>P-<x[P y[P]>
and <x,Ay> = <A'x,y>.

A second series of maps assoc1 ted with A are the so called

compounds of A which we write as and define in terms of
matrices as

AP) _ ( matrix of all p by p minors )
( of A ordered lexographically

Since there are (n ways to select the rows and n) ways to
select the columng in a p by p minor of an n by n'matrix we see

that A(p) is an (p) by (:) matrix. The following properties of
A(p) are well known. See for example [2] or [3].

Theorem 2: Let A and B be given; A: R® » R" and B: R" +» R",
—_— e . n : n

Then A(p) and B(p) for 0 € p < n maps NP/ tnro NP ang

11)  (AB) ) _ A(p)B(p)

141) (Aq) ® . (A("))"l q integer; A9 defined

We have used two differept points of view in defining A[p] and

A(p) The construction of A'P! from A was described in terms of
linear maps whereas in the definition of A'P’ we used matrices
?clusively. Alternative approaches are available which give

A

P) a geometric meaning in terms of skew symmetric forms of degree
p in n variables.

~ These two constructions are specializations of the tensor
product in the following way. If A: R® + R™ and B:R™ + R" then
we may identify the tensor product of An and By with An(By)'; i.e.
' An @ By = An(BY)' = A(ny')B' '

I1f we consider the linear map of the space of n by n matrices into
itself defined by L(Q)=AQB' then LA(Q)-AQA' when restricted to act
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on symmetric matrices has A[2] as a matrix representation and when
restricted to the complementary space of skew symmetric matrices,
1t has A(2) as its matrix representation. Thus if we let = indicate
"similar to" then we have

al2l o

o o

One can also see that A ® A © A "containg" A[3] and A (3) but
?ere are ?ore than 2 symmetry types for a 3 index tensor so that
A is only part of A ® A @ A. (Check the dimension-
ality; n(nt+l)(n+2)/6 and n(n-1)(n-2)/6 does not add up to n3.)
Now consider a linear differential equation in 7RD
x(t) = A(t)x(t)

A ® A=A7HA' =

Observe that.

x[PY )= c+nace)) P1x Pl )40 2
so that

xPY ceany-x1P1 cey= (1-na) (£)) PP1o11x [P ()+0 (h2)
Thus ’

xPl(ey = (utm [(1-nace)) PlmyxlPl e
h~+0
(Note that the dimensions of the identity matrices in these equations
are n and NP regspectively.) We define A[p] to be the coefficient
- matrix in tﬁis differential equation.

dt

dt [p](t) - A[ ](t)x[p](t); p=1,2,3,...

Thus the set of all p-degrees forms in {x 1Ky eeesX } satisfies
a linear differential equation with a coe%ficient matrix which
i1s easily derived from A.

Starting with a matrix equation
X(t) = A(t)X(t)

we can make an analogous construction using compound matrices )
(round brackets). The estimate

x®) (e4n) = (1+ha(e)) PxP) (2) + on?)
leads to :

d x® ey = tm [(z+a(e)) P -11)x P (e)

dt 0

which we write as
= xP) - A, )(:)x<P)(:), p=1,2,...,n

The special case in which p=n is the basis for well known Able-
Jacobi-Liouville formula obtained by integrating the scalar
equation

It (det X) = (tr A(t))det X(t)

Thus we see that A[p] and A(p) are infinitesimal versions of
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A[p] and A(p) respectively. As such, they depend linearly on the
elements of A. This has some significant implications.

We also have the infinitesimal version of the tensor product
reduction given above. It takes the form

‘ 0
A(CIH()A' =1 ® A+A © I = (2]

0 A(Z)

There are important relationships between A, A | and A(p
which are more or less clear from derivation. First of all, if A
has all distinct eigenvalues {ki} then the solutions of x(t)-Ax(t)

consigts of a sum of terms of the form aiexit. Thus x[p] consists
of products, p at a time, of such terms

(A +A +.0A)t

x[p] - I8 e 3 k
1j...k ‘
Thus the eigenvalues of the (n+z-l)by (n+§-1)matrix A[p] are the
(n+§-l)sums over distinct (unordered) index sets
)\1+Xj+...)\ p terms

The same is true for the case where A has eigenvalues of higher
multiplicity. Similarly, the eigenvalues of A consist of sums
p at a time of the eigenvalues of A but in this case the indices
i,j,..,k must all be distinct.

A second fact involves the transition matrix ¢, (t) which
satisfies

é(.:) = A(t)O(t); &(0) = I

By the above construction we see that

(p}
0, () = 9,7 (t)

v"‘?d'. Il

o, (6) = o) ()
) -
(Again, the last of these is the Able-Jacobi-Liouville formula 1if

p=n.)

- Pinally, if {Ai} is a basis for a Lie algebra and if
- m '

[A,4,1 = kgl Y e
then :
m

| A, A 1= ]y
S ) BT Y e 13K

That is, the {Ai } form a Lie algebra with the same structural

{r]
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constants. To see this we need to show that

A,B = [A .,B
(A, ][p] [ (pl [p]]
but this can be seen from the approximations

(A,B], ,t2 2 [p]
. (pl™ . (o[A:BIt

At B, .t -A .t -B, .t
~e [Pl g P17, "lp17, "Ip)

(A, ,,B, .t2
- o 1p1°00p]

where in all cases the approximations are valid up to and includ-
ing terms of second order in t. Identical formulas hold with [p]
replaced by (p).

This circle of ideas is of great importance in the theory of
representations of Lie algebras; see [4] or [5]. However in con-
trol theory and differential equations there exist many protlems
where one can usc these ideas, and other ideas from representation
theory, to simplify calculations and to provide insight. A
particular example is the study of the moment equations for
stochastic differential equations. See, for example, reference [6].
Exercises

1. Show that

ii" . 0 1 xi
x2 -k(t) -1 X,
and el
'*1 0 2 0 X,
k| = |-/2k() -1 21 |x,
i3 C 0 -2k (t) . -1 Xq

are an A, A[Z] pair.

2(p)Show that A[p] is orthogonal if A is orthogonal. What about

3. Describe in full the decomposi.tion of A © A © A.

4. Give a definition of AP] for which z = Ax implies z'PlaalPl4[P]
but which does not require A to be square. ' ‘

1.3 Matrix Lie Algebras and the Matrix Exponential'-

In section 1 we saw that the solution of the differential
equation ’

m
k() = (] u (0A)x(t); x(0) = x,
: , i=1 .
could be expressed for small |t] as
T Ag.(t) Ajg (t) A g (t)
x(t) = e 11 e 2°2 ,...elm o x,
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provided the A, form a bagis for a Lie algebra. On the strength
of the theorem of Frobenius, similar statements can be made for

: m

x(t) = 1-2-1 ug (), [x(8)];  x(0) = x

provided the set of vectors {fi(')} are involutive. There is a
sort of converse question. If the set {Ai} does not fucm the
basis for a Lie alzebra to what extent is it necessary to.add
elements to these sets in order to cover all possihiiities? We
know already that by adding enough elements to {A;} so as to obtain
a basis. for a Lic algebra we can be assured of a representation
of the above form. However, it mizht happen that for

k() = u (DA x(E)Hu,y (D)Ax(E); x(t) € R®

‘the smallest Lie algebra which contains Aj and A, is of dimension
nZ. Are all of the n2-2 elements which we add in order to get a
Lie algebra really necessary?

In 1939 Chow [7) published a generalization of an earlier
theorem of Caratheodory proving that if some regularity conditions
hold, then along solution curves of

m /
x(t) = ] w0 [x()]; x = x(0)
i=1
one can reach the same points as one can along the solution
curves of

m
x(t) = u (O, [x(e)] + v, (t)g, [x(t)]
Lt 1211 i

where gi(x) are obtained as Lie brackets of the fj, Lie brackets
of these Lie brackets, etc. Thus on the basis of this "reach-
ability" theorem of Chow we see that no matter how many elements
we must add to get a basis for a Lie algebra, nothing short of the
full set will suffice.

We formalize this discussion as follows. Let B denote any sub-
space of g(n). Let {B}A denote the smallest Lie algebra which con-
tains B. Let C be any subset of GZ(n) and let {C} denote the
smallest group which contains C. ’

Theorem 1l: With the above definitions
{exp B}G = {exp'{B}A}G ,
Perhaps the most elementary proof of this result appears in [8],

After sufficient insight is built up it is frequently possible
to evaluate {exp {B} }G by inspection. The insight comes from a
handful of special cases and general formulas such as.exn A
(exp_A)[p] The notation ror the principle special caseSis[gAiS°

We take the field to be W and let J =(_g é).
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gt(n) = {X : X = n by n matrices}
sl(n) = {X : X e gt(n); tr x= 0}
so(n) = {X : X e g(n); X'+X = 0}
sp(n) = {X : X & g(n); X'J+JX = 0}

Matrices satisfying the last condition are often called Hamiltonian
because they take the form familiar in Hamiltonian- mechanics

A s a=aes rew

It is very important to keep in mind thét J2 = -] so that J“l = =-J,

Assoclated with each of these algebras is a multiplicative
group of matrices which are defined in a corresponding way

GL(n) = {X : X is n by n matrix; det X $ 0}
S2(n) = {X : X € G(n); det X = 1}

So(n) = {X : Xe GL(n); X'X = 1}

Sp(n) = {X : X e G2(n); X'JX = J}

These groups are called the general linear group, the special
linear group, the special orthogonal group and the symplectic
group, respectively.

It is easy to verify that in any of these cases exp X belongs
to a particular group if X belongs to the corresponding algebra.
This corresponds to the following well known facts

1) exp M is nonsingular for all M
i1) det(exp M) = exp(tr M) = 1 if tr M= 0
ii1) exp A is orthoional if A is skew symmetric since (e ) -

e’ = emA = (ef)71 4f A = -A". K
iv) exp A is symplectic if A is Hamiltonian since e Je =
JeJ A' JeA = J if A'J+JA = 0.

Notice that the set of n by n symmetric matrices do not form a Lie

algebra; alternatively, the nonsingular symmetric matrices do not
form a group.

The implication for the study of differential equations is as
follows. If X is an n by n matrix which satisfies the equation

X(t) = A(t)X(t)

Then of course the fundamental solution ®,(t) is going to belong
to the general linear group. But if A at all pnoints in time
belongs to one of the above subalgebras of gf(n) then &, (t) will
belong to the corresponding subgrouo of G2(n). This group-algebra
relationship provides qualitative information about the solution
without actually solving the equations of motion.

