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Introduction

This is the Final Tochnical Report on MASA Grant NSG 1105 entitled
"Dynamic Inctability of "ucts Conveying Fluid,” « .ring the ten-month
period from Getober 1974 to Augnst 1975, awarded  i'ASA Langley Research
Center to Polytechnic Institute of New York, with Visiting Professor
Yi-Yuan Yu as the Principal Tnvestigator,

In this repoyrt a cwautary of the main results is precented first,
Fresentations and publications vased on the results are then itendzed,

Three of these items are attached to this rerort as Appendices,

Swanary of Results

There have been four separate, although closely related, research

tacks on ducts conveying high-speed fluld. The main results are as followrs:
1. Cantilevered Curved Ducts., The effeet of curvature on the flutter

of cantilevered ducts has been examined in great depth by constructing root
locus diarrams, Cerrrehensive resultes have been ohtained for a total of
six cases, each including the four lownsst modes., Among other things, the
results indicate that instability of a curved duct can take place in the
third mode rr well as in the second. In the care of a strairhi duvet, ine
gtability has been found by previous avthore to cccur in the seccend mode
only.

2. Flexibly Supperted Ducts. To provide an understanding of the

dynamic instability characteristics of real ducte which are neither truly

cantilevercd nor simply supported cor clamped, flexibly supported end cone
ditions are considered, The eritica! yelocity as a function of the support

flexibility has Leen aralyzed. Computer programs for determining the
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eritical veloelly and for corstrueting rcot locus dlagrams were prepared for
very general cases of flexible suprorts, For the special case of a straight
duct with one end rigidly clamped and the other end flexibly supported,
comprehensive numerical results were obtained, The flexibility of the second
end was rour.u'l to determine whether initial dynamic instability woulu take
place in the form of divergence or flutter,

3, Finite Element Analysis, The dynaumic instability analysis of arbi-

trarily shaped ducts can be carried out on the basis of the finite element
method, Some exploratory werk on the finite element formulation of the
problen has been carried out for the divergence and flutter of a straight
duct, Computer programs have been prepared with the entire duct taken as
one or two finite elements. A limited amount of numerical work has also
been carried out,

li, Duct Systems, Tor duet systens ecmioszed of straight and circular

segments, another apprcach to the dyna:nic' instability problem is to consider
the ducts as composite duct systems and analyze them by solving the appro-
rriate differcntial esmations and matching the boundary conditions between
adjacent segments. As an example, a plane system ccnsiscing of a circular
segment with a strairht one attached to each of its two ends was censidered,
The fresvency ematicn of the problem has been forrmlated, but eomputer

n

propgrams for the problenm remain yet te be written.

Precentations and Publications

1. The Frincipal Investipator presented the paper, "Application of
Variational and Calerkin Eguatiuns to Linear and llonlinear Finite Zlement
Analysis," at the 25th Congress of the Interrational Astrziautical Federa-

tion in Amsterdam, October 197, The work preserted in the paper 'ras

g



initiated when he was in residence at the HASA Lanpley Research Center in
the summer ui 1973, The procedure adwocated in the paper has since been
applied to the finite element formulation of the problem of dynamic insta-
bility of sF?aight ducts, as described above under Task 3.

2. The Principal Investigator presented a Joint Seminar to the Depart-
ment of Mechanical Enginesring and Department of Aerospace Engineering and
Applied Mechanies at Polytechnic Institute of New York on October 31, 197L.
The serdnar was entitled "Some Recent NASA-Supported Research." In addition
to a discussion of the above application of variational and Galerkin eaua-
tions to the finite element analysis, the lecture also covered the problem of
dynamic instability of ducts conveying fluid,

3. A presontation entitled "Some Recent NASA-Cupnorted Hesearch in
Structural Mechanies" was made by the Prineciral Tnvestipator at the 1lhth
Midwestarn Mechanics Corference at Nerman, Cklahema, March 24-26, 1975,
While similar to the seminar described in Item 2, the presentation inecluded
a pgreat desl more results on the dmamic instability of ducts conveying

fluid, An abstract of the presentation appeared in the Volums of Abstracts

published by the Conference and is reprinted in this report in Appendix 1,
L., A note entitled "Flutter of Cantilevered Curved Ducts Cerave;
v
Fluld," authored by the Principsl Investi ator, has been accepted for publi-

cation in lMechanics Rescarch Commnications. A preprint ic insluded in

this report in Append’x 2.

