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1. INTRODUCTION

The principal objective of this report is to outline a multilevel control
scueme for the Large Space Telescope (LST). The concept and méthodology of
the scheme is based upon the decomposition-aggregation stability analysis of
large-scale systems [1-3], which was used to study structural properties of
the control system for a spimning flexible spacecraft [4, 5].

The two-level analysis of the decomposition-aggregation method is ideally
suitable for designing a multilevel feedback control [6~10] for dynamic systems
composed of interconmected subsystems. Local controllers on the subsystem
level are used to stabilize (or optimize) the decoupled subsystems. On the
second hierarchial level the global controllers are used to minimize the in-
teractions among the subsystems, and make the control system meet the required
performance characteristics for the overall system. This miltilevel strategy
can solve complex control problems "piece-by-piece" and make the computer use
attractive in cases when the direct approach is either not feasible (excessive
computer storage), or it is wumeconomical (excessive computer time).

The detailed plan of the report is as follows:

In Section 2, we will develop a nonlinear model for the LST which is based
upon the linear modél described in [11]. The nonlinear representation will
serve as a realistic model for evaluating the potentials of the multilevel
schemes for control of the LST.

In Section 3, we will outline the gemeral multilevel stabilization algor-
ithm [6-8]. Both local and global controllers are involved. The local con-
trollers are used to stabilize each decoupled subsystem by any of the classi-
cal techniques such as pole-shifting, root-locus, parameter plane, etc. The
role of the global controllers is to minimize the effect of interactions among
the subsystems. PFinally, the aggregate system is constructed on the higher
hierarchial level to conclude stability of the overall composite system. We
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will consider a class of dynamic systems [12] vhich can always be stabilized
by the proposed scheme using local comtrollers only. Since the LST model de-
veloped in Section 2 is in that class, we will be able to effectively design
the feedback control which stabilizes the LST.

In Section 4, we will present a multilevel optimization scheme for con-
trol of large-scale systems [9, 10]. The local controllers are used to opti-
mize the decoupled subsystems with respect to quadratic cost. The global con-
trollers are applied to reduce the subsystem interactions, or entirely decouple
the subsystems as is the case of the LST. While this control scheme results
in a suboptimal performance when the effective interactions are present, it
produces an optimal contrpl when the total decoupling takes place. Thus, the
design procedure can effectively be used for constructing an optimal control
system for the LST,

Both the stabilization and the optimization multilevel schemes are en-
tirely computerized. The description of the programs is provided in the Ap-
pendix,

This report is written under the supervision and with the participation
of the Principal Investigator, D. D. éiljak. Investigator S. K. Sundareshan
developed the model of LST in Section 2, and Sections 4 and A.2 on multi-
level optimization. Investigator M. B. Vuirlevié developed the multilevel sta-

bilization scheme presented in Sections 3 and A,1.



2. DEVELOPMENT OF A MODEL FOR THE LST

The Large Space Telescope (LST) is modeled as a rigid body with three
orthogonally mounted reaction wheel actuators and is considered to be subject
to gravitational and magnetic disturbance torques. Unlike in the earlier ana-
lyses [11],nonlinear coupling phenomena are not ignored and a complete three-
axes model for the spacecraft is obtained as a nonlinear intercomnected sys-
tem. The interconnections represent the coupling between the motions along
the individual axes. Hence this model will be a more accurate description of
the LST, which however, is necessary due to the precision pointing requirements
demanded of the control system.

The spacecraft's equation of moticn can be written down from the Euler

equations {11], as

3 .
I°m+m><I°w+.Zl{mxwitrIi-*-Zmiin'm-l-Ii“wi
+mi><Ii° mi}=M (2.1)
and
Ii‘mi+wxli°m+wxwitrli+2wix1i°m
+Ii°mi+wiXIi’wi=Mi,1=l,2,3 (2.2)
whe;e

I is the inertia tensor of the LST given by

Ix 0 0
I=10 T v 0 ,
0 ¢ I,
Ix’ Iy’ I 2 denoting the components along the three axes

constituting an inertial reference frame Ir g3

'Ii s, 1=1,2 ,' 3, are the inertia tensors of the three reaction

wheels that are mounted orthogonally and parallel to the



axes constituting the standard body-fixed reference frame

B.p and hence can be expressed as

1, 0 0] I,, 0 0
=] 0 Iy 0|5 I,=]0 o 0
0 o liy 0 0 I
[T, O 0]
I,=| 0 Iz O
00 Iy

w is the angular velocity vector of the LST relative to the

frame Ir g

ws , 1=1, 2, 3, are the angular velocity vectors of the re-

action wheels relative to the frame Lg 5
M is the total external torque acting on the LST; and

M, i=1, 2, 3, are the internal torgques on the reaction

wheels,

The angular velocity w can be expressed in terms of the rates of angu-

lar deviations along the three axes of Ir g as

L=

E
I
D

(2.3)

-

where ¢ 1is the roll angle, 6 is ths pitch angle and ¢ is the yaw angle.

Similarly the angular velocities wy of the reaction wheels can be expressed




in terms of the components as

v 0 0
0y = | Wy = | Voi § Wg = 0 .
0 0 \:3

(2.4)

Equations (2.1) and (2.2) can now be simplified into the following four

sets of scalar equations:

(1) CEquations governing the motion of the LST bedy:
L + op(l,~ IY) + Ig,vg d - Izy"z b+ Ty 0 = M
IYB + 4:111(Ix- Iz) + le"lw - 132“3 ¢ + IZy"Z =M .

e

(ii) Equations for the Reaction Wheel mounted parallel to x-axis:
L+ Ipp¥y = My
L8+ (T )80+ Ty v b =My

I+ (D 006 - T8 =y,

-

e

(iii) Bquations for the Reaction Wheel mounted parallel to y-axis
Ipg + (Tppm Tpp000 + Ippvpt = My,

Izye + Izy"z = Mz v k

Lo+ (Iy,- Iz},)é@ - Izyugnb = Mg,

o

{(iv) Equations for the Reaction Wheel moumted parallel to z-axis:

- - -n + . - » = K - »
13:5’ * US}: I.'Sz) 8 Iaz"a o ‘i.;:c

I8+ gy Igdon + Igvg 0 = My,

v

(2.5)

(2.6}

2.7)

(2.8)



For further simplificavion, we will assume that the reaction wheels are
small so that Iy << I Zy << Iy R ISZ << Iz and they have one degree of
freedom -uly. With these, equations (2.5)-(2.8) can be simplified into,

I§ + 6h(I,- 1) + I =M,

be' + &nmx- 1)+ Izyvz =ML

Iz{ﬁ + &:é(ly- I)+ ISZ\':S =M, J (2.9)
and

I8+ I =M (2.10)

Izye * IZy = My, (2.11)

ISz;‘G * ISZvS =Mz, i (2.12)

Substitution of (2.10)-(2.12) into (2.9) will result in the following
three equations describing the motions along the individual axes and their

interconnections:

Ié + (1~ 1) = ‘

e My
LB+ (L~ T = 00 )

Izw + (Iy- Ix)ecp = (MZ- MSZ) . (2.13)

It is now necessary to evaluate the various torques. Since the internal
torques on the reaction wheels are small, it may be assumed that these are

proportional to the control signals actuating the wheels. Hence,

M = K% |
% 3 |
M, = -Ksu, ‘ (2.14)
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Whave K, K, and K, are the drive motor constants (the negative signs
in (2.14) merely indicate the directions of these torques).

The external torques acting on the body of the LST are mainly environment-
al disturbance forces and are composed of gravity-gradient, magnetic, aerody-
namic and solar pressure torques. The latter two will be negligibly small com-
pared to the others and will usually be accounted for in control system designs
by considering them as equivalent zero-mean stationary white noise processes.
The gravity-gradient and magnetic torques can be represented as purely deter-
ministic signals involving a constant term and a sinusoidal function of time
with twice orbital rate. Hence, following the analysis in J11] the external

torques can be obtained as,

M= {yyy * vpp cos(ut +x) + 5,3 T )
MY= {’\(21 +'1'22 cos(t +x) + 52} I}’ S
MZ = {Ysl + "{32 COS( t+ K) ® 53} IZ . (2-15)

J

Where iy o i=1, 2, 3, are constants that can be determined [11] from the

inertia components Ix ’ Iy

earth's magnetic field intensity; and S;»

cesses characterizing the aerodynamic and solar pressure torques.

s Iz , the magnitude of the LST dipole moment and the

i=1, 2, 3, are white-noise pro-

Substitution of (2.14) and (2.15) in (2.13) and further simplification re-
sults in the following sﬁstem of equations:

L

§ 4 bl =y + M
g + U2=?w- = Bzuz bl Iviy.. r
b agd = poug + M (2.16)
(I, - I -1 -
where G1= Z Iy)’ o =(x ZJ, o =CEX._.E{_J B =§.1_ B =§...
T 2 Iy 3 R A

. T LRt
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X5
Bg = L and M, M s M, are the external disturbance torques given by (2.15).
z
It is now simple to obtain a state-space representation of the LST by
choosing the state-vector '
L] » - T
= [¢, $,8,0, 9, 4] L (2.17)
which results in the time-invariant model,
% = AX + Bu + h(x) + BM (2.18)
where
0 1 0 0 0 0] [0 0 07
000000 By 0 0
a=j0C0100) 5 0 0 O
0 6000 00 Bz 0
0 00 0O 1 0 0 O
0000 0 0] [0 0 B
r 0.. 7—0 0 0"'
"o OV 1 0 0
neg = | O and =0 00
. "32&"1’ 0 1 0
0 0 O
0 0 0 1]
| 5?0

The diagonal structure of the matrices A , B and F permits us to par-

tition the state-vector as,
T
x = [x), X, %] (2.19)

where



]
With this, (2.18) can be described as a set of interconnected subsystems,
X = Ak P hyus +he(x) v £d,1=1,2,3, (2.20)
where
0 1 0 0
Ai= ’bi= ’ fj_: s 1=1, 2,3,
0 0 By 1
and
0 0 0
hy (x) = y (¥ = y he(x) =
~1%22%32 “%*32512 0252522

with 4 = MX, d, = My and c13 =M, being the external disturbances.

It may be observed that when hiCx) =0,1=1, 2, 3, (2.20) represents
three decoupled subsystems which describe the motions of the spacecraft along
the three axes. However, hi (x) are mot zero and constitute the interconnec-
tions among the subsystems, thus making an analysis based on the smaller-dimen-
sional decoupled subsystems alone inac:ﬁurate.

The system represented by (2.20), is driven by the disturbance forces di
in addition to the control signals u; . However, these external disturbances
can be completely cancelled by constructing a disturbance accommodating control-
ler as described in [3, 1]. This involves the determination of a suitable dif-
ferential equation model for the disturbances and with the augmentation of the
disturbance variables with the state variables of the system, designing a feed-
back controller that counteracts the disturbance forces by feeding back the es-
timated disturbance variables. Although this analysis is conducted for a single-
axis model of the LST f{only for the pitch motion control) in [1], a straight-
forward eﬁctension that uses three separate disturbance accommodating controllers
can be obtained for the three-axis model presently considered. Due to the above

Teason, we will ignore the disturbance terms from our model and conduct all fur-



ther analysis on the system,
X; =Aixi + hiui + hiCx) ,1i=1,2,3,

obtained from (2.20) with the substitution d. =0 .

(2.21)

¥
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3. STABILIZATION

When a complex dynamic system 1s given as a mumber of locally controiled
interconnected subsystems, it can be stabilized by a multilevel control scheme
{6 - 8] based upon the decomposition-aggregation stability analysis [1 - 3].
In the scheme, the dimensionality problem is resolved by carrying out all op-
erations on the subsystem level. Both local and global controllers can be in-
volved., The local controllers are introduced to stabilize each decoupled sub-
system by any of the classical techniques such as the pole-shifting by state
feedback, root-locus, parametey plane method, etc, The global controllers
minimize the effect of interactions among the subsystems. Finally, the agpre-
gate system 1s constructed on the higher hierarchical level to conclude stabi-
lity of the overall composite system.

It is important to note that the proposed stabilization produces large-
systems which are commectively stable [1 - 3] . That is, stability is in-
variant under structural perturbations whereby subsystems are discomnected and
connected again in various ways during the operation of the system. Further-
more, the stabilized systems have wide tolerance to nonlinearities in the in-
teractions between the subsystems.

After we outline the multilevel control scheme for stabilization of large-
scale systems, we will consider a class of dynamic systems which can be always
stabilized by the scheme using local controllers only. Since the LST model
developed in the preceeding section falls in that class, we will be able to

effectively design the feedback control which stabilizes the LST.

3.1, Mulitiievel Cenirol
Let us consider a linear dynamic system

i:Ax-l-Bu’ ' (3.1)
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where x(t) € R" is the state of the system, u(t) € R® is the input to the

system, and A and B are constant nxn and n x s matrices. We assume

that the system is brought into the input-decentralized form

X = Axg + J'XlA xJ+bu , 1=1,2, ve. , S (3.2)

jAL

n,
where xi(t) € R 1 is the state of the i-th subsystem, and ui[t) €ER is

the corresponding local control, so that

11 n
R =R1xR2x...xRS, (3.3)

and each pair (Ai, bi) is controllable,

In (3.2), the matrices Ai’ Aij

dimensions. As shown in reference [ 6], any linear dynamic system (3.1)

, and the vectors b i have appropriate

can be represented by its input-decentralized form (3.2).
To stabilize the system (3.2), we apply the decentralized feedback con-
trol
= u* g
| ui(t) ui(t) + ui(t) (3.4)

where ui(t) is chosen as a local control law

% _ T
U.i - kixi [} (3-5)

-

wich a constant vector k, €R ', and u$(t) is chosen as a global control

law

(3.6)

where kij € R ¥ are constant vectors.

