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AN IMPROVED TECHNIQUE FOR DETERMINING REFLECTION 

FROM SEMI-INFINITE ATMOSPHERES WITH LINEARLY 

ANISOTROPIC PHASE FUNCTIONS 

Clifford L. Fricke
Langley Research Center 

SUMMARY 

A solution to the problem of reflection from a semi-infinite atmosphere is presented, 
based upon Chandrasekhar's H-function method for linearly anisotropic phase functions. 
A modification to the Gauss quadrature formula which gives about the same accuracy with 
10 points as the conventional Gauss quadrature does with 100 points is developed. A 
computer program achieving this solution is described and results are presented for sev-
eral illustrative cases.

INTRODUCTION 

In 1949 Chandrasekhar (ref. 1) published solutions to the radiative transfer problem 
for certain special phase functions. The solutions involved his H-functions. These func-
tions depend on several parameters and cannot be simply defined, but can be computed by 
using methods described in reference 1. These procedures were quite cumbersome with 
the computing methods available in that day, especially when it is realized that the Gauss 
quadrature requires so many points. A modification of the Gauss quadrature introduced 
herein achieves better accuracy than that obtained by Chandrasekhar and with far fewer 
points. This is an important result since it can then be applied to more complex prob-
lems where the number of Gaussian points required for acceptable accuracy might exceed 
the capacity of even the most modern computers. 

The computer program presented obtains solutions using the linearly anisotropic 
phase function w 0(1 + x cos 0) for the problem of reflection in any direction from a 
semi-infinite atmosphere for radiation incident in any direction. The modified or 
composite-Gauss quadrature is used and achieves the same accuracy with about one-. 
tenth the number of points as the usual Gauss quadrature.



SYMBOLS 

Algebraic	 FORTRAN 

ai	 A(I)	 weight at discrete values of 

c C quantity which is a function of moments of H-function, 
defined in equation (10) 

DT increment given to	 Xl 

E E exponent for division of intervals 

F F 1/ir	 times net flux of incident radiation or	 1/ir	 times 
rate of flow of radiant energy across a surface element 
per unit area 

H(i1) H(I) H-function	 t discrete values of	 ji 

H (° ) (ti ) HMO(I) zeroth order H-function at discrete values of 	 ji 

H(1) (q) HM1(I) first order H-function at discrete values of	 ji 

I ET intensity of radiation in a certain direction or radiant 
energy per unit time transported across an element of 
area normal to radiation in an element of solid angle 

E0 that part of intensity independent of 

El that part of intensity dependent on 

ETXO ratio of reflected to incident radiation or	 I/% 

k independent variable of 	 S(k), defined in equation (6) 

ka XKO(I) characteristic roots for zeroth order 

XK1(I) characteristic roots for first order	 'I'



Algebraic	 FORTRAN

L order of term in Legendre polynomial expansion 

m M number of subintervals and equal to	 n/2 

n N number of discrete directions (positive 	 A	 only) in quad-
rature or integration sum 

p phase function 

R R total reflectance 

S S a function of	 k	 which gives characteristic equation when 
set equal to zero 

SN SN quantity showing sign of 	 S	 on left side of a pole 

SS derivative of	 S	 with respect to	 k 

x X anisotropic parameter 

IIj X(J) boundaries of subintervals 

a 0 ALPHO zeroth moment of H(0)-function 

a1 APLH1 first moment of H(0)-function 

T optical depth 

0 THET angle relative to vertical 

E) angle between incident and scattered ray for a single 
scattering 

PHI azimuthal angle 

PSI characteristic function
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Algebraic	 FORTRAN 

II

 

xi	 =cosO 

XM(I)	 discrete value of 

XlO	 direction of incident radiation 

Wo	 WO	 albedo 

Subscripts: 

i I'M	 = 1, 2, . . ., n 

jJ	 =1,2,. ..,m 

o	 0	 = direction of incident beam 

THE EQUATION OF RADIATIVE TRANSFER 

Figure 1 illustrates a beam of light 10 incident on a plane atmospheric surface at 
a polar angle of 6. In general, the intensity of the scattered radiation is a function of 
T the optical depth in the negative z direction, p the cosine of the polar angle 0, 
and 0 the azimuth angle with respect to the X-axis, as illustrated in figure 1 which 

Z 

Figure 1.- Illustration bf incident beam I and a scattered ray 
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shows the ray I(T,L,). Rays in the downward direction have negative i, so that the 

incident beam has a direction cosine -go where .L 0 is a positive number. The equa-
tion of transport appropriate for the diffuse reflection and transmission of radiation 

(ref. 1, p. 22) is given by

1	 2ir 
I(r,,q) -	 p(,q; b"4') I(T,'4') dji' d' 

dT	 41i.luO 

- F e T 0p(1jq;	 (1) 