5. The Principal Investigator prepared the paper, "ESffect of Curvature
on the Flutter of Cantilevered Ducts Conveying Fluid," for presentation at
the 11th International Symposium on Space Technolory and Seience in Tokyo,
July 1975, Since the work has not been published in the U,S., permission to

present the paper was not granted, A copy of it is attached as Apvendix 3,
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(Reprinted from the "Volume of Abstrachs" presented at the llth Mid-
western Mechanier Conlerenceé at Norman, Oklahema, Mareh 2/-26, 1975)

Seme hlccn:.NASA-Suppor:ed Research in Structural Hcchantcl.
By Yi-Yuan Yu

Visiting Profecscr of Mechanical Engineering, Polytechnic
Institute of Jew York, and Uistinguished Professor of
Aerorcutical Zrnjincering, Wicanica Stace University

Sou2 recent research carrled out by the author under the direct or indirect
support of NASA 1s briefly reviewed,

The first topic being investigated concerns the Galerkin and variational
fornulation of the fin!te element analysis. As {3 known, the advantage of the
Calerckin method lies with the fact that its use does not depend upon the existc-
ence of a variational principle. Racently the mechod has received much actten-
tion in conmection with fin‘re element formulation. This unfortunately can lead
to sone difficulties, as illustrated by considering the problem of two-
dimensional elasticicy, When a variational principle does exisc, such diff{-
culties can be removed by resorting to the variactional equation.

The second topic deals with tiic finite element analysis of nonlinear
vibrations based upon the variational equation. The finite element approxima-
tion may be considered as a varifational approximation with respect to the
space coordinate. A second variational approximation involves that with respect
to time, The resulting noniinear alzebraic equations can then be solved by
:n i{teration procedure. 7o demonstrate the methed, vibrations of beams with
large deflection are discussed.

The last topic is om the effect of high-velocity '"uid flow on the dynamic
instablility of duccs. Whea a certain eritical veloc . *f the fluid in a duct
is reached, instabilicy of the duct can develop in t.. .orm of divergence or
flutter. Previous authors have treated mostly straighi Jducts There appears
to e only ome publication on curved -duct fluid systems, and only divergence
ic discussed in cthat publication. In the present work the flutter of canti-
levered rducts with consctant but nonzerce curvature is investigated. Results
shew that the effeet of curvature can be very severe.

Eriefly mentioned is the relation which the above topics of research bear

ith the Space Shuttle Main Engine.

oo

"The first two toples of rescurcn described in this abstract were initiated
when the author was in resicence ac the Institute for Computer Applications to
Science and Emgineering of NASA Langley Rescarch Center. , The third topic repre-
gsents work infitiaced by the author when he was with Rocketdyne. The work 1is
teing continued under the support ot NASA Langley Research Center.



Appendix 2

(To be published in Mechanics lesearch Communicaticns)

FIUTIER OF CANTILEVERED CURVED DUCTS CONVEYING FLUID

Yi-Yuan Yu
Polytechnic Institute ¢f Wew York, Brooklyn, New York
Wichita State University, Wichita, Kansas

Introduction

Yhen a certain critical veleeity of the fluid flew in an elastic duct is
rensched, instability of the duct can develep in the form of diverpence or
flutter, depending mainly on the end conditions., liuch has been done on the
divergcnee and flutter of straight ducts; a comprehensive review was recently
given by pPaidoussis and Iscis [11 Sorme publications on curved ducts have
also srpeared, but mostly dealing with diverpence. Unly Chen [2] further

analyrncd the oute-of-plans f1i utter of a cantilevered curved duct, In this
work fLL inenlanc flutter o0." a cantilevered curved duct is investigated,
Analycis

