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A GENERALIZED TENSOR FORMULATION OF
ATMOSPHERE AND SEAS DYNAMICS

Lee M. Avis, Richard E. Turner,
and Thomas H. Rees
Langley Research Center

SUMMARY

A new generalized mathematical model has been developed which is applicable to
simulation of the dynamics and transport of both the atmosphere and seas. Considerable
conceptual and computational simplification is achieved by requiring the nearly horizontal
bottom coordinate surface to follow the land-to-air interface and the sea-floor-to-water
interface. The model allows general vertical motion of the other quasi-horizontal coordi-
nate surfaces; thus, external gravity waves can be simulated by letting the top coordinate
surface ride with a top free surface. Also, the freedom of motion of the internal quasi-
horizontal surfaces provides a potential for tracking meteorological fronts and inversion
layers in the atmosphere and refractive layers in the seas with resolutions superior to
those realizable by simulation models having fixed coordinate lines, for equal "horizontal"
grid spacing and an equal number of "horizontal' surfaces.

The standard subgrid mixing theory used by meteorologists is reformulated in terms
of a strain-rate tensor for both three-dimensional and hydrostatic quasi-two-dimensional
dynamics. The tensor reformulation departs significantly from the standard theory in
allowing, as a solution under adiabatic conditions, rigid-body rotation of the atmosphere.

INTRODUCTION

There are many advantages in developing computer models of the Earth's atmos-
phere or seas in coordinate systems allowing generally specified vertical motion of the
coordinate gridpoints. In the atmospheric troposphere, coordinate gridpoints can be
moved vertically to follow the motions of sharp temperature gradients occurring in
frontal systems to obtain improved resolution of the frontal system. In regions where
low-pressure cells penetrate into the stratosphere, the coordinate gridpoints can be
moved vertically to follow the zone separating the turbulent troposphere from the
thermally inverted stratosphere and thereby reduce false numerical diffusion between the
two regions. The seas also have a time-dependent vertical structure that can be well
represented by coordinate systems allowing vertical motion of the coordinate gridpoints.



In coastal regions where fresh-water rivers empty into the seas, strong vertical
density stratifications occur and cause time-varying changes in the flow fields. Spurious
numerical diffusion through such strong vertical density gradients can be reduced by
moving gridpoints vertically to follow the density gradients. In the case of coastal-zone
tidal waves, tidal currents can be simulated in conjunction with moving the upper level
gridpoints vertically to follow the water's free surface. Vertical density stratifications
occur along the common boundaries of adjacent oceans (the Arctic and Atlantic Oceans,
for example), and the open seas are generally stratified because they are top heated.

The National Aeronautics and Space Administration is presently involved in
developing computer models of the Earth's atmosphere and seas to aid in determining
satellite sensor requirements and to aid in the interpretation of remotely sensed data in
connection with environmental pollution problems. Since pollution occurs over a wide
range of distance scales in the atmosphere and seas, a mathematical model of geophysical
circulation allowing vertical motion of coordinate gridpoints and having validity over a
wide range of scales is needed for the development of circulation models.

The literature shows that a number of successful attempts have been made to model
the atmosphere and seas. References 1 to 4 are descriptions of global atmospheric
models; reference 2 also describes a global seas model. A survey of small-scale models
is given in reference 5.

Generally, atmospheric-circulation models have been in existence longer than ocean-
circulation models and, consequently, have reached a higher level of sophistication. The
atmospheric models given in references 2 and 4 use the '"sigma coordinate’’ method where
vertical motion of the gridpoints is used to keep constant mass ratios in the model vertical
layers. Such a model cannot be converted easily to track surfaces of constant tempera-
ture, for example, and even though the ""sigma coordinate” method allows vertical motion
of the gridpoints, it cannot be considered a flexible technique.

The coordinate system and equations of motion of seas models (e.g., see ref. 2)
generally differ considerably from the coordinate system and equations of motion of
atmospheric-circulation models (e.g., see refs. 2 and 4). This fact probably increases
the difficulty of communication between atmospheric and ocean researchers.

In this report an attempt is made to develop the equations of motion in a coordinate
system that allows generally specified vertical motion of the gridpoints. The resulting
equations of motion are cast in terms of dependent variables which represent either
atmospheric or ocean circulation. Computer models developed from such a formulation
need differ only in respect to the physics to be included in each model. Consequently,
the terminology gap between atmospheric and oceanic researchers is bridged.



Present-day understanding of mixing processes is poor, and it is anticipated that
turbulent mixing theories will become considerably more sophisticated, especially for
pollution transport. Tensor calculus (having been developed from principles of invariance)
is a good candidate for the description of better mixing theories and is employed in this
report.

SYMBOLS
A determinant of the quasi-horizontal metric tensor
a determinant of the metric tensor
(ac)i coriolis and centripetal acceleration along dxl
Cy heat capacity per mole at constant volume
DT’DS elements in the subgrid diffusion model, defined by equations (D9)
E internal energy per unit mass
g acceleration due to gravity
g gravity component along dxi
gij,gij covariant and contravariant elements of the metric tensor, respectively
h physical height above reference level of parametric (grid) lines
Ky horizontal kinematic viscosity
K, Von Karman constant
KV vertical kinematic eddy viscosity for momentum
i'ij physical components of the deviatoric strain-rate tensor
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mixed tensor components of the deviatoric strain-rate tensor
mixed tensor components of the strain-rate tensor

unit vector normal to dS, positive outward

hydrostatic pressure

general quantity which assumes the role of the dependent variables
heating rate in the thermodynamic equation (E5)

water-vapor mass fraction (specific humidity)

universal gas constant

Earth's radius

area

quasi~-source term for transport equation (for a scalar Q,

5(varQ) = 5'(Van) )
source term for transport equation
physical vertical velocity of coordinate gridpoints relative to rotating Earth
contravariant components of gridpoint velocities relative to rotating Earth
temperature, °K
general contravariant and covariant vectors, respectively
time, sec
physical components of velocity vector relative to rotating Earth

physical components of turbulent velocity vector relative to rotating Earth
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covariant tensor component of velocity vector relative to rotating Earth
physical components of fluid velocity relative to coordinate frame of reference
contravariant form of \A

depth of atmosphere or seas in transformed coordinates

coordinate variables for reference coordinate system, where x! and x2

lie along the real Earth surface and x3 is perpendicular to the real
Earth surface

physical coordinate in direction of x1

indices restricted to the horizontal surface

ratio of heat capacity at constant pressure to heat capacity at constant volume
coordinate increment

physical height of Earth's terrain from a given reference level
characteristic 6 on a grid interval

mixed tensor components of Kronecker delta

error fraction in the square of a line element

generalized density defined by p\[gg

coordinate volume element, dx! ax? dax3

variable of integration

density of air or water

Earth's spin rate

mean molecular weight



Operators:

< > space-time average over a coordinate volume v and time increment A7,

1 Sﬁ S' ( ) ax! ax2 ax3 at
VATJIATYAY

() denotes turbulent part of ( )

( )2 square of ( )

( ),3 partial derivative of ( ) with respect to x3

( )Ij covariant derivative of ( ) with respect to xJ

c?_t( ) co-moving time derivative of ( )

Eat'( ) partial derivative of ( ) with respect to t

{jik} Christoffel symbols of the second kind
ANALYSIS

Introductory Remarks

A simple, generally valid mathematical model for simulating atmospheric and
oceanic dynamics and pollution transport was developed with a general, time-varying
vertical grid structure. A review of the literature (e.g., refs. 1 to 4, 6, and 7) indicated
that no known existing published model with generally prescribed time-varying vertical
grid structure had been applied to both atmospheric and oceanic circulation. Reference 1
describes an atmospheric-circulation model wherein the vertical coordinate is the fixed
physical distance from sea level. References 2, 3, and 4 describe atmospheric-circulation
models in the "sigma coordinate' wherein the ratio of pressure to surface pressure is
used as the vertical coordinate. The '"'sigma coordinate' technique allows vertical motion
of the gridpoints; unfortunately, the vertical motion cannot be prescribed generally. Ref-
erence 6 describes a coordinate system wherein general vertical motion of the gridpoints
is allowed; however, the resulting transport equations contain elements from two coordi-
nate systems and may present difficulties when modeling subgrid transport. The strong-
point of the approach given in reference 6 is that it is not limited by the small slope
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approximation for the horizontal coordinate surfaces. Reference 7 describes the ''sigma
coordinate' approach in detail. None of the references gave formulations intended to
cover both atmospheric and oceanic circulation.

Some notable features of the new mathematical model are as follows:

(1) Combining density and the vertical scale factor to form a generalized density
so that the atmosphere and seas have the same motion equations

(2) Distortion of the quasi-horizontal bottom coordinate surface to follow the real
Earth terrain and provision for general vertical motion of the other quasi-
horizontal coordinate surfaces

(3) Projection of gravity onto the quasi-horizontal coordinate surfaces
(The gravity force is derived from the gravity potential specified along
the quasi-horizontal parametric lines.)