The term on the left is associated with the change of intensity as the depth is pene-
trated. The first term on the right is associated with the absorption. The second term 
is the contribution from light scattered in the direction (g,) from all directions (!lt,4?). 
The last term can be identified with the incident beam which acts as a forcing function 
and drives the diffuse radiation. Solutions are required which satisfy the following 
boundary conditions at r = 0 and r =	 (semi-infinite atmosphere): 

= 0
	

(Oji1)	 (2) 

urn I ( r, ± ii ,) = 0 
T—oo: 

The phase function of present interest is the linearly anisotropic expression 

p(cos 0) = w0(1 + x cos 0) 

where

Cos 0=	 -'2 Cos ('	 ) 

When x = 0, the isotropic case is obtained. Other phase functions have been considered 
by Chandrasekhar but will not be considered herein. 

For phase functions which can be expanded as a series of Legendre polynomials, 
the solution can be expressed in the form

(3) 

(4) 

I(r,1i,q) =I(r,L) cos	 - 

/ -
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where . corresponds to the order of the Legendre polynomial and has the values 0 and 
1 for the phase function of present interest. 

THE METHOD OF SOLUTION 

Chandrasekhar's method of solution assumes the radiant field to be divided into 
2n streams in the directions Ili where i ±1, ±2, . . ., ±n and is often referred 
to as the discrete-ordinate method. The integral equation is then replaced by a system 
of 2n linear equations. Associated with each direction 11i is a weight ai appropri-
ate for an integration formula based on the division of the interval (-1,+i). For example, 
in this approximation, the integral 

can be expressed as the summation 

ai I(Ai) 
i=± 1 

By increasing the number of directions, one would expect to approach the exact 
solution as a limit. A division according to the Gauss method is used by Chandrasekhar; 
however, it will be shown that another division is better suited to this particular problem. 

Chandrasekhar (ref. 1, p. 127) expresses the solution to the radiation equation in 
terms of H-functions indicated by the following equation: 

(i+--) 
=	 \	 !1i 

H 1 (1 + kaJL)	
(5) 

where f refers to the order of the H-function (which corresponds to the order of the 
Lengendre polynomial expansion of the phase function) and ka are the roots of the 
characteristic equation (when S = 0) given by 

s() (k) = -1 + 2	 ai'()(i) 

1 - k2 ,1i2	
(6) 

6



The characteristic function ViW(,i) depends on the particular phase function. For the 
phase function in equation (4) 

= wo[i + x(1 - wo) 11 2]	 (7) 

and

= . XWo[1 - 2]	 (8) 

Note that when x = 0, this case reduces to isotropic scattering and H(1) is not 
needed.

REFLECTION IN TERMS OF THE H-FUNCTIONS 

The solution to the equation for the phase function w 0(1 + x cos 0) in the case of 
the semi-infinite atmosphere (ref. 1; p. 138) is given by 

I(0,,;	
4(±Mo)	

H(0)(0)[1 - c( +	 ) - x(1 - wo)jo] 

+ xl - 2	 2 H( 1)()	 (ji cos (0 0 - ))	 ( 9) 

where

a1 
c = xw0(1 - w	 (10)0)

 2 - w0a0 

CI O =5H(0)(L)dL	 (11) 

and

a1 =	 H(0)(L) di	 (12) 
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Another quantity of interest is the total reflectance in the vertical direction which 

is defined by 

R(wo,x,Mo) = i	
ç1 21T	

d1i d 
M 0IT FJO 0 

Thus,

R(w0,x, 0) =	 H(0)()	 H(0)() [1 - x(1 - w0)0	
d	 (14) YO	 -c 

This integration and those for the moments will be computed by using the summa-
tion at the same discrete values of i.t and the same weighting as'used in the calculation 
of the H-functions (eq. 5). 

PRELIMINARY DISCUSSION OF COMPUTATIONAL METHODS 

The main difficulties encountered in Chandrasekhar's H-function method are due to 
the large number of discrete ordinates required to give acceptable accuracy and the cor-
responding large number of roots of S obtained in equation (6). These difficulties are 
greatly diminished by a modification of the 'Gauss quadrature. Discussions of this 
modification and properties of the S-equation used in the computer program to find the 
roots follow.

Integration Intervals 

With modern computers it is possible to calculate to much higher orders of dis-
crete ordinates than did Chandrasekhar who used an iterative scheme and interpolation to 
calculate the higher orders (ref. 1, p. 123). The computer program presented herein was 
used in order to test the variation of the H-function for the Gaussian integration as a 
function of the number of points up to 100 for isotropic scattering (i.e., w 0 = 1) corre-
sponding to table XI, p. 125, of reference 1. Figure 2 shows plots of H( 0) for 

= 0.05, 0.5, and 1.0 as a function of the number of Gaussian points. The slowest con-
vergence occurs for p. = 0.05 where it is noted that even with 100 points an error of 
about 0.000 1 occurs.  