The duct has a length L and radius a and contains a fluid flow with a steady
velocity V., From Hanilion's principle we find the complete system ~%f . e
linear cquations of motion and associated boundary conditions, By writing
from these the equations geverning the initial and final states and taking
the difference, lincarized equaticns governing the perturbed state are de-
duced, These are further simplified by assuming inextonsional deformation
.and neglecting the tancential ine.ia. The assumption of inextension also
eliminates the effect of initial stresses. The simplified equations are
then used in the stability analysis of the duct-fluid system, As exact
methods of soluticn are not feasible, the equaticns are solved by an itera-

tive procedure con the digital computer,



Nunerical Results

Comprehensive numerical results have been obtained for the dirmensionless eri-
tical veloeity v, = #/M/ET VL and frequency w, = J(m)/ET .n.cz.z, where M
is the mass per unit length of the fluid flow, m that of the duct, EI the
flexural rigidity of the duct, and fl the circular :t‘requcncy. These are shown
in Figs. 1 and 2 as functions of the mass ratio @ = 14/(M+m) and the curvature
parameter G = L/a. The results for a straight duct for which 6 = 0 agree
with thote given by previous authors. Results for OL » 0 show that the ef:ect
of survature can be very severe, The dimensicnless complex frequency @ has
also been computed for a number of cases., The results snow that the third mode
can becorme dynamically unstable first, in contrast te the case of a straight

cantilev red duet for which the second mode is known to become unstable first.
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Appendix 3

EFFECT OF CURVATURE ON THE
FLUTTER OF CANTILEVERED DUCTS CONVEYING FLUTD®

Yi-Tuan YU

Abstract

High-welocity fluid flow in duct can lead t» dynmamic instability. The
present study deals with the effeet of curvature on the flutter of cantile-
vered ducts. It was motivated by the severely curved configuration of the
liquid fue) and oxygen duots installed on the space shuttle main engine,

1, Introduction

When a certain critical welocity of the fluid in an elastie duct is reached, in-
stability of the duct can dewelop in the form of diverpence or flutter, depending on
its end conditions, Ashley and Haviland (Ref.l) were the first to inwestigate the
bending vibrations of a =imply supported duct. Housner (Ref.2) re-examined the pro-
blem and shownd that divergence can take place. His results were verified experi-
mentally by Dodds and Runyan (Ref.}). For cantilevered ducts conveying fluid insta-
bility ecan oceur in the fom of flutter, This was {irst studied both analytically
and experimenta'ly by Benjamin (Ref.L) by considering a system of articulated rigid
ducts, His study was later extended by Gregory and Paidoussis (Ref.5) to a continue
ous elustic cartilivered duet, A comprehensive review on the dynamic instability
of straleht ducis was recently given by Paidoussis and Issid (Ref.6).

Curved ducts conveying fluid have been inwestigated by Svetlitskii (Ref.7), 'mny,
Martin, and Mubey (Ref.8), Chen (Refs.9, 10), and Hill and Davis (Ref,11), All of
these authors dlscussed the divergense of curved ducts, and Svetlitskii and Hill and
Davis further included the effect of initial stresses, Only Chen (Ref,17) also
analyzed the out-of-plane flutter of a cantilevered duct.

In this work the in-plane flutter of a cantilevered curved duct is investipated,
Complete equations including the effect of initial stresses are first derived from
tamilton's prineiple. These are next simplified, Rased on the simplified equations
the Mutter analysis is then carried out, Numerical results are finally presented,

2. Equa‘lions of Motion and Boundary Conditions

The cantilevered circular duct under consideration is shown in Fig.l, where [ ard
a are the length and undform radius of curvature of the duct, resrectively, and V io
the steady veloeity of the fluid in the duct. The
eoordinates s, @ are related by s = a@. Applied to
the total lenrth of the duct this gives L = aby .
For a duet with given L and a the total angle O
may be considered to be the dimensionless curva-
ture,

To darive the equations of motion and the
at .ciated boundary eonditions for the duct-fluid
syster. we use |lamilton's prineiple in the form

t, %
IIQ(T-U)R vj..let s0 )

The duct in taken to be the basie free body whose

kinetic and strain energies are T and U, The temm

& W thern consists of the virtual work of all ex- Fig. 1 Curved Cantilever
terna! forees, which in this case are those exerted Duct=Fluid System

by the fluid on the duct, The fluid is assumed to

#This work was initiated when the author was a consultant to Rocketdyne, It wa:
mbeaguently miprorted by NASA langley Research Center under NASA Orant N30 1106,