(4) The representation of the intuitive subgrid diffusion (see ref. 3) as a true tensor,
which corrects a deficiency in the subgrid diffusion formulation in allowing
rigid-body rotation of the atmosphere under adiabatic conditions

(5) The extension of the atmospheric top to zero pressure as in the '"sigma
coordinate' approach (ref. 7), which has the ratio of pressure to surface
pressure as the vertical coordinate (see also ref. 6)

(6) The use of generalized density rather than pressure as a dependent variable

The development of the mathematical model in ténsor notation is accomplished in
appendixes A to F. A brief outline of the development sequence in the appendixes which
will serve to give them continuity is given as follows:

In appendix A, the transport equations for momentum and a general motion integral
are derived from conservation integrals in which the volume elements are allowed to vary
with time: that is, the coordinate points are allowed to move in some arbitrarily speci-
fied manner. As a direct result, the motion equations can simulate any conceivable mix-
ture of Eulerian and Lagrangian viewpoints.

In appendix B, differential distances for real Earth topography are shown to be
quadratically dependent on the slope of the real Earth surface. Thus, for small surface
slopes the geometry is, to second order, unchanged by mountains and sea bottoms, and,
to the order of the square of the slope of the real Earth geometry, the equations of motion
for geophysical circulation depend on the real Earth topography only through the external
forces, such as gravity.

In appendix C, one transport equation, valid for all motion integrals, including sub-
grid transport terms and appropriate source terms, is given.



In appendix D, the subgrid transport treatment of Washington and Kasahara (ref. 1)
is converted into tensor notation for full three-dimensional turbulence transport and is
then simplified to the usual two-dimensional stratified turbulence transport. The tensor
elements of the strain-rate tensor differ from the strain-rate matrix of reference 1 with
the result that the tensor treatment of subgrid momentum transport allows rigid-body
rotation of the atmosphere under adiabatic conditions. An alternate tensor treatment of
subgrid momentum transport, also allowing adiabatic rigid-body rotation, is reported in
reference 8.

In appendix E, a tensor mathematical model for full three-dimensional dynamics
with full three~dimensional Reynolds transport in physical components, as opposed to
tensor components, is presented.

Finally, in appendix F, the usual hydrostatic assumption is applied to the momentum
equations. (See ref. 1, for example.) As a direct result of the hydrostatic assumption,
one can calculate pressure from the known density field. The hydrostatic assumption
causes the atmosphere and oceans to be similar except in respect to computation of the
vertical velocities.

In the nearly incompressible oceans, the vertical velocity v3 may be computed
from the mass-conservation equation, and because (see ref. 9) work of compression is
safely ignored in the internal-energy balance, one need not compute the divergence of the

velocity ul.

Dynamic simulations of the atmosphere generally include work of compression in
the internal-energy balance. If one chooses pressure rather than density as the dependent
variable to be simulated, then the internal-energy constraint is automatically satisfied;
however, then one must be careful to conserve mass. In the present report, density is
chosen over pressure as the dependent variable and, consequently, mass is automatically
conserved, whereas the internal-energy constraint is satisfied only if one computes the
vertical velocity from a conservative form of the internal-energy equation.

Conservation Equations for the Atmosphere and Seas

Over a wide range of scales, the atmosphere and seas approximately satisfy the
hydrostatic assumption, for which condition the atmosphere and seas have a common set
of conservation equations for mass, momentum, and energy. The atmosphere has water
vapor as an additional variable, whereas the seas have salt.

The coordinate system chosen to present the conservation equations is an
approximately orthogonal coordinate set wherein the coordinate surfaces defined by




x3 = Constant are nearly spherical, with the x3 =0 coordinate surface following the
real Earth terrain. All other "horizontal" parametric surfaces are allowed to be posi-
tioned quite generally, or even to be in motion, but with the restriction that the slopes of
all "horizontal' coordinate surfaces are not very much greater than the maximum slope
of the real Earth terrain. The xl1 coordinate is the co-latitude angle, the x2 coordi-

nate is the longitude angle, and the x3 coordinate direction is locally perpendicular to
the quasi-horizontal coordinate surfaces.

In appendix B, it is shown that the differential geometry of the chosen coordinate
system is sufficiently represented by the approximate metric tensor

€117 (r)2
. 1)2
€99 = \T sin x
2 .3
€33 = g33(x1, X,X, t)

where r is the Earth's radius; and, thus, the determinate of the quasi-horizontal metric
tensor becomes

A =811899

From appendix E, one has a common set of conservation equations for the atmos-
phere and seas wherein the real density p is combined with the vertical scale factor

"g33 to form a generalized density ¢ = p‘,g33.

The resultant mass-conservation equation in terms of physical velocities Vi is,
from equation (E2),

e, 1o (me Ya), o [ Vs

at+ﬁ§d \/% ox3 \/g—3;

The momentum equation along the x1 parametric line is, from equations (E19)
and (E21),

=0 (1)
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ey 1 2 [/A o\, 98 __3
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The momentum equation along the x2 parametric line is, from equations (E22) and (E24),

1 9

o 12 Yo\, 2 [y, '3
at (CUz) VA x (‘/K Uy \/go) R <¢U2 ‘/g—33>
_VE30p ¢ . B3 (%), ¢_g_ o

- C -
g1y %7 @ 3 ox? V822 V822 ox?
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Ve
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and, it should be noted, where the centrifugal term proportional to (w)2 has been con-
sidered to be a part of the gravity term, which is the usual practice.

The internal-energy conservation equation is, from equation (E5),

Vs

Vess

v
Ie] 1 a o a
Z(CE) + == 2—(fA ¢E + ¢E
ot VA ax¥ Eua ox3

(5)

The final conservation equation for atmospheric water or ocean salt, or for an arbitrary
pollutant, is, from equation (E6),

v
() + =" (VA ¢q +2o{ta =2

\/_a-; ox 833

9 'Ug'
SR ) - 1 J_c(quz ?c%\/%z (®)

where L S (\/X §q> is the source term for water vapor resulting from evaporation con-
A

]

densation. For the seas, the source term would reflect salt dissociation precipitation;
for pollution, the source term would represent scavenging and chemical reactions.

Subgrid Correlations

The subgrid mixing model is the tensor representation of an intuitive subgrid model
developed by Smagorinsky and described in reference 3. Simply put, subgrid waves, or
waves unresolvable on the grid spacing, have a sizable effect on the development of circu-
lation patterns. It is implicit in Smagorinsky's model that these subgrid waves act like
diffusion and tend to drive property gradients to zero and, therefore, represent the irre-
versible nature of circulating fluids. The horizontal subgrid action is similar to wind-
or current-driven turbulence, whereas the vertical subgrid action is similar to thermally
driven turbulence.

11



The horizontal subgrid mixing, then, is taken to be a function of the strain-rate
tensor, which is a measure of the mechanical stirring of the fluid by the resolvable waves.

The vertical mixing in the atmosphere (being driven by small-scale convective over-
turning, as, for example, by cumulus convection) is taken to be a function of the thermal
lapse rate. (See ref. 1.) The vertical mixing the oceans (which is top heated and, there-
fore, generally stable thermally) is modeled more like mechanical turbulence in refer-
ence 9 by specifying a very low eddy viscosity in the deep ocean and specifying relatively
high eddy viscosity in the surface wind-driven currents where mechanical stirring is
strong.

The subgrid mixing model begins with the deviatoric strain-rate tensor which is a

measure of the stirring of the fluid. The deviatoric strain-rate tensor 7', from appen-

-
dix D is, for the quasi-two-dimensional case,

~1 : ’—
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Horizontal Subgrid Mixing

The strain-rate tensor is related to the subgrid horizontal-velocity correlation
tensor as in reference 3 by

<Ua UB> (8)

where L ap represents the physical components of the strain-rate tensor % 8 and is
computed by

Log=1 V aof8sp (9)

One simple interpretation of equation (8) is that velocity gradients in the fluid (measured
by L o 3) cause a potential for momentum to be transferred by means of the velocity

correlation <U a'U3'> , and KH is simply a constant of proportionality. The horizontal
subgrid mixing for a scalar Q, as in reference 1, is

(10)

U _'Q
< > , axa
where gradients in Q cause a potential for Q to be transferred and, again, Ky is the

constant of proportionality.

The kinematic eddy viscosity is related to the strain-rate tensor for mechanical
stirring by

= V2(K, a) ( BQB >1/2 (11)

where K, is the Von Karman constant and A is the grid spacing. Equation (11) also

has a simple interpretation. Mechanical stirring (measured by zaﬁ i.ﬁ oz) causes the

eddy viscosity, whereas \E(Ko A)2 is a constant of proportionality which allows one to
tune his subgrid mixing model to best simulate the real world. Equation (11) implies
that, for simulation cases where A approaches zero, all important mixing processes
can be resolved on the grid.