To what extent are the above maps of the algebra into the group
actually onto the group? It is well known that a real nonsingular
matrix need not have a real logarithm. Thus as far as the real
field is concerned, exp does not map gl(n).onto GZ(n). However if
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the field is either the reals or the complexes, then every matrix
sufficiently close to the identity does have a logarithm in the
appropriate field and it is easy to see that exp maps a neighbor-
hood of zero in the algebra onto a neighborhood of the identity in
the group in a one to one way.

Exercises

1. Consider the set of n by n matrices whose column sums are zero.
Show that they form a Lie algebra. If we denote this algebra by
L then characterize {exp L}G.

2. Let so(p,q) denote the set of matrices satisfying

A'I(p,q) + Z(p,q)A =0
where £(p,q) 1is defined by

I 0
LZ(p,q) = [Op “Iq]
Show that this set of matriées forms a Lie algebra and show that
for all matrices M in exp{so(p,q)} we have

Z(p,q) = M'I(p,q)M

These are often called the pseudo orthogonal groups since they
- preserve the pseudo length x'ZI(p,q)x.

1.4 Cones and Semigroups

A semigroup of real n by n matrices is simply a subset of the
n by n matrices which is closed under matrix multiplication. A
cone in a real vector space is a subset closed under addition and
multiplication by positive real numbers. Consider a real Lie
algebra L in the set of n by n matrices. Let K be a conical sub-
set of L. 1In general K will not be closed under Lie bracketing
but it could be. Let {expKl}_,. indicate the smallest semigroup
which contains exp K. As we will see, a number of problems in
control lead to the question of characterizing {exp K}_.. in terms
of K. The connection between a Lie algebra and its corresponding
Lie group suggests analogous relationships between cones in the
algebra and semigroups in the corresponding group. This kind of
relationship is illustrated in the following example.

Example: Let K be the cone in g(n) consisting of all n by n
matrices A such that A'+A is nonnegative definite. Then {exp Klgg
includes all orthogonal matrices since all skew symmetric matrices
belong to K. Moreover, all symmetric matrices with eigenvalues
greater than or equal to one belong to {exp K}SG by well known pro-
perties of the exponential map. Thus by appealing to the fact

that any matrix can be written in polar form M = 6R with 6 orthog-
cnal and R positive definite we see that if for all vectors x of
unit length ||Mx|]|2 = [|6Rx|[2 = |[Rx||? 3 1 then M belongs to
{exp K}SG' It is easy to see that if ||Mx|| < 1 for some x of




-31-

unit length then we can not express M in the required way thus
this condition is necessary and sufficient. We conclude that the
semigroup of '"expansive'" matrices is the exponential of the non-
negative definite ones. Likewise, the semigroup of (nonsingular)
"contractive'" matrices is the exponential of the cone of non-
positive definite matrices.

This example can be generalized somewhat to give a theorem
with broader scope.

Theorem 1: Let K be as above and letvip be the Lie algebra of
matrices satisfying A'P+PA = O with P'P = I. Then {exp KN Lplgg=
{exp Klgg N {exp LP}G i.e. the expansive matrices in {exp Lplg.

Proof: Given any orthogonal matrix P, the group of matrices sat-
isfying M'PM = P has the property that the polar representations
of each element has both its factors in the group. That is, if
M= egﬁg with ef orthogonal and ek positive definite and symmetric,
then e Pefl = P, eRpeR = P. To prove this we note that if

eRefl PefleRi= P then eRe = Pe~RP'Pe™!P'. However the term of the
right is a polar decomposition since Pe~Rp' is symmetric and
positive definite and Pe~SP' is orthogonal. _Thus by uniqueness of
the polar decomposition we see that e = Pe"RP' and e = peflp!
which shows that each factor belongs to the given group.

Now if M has the polar form M = eQeR and 1f M belongs to

{exp K}SG{‘ {exp LP}G then R 3 0 and { and R belong to Lp. Thus
belongs to Lp/N K and so does R.

Typically the relationship between a cone in the Lie algebra
and the semigroup which the exponential maps it into 1s very
difficult to describe. Omne problem of this type which has been in-~
vestigated extensively arises in probability theory. Let x4 € R0
have nonnegative components which sum to one. Suppose that x(t)
evolves in time according to

x(t) = A(t)x(t); . x(0) = x
If A(*) has the two properties:

(1) the off-diagonal elements of A(t) are nonnegative-for'all t
(i1) the sums of the columns of A(t) are zero for all t,

then x(t) will have nonnegative components which sum to one for all
t 3 0. This is equivalent to saying that subject to the above re-
strictions on A(*) the solution of the matrix equation

X(t) = A(E)X(t); X(0) = I (*)

is a stochastic matrix; i.e. a matrix with nonnegative entries
whose columns sum to 1. The imbedding problem (9] is that of
determining which stochastic matrices ¢ can be reached from the
identity along solutions of (*) given only that A(t) must satisfy
(1) and (i1). Of course the set of matrices which satisfy (i) and
(11) form a cone and the set of reachable matrices form a semi-
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group. It is not true however that for n > 2 this semigroup con-
sists of all stochastic matrices.

In control applications there is particular interest in the
case of cones of the form

K= {(X:X-= aA+28iBi; a3 0; B1 unrestricted}

4i.e. cones which are half spaces.The first point to make is that by
virtue of theorem 3.1 we may as well assume that the B, form a
basis for a Lie algebra since by adding elements to {Bj} to make
the basis of the Lie algebra generated by {Bj} we do not enlarge

the reachable set. Moreover, it is also clear from theorem 3.1
that

{exP{A’Bi}A}G:'? {exp K}SG 2 {exp{Bi}A}G _
It is more or less clear that if eAt is periodic then
{exp{A,B } } = {exp K}

and Jurdjevic and Sussmann [10] have shown that this is also true
1f eAt 1s almost periodic.

It is also true that AdkBi belongs to the L1e algebra generated '
by the B 's then B

exp K= e {exp{Bi} Yo

For a proof and some generalizations see the thesis of Hirschorn f113.
Exercises

1. Calculate {exp N}SG where N is the cone
N=({X:X =[a- b]; X+X' < 0}
e -a

2.. It is well known that the elements of 9,(t) are nonnegative

for all t 2 0 if A(t) itself as elements which are nonnegative off
the diagonal -- the diagonals may have any sign. Give an example
which shows that {exp K}gc 1s not the entire semigroup of square
matrices with nonnegative entries if K is the cone of A's described

above. (Find a matrix with positive entires and negative deter-
minant.) : -

3. Explore the relationship between #2 and the imbedding problem.

II. INPUT-OUTPUT SYSTEMS

In this chapter we consider input/output systems which can be
:epresented by a pair of equations of the form

X(t) = (At Z u, (£)B)X(t); y(t) = C(X(t)) , - (®)
i—l :

Here X is en nbyn matrix as are A and B,, B,, ..., Bm; the map
C is subject to certain restrictions to be described later.- Ihe
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differential equation is said to be of the "right invariant type"
because a multiplication on the right by a fixed element of GAi(n)
gives an equation

X(t)M = (A+ Z u, (t)B, )X ()M
i=1 *
which is again of the same form and with the same coeflicient
matrices. This is to be contrasted with an equation such as
m
X(t) = (A+ ] u {(E)BX(E)+X(t) (D+ 2 u, (D)E,)
1—1 i-l

which does not have this invariance property. The basic idea is
to understand as well as possible the properties of input-output
maps which can be represented by equation (*). We will study

controllability, observability and state space isomorphism
theorems.

2.1 Controllability

If u, is an m~dimensional piecewise continuous function of
time and }f ty is a nonnegative number, then we given the pairs
(uj,ty) a semigroup structure by defining

(u;,t1) © (u,5t,) = (ulfuz,t +t
whereby u1|u2 = uy we mean
“3(t) - (t); 0<tc< tl
(t -t ), t st < t,

This is the concatenation semigroup with due regard for the domain
of definition of the functions being concatenated. We denote it
by

2)

Consider the time invariant control system
x(t) = £[x(t),u(t)] ; x(t) ¢ RT | (k%)

with f well enough behaved so as to guarantee the existence of a
unique solution for each starting point x € ﬁ\n and each

(u,t) € O, Let " be the semigroup of one to one continuous maps
of R® into ﬂl with composition as the semigroup o eration. Then
the control system (**) defines a homomorphism of into T, We
denote this homomorphism by ¢ and, by analogy with automata theory,
call the image of U™ under ¢ the Myhill semigroup of the system.

The main thing which is special about bilinear systems is
that the Myhill semigroup is easily identified with a matrix semi~
group. That is, if we have a system in R

) x(t) = (A+ 2 u, (£)B,)x(t)
i=1
then the matrix equation
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X(t) = (At 2 u, (£)B)X(t); X(0) = I
1-1
describes the relationship between U® and T" -- each matrix being
associated with an element of T® in the standard way

M f(x) = Mx

If A is absent in the above equation then it is clear that-
the Myhill semigroup is actually a group since if u(:) € U steers
the system from I to M at time t; then v(¢) € U" and defined by

v(t) = -u(tl-t)
-1
steers the system to M~ at t = tl.

Given an initial state X» the set of states reachable from

x_ can be identified with the®set of points which x, is mapped

into by the various elements of the Myhill semigroup. That is,
the Myhill semigroup acts on the state space

Ss:L~»1L

The reachable set from x  is the "orbit" through x, defined by
this action.

We now give various examples of reachability theorems.

Theorem 1: There exists a control which steers the system
. m
X(e) = (] u (£)B)X(t)
i=1
from X to Xl in time t; > 0 if and only if xlx -1 belongs to

Proof: This is an immediate consequence of Theorem 1.3.1.

It is also easy to see that if A belongs to {Bj}, then the

reachable set for n

X(t) = (a+ Z u, (£)B)X(t)
i-l
is just the same as it would be if A were absent.

Notice that the reachable set does not depend on tj as long
as t; is positive. If A is absent and if one restricts the con-
trols to be bounded, say Juj(t)| £ 1 then all points of the above
form are reachable after a suitably long time but the time re-
quired will depend on the point to be reached.