“Visiting Professor of Meshanical ingineering, Polytechnic Institute of New York,
Arvklyn, New York, U,5,A,, and Distinguished Frofessor of Aeronautical Ingineering,
Wich.ta Jtate University, Wichita, Kansas, U.5.A.



te fneemproscible so that no internal enermy is associated with it,

Unly ineplane motion of the duct will be considered. The non-zero displacement
componnts at an arbitrary point in the duct are thus those in the radial and circum-
ferential direetions. Following the Winkler theory (Ref.1?) we take these in the
e U3 u, Ugs =+ (1+3/a)v (2)

whepe u and v are the radial and eire mferentic)l components of the displacecent of a
peint ©n the eentroidal axis of the ! ot, from which 2 is measured. A jrime denotes
lifferentiation with respect to s,

The kinetic energy of the duct is

Ts {L‘Lpf&.’vé,‘) ds dA

wore P is the density of the duct material, A the cross-sectional area of the duct,
and a dot denotes differentiation with respect to the time t, Substitution from

bq’.f?) ﬂ.ld’
Te [ miutevt)as
(]
whore m 15 new the mass per unit leangth of the duct., Taking the variaticn in the us-

ua! manner we find t t, s .
j'.;'r“--f'.dtrmmhoﬂv)a (3)
L]
adth the assumed ip and ug the only non-zero linear strain and rotation components
are
c.l-g-ov‘-l’-u’, Wz X-w L)

and the corresronding nonlinear strain component is
Cpp2 Pov-14uvri (¥-u)’
The variation of the strain energy is then
U= ‘[."L Cpp d60g 7 40 AA
= (% [hbo-meadu"e (Myenga)iv'e (g on;a)( - 0 WEE-iv)| ao
(]

Ne=[ GdA, My -Ld’"lu

are the tension and bending moment in the duct, Differentiation by parts finally
transfommz U into

‘”‘f,l'[ Biome (5 e N)(¥-u)]duds
"f:[ %:’N;.'ﬁ'(% *+N)(L-u')] v ds
[ (oM E )bl - b 0 eIl

™~ luid action on the duet is due to the inertia forces induced by the fluid
accel oration, The components of the fluid acceleration in the radial and circum=
ferential directions have been knowm (Ref,1l). If M i the mass per unit lenpth of
the fuid stream,the virtual work of the inertia forcees on the duct is simply

iWe- ;“M[a LAV 4 V) VMU= R v'- 4)) du ds
-[EMUTe VI EE))av as S

with Las,(2), (5), and (6) substituted in Hamilton's principle in Eq.(1), we find

I:‘f;:[ q‘l -M;oﬁ(qloﬂ,)‘* -u') '(MM)I'I"ZMVM%%)'M V'{u"-*’-f )Jéu ds

where



'J:“]:["‘i‘"‘;'{? ) (& =) = (Mem) V= MV( V' )] év ds
N CRC E S e T MEPRE

from which the complete system of nonlinear equations of motion and the associated
Loupdary eonditions for the cantilevered duet can be written irmediately,

Jo Indtianl and |erturbed States

An initial state of stress and defcrmation of the duct ir reached after a steady
lew §o estab) ished in the duet, Perturbation from the initial state will be induced
by any further disturbance of the system, which may become unstable, The final ctate
foverned by Eq.(7) {8 thus equal to the sum of the initial and perturbed states.
¥ith the subseripts o and a denoting these states we shall write

Ny® No# Ny, M3 MgtMa, USUgtUa, V2VetVa )
Soust ione poverning the indtial state ean also be written readily fror fo.(7). loua-
tiens povernin: the perturbed state are then derived by substra.ting the equaticns

for the initial state from those for the final state, The results are further 1ine-
ariged to yield

S -mir (oI h o remiarimi(iGe ) emv' e fpe
24 e (o) i) = (Mem) =MV + Sajsg
Ug= Ug & 4320 (s=9)
M- (SN )( e ) = M= Bl aNez0  (s2L)

where M, and N, are from the solution of the imitial rtate,
The relations betwoen My,Ng and ug, vy in the perturbed stute are asoumed to be
the same as in the usual static situation:

Mys - EAZ (ot aul), Moo By » Bliuvatel)
whore 7 1o a dimensionless constant of the Winkler theory defined by

Jy1/(ee2) dA = -ZA
Yor a duet for which a)) z we have approximately Z = I/Aa?, 1 being the momem. of
inertia of the cross scetion of the duct.