The Gauss method will exactly integrate polynomials of degree less than 2n where 
n is the number of Gaussian points. The difficulty is that the polynomial expansion of 
the integrand over the entire interval is of a higher order than that which can be practi-
cally used. Thus, it seems feasible to obtain a better approximation by breaking up the 

(13) 
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Figure 2.- Variation of computed values of H-function with number and distribution -



of points in quadrature (ref. 1).
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entire interval into several subintervals, each of which can conceivably be expressed 
very accurately by relatively low-order polynomials. This procedure has been called a 
composite quadrature (ref. 2). The Gauss method places more points near the p. = 1 
end of the integration interval, but it will be shown that better accuracy is obtained if 
more points are placed near the p. = 0 end. A scheme which gives excellent accuracy 
with few points is to break the interval (0,1) into a number of subintervals placing more 
points where needed and then within each subinterval use a two-point Gauss quadrature. 
A convenient way of doing this is to space the intervals according to the formula 

(iii) E
	

(j = 1, 2 1 .. . ., m)	 (15) 

where gj is a boundary between subintervals and m = n/2. 

-	 The weight for each point in the subinterval is equal to half the width of that sub-
interval (ref. 3, pp. 887 and 916): 

a2=a2_1= 
'-Li — L1

2 
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The corresponding two discrete values of ji in the subinterval between li j and 
are given by the following equations (ref. 3, p. 916): 

ILj + 1.L j....1	 ILj - 11j-1 
42j..1=	 2	 -	 2/ 

and

	

A
+ ILJ_l	 'j - I.Lj_1 

IL2j=	 2	 •	 2/ 

Equal subintervals correspond to E = 1 and would be expected to be superior to 
a Simpson Rule. For E = 2 the intervals are bunched at the p. = . 0 end. This scheme 
is used in subroutine SNTRVL presented later. - 

The program was run for various values of the number of points N. Fig-
ure 2 shows the convergence of H (0) as a function of N for the cases E = 1.0, 1.5, 
2.0, and 2.5. An isolated point for E = 0.55 is also shown. With E = 2.0 and 
N = 10, the largest error is about 0.0001 for the worst case (p. = 0.05) and is comparable 
with the 100-point Gauss method. With 20 terms the error is less than 1 X 10 5 . It may 
be noted that the error in H( 0) (0.05) in reference 1 is 0.000225. With 100 terms and 
E = 2, the following values are obtained with eight decimal accuracy: 

H(0)(0.05) = 1.136 574 83 

H(0)(0.5) = 2.012 778 77 

H( 0)(1 . 0) = 2.907 810 53 

Roots of the S-Equation 

Since equation (6) for S must be solved for the n. values of k which give 
S = 0, it is instructive to examine the properties of S as a function of k. It may be 
noted that j,(0) > 0 for all values of x, p., and wc,, but 41 ( 1) always has the same 
sign as x. Thus,

(w0=1; f =0) 

lim s( k = urn [i + 2a W()]	 o
	

(w0 < 1, f =0)	 (16) 

= 1)
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and

-	 -	 . urn	 s() (k) = 00	 ..	 (17) -	 ..  
k-1/pi 

Thus, there are n poles located at k1 = 11it. In addition, 

limS=-1
	

(18) 
k-.00 

Consider also the quantity SN = (\. where txl > 0; this quantity always gives 

the sign of	 and. indicates - the sign of S just to the left of a pole. 

These parameters are shown schematically in figures 3(a) and (b). These proper-
ties wilFbe used in the computer seãrchfor roots. 

	

S w=1	 ..,	
I0.

A I kJ 
( ( 

	

n	 21 

-l/1J_	 i/p3 1/1.12 

(a) Locations when SN = +1 and either 2 = 0 for any x or	 = 1 for x > 0. 

S	

\iII 

•	
.	 i/p	

l/p_	 1/1.13 1/p 2 1/p1 

(b) Locations when SN = -1 and k 1 for x < 0. 

Figure 3.- Schematic locations of roots and poles of S as a function of k. 
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DESCRIPTION OF COMPUTER PROGRAM 

The main program CHSKR calls subroutine ThTTRVL and sübroutiñé HFUNC (which 
in turn calls subroutine ROOT). The programs and subprograms are listed in appendix A. 
Flow charts of the main program and subprograms are shown in appendix B. The sub-
routines will be discussed first.  

Subroutine INTRVL(N,)M,A) 

This subroutine computes the n discrete values of i-'i storing them in XM and 
the weights ai storing them in A(I). 

Subroutine ROOT(Xl, DT, SN, N,XM, A,WO, L,X)  

This subroutine I indsa;root of the S-function which, is known. to liein the interval 
between the two points Xl and X1_2*DT. The first trial.root is.. Xl 'incremented by 
DT (where DT is equal to half the interval). The values of S and SS (the deriva-
tive of S) are computed first; then DT is halved. If the new value of S has changed 
sign, then the sign of DT is changed. 