13



Vertical Subgrid Mixing

In the case of vertical transport, the actual mixing process is generally thermally
driven in the atmosphere. Reference 1 gives a parameterized description of the vertical
kinematic eddy viscosity KV, which is dependent on the temperature lapse rate. In the
oceans, Cox (ref. 9) has two values of KV' In the deep ocean where mechanical stirring
is low, a small value of Ky is used; whereas for the upper ocean in the wind-driven
currents where mechanical stirring is strong, a large value of KV is used.

The deviatoric strain-rate tensor is related to the subgrid velocity correlations
corresponding to vertical mixing of the horizontal momentum, as in reference 1, by

<Ua'U3'> = -KyL 3 (12)

where, again,

L a3 ” L BVgaa €33 (13)

and equation (12) has the same interpretation as equation (10). The vertical subgrid
mixing for a scalar Q, as in reference 1, is

(usQ") = KV 8—Qg (14)

X

Vertical-Velocity Computations

The prime unknown remaining to be specified is the vertical velocity. In hydro-
static models such as those given herein, the vertical velocity cannot be computed from
the vertical-momentum equation.

Seas.- In ocean-circulation models the work of compression gufj is customarily

neglected in the internal-energy conservation statement given in equation (5) which

implies that

_{;3__-—\/=:8x ‘/—\/gT\/__

(15)
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Clearly, at the bottom (x3 = 0), the vertical velocity Us vanishes, and so

3 U
1 gx 9 a
Uy = - v VA d (16)
37 "VadJdo |VE33 e = .

aQ

where ¢ is a variable of integration. The vertical velocity U3 is not requi;'ed to solve
the ocean-circulation equations (as approximated herein); however, values of Ug might
be a desired output of the simulation. One has the freedom to assign V3 or S3 for
input to the transport equations, and for computing €.

An additional approximation is employed, the Boussinesq approximation, which states
that density variations are negligible except when multiplied by the acceleration of gravity.

Atmosphere.~ In atmospheric simulations, the work of compression is usually con-
sidered in the internal-energy equation, and so computation of Ug is required for solu-
tion of the equation for atmospheric models; however, when Ug has been computed, one
still has the freedom to assign values of either Vg or Sj and, consequently, move the
vertical position of the horizontal coordinate surfaces to any desired position.

Several thoughts which should be considered before the vertical-velocity computa-
tional sequence is developed are given as follows:

(1) The pressure can be computed from the density profile by utilizing the hydro-
static assumption.

(2) The internal energy can be computed from pressure and density from the equa-
tion of state.

(3) Since internal energy can be computed independent of equation (5), and since

equation (5) must be satisfied for consistency of internal energy, then equation (5) should
be used to compute U3.

(4) The physical velocity component V3 can then be chosen arbitrarily to give any .
desired vertical coordinate spacing; or any desired vertical distribution of ¢ can be

x3
chosen equally well provided g ¢ dx3 is properly conserved, because this integral is
0

the total mass per unit cross section of area along the nearly vertical x3 coordinate
line. With these thoughts in mind, one can proceed generally to specify Vg and then
compute 8t/dt and Ug; or one can specify 8¢/3t and then compute Vg and Ug
equally well. In either case, the boundary conditions on Vg at the bottom (x3 = 0) and
the top (x3 = X3) for a conservative-mass system are

V3(0) = Vo(x3) = 0 (17)
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In illustration of these considerations, Vg 1is chosen, subject to the boundary con-
ditions given in equation (17). Next, 8¢/dt is computed from the mass-conservation
equation (1). The final task is to compute Ug from equation (5). In order to solve

equation (5) for U, one must know (¢E) and %(CE).

The computation of (¢E) begins with the hydrostatic assumption where

3
X
P=§X3 E;Cdgzg§3 a (18)

Then, from the equation of state,

p= pIiT _ CRT_ (19)
@ 833 @
and since
C. T
E = —"5— (20)

equations (19) and (20) combine to give
Cy
¢E = —~ [goa P 21
R V33 @b

Consequently, the hydrostatic approximation allows one to convert equation (5) from (¢E)
description to P dependence, and thereby simplify the solution, because P and 8P/ot
can be computed from simple density integrals. The right-hand side of equation (5),

being already in its proper form, can be denoted by 1 §(\/X CE); then, substitute equa-
A
tion (21) into the left-hand side of equation (5) and get

C

T{Y;(\/’g;‘ ) \/_80! VA B33 PJL +£-§(PV3) =ﬁ§(\/KCE> (22)

The next step is to get an expression for 8P/dt from equations (1) and (18) which
results in

16



The first term in equation (22) expands to

S (fEso ™) - e (fBss) 2 s 5

Then, from equation (E11),

853

a T —
a_t(vg33)_ %3

Next, substitute equations (23) and (25) into equation (24) and get

as

3
d _ \/g33g X" 5 Vo 3
il )= L ax—a(m \/—gaa> P TS

Finally, substitute equation (26) into equation (22), expand —{3—3(PV3) to
9

av
2P Vg4 P 3
ax 8x3
set
oP
—=-g¢
ax3
and

and then get

CV

- ilEed

3
8aa 8 X v
_v|. V°33 g _(WVar 2)a+p—
R VA Yx3 ax 8x3 \/Aa 2x

(23)

(24)

(25)

(26)

(27)
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Equation (27) now involves U3 as the only unknown; thus, replace the right-hand side of

equation (5) for L §(\/K §E), solve for aUg /8x3, and get

VA

3
C ou C €aq g rX Vv
vooilp3_2v 33S 2 (A ¢ =2 a:
R R X a

ox3 \/X oo
C A% U
vl 38 (e} P 3 o}
- L2 [VA P -——,] A2
R 7 o VA VB VBaa) VA x® g33‘/_@

NI ) W Ry o
A x

Equation (28) is then integrated to get Us by use of the boundary condition, Ug = 0
at x5 =0. Equation (28) was derived from the conservation equation for internal energy;
it is a form of the Richardson equation in reference 1.

A brief recapitulation of the chosen approach to computing the vertical velocity is
given as follows: First, Vs, the vertical fluid velocity relative to the coordinate system,
is specified (consistent with the boundary conditions of eq. (17)). Second, 8¢/6t is com-
puted from equation (1). Third, Ug is computed from equation (28). When V3 is
chosen arbitrarily, \/gg3 will usually be time dependent, the variation of which can now
be computed from equation (25) by

(V233 )= 5(53) = 5(Us - V3) (29)

There are many other valid approaches for specifying the vertical structure of an atmos-
pheric model, but the important point to be made is that one can choose the vertical struc-
dure in any desired manner. Equation (28) is the general link by which the vertical struc-
ture is made to evolve with internal energy properly conserved.

General Solution Considerations

The solution to a given circulation problem is typically straightforward in concept.
The conservation equations describe the time evolution of the chosen dependent variables
by means of dynamic equations driven by the dependent variables and subgrid correlations
between the dependent variables. In the present model, approximations have been made

18



on the terms containing real world terrain to gain simplicity in the governing equations
while incurring only insignificant errors. The results indicate that the real world is,
for practical grid spacings, equivalent to a spherical world where the gravity vector is
oblique to the spherical surface. The resulting model allows one to specify general ver-
tical grid structures for the model as a function of time. The model was developed
specifically to simulate both atmosphere and seas motions.

CONCLUDING REMARKS

A generally valid, but simple, mathematical model suitable for simulating atmos-
pheric and oceanic dynamic motions and pollution transport is presented. The mathe-
matical model was formulated in general tensor notation, and in the conservation equa-
tions, the density p and vertical scale factor /g3 have been grouped together to
form a generalized density variable { suitable for oceanic or atmospheric simulation,
For simplifying computations the quasi-horizontal bottom coordinate surface has been
deformed to follow real Earth terrain, whereas the top coordinate surface moves verti-
cally with the oceanic or atmospheric free surface. The intermediate coordinate surfaces
are allowed to move as freely as one desires. Thus, external gravity waves can be rep-
resented by the top coordinate surface, and meteorological fronts and inversion layers in
the atmosphere and refractive layers in the seas can be represented with enhanced reso-
lution by the internal quasi-horizontal coordinate surfaces. The action of subgrid mixing
has been represented as true tensor quantities, which corrects a deficiency in the intuitive

subgrid mixing formulation in that rigid-body rotation of the atmosphere under adiabatic
conditions is an allowed solution.

Langley Research Center

National Aeronautics and Space Administration
Hampton, Va. 23665
April 1, 1975
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APPENDIX A

GENERAL TRANSPORT EQUATIONS IN COORDINATE SYSTEMS
WITH TIME-DEPENDENT METRIC TENSORS

In this appendix, the conservation equations for continuous media are derived in
tensor notation. The control volume is allowed to move relative to the rotating Earth.
The resulting general transport equations are applicable to any conservable quantity of a
circulation system.

Since the control volume may be in motion with respect to the Earth, the Earth rela-

tive velocities u; are related to the control-volume relative velocities v; by

U = V5 + 8 (A1)

where s; denotes the velocity of the control volume relative to the rotating Earth.