By substituting the control (3.4) into (3.2), we get the closed-loop sys-
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tem as
,i=1, 2, ..

PR S T

x; = (A~ biko)x; + jzl (Aij bikij)xj
J#L

Since each pair (Ai, bi) is controllable, a simple choice of ki can

to place the eigenvalues of Ai— Bikz at any desired
h. ©@g>054a=1,2

be always made [13]
locatiOIlS -01 + jmi’ vre 3 UI:; & jw;,_"0;+1, ane 3 _Unl
eer » My yand 1 <p<n) . Then, each uncoupled sybsystem

L] T -
x; = (Ai- biki)xi , 1=1,2, «av , s (3.8)
is stabilized with a degree of exponential stability
.1
T, = min Uq . (3.9)

1 q
To provide a Liapunov function [ 5~-8 ] with the exact estimate of .

for each decoupled subsystem, we apply to (3.8) the linear nonsimgular trans-

formation
X; = 'I‘:-L:vc1 , (3.10)
to get the system (3.8) as
' ‘ T T -
where A, =T (Ai biki)Ti has the quasidiagonal form
i i, i i
- 0'1 ml D’P i1} D . i i
. Ai = dla-g - ) ". . 3 ros 3 . ’—UP.*.:{‘" sem 0y _Un‘ .
R S kg i
i 71 P J4
' ' (3.12)
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n.
For the system (3.11), we choose the Liapunev fumction Vit R t o R, >

S, MRV '
vi(xi) = (xiHixi) , (3.13)
where
MR, + B, = -G, (3.14)
and
G1 29 diag {crl, 01, ver 3 ;, 0';, U;+1’ cee c;'i}, fii = aiIi .
(3.15)

In (3.15), 6; > 0 is an arbitrary constant and I; is the n, x n;
identity matrix.
The aggregate comparison system involving the vector Liapumov function

v: >+ RS
v = (vl, Voy ese s vs)T , (3.16)

is obtained for the transformed system (3.7},

T
X ° Z (13 b1k13)x ’

J"l i=1,2, ves , S (3.17)

Iy — "1 " - "T —= T ) s ,
where Aij = Ti AijTj , b::. 'I‘:L bi , kij kijTj , and using the Liapunov

functions vy (}’Ei) defined in (3.13). Using the aggregation method presented

in [1 - 5] , we construct the comparison system

<, (3,18)
where the constant s x s matrix W= (ﬁij) has the elements defined as

where aij is the Xronecker sym’r;o.n, T is defined in (3.9), and

s
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= D\M [y Bokys) (y- Bk (3.20)

1J

where M, is the maximm eigenvalue of the indicated matrix.

As known [1 - 3] , global asymptotic stability of the system (3.17) and,

therefore, original system (3.2), is implied by the Sevastyanov-Kotelyanski con-

ditions [14 ] ,  vhich for W= (ﬁrij) defined by (3.19) and (3.20) have the

following form

"Tl'l Elz Tas Elk

CGO¥ | B2r Tz Bk [ 20, k=1,2, e, s, (3.21)

CRU RN BURE:- BB B BB B A I )

. Sz vt Tk

To satisfy conditions (3.21), we choose the vectors iij in (3.20) so as
to minimize the nomnegative mumbers gij which reflect the strength of inter-

comnections among the subsystems in (3.17). Such choice is provided by

...*

5T 371 5Tx |
ks = [(;B;) 1A13] (3.22)

where (b b ) -1 'f is the Moore-Penrose generalized inverse of Bi (15].
The choice of kij in (3.22) produces the optimal aggregate matrix W* in
the sense that " < ¥ (that is, W - W< 0) is valid for all Ky - That
is equivalent to saying [16] that AMG"V*) < AMCW) for all iij . Since
conditions (3,21)are necessary and sufficient for AM(W] < 0 , that is, for
stébilit} of W, the choice l"cij = i&; is justified. |

To conclude stability of the overall system (3.17) with the optimal choice

- * . .
l_cij = kij E which is

j | ’

. . 8
fi= 0% + 10 B35 Byl Z i
# =12, 0,8 (3.23)

u.u.
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we apply the determinantal inequalities (3.21) to the optimal aggregate matrix

=%k A w _wk % T o » oTe -1 2Tox
W = (W‘ij) defined by (3.19) and 513‘ = Eij = M {Aij[Ii bicbibi) bi]Aij}'

We arrive at the following:

Theovem 3.1, The linear control system (3.2) is stabilized by the linear con-

trol laws
wo= Al - F ik, i=1,2 s (3.24)
i e 551 ij7g ? 3 by wee - .
j#i

KT
where kgj = k].gle , if the corresponding S x s aggregate matriz

~ R . ~k

satisfies eonditions (3.21).

Successful application of the above theorem depends on appropriate choice
of the eigenvalues for the decoupled subsystems (3.8). Once the subsystem
eigenvalues are prescrived, the control law (3.24) and, thus, the gain vectors
ks> kij in (3.24), are computed unigquely using the proposed algorithm. There-
fore, if for computed gains k;,, kij , the conditions (3.21) are not met, a re-
assignment of the subsystems eigenvalues is required. The search for an ap-
propriate set of subsystems eigenvalues can be aided by the interactive compu-
ter program described in Section A.l. The efficiency of the computer program
relies on the low order of the subsystems and the simplicity in testing the
Sevastyanov-Kotelyanskii conditions (3.21), Furthermore, the computerized -
procedure provides a considerable freedom to the designer to apply Iﬁs under-
standing of the system and the familiarity with the method to come up with a

successful design.



3.2 An Illustrative Example

Let us consider a system (3.1) described by the equation

e —

1 11,50 86.50 E 4  22.507] 1 0
0.45 0 -4.09 5 8,91 -0,82 1 0
k=028 1 836103 B xs |0 9 u. (3.26)
[
0 1,25 14.75 E 5 2.75 1
—0.18 0 "9.82 : 0'18 "’6.36 _0 1_

The eigenvalues of the matrix A corresponding to (3.26) are
Mg = 0.76 % J 1.83, Ay = 11,54, 3y = -5.80, Ay = <115,  (3.27)

and the system is umstable,
To stabilize the system (3.26), we start with its input-decentralized re-

presentation (3.2) given as

1 11,50 86.50 4 22.50 1
Xy = 0.45 0 -4,09 Xy + ] 8,91 -0.82 Xy * 1 U
| 0.18 1 8.36 0.36 3,27 .0

e

. 5 2.75 0 1.25 14,75 11
Xg = Xy * ' X * Uy . (3.28)
| 0,18 -6.36 0.18 0 ~9,82 1

and transform each subsystem into its comparison form [13] to get

0 1 0 2,20 1.98 0]

C c - c

X = 0 0 1 x; o+ 14.72 0.49 xz + | 0 u1
-8.86 8,50 9.36 =7.92  36.01 | 1

T o 1 1,69 1.26 0.08 0
| 32.32 -1.36 .52 5235 0.9 L |1 -
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The transformation into the comparison foxm is of no conceptual signifi-
cance, and is porformed on the subsystem level for two practical reasons.
Pirst, it is convenient for subsystem stabilization by pole-assignment apply-
ing the state feedback and, secondly, the diagonal form (3.17) with no complex
roots, can be obtained from the companion form (3.29) using the Vandermonde
matrix Ti in (3.10) where X5 is replaced by xg .

Now, by using the local feedback law (3.5) and vectors

k}‘ = (1791.14, 458.50, 46,36)

I, = (33.82, 1.14) , ‘ (3.30)

we allocate the eigenvalues of the uncoupled subsystems (3.27) from

1_ 2 _
Al - 0.63 ? Al - 5.04
L. 2
}\2 - 1.39 ’ l?‘ - 6.4’1
AL = 10,12, (3.31)
to
1_ 2 _
Ay = 0 |, Al 1
1_ . 2 _ .
. 7\2 - 12 » }32 bt 105
Ak = .15 (3.32)
3 L ] -

After the local stabilization, the intercomnmected subsystems have the quasi-

diagonal form

N = R W23,52  -45.7287 0.1
Xy =] 0 -1z 0| X +|40.25  68.97 [ &, + |-0,17 ug
|0 0 -15 -15.49  -24.96 0.07 |

e [s1 07 . [179.95  247.53  357.407( 2
X, = £, + Xy o+ u
| L 0 1.5 -182,58 ~-249.03 -365.95 1 ~ [-2 (3.33)



which is not identical to (3.17).

global control ud R wd in (3.33).

1 2
global controllers, we set 1212 = f:z.l =0,

PFrom (3.9) and (3.32), we have 2

18

For the moment, we did not make use of the

In oxder to demonstrate the effect of the

=10 , T, = 1. Using (3.20) and (3.33)

we compute £.. = 98.51, &,, = 676.68. The aggrepate matrix W in (3.18) is
12 21

obtained as

i .10 98.51
] =
676.68 -1 ’

which does not satisfy the conditions (3.21).
stability of the overall system.
Let us use now the global control specified by (3.22),

ik
T = (-238.95, -415.34)
2 H

~%
k7 = (90.63, 124.14, 183.33)

which yields the subsystems (3.33) as

. [Flo o 0 0.37 -2,25
x1= 0 -12 0 x1+ 6.40 -0.25 Xy
| 0 0 15 0.44  2.73
. 1 o 7. “1.31 -0.75  0.72

X = Xy ¥
0 -L.5 -1.31 -0.75 0.72

and the aggregate matrix

& [ =10 3,55
it = ,
2.37 -1

(3.34)

Therefore, we cannot conclude

(3.35)

% (3.36)

(3.37)

which satisfies the conditions (3.21). Therefore, by theorem 1 the system

(3.28)- is stabilized by the control law (3.24) determined by the gains (3.30)



e At Al e e et Rl e T Y PRSI, = PR S RSN ML S HER)

20
and (3.35). The eigenvalues of the oyerall closed-loop system
(=10 0 0 | 0.37 ~2.25
|
0 ~-12 0 5 0.40 0,25
- - ] -

_____________________ e
<131 -0.75  0.72 i -1 0
"1.31 "0075 0.72 : D -115

corresponding to (3.36), are

Ap 5 = -1.03 £ 30.16, A; = -10.27, A, = -11.99, A, = -15.17, (3.39)

1, 3

which have negative real parts.

It is also interesting to note that an upper estimate of the degree =
of exponential stability of the system (3.1) is provided by the aggregate
matrix f\'f'* since, in general = < mi.n o In other words, the degree of
exponential stability of. the overall system w stabilized by the proposed
method, is smaller than the degree of exponential stability of each decoupled

subsystem.

3.3 ILocal Stabilization

In this section, we consider a class of linear input-decentralized large-
scale systems which can always be stabilized by only local feedback control
applied around each subsystem. This class of systems is characterized by the
coﬁipa_rison form of the subsystem matrices and the lower diagonal form of the
interconnection matrices.