By Newton's method, the next increment would-be S/SS. However, if the Newton 
increment is smaller than DT, then DT is set equal to S/SS. This prevents having 
an increment which is so large that the next trial value is completely out of the interval; 
such an increment can occur in the Newton method if the trial point is too far from a root. 

When the increment DT is small compared with the value of the root Xl, then 
the search is over and the root Xl is returned.	 . 

The expression for PSI in the subroutine gives the correct expression for 
whether L is 0 or 1.

Subroutine HFUNC (WO, X, K, N,XM, A,XK, H) 

This subroutine computes the H-function for either L = 0 or 1 and stores the 
value in H(M) corresponding to each pi or XM(M) value. The roots ki of the 
function S are stored in XK(M). 

The first statement sends the computer to statement 30 if X = 0 and L = 1, 
because then H(1) does not exist. In order to indicate this condition in a convenient 
manner, DO-loop 35 sets each root ki . equal to 1/ji1 so that subsequent calculation 
will always give H = 1. (The actual value given to H- is unimportant because x = 0 
in eq. (9) will always make that term zero.) 	 . .	 .. . 

The sign of SN indicates the sign of S just to the left of a pole. Each root 
except the last one (when J = N) lies between the poles 1./XM(J) or Xl and
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1/XM(J+1) so the increment DT is set equal to (X1-1./XM(J+1))/2. Subroutine 
ROOT then finds this root and it is then stored in XK(J). 

The last root (for J = N) can be equal to 0, less than 1/XM(M), or greater than 
1/XM(1). If SO, the value of S at k = 0, is greater than or equal to 0, the root 
must be located at 0 (slight numerical errors may cause SO to be slightly positive). 
However, if SO differs in sign from SN, then the root lies to the right of 1/XM(1), but 
will always be less than 2/XM(1). Otherwise, the root lies between 0 and 1/XM(N). 

Program CHSKR 

The main program calculates all quantities for x = 1, 0, and -1, and for 'w 0 = 1.0 
and 0.8. 

Subroutine HFTJNC is called first with , = 0 and then with . = 1 in order to 
compute the zeroth and first-order H-functions. Roots for the zeroth order character-
istic eqüatioñ are storedin XKO(I), while the H-function at discrete values of p. is 
stored in HMO(I); the first-order quantities are stored in XK1(I) and HM1(I). 

The variable go is X10. The quantities H(0)(11 0) and H(1)(,.L0) are called 
HOO and HlO in the program. 

The reflected intensities ET are broken into two parts: E0 is the part of the 
intensity which is dependent on 9 and El is the part which is dependent on . 

ILLUSTRATIVE EXAMPLES 

Appendix C shows the results of running the program with N = 30 for the cases 
x = 1.0, 0.0, and -1.0; w 0 = 1.0 and 0.8; and go = 1.0, 0.8, and 0.6. The total running 
time on a Control Data 6400 computer system was about 21 seconds. Other cases can 
easily be obtained by slight changes in the program. The H( 0)-functions for the cases 
x = 0.0 with wo = 1.0 and 0.8 may be compared directly with reference 1, table XI, 
page 125; the case x = 1.0 with wo = 0.8, maybe compared with reference 1, table XVI, 
page 139. The H(l) -function for the cases xw0 = 1.0, 0.8, -0.8, and -1.0 may be com-
pared with reference 1, table XVIII, page 141. These comparisons are shown in tables I 
and II for selected values of A. The agreement is excellent in all cases, except for 
small values of p. where a difference of 1 or 2 exists in the fourth decimal. 

The reflection is shown for angles of U from 0 0 to 180 0 in steps of 100 and for 
angles of	 = 450, 90 0,. 135°, and 180 0 where appropriate. The reflection for the cases 
x = +1.0 and -1.0 with w 0 = 1.0 and go = 0.8 agrees with reference 1, figure 11, 
page 148. The case for x = 1.0, w 0 = 0.8, and go = 0.6 agrees with reference 1, fig-
ure 12, page 149.	 . 
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CONCLUDING REMARKS 

A computer program has been presented which computes the reflection from a 
semi-infinite atmosphere for the linearly anisotropic phase function. This program uses 
the method of Chandrasekhar, but with a new modification to the conventional Gauss quad-
rature formula. This departure from the traditional quadrature reduces the number of 
pointS so that answers for any set of parameters can be easily obtained with high accu-
racy and very short computer running time. The computer program presented can be 
easily modified for other phase functions which are capable of being solved by this 
method. This composite Gauss quadrature should also be valuable in more complex 
problems where the number of points must be limited. 