A second result which we want to use in a moment is this.
Theorem 2: The reachable set at time t for

* m -
© K(t) = (A+ ] u (£)B)X(t); X(0) = I

1=1

and . :
A0 < o B
[o 0 By [o oi]
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with A square is
At -
f(t) = ¢ {exp AdA'Bi}A}G )
Here {Ad*,Bi}A indicates the smallest Lie algebra which contains
{Bi}A and i3 2losed under the action of Adg.

Proof: See reference [8], Theorem 7.

We can combine theorems 1 and 2 in an obvious way to get the A
following more general result.

Theorem 3: The reachable set at time t for

. ~ m -~ ~
X(t) = Ax(t)+ ] u (£)B,X(t)+ 3 v, (£)C,X(¢t)
1=1 1=1

where
o |A 0], ~ _J0 O . s . 0 C ]
A [o N Bi‘[o Bi]’ € [o ol
with A and Bi square is
R(t) = exp At{exp{ady, B> Ci}A}G

Finally, one can get additional results by using a nice lemma
of Jurdjevic and Sussmann [10].

Theorem 4: The reachable set for the R™ system at time t start-
" ing from x=0 at t=0 and governed by

hy .
x(t) = (A+ z ui(t)Bi)x(t)+ § vi(t)gi; x(t) € R"
i=1 i=]1
is8 the vector space generated by {Lkg } where k indicates powers
and Ly is a basis for the Lie algebra generated by {A’Bi}'

Proof: To begin we observe that if x, is reached at t=t; starting -
from x=0 at t=0 using the control (u,Vv) then the control (u,av)

steers the system to axj at t=t1. Also, we know that if we write
the system as :

2T (B Y+ P ey, o))

then the reachable set has a none&pty interior in

~ >~ 0
R= {exp{A, B, G} ,} ]
vhere ' La“ G 11
12 [A 0] . = o [By O} . = [0 & ]
A= lo o] s By [oi o]’ €y [o ot
There exists a nonzero control of the form (0,v) which steers the
system back to zero at time twt, from O at t=0 -- use u=0 and

invoke standard linear theory. “According to lemma 6.1 of [10]
we obtain on taking perturvations about this control an open set
in R containing 0. Using the cone property mentioned in the first.

sentence we see¢ that the reachable set is a vector space. Lie
algebras tell us which one.
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A particular problem in controllability theory which has re-
ceived a good deal of attention is

%(t) = Ax(t)+u(t)b<c,x(t)> ; x(t) ¢ R®

where u(*) is a scalar, and b is a column vector. Of course the
linear system

%(t) = Ax(t)+bv(t)

is controllable in ﬁ{n if and only if (b,Ab,..,AF_lb) is of full
rank. If the linear system is controllable it might be supposed
that the bilinear one is also controllable since if v is a control
which drives the state of the linear system from X, to X, then the
control

u(t) = v(t)/<c,x(t)?

drives the bilinear system from x5 to x,. This argument has the
obvious fallacy that <¢,x(t)> might vanish along the trajectory leav-
ing u(t) undefined. In particular, if x(0) = O then of course x
vanishes identically for all future time. Thus the most one could
hope for is that any nonzero state could be steered to any nonzero
state. It turns out that this is too much to hope for also. A
simple pair of examples which illustrate that no amount of work can
salvage this argument and which at the same time suggest the nature
of the problem are these.

Consider the system

[il(:j] ) [o 1] [fl(c)] . u [o o] x, ()
iz(t) 10 xz(t) 01 xz(t)
which has the form

%(t) = Ax(t) + u(t)b<c,x(t)>

with [A,b,c] a minimal realization of s/(s2-1). However for any
given x there exists xj such that x, is not reachable from x
because regardless of k, the off-diagonal elements of (A+k (t)bd)
are always positive so that ¢(t,t ), the transition matrix, has
all entries nonnegative for t > t_ . Thus if x(0) has nonnegative

entries for all t > 0. This argugent shows that the system is not
.controllable.

Consider the system

[il(t)] - [ 0 1] [xl(t)} + K(t) [é 0] x, (t)
iz(t) -1 0 x2(t) 0 1 xz(t)
which has the form %(t) = Ax(t)+k(t)bcx(t) with [A,b,c] a minimal

realization of s/§s2+1). In this case we see that the system is
controllable on R4-{0} (See reference [12] for details.)

Exaerciges

1. Show that tﬁe Myhill semigroup for the linear system
x(t) = Ax(t)+bu(t); x(¢) ¢ R"
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can be identified with the ﬁultiplicative matrix semigroup

At
S={X:X= [8 ;] ; t»0; x¢e span(b,Ab,...An—lb)}

2. Consider a bilinear system
x(t) = 2x(t) + u(t)Bx(t)

on R® -{0}. 1s it true that if there exists any state x_ such

that all points in [R™ - {0} are reachable from x_ then all states
have this property?

3. Consider the linear system o

X(t) = A JK(O+X()A_ + ) u, (£)B,
1-1 :
Here X(t) is an n by q matrix and A, and A are n by n and q by q
respectively; the B, are n by q. éhow thit the Myhill semigroup
equation can be identified with

d [Sl(t) s3(c)] _ ([Az 0 . tf e 0 BJ\ [5,(t) s4(0)
dt 0 S.(t) 0 Ar 1=1 0 O 0 S (t)
Show that the reachable set at time t for the Myhill equation is

exp At°exp{Ad }
2.2 Observability

We now consider systems with an output
m .
X(t)=(A(E)+ ] u  (£)B, (£))X(t); y(r) = C(X(t)); X(t) € Gl(n)
i=1 *
The exact nature of the output map is not essential. We give the
output space no structure -- it is just a set. The critical
assumption is that there should exist subgroups Hz and Hy. of GL(n)
such that C(Xl) = C(Xz) if and only if
HiXHy = Xy | :
for some H, in Hy and some H, in H,. Under this assumption C(X)
identifies X to within a multiplication on the left by an element
of Hy and a multiplication on the right with an element of H,.
We call systems of this form homogeneous.

In such a set up, the observation of y, even over a period of
time, can at most determine X to within a right multiplication by
an element of H . Thus we might as well regard the system as
evolving on the coset space GL(n)/H,.. Whether or not the obser-
vation of y and the knowledge of u over the interval [0,x) serves
to identify uniquely an element of X/H, as a starting state is then
subject to investigation.

Theorem 1: Consider the above system with H, and Hy give:.. Let R
denote the set of X's reachable from I. Suppose that R :is a group.
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Then two points XiH, and XoHy in Gf(n)/H, give rise to the same
input/output map if and only if for each R} in R there exists
H1(R) in H such that

-1
R Hl(R)RXIHr = XZHr
If we denote by P the subgroup

P-{x:R'*xneﬂz; ¥ Re S}

then any two elements of the form X H, and P;XyH.  with P; in P are
not distinguishable.

. Proof: 1If XjH, and X Hr are to be indistinguishable as starting
states we must have '
HgRiXjHy = HpRyXoH,

for all R, in R. Since Hyp and H, are groups and since R 1is a
subgroup of GQn), the above condition is equivalent to asking that
for each Ry in R there exist Hj(R) in Hg such that

Ry H) (ROR X H_ = XH
The remainder of the conclusions are clear.

Exercises
1. Assuming that the evolution equations are of the form

mn
x(t) = Ax(t) + [ u, (£)Bx(t); y(t) = Hyx(t)H_
with 1=1

Hy = {exp{Ci}A}G; H_ = {exP{Di}A}G

give an observability condition in terms of Lie algebras. {(See
ref. [8] for some results along this line.)

2. Apply the results of problem 1 to the bilinear problem

m
k(e) = Ax() + [ uw (0)Bx(t); y(r) = c[x(t)]
S L)1
by identifying R™ with the n dimensional affine group modulo
GL2(n).

" 2.3 1Isomorphic Systems

The two scalar realizations

2(t) = x(O)+u(O)x(t); y(t) = x(t); x(0) = 1
and

z(t) = 3z(t)+3u(t)z(t); y(t) = z(t); z(0) =1

realize the same input-outpyut map. They are each controllable on
(0,) and any two reachable states are distinguishable. They are
related by the -automorphism of the multiplicative group (0,)
defined by 3

2 =X
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Thus despite the apparent differences between these two realizations
they are closely related. The following theorem describes a gen-
eral result of this type.

Theorem 1l: Consider the two homogeneous realizations of the same
input-output map

X(t) = (a+ Z u, (E)BX(E);  y(r) = c[X(t)]
ial

Z(:> (F+ 2 u, (£)6,)2(t);  y(t) = h[Z(t)]

i-l
which evolve in G2(nj) and G2(n,) respectively and which have
reachable sets from the identity, R and R, which are groups.
Suppose Hyg, H, and H2 H, are given subgroups of Gl(n ) and Gl(nz)
respectively such that ¢ and h are one to one on HQRH and HQRHr
and such that the systems are observable on RH, and ﬁhr. Finally,
suppose that there is no normal subgroup of R which has a non-
trivial intersection with R N H, and the same for R and ﬁ . Then
there exists an isomorphism ¢ : R + R such that

B .t G, t
o) = ™ getymel

Proof: Suppose that there exists a control (u,T) in UR which takes
the first system from I to Dj#I and takes the second system from

I to I. Let D denote the set of all such points. By virtue of

the observability hypothesis we see that D is a subset of H, and,
in fact, a subgroup of H,. Moreover it is easily seen to be a
normal subgroup of R and hence of RN H.. By hypothesis D is
trivial. This implies that there is a one to one correspondence

_ between points in RN\ H. and RN H_ which is, in fact, a homomor-
phism.

We see that R and R are both homomorphic images of . If a
pre-image of R in U™ 1s in U, then what is the image under the
action of the second system of Ug? It is clearly R or else a sub-
group of R. If it is a subgroup then the subgroup must contain
R.n Hy but there is _a one to one and onto correspondence between
R/R N H, and R/R N H and an isomorphism between RN\ Hy and R A f,
Using the properties of the system maps we see that the above map
must be onto R and thus it establishes an isomorphism. The re-
maining claims then follow. ‘

Exercises
1. Develop the Lie algebta analog of Theorem 1.

2.  Apply the above results to bilinear systems of the form

x(t) = Ax(t)+ Z u, (8B x(t); y(t) = ex(t); x(0) = x,
. gm1 1

See P. d' AJJessandro A. Isidori and A. Ruberti [13] and Brockett
[14].
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III. OPTIMAL CONTROL

This chapter is quite brief due to the absence in the liter-
ature of results relating specifically to the Lie group case. We
discuss only two problem areas -- the question of existence of
optimal controls in the bang bang case and questions centering
around minimum "energy" transfer.