Let us consider again the system

5
j’z-l A%y * bu, , 1=1,2, .ee, s | (3.2)

ji

X. = A.X. +
X3 T RN

where the n, xmy matrix A and the n; vector bi are
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B 1 .., 07 KN
O [ ] L] L] 0
A_ - ® + N # & 2 3 ® & @ , bi = : (3'40)
0 0 L ] » 1 0
i i
"'al "'az ™ . -a-n. —1.—
. ij
and the n; X nj matrices Aij l'_ap q) are such that
a;{3;=o, p<q o (3.41)
where p=1, 2, ... s Ty and q=1, 2, ... ,nj .
In order to stabilize system (3.2) characterized by (3.40) and {3.41),
we apply the local control
3 T
uy = -kix; (3.5)
and get (3.2) as
- - T -
Xi = (Ai biki)xi Z 13 J » 1l = 1, 2, ser 9 s . (3-42)

37‘1

Bain vectors ki are chosen so that each matrix Ai- bikg has a set Li

of distinct real eigenvalues 7\;‘ defined by

L. = [t a

1 ;.;=~uo';;uil,u;>0,p=l,2,...,ni}

i. = 1, 2’ LU ) ] S L] [3-4‘3]

The positive constant o 1is to be determined, so that the ovérall system
(3.2) is stabilized,

Following the development in Section 3.1, we transform (3.42) into

» s . '
i~ JE lJiJ » 1=1,2, sy s (3.44)
J# |

l—li
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where the transformation L 3.10) is used to get
-1
.—-T.A ka. A.. = P P 3.45
Ay = T @y~ bikITy 5 Ay = TPALT (3.45)
with Ay in the quasidiagonal form
Ai = diag {"fxoﬁi, "du‘%, L Y hats15) -} (3-46)
ng
In this case , the transformation matrix Ti can be factorized as
‘ T; = Ri’f.‘i , (3.47)
where
ni~1
R = diag {1, a, cre 5 O | (3.48)
and T, is the Vandernonde matrix
1 1 ces 1 7]
i i i
n ~q -g ces -0
T = .1 z K
. .n.-l . .n.—l 1.1 -1
(o) * Gy B (-c ) (3.49)
For the moment, we consider the free uncoupled subsystems
Bach subsystem (3.50) is stabilized with a degree of exponential stability
"ﬂ'i = D'.'ITi (30 51)
where
A _ oo i |
Ty m113n o5 _ (3.52)
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Now, we choose again the Liapunov function vi R ™ +R,,
~ _ .,T'n ~ ;s
where
T ~ o
and
G; = 20; diag {uai, 6055 vee ucr;l'_} , H =8I, . (3.53)
The agpregate system
v < (3.18)
is formed as in Section 3.1 computing the elements ;‘Tij of the aggregate ma-
trix W with
~ _ 15 -.T ~
and
~ _ A-l ...1 s
Qur ability to stabilize the system depends ultimately on satisfying the
Sevastyanov-Kotelyanskii conditions (3.21) by the aggregate matrix W= [irij)
defined by |

Since the matrix W has nonnegative off-diagonal elements, it is a well-known
fact [. 16 ] . that the conditions (3.21) are equivalent to the quasidominant

diagonal property of W,

s
dj]wj.jl > :_)_11 dilwijl y 321, 2, cas 4, S (3.56)
it

where d.'s are positive mumbers. Apparently, we can make the matrix W sat-
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isfy conditions (3.20), if we can increase the diagonal elements ;’ii suffi-

ciently large while keeping the off-diagonal elements {'}ij bounded. This is
exactly the case with the class of systems under consideration. We notice that

the diagonal elements (i = j),

wii = "u'ﬁi, CS.S?)

depend linearily on the adjustable parametsr o . The off-diagonal elements
@A

wi'i = Eij (@) , (3.58)

3

are bounded functions of o . To see this, we note that the elements

4P a;gi of the matrices Rg_lAinj are either zero for p < q due to (3.41),

or they are bounded for p > q due to nonpositive powers of o . We have

| _
a-]i]: RIAsRy = Dig s (3.59)

i

. P &, PR . & R -
w}j.t.are the matrix Dij {d pq) is defined by: dpq ap q° when p 1q ,ﬁand
dIIng =0, when p#q. From (3.55) and (3.59), we define D:’Lj = Ti DijTj
and conclude from

D505, (3.60)

Llim g‘..(a)
e ] 1]

that the off-diagonal elements ﬁij are bounded in o .

Therefore, for the selected class of dynamic systems y.® can always choose
a sufficiently large parameter a , and use local linear feedback control to
stabilize the systems, From (3.43), we see that by increasing the value of
¢ , we move the subsystem eigenvalues away from the origin, thus, increasing

the degree of exponential stability of each subsystem. This, however, requires

an increase of the local feedback gains in the course of stabilization.



e i

3.4. An Illustrative Example

Let us illustrate the local stabilization procedurs using the following

example:
T0 1 o{ 2 07 "0 0]
0 0 1 5 3 4 0 0
]
x= |2 b2 et Yu.
4 0 0 5 0 1 0 0
.5 6 0:-3 -2 | 0 1]

The eigenvalues of the system matrix A corresponding to (3.61), are

Ap = 1.7244, A, = 5,1042, A, = ~1.2633, A

3 4,5

and the system (3.61) 1s unstable.

The system (3.61) can be decomposed as

[0 1 0 2 07 [0
Xy = 0 0 1 X * 3 X, * 0 uy
-2 -1 -1 2 1 1
.o 1 4 0 07 0]
Xy = X, *+ X, * u
2 |3 2] %2 |s 6 o Y [1]7

The eigenvalues of the subsystem (3.63a) are moved from

I_ 1 _ .
Al = -1,3532, kz’s = 0,1766 + j1.2028
to the new locations
1_ 1 _ 1_ 1_ 1. _1__
Al = -o0] = 1, Ay g, = 2, 13 = -0% 3

applying the local control (2.5) and

K = (4, 10, 5) .

(3.51)

= ~4,2826 * 31,7755

(3.62)

(3.63a)

(3.63b)

(3.64)

(3.65)

(3.66)
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Similarly, the eigenvalues of the subsystem (3.63b) are changed from

2 _ .
A=Al eiLane,
to
2 _ . 2 _ _2_

applying the local control (3.5) and

= (-1, 1) .

26

(3.67)

(3.68)

(3.69)

Referring to (3.46), we see that in (3.65) and (3.68), the parameter o« =1 ,

-~

We construct the transformation matrices Rl’ RZ’ 1 TZ

0 1 1 1

R, = o, T,=|1 -2 -3
2

0 o 1 4 9

T, =

[l

"1 ¢
2 | 0 @ ’

for a>1 as

(3.70)

The numbers T, M, are both set to one. Then, the aggregation matrix of

(3.18) defined by (3.57) is given as

. [
- 12| |

By o

which for o =1 takes the form
- -1 17.0011
12,2936 -1

Eoo=aZ ot Ty, B =2 (7oA 7))
12 = Ay (TAgT0) 5 Egp = Ay Ty Ay Ty

W=

where

(3.71)

(3.72)
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and} AlZ’ AZl are specified in (3.63).
Tt is obvious that the matrix W in (3.72) does not satisfy the in-
equalities (3.-21).
From (3,63) and (3.59), we find that
) 2 2 [4 0 0}
= 0 D =
12 A | <,

0 0 06 0 (3.73)
and for o > 15, we have £y, s 32.55, £y = 18.08 . Thus, for ® =25,
we have the aggregate matrix

_ [~25  32.55
W= ’ (3.75)
18.98 -25

which satisfies the conditions (3.21), and the overall system is stable, The

corresponding eigenvalues of the overall closed-loop system are

= ~36.0364, A = -68.5213 % j6.0474.

(3.76)

M 2,3

= ~25,9599 = j3,5219, A4’5

Por the chosen value of o= 25 , we have the eigenvalue sets JL1 and

I.2 defined in (3.43) given as

'Ll = {—ao’i’ "U.O'%’ —uo‘%} = {"25, “50, '75}

: 2
L, = {—acr%, ~ao3} = {-25, ~50} . (3.77)

The locations of the subsystem eigenvalues specified by Ll’ Lz of (3.77),
are achieved by the local state-variable feedback defined by (2.5) and

1{{ - (93748, 6874, 149)

I, = (1247, 73) | - . (3.78)



The gains in (3.78) are relatively high which is due to the use of local
controllers only. The gains can be considerably reduced by applying global
controllers in the miltilevel scheme outlined in Section 3.1 and illustrated

"in Section 3.2.



8.5 Application to LST

In this section, we design a control system for the nonlinear model of
LST described in Section 2, by using only the local linear controllers as
proposed in Section 3.3. This necessitates an application of the results
obtained by Weissenberger [17] which are concerned with the finite regions
of stability of large-scale systems rather than their global stability pro-
perties.

We notice that the LST model (2.20) belongs to a general class of sys-
tems described by the equations

5

. _ T
X; = Aixi *agX, jzl Aijxj + biui

JjFi,e

(3.79)

where Ai are constant n, x n, matrices, Aij ATe T, X nj constant ma-

trices, a; and bi are n; constant vectors.
To stabilize the system (3.79), we choose the local control

u = -kx, , i =1, 2 ., s (3.80)

so that each uncoupled subsystem
X, = (A- byk)x, , i=1, 2 s (3.81)
i i Titilte » Tyoerr )

has a prescribed set of distinct eigenvalues

L' = {"'Ui b jmi "an Ui i+ jwi "Ui se .-“Ui H
i 1 1’ *p p’ ptl’ oy’
Ug'[ >0;p,9=1, 2, v, , ni}’ i=1, 2, «es , s. (3.82)

By using the transformation (3.10), the closed-loop system corresponding
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to (3.79) is obtained as
L n ~ .., s - I
X; = AR+ g ): 155 0
37‘1 [ 1, i=s
121,200 ,8,8=1 (3.83)
itl, i #s,
S R, | s ‘ 5
where by = Ti (A biki.)Ti has the quasidiagonal form (3.12), Aij
T o el
TzAijTj , and a. T1 a; .

n,
We define the interaction function h: T x R™ +R T among the subsystems

of (3.83) as

S A 3
b %

. T
asXg
j#i, e

h, &) = : (3.84)

The interactions h, (X) can be bounded as

S
thC'-’UH = Yoy ]Z:‘-l EJ_JHSEJH y VXET (3.85)
JFi,e
on the region
=X ER: |[%; || <vp; »31=1,2, .., 81, (3.86)
~ e 1
where Vy; are positive yet umspecified constants, and Eij = (ag i]'i
~T -~
AM( i3 13) :

The aggregate s x s matrix W= (ﬁij) which cofresponds to the system

(3.83) and constraints (3.85), is obtained following reference [171,

W= DR ' (3.87)

where

D = diag {voz, Vozr *ee r Vpgo VO-L} (3.88)
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and the s x s matrix = (_ﬂij) is defined by

" -1 Ed : 7

with s defined in (3.9).

From (3.87), it follows that W satisfies inequalities (3.21) if and
only if W does. Inequalities (3.21) applied to W determine the constants
Vopr Vogr 0 1+ Vg in (3.85). It is possible to calculate these constants
recursively. To see this, we note that the k-th leading princ:ipal kxk

submatrix ﬁrk can be expressed as

_ e ! & I 107 ey | 0 1 Ewlf_'lfk
b S0 B el Il = i I B [ B B
B 1M L 0 i WgreMiaf [0 1
(3.90)
Therefore, the k-th leading principle minor of W is
dot W= det W_, (g~ Bl - (3.91)

For the inequalities (3.91) to be satisfied by W , it is necessary and suffi-

cient that

gt B > 0, k=1,2, s, | (3.92)

From (3.89), we have
e @, B E), g = (Bury Buoy ove s B (3.93)
k= G Egper v 0 Bgid 0 B T g Bxar o 2 Sk .

and from (3.89) and (3.92), we get the constants vm 'as

Tiwl -1, _11 ,k=s .
Vor ¢ k(@M T 2= {k-i-l, kis (3.94)
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Once the constants Vv, are calculated by (3,94), the region & of
(3.86) is determined. Now; it remains to jmbed a Liapunov function V3 R® &

R, inside the region @ and determine a region of stability [17]
f={xerRMVE <y} . (3.95)
In (3.95), we choose
N s
VE) = i£1 di[vi] , (3.96)

where d; are positive mmbers, and v; = viC:?éi) = Hil][ . Following [17],

we calculate the positive constant +4 in (3.95) using (3.94) and

Y= mn v, 1712 .y s (3.97)

where the positive vector al = (dl, dz, eee 3 d S) is computed by

aF = -t (3.98)

vhere ¢ is any positive s vector (c > 0) .
. ~ -1 -~ 1 ~1 : :
Since X; = T;™x; , and |[x,[| < [T37[] [ix;{] , from (3.96) and (3.97),
we get finally the region of stability @ in the original state space, which
is

S -
o= {x€r: .)jl &I bl < o} (3.99)
:L:

Now, we consider the nonlinear model of the LST given in Section 2, which

belongs to the class of systems .+ oribed by (2.79) with

Ao = » A-- = [ d. = ] b‘ = 3
i 1] i i

i=1,2,3. (3.100)
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Applying the control law
wo=kx , i=1,23 (3.101)
where
K = sff:}' , i=1,2,3 (3.102)
and ]EZ‘E = (Eil, Riz) s we obtain the closed-loop uncoupled subsystems (3.81)
with

0 1

T .
Ay biki= . 3 , i=1,2,3.
™M1 i2

The gains }"ci are chosen so that each subsystem has a set of eigenvalues

(3.103)

Ly = -0}, -3} , 1=1,2,35. (3.104)

1

To get the transformed system corresponding to (3.83), we use the trans-

formation matrix

1 1
Ti = i i i=1,2,3 (3.105)
| 0 "9 |
and get
2 R
1 R
A, = . h, (%) = 8.%4,.%.
i 0 -c% ’ 1‘ 1. i e 3. . 141, i3
S - 1,j=1,2,3,1i#¢j;2= 1, i=3 (3.106)

To compute Eij , we choose oi =0y u% =gy i=1, 2, 3, and cal-
culate |[A..]] = (o 32 4 G )2 (éiTi Vi = T lo:[Clog- o ])“l We can mini-
ij 1 27 ViR i 1 "2 *

mize the mumbers £.. with respect to the distance p = o,- o) between the

ij
two subsystem eigenvalues., This yields

By = 77 lag o7 Lio? + (o + %1, (3.107)

RURRIE. SETINREES S st GU
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and we get the minimal values EI_ILlj for Eij as
T v
which is obtained for o = ¥Z oy
The corresponding matrix W in (3.87), is
- 5 —
1 -
- = 0 g
Vo2 13
ff ; 1 (
= E - == 0 . 3,109}
21 Vo3
. .g.
» 1
0 £ -
i 32 vm_
From (3.94) and (3.109), we get
b
(6)°
(3.110)

01 Yoz Vo3 ¥ = =
§13 521 532

Choosing Vyq = Vo = Vgz = Vp and using (3.108) and (3.110}, we compute

vy < 0.584, Selecting v, = 0.574 , o; = 10 , and choosing c = (1, 1, nT,

we further compute from (3.98) the vector

d = (4.8, 13.7614, 4.2963)7 . (3.111)

From (3.97), we calculate

y = 2.4663 , (3.112)

and the region i in the transformed state space as

fi={X e R 4.8]1%] + 13.7614] |%, ]| + 4.2963|%,]] < 2.4663} . (3.113)
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In the original space, the stability region @ is finally obtained as

e = {x € R™: 4,8] BN 13.7614] [x, | | + 4.2963] |x4]| < 1.3331}  (3.114)

*3
where we used ||T;'|| < 1.8500 , i=1,2, 3.