Langley Research Center 
National Aeronautics and Space Administration 
Hampton, Va. 23665 
July 14, 1975
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APPENDIX A

LISTING OF COMPUTER PROGRAM 

This appendix contains a computer program for computing the reflection from a 
semi-infinite atmosphere for the linearly anisotropic phase function. This program uses 
the method of Chandrasekhar, but with a modification to the conventional Gauss quadra-
ture formula. 

PROGRAM CHSK(	 OUTPUT) 
******THIS PROGRA4 COMPUTES FhL RU-LECTIuN El IN ANY DIRECTION (THLTA,PHI) 
*	 FROM A SEMI — INFINITe ATMUSPHIRE HAVING A PHASE FUNCTILJN 0( 14XCUSTH1A) 
*****;THE INCtuEr tiEAM HAS THE uIkECT1u COSINE X10 
c****CHANURASEKHARS METHUu IS USEr), OUT v4LTrA A CLMOSITE GAUSS GUADRATUE 
*****jFj uISCREFE URUINATES ARE SIURLO IN XM, WITH WEIGHTS IN A 
******THE LtUTH AND FIRST UROER CHARACTERISTIC ROOTS RE STORED IN Xi) AND XKI 
******IME LERUIft AND FIRST ORDER H — FUNCTIONS ARE STORED IN HMO AND *11 
******THE TOTAL REFLECTANCE K IS ALSO COMPUTED 

UIMENIuN At 3U1,(M( 3U),XKu( 30),Xicl( JO) ,HMO(3Q),HM1(i0) 
iI=3.141V6536 
N30 

****CALCULATE THE-N GISCRETE ORDINATES XM, AND WEIGHTS A 
CALL INTRVLIN,XM,AJ 

******CUMPUTL FUR VARIOUS VALUES OF ANISOTROPY PARAMETER X, AND ALOFDU WO 
00 20 J = 193	 $ X=2.0-1.0J 
00 20 K1,2	 $ wU=1.20—;2O* 

4*****CA L GU L AIE THE LERUTH ORDER H— FUNCTION HMO, AND THE CHARACTERIFLC ROOTS 
Xr0 AT THE DISCRETE JRuINATES XM 
L=O 
LALL HFUNC (wO,X,L,N,XM,A, XO,HM0) 

******COMPUTE THE ZEROTH AND FIRST —ORDER MOMENTS OF H	 - 
ALPHO=0. 
ALPHI=0. 
Uu 5 Il,N 
AL?H0=ALPH0fHM0(I)*A(i) 
ALPH1=ALPH1-iM0(t)*A(I)*XM(I) 

5	 CONTINUE 
CX*vdG*t1.—WU)*ALPH1/(2.—WU*ALPH0) 
PRINT 151,N9X,vU 

151	 FORMATt*1 NL3*	 X*F5.2*	 wJ*F5.21 
PRINT 33 

33	 FORMAT(*0 MU	 K0(MU)	 H1(MU)*) 
******CALCULATE THE FIRST —ORDER H— FUNCTION ElM! AND CHARACTERISTIC ROOTS 

XKI AT DISCRETE ORDINATES XM 

1=1 
CALL -4FUNC (wU,X,L,N,XM,A,Xtcl,HM1) 

******CALCULATE H —FUNCTIONS AT ARbITRARY Xl USING CHARACTERISTIC ROOTS 
00 30 M = 1,21	 S X1=.05*(M-1) 
H01. 
H11. 
00 35 I=1,N 
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APPENDIX A 

HU1O*(A1fXM(I))IXfr(1)/(1.+X$.O(I*A1) 

35	 CONTINUE 
PRINT 34,X19hO,h1 

34	 F0}MAT(F.?,iF1.d) 
30	 CONTINUE 

PRINT 36,AlPrI09ALPHI,C 
36	 FUkMAF(*0	 ALPHA0=F10.b*	 4LP,1Al=F10.8*	 C=*F1O.d) 
******COMPUTE REFLtCTIUN FUR VAk1LUS VALUES OF DI	 CTICt' Ji- IN1I1ENT LIGHT, Ali 

UU 13 1X01,3	 $	 X'10 = 1.2 — .2*IXO - 
PRINT 15 

15	 FORMAT (*1	 x	 .0	 MOO	 h-ILT	 PHI	 -	 10	 Ii 
$	 I	 L/MU0) 
H0U 1. 
H10=1. 
00 11 1=19N 
HOD =HO0 4(X1O+XM(I))/XM(II/(1.-Mc0(I)*X1O) 