3.1 Bang-Bang Theorems

It is well known that under very weak assumptions on the
matrices A(') and B(-) the linear system

x(t) = A(t)x(t)+B(t)u(t); x(0) = given
with controls constrained by
|ui(t)| =1

has a set of reachable points at any time t; > 0 which 1is the
same as the set of points reachable with the constraint relaxed to

qut)l <1

This is called a "bang-bang theorem" because the controls u; need
only take on their extreme values and not intermediate ones. Some
generalizations of this have been investigated by Krenner [15] and
Sussmann [16]. We examine only an easy case here.

Theorem 1: Let X satisfy the differential equation in G(n)
X(t) = AX(t) + ( z B,u,
i=1 2
Then if [AdA(B ),B.] is zero for all i and j and k=0,1,...n"~1 then
the set of states }eachable at time t for lu (t)] = 1 is the same
as the set reachable for Iu ()] = 1.

(£))X(t)

Proof: 1In view of the commutativity condition we can express the
solution of the given equation as

Z e eAgui(c)dc
X(t) = eA‘ 0 i=1 X(0)

See [8] Theorem 7 for details. Now since the bang-bang theoren
is valid for the linear system

L] m
Fe) = ] e3eMu )
1
1=1
and since X(t) = eAteF(o

: we see that it holds for the systems de-
fined here as well. '

Exercises
1. The solution of the scalar differential equation
x(t) = u(t)x(t)+v(t)
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t t
is J u(0)do e I u(p)dp
x(t) = e 0 x(0) + e o v(g)do
: 0

Is the bang-bang theorem valid if we regard u and v as controls?

2. 1s the bang-bang theorem valid for the pair of scalar
equations

z(t) = u(t)z(t)
‘ x(t) = (u(t)+v(t))x(t)
3. Show that the bang-bang theorem is valid for
‘ x(t) = u(t)x(tr)
y(t) = -y(t)+u(t)
Generalize this result.

3.2 Least Squares Theory

Under the assumption used in the previous section we can
develop a satisfactory theory for minimizing

tm 2

ne f I uj(®)de
0 i=1 ,

subject to the constraint that the system

m
X(t) = (A+ [ u, (t)B,)X(t) (*)

, i=1
should be transferred from the state Xo at t=0 to the state X1

at t=t1.

Theorem 1: Let X(t) satisfy the cl(n) equation (*).. Suppose
that [AdiBi’B‘] = 0 for all 1 and j and k=0,1,2,...n"-1. Suppose
that J L

- Aty
XX, ee {exp{AdA,Bi}A}G

Then there exists a control u(:) which steers the system from Xo
at t=0 to X; at t=ty and minimizes n. This control is the same
as the control which steers the linear system

.. m
F(t) = | e Aty
i=1
from 0 at t=0 to zn(e'Atixlx;I) at t=t1 and minimizes n where £n
denotes the real solution git

lme Ixx?
10

At
4© ui(t)

which results in the smallest value of n. Tﬁe optimal control is
of the form

=At At
ui(t) tr(Mie Bie )
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for some constant matrices My.

Proof: As in the proof of the bang-bang theorem we see that

| X(t) = eAteF(t)
where F(t) satisfies

. m

F(t) = ] et BieA u, (t)

From this point %nleverything follows from standard linear theory.
See [17], section 22. e

Exercises

1. Consider the system
x(t) = x(t)+u(t)
y(t) = u(t)y(r)

Suppose we want to steer this system from (a,B) to (y,8) in t,
units of time and to minimize

n= f 1 uz(t)dt
0

If 6/8 is positive this transfer is possible and the u(+) which
achieves the optimal is of the form ae t4b. Generalize Theorem 1
in such a way as to capture this example.
2. 1f Bl and BZ commute, describe the solutions of
\Y Blui 32 1
I (e

i=l

) =N

IV. STOCHASTIC DIFFERENTIAL EQUATIONS

Stochastic processes on spheres has been of interest in
physics for some time. Debye [18] in his book on statistical
mechanics gives one application of 52 stochastic processes.
Nuclear magnetic resonance phenomena account for some more recent
interest in diffusions on S. See Chapter 15 of the recent text
[19]. The French mathematical physicist Perin wrote a classical
paper [20] on diffusion on SO(3). Recent interest in physics re-
garding models of the type under study here is discussed in Fox-
[21]. Transmission of electromagnetic waves through random media
leads to stochastic processes on the symplectic group -- distance
playing the role usually assumed by time. Tutubalin [22] can be
consulted for recent results and references. Carrier [23] has
examined an equation of this general type in connection with a
gravity wave propagation problem. One can think of this study as
a stochastic process on the two dimensional symplectic ,roup. An
engineering problem for which the theory is potentially interesting

- e Ve maa
is the randomly switched electrical circuit.
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4.1 Bilinear Stochastic Equations

In this paper all stochastic differential equations are to be
interpreted in the Ito sense. All Wiener processes are of unity
variance and Wiener processes with distinct indices are assumed to
be uncorrelated. The reader is encouraged to study Clark {24] for
more details on stochastic calculus.

Under what circumstances does the Ito equation

m
dx(t) = Ax(t)dt + ] dw, (t)B x(t) (*)
=1 i i

evolve on the manifold defined by x'Qx = constant? If we expand

to second order keeping in mind that duwidwy = %.Gijdt we get
m m

dx'Qx = x'(A'QHQA)xdt + ] x'(B;Q + QB )xdw+ % ] x'B!QB_x dt

i=1 {=1 174

Thus in order for the derivative of x'Qx to vanish we require

1 B .
' = -
A'Q + QA+ 2151 B,QB, 0 )
and also we require

BjQ + QB = 0
We see that the drift term A needs to be "corrected" by a term
coming from the white noise. For example, if we want equation (%)
to evolve on a sphere then A is not skew symmetric as it would be

in the deterministic case but rather it has a correction term

whogse size depends on the Bi' On the other hand, the Bi must be
skew symmetric.

In order to evolve on the symplectic group it is a skew
symmetric form which must be preserved. Repeating the above with
Hamiltonian matrices gives rise to the conditions that By and

A +'% %Bi should be Hamiltonian.

Exercises
1. Show that the Ito equation

' d
R B R R e [ i
dx3 dxa Yy 6 33 x, X3 X, dw3 -dwl
evolves on the special linear group SL(2) if suitable restrictions

are placed on o, B, v, §.

2. Generalize the previous problem to S2(n).

4.2 The Moment Equations

Associated-with the stochastic equation

m
dx(t) = Ax(t)dt + [ B,x(t)dw, (t) (%)
i=1



-44-

is a family of higher order equations analogous to those given in
gection 1.2. These are the equations for x Pl. In order to dis-
play their form it is necessary to work out section 1.2 using the
Ito calculus. As an alternative, suggested to me by Martin Clark,
one can convert (*) into an analogous Stratonovich equation, use
the ordinary calculus to get the x pl equation, and then convert
back to the Ito form. This idea 1s particularly attractrive in the
_present setup since we have the deterministic results already.

The Stratonovich analog of (%) is simply

dx(t) = (A~ 3 Z BH)x(t)dt + Z B,x(t)d, (t)
i= 1 f=]l
where & indicates Stratonovich differentials. Applying ordinary
calculus we get '

d’x[P](t) - (A— Z B )[ ] [P]dt+ z B[P] [P](t)&, (t)
' i-l
Now if we want to convert this back to an Ito form we must correct
the drift term to get

dx[p] (t)= [(A 1 z Bz)[P]+Z (B[p])zlx[p](t)dt+ z B[p] [p](t)dw (t)
1=1 i=] 1-1
We can easily take expectations to get the moment equation
= (exPleyyara- ZBZ>[P’+ I alPh2yslP) e
i=1
Notice that the appargntly more generalmequation
dx(t) = Ax(t)dt + 1-2-‘1 B x(t)dw, (£)+ 121 e, dw,(t) (*%)
is covered by these equations as well. To see this we let
' ~ X
3= [%]
then x satisfies an equation of the form
d%(t) = Ax(t)dt + Z (B )i(cmi(c)

i=1
There are many papers in the literature which analyze the stability of
of these equations under various assumptions -- particular emphasis

being placed on the case p=2. See, e.g. [25]. In reference [6] it
is shown that under a suitable hypOChesis all the moment equations
- are stable.

Exercises

1. Show that in the scalar case the moment equations for
dx(t) = a(t)x(t)dt + B(t)x(t)dw(t)

are 2 aPe) = [pra(n)- 3 82+ 3 p782 ()] &P (v)

Notice that if o and 8 # 0 are constant then i

all moment equations are stable.

2. A problem of interest in geophysics leads to the stochastic
equation

t can never happen that
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[dxl(t)] [ 0 ch [dxl(t):]' [xl(O) I
dx,(t) I-dtecw(t) 0] [dx,(e) ’ X, (0) 0

Show that the autocorrelation is,for small €, approximated by

<§x1(t)x1(T) S e(e /4)(t+T) -(e /4>(t T)cos(t-'.)
(See Carrier [23]).
4.3 Fokker-Planck Equations

Associated with the Ito equation

m
dx(t) = Ax(t)dt + 121 dw, B, x(t)
is the formal Fokker-Plank equation
m
o _1 v 93y -
ot 2 tt(ile XX Bi’ 9% ij )p prAx 0

However, if x evolves on a manifold then this equation will not

be especlally useful unless the redundant variables are eliminated.
In order to carry out this reduction it is necessary to coordinatize
the manifold in some natural way. This coordinatization necessarily
proceeds in a case by cass way. To illustrate we work out four

cases on the two-sphere S

Consider the stochastic equations (Compare with McKean [26]
who considers case b, case a being classical.)

ndxlj -dt .-dw3 dw2 'x1 ‘33
dx2 = dw3 -dt —dwl x, (a)
[ dx, {jdwz dw1 -dt Lx3 - ¢ :
_ - 1
- — |
ax, 79 0 aw,| rx, |
dx2 = 0 -3 dt _-dwl x2 (b) 9,’} " %
Ldx3_ _-dwz dw1 -dt ] RS ~N
de 3 1
dwl X, (e)
-dt x3
Figure 3:
0 X Spherical Coordinates
Idwl x2 (d)
-3 dt x3
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We introduce polar coordinates according to figure 3.