Consider a conservable intensive quantity Q inside a small coordinate volume v,
The total storage rate of Q 1inside v is given by

0
2 fy (0Q) Va dv (A2)

where p is the density of the fluid in v and a is the determinant of the metric tensor.
The outward flux of Q across the surface S8 of v is given by the surface integral

§ (oav!)ny as (A3)

where n; is the unit vector normal to dS positive outward. By the generalized Gauss'
theorem of reference 10, the flux of (pQ) across S is equal to the integrated divergence
of (vaJ) in v; that is,

‘YS (vaj) n ds = ‘S; (pQVj)| jﬁdv (A4)

Conservation of Q requires that the storage rate plus the transport rate equal the rate
of creationof Q in v, or

={ @ vaav. | (pavl), v av - § s(pava) av (45)
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where §' is the creation rate of pQya in dv. If the requirement that the control
volume be constant in the coordinate space (but not in the physical space) is imposed, then
the time differentiation of the first term in equation (A5) can be carried inside the volume
integral. Since the resultant equation must hold for an arbitrary v, the integration can
be dropped to give

2 (0ava) + (pavl) 1v& = 5'(oava) (46)
Equation (A6) may be rewritten as

2 (pava) + ix] (r@viva) = s'(pava) (A7)

9
Equation (A7) is the general transport equation for a conservable intensive scalar quan-
tity Q.
The derivation of the conservation equation for tensors (le( ) yields additional
terms. In the present report, such terms are grouped with the source term to form a
pseudosource term §<ﬁp211{ ) . Thus, a common form for all conservation equations

is obtained, which is
9 i... 9 i..._j a i...
— {VapZ )+—.(aZ v)=S(aZ ) A8
at(\/—pk... ax]\/-pk"' ‘/—pk... (A8)
The derivation of the conservation equation for momentum is presented in the fol-
lowing discussion. Newton's second law for the infinitesimal control volume dv, if con-

sidering only the force of the pressure gradient and gravity and neglecting viscous forces,
is

du,
1 = - s .
pya d{ﬁ + (ac)J = \/Edv( P'1 + glp) (A9)
where (ac)_ is the coriolis and centripetal acceleration arising from the Earth's rota-
i

tion and dui/dt is the comoving time derivation of uj, which, from reference 11, may
be expanded in terms of the velocity relative to the control volume s!=u! -vl as

- shu
pm 5 v i S|1u] (A10)
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Thus, equation (A9) can be rewritten as

9
dv‘/_p(i +viu i l1 ]> = ya dv[—P'i +8;p - p(ac)i] (A11)

Equation (A11) can be rewritten in conservative form by the following procedure.
First, in equation (A6), Q is set to unity. The resulting equation is the mass-
conservation equation

dy[_(,/‘p pvJ J‘]_ (A12)

Next, equation (A12) is multiplied by u; and added to equation (A11) to yield the conser-
vative form:

dvE)—af(ﬁpui)+ (puivj)| j‘/—] =8 (ﬁpui) dv
= \,IE[-P'i +g;p - p(a ) +ps|1 ] dv (A13)

Equation (A13) can then be rewritten in the form of equation (A8) by the following
procedure. First, the term (puivJ )| _ is expanded by identities to yield
J

. 5 . m .
‘/E(puivl) = —j(ﬁpuiVJ) - {i j} (\/EpvJum) (A14)
1j ox
If the following terms are collected in the pseudosource term
(\/Epu \/_[P,1+gp p(a .+psu] { } Vapvlu ) (A15)
then the momentum-conservation equation (A13) takes the desired form

(\/_pu) + §(\/_pu VJ) = é(\/ﬁpui) (Al16)

which is an alternate form of momentum conservation expressed in equation (A13).
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Since equation (A16) holds for the infinitesimal volume dv, it can be integrated
over a finite volume v. The result must still hold, although the resulting equation does
not represent a true tensor. In numerical analysis, the solution to a given problem is
often obtained by breaking the problem space into finite volumes. Equation (A5) for
scalar transport, for example, might be solved by such a technique. The numerical
approximation of equation (A5) causes some information (fine structure) about the state
of the system to be lost or ignored. Unfortunately, the fine structure can have a signifi-
cant role in the solution. These intuitive ideas can be symbolized by the relationship

Q=(Q) +q (A17)

where {Q) is the average value of Q taken over the gridcell volume and time step,
and, thus, Q' is the difference between an instantaneous point value of Q and the aver-
age of Q over the four-dimensional space-time gridcell ""volume." A model employing
a discrete space-time grid represents the field of Q by estimating (Q) . Although the
space-time gridcell average of subgrid variations Q' vanishes (as can be seen by

applying the operator < > to eq. (A17)), subgrid variations must still be accounted for
in estimating <Q> , as shown in the following example.

Applying the operator ( ) to equation (A6) and substituting the generic expres-

sion (A17) for Q, Vj, QU’ and v?]_ yields

(o) + (G (@ +@) () 7))
) + (@) )
+ <<,/Ep> (( Q) + Q') [<vfj> + (vi])]> = <s' (f‘apQ)> (A18)

where subgrid variations of p and ya are neglected. By definition of the

operator ( ) s <Q> is constant for general Q throughout the space-time gridcell;
thus, equation (A18) becomes
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(3R (@ () + (@ () (i) @) +ant)]
+ (R ey <2+ @y oY + (@) ) (o) )
< (- @ () o @ ()]
= <S' (ﬁpQ)> (A19)

Applying the operator < ) to equation (A17) yields

(Q) = (@) +{Q) ={Q) +{(Q)

Thus,
(Q) =0 (A20)

with the result that equation (A19) reduces to
<8%(pQ\/5)> + <\/3p|j>[<Q)<vj> + <Q'vj'>] + <\/3p>[<Q”-> )
+<(Q'j)'vj>-] + <\/5p>li<Q> <ij> + <Q' (ij)'j = <S' (\/a_PQ)> (A21)

The operator ( ) is an integral operator; therefore, for general Q,

<Q| J-) = <Q>I i (A22a)

(by neglecting variations in the Christoffel symbols of the second kind over a space-time
gridcell). Similarly, by use of equation (A17),

(Qlj)' = Q; '<Qlj> (A22b)
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and
@)= (Q-€Q) =95 - <y
or, by use of equation (A22a),
@5 =95 -9
Thus, by use of equation (A22b),
(QIJ) = (Q')“ (AZZC)

Applying equations (A22a) and (A22c¢) to equation (A21) yields

&)+ vl (@ ()
va((py (@’ >) +(5(VaQ) ) (a23)

The first right-hand term of equation (A23) can be interpreted as the contribution to the
flux of Q into the unit coordinate volume of the statistical correlation of the space-time
fluctuations of Q and v). The modeling of this term is described in appendix D.

Setting Q = u; in equation (A23) and expressing the source term S' by equa-
tion (A13) yields the space-time averaged form of the momentum-~conservation equation;
thus,

Gy + i={o) ¢y D),
15 CXCR IR CEN)
oy Cart) (ry v ot rosn] )

where si' = uj' - vJ is neglected and vJ is replaced by u' .
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For convenience, in equations applied to a discretized space-time grid, the aver-
aging brackets ( ) enclosing unprimed quantities are deleted, which should cause no
misinterpretation because only averaged quantities are available to the finite difference
treatment.
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AN APPROXIMATE METRIC TENSOR FOR NEARLY
SPHERICAL POLAR COORDINATE SYSTEMS

The coordinate system adopted is a variant of the standard co-latitude-longitude-
radial system. At the land-to-air interface and the sea-floor-to-water interface, x1 is
the co-latitude angle, x2 is the longitude angle, and x3 is defined as zero. That is,
the x3 =0 surface follows the land and sea-bottom terrain. The x3 coordinate lines
(Which are the loci of constant x! and xz) are locally normal to the x3=0 surface,
and, in general, the x3
The loci of constant co-latitude and longitude, on the other hand, are radial, and so x

and x2 generally deviate somewhat from the local co-latitude and longitude for non-

coordinate lines are locally normal to a surface of constant x3.