11	 H10 =h1U *(1O+X4(1)1/XM(I)/ti.#XK1I1J*X10 
0010 1 = 1,10	 $	 x1=COS(eI*(IX-1I/18. 
THE 1 = 1U.*( AX—i) 

******COMPUTE MU— UéPENL)ENT PART OF F(EFLtCTLON, E0 
HO =1. 
hI =1. 
00 12 11,N 
H0O*tX1+xM(IH/XMIJ/(1.,X,cO(fl''X1) 

12	 NLrl1*(XL+XM1Jl/XM(1)/(l.s-XIc1H*XlJ 
1O=w3*X1O/(Xl+X1O)/4.#HO*H0O*(1.—C*(xi+X10)—X*(i.—w0)*X1*XIC). 

******CUMPUI E PHI —uEPENUENT PART OF RFLECTIUN, El 
00 16 1PK1,5	 $	 PhI=PI*(IPI-t-1)/4. 
PHIDPHL*ibO./P1	 - 
E1=X*ST((1.—X1*Xll*(1.—X1O*XlO))*h1*H1O*CUS(PHl)*O*X1O/(X1+X1O) 

$14. 
Er=hotEl 

eTXO= E T/X1O 
PRINT 21X pdLj,XlO,THET ,PriIO,LO,E1,Et,ETXO 

21	 FQRMAT(3F1.2,F9.1,F1.1 ,2F1O.,F1O.6,t-1O.4) 
IF(AS(E1).LT.i.E-10.AN0.LPH.EU.11	 00 To 19 

16	 CONTINUE 
19	 CONTINUE 
10	 CONTINUE 
******CALCULATE TOTAL REFLECTANCE R 

R=O. 
DO 17 1 = 1,N	 - 

17	 akfHM0(L)*((1—X*(1—WO*AM(I)*X101/(X1O+XM(I)i—C)*XMtI*A(1 I 
R=wU*H00*R/2. 
PRINT la,R 

18	 t-ORMATL*O R=*F9.6j 
13	 CONTINUE 
20	 CONTINUE 

STOP	 $ END

17
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SUtRJUTINE HFUtC (wO,X,L,N,XM, A,XK,H) 
***** THIS SUBROUTINE CUMPUTES CI-4ANDRASEKHARS . H FUNCTIONS FOR THE CASE

WO(ItXCDSTHETA). L IS THL ORDER OF THE H FUNCTION. 
DIMENSION XM(1)9A(1),XK(I),H(1) 

*****	 Zr X=U WE HAVE THE ISOTROPIC CASE. 
IF(X.E.0..AND.L.EQ.1) GO TO 30 

******SN IS THE SIGN OF S ON THELEFT SLOE OF EVERY POLE. 
SN (X/AbS(X))**L 

******FIND THE N ROOTS. 
DO 19 J=1,N 

****** THE LAST ROUE IS TREATED AS A SPECIAL CASE 
IF(J.E.N) (jU TO 13 

******THE ROuT IS LOCATEO 10 THE LEFT OF 1/XMLJ) ANT) TO THE RIGHT OF 1/XM(Jfl) 
X11./XM(J1 
D1=(L-1./XM(J+1J)/2. 
CALL RUUT(X1,UT,SN,N,XM,A,LJ,L ,X) 

******STURE THE ROUT IN XK 
AK(J)X1 
Gil TO 1 

13	 CONTINUE 
******NUw FIND THE LAST ROOT. FIRST SET THE ROOT EQUAL TO ZERO AND CHANGE 
*	 LATER IF NECESSARY 

AK(J)=O. 
******COMVUTE SO, THE VALUE OF S AT	 0. 

50=-i. 
DO 14 11,N 
XMSAM(II*XM(I) 

14	 S0=SOGAt1I*2.*PSI 
******IF SO IS EQUAL TO ZERO OR GRLATER THAN ZERO, THEN THE ROOT LIES VERY 
*	 NEAR K0., SO LET IT STAY. ZERO 

IFISO.0E.O. 00 TO 19 
**	 IF NOW SO IS LESS THAN ZERU WHEN SN IS -1, THE ROUT MUST 
*	 LIE 10 THE RIGHT OF 1/XM(1) 

II-(SN*SO.GT.0.) GO TO 1 
**	 IF SO IS LESS THAN ZERO WHEN SN IS +1, THE ROOT MUST 

LIE TO THE LtFT OF 1/XM(N) 
X1=i./XM(N) 
OT=XA/2. 
CALL ROUT(X1 ,DT,SN,N,XM,A,WC,L,X 
XK(i)X1 
oD 10 19 

15	 )(11./XM(i) 
OT=-X1/2.	 . . 
CALL RUOfl)1,DT,-SN,N,XM,A,WO,L,X) 
XKtJi1 

19	 CONTINUE 
******COMPUTE THE H-FUNCTION 

00 20 M =IN	 $ X1=M(M) 
H(M)1. 
00 25 L=1,N 
h(M=H(M)*(X1+XM(I))/XM(I)/I1.+xK(L)*X1) 

25	 CONTINUE 
20	 CONTINUE 

RETURN 
30	 CONTINUE 
******SET 1=1 FUR THE ISOTROPIC CASE WHEN L1 

Dli 35 I1,N 
XK( 1) = 1./XMl Ii 
H( I)1.0 

35	 CONTINUE 
RETURN 
END 

18
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SU3RUUTINE INTRVL(N,XM,A) 
******THIS SUOUTINë COMPUTES THE N UISCRTE VALUES OF AM, AND WEIGHTS A 3Y 