¥or vibration analysis of thin eirecular rings, Evensen (Ref.11) ha# shown that
accuracy 10 npot impaired by assuming inextensional deformation (ug + avg' = 0) and
by neplecting the tangential inertia (Vy = 0). Interestingly, the assumption of
inextenvional deformation will aleo eliminate the effect of the initial stresses ¥,
and No, With the adoption of these assumptions the second of Egs,(9) beecomes iden-
tically satisfied, and the first of these reduces to

EAL (ugrabugoa) o (Mim) g o aMVIiG- ) +MViule St) 20 (0832L) o)

The va/a-term in Eq.(1¢) 48 now assumed to be nepligible in comparison with the f,'-
term preceding it by adopting the often used practice for developing equations of
cylindrical shells (such as the welleknown Donnell equations), which is to approxi-
mate the rotation comporeaat in Eq.(L) bty wy = =u!, With the subseript a further
dropped we may now write Eq.(12) in the tol.!mrlng form:

E:-.!(uu‘u*u‘u"')otmmjﬁ rIMV s mViuwe k) =0 (0sssl) )

(10)

The asscciated boundary conditions for a cantilevered duct are now, according to igs,
10} and (11),

Usu's 0 (800), w'ea'u"s ueau"z0 (s:L) e



In the original 9q0,(10) the boundary condition vg = O at 8 * 0 is no lonper neoded,
and the econdivion Ma/a + Ny * 0 at 5 = L 45 now identically satisfied,

The simplified systea of Eqe,(13) and (1L) may al so be derived directly from
lHamilton's prineiple by taking

Tagf mitas, Ust[ €1(ume %) as
Jw--f.‘m[a‘.zv.a'o Viu's )] duas

The ateve exprecsion for U has been used by Timoshenko (Ref,llL). For a thin ri
(7 = 1/Aa”) and without fludd Mow (M = 0) Eq.(13) reduces to the basic equati~ u ed
by Evensen, For zero curvature Eqs,(13) and (1lu) reduce to the standard equat! 1s
of a "tralpht cantilevored duct conveying fluid,

Upen introducing the dirensionless paramater:

i® 8L, n=u/i.

lF TG A

Eqe.(13) and (1L) become

'}%0(2‘:“?‘)-’?;0‘:(*‘,,‘)1,“!;',‘%; ",%’0 (0!1!!; (15)
yedgeo (12 0)

.‘l%o.‘s,’,.}'#u:ﬁ.a (f=1)

The stability analysis to be presented below ic hased on the siaplified esvation:s,
Stability analysis based on the complete equations will Le carried out separately,

16)

5. Stability Analysis

For stability analysis consider motion given by the expression
'l = A “" e 4WT

where @ 18 the dimensionless frequency defired oy @ = o (M + m)/EI L2 , JL teing
the eirenlar frecuency. In general w is a complex number. The system will be
stable or unstable depending upon wheth~r the imaginary part of W is positive or
nepative, For neutral stability the imapinary part of W is zero,

For a piven duct-fluid system the mass ratio @ and dimensionless curvature ey are
ensily ealculated, When a walue of the dimensionless flow velocity v is further
."(‘1.0"0. an infinite sot of walues lﬂn (n = 1, 2’ .-.) can be rm' since the sys-
tem possesses an infinite mmmber of deprees of freedom, For v = 0, Wy are real and
are the dimensionless natural frecuencies of the duct filled with a stationary fluid,
As v inereasns, @Wp will become complex, but the system remains stable as long as the
imaginary part of @Wp 10 positive, This is true until a certain critical value v =
Vpe io reached, when the imaginary part of @, becomes zerc again, and a eondition of
noutral stability is arrived at in the nth mode, When v » wye , the systeam becomes
unstable in the nth mode, T™e lowest among all vpe is then the dimensionless criti-
eal flow veloeity vg, and the corresponding dimensionless critical frequency is
denoted 1y @y, which 15 necessarily real,