The Fokker-Planck equations corresponding to the above cases are
then

Bt - 5 Gimg 35 54" 55 + si:;2¢ %:—znp(:,«»,e) -0 (a
3t - 7 Ging 35 170 35 + ta:2¢ '2—27)10(11,4%9) -0 (®
3g - 3 (5106 35 + cotgeoss 37 + %E]p(t:,qa,e) -0 (@

The idea behind the derivation of these equations is that
each of the three generators

010 00 1 0 00
-1 00|, [000 , Jo o1
000 -1 0 0 0 -1 0

can be associated with a first order partial differential operator
which describes the effect of a drift. around the corresponding axis
of rotation and also with a second order partial differential
operator which describes the effect of a diffusion around the
corresponding axis of rotation. The derivation of these operators

is an exercise in differential geometry, however the following in-
sight is useful.

On a manifold with a Riemannian metric (g,,(x)), the Laplace-

Beltrami operator [27] ' 13
2 1 ) -1 3
V= (g,,(x)) " Vdet(g ,(x)) =—
NG R 13777 dxy

serves as the Laplacian, in that the basic heat equation, assuming
constant conductivity, is

& -2 vHece,m = 0

On S% in terms of the given coordinates, the usual metric is

(ds)% = (a4, 48] [1 OJm
0 sin’dlde

one sees easily that case a above corresponds to the heat equation.

As for case b, it is obtained from case a by removing one of
the generators -- the one which corresponds to a iiffusion about
the xq-axis. This is equivalent to subtracting 3-(32/362) from
the operator appearing in case a.
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Case ¢ is obtained in an analogous way. We must add a drift
term to the operator appearing in b corresponding to a rotation
about the x3-axis. Thus we add a (3/30) term to the operator
appearing in b. '

Case d is the most degenerate of all in that there is now only
diffusion about one axis. There is a (3/98) drift term as in

case ¢ together with the operator which corresponds to diffusion
about the xl—axis.

It 18 of some interest to note that all these operators are
studied in quantum theory. See Rose [28], appendix A.

Exercises
1. Consider the stochastic equation

dx -~l dt -dw O x

d o 2 dw - =dt dt . 2 0)4+x2 (0)-x2 (0) =1
) 2 Xo | 3 X WITX A0)=%,

d$3 0 de O x3

Show that it evolves on the manifold defined by x2+x2-x2=1. Intro-
duce coordinates in this manifold and work out thé Fokker-Planck
~equation. Is there a limiting distribution?

2. Show that the moment equations associated with each of the
four cases analyzed here are stable. (see [26])

4.4 Calculation of Diffusion Times

We continue with the analysis of the four cases of diffusions
on spheres, now with a view toward determining, if possible, a
complete solution to the Fokker-Plank equation. In cases where
that proves too difficult we look for some measure of the relax-
ation time of the process.

To begin with, the standard S2 diffusion (case a above) leads
to the Fokker-Plank equation

3&(—;151-% v2o(t,x) = 0

WhereV2 is the usual Laplacian on the sphere. It is, of course,
well known that the eigenvalues of the Laplacian on the sphere are
n(n+l), n=0,1,2,... with the nth being of multiplicity 2n+l. -Thus

the general solution of the above equation starting from the singular
distribution concentrated at 6 = ¢ = 0 is

© n
- ik8 - 1t
p(t,0,9) = z 2 Pnk(cos¢)e e n(ntl)
. n=1 k=-n
where P are the spherical harmonics. We also see that the

eigenvaiues are a measure of the speed with which the density
approaches steady state.
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On the basis of this Green's function one can, of course,
express the general solution of the Fokker-Plank equation in terms
of its initial value. Thus we have, in terms of the spherical
harmonics, a complete solution to the Fokker-Planck equation.

This 1is classical.

On the other hand, it is possible to be almost as explicit in
the other cases as well. This comes about because the 2n+l
equations for the coefficlents of the spherical harmonics of the
form P_. {cos )eik k=0 +é,...tn are decoupled from those corres-
ponding to Pn,k(cos )eik for n#n'. Thus the solution of the

Fokker-Planck equation reduces to a sequence of linear differential
equations; the nth entry in the sequence being a coupled set of
2n+l equations. It happens, however, that there is a simple
connection between the moment equations of section 4.2 and the
equations for the coefficients of the spherical harmonics. We
describe this for the S2 situation but similar results hold on
spheres of any dimension.

For an 82 equation x is a 3-vector and x[p] is of dimension
(p+l) (p+2)/2. The equation for x[P} includes all linearly indep-
endent p-forms in x; thus it includes (p-1)(p)/2 terms of the form

(xi+x§+x§)x[p-2]
Hence we can partition x(P] into two parts of dimension (p-1)p/2

and (p+1)(p+2)/2 - (p-1l)p/2 = 2p+l, respectivelg according to
whéther the components have a factor of x%+x§+x3 or not. Now of

course xi+x2+x2 = 1 so that the components which do contain this
factor can %e Ehought of as moment equations of a lower order and
hence they evolve independently of the second part of the equation.
On the other hand, the 2p+l components which do not contain

x§+x§+x§ as a factor evolve independently as well. Collecting

these facts we see that the moment equations have the structure
-AG 0 . . L] L .q 7 .
0 A L] L] L] L ) L]
&+2 , _
—d—(g’x[p](t)ﬂ e e s s 2 e s e o gx[p](t)
dt ‘. ] L] L] L] A -
p-2
L) * . L] L] 0
where § 1s zero or one depending on whether p is even or odd.
The dimension of A is (2p+l) by (2p+l) and the coefficients of

the spherical harmBnics of type Ppk,n fixed, k=0,+1,%2,...¢n are
governed by the differential equation

: 3(t) = A v(t)
P

>

Thus the spectrum of the operators -
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n m
i=1 i=1

which were derived in section 4.2, governs the relaxation time of

the process. ,In case a above we have already commented that the

spectrum is ¥(n(n+l)) with the nth term being of multiplicity

2n+l. In case b there is less diffusion and one would e¢xpect the

relaxation to be slower. This is the case; a calculation shows

that the first few entries of the spectrum compares with case as
follows.

1 0o, 2, 2, 2 6, 6, 6, 6 6 ... case a
2 o, 1, 1, 2 2, 2, 5 5, 6 ... caseb
~— gt mmnm”’ — -/
I II 11

Finally, we remark that examples b, c, and d are specific
cases of the hypoelliptic operators of Hormander [29].

Exercises
1. Consider the linear stochastic equation

[dxl(t)] - 1/2 1 ]dt—i— [dwl(t) . %) =0
dx,(t) | -1 - 12 qa,(0)]* " )

as an approximation to the first two components of the 52 equation

dx., (t) “Llae de awlmx.( 0
1 2 1 1 1

dxz(t) - -dt -3 dt dw2 xz(t) ; x(0) =0

dx4(t) | -dw, -dw, =dt | [x4(t) 1

Compute the second moment in each case and compare.

2. Consider the stochastic equation on S2 defined by

dxl(t) -dt/2 dwl 0 xl(t)
dxz(t) = -dwl -(1+p)dt/2 pdw2 xz(t)

Find the first few eigenvalues of corresponding Fokker-Planck
operator as a function of p.

V. STABILITY THEORY

In the study of ordinary differential equations on Lie groups
both linear and nonlinear nroblems are of interest, however in
these notes we discuss linear problems only. Of course the most
"common stability problems encountered in control concern the
general linear group. However in the study of specific applications
other groups may occur. For example, in the case of problems
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arising in classical mechanics the symplectic group plays a major
role. Moreover since tensoring will typically transform a system
evolving in GL(n) into one which evolves on some subgroup of GL(q)
is desirable to take a general point of view.

5.1 Stability of the x[p] Equations

The following theorem is an obvious consequence of the cal-
culations in section 1.2.

Theorem 1: The null solution of the system
x(t) = A(t)x(t)

is stable (asymptotically stable) if and only if the null solution
of the equation

y(t) = A[p](t)y(t)

is stable (asymptotically stable). Moreover if all solutions of
the first equation are bounded by |x(t)| < Me=At then all solutions
of the second are bounded by |y(t)| < Mle‘PAt

When combined with standard estimates this theorem can give
very precise information about high order systems which are either
in the form of y(t) = A[p](t)y(t) or else in the form

}.'(t) = A[p](t)Y(t) + D(t)}’(t)
with D(t) small in some sense.

Example: We know from Liapunov [see e.g. [30]] that all solutions
of the Sp(2) equation

il(:)] [.o 1] xl(:)]

iz(t) Kt) 0] | x,(t)

are bounded if p(+) is pointwise nonnegative, periodic of period T
with posi;ive average value and with

T
I p(t)de < 4/T

Thus we see thgt all solutions of the x[2] equation
il(t) o 1 of |y ()
Vo) = [-2p(t) O 2f {y,(t)
¥4(t) 0 -p(t) 0] |y,(v)

are also bounded under tBe same hypothesis. (Here we have taken

Yo " 2x% instead of Vr'x .) A change of basis puts this equation
in & more symmetric form
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(1-p(t)) O z,(t)

z,(0)] 0 -;-'-

. 1 . 1

2,0 = -2 ap) 0 F ) |z®
£,(0) 0 3 Wp@) 0 2,(t)

This equation evolves on the pseudo-orthogonal group SN(2,1).

One particular fact which should be mentioned here is that
systems with a single time varying parameter, say

x(t) = Ax(t)+k{c)Bx(t) _ - (%)
go into systems with a single time varying parameter e.g.

p), .y (p]
X (t) ,(A[p]-l-k(t)n[p])x_ (t)

"Thus the many useful results about (*) (circle criterion, (173,
etc.) can be extended in a nontrivial way.

Exercises '
1. It is known that all solutions of the differential equation

X+ %+ k(t)x(t) = 0

remain bounded if 0 < k(t) € ~3.9 (see [17]). On the other hand,
if one picks a positive definite quadratic form in x and % say
v(x,x) and computes its derivative along solutions of the given
differential equation then there exists one quadratic form which
implies stability via Liapunov theory, for 0 € k(t) € 1 but the
constant 1 cannot be improved on using a quadratic Liapunov functiom,
However, 1f we look at the x[P] version of the differential equation
then a quadratic Liapunov function for x[Pl is a 2p-degree Liapunov
function for the original equation and a more suitable Liapunov
function can be found. Work out the details. '
2. Consider a differential equation inpR

x(t) = Ax(t)+k(t)Bx(t)

Suppose that A and B generate a four dimensional Lie algebra which

is isomorphic with g2(2). Use the theory of the representations

of g2(2) (see, e.g. Samelson {4] page 114) and the circle criterion
(see, e.g. [17]) to derive stability criteria for the given system.