The feedback gains that yield the region 2 are computed from (3.102)

and

-T T T

K = (og05, o + 0)" = (141.4213, 34.1421)7

i=1,2,3 (3.115)

as

K = (L6517,  0.3988)"

ky = (10,3303, 2.4939)"

KL = (10.7056, 2.5846)" (3.116)

3 » , L ] - L ]

This completes the design of the LST control system.
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4, OPTIMAL CONTROL

In this section we will describe the application of a recently developed
multilevel optimal comrtrol scheme [9] for the decentralized regulation of the
LST. Such multilevel control schemes are quite efficient in the analysis of
large-scale systems that may be decomposed into a number of interconnected
subsystems of smaller dimensions. Since our model for the LST, described in
Section 2, is a nonlinear intwrconnected system composed of three linear sub-
systems describing the motions of the spacecraft along the three axes, gener-
ation of the necessary control scheme basing the analysis on the subsystems
is highly desirable in view of the complexities involved in the optimization
of a nonlinear system of a large dimension. In the sequel, we will describe
the general theory for the multilevel optimal control of intercomnected systems,
which will be followed by the specific application to the LST.

4.1. Problem Formulation

Let us consider a continuous dynamic system described by the differential
equation

x = £(x, w (4.1}

where x(t) € R® is the state and u(t) € R™M is the control function of the
system at time t € T . The function #: R™ x R® + R® is continuous on a
bounded region 7 < RY and is locally Lipschitzian with respect to x in 7
so that for every fixed control function u(t) , a unique solution x{t; ty xo)
exists for all initial conditions (to R xGJ ER D andall t€T, T being
an interval [tO’ =) of R.

We assume that system (4.1) can be decomposed into s interconnected sub-
systems

J'ci =Ax; +Bu +h(x),i=1,2, ... ,s. (4.2)
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€ R * is the state of the i-th subsystem so that

iyl n
B orlug?x ... xRS

where, x,
i

H
!
us ER is the control function of the i-th subsystem so that

m
R = mlmeZX...XRS-

?

f3 %03 Ty X Ty n,
Ay ER and ]3i e R are constant matrices; and hi: R™ =+ R

is the function which represents the interconnection of the i-th subsystem in-
side the overall system.

The multilevel control scheme [ 9] used for the optimization of system
(4.2) can be developed by considering the control fumction ui(t) as consist-

ing of two parts, the local control u?(t) and the global control u%(t) ,

u, (8) = ui(t) + uf(r) . (4.3)

The local control u;‘ (t) 1is chosen as a linear control law
[} -}
ui(t) = Kixi(t) (4.4)

to optimize isolated subsystems, and the global control law u% (t) is chosen

as a suitable fumction of the state
uf(e) = -KE(x(t)) (4.5)

to minimize the performance deviation from the optimum due to the presence of
interconnections among the subsystems .
With the application of the control (4.3), the equations (4.2) governing

the system under consideration take the form,

. 2 .
X; = Aixi + Biui + hi(x) + Biu]g_ ,1i=1,2, ,.. , 5. (4.6}
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Since, as described earlier, the global control functions u:%(t) are assigned

only the task of reducing the effects of interconnections h, (x) the temms

heiCx, uf) =h () +Buf ,i=1,2 ...,5, (4.7)
may be regarded as the "effective interconnections' among the s isolated sub-
systens

w'ci= Aixi+Biu§ y1i=1,2, ... , 5. (4.8)

We shall assume that all s-pairs (Ai, Bi) are completely controllable,

and that with each isolated subsystem (4.8) a quadratic performance index

% 2 '3 2
Ji(tﬂ’ xiO’ ui) = J {I lxi(tJ“Q + ”ui(t)HR-} dt (4.9)
* i i
0
n, % n.
is associated. In (4.9) Q; € R* 1 is a symmetric nomnegative definite

m. ¥ M.
matrix and R; €R T ' is a symetric positive definite matrix.

The local control ui(t) in (4.4} can now be chosen to minimize the per-
formance index J"i(tn » X500 ui) in (4.9). From linear-quadratic regulator

*
theory [18], the optimal control ui (t) is given by

R P L
ui (t) = Ki xi(t) (4.10)
where
2% _~1.T.
Ki - Ri Bipi a (4-11]

L, X IL.
In (4.11), Ps er? 1 is symmetric and is the positive definite solution

of the algebraic Riccati equation

T. ~-1.T. _ -

. * B o® . _
The optimal cost Ji(tO’ xiO) = Ji(to, X500 U5 )} can in this case be calculated
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* _ 2
Jicto: xiO) = HxiOHPi . (4.13)

Furthermore, wnder the assumption that Q; can he factored as Q = CiC}I,

n. ¥ 1, .
where C; 6R ™ % such that the pair (A;, C;) is completely cbservable,

each closed~loop subsystem

. -1.T .
X = [Ai - BiRi Bipi) X, , 1= 1, 2, .v. , S5, (4.14)

is globally asymptotically stable.
The controls ui’*(t) ,1=1,2, ... , s, will not, in general, be opti-
mal for the composite system (4.6) and will not result in the optimal cost
s

* e
J (toa 3'50) = izl Ji (tOJ xo) (4.15)

unless the effective interconnection fimctions h o (x, u%] 20, When h‘3 (x,
* i i
u;g) # 0 , the controls ui (t) produce a value of the performence index for

the composite system given by

~ S ~
J(tg, X)) = _Zl J; (tgs X;0) (4.16)
i= ‘
where

- ~ 2,*

Ji(to, xio) = Ji(to, Xi00 Uy ) . (4.16)
It is obvious that

e * :

JCtgs %) 2T (tgs %g) V(tg, %5) €T x 2 (4.17)

* ’ .
and the local control law u:’.:“ (t) in (4.10) c¢an only be a suboptimal policy
for the compositv system (4.6}, with an index of suboptimality e > 0 defined

by the inequality

~ *
Jey, %) < (1+e) T (tg, Xg) Vitg, Xg) € T x Rt (4.18)
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The suboptimality index e for the system with the optimal local control,

-1.T .
k; = (A; - BRIBP,) x, + hei(x, u§) ,i=1,2, ... , s (4.19)

depends on the size of the effective interactions he =, u%} and hence is a
i
measure of the performance deterioration due to these.

We can now give a formal definition of this concept.

Definition. The system (4.19) with the optimal local control law (4.10) is
said to be suboptimal with the index e <f therve ewists a number € > 0 for

which inequality (4.18) is satisfied.

As described earlier, the suboptimality index e is a function of the

interactions he- (x, ug) and the following problem is of interest:
i

Problem 1, Establish conditions on hei x, u%) to guarantee a preseribed
value of the suboptimality index e .

It is important to note that in Problem 1, the rate of the global control
function u% (t) 1is ignored as it is taken together with the existing inter-
connections hi (x) 1in the system to yield the effective interconnection func-
tion he. (x, u%) . However, as we shall see later, the solution to Problem 1
indicate; a method of choosing the global control u% (t) so as to reduce the
size of he. (x, ug) and, hence, minimize the suboptimality index e . In
other words:: we consider the index ¢ = a[l. [he (x, u®)|]] where h o R x g™
+® s h = [h , B, ..., h'g 17 wd wBer is of = (@), @b,
cee ug)T]-T and solvcz: the follotsving:

Problém 2. Find a control law of the form (4.5) or eqzziuazenﬂy;
- ud) = 8 | . : 4,20}
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e = dnf el[||h Gx, wB)||]} Vx €D (4.21)
u’(t)
is attained.

We will now provide the solutions to the above problems.

4.3, Multilevel Optimization

A solution to Problem 1 may be obtained by using the classical Hamilton-
Jacobi theory. Since in our optimization procedure, we chose the local coun-
trol laws (4.10) to optimize the decoupled subsystems, the optimal indices
satisty the corresponding Hamilton-Jacobi equations. When the subsystems are
interconnected, the equations are not satisfied by the respective performance
indices and the overall system is not optimal, However, a majorization pro-
cedure is possible to provide an estimate of the performance deviation from
the optimum due to the interactions.

Now, we provide a solution to Problem 1 by the following:

Theorem. 4.1, Let there exist nonnegative numbers Eij such that the Funetion
he (x, u:(?:) in (4.19) satisfy the constraints
i

S .
Il Co w1l < ] eggllgll, R, vin1, 2, oy s (422)
1 j=

and
A (W)
£ m
E f—T‘*:-E- -Z-W (4.23)
S s _

where £ = _zl _Zlgij,P= diaglPy, Py .. , B}, W= diagiWy, Wy, ... , W3,

i=1 j=
P, being defined by (4.12) and W, = Q; + B,B.RI'BIP, , and N(B) and A_(v)

ave the maximum and minimum eigemvalues of P and W respectively. Then the
composite syetem (4.19) ig

(1) suboptimal with index ¢
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and

(i1) globally asymptotically stable.
Proof. Since the decoupled subsystems (4.14) are optimal, the functions
v, (x,) = llxillg ,i=1, 2, ..., s, satisfy individually the Hamilton-

i
Jacobi equations

T *
[grad vy Ge;) 1 [(A; - BiK; ;]
2 g% 2
w12 1 % (12 =0
i Qi i 71 Ri ’
n.
Vx, € R 1 ,i=1,2, ... ,5. (4.24)

Now, the time-derivative ‘}i (xi) can be calculated along the trajector-
ies ii(t) of the composite system (4.19) as
. (%) = [grad v, (%,)1% {(A;- B.R;IBIP.) %, + h_ (%, ud)} (4.25)
ivii iV i i1 iYL e; A § *
- T o ~T,T
where X = [xl, Xgs eve s xs] .
Substitution of (4.25) in (4.24) and rearrangement of terms gives

1Ryl = - @) ¥yGp) + Qo) [grad vy &1 by Gy o)

-efl® |15 VRERY,i=1,2, ... ,5, (4.26)
1

where the simplification ||%,|13 * |, "% ]12 = %115 with w = Q +
- 1 TRy i
~Zipl. .

PiBiRi BiPi is made,

]
Denoting v(X) = ] v;(%®;) and summing the s-equations in (4.26) we get,
i=1

[E] 15 = - (o) $0) + () [grad v(D)]T (&, u®)

- ¢ {x] Ifq, v € R . (4.27)
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Now; integrating (4.27) from ty to = we cbtain
- *
Ity x5) = (He) T (g, xp)
~. 1T ~ Z
+ (L+e) J {[grad v(x)]1" h, (X, uby - TEE ||x||w} dt , (4.28)
t
~ *
where J and J are defined in {4.15) and (4.16).
It is now simple to observe from (4.18) and (4.28) that the system is
suboptimal with index = 1if
w
T - w2
[ trerad v61T n @, o8 - 35 LRl 2 at 2 0,
t
0 v e R" . (4.29)
For further simplification of (4.29) we note that
) Iolg 112 = 1112
v{x) = v, (%) = X = ||x . (4.30)
i B = R B P
s » .
Also, since |{|h, (&, u%)ll < 1 gijllijl [,¥x € R" we have the inequality
i =1
|l &, o®)| < gllx]], vk € ” (4.31)
§ s
where § = E..
i=1 j=1 4

Using (4.30) and (4.31) it can be easily shown that a sufficient condi-
tion for the inequality (4.29) to hold is

o115 o112
26P%| |%] | < 15 | 1|1, vx € R”j (4.32)

which, however, is implied by the main inequality (4.23) of the Theorem.
To complete the proof of the Theorem, we demonstrate the global asympto-
tic stability of the system (4.19) by using the fumction v(®) = ||%| I?_, as a
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Liapunov function. Note that v(X) is positive definite since P 1is a diag-
onal matrix formed from the positive definite solutions of the s Riccati
equations (4.12). Further, the time-derivative of v(X) along the solutions

of (4.19) gives
Y@ = - |73+ 2P %, uB) <0 vRER, (4.33)

from (4.31) and (4.23). This completes the _proof of the Theorem,

It is important to note that the above theorem provides an explicit al-
gebraic constraint on the interactions that is easy to check. Inequality
(4.23) involves calculation of eigenvalues of block-diagonal matrices P and
W, and since AM(P) = nix {‘AM(Pi)} and Am(W) = min {J.m(WiJ} , the ;alcula-
tion can be carried out on the subsystem level.