1

zero x5. The following sketch is a simplified (two-dimensional) illustration of the
coordinate system:

l Co-latitude, longitude constant

l

X{,X9 constant

x3 = 2c

Land-fluid
interface

x3=0
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3

Let the local radial deviation of the x* =0 surface from a true spherical surface

be denoted by 6(x1,x2) . Then, for a displacement dx®, the first-order change in ele-

vation (measured from a true sphere) of the x3 = 0 surface is given by
6 = 29 ax1 4+ 89 gx2
8x1 8x2

The differential arc length squared for dx3 =0 is given by

2 2
(ds)2 = (r dxl) + (r sin x1 dxz) + (d<3)2

le 8x2

95 1.2
+2 ax! dx
(axl) (8x2>

The x3 coordinate line is normal to the local Earth's surface; thus, for general dx3
2 b H

[(r) o2 6)2](@1)2 (rstn ) 4 (25702’

(ds)2 (r) ( 20 ) 2 (dxl) 2 + (r sin x1)2 + (ﬁ)z (dxz) 2

8x1 9x

+ 2(8}{_1) (:jz) axl ax2 + g33(dx3) (B1)

The symmetric covariant metric tensor, defined by
(ds)2 = 83 dxt axd

becomes, at the Earth's surface,

o~ 2 7
2 90 tTo) 9d
= (o) ) :
axl ax1/ \ax2
2 2
. 96 20 ( . 1) a6
g..= — | —= r sinx") +(—5 0 (B2)
1] (axl) (axz) <8x2>
0 0 g33
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Similarly, the metric tensor can be written for positions not necessarily on the Earth's
surface in terms of spatial derivatives of the altitude h above the ideal spherical Earth,
where h reduces to 06 atthe Earth's surface. Thus,

~ -
2
2 dh dh oh
)2 + (20 oh) (oh 0
) oxl ax1/\ ox2
2 2
oh dh . 1) oh
g..=| (252 r sin x") + 0 (B3)
57| (o) (02 ( ()
0 0 833

The formulation of the metric tensor by use of equation (B3) allows the "horizontal"
coordinate lines to be positioned or moved vertically without restriction.

The square of the line element (which completely determines the differential
geometry) becomes

(ds)2 = & dxt dxd

2 2 2
= (r)2 + (ﬂ) dx! dax! + (r sin xl) + ﬂ) ax2 dx?
oxl 8x2
3 4.3 oh oh 1 .,.2
+ gaq dx¥ dx¥ + 2 —% dx~ dx
33 ;1- 90X
Collecting terms in ah/axa gives
2
(ds)2 = (r)2 dx1 dx1 + (r sin xl) dx2 dx2 + 833 x> dx3
2
(a2 0) 9
axl 9x

where the first three right-hand terms are the square of the spherical polar line element,
and the last right-hand term is the square of the height increment along the surface of
constant x3. Thus, if the square of the horizontal increment (the first two right-hand
terms in eq. (B4)) is much larger than the square of the height increment along the surface
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of constant x3, then the square of the line element is approximated by the square of the
spherical polar line element, and the metric tensor reduces to the spherical polar metric

tensor
~ -
(r)2 0 0
1 2
8ij = 0 (r sin x ) 0 (B5)
0 0 £33
for
sh o1 oh 2\ 2 1.1 12 . 2 2
o + —dx << (r)“ dx” dx +(r sinx) dx“ dx (B6)
axl ox2

The condition (B6) for the approximation of the metric tensor by equation (B5) is not very
restrictive because, in a discrete grid model, the slope terms 8h/8x® are character-
istic of a coordinate cell, rather than of a single point. For example, if 3 is the maxi-
mum change in mean elevation at the x3 = 0 surface from one coordinate cell to an
adjacent cell, then the condition (B6) for equation (B5) to hold (at the x3=0 surface)
becomes

(3)? <« (r)z(Axl)z

(3)2 << (r sin xl) 2<Ax2)2

(B7)

where Axl and sz are the cell horizontal coordinate dimensions in radians. Thus,

the smaller the grid physical increments, r Axl and r sinx! sz, the more restrictive
conditions (B7) become. More generally, if h is the maximum change in mean elevation
of a constant x3 surface from one coordinate cell to an adjacent cell, then the condi-
tion (B6) for equation (B5) to hold becomes

(ﬁ)z << (r)2 (Axl)2

(ﬁ)z << (r sin xl) ?

" (B8)
(sz)

Generally, it is desirable and computationally efficient to maintain a uniform horizontal
spatial resolution of all variables. The usual method of achieving uniform horizontal
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spatial resolution is to filter spatially all variables in the horizontal at half -wavelengths
shorter than the maximum horizontal grid physical increments. An effect of the spatial
(low-pass) filter is to make conditions (B8) much easier to satisfy than would be the case
without filtering, especially near the poles, where sin x! is small. Consider a complex
Fourier expansion of h around the Earth along a parallel:

-1gz r sin X1 X2

= i h, i Ap(t)e *n (B9)
n=0 n=0

where ), is the physical wavelength associated with the nth Fourier term and A(t) is
a complex function of time. For simplicity, a perfect low-pass filter is assumed which
truncates the series of equation (B9) such that h, =0 for X, <2r Ax?2 (twice the grid
physical increment at the equator). The filtered h, h', becomes
m m -ii—q r sin x1 x2
h' = Z h, = z Ape T (B10)

n=0 n=0

where M., is the smallest A, greater than or equal to 2r sz.

The maximum change
in |h'| over a grid increment lAh'l is realized if ’Am(t)l = % 6h and all other

A, (t) = 0, where 6h = (Maximum h) - (Minimum h). Thus,

-i&”— r sin x1 x2
Ah'} <} 8 léhe Am
Ax2 axz 2
1L on(-i 27 1 sinxY)| =|L 6h —27 _ ¢ sin x1
=2 km 2 2r AX2
or
|an| s L |5h 7 sin x1| (B11)

Replacing h in conditions (B8) by |Ah’| yields the new condition
2 2
(Ah')2 << (r sin xl) (sz)

or, by use of equation (B11),
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%E(éh)z << (r)z(sz)2 (B12)

The first inequality in conditions (B8) is retained:

(7)” « ()2 (ax) 2 (B13)

Therefore, the inequalities (B12) and (B13) are sufficient conditions for equation (B5) for
the metric tensor to hold when Fourier series terms for h of physical half -wavelenths
shorter than the east-west equatorial physical grid increment are deleted. If Ax1 = sz,

which is the usual case, then condition (B12) implies condition (B13), because |&h| 2 | Hl

Consider the extreme case where ©Oh = 8 kilometers, which is certainly sufficient
for representing, by surfaces of constant x3, terrain and sea-bottom topography, meteo-
rological fronts, and refractive layers in the seas. K the left-hand side of inequality (B12)
is required to be 1 percent of the right-hand side, then the minimum grid increment Ax2
consistent with inequality (B12) is

(10) radians = T —8 _ (10) radians

2 6400

oh

Ax2 =T oh
9r

or

ax2=57.37_8 (100)=1.12°
2 6400

which corresponds to a very fine grid.

If condition (B12) is written in equation form, then

2 2

I 2 2 2

€, — (8h)” = (r)"\Ax

o T (o)? = (1) (ax?)

where the error fraction in the square of the line element is ¢ & << 1; then, the maxi-
mum |6h| is

2
oh| (kilometers) = ,fe , 80 Ax” (degrees) _ e, T1.4 Ax2 (degrees) (B14)
¢ 1.12 ¢
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TRANSPORT EQUATIONS FOR GEOPHYSICAL
CIRCULATION PROBLEMS

In appendix B and approximate metric tensor was presented for nearly spherical
polar coordinate systems. In this appendix the simplications resulting from that metric
tensor are applied to the transport equations developed in appendix A.

In principle, the metric tensor allows equations which are identical for all coordi-
nate systems. The physical assumptions and solution techniques used by the analyst
reduce the generality of the governing transport equations to special cases, and thereby
introduce real differences into the transport equations for geophysical circulation prob-
lems. The specialization to atmospheric- and oceanic-circulation problems will be
made so that one set of transport equations can describe both systems.

The prime difference, for modeling purposes, between the oceans and atmosphere
lies in the different density characteristics. The atmosphere is compressible, whereas
the oceans are essentially incompressible. However, if external gravity waves in the
oceans are considered, then from the viewpoint of mass in a given fraction of a vertical
column, the oceans and 'atmosphere are similar. Consider, then, a new variable ¢ to
replace p so that the similarity of the fluid bodies is emphasized. A good candidate

for ¢ is the grouping p‘/g33 because p and ‘/g33 usually appear together in the

transport equations, and ¢ (generalized density) has similar behavior in the atmosphere

and oceans.

From equation (B3), the determinate of the metric tensor is

2 2 2
lgijl =2 =ggq (r)2 + (%) (r sin xl) + (;—2)

X 8x2

where A is the determinate of the metric tensor for the quasi-~horizontal coordinates.

Applying the definition ¢ =p /g and equation (C1) to equations (A12), (A23), and (A24)
33 ’

yields

2 2
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(V& ) ( j>' j‘/g; Va-5'(VA Q) - <\/-g1—§ c(Q'vj')>lj
and
2 (VA tu) +< = v1> [E33 VA

g ¢ ]
- \/é3_3 (ac)i + \/g_; sliugl
Equations (C2) and (C3) may be rewritten, respectively, as
(VB + L (VA &) =0
and
2 (VA Q) 2 (VA cavl) = 57(VA Q) - pes (ﬁc<Q'uJ>>

where vj' was replaced by uj' as in equation (A24). Expanding

<‘/g_33CuV> ang

and

o) o

(C3)

(C4)

(C5)

(C6)

in equation (C4) by identities similar to the procedure leading to equation (A14) yields
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a%(‘\/z E“i) +— (\/K Cui"j) =5 (\/K Cui) - ai (‘/K C<“i'“j’>) (CT)

9
oxJ xj

where
§(\/K C“i) =Va - /B33 Pyi + 88 - ¢(ac), + CSfi“j * {imj} (Cvj“m)

* {imj} (c <uj'um'>> (C8)

By inspection of equations (C6), (C7), and (C8), it is evident that equations (C5)
and (C7) can be obtained by replacing Q in equation (C6) with 1 and uy, respectively,

and by computing §(\/K Cui) by equation (C8). Thus, it is allowable to speak of one

transport equation (eq. (C6)) for all conservable quantities in the atmosphere or ocean.