5.2 Periodic Self-Contragradient Systems

A matrix Lie algebra is said to be self-contragradient 1if
there exists a matrix P such that

PLP L w -
for all L in the Lie algebra. For example, so(n) is self-contra-
gradient with P=I and sp(n) is self-contragradient with P=J. As
far as the stability of periodic systems is concerned, the impor-
tant consequence of this assumption is that if A(t) satisfies
PA(t)P~1l = -A'(t) then the transition matrix for
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x(t) = A(t)x(t)
satisfies
°A(t)P¢A(t) = P
since

d ) a ] t -~
S5} (£)P0, () = 0, (£) (A" (£)P4PA(E))0, () = O

Thus ¢A(t) similar to (¢-1)'. As an immediate consequence of this
fact we see that the eigenvalues of ¢, (t) occur in reciprocal
pairs —- if A is an eigenvalue then so is 1/X. If we assume we
are dealing with real systems then of course the eigenvalues

occur in complex conjugate pairs as well.

If A(t) = A(t+T) then the well known Floquet theory insures
that the transition matrix for

_ x(t) = A(t)x(t)
can be expressed as
o, (t) = Q()e"*; Q(0) = 1

with Q(t+T) = Q(t) and R constant)though not necessarily real.
The value of ¢A(T) 1s decisive as far as the stability of a
periodic system is concerned since ¢A(nT) = [¢A(T)]“.

If A(t) is given b%

| A(t) = iZlai(:)Ai
with the A, being a basis for a self-contragradient representation
of a Lie aigebra, then of course

QA(t)P¢A(t) a P

for all t. If (¢A(T))n is bounded for n=1,2,... then we call
®A(T) stable. We call it P-strongly stable if it happens that for
all sufficiently small R such that R'P+PR = 0, the matrix eR¢A(T)
is also stable. (Compare with [31].) 1In view of the fact that
the eigenvalues of a matrix depend continuously on the elements of
the matrix and in view of the fact that the eigenvalues of ¢

must occur in reciprocal pairs, we see that if the eigenvalues of
®,(T) are distinct and if ¢,(T) is stable, then it is P-strongly
stable. However it can happen that ¢,(T) is P-strongly stable
even if the eigenvalues of ¢, (T) are not distinct.

Theorem 1: If {A,} is the ﬁasis for a self-contragradient matrix
Lie algebra, A{P+§A1 = 0, and if

m
() = (] a (£)A)x(t)
=1
is periodic and if ¢?éT) is P-gtrongly stable, then there exists

€ > 0 such that for i(t)-ai(t)l < € and bi(t) periodic of period
T the system

m
, k(1) = (I b (D)A)x(e)
is stable. 1=l
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Exercises
1. Determine if for P = J the matrix

cosf 0 sinb 0
0 cos 0 sind
M=l gin6 0 cosg o | 30<O0<m
0 -sin 0 cosb

48 ‘P-strongly stable or not. See [30], theorem 8.

2. Show that if p(t) is petiodic of period T with average value
zero and 1if :

[&l(c)] _ [o’ 1 Hxl(:ﬂ
X, (t) =1 -p(e)] ] x,(¢)]

then QA(T) is symplectic although %ft) for t # T need not be.
The corresponding x 2 equation is ‘expressible as

x2 o 2 o | [«?

al 1 1
at xlx2 = 1-1 -p(t) -1 xlx2

x% 0 -2 -2p(t)| x%

Use the idea of strong stability to investigate the stability of
these systems.

3, 1If D is diagonal then D+H is similar to a diagonal matrix if H
is any symmetric matrix. However if D is diagonal there may exist
an n(n-1)/2 dimensional set, the upper triangular matrices, such
that D+T is not diagonalizable; consider the identity. Relate
this to strong stability.

5.3 The Symplectic Case

‘In the special case of the symplectic group Krein [30] has
given an elegant theorem on how large the perturbation in Theorem 1
of the previous gection can be. We give an application of this

theorem and some facts about realizations of feedback systems as
well.

Notice that the second order system with Q(t) symmetric
%(t) + Q(t)x(t) = 0; x(t) eR™
is equivalent to the symplectic system

o] L 312
&, (t) -Q(t) - 0J [x,(t)

Krein has investigated this set of equations and more general ones.
One of his results reads as follows.

Theorem 1: Let P(t) = P(t+T) = P'(t), then all solutions of the
equation
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R(E)+P(t)x(t) = 0
are bounded if
1) P(t) 3 0 all t

T
11) I P(t)dt > 0 (positive definite)
0 T
111) (4/T)I-J P(t)dt > 0 (positive definite)
0

Proof: See Krein [30], page 165.

As an example of an application of this result to problems
of the type which arise frequently in system theory we prove the
following theorem. (Compare with [32])

Theorem 2: Suppose that q(s) and p(s) are polynomials without
common factors. Suppose further that q(s)/p(s) 1s an even
function of s with all its poles and zeros on the imaginary axis
and assume that the poles and zeros of sq(s)/p(s) interlace. Let
D = d/dt and let k( ) be periodic of period T. Then all solutions
of the nth order differential equation

p(D)x(t) + k(t)q(D)x(t) = 0O
are bounded provided

0< J Iace) | 2de < 4/1

where A(t) denotes the zero of p(s)+k(t)q(s) = O which has the
largest magnitude. 2 2

Proof: Write q(s)/p(s) as r(s”)/m(s“) with r and m polynomials.
This is possible because q(s)/p(s) is even. Write r(s)/m(s) as
b'(Is-A)~1b with A = A'. This is possible because the poles and
zeros of r(s)/m(s) interlace; (See [25]). Thus

q(s)/p(s) = b'(Isz-A)'lb

and the differential equation in the theorem statement is
equivalent to the system

X+ (A+k(t)bb")x(t) = O

Krein's result implies stability if

T
I(T/4) = J (A+k(t)bb')dt > O

0

But since the largest eigenvalue of the sum of two positive definite

symmetric matrices is less than or equal to the sum of *he largest

eigenvalueg of the respective matrices there is a corresponding

inequality for integrals and we ses that

T 1 9
*maxjo (A+k(e)bb')dt < Jo [x(e){“de
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The result then follows.

It is interesting to compare this result with the analogous
facts about completely symmetric systems investigated in [25].
Also notice that this theorem captures Liapunov's original theorem
as a speclal case, as does the basic theorem of Krein.

Exercises

1, Use these results to investigate the stability of the scalar
equation :

x(4)+4x(2)+3x+k(t)(x(2)+x) =0
with k(t) periodic.

2. Derive a matrix version of Theorem 2.
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1. INTRODUCTION

Electrical networks utilizing electronic switching are used to obtain
a variety of results which are difficult or impossible to ostain with conven-
tional linear circuits. Typical applications include circuits which perform
elementary control functions, circuits for DC to DC voltage conversion,
circuits for frequency conversion, etc. We will be mostly concerned with

networks designed for their power handling capability. A reasonably complete
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storage elements play a significént role. The main thrust of our paper is
in this direction.

The most natural description of the basic equations of motion for
circuits of interest here is é set of first order differential equations
describing the time evolution of the inductor currénts and the capacitor
voltages. We find that in many cases networks containing diodes, controlled

switches, linear time-invariant inductors, capacitors and resistors, current

! and voltage sources, can be modeled by equations of the form
m E m
| k(t) = A+ 121 ug (B)A)x(E) + b+ 121 u, (£)b

where ui(t) model the effects of switches. Because the rirht side of this

equation contains a set of bilinear terms, it is often referred to as a
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bilinear system.- It serves as the starting point for the analysis of
the dynamical behavior of the electrical network. WNext we introduce a
set of~approximations -~ based on averaging -- which yield a family of
bilinear equations in which the average values of the switch variables occur.
The approximate systems can then be used to design control strategies, either
based on linearlization and conventional frequenc& response or else some of
the new stabilization methods introduced here in section 5. The key step
is the basic averaging approximation and the various refinements of 1t. It
is ét this point and in.the treatment of bilinear equations that we make
some use of Lie theory.

The paper concludes with the detailed analysis of an example 1llustrating
the use of the techniques discussed in the design of pulse-width modulated

regulators for DC to DC conversion systems.
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2. MODFLS FOR DIODES AND CONTROLLED SWITCHFS
| In the later sections we will want to model all circuits under
consideration by circuits which contain only liﬁear time invariant inductors,
capacitors, and resistors, sources and ideal switches. By an ideal switch
we understand a circuit element which either transmits no current, regardless
of the voltage drop across it, or else has no voltage drop across it regardless
of the current through it and it can change from one of these modes to
the other on command -—.regardless of the current it is carrying.

Our first point is that ideal switches are actuéllv good models
for a large number of circuits which are easily built. It 1is true that
silicon controlled rectifiers and power transistors are only approximated by
ideal switches in certain regimes because of their turn-on and turn-off
-4dynamic§, the-fact that they conduct in one direction only, etc. However,
there are simple circuits for making these devices bidirectional such as
the one shown in figure 1. This figure shows a diode bridge with a uni-
directiénal device in the middle. The overall circuit will conduct current

in both directions and can therefore be modeled by a simple switch. The

—Pp—  ——

Figure 1: A bidirectional switch made ﬁith 4 diodes and a uni-
directional switch., together with its equivalent.

e

turn-on and turn-off dynamics, while.important in some applications, will be
ignored here. We justify this on the grounds that these effects are second

order compared with the analysis considered here. The restriction to
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bidirectional devices is justified on the grounds that the presence of
unidirectional devices would complicate our analysis and furthermore they

can be eliminated -- sometimes with good effect on system performance --

- via the circuit in figure 1 or some modification of it.

We also want to consider three terminal switches of the form represented
by figure 2. These can be realized in various ways depending on whether or
not fully bidirectional behavior is required. A more or less typical

example is the circuit shown in figure 3. 1t is accurately modeled by

Pmr———

Figure 2: A three terminal switch.

replacing the controlled switch and the diode by a three terminal switch
provided the current is always flowing through the inductor in the positive

. sense.

aq"w' -

____ﬁ}—__
NN
NVINNY

Figure 3: A nonlinear network and a controlled switch
model incorporating a three terminal switch.