Tn the context of the above Theorem, it is of interest to consider Prob-
lem 2 of determining the global control uB(t) so as to minimize the subop-
timality index e . From (4.23) and (4.31), it is evident that e is a non-
decreasing function of {|h,(x, u®)|| . and hence, Problem 2 reduces to one of
choosing uf(t) to minimize | |h, (x, u®)|| . This function minimization prob-

lem is particularly simple in the present case since, from (4.7)

hy G, U%) = hc#) + Bub (4.34)
which, on using the control law (4.5) reduces to

h, G, u®) = h(x) - BKE(x) . (4.35)

A perfect neutralization of the effects of interconnections occurs if a

choice of K& (x) results in
BKE(x) = -h(x) (4.36)

and, in this case, e =0 . TIn the special case, when B is square and non-
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singular, the explicit expression for KE(x) is available as
KB(x) = -BIh(x) . ' (4.37)

In general, a perfect neutralization of the interaction effects mentioned
above, is not possible and one may attempt to minimize [h@x) - B[] by
the proper choice of K8(x) in order to solve Problem 2. This is admittedly
a complex minimization problem and a general solution is difficult to obtain.
However, in the particular case of linear interconnections, the problem can

be simplified and an elegant solution can be provided. This is, we assume

fct, x) = Hx (4.38)

where H € R°® | 1In this case, the global control can also be chosen as a

linear law

B = B ‘ (4.39)

where X € R™™® . With (52) and (53), Problem 2 simplifies to:

Problem 2'. Choose the matrix X5 such that inf || @-BK®)x|| is achieved

' K&

for all x € R®
Remenbering that || (H-BK®)x|] < [{H-BKE|[ |[x[| holds for all x € R",

Problem 2' actually reduces to finding mJ.Tgl |{H-BK®|| . When rank B =m , the

K -
solution to this latter problem is well-known and ¥® is given by
¢- @'n s (4.40)

-1 T

where (B B) is the Moore-Penrose generalized inverse of B [15]. It

is interesting to note that in the particular case when

Rank [B| H] = Rank B (4.41)
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the choice (4.40) leads to a perfect neutralization of interaction effects

and =0 .

4.8. An Illustrative Example

For the purpose of illustrating the multilevel control scheme presented
here, let us conrider the following example.

The system is described by

X = AX + Bu . (4.42)
where
~ -5 6 0 -0.0095 1 0
A = 4 -4 0.003 0 ad B= |0 O
-0.00332 0 ~3 1 0 0
0 0.00995 8 -2 D 1

and is required to be optimized with respect to the performance index

=]

J= j lxll? + (ull? a . (4.43)

o

In this particular case, the dimension of the system (n = 4) is small
and hence the problem is amenable for a direct analysis and the required con-
trol can be obtained fr_om'solv:i_ng the associated Riccati equation (of fourth
order). However, as our interest here is to provide an illustration of the

*
decentralized optimal control scheme , let us consider system (4.42) as being

*
Beslides the advantage of permitting an analysis based on the subsystems of

small orxders, the decentralized control scheme presented results in important
connectivity properties of the system. The suboptimality and stability of
the system remain invariant under structural perturbations caused by the on-
off participation of the parts of the system. 'This propexty, however, dces
not result when direct optimizaticn of the system is carried out [10],

+ H
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composed of two subsystems

P e[ »
X, *+ N
4 -4 1 1o 1

1 0 :
X, + u (4.45
-2 2 4] 2

with the interconnection matrix

>
=
It

and

W
o]
i
f 1 1
oo [42]

[‘ 0 0 0 -0.0095
0 0 0.003 0
H = [_~o.00332 0 0 0 . (4.46)
0 0.00995 0 0

By splitting the control functions ] and u, into a local component
and a global component, the decoupled subsystems (4.44) and {4.45) can be op-

timized with respect to the performance indices

oy o«

%.=[ tx 112 + T1u ) 1% ot and J2=[ 11,12 + Fluyl 1% dt.
t, ty (4.47)

The solutions of the associated Riccati equations can be obtained as

1,1910 1.5411 5,5591 2v3745"]
P, = and P2=

1 l1sq1 2,137 2.3746  1.1224 |

and the local control laws are,

-[1.1910  1,5411] X

|

Ll-z

-[2.3746  1.1224] x, (4.48)

In the absence of the global controls, the functions (4.48) will only
be suboptimal policies for the overall system (4.42) with the index of sub-
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optimality e given by
_ min{a (W.} , A_(W,)}
IR L S on g (4.49)
2 max{AM(P]_J, AM(PZJ}
where W, = Q. + P.B.R;IBP, , i=1, 2, are
3= Qg+ PyBR TP » 25

2.4185 1.8354 6.6386 2.6651
W, = and WZ = .
1.8354 3.3748 2.6651 2.2597
Inequality (4.49) is satisfied with e = 2 and hence the performance

degradation from the optimum is 200% .

In order to improve the performance, we now use the global controls u:gl

and u% given by

uf = - (BTB)"l Bl (4.50)
u

where uf = . (4.50) can be simplified to yield

N =g

u,

g2 . -
uy=-[0 0.0095 ] x,

-

S=-[0  0.0005] x; . (4.51)

Tne effective interaction matrix H with the application of the global con-

trol is
fi=[1-3@®tsH
0 6o 0 0
) 0 0 0.003 0
0.00332 © 0 0
0 o 0 0 (4.52)
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and the suboptimality inequality (4.49) can now be satisfied with a value
e = 0.2 , Hence the performance degradation is reduced from the original

200% to only 20%, thus illustrating the effectiveness of the global controls.

4.4, Applieation to LST

The results developed in the earlier parts of this section may be di-
rectly used for the multilevel optimization of the LST. As described in Sec-
tion 2, the model for the LST is a set of three interconnected subsystems,

described by (2.20) as,

x; = A, +bu, +h.(), 1=1,2,3, (4.53)
where X. € R™ , A.= » b= and hltx) = ’
i i i
0 0 By “OoXz0Xo
0 0
h2(x) = ’ hs(x) = , X being the composite state-

~%9X29%12 ~%2%q19%22

T T _T,T T .
vector x = [xl, Xos Xz] and X; = [xil, xiz] , 1=1,2,3.

Following our multilevel control policy, we split each of the control
functions u, into a local component ui and a global component u? and

optimize the decoupled subsystems
. ) .
X; = Aixi + biui , 1=1,2,3, (4.54)

with respect to the performance indices

5= gl e, 121,25, (4.55)
£
ocbtained with the choice Q; = szz and Ri =1 Vvi=1,2, 3. The solu-

tion of this linear-quadratic optimal control problem is simple and involves
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the solution of the associated Riccati equations,
AP, + DA, - PbbP, +Q =0,i=1,2, 3 (4.56)
i Tfi tititii i ’ r o ) '

With the specified structure of Ai and bi , the solution of (4,56) can be

obtained as,

B 2 1 1
1+ =
B; B;
P_ =
L 1 1 2 %
5, B 4t
B i i i (4.57)

and the local optimal controls are

o _ LT 2 % .

However, in the absence of a suitable choice of the global control func-
tions u% , (4.58) will only be suboptimal for the composite system (4.53),
with the index of suboptimality e determined by the size of the effective
intercommections, | '

g = . g T =
hei(x, us hi(x) + biui , 1=1,2, 3. (4.59)

(4.59) can be simplified to yield

. A

0
h g
e, (X ) = g
1% |~1%p7%32 * B9y |
g | 0 ]
hesz, uz) =

g
%1232 * Btz |

— —

0

h. (x, ug) = '
e 3 g
3 |~o5%19%02 ¥ B3U3_ (4.,60)

i
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It is now simple to observe that the choice of
[+
Blx) = -
Rl V7
(v4
Ex) = -2
u3 () B, 12°32
g %3
us(x) = E X19%92 (4.61)

will make the functions h_ (x, u) = 0 and hence € =0 , thus resulting in
no degradation of the perfo;-mance from the optimum.

It is of interest to evaluate the control functions for a representation
set of values of the parameters of the LST. For the values of the inertia
conpenents” I = 14656 g’ , I, = 91772 K and I = 95027 Kg® and typical
reaction wheel constants K1 =K, = K3 = 12,57 x 10° N-m/rad. , the values of

a; 5 B, i=1, 2, 3 can be calculated as

o = 0.2221 Bl = 85.62
Qo = -0.08754 and By = 13.69
Gy = 0.8112 Bg = 13.21 .

Hence, the control components can be evaluated from (4.58) and (4.61) as,

ui’ = ~[1 1.012] [xp;]
%12
| uy = -{1 1.061] [xy; ]
| | %92 |
uy = -[1 107 ] [xg ]

[xsz_ (4.62)

These values correspond to the on-orbit configuration of the LST with extended
light shield and solar wings, with the corresponding mass of the body totalling
9380 Xg [11].

(=
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and
u% = 0.0026 XpoXzo
u% - -0.004 Xy Xz0
uf = 0.0613 X%, . (4.63)

This completes the multilevel optimization of the LST control system.
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5. CONCLUSICNS

A multilevel scheme was proposed for contrci of Large Space Telescope
modeled by a three-axis-six-order nonlinear equation. Local controllers were
used on the subsystem level to stabilize motions corresponding to the three
axes, Global controllers were applied to reduce (and sometimes nullify) the
interactions among the subsystems., A multilevel optimization method was de-
veloped whereby local quadratic optimizations were performed on the subsystem
level, and global control was again used to reduce (nullify) the effect of
interactions.

The proposed multilevel stabilization and optimization methods are pre-
sented as general too.s for design and then used in the design of the LST
Control System. Furthexrmore, the methods are entirely computerized (Appen-
dices A.1 and 2), so that they can accomnodate higher order LST models with
both conceptual and numerical advantages over the standard straightforward

design techniques.
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APPENDIX

COMPUTER APPLICATION

A.1. Stabilization Program

A.2. Optimization Program
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A.l. Stdbilization Program

The entire stabilization method is computerized. In this section we
present the computer program for the stabilization of a class of large-scale
systems by local state feedback, according to Section 3.3. The program is
written in FORTRAN IV, for HP2100 computer. It is, basically, an interactive
user oriented progran.

Designers can enter the program from VDU (Visual Display Unit) and thus
freely alter the course of computation, according to the nature of the prob-
lem. Program accepts input data from a logical umit that has to be previous-
ly assigned. As a result of computation, it prints out stabilizing parameter
o , corresponding aggregation'mafrix, stabilizing set of subsystem eigenvalues,
and enables the designer to reenter the program with so computed new set. The
program finally prints out the corresponding subsystem feedback gains. The
name of the main program is PPl. Its function is to coordinate the sequence .
of actions during the course of the stabilization and to enable the designer
to access the program at various points during its operation. The program
PPl calls subprograms, DECP, PPL, TRF, AGR and MINV. The processing of vari-

ables between the main program and subroutines is realized via COMMON block.

Program PP1
Purpose:

Local stabilization of a class of large-scale linear systems.

Deseription of input parvameters:
A -N by N system matrix,
B-N by M input matrix,
II - one dimensional integer array. It stores dimensions of each

subsystem. The other parameters are working variables.



User has to specify integers N and M and mumber of subsystems IS,
into which system matrix A , and input matrix B are decomposed. During
the course of stabilization, use~ has to enter the program with subsystem
eigenvalues, and specify an increment delta by which « is increased dur-
ing the process of iterations.

At the very beginning of the program, the user has to assign input-out-
put units. Also, during the operation of the program, user communicates with
the program by specifying commands, by which the sequence of calculations is
controlled. These commands are in the ''question-answer' form. For example,
program prints out the question: -

"DO YOU WANT TO CONTINUE, YES OR NO". The user then types either 'YES"
or "NO' accordingly. Other commands are self explanatory, and are not going

to be discussed here.

Subroutine DECP

Purpose:
Decomposes system matrix A and input matrix B into subsystems. The

product of the decomposition is stored in AZ and BZ.
Usage:

CALL DECP (IS, M, N)
Deseription of parameters:

IS - Number of subsystems.

M - Number of inputs.
N - Order of the overall system.

The following parameters are passed via COMMON block as;
COMMON A, B, A2, Bz, II

A - N by N system matrix.
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oo

AZ -

B2

I1

N by M input matrix.

Three dimensional array which contains the product of
the decomposition of the matrix A .

Three dimensional array which contains the product of
the decomposition of the matrix B .

One dimensional integer array which contains the dimen-

sions of each subsystem.

Subroutines required: None.

Subroutine PPL

Purpose:

Pole shifting using state feedbak,

Usage:

CALL PPL (N, IW)

Description of parameters:

N -
w -

Order of the system.

Integer for the output logical unit.

The following parameters are passed via COMMON block as:

COMMON Al, B1, B2, IT A, Qi, Q, I11, B, Rl, R2, D, SK

A~

RZ -

I -

N by N system matrix

N-th: dimensional input vector

One dimensional array which contains real parts of
eigenvalues of matrix A .

One dimensional array which contains imaginary parts
of eigenvalues of matrix A . |

N-th dimensional gain vector,

A1l other parameters are working variables, which are placed in COMMON
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block in order to make it consistent with the CCMMON block of the main pro-
gram PP1,
Subroutines requived: ALAM, DISP, KBAR,

As a result of the pole shifting, the subroutine passes back matrix A
nf the closed loop system, the gain vector D , and the new eigenvalues. The
subroutine itself is written as'a user-oriented interactive program. The user
enters the desired eigenvalues from VIU, The corands for controlling a se-

quenc~ of computations, are self eicplanatory‘.