From equation (B5), an approximation to the metric tensor is

(r)2 0 0
1 2
8;j = 0 (r sin x ) 0 (C9)
LO 0 833
Thus, the determinant of the metric tensor is, approximately,
2 . 1?2
a EE(r) sin x] g33 (C10)
and the determinate of the metric tensor for the quasi-horizontal coordinates is,
approximately,
2 . 12
A E(r) sin XJ (C11)
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The full set of Christoffel symbols of the second kind are, by symmetry in the lower
indices,

ey ) G G bed (Y

In reference 10, page 67, it is shown that, for dx3 locally normal to the surface of

constant x3,

W
{ } agBV
T3
2g33 ax
a} _ Loy By
B 3 2 ox3
og
{ } =33 > (C12)
2%33 ax¥
{ a} __lgay 833
3 3 2 ax”
{ } ag33
3 3
2g33 8X J

For the metric tensor given by equation (C9), agB /ax =0 and g% =0 for a# Y,
and g%%= l/gaa’ thus, equation (C12) becomes
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AR
(63 -
{3 a} 533 5 (C13)

2g33 ax%

{ a} 1 %8g3
3 3f =-

Zgaa ax®
{ } %33
3 3 2g33 BX

Thus, for the metric tensor given by equation (C9), the nonvanishing Christoffel symbols
are contained in the set

8 B O B SO I O e

The first subset in set (C14), {B ay} , expands to

. [0 . 0, . 9
o\ _1.05(788  Byj "Epy
B 7 2 axY oxP oxJ

o/ 9 9 ’
_1_1 (%pa, "ya gy (C15)
2g o

ax” oxP ox%
by use of the relationships

g =0 G#a)
(C16)
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Of the derivatives of the metric elements in equation (C15), only 9899 hxl does not
vanish (in general) by use of equation (C9); thus, from equations (C9) and (C15), the non-

vanishing { 8 ay} are
og
{212} =1 (-_21—2> = -sin x! cos x!
2g11 ox
og
{1 2 {2 1} 22 = cot x!
2g22 3X

Then, the nonvanishing Christoffel symbols from equations (C13) and (C17) are

{212} = -sin x1 cos x1
(491
3
3 «a

{ @ } 1 %33
3 3
2gaa ax&
{ 3 } 1 9833
3 3 "9y  ..3
2g33 3X3 J
From equation (B4) for the square of the line element (ds

[Gam = 25

The spherical polar system is obtained (from eq. (B4)) by setting ah/axa = 0, for which
3

> (c17)

~

~

(C18)

I
N
R
&,_)
DN
S =
QL
Sla
R|E
"

)2

case the surfaces of constant x° are concentric spheres. The vertical distance between
any two such surfaces is, therefore, constant; hence, as/ 8x3 is constant over a surface

of constant x3, and, thus,

a(\/-g_:ﬁ) _ aa<as) _ o

ox% ax®\ox3
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or

ag
233 _ 9 (C20)
ax®

for a spherical polar system. By use of equations (C18), the nonvanishing Christoffel
symbols reduce to

-
{212} =-sinx1 cosx1
(7 - () -emn
{ } 1 ag33

3 3 g33 8X

for a spherical polar system.

~

(C21)

The Christoffel symbols are used herein only in expressing covariant derivatives
of contravariant vectors and covariant vectors; the conditions under which the spheri-
cal polar Christoffel symbols of equations (C21) can replace the nonvanishing set of
Christoffel symbols of equations (C18) are examined in the following discussion by com-
paring terms in the covariant derivatives of vectors. The nonvanishing set of Christoffel

symbols of equations (C18) reduces to the spherical polar set if { 3 3 a} and {3 a?} ,

or equivalently 9gsg /axa, can be neglected. From equations (C18),

og
{33 } _ 1 %33 (C22)
) 2g33 x? ' |

og
{3‘13} =_21 —=2 (C23)
Caa X

From equation (C19),

X

S 8 [ 8s
— g ) = e | ——
ox® (V 33)7 ox® (a 3)
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or

og

] 1 33_ o s
_— ‘/g )

ax"‘( 33 2 833 x< ax3<8xa)

Thus,

og

33 I ] 9s
— = 2 g —_—
8xa 33 ax3 <axa>

By use of equations (C22) and (C23),

{3 0‘} €33 8x3 (ax>

(79 =5 5

The line element ds, from equation (B4), is

2
ds = (r)2 dx! dx1 + (r sin xl) dx2 dx? + 833 dxS dx®
1/2
dh Bh 2
ox ax
Thus,
—~ 5 1/2
_ai = (r)z + ih_
axl axl
~ 9 1/2
s _ (r sin xl) + 8—h>
8x2 8x2
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and

ox3\axl] ax3|\ax! T \oxd

(2] 2 2
o {8s\ _ 0 |/ oh in x1) oh
= 2, /lr sinx'] + (=% (C31)
ax3 (8x2> ox5 (8x2) \/E (axz)

or, by use of equation (B3) for the metric tensor,

9 9s 3 dh 2
-~ = 2 / C32
8x3 (8xa> 8x3 <8xa> < gaa) ( )

Thus, equations (C25) and (C26) become, respectively,

(03 - gmnfioy] o

(09 - Lo sl oy

- . e : i
Consider the covariant derivatives of a general contravariant vector T and of the
corresponding covariant vector T; where

which is equivalent to
e - 2L, & { } (C35)
axJ
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T3 = i +
1 oxd
Also,
aT.
i
T, .= — =
I'J 3x]

= 8'I‘_a -T k.
o] 7 gyl ka j
T <28 _qp [ K
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From equations (C18), (C35), and (C37),

a oT®
T
l B axﬁ

Talp™ axB

()
R2Ge

(C36)

(C37)

(C38)

(C39)

(C40)

Thus, T?B and TaIB do not depend on {3 3)} or {3 73} and are the same as in

spherical polar coordinates.

From equations (C35) and (C18),
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or, from equation (C34),

3 €33 9 ah \2
@ oT? €aa ox3 [\ ax®

= - (C42)
13 ox3 2 Saw

Multiplying equation (C42) by ,/g o / €33 yields

€aa Ttlx _VBaa aT® .1 73 €33 (ah )2
3 3
€33 V833 ox 22 o €33 ox3 |\ ax®
9T - 2
~_—2_ 173,98 \(%h (C43)
8Zg 2 oz4 [\oz,,

where ’fi and dZ; are the physical components of Tj or T.} and dx], respectively,
and the approximate metric tensor given by equation (C9) is assumed so that ’fi = /844 T

) _ I . . . S
and g;'},'(‘,gaa) = 0. The second right-hand term in equatlor.l (C43) is the contribution of

{3 « 3}5 thus, in equation (C41) for T(IIS’ {3 a3} can be neglected if the square of the

~ \2
physical slope of the constant x32 surface (Bh/aza) is negligible; or, from equa-
tion (C41) <to the order (ah/aia) )

o 8T% (C44)

which is also the order of approximation of the metric tensor by use of equation (C9), as
discussed in appendix B. In the remainder of this appendix, the symbol = denotes
approximations accurate to the order (3h / 97 a)z.
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From equations (C36) and (C18),

3
]
Tfa SRLAA 73 {3 3 a} (C45)

or

2 ~
T?a ~ 3 1, T, _aa 1\, 78 {3 3 a} (C46)
X ‘/g33 X ‘,g33
where, again,

dZ; = \[g;; dx' (C47)

~ i 1
Tyj=eu T =2—T; (C48)
V8ii
with equation (C48) being exact for i= 3. Expanding the second right-hand term in
equation (C46) gives
~ og
T 1 33

T ] 1 _ 1
3 al —] "2 °3 a
9x ,/g33 g333/2 ax

og
p3_ 1 33 _ .3 {33 a}
2g33 3Xa

by use of equation (C22) for {3 3 a} . Therefore, equation (C46) becomes

~

o~ 1 —3 (C49)
g33 ox

Q

which is equation (C45) for negligible {3 3 a} and 983q 9x®. From equations (C36)
and (C33),
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3
3 _oaotT % 3 3 3

[( o )2J
3 a
ax§ €33 axv 2 Saa

or, by using equations (C47), (C48), and (C18),

T?ﬁafs 'fya[( ] {}

ax3 @ \/_8z3 zm

og
A ~ 1 33
= —:'(T;g) - T,

9z 3/2 ax3
3 2(g33)
~ 2] . og
cx 1o\ g 1 s
Y2 5%, |\sZ 3/2 5x
3 a 2( 33)

= %(’f3) + Ty{y3 3 (C51)

3
3 9T 3] 3

to the order of (ah/aia)z; and, furthermore, by use of equations (C51) and (C47),
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= — = (053)

to the order of (ah /8'5 a)2-

In summary, in the computation of the covariant derivatives of contravariant vec-
3 .
tors T’I‘ , ag33/axa, {3 a} , and {3 ag can be neglected with errors no greater
than the order of the square of the physical slope of the constant x3 surface (ah /82' a)2'
. . y 3 ¥
By use of equation (C40), TO!.]B is not dependent on 8g33/3x , {3 y} , OT {3 3} .