BrftAKLiG UP THE INTERVAL EETdEEN 0 AND 1, INTO N/2 SU-INTEhVALS 
AN) USING A2-POINT UAUSSIAN UIVLSLuI'1 wiTHLN EACH SUB-INTERVAL 

uIMEi'IUN XM(l) ,A(l) ,Xt50) 

N2*M 

******CALCULATE A THE 8OUNUARIES OF THE SUBINTERVALS 

00 10 Jl,M 
10	 X4Jl=(FL0AT(J)/FLUAT(M)E 
******CALCULATE The DISCRETE VALUES AM, A	 E1Ihrs A 

Vu 20 J=2,M 
A(2*J=A(2*J-1)=tX(JJ-X(J-1)I/. 

3	 AM(25J)tX(J)+X(JI)/2.+A(2*J)/SLR3 
A(1)At2XI1I/2. 
XM(1I=X(1)/2.-A( 1)/SR3 
XA(=XI1)/.*A(1J/S3 
kETURI"4 
END 

SUBROUTINE RUC)1(X1,DT,SN,N,XM,A,wU,L,X 
uii1ENStUNXM(l),A(l) 

SSSSaSTHIS SUBROUTINE FINDS THE ROOT OF TH S-FUNCTIuN WHICH , IS KNLN TO 
**	 LIE BETWEEN Al AND X1-2L)T 
***THE SIuN OF N is EQUAL TO THE sIN OF 5 NEAK Al 

IT0 

10	 X1=Xl-L)L 

II=ITsl 
*5*	 INITLALILE S AC IHEULRIVAIIVE Ss 

55=0. 
sss	 COMPUTE THE :)-FUNCTION AND THE DERIVATIVE OF THE S-FLNCTIO, SS 

00 11 1=1,N 
XMS=AM(I)*XMIU 
D=l.-XMS*Xi*XI 

*5*	 THE FUNCTION PSI DEPENDS ON THE ORDER L 
PSI=wU/2./(Ls1i*(l-L+(I-2*L)*X*(XMS*L1.-O*(1-L))-L)1 
S1=A(Ii*2.*PSi/U 
SS=SSsS1/U*.*XMS*Xi 

11	 5=5*51 
******HALVE THE INCREMENT 

UT=0T/2. 
******IF S HAS CHANGED SIGN THEN LEO HAS bEEN. CROSSED--CHANuE StCi'UF INCREMENT 

iF(S*SU.L1.O.) 01=-OT 
SO=S 

THE NEwlUoi INCREMENT 5/55 IS SMALLER THAN UT, THEN THE N€ 
*	 INCREMENT IS THE NE'TUN INCREMENT 

IF(AbS(S/SS)LT.ABS(Ui)) UT=S/SS 
*5	 IF THE INCREMENT IS NOT SMALL COMPARED TO THE ROOT THEN RE-ITERATE 

tF(AdS(OT/Xli.uT.1.E-131 GU.T0 10 
as	 THE ROOT IS NOW RETURNEU IN Xl 

Xl=Xl-OT 
RtTURN 
END
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FLOW DIAGRAMS OF COMPUTER PROGRAMS 

This appendix-shows flow charts of the main computer program (program CHS}) 
and subprograms (subroutine HFUNC and subroutine ROOT) given in appendix A. 

20

30 

13 

Flow Diagram of Program CHSKR 

PROGRAM CHSKR 

Call INTRVL	 - 

I ncrement X:	 I t 0,	 -1	 I 
Increment WO: 1, .8 

Call HFUNC, L=0	 - 

Compute ALPHO, ALPH1, C
 ..=Pri nt N, X, WO 

Call HFUNC,	 L=1	 I - 

Increment Xi: 0, . 05, 

Compute 1-10, Hi 	 '- Print Xl,	 HO, Hi 

Print ALPHO, ALPH1, C 
Increment X10:	 1, .8,	 .6	 I 

Compute H00, H10 

Increment THETA: 0, 10, 	 90°1 

Compute HO, Hi 

compute Theta-dependent .ref I 	 [0 

Increment PHI: 0, 45, 	 1800 

Compute Phi-dependent ret I 	 El 1 
Compute ET = EO + El 	 L	 Print X, XO, XiO, THET, 

PHI, E0, El, ET/ X10 L Is Eineglble 

4.	 Yes 
Compute R I'

___________________ 
I	 Print	 R

20
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Flow Diagram of Subroutine HFUNC

(	 SUBROUTINE HFUNC .