Subroutine TRF

Purpose:

Transforms subsystems by similarity transformation.
Usage:

CALL TRF (1S)
Deseription of parameters:

IS - Number of subsystems.

The following parameters are passed via COMMON block as:

COMMON A, B, A2, BZ, IT, AL, Q1, Q, Il1, B3

AZ - Three dimensional array. It contains the product of
the decomposition cf the system matrix: A .,

B2 - Three dimensionai array. It contains the product of
the decomposition of the input matrix B .

II - One dimensional integer array that contains dimensions
of each subsystem,

Q « Three dimensional array that contains transformation

matrices.

A1l other parameters are working variables.



Subroutines vequived: MINV

The product of transformation is in A2 and B2. The array Q

changed.

Subroutine AGR

Purpose;

Forms an aggregate matrix.

Usage:

CALL AGR (IS)

Description of parameters:

IS -

Number of subsystems,

The following parameters are passed via COMMCON block ast

COMMON A, B, A2, B2, II, Ad, A3, Q, I11, B3, Rl, RZ, KB, SK

A2 -

B2 -

IT -

AS -

Three dimensional array which contains the product of
the decomposition of the matrix A .

Three dimensional array which contains the product of
the decomposition of the matrix B.

Integer array that contains the dimensions of each sub-
system.

One dimensional array that contains real parts of sub-
system eigenvalues.

Matrix that contains the aggregate model.

All other parameters are working variables.

Subroutine required: ALAM, BIGLl, SMALL.

Subroutine XBAR

Purpose:

Computes gain vector for state feedback control.



A6

Usage:
CALL KBAR (A, N, Z, 1Z, D, B)
Deseription of parameters:
A - N by N system matrix.
N - Dimension of the system.
Z - One dimensional array that contains the desired charac-
teristic polynomial.
17 - Its dimension.
D - One dimensional array that contains resultant gain vector.
B ~ Input vector.
Subroutine requirved: COEFl, SCALU, VECPR, MINV.
Method:

Described in reference [13].

Subroutine ALAM
Purpose:

Calculates eigenvalues of generai N by N matrix.

Usage:

CALL ALAM (A, N, D, COF, Rl, R2)
Deseription of pavameters:

A- N by N system matrix,

N - Dimension of the system.

D

N+l dimensional working vector.

COF - N+l dimensional working vector.

Rl - One dimensional array of real parts of eigenvalues
of matrix A .

R2 - One dimensional array of imaginary parts of eigen-

values of matrix A .

Subroutines requived: COEFl, POLRT



A7
Method:

Computes coefficients of characteristic polynomial, and calculates its

Zeros,

Subroutine COEF1 YA, N, D)

Purpose:
Calculates coefficients of the characteristic pelynomial of
matrix A .
Usage:
CALL COEF1 (A, N, D)
Deseription of parameters:
A~ N by N system matrix,
N - Dimensions of the system.
D - One dimensional array of coefficients of characteristic
polynomial.
Subroutines required: UNIT1, PROD1, TRAC1, SOML, ADD1
Method: '

Uses Souriau-Frame-Faddeev algorithm.

Subroutine DISP

Purpose:

Form polynomial from its zeros.

Usage:
CALL DISP (R1, R2, N, Z)
Descriptions of parameters:
Rl ~ One dimensional array of real parts of roots of a given
polynomial.
R2 - One dimensional array of imaginary parts of roots of a

given polynomial.



N - Order of a polynomial.
Z - One dimensional array that contains computed coefficients
of the polynomial.
Subroutine required: TPMPY

A11 other subroutines, listed in the Append:ﬁc are self explanatory and
| are not going to be explained here. Subroutines PMPY, POLRT and MINV are
‘; IBM-SSP subroutines.

i
|




. oark ang)
IPRFFTNG 99 . .
FTNGsL ;

- PROGRAH PP

INTERACTIVE PROGRAM TD STABILIZE A CLASS OF LARGE SCALE SYSTEMS

AUTHOR 2 MIROSLAY B, VUKCEVICs DATE /7/20/1975/

aaaoonnofn

- REAL xB
INTEGER AlOD
INTEGER DD
DIMENSION A{10910)+B({10+310A2({9s10+101¢
1 B2(3e10931aITI52AKIS95) +D1(5+5) 2013454529111 {5+5)»B3(5}+R1(6)
1 R2(63vKBIE) oSKEH910) vAL L3010 2TL(O6) ¢ Y2{646) +MM[25) 4LL (25) +C (25}
COMHON AgBaA2eBZ29I1vAKsQ)s0v111¢BArR1VR2IKBeSKsAL
DATA DOJ2HYE/
wRITE(I+1000} -
1000 FORMATI10Xe"STABILIZATION OF A CLASS OF LARGE SCALE SYSTEMSY)
WRITE{]e145}) -
145 FORMAT{IX+"ASSIGN LOGICAL UNITSH/1Xen213M)

READ THE DATA

g
i
e U

e@

e

d 2
TN

ALITVOD
g1 AHVd TN

.
-,

gos

onn

READ(1»1112IRDyIn
HRITELINg 146}
146 FORMAT(LX+WSPECIFY ORDER OF THE SYSTEM AND NUMBER OF INPUTS™
11Xem212')
READC(IRDS111INsM
11} FORMATISIZ}
WRITELIN150)
150 FORMAT{IXMENTER SYSTEH MATRIX™)
00 B K=],N
WRITETIwsiBL) o )
151 FORMAT{1XsVe pitplly ety aitytly
1 site¥y )
8 READTIRDS100) (AIXaJd) vd=1eM)
WRITE(INe152)
152 FORMAT{1X+"ENTER INPUT MATRIXM)
' D0 9 K=14N
WRITE (I, 151)
9 READ(IRD«100) (B{KeJ) sJ=)oM}
100 FORMATISF10.0}

WRITE THE DATA

WRITE(Ix+S3DINH
530 FORMAT(1X+"ORDER OF SYSTEM = nigI24WNUMBER OF INPUTS = W,IP)
WR1ITECIWe532)
532 FORMAT[1SX4VSYSTEM HATRIXW)
B8O 3731 X=l+N
371 wRITE(IWe1059) (AIKyJ) vd=1aN)
WRITE(IW.53T}
S37 FORMATLIISX»MINPUT HATRIX™)

aan

6°Y



372
105

147

54t
149

800

5545

o naon 0o

c
c
c

c
[
c

c
C
c

DO 372 KxlsN
WRITE(IwWy 10S) (BIKyJ) s J=11M)
FORMAT(1X+5F14.6)

WRITE (IWy147)

FORMAT [1X#"SPECIFY NUMBER OF SUBSYSTEMSH/1X«MI2M)

READ{IRD.111) IS

WRITE(IWy544115

FOIMAT {1Xe“"NUMBER OF SUBSYSTEHS = Ws]2)
WRITE(INs149)

FORMAT(1Xe"SPECIFY ORDER OF EACH SUBSYSTEMW/1XeWSIZ2W)

READ{IRDs111) {II(K}sK=1+]5}

DO BOD K=lsIS

WRITEUIWS54SYKeIT IR}

FORMAT (1XyHORDER OF SUBSYSTEMM«IZ'1=t14]12)

START DECOMPDSITION

215

CONTINUE

DECOMPDSE SYSTEM INTO SUBSYSTEMS

CALL DECP{IS¢MaN)

START STABILIZATION

2¢
aq

DO 10 K=1+15

L1=1L(K}

IP=IX=1}2]5+K. R
00 20 L=1sL1

D0 20 Jxlell

AK{Ly I=AZ2(IPyLvJ}

DO 30 L=1stl

B3{L)1=b2(KiLsKk

LOCATE POLES OF EACH SUBSYSTEM

| CALL PPLIL1+IN)

i5
10

s00
501

D0 15 L=1s¢L1

Tl(L+X}=RI(L}

CONTINUE

wWRITE (IN.500)

FORMATI1X+"DD YOU WANT TQ CONTINUE.YES OR NOW)
READ{1+501}A10

FORMAT(AZY

IF{ALDJNE.DDIGO TO. 266

START ITERATION FOR ALFA PARAMETER

600
200
211

WRITE (Iw.500}

FOIHAT(1Xe"SPECIFY INCREME  OELT'/IXe"F10.0')
READI1+200)0ELT

FEIMATI(F1D.0)

ALF=1,

CONTINUE

FORM VANDERMONDE MATRIX

80 112 K=1l.I5
LI=1I{K)

RARE DoDZ2

0T'v

[




112

BB
32

c
c
c

531
[2:3}

D0 112 J=lsll
SK{JsKI=T1 (JeK)
SK{JVKI=ALF 5K {JyK)

DO 12 K=1415

L1=I1 (K}

D0 88 Lx1sL1

D0 88 J=1+il
Q(KsLsJ)=SK(JyK)® (L~1)
CONTINUE

FORM AGGREGATE MODEL

CALL DECPUIS+HiN)

CALL TRF(IS)

CALL AGR({IS)

WRITE(I%+531)
FOIMAT (1 X+ MAGGREGATION MATRIXH)
DO 281 K=i+1S
WRITE6s105) {01 Ky J}pJ=1s15]
ALF=ALF+DELT

c
€ THECK THE SIGN OF THE K=TH MINOR

c

1Z=]

DO 282 Kxl»15,
IF=K

D0 2B3 I=141F
DO 2B3 J=li lF
IP={]=1)%KeJ

283 CLIPI=CG1{JvyI}

CALL MINVICeIFvDyLL MM}
1Zzr=12

D=12%D

wRITE{6+270)D

270 FOIMAT(1XsFless)

c
C

IFiD)211+2214282
PRINT CORRESPONDING EIGENVALUES

c
282 CONTINUE

T00 FORMATILIXsMEIGENYALUES OF SUBSYSTEM".I2)

DO 11 K=1l+15
LI=IT(K}
C OMRITEC(IW.700}K

Do 18 J=leL1

18 wRITE(6¢T01)JeSKIJy¥K}
701 FORMAT[1XsULAMBOA (U T291) = "y F15.6}
11 CONTINUE

GO TO 215

268 CONTINUE

END
ENDS

LAGE DDA

Ity

f'
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- PAGE €00} FTNG COMPILER: HP241T77 (SEPT. 15T4)
- c1sl SUBROUTINE BIG1{RLsLsN)
. 0le2 © . o
0163 C  PROGRAM TO CALCULATE THE LARGEST ELEMENT OF AN ARRAY
- oles C :
oles _ . DIMENSION R1(6)
0les K=}
- 017 Jaxel
_GI68 10 IF{R1(K).GE.RI(J3}GC TD B .
0is9 K=J
= ' Q170 8 Jagel
0ir1 IF tJ.LE-N}GO TO 10 ) B
0172 LxX
- 0173 RETURN
- 0174 END e e
__ %% ND ERRORS®*  PROGRAM = 00055 _  COMMON = 00000 _ L
-
"

e

(484



DI

A

RIrvn
S {Ovg

0
v

I S
¥ .
i PAGE 0001 FTNG COMPILER? HP24177 {SEPT. 19T4)
Ve 0175 SUBROUTINE TRANL(Q13AGsLIsSLS)
i 0176 ¢ . o
0177 C _ PROGRAM TO TRANSPOZE A MATRIX
- oi7a Cc 7 -
' 0i19 DIMENSION Q1(Set. +AG{S¢5) .
1 0180 DO B K=xlyl]
P - o181 D0 8 JlolS
i ™ _ ui82 8 AGLJsKIZOI (Ked)
. 0183 RETURN
- 0184 END
¢ — R .
i e NO ERRORS®®  PROGRAM * 00056 COMMON = 00000
i - U
i
s 4
H
NP
P -
-
o
- mmmr g Am— b e o = - - — - . ..0
- e
- et o e e .
: =)
ay
L)
t -.
L -
S
’\
N
. "
[ 4
|-

eT'y

e

r




PAGE 0001 FING COMPILER: HP241TT (SEPT. 1974) ’ -

GiBS SUBROUTINE SMALI (R1tLsN) -
piBe
p187
piss
o189 DIMENSION R1(6)
tivo K=l
. 0i9l Jugel . . -
v 0i92 10 IFtRI(K},LEsR1{J})GO TO 8 R L o i ——
0i93 9 x=J ’ ) ' -
. 0194 8 Jxjel -
" (331 ~ IF{JJLE«NIGO TO 10
0196 L=K
0197 RETURN -
Q198 END

PROSRAM TD CALCULATE THE SMALLEST ELEMENT OF AN ARRAY ~

anon

. _ . %% NO ERRORSw® PROGRAM = Q(05% _ COMMON = 00000 b
e e - : e e
1
1 . . -
% - Wt
' - - - — - - - a ma
_ )
- i
‘ LT —_————— e e e e ————— e -
H - Frrmpt e
. . - - —— — —— - - e ——— e W —— s —— b - — - — | S
¥ . -
P o o s ] !