Now, in considering T3 lo? Ta|3’ and T3|3,

=T By =Ty 8 (C54)

by use of equation (C9) for the approximate metric tensor. Then, by use of equations (C49)
and (C54),

3 "’fs
T3 = T|a 833 = 5 /833 (C55)

According to equations (C38) and (C18),

T3la= "o~ T3 {3 a} (C56)

or, by equation (C48),

8
T31a = 5 a (gs - T3 {3 a} (C57)

which is equation (C55) for negligible 9g34q /axa and {3 8 a} . Therefore, equa-
tion (C56) can be written as

- 213 (C58)

T
3'(2 xa
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From equations (C37) and (C18),

Tal3— - T3 {a 3}

or, by use of equations (C56) and (C58),

8T T

T
ox3 3la ” ox®  ax

al

From equation (C38),

From equations (C54) and (C52),

3
o 3 8T 3f 3
T3i3 = Tj38s3 = 3833+T {3 3} 833

or, by use of equation (C48),

Tg)3 = g33 +Tg {3 3}

|
QO
x|
(4} ]
+
[J+]
[JL]
w
Q>
quz
(S
3|
[JL]
W
S’
+
-3
(7]
w
w
<

1}
?{J <
wwe

1

w

0
Lo | =
Wl
QO
AR
ww
=

w

feo
w

w
=/

or, by use of equations (C18),

T3|3=—"'T3 {3 3}

Thus, [ 3 Y 3} can be neglected in equation (C60).
\

(C59)

(C60)

(C61)
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In summary, in the computation of covariant derivatives of contravariant and

covariant vectors, {3 3 o and {3 @ 3} can be neglected with errors no greater
-~ \2
than the order of the square of the physical slope of the constant x3 surface (8h /aza) .

For the nearly spherical polar coordinate system with the exact metric tensor given
by equation (B3), the nonnegligible Christoffel symbols are

{2 12} cos X
2 2 1
{1 2} {2 1} = cot x $ (C62)

3} _ 1 9833
3 3 2g33 5%

~

1 1

I

-sin x

and

%833
—99 (C63)
ox®

for computation of covariant derivatives of contravariant or covariant vectors.
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INTERPRETATION OF THE FINE-STRUCTURE INFORMATION
AS A SUBGRID MIXING TENSOR

In appendix A the effects of uncertainties in the state of the fluid on mean fluid
properties are described. In the present appendix, the effects of mean fluid properties
on uncertainties in the state of the fluid are modeled.

The approximation of the transport equations by finite difference equations neglects
some fine-structure information about the fluid state. In an effort to recover the mutual
coupling between the uncertain fine-structure fluid properties and the averaged (over a
space-time gridcell) fluid properties, the pertinent fine-structure properties are
expressed in terms of mean fluid properties by means of a tensor formulation of the
standard subgrid mixing model (ref. 1). The tensor formulation of subgrid mixing cor-
rects a deficiency in the standard treatment in allowing rigid-body rotation of the atmos-

s !
phere under adiabatic conditions. The subgrid correlation tensor <uJ ui'> in equa-
tion (C8) will be approximated from the strain-rate tensor as in reference 3. For the
global scale circulation, Smagorinsky has modeled the elements of <uj'ui'> in the hori-

zontal space. The simplest tensor analogy for Smagorinsky's model is described by
letting the strain-rate tensor be

the deviatoric strain-rate tensor be

5 1 P
Lie = Lik - 5 p 8ik (D2)

and the subgrid-velocity-correlation tensor be
. . _ 2 ala
p<uj u > =-p [VE (KO A) !E]ij (D3)

where K, is the Von Karman constant, A is the coordinate increment, and

i- (2 (D4)

)1/2
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Consider next the subgrid transport term <uj'Q'> , Where the tensor analogy to

Smagorinsky's model is

p(u/Q) = -p[ﬁ(Ko A)zﬂQlj (D5)

The deviatoric strain-rate tensor can now be expanded explicitly.

From equation (D1) for the three-dimensional case, ﬂjk is given by

[ 2y (2142 * v211) (va13 + “3|1)q

Ly = (“2|1 +uy 2) 2ugyg (“2|3 + u3|2) (D6)
(“3|1 + 1) 3) (“3|2 + u2|3) 2ug|3
_ . o

which, from equations (C62) applied to equation (D2), expands to

R U U U U
,Zil:%_l;l_%_z&__?ﬁ _gcotxl_L (D7a)
\/gzz \/gzz \/g33 \/gn

Uy

) 2
= — + 1 (sin x1> - 2 sin x1 cos X1

L= z (D7b)
\,gll 22 \’gzz
~2 1 ~1
L= 12 Ly (D7c)
(sin X )
s, (US - )’1/g33> (D7d)
3 g g,
\’gll 33 \gll
~3 €11\~1
7% = (=21 (D7e)
.1 <g33> .3

50




APPENDIX D

) U U U, U
222=%_2L2_-g_1_2._ _:__+écotx1 1 (D7f)
V&22 V811 /833 VE11

o U (U3\/g33) g
2 Va3 ,2(833

0%y = + 5 (DTg)

[eas 33 \gzz

. .9 (8

232 = Qz3 222 (D7h)
. . g33

. U U U U

233=§—3L3— 2(CL1, 72,2 -Ecotxl 1 (D7i)

The hydrostatic assumption neglects unbalanced forces in the gquasi-vertical
direction x3. In order to specialize equations (D7) and (D3) to the quasi-two-dimensional
case consistent with the hydrostatic approximation, the following conditions are imposed:

(1) The quasi-vertical transport of subgrid quasi-vertical momentum p{u u3>
or equivalently 233, is neglected.

(2) The quasi-horizontal shear of quasi-vertical velocity is negligible compared

with the quasi-vertical shear of quasi-horizontal velocity, or 1 Ug 4 << 1 U
. A €aa ¢ £33

Equations (D7) for { j become

1 1

(U1 sin xl) - U2,2 - 2 cos x} Uy (D8a)
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R U 2 U
glz = 1,2 + _I_(Uz,,gzz) (sin xl) - 2 sin x! cos x! 2
e g 1 g

11 22 ’ 22
sin x1 P | 1
= U + |Uy sin x -2cosx U
1,2 2 1 2
22.1 = ! 2 11.2
sin x
(sin x1)
~2 ~1
f2=-ta
. U
Py =2
ngl
- 11\ ~
33
R U
ﬂ2 __23
V822
- g ~
g32 = [222 123
. g33 .
The quantities DT and DS from reference 3 are related to Ell and 112 by
21.1+Zcosx1 1 =DT
VE22 >
~1
[ U
"21+2cosx1 2 =DS
sin x €99 _;
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In Smagorinsky's subgrid mixing model, the second left-hand terms in equations (D9)
cause rigid-body rotation stresses, contrary to physical principles. The second scalar
of zfj is taken in the tangent plane in equation (D3) for the quasi-two-dimensional case.
Thus,

(D10)

1/2
s_[51 51 L s152 2251 22 a2
t= (’l 1‘.1”.22.1”.12.2*’2.2“.2)

For rigid-body rotation west to east, U, = 0, Uy = c sin xl, and U3 = 0, where
¢ is a constant. Substitution of these velocities into equations (D7) for the three-
dimensional case and into equations (D8) for the quasi-two-dimensional case results in,

respectively, 21] =0 and E?B = 0; thus, ? and the subgrid velocity-correlation (or

Reynolds stress) tensor vanish, by using equations (D3), (D4), and (D10) for both cases.
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APPLICATION OF TENSOR TRANSPORT EQUATIONS TO
THREE -DIMENSIONAL MOMENTUM AND SCALAR CONSERVATION
EQUATIONS IN PHYSICAL COMPONENTS

In this appendix the tensor transport equations and associated source terms are
converted into the more familiar physical components. The conversion begins with the
mass transport equation (C5) which is given as follows:

2(VA )+ LA e -0 (E1)

Since A is not a function of time and vj can be converted to Vj merely by multipli-

cation by ,[g.., equation (E1) simplifies to

iy’

8 —_—
\/_BX] \/_c—g—jj = (E2)

The next transport equation from appendix C to be considered is the internal-energy
equation. The first law of thermodynamics states that the increase in internal energy of
a system results from heat being added directly to the system and/or from work being
done on the system. If the heat added to a unit of mass m is (_Q, and the work done

on m is the pressure-volume work of compression -2 uwl., then the conservation equa-