The analysis begins with substituting Eq.(17) into (15). This yields the charae-
teristic equation

a*=(200+v)a'= 2B vwa +8)(8'+v*)-w = 0 (15)
which 15 quartic. Assume that the four roots are all distinct and dencted Ly
‘lﬂ‘ (ju,:,l.!-)

= i, AJC‘.‘”G';“' (19)
J.

(17)

The ecmplete solution is then



hen 9 15 now substituted fram Eo,(19) inte the boundary conditions (16), we find

E‘j’d. J%‘j‘jlﬂ
¢ ; :
}.f“"j.) A’- e'izo, ;to:--,')q Aj e‘%i=0

For a menetrivial swolution to exist, the determinant of the coefficients of Ay must
vanish, This giwer

I I I |
o o % Ll
[} L A b by g4
(W-at)e  (arear)eih  (-a31e* (gr-d))ett
I | (Y “ b / b v
(@-d))he ™ (ol-aijne ™ (8)-dplaneh (845 o]
vuation (20) 4s the eomplex frequency equation, in which CJ are functions of the
dimens)onless frequoncy W as determdned by Eq.(18), Since '@ 1o in peneral complex,
e (20) requires that the real and imaginary parts of & vandish separately,

It 49 not joscible to solve Eqe,(18) and (20) by direct methods, and iterative
matbod: topether with the use of digital computers have been resorted to, The equa-
tious inwlve the four parameters 3, Op, v, and @, of which the first two (or any
twe) ean be piven and the remaining two are to be determined, 1In apjlying the 1te a-
t on procedure when 8 and Op are given, trial values of v and @ are first assumed,
tquation (18) 15 then solved numerically for & 4, but true results of ey are

otained only when the real and imaginary parts of & 4in !g.(20) both vafdsh, This
{v achicved vy {terating v and @ on the computer,

bz s0 (20

L t-nrical Hesults
tomprehensive numerical results heve been obtained for v, and W, for the full
rarpe £ 0SB § 1 and for @ * 0, 1, 2, ..., 6, a8 shown in Figs, 2 and 3, The
results for a straight duet for which ® 0 agree with those given by previocus
authors. Results for &1, » O show that the effect of curvature can be very severe,
In penernl , ve increases with inureasing @), in the range of large @ (heavier fluid),
On the other hand, it decreases with increasing O in the ranpge of small @ (lighter
Muid), but there seems to be a lower bound near 9p = 5, 6, The resuli for @, f{rr
the strairht duet always provides a lower bound to the results for curved ducts,
The value of @, increases monotonically with @y, until @ = L, veyond which the trend
lecomes rather irrepular,

. *®

M — "
S & J 5N g 4 2 083 5T N
. ”

Fig. 2 DMmensionless Critical Velocity Fig., 3 Dimensionless Critical Frequency
ve a8 Function of Mass Ratio @ @, as Function of Maso Ratio @
and Curvature Parameter Op and Curwvature Faramcter @,
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The dimensionles: complex frequency @) has been computed for a mumber of eaces,
The results for the lowest four modes in the case of @ = 0,75 and &; = 2 are shown
in Me. L, which is esventially a oot locus diagram. As mentioned before, when
ve0, w it real and the branches intersect the horizontal mxic at points corres-
ronding to the nitural frequencies of a duct with a stationary fluid, As v increases
W becomes complex, and all four modes are damped at first, A2 v apjroaches 8,5, W
for the third mode becomes rea. again and is equal to approximately 30 (these valuer
of v anl @ being verifiable by the results in Fige. 2 ana 1), This is the dimen-
sionleoe eriticsl veloeity vq. When it is exceeded, the duct becomes unstable, It
in interesting to note that tho third mode can become dynamically unstable first, in
contrast to the case of a stralght cantilevered duct for which the second mode has
been known to become unstable first,
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Fir. L Reot locus Diapram (B = 0,35, @ = 2)
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