- i

120
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PAGE 0001 FTN4 COMPILER? HP24177 (SEPT. 1974}
0199 SUBROUTINE KBAR(AsN9Z+1ZsDsB)
0200 € . -
0201 C PROGRAM TO CALCULATE GAIN VECTOR
0Ze2 ¢C
0203 DIMENSION A{S5+5)9Z{1}sD{6)+B8{5) +Q(5+51sR(5} +P1(23) oLL (5} sMM(E}
0204 1,C15)
0205 CALL COEF1({AyNsD)
0206 . DO 8 Kxl.N o
0z07 8 ZIK)=D{R)}=Z{K)
(FLT) D0 9 IxlsN
0209 9 Q{IsNI=B(I) -
g2i0 LaN=1
peELL B0 %9 K=1iL
0212 L1l=N=K+1 a _
0213 L2=N~K
0214 FxD(L}1}
0215 QU T I=leN R e ..
6216 T 3(1)=Q{1sN)
0ei7 CALL SCALU{BaN#F)
velrs DO 77 I=1eN . B
P 77 R{ls=Q(IsL13
pzz20 CALL YECPR{ArR#NsC}
0221 00 1D I=1sN ‘ i ) ,
0ez2 19 QUIsL2)=CII}+B(1)
@223 9% CUNTINUE
0cin DO 200 K=1sN o
0225 DO 280 J=1l.N
0226 I {K=1) #3e)
0227 200 PLUIL=00SK) . L L
0228 DG 105 K=zl¢N -
0229 205 HK)}=U(KyN) .
2230 CALL MINVIPIsN»SDeLLyMM) ~
pe3l IF{SD)Sv4s5
4232 & WRITE(B:¥102)
0233 102 FORMAT(1X+13HSINGULAR CASE) L el
02l 5 CONTINUE
2235 DO 201 K=x14N
2236 00 201 J=leN I e
0237 [=(Kel)¥N+)
0238 201 Q(JsXI=PL{I)
0249 D0 91 K=x1yN . e
p2en 5x0.
(PS4 QU 92 Jsls+N
G242 .92 SaSeZ () #Q{JyK) -
0243 91 DIK)I=S
Glhbe RETURN
G245 END -
a®  NO ERRORS*® PROGRAM = 0D54S = COMMON x 00900

0 w004 §
Y Mg

ST @

!

e e e bR ARG R T YL,

ﬂ‘

STV

e e

)
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0246
0247
0248
0249
02s0
p2shl
p2s2
0253
D254
0259
0256
0257
9258
024y
0260
D2al
0262
D63
0264
uzes
Jcan
0267
aze8
0269
[ Ay d)
0271
Q272 |
0273
o2Th
227s
0276
0er?
g2ra
C2T9

#8  NO ERRORS®e PROGRAM = QU187

0oo0n

PAGE 0001

SUBROUTINE DECP (IS+MaN)
PROGRAM TO DECOMPOSE SYSTEM INTO SUBSYSTEMS

FTN& COMPILER: HP24177 (SEPT. 1974)

DIMENSION A110+10)96(1093)9A2(9910+102+82(310s)911(5)

COMMON AsB1A24829]11
IL=]

. Ll=0
00 10 K=x14iS
IP=1
L11=II¢{K)
Li=L]l+sL1]1
L&=0
D0 11 J=1sI5
NN={K=1]#15+J
L22=I1{N
L2zL2+L22
IR=0

DO 12 JJIxILsL]
IR=1Re]

IC=0
DO 12 nx=IPsl2
... Iceicel
12 AZ2INNsIR2ICI=A (LJeKK)
11 IP=lpsL22 :
Ik=0 .
DO 13 JJ=IlsLl
IR=JR+]
) D0 13 KK=1ly#
13 B2{Ks IRsXK} =B {JIeKK)
IL=It+L11
10 CONTINUE
RETURN
END

oty

/—



e e -

PR

-~

v249
28l C
0282 ©
0kl C
02H%
0285
0284
0287
0248
0249
0240
0291
0292
0293
02Ye
0295
296
0gy7r
oeys

. 9299

0300
0301
0302
0303
03
0305
p306
gaor
0308
0309
319
EN]
0312
¢33
D3l
paisd
gale
03LT
D318
9319
gJz20
0321
n3z2
0323
plde
gaz5

®#%  NHO EARDAST»

.

153

19
100

200

330

500

ale
111
S0l

209
208

919

109
340

PAGE @0nl

SUBROUTINE PPLIN+IW)
POLE SHIFTING PROGRAM
INTEGER 00

INTEGER YES
REAL K1 '

DIMENSION AL(1091019B1{1093)yA2{Fs10+102+82(3+2093)911{51sA{535)
1011545) #0(335¢5) 2+ 111 (5s5) +BI51 +R1 (6] tR2TE) D {67 #SK{6+10} 4 COF (6}

1+218)

COMMON Al19BleAZsB2e1TvA2ULI»09I119BsR]1¢RZ+DeSK

DATA YES/2HYE/

WHITE(IW,153)

FORNAT {15X"POLES OF THE SYSTEMM}
CALL ALAM(AsN+DrCOFsRI»R2)

DU 19 K=14N

WRITE {1ms 100} K+ R1IK]) #R2 (K]

FORMAT (1X+BHLAMBDA {»I1s4H) =yFibaBr4H & JiF14e6)

WHITELIW.200)

READ (1,330)0D

FORMAT (AZ2)

IF{YES.NE,DU) GO TO 340

WRITE(IW500)

FORMAT{1Xs"ENTER DESIRED EIGENYALUESY}
WRITE(1we510)

FUAMAT LAR¢PASSIGN INPUT UNTITH/1XenI2N}
READ (1111} IRD

FORMAT {12}

DU 209 H1x1eN

WRITElIwWs50L)

FORMAT (1K41'y 1iglly
READ(IRD+20B)IRLIIJI) ¢R2(JI)
FORMAT (2F 14461

CALL. DISP(R1+R2aNsZ)

CALL KBAR(AsNZyIZ+08)

pU B I=leN

PO-B Jx]lpN
AlLsJi=A(LeJ)+B(1)*DLJ}
WRITE(Iwy919)

FORMAT [20X+BHYECTOR K//}
WHITE{Iws109) (D(K) pKxLaN)
FURMAT (1X+5F1 %46}

CONTINUE

RETURN

END

PROGRAM = {0434

COMMON = 02686

FTNG COMPILERI HP2417T (SEPT. 1974}

FORMAT (1Xy¥00 YOU WANT TO ALTER THE POLES %+YES OR NOIN} _

"y

LTV
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PAGE 0001 FTN4 COMPILER: HP2417T (SEPTa 1974) ~
0326 SUBROUTINE AGR(IS) ~
0327 ¢ :
G328 C  PROGRAM TO FORM AN AGGREGATE MATRIX
0329 © : -
0330 REAL XB
033l DIMENSION A{103101¢B130v3)+AZ{9+10410)¢B2(3v1093}+11(5)rA4(5+5)
0332 19A3(545) 10 13+535) 2 11115151 +BAL5) sRIT6) yR2(6) 9KB(6)1SK{6210) s . . -
U333 _ 1COF (8] +D (6] +Q1 1545} .
3336 COMMON A¢AyAZ+B29II9A%92A34QrI11+B3sR1+R2+KB5K
0335 DO 5 K=1415 ] -
0336 _ Limiroa
0337 DO 5 JxlyIS
0438 Le=iI ¢} -
0339 _ ITe{K=1)%1SeJ ) _ o
0440 IF{K.EQeJ)GO TO 12
0341 DU 8 LElyL] ‘ . -
042 DO B Ixlyi2 R . o
0343 B A&(14LI=AZ(ITeL2])
Vb DO 9 L=lsL2 ol -
345 . DO 9 Izlyi2 S - e e e e eyl
LY S=0. ; E?
kY DO 10 IR=1.L1 ] -
G348 10 S*SeAs{IsIRYAZ{ITHIRNLY o ) o } o i
G249 ¢ QlilyL)=5 5 :
0350 CALL ALAM{Q)+L2¢D+COFyR2¢KB) - i
g3s1 DO 11 I=l.L2 B L & _
0I5z IF(R21(11.LEsDu1G0 TO 11 i Ry i
0353 R2[1)=SURT{R2{I)) . ﬁ 23 -
0356 11 CONTINUE o o o> .
0355 CALL BIG] (R2sL1L2} : &= i
056 G0 TO 14 ' :
057 13 CONTINUE e e 5'3
0158 00 20 I=1L1 . ;
0159 20 R2{I)==5K{1sK] : i
0360 CALL SHMALIL (R2s+LeL1} . i e "
06l RZIL}=~R2{L)
0362 14 A3[KyJI=R2(L}
VET% ] 5 CONTINUE L o _
0164 RETURN
0385 END:
*% NO ERRORS®® PROGRAM = 0¢383 COMMON = 02686 -

81"V
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DETRL R 2

)

9

't

[ k.91
AJST
[ X1
LRI
03790
371
0312
0373
0374
0475
9376
earr
p3d7e
6379
0380
0381
0382
PR
LR
0385
0386
0387
0348
0389
gJI%0
03yl
0av2
Q3y3
0394%
0395
0496
0397
o4yad
0399
PETHD
040}
g4u2
G403
Rid4
LT
PLTH
&7
gsgl
Qugy
DelD
0&11
Ly ¥4
G413
04145
0415
0Rl6
0417
0sis
Dyly
LT
oxdi

PAGE 0001 FTN® COMPILER! HPZA1TT (SEPT. 1974)

26

27

29
28

2
21
a3

e
39

£0

25.

73

7%
72

SUSBROUTINE TRF (IS}
PRUGRAM TO TRANSFORM SUBSYSTEM BY SIMILARITY TRANSFORKATION

DIMENSION A!IU!IDJlBllUl3l|A2(9t10|10)lBZ(3|10!3]iII(5lvlll5!5)
laﬁl(5}5)10!3;5v51!111l51!83(53

19C125)2LL(5) 4HHI[D)

CUMMON AyByA2+H29113A1+0Q140Qs111+B3

DO 25 K=1,15

L1=11tK)

00 26 Jxlsbl

50 26 L=1sL1
IF=tJd=1)eL]sL
CiIPI=0(XeLe )

CALL MINVICoLlsDaLLsMM)
D0 27 J=1,L1

DD 27 L=1sL1
IP={j=1)0L Lot
Ql(LeJi=CLIP)

‘0O 33 Jd=xls]S
IT=({K=1)215+JJ
L2=I1{JJ}

DO 28 Jxlstl

00 28 L=1s12

Sx0.

DO 29 IZ=xl.L1 -
S=5eQ1 {JeIZICAZLITsIZILY ~
Al{JsL}x=5

DO 31 J=1.L1

0O 31 t=1,L2

S5*0a

Do 32 1&=]+L2
SaS+AL{J IZI%0R(IS1IZeL)
AZ2(IT+JsL1=5
CONTINUE

DO 39 J=l,L1

S={d.

DO 3% t=1sL1

SaS40L (JeLI*B2({Ks LK}
BI(Ji=S

D0 20 J=1sL1

B2(K+ JaKI2B3 {2}
CONTINUE

DO T2 Xx1+1IS

Li=II(K] .

DO 73 F=itLl

0o 73 =111
IP={J=1)sL1+L
CCIPI=0(Kel )

CALL MINVIC L1sDsLLsMM)
PO T4 J=lk]

D0 T4 L=14L1
IP={J=1)9L1+L

QtRele JI=CLIP)
CONTINUE

RETURN

P
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- PAGE 0002 TRF FING COMPILERT HPZ24177 (SEPT. 1974}

- 0422 END

- #%  NO ERROASH® PROGRAM = 00561 COMMON = 02510

Do ; - S -

0z'v

N ——




N

0a2]
Dy
Dhgs
Y1
Va7
ChZs
Qa?
0430
0&431
0u32
D433
Uelds
D435
DX L]

&8  NO ERRORS®® PROGRAH = 00064

aaoon

100
10

PAGE 8001

+

FTN& COMPILER? HP241T7T {SEPT- 1974}

SUBROUTINE ALAM{AyNsDsCOFsRisR2)

PROGRAM TO CALCULATE EIGENVALUES OF GENERAL N BY N MATRIX ~

DIMENSION AtS5yS5)+D(61sCOF (6} yR1(6) yRRI6)

CALL COEF1{A+N+D)

HlxzNs+l

CALL POLRT{DsCOFsNsR1sR2ZyIER) L
IF{IER,EQL01GO TO 10

WRITE (6+100) 1ER

FORMAT (1% 13HERROR CODE = o12)

CONTINUE

RETURN

END

COMMON = 00000 _

e —— PO Ceme et h e e i e — e e
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e

- PAGE 0901

- 0437
0438 C
0839 C

- 9440 C
048l
0442

- D4k 3
Vbl

T paks T DO 4 KeleN e T
- Daks 8 R(KvKI=®1,
- DueT RETURN o
Du&sB END
77 e* NG ERRORS#® PROGRAM = 00072 COMMON = 00000
R
-
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CALL SCMI(CeD1sN}
CALL ADUO1({CyBiN)
L=Ne+]

DiLi=l,

RETURN
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A.2, Optimization Program

The only step that may introduce some computational complexities in the
optimization scheme described in .Sect:i‘.on 4 is the solution of the matrix Ric-
cati equation for the evaluation of the local controls. Despite the fact that
this computation is performed at the subsystem level and hence involves ma-
trices of small orders, simulation on a digital computer will invariably be
necessary. Although many different methods for the solution of the Riccati
equation exist in the literature, the particular method that is adopted here
is the iterative technique due to Kleinman [19]. In addition to determining
the symmetric positive-definite solution P of the Riccati equation

AP +pa-PRIBP+Q=0,

the program described here also computes the eigenvalues of the matrices P
and W=Q+ PBR"lBTP that is necessary in the evaluation of the suboptimal-
ity index ¢ .