1’
tion for internal energy is, from equation (C6),

%(\/X CE) + :;(\/X CEvj) = é(\/X cE) - aix](\/X c(E'uj'>) (E3)
where

3(VA tE) = VA& @ - VA\fg3; Pui, (E4)
and where Q includes radiation heating as well as latent heat release from condensation

of water.
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The conversion of equations (E3) and (E4) consists of dividing by \/K, expanding u{ i

1 5 i . i i ) — _ ~ .
to = (\/a u ), and replacing vl and w by V; [—g]] and U; / !_'g”, respectively,
to get
— \/ Vi 1 /A 1 »
(C ) + r_ A CE S I G CE) ‘/ At 1 (E5)
\[gﬁ VA ( VA oxl J]
where

Bl

(VA tE) =@ - \/_3]\/—\/_\/%

For the atmosphere, the specific humidity conservation equation has rainfall as the

negative of its source term é(\/;\: i;’q); from equation (C6),

. u.'
—(zq) + \/_tq— -L5(VAae) - L2 JKc<q'—J—> (E6)
[e. J [
Consider next, the momentum equations (C7) and (C8)

2 (VR ) + 2 (7R cu) = (VA 1) - 25 (VR et @)

and

§(\/Ktui)=\/x—\[gT3P“+Cgi-C( _+1;’s,lJ { } “m+<] '>) (E8)

From equations (C62), the decomposition of the Christoffel symbols into the hori-
zontal and vertical spaces yields

(")) (9
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where only 833 in {3 3 3} is a function of time. The term \/X ng iuj in equa-
tion (E8) expands to

3
= \/K ¢ <§}—S(—1— ug + g3 {3 31} u36i3> (E10)

because sl = s2 =0 everywhere, {3 ai} = 0, and {331} ~0 for i#3 (byuse
of eqs. (C62)). For the ug momentum component, the first Ieft-hand term in equa-
tion (ET) becomes

2 (VK tug) = 7V cUyE3; |
- E3s o VA tU3) + V& €05 2 (/e55 )

= [Ea3 (VA tU3) + VA& €U fE55 s

which follows from (defining the physical increment d'i3 = /833 dx3)

9 o [0Z3\ o [(0Z3) 2 fs\ - 3
5t (VE33) " 558 ) = 523 (ot ) = VB33 5 (%5) = VB33 ®l3 (E11)
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where the last step follows from

3 3 a8
9s° il 3 \ _8s” 3/ 3 NV __1 & 3\ .3 E12
B 3+s{j 3}— ox3 {3 3}_ 3(Vg33s) 8Z4 (E12)

Expanding further, by use of equation (E10),
S8 o) - s T ¢ Ry 500
= /833 %(\/XCUs) + \/XC<:{—2“3 + 83 {333} u3>
- [Eso (VA €Us) + VA slg (€19

Then, the third momentum equation in physical components is, from equations (ET) to
(E10) and (E13),

\/g_3_at(\/_w)+_ \/—§U3\/§—\/—

= \/K -\€33 P|3 + §g3 - C(ac)B

+ {3 33} C<V3U3 + <U3'U3'>)

:—\/_c U, \/_>\/E3— (E14)

The second term on the left-hand side of equation (E14) expands to give
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a A
a6 )~ (e

+ VA tu, Vi 0 ——(833) (E15)

\/g_ g33 ox]

From equation (C63), the first two terms of the second summation on the right-hand side
of equation (E15) are negligible; thus, from equations (C62),

1
VA ¢Ug @2 = a}{3(g33) va CU3V3{3 ?} (E16)

Thus, the right-hand term in equation (E14)

& (55} ¢(vsvs)

can be canceled with the second term of the expansion (E15) of the second left-hand
term of equation (E14). Similarly, cancellations can be made for the following term in

equation (E14):

\/—5{3 ’ 3} C(( U3'Ug’ >>

and a portion of an expansion (following the format of eq. (E15)) of the right-hand term

'5;5‘/_6<U'\/—>\/§

to leave, after division of equation (E14) b ,}

5 1 9 V; (a0)3 1 s A
2(eu) + == (VA U, L\ = -P|, + ¢ -2 \Vae/u, =
5(¢V3) & o e I ,——g3 oy VA o VA < e

(E17)
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Thus,

<|

(ac) U
—1— Ug) = -P 3.1 8 (Ae/ v, o (E18)
(/A 5 |3+C\f-3 VEss ‘/Ka"] €< ’ \Igjj>

For the momentum component along dxl, g11=R is constant. Substituting

Uy =1y ‘,gll into equations (E7) and (E8) yields, by use of equations (E10) and (C63),

5 V.

(oo + = VR vy IE_J]—] " 3(va cuy) (E19)

and

10 A§<U Yy > (E20)
=V 1
VA axJ ’gjj

Equation (E20) can be written more explicitly by using the result of appendix C;

that is, of {1 o B} , only {1 2 2} = cot x1 is nonzero. Thus, equation (E20) reduces to

P ¢(a
—1— (‘/—CU) g3321-:-'-+ 81 - (C)l g 883U

gy ox! V11 811 811 %%

<I

\/—_—37 VA r; \/__ cot xl(vzu2 + <U2'U2'>> (E21)
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Conversion of the momentum component along dx2 is accomplished in a similar
manner, except that now extra terms are obtained from the partial derivatives in the
horizontal direction because U2 =Ug ,/gzz and 899 =T sin x!. When the substitution

for u, has been made in equations (E7) and (E8) and the results converted again to the
form of equation (ET7), there follows, from equations (E10) and (C63),

i( ) \;_—3_3 \/XCU3—V;\/gL— =é§(ﬂ r;Uz) (E22)
ij

and

¢(2c
L 3(VA tu,) = @ap gy (%),
VA 2 e e

@@{ B} g(vgu +<UB'Ua'>>

8S u.'
¢ P8y 18 1 \[KC<U'—J
+ 0
%2 Us VA o) 2
899 9 A ox) ox) ,gjj
G
1(\/g22)

ax

(UZVl + <U2'U1'>) (E23)

Equation (E23) can be simplified further by expanding 9 B} and noticing from
appendix C that

Gy
()

-sin x1 cos xl

I

and

cot x
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are the nonvanishing terms. When these Christoffel symbols are substituted into equa-

tion (E23), the term containing {2 2 1} cancels the last term and the simplified result
is

C(a)
g fg (¢ as
1 (,—cuz)_\lssap+ 2 2,.¢ 3U

Bz x® B2 |Ep  \|Eap X

i VA §<U2 \/_> cot xl(Vle +<U1'U2'>)

(E24)

3

B

This completes the set of conservation equations governing the motion of a fluid
with three momentum components. The system allows for the time dependence of

‘/g33, which can be computed from %(,’g%) = ,/g33 S:|33 by equation (E11) if s3 is
specified.
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RELATIONSHIP BETWEEN THREE-DIMENSIONAL MOMENTUM
EQUATIONS AND HYDROSTATIC MOMENTUM EQUATIONS

When the full set of transport equations derived in appendix E are integrated on a
digital computer to simulate the seas or atmosphere, the horizontal scale is generally
much greater than the vertical scale. Consequently, weather prediction or ocean simula-
tion would be prohibitively expensive if approximations were not made to alleviate the
short time steps associated with integrating the vertical momentum equation.

The classical method to obtain a long time step is to neglect accelerations along
the gravity vector, computing pressure by the hydrostatic approximation and then com-
puting vertical velocity from the energy equation while conserving internal energy. (See
ref. 1.) The loss of similarity between the resulting numerical model and the real world
is associated with buoyant or convective overturning. (See ref. 3.) Consequently (for
example), a hydrostatic circulation model is expected to be a poor vehicle for simulating
thunderstorms.

The momentum equation derived in appendix A will be specialized to the hydro-
static approximation in this appendix. The hydrostatic momentum equation can be
derived from equation (A13) which is revised as follows:

%(ﬁpui) + \/E(Puivj> e ﬁEsiiuj - p(ac)g = \/E(-P(i + pgi)

B

Equation (A13) has three components which span the physical three-space. The hydro-
static approximation employed herein is that the right-hand (force) term of equation (A13)
for the nearly vertical x3-direction is zero. Then, equation (A13) becomes

\
9 ; i
A Iy - I . - = -
ot (ﬁ pu“) " ‘/E(puau >IJ' ﬁﬁslauj p(ac)g ‘/E( Plat pga)
) (F1)
8 iy - I u. - =0
ot (‘/E pu3> * ﬁ<pu3v )| j EE’SB‘IJ p (ac);
J
The hydrostatic assumption
P|3 = rg3 (F2)
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and the condition that the pressure P vanish at the top (x3 = X3) of the atmosphere or
seas yield

x3 ,
P= +S. pgq 4 F3)
g=x3 3
where the gravity-acceleration components g; in equations (F1) and (F3) are
g; = -8 — (F4)

The third component of equation (F1) is no longer needed because the x3 velocities can
now be computed from the internal-energy conservation equation (E3).
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