A general approach to modeling circuits with switches cannot be based

on impedance descriptions since the ideal switches do not have impedance
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characterizations. However a scattering variable description of a switch
does exist and it is desirable to base the whole approach to modeling
networks with switches on a scattering variable formulation. That is,
if we have a network with switches and sources we extract the switches and

relate i+v and 1-v across the switch via

(4+v) = u(t) (i-v)

When the switch is closed i+v = i-v and when it is open itv = -(i-v).
Thus the switch value, u(t), is either plus or minus one.

| rBased on the above discussion we claim that a good understanding of
networks of the form shown in figure 4 would contribute to our ability to

design useful circuits. Moreover one easily sees that subject to the basic

wiol-- 1 PI7E.. . 1%

INDUCTORS, CAPACITORS, RESISTORS, AND SOURCES

Figure 4: The general time invariant switchable electrical
network with two and three terminal switches.

well-posedness conditions, such as arise out of the necessity of not having
any capacitive loops or inductor cut sets regardless of the switch configura~

tion, such circuits always yield state equations of the form
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m m
x(t) = (A + 121 u (£)A)x(t) + b (t) + 121 u, (£)b, (t)

We refer the reader to standardrsources for the justification of this

remark. See [1l] for background and references.
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3. CYCLIC PROCESSES AND VECTOR FIELDS

In éection 4 we will discuss certain simplifications for comhutated
electrical networks which operate in a quasi-periqdic mode. In order to
motivate the type of analysis which 1s carried out there we want to
discuss the role of switches from a particular point of view which has
to do with the cyclic nature of the processes in question.

The idea 1s illustrated with the circuit shown in figure 3. This
circuit can be regarded as a model for a simple volgage converter. We
consider the time evolution of the inductor current and capacitor voltage.
In terms of these coordinates we have the two different types of integral
curves, depending on the switch position. The choices, are shown in

figuré 5. By following alternatively the paths we can effectively stand

inductor ' inductor inductor
current : current 4 current 4 -

NN

capacitor . capacitor capacitor
voltage voltage - voltage

Figure 5: (a) switch closed right; (b) switch closed left;
(¢) typical cycle

still at an average position. There are, at the next level of complication,

circuit effects which cannot be explained on the basis of simple averaging.
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In general what one does is to allow the system to follow alternate paths
(vector fields) in a definite order, thereby creating effects which are
not achievable by following any one of the fixed available paths. This
point of view is the basis for studying the controllability of nonlineér

systems. See the recent paper of R. Hirschorn [7] for a systematic

account.
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4. THE MATHEMATICAL ANALYSIS
We now turn to ;he_analysis of qircuits modeled by equation (1).
This will require certain results from the theory of linear systems
and Lie algebras. All necessary background material can be found in
[2] and [3].
If A and B are n by n matrices then we use the bracket symbol [A,B]

to denote the commutator product
[A,B] = AB-BA

a subset of the space of n by n matrices which is, (a) a linear space,

and (b) contains [A,B] whenever it contains A and B, is called a matrix
Lie algebra. If A and B are any two n by n matrices then we can find

the smallest Lie algebra which contains them simply by forming their
commutator product; taking linear combinations, more commutator products,
etc. This process stops in a finite number of steps because the set 6f_
’An by n matrices is finite dimensional. We denote the smallest Lie algebra
which contains A, B, ..., C by {A,B,;..,C}LA.

Given a differential equation system

x(t) = (Atu(t)B)x(t) + u(t)b + é : (1)

it is known (see, e.g. [3]) that the transition matrix ¢A(t) must belong
to the set
}

r £ oY N [ - ) m - Fa o
1expia, b} Jo= 11X X =6 € e...e ’ L, E IA,bILA

Moreover, it 1s known that "fairly large" subsets of {exP{A’B}LA}C can

in fact be achieved. See the recent paper of R. Firschorn [7] and

his references to the work of Jurdjevic and Sussmann.
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Suppose thaf we have a linear time invariant system of the form
x(t) = on(t)+Bou(t); y(t) = Co(t)

with (Ao’Bo’Co) a controllable and observable (minimal) system. If A(-),
B(-) and C(*) are periodic functions of time such that ||A(-)—AO||,
||3(°)—BOI| and IIC(-)-COII'are all less than €. Then for € sufficiently

small the periodic system
x(t) = A(E)x()+B(t)u(t); y(t) = Cx(t)

will be minimal as well. The‘input—output map for the periodic system,

i.e. the map w——y defined by
- t - '
y(t) = ( C(t)¢A(t,o)B(o)do
o Jo - -

will be close# to that of:the time invariéne system orovided that both

ere asymptotically‘stablel This suggests that one migh:reploce_toe periodic
system by a time inveriant one obtaineo by averaging ove£ ooe-pefiod provided
;he resulting sjs;em is both stable and minimal. There are two besic pro-
perties of any such aporoximation_which.one should demand: (a) if we repiace
t by t+o .the approximetion shouid not ohange, and (b) VA.0 should belong to
the Lie algebras generated by {A(t )}, so that the’ "average' system is

“not exhibiting behavior ‘that the original system could not duplicate for any.
choice of u. This is significant, for example, if one is to avoid pitfalls

such as approximating a lossless network with a lossy oﬁe, etc.

Say with respect to the operator topology induced by letting u and y
belong to L [0 o),
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The approximation based on simple averaging becomes less satisfactory
as the variation about the average becomes larger or as the period of the
variation becomes larger. In these cases one wants to refine this approxi-
mation further. We describe how this can be done in tﬁe plecewise constant
case. Notice that given two real matrices A and B there is no guarantee

that there exists a real matrix C such that

A B c
ee =e

This will be the case however, if A and B are small enough and then C will

be given by a convergent infinite series

1 1 ' .
C = a+B+[A,B] + 73 [[A,B],B] + 75 [[B,A1,A] + ...

known as the Bakef—Campbell—Hausdorff'fofmula. Various expressions like
this actually form the basis for a large number_of useful approxiﬁationslin
physics {4]. What we find hefe is that they can be quite useful in tﬁe
analysis of electrical networks as well. | o
‘The idea is this. Suppose that A(t) is given'by A(ti = A(t+T) and
A O<tca
A(t) =

B o< t €T

AaeB(T—a). The Baker-Campbell~Hausdorff

Then we want an approximation for e
formula gives such a result, namely eC where C is as above. Now if we want

a formula for C which is independent of order, i.e. insemnsitive to a shift

of origin of the time axis,; then we must drop out the [A,B] term to get -
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n ;(eAeBﬂBeA) A48 + 2 [[A BIB] + = [[B Al,A]

= A+B + 1 [[A B],B-A]

Putting these ideas together we obtain a series of approximations for

plecewise constant periodic systems. If the system equaﬁibns are
x(t) = A(t)x(t)+Bu; v = Hx

with A(t+T) = A(t) and A(t) as above, then the first approximation is

k(t) = [T A+ (1- 3)BIx()+Cu(t);  y(t) = Hx(t)
The second-approximatidn is

k(t) = (% ar(1- Dp+ 75 &

2
o Qo a .
= (5 - ;EQI[A’B]’(I—ff)B- FA11x(t)+Gu(t);

y(t) = Bx(t)

and higher degrees of anproximation can be generated by taking more terms
in the Baker-Campbell-Hausdorff formula.

Notice that the inhomogeneous'equation

x(t) A(t)x(t)+b(t)

can be”cdnvertedvto the homogeneous'form

4 [x©® [A(t) b<t>][x_<c‘)]
11 ] Lo o L1

" by tﬁe simplé de&ice of augmenting the x-vector. Wevwill'use this trick
' ’wheﬁ_it'is nécessary-to épproximate.the solutions:of |
x(t) = Ax(t)+u(t)Bx(t)+u(t)b
in éubéeqﬁent sectlons, since it allows us to use the_Baket-C§mpbell-Hausdorff'

formula directly.
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5. PULSE-WIDTH MODULATED SYSTEMS
By a pulse-width modulated system we understand a special type of
bilinear system of the_form
. n m
X(t) = (&+ ] u (£)B)x(t)+ I ug ()b +e
i=1 i=1
where each ui(t) can take on only two values. Moreover, there is a
basic pulse period for the system and ui(t) can only switch between its
two possible values one time iﬁ each period. Thus if u switches between

one and zero then a typical u(+) looks as shown in figure 6.

/

1 2 3 4 t
Figure 6: A typical u{-) for a pulse-width modulated
system of pulse period equal to one.

A pulse width modulated system 1s a bilinear system and if one averages
over one period tﬁe averaged pulse-width modulated system ié also a bilinear
system. The significant difference is that whereas the original system has
controls which take on only two values the averaged system has controls
which take on a continuum of values. This change makes the control problem
very much easier to study using COnventionél techniques. It also allows one

to apply the theory of bilinear systems [5].
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6. STABILIZATION
In section 7 we want to show, by example, that the methods of this
paper can be useful in understanding pulse width modulated control systems.
However, we also want to indicat how these methods can be used in design.
For that reason we examine the question of stabilizing bilinear systems
by feedback.

Consider the bilinear system
x{t) = Ax(t)+u(t)Bx(t)+bu(t)

There are 3 more or less obvious remarks to be made about the existence
of feedbéck control laws which make x = 0 asymptotically stable.

(1) If b, Ab,...A" b is of full ramk then by virtue of the pole
relocation theorem for linear systems there exists a linear feedback control
u = -k'x such that A-bk has all its eigenvalues in Re s < 0. Since k'xBx

is quadiatic in x it follows that x=0 is (locally) asymptotically stable for
x(t) = Ax(t)-k"x(t)Bx(t)-bk'x(t)

(11) If x(t) = Ax(t) is asymptotically stable then the control law
u = 0 results in stability. If x(t) = Ax(t) is stable but not asymptotically
stable then there exists a nonsingular symmetric matrix Q such that

‘QA+A'0 = 0 and the control
u(t) = -x'(0B+B'0)x-cx(t)

gives aéymptotic stability unless u vanisheé identically for some non-
decaying solution of x(t) = Ax(t).

(ii1) 1If there exists a choice of basis such that
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and 1if
x(t) = A22x(t)+u(t)322x(t)

meets the conditions for instability for the circle theorem [2] or some
other instability criterion then there is no stabilizing control law.