The simulation analysis was conducted on the HP 2100 digital computing
system (32K memory) in FORTRAN language. In the following description, only
the subroutines MINV, SIMQ and POLRT are to be supplied externally (from IEM
Scientific Subroutine Package), while the rest are contained internally.
Since the computation involves only the subsystems that result from a suita-
ble decomposition of the overall system and hence are necessarily of small

dimensions, the program is prepared to handle subsystems of dimension up to

five,
DESCRIPTION OF THE EXTERNAL SUBROUTINES (From SSP)

Submutine MINV

Purpose:

Invert a matrix.



A.33

Usage:
CALL MINV (A, N, D, L, M)
Deseription of parameters:
A - TInput matrix, destroyed in computation and replaced by

resultant inverse,

N ~ Order of matrix A .

D - Resultant determinant.

L‘- Work vector of length N .

M - Work vector of length N .
Remarks:

Matrix A nust be a general (nonsingular) matrix,
Subroutinag and funciion subprograms required: None.
Method:
The standard Gauss-Jordan method is used. The determinant
is also calcuiated. A determinant with absolute value less

Ak
than 10 (-20) indicates singularity.

Subroutine SIMQ

Purposge:
Obtain solution of a set of simultaneous linear equations AX =D .
Usage:
CALL SIMQ (A, B, N, KS)
Degeription of parameters:
A - Matrix of coefficients stored solumwise. These are des-
troyed in the computation. The size of matrix A is N
by N.
B - Vector of original constants (length N). These are re-

placed by final sclution values, vector X .



N - Number of equations and variables. N must be grsater
than 1.
XS - OQutput digit: 0 for a normal solution; 1 for a sing-
ular set of equations.
Remarks:
Matrix A must be general. If matrix is singular, solution
values are meaningless,
Subroutines and funetion subprogroms rvequired: None.
Method:

Method of solution is by elimination using largest pivotal divisor.

Sukroutine POLRT

Purpoge:
Computes the real and complex roots of a real pquncxnial.
Usage:
CALL POLRT (XCOF, COF, M, ROOIR, ROOTI, IER)
Deseription of pavameters: |
. XCOF - Vector of. M+l coefficients of the polynomial ordered
from smallest to largest power.
COF - Working vector of length M+l .
M - Order of polynomial.
ROCIR =~ Resultant.vector of length M containing real roots of
the polynomial.
ROOTI

Resultant vector of length M containing the correspond-
ing imaginary roots of the polynomial.

IER ~ Error code where

IER = 0 No error

JER =1 M less than ome

A4



A, 35

IER = 2 M preater than 36
IER = 3 Unable to determine root with 500
iterations on 5 starting values.
IER = 4 High order coefficient is zero.
Remarks:
Limited to 36-th order polynomial or less. Floating point over-

flow may occur for high order polynomials but will not affect the

accuracy of the results.

Subroutines and function subprogrems required: None
Method: h

Newton-Raphson iterative technique,
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PHOGRAY HICAT

SULUTION OF ALGEBRAIC RICCATI EQUATION BY SLEINMAN ITERATION

DIMENSIUN ALSs5) 3B {LsS5)10(5e5) 1R (5:5) 150(5¢5) 951550
135 (0e5) 1AM {DeD) s TS5 1 AUX{525) 2D 15253 4P IS5} s W{GeS5) »
ZRANLS D) +SF (D) sV IS e MV IS) s VR{ZH5)I s TE{SsS) e TA(S595) s

JAAn1520) AUSE(995) 2 AUXC[S95) 2 AUXD(595) s AUKE [S+5) s AUXF (595) »

GAJAL (Do 1 AURH LG ) 2 VD {16) s COF [8) tR1 (B) sR2{H?
KR40 T-E STATE DIMENSION N
RLau b 1IN

1 FUsMAT LS
keal Trt CUNTROL DIMpNSION H
HEAD LSy 1M
READ THE SYSTEW MATRIX A
HEAD (Do 2) {LALLed) yd=] NI 1=19N)
2 FunMAT(uFlteDb)
WEAU THL STATE~CUNTRUL MATRIX B
READ(S9 2} (LT v D) s =13\ s I=LaN)
HEdy THk CUbT malRfCES O AND R
REAL IS¢ 2) (EULIed)} o =1 e N) s [x1 4N}
HEAU(S L) ({REIvJI} s d=2eM) 0 I=1pH)
wRr1TE (by20)
20 FUHMAT (3KeMSILUTION OF RICCATI EQUATION=KLEINMAN ITRAT!VE
Yell2F)
WHITE (5221}
21 FUunmMaAT(LX4MSYSTEM MATRIX ANy //)
DU 22 I=1eN
22 wRITE(Ge23  tA(Led) 9 d=14N)
23 FURMAT1140e10(2AsE1365))
adlTE (he2t)
4 Furmat(zz/)
WHITE {Hegh)
25 FURMLT(ISAWISTATE-CUNIROL MATRIX BUe//7) .
DU €% I=1eN
26 WHITE(5+23) (BIIsK) ak=] M)
wHlTE (b0} . .
wH LIk Lhs27}
27 FOHMATI9AyNEUST MATHICES O AND Ru42/)
Wi [E {De2B) . e
28 FURMAT(IHG "0 MATRIAN: /)
UL 23 I=l4N
29 pHITEtSr 3N LUTTeJ) 2d=1eN)
sl 1E (he30)
A0 Foqrat (s 2 el X R MATRIXNG /)
by 31 [=1.M
31 WHITE(B923) (RIIvd) sd=1e¥)
WRITE(S124)
Heatr Tt STARTIND APRRDAIMANT SO
KEAT tas ) [ES00LaJ) e Jd=1N) 1121 ,M)
0 S Izl+m
By 3 Jzlan
FENSTRITE TS RN E
CAaLl MavE{RHaMaVH)
TaLL ANV IVHeH DS T LV MY}
CLALL vERa{yMeMaRiN)
FlaT? 11eontitn CUMMENCES HERE
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PAGE 0002 RICAT FTN& COMPILER: HP241T7 (SEPT. 1974)
WRITE(5933) S B T
FURMAT [LOXs"START OF THE FIRST ITERATION"e/#/}
wxITE(5234%) . R

3
35

o4
¢

" 36
. ar
141

142
143

-
(=R -~

131
132

FURMATY {9X¢"STARTING APPROXIMANT=S HA'RIX“!//’
DU 35 1=1M
wRITE(D+23) (5{]lsJd) sd=]1¢N) e o - - s
wrRITE Lovdh)
DY 200 NVAR=1+50
CarLl MAMUL (BeSeBSeNeMsNY . . .
DU 4 I=1sN
U 4 J=lsh
B5¢] v J}==taS 01 4J) .
THE HUDIFIED SYSTEM MATRIX AM 15 OBTRINEU “NOW
CALL HMaSUM{AsBSsAHINgN)
WRLIE [6¢36)
FORMAT {2 X+ "MUDIF IED SYSTEN HATRIX—-Aﬂrl-BGS"QIIJ
BO 37 IxleN
AHITE (H423) (AM(19J) 9 Jx1aN) .

. vt ———t——

T

WRITE Lhe24)
CALL EIVaL (AM:NsvDsCUF+H1sR2)

. welTEthelu2)

FURMAT toX« MEIGENVALUES OF CLOSED LOOP HlTRIK"l//)
00 143 J=1gN
WR1IE (he 23R IJ) bHELD) . e n
wHlTE [De2a)
THE LYAPJROV MATRIX EQUATION 5 NOW FORMED

CALL MATHN{S115eMN] —_———— e v e -
CALL MAMULITS«HR+AUAUSNsMyM]
CALL HAMUL [AUXL S+ BURHINeHsN)
CALL MaAstiM{R«AUARsDeNeN]
Tk LYAMUSUV MATHIX EUUATION IS NOW P'AH'TR{AH’“P*-D

CALL LYAPUtUrAMyPyd)

WRI1E(HB)
FORMAT (SKs"P MATRIA~SOLUTION OF LYAPUNOY EQUATIONUs//)
DU 9 I=1sN
arldITELOv10) (P LLeJ) v =] eN)

FFJAMAT (LH00 20 (2A9EL3e5))

wRiTE (Hr24)

CUMPUTE THE APPHROXIMANT FOR THE NEXT ITERATION
CALL MATRN{Es TaNaM)

CALL MAYMUL(RINsTHeAUXsMeMsN)

CALL YAVMUL (AUXPeSFedaNeN) . . .
CALL HATAN{AsTAeNIN)

CALL MAMUL [TAsPsAUXA+NeNtN]

CALL MAMUL [PsAeAUALsNeNIN]) e
CaLL MaMuL ibeSFrAURCeNeMyN]

Catl. MAMUL [PvAUAC+AUKXyNsNeN)

CUMPUTE THE ~ MATRIX o« W=O+PR*B*RIN®TH*F _ _
CALL MASUM{UrAJIXsWslN)

SHLIF (Ev13]2

FUrHAT (9X«Yw HAIRIX
uw 132 i=leN

Al Te (5923 IWEIeal rJ=14N?
wlTE Lhecu}

Lo 112 1=yt =

20 112 Jzlaofd

R — P, 4 e ————— At
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e e e — e e

Wal+PEGRRINSTA*PYe//) ...
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-~
0LES 112 AUXCIeu) 2=AUX{IeJ) "
)i CALL MASUM [AUX s AUXA I AUXF sNaN) . -
011y . . CALL HASUMAUXF y AURB s AUXDyNeN) e e e e enn - r mr———— . ———— - . e — - - -
ulle CALL MASUM(AUAD U s AURE sNyN) .
ull? cC CHECKING THE SOLUTIUON -
vild ARITEASY111) e e e e e ———— e . — —— e m e =
0ll9 111 FUHMAT (A0X+"CHELKIND THE SOLUTION’%//J .
b120 113 WHITEtbeila) -
9121 1ke FOHMAT (SReMYALUL OF RICCATY MATRIXMeZZY | _ . . o oo i i i - - — . - -

V122 DU 115 I=)sm
0423 115 WRITE (65923) (AUAE (1eJ) 9 J=1 4N} -~
. Dldw WRITE (b 24) e s [ U i a2 —m em v —
tes © M&THIX SF IS THE STARTING APPROXIMANT FOR NEXT ITERATION -
0lén C ThEt STEADY VALUE OF SF IS THE FEEDBACK GAIN MATRIX FOR THE OF‘TIHAL -
U127 G . HEGULA[UR X=RIN®1Dsp - - e — e -
Vlda DU o I=leH
0129 DU & J=1lsN - .
plae . B Sled)=hF I+ ———— .- - — - - —
01l c AULITIONAL CUMPUTATIONS==CALCULATION OF EIGENVALUEE DF !
ui3e C MATHRICEY W AND P==ThiS PART MAY BE OMITTED WHEN THE SOLUTION »
613 ¢ OF A RICCATI EJUATION OMLY IS DESIRED . e e e e et e ——————
Dlas CALL EIVAL(PsNyVYDYCOF»R19R2} :
ulis WRITE (5¢133) b -
U136 | 133 FURMAT(DX«"EIGENVALUES OF PIf)e/7) e e e e e et e e - . e - =
D13z DO 334 J=)leN
uliy 136 ArJTELGs23IH1TIII1R2() . - -
013y wW=iI€ {Bydn) . . _
viny [ g R &IVALH-Nr\fD!CUF|R1|REI .
Ulal wniTE[60]135) -
Ulad 119 FOHMAT (DXA+PEIGENVALULS OF Wi, //) e e e et e e e e it w— = = . _—— . et -
Liad A0 1386 1=14n -
Ulun 136 WHITE (B 23IR1 (1) sHRLL) -
. blan sAlTE(6124) e e e e e - - — - . - —
ulst ¥R1TE [5438) :
0la? 38 FURMATLIDA«"NEXT ITEHATION COMMENCES HEREW«///) ol
glan wnlTEL5106) i e ——— et n ——— = - . L L. ..
Bley 106 FORMAT (bXy"HUDIF IED APPRDIIPANT-NE‘O s HATRIX'HH’I .
u1590 80 3y Islem -
0is1 39 WHITE(G123) (511 d) ed=1eN) e = e me . Arm o meamm i mema e e am . = - e e e e . e
012 WHL1E {6y 24}
0153 200 CONTINUE -
(154 99 SiyP . . e e e i m e e —e - . e
tl5a END

‘e
#8  NU EHRURS** PRUGHAM = D2%21 COMMON = 60000
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- Ulse  SUBHOUTINE MAMUL(FsGeHsN1sN24N3) - o
, “ule? DIMENSIUN F{5y5)vG(5¢5)1H(5s5)
' pLod DU 31 I=lenl .- e — - - -
P a U1y 00 1 J=14N3
. ioy SUM=0,0
- WIBL _ .. DU B2 K=1sN2 . _ S
L 0log 52 SUMSSUMer (1K1 %G (KeJ}
; Ul63 H{Zs ) =5uM
!} e _..0lo® .. S1 CUNIINUE . - e e et e e e
N 0169 RETUHN
£ [/F]-1.] Eny
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