We now describe a refinement of (ii) which is well suited for the
study of the electrical network‘problems we have beeﬁ discussing.
Theorem: Suépose that A is similar to a skew symmetric matrix and suppose
‘that the eigenvalues of A satisfy the condition li+kj # Ak for all 1, § and
k. Assume that b, Ab,...,AP-lb are linearly independent. Then there
exists an n by n matrix O with Z = 0' > 0 such that QA+A'Q = 0 and the
control law

u = -x'(0B+B'0)x-x'0b

makes the null solution of
%(t) = Ax(t)+u(t)Bx(t)+bu(t): x(t) € 7R“

.asymptotically stable in the large.

Proof: The existance of a 0 satisfying the given condifion is classical
(see e.g. [2]). We want to use the Liapunov function x'0x and a theorem
of LaSalle which gives asymptotic stability if x'0Ox is positive definite

and v is not identically zero along a nonzero trajectory. In this case

"
. L
vV = ~-u

Now if v i1s identically zero then u is zero and X = Ax. We also have
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x'"OB+HOB'x = -x'0b

?
but if u vanishes then x(t) = eAtxo. Since QA = -A'0Q we see x'eA th =

-At

x'Qe and, by the condition on b,Ab,...,An-lb this does not vanish

identically for X # 0. Thus we must have

1 B 1
x'eA t:(()B+B't‘))eAtx = —x'eA tOb
(e} » o o

with both sides nonzero. Now the left side is a sum of terms of the type
At

die and confluent forms wh?§e+§i)ire the eigenjalues of»A. The right
side is.a similar sum'ofv Bie 1 . By hypothesis the exponentials
oﬁ the right and left are distinct. Since the left side does not vanish
identically they are not equal.

It ﬁay'be fhat the conclﬁsion holds under the weaker condition that

there should exist no vector x # 0 such that ax+x'(0B+B'0)x(Bxtb) = 0.

This condition is certainly necessary and perhaps it is sufficient as well.
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7. EXAMPLES

This section consists of an example illustrating the application
of the analysis done in sections 4 and 6. We are especially interested
in deterﬁining the effects of going to higher order.approximations.

We consider the network shown in figure 3b. The equations of motion

are, assuming a one volt supply with positive polarity down we have

IR W

Here x is the inductor current, v is the capacitor voltage, and u=l when the
switch is closed on the left and O when it is closed on the right. If we

assume u is operated periodically then the first approximation is
r —Aar

| - ~ - -I ~ 1 “+ -l
LaZl v 1=u Zl — -4
where u is the average value of u. We can associate a time invariant
network with  these equations in various ways. If we want to preserve the
meaning of z, as the voltage across the resistor then the network in

(Y

figure 7 is appropriate.
e L+ ¢ R

L(1-u)2
C ? R

el
|

=
!
[«

Figure 7: Network equivalent of the averaged equation.
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If u is periodic and of the form shown in figure 8 then we can refine
this approximation by taking additional terms in the Baker—Campbell-Hausdorff

formula. Introduce A and B, taken from equation (*), as
0 1 JTo -1
A= B = :
-1 -R 1 0
The next approximation is then

on %_{ea(A+B)e(l—u)A+e(l—u)Aea(A+B)}

[}

a+oB + 77 {0(1-a) (1-20) [[B,A],A1+0” (1-) [[4,B],B]}

L [-ZR : Rz] ) [ZR o'|
A+oB + = a(l-o) (1-2a) +0"(1-a)

12 -R2 4R 0o -2r]

n

Near a 507 duty cycle the second correction term is more important than the

first, which, in fact, vanishes at o = 1/2. The second term has the effect

A

v

o 1 1-a 2 2-a
Figure 8: The duty cycle for switch in figure 3.

of decreasing the output resistor by az(l-a) R/12 and inserting this same
value of resistance in series with the inductor as shown in-figure 9. The
actual percentage change in the output resistor is about 27 but this
together with the insertion of the small resistor in series with the

inductor has a notable effect on the frequency response characteristics.
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RS
I

Figure 9: A better approximation for the network
in figure 3. - . .

Based on the first approximation described by (**) let's look for a
_ _ * '
control law which stabilizes the output voltage to a value z, > 0. This

means that for steady state we must have

[ O " ] [z* [-l] O]
o 1l —

_ * + uo =

u -1 -R z 0 , 0

o =2

. . _
This fixed the values of zl and u,

*
7 2
*
° 2,41
* Rz ok *+1
z) = = = —R22(22 )
u°~1

*
Say that z, = 4 and R = 1. Then u, = 4/5 and we want to stabilize at

)7




-77-

* ——
Introduce z-z =y and u-u_ = V. In these coordinates we have

« y
Ly 0 -1/5 |} y 0 -1]|y -1
1J = }[ 1 + v . 1 + v
C§2 -1/5 ~1 Yy +1 0 Y, 0
If we now linearize this equation about y = 0, v = 0 we see that the

transfer function between the output voltage error

YZ = (22—4)
and the deviation of the input average value from 4/5

v=u-4/5
isb

1/5L

2

§,(s)/%(s) =
Cs“+s+1/25L

fhis linearization is obtained by ignoring the vy, and vy, terms. This
is the relevant transfer function for feedback regulator design, regarding
the average switch position as the input and the deviation of the output
voltage from its average value as the output. If necessary one can now
return to the refined approximation and work out a more accurate equivalent

model.



-78-

8. CONCLUSIONS
We have shown here that commutated.electrical networks can be
»analyzed in an approximate way bv using an averaging technique based on
first order differential equation descriptions and the Baker-Campbell-
Hausdorff formgla from Lie theory. There are three steps in the
‘analysis: | |
(a) replace all unidirectional switches by bidirectional equivalents
or bidirectional apéroximations valid in the operating regime,
(b) ‘intrbduce equivalenﬁ circuit equations based on éve;aging and
expansion of eAe » | |
(¢c) stabilize the resulting bilinear equations using.linearization
or bilinear theory.
An example is given to indicate the type of imsight available from this

.appfoach.
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IV. SUMMARY AND CONCLUSIONS

R.W. Brockett

1. Main Results

NASA support has resulted in the work leading to the publications
[1-25] cited in the reference list. While a detailed summary of this werk
is obviously impossible there are several main lines of thought thch are

apparent. We list these with an indication of their origin.

1. High efficiency power‘conversion networks are usually well approximated
by electrical networks with linear inducto;s,:capacitors, resistors (forbload),
sources, ideal switches and diodes, together with the control circuitry for

the switches. [1-5]

2. Switched electrical networks of this type are, without the control

circuitry, bilinear systems. [1,3,4]

3. Many aspeéts of the behavior of bilingar systems can be understood on
the basis of mathematical models without resorting to simulation. The étudy
of ébntrolled'bilinear systems such as arise with regulated DC to DC supplies
iﬁ which linear or nonlinear feedback is applied to a bilinear system is
moré difficnlt'but design for stability is possible based on mathematical

models. [2,5]

4. The use of Lie algebraic techniques is essential for understanding the
controllability ﬁnd observability 6f bilinear systems. Moreover, these same
feéhniqueévcarry over with little change to more general nonlinear systems.
This last point is imporfant in understanding the feedback control of bilinear

systems since even linear feedback leads to systems which are no longer bilinear.

[2,3]
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5. The standard use of averaging to approximate tﬁe behavior of switching
regulators can be refined using Lie algebraic techniques. This refingment
is useful when the natural frequencies of the.regulator and the clock
frequency are not widely separated. [5]

Taken together the methods developed here constiﬁute a basis for
understanding some of the theoretical problems which afise'in the study
of power conversion networks. The idea that Lie algebras shed some light
on the control of switchable electrical networks is felt to.be one of'thé
major contributions. A priori there was no hint in the literature that
this might be true. Equally important is the idea that the basic tools
of modern control theory, e.g. state space models, Liapunov stabilitf
" methods, optimal control, etc., can be of practical value in designing
"control laws for converters and regulators. To be sure, this latter idea
is becoming widely recognized, and our work only reinforces an established
trénd. waever our mathematical methods can only go so:far toward the
solution of the design problems and further inter#ccions ﬁith system

designers should be useful in refining the - methodology generated so far.
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2. Difficulties

The principlé remaining difficulties in analyzing nonlinear
equations of the type which occur in power prbcessing problems lie in the

area of:

1. Free running converters for which the clock speed is not a priori

fixed but which depends on the load and supply conditions.

2. Converters which face widely changing load conditions such as would

cause the system to change its basic mode of operatioms.

3. The design of multimode converters controlled by finite state systems

of considerable complexity.

For those applications in which‘reliability considerations outweigh-
cost, 1t seems likely that more sophisticated digital control circuitry
will become more common. This will make item three very important in this -
context. It also seems likely that an'increasing number of applications
will be found where efficiency is the overriding consideration and for these
cases sophisticated digital control circuitry may be justified also.

Though it has been recognizéd for a long time that there is a.real need
for a theory of systems which are pértly continuoué and partly finite state,
results have been slow in coming. It m&y be that previous efforts have
addressed the problem in too much generality and have not exploited the
special features of the known successful applications. In any case this

problem seems too important to ignore in spite of the apparent difficulty.
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3. Future Work

| The main hope for further simplification in this area of nonlinear
analysis rests in finding a suitable extension of the transfer function
idea. Recent work on Volterra series* indicates that the Volterra kernels
for the input-output map for systems governed by ordinary differential
equations éan be computed rather easily and can be of use in undefstanding
the behavior of systems. This idea has already been worked out in detail
. by d'Alessandro, Isidori, and Ruberti** for bilinear systems and it seems

t§ hold great promise for future developments.

It is also clear that more work should be done which recognizes

“explicitly the role of logic elements in the controller. This is a
difficult problem area but one of great importance.

Finally, in view of the great importance which one must plaée on
efficiency 1t éeems that more emphasis should be placed on the development
qf fundamental bounds on efficiency. We feel that the work of W’olaver+
on fundaﬁental.limitations on converter cilrcuits is an excellent start

and .that this line of work deserves more attention.

. - ‘ A :
R.W. Brockett, '"Volterra Series and Geometric Control Theory," Proc.
International Federation on Automatic Control, Boston, Mass. 1975.

" "P. d'Alessandro, A. Isidori, and A. Ruberti, "Realizations and Structure
Theory of Bilinear Dynamical Systems," SIAM J. on Control, (to appear).

+D. Wolaver, Fundamental Study of DC to DC Conversion, Ph.D. Thesis,
“M.I.T., Dept. of Electrical Engineering, June 1969.
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