30H Set= 

No 
SN=sign of Son left side of pole .	 cturn) 

LY  -i  
Increment root no., J:	 ito

Yes
XK(N)=O 

No 
Xi = 1/ XM(J) Calculate SO 14 

DT= Xl -1IXM(J+1)/2. . 
1 

L
	

Call ROOT	 ..i .
Yes

SoO? 

No
Yes 

. .,. SN'SO>SO?

15 

Call ROOTJ 

. ! ji ROOT
DT	 Xl/

. T 
No

.. 

(J=N)? 

Yes . 

Compute H	 j 20 

Return

:. i 
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Flow Diagram of Subroutine ROOT 
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DATA OUTPUT FOR COMPUTER PROGRAM 

This appendix shows the results of the program for various parameters. 

= 30	 X= 1.00 

MU H0(i4U) 
0.00 1.00000000 

.05 1.13657325 

.10 

.15 1.35063305 

.20 1.'.5u3104 
1.54132597 

.30 1.42522u8 

.35 1.73ø403t0 

.40 1.8297553 
1.9213497 

.50 2.0121181d 

.55 2.103Ôi74 

.60 Z.1413309 

.63 2.26421413 

.1) 2.37391503 
2. '.6345 98 1 

.80 2.552104.1 

.85 2.04113684 

.90 2.73058765 
2.819212 

1.00 2.07dI073 

ALPi-IAU=2 • 00000000

U 1.u0

H1(MU) 
1.00000000 
1.035821) 
1.	 09911 
1.01122049 
1. 0d3 30 165 
1.0'i33557 
I. 10 185053 
1. 1092 922 
1.A15&88o1 
1. 1..1 14O6e. 
1.. 1b52112 
1.131 12181 
1.13528831 
1. 1.i908303 
1.14255555 

145 14t93 
1. 1486912o 
1.15141113 
1.15394813 
1. 15ui0id 
1. 15aGeo 

ALPHA 1 = 1.15470054 (=0. 0000u000 

X WU MOO iHL-1 PHI 10 11 1 1/MOO 1.00 1.00 1.00 0.0 0.0 1.05692 0.00000 1.056920 1.059 
1.00 1.00 L.00. 10.0 0.0 1.0516 0.00000 1.05163 1.055 
1.00 1.00 1.00 20.0 0.0 1.04915 0.00000 1.049752 1.04,d 
1.00 1.00 1.00 30.0 0.0 1.04025 0.00000 1.040251 1.040 
1.00 1.00 1.00 40.0 0.0 1.02563 0.00000 1.025626 1.0258 
1.00 1.00 1.00 50.0 0.0 1.00505 0.00000 1.005051 1.0051 
1.00 1.00 1.00 60.0 0.0 .97546 0.00000 .975463 • 9755 
1.00 1.00 1.00 10.0 0.0 .93251 0.00000 .932508 .9325 
1.00 1.00 1.00 80.0 0.0 .86609 0.00uOO .666092 .8661 
1.00 1.00 1.00 90.0 0.0 .12695 0.00000 .726953 .1270

R= 1.000000
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04 MOO THLT P11 10 11 1 L/MUO 
1.00 1.00 .80 0.0 0.0 .82415 0.00000 .o24753 1.0309 

1.00 1.00 .00 10.0 0.0 .8408 .01553 .839611 1.0495 

1.00 1.00 .0 10.0 45.0 .82408 .01098 .835063 1.0438 

1.00 1.00 .80 10.0 90.0 .62408 -.00000 .324083 1.0301 

1.00 1.00 .80 10.0 135.0 .82408 -.01098 .813103 1.014 

1.00 1.00 .80 10.0 180.0 .02408 -.01553 .806555 1.0107 

1.00 1.00 .80 20.0 0.0 .82200 .03132 .853322 1.0661 

1.uU 1.00 .80 20.0 45.0 .82200 .02215 .844148 1.0552 

1.0u 1.00 .80 20.0 90.0 .82200 -.00000 .322000 1.0275 

1.Ju 1.00 .80 20.0 135.0 .o2200 -.02215 .799851 .999 

1.00 1.00 .80 20.0 180.0 .2200 -.03132 .790671 .9881 

1.00 1.00 .80 30.0 0.0 .81821 .0417 .865940 1.00,2 

1.00 1.00 .80 30.0 45.0 .81827 .03311 .851919 1.0650 
1.00 1.00 .80 30.0 90.0 .81827 -.00000 Alb273 1.0228 

1.00 1.00 .0 30.0 135.0 .81821 -.03311 .784568 .901 

1.00 1.00 .80 30.0 180.0 .81627 -.04787 .170606 .9833 

1.00 1.00 .80 40.0 0.0 .81245 .06488 .871321 1.0961 

1.00 1.00 .80 40.0 45.0 .8145 .04588 .858325 1.0729 
1.00 1.00 .80 40.0 90.0 .81245 -.00000 .612448 1.015b 

1.00 1.00 .80 40.0 135.0 .81245 -.04588 .768572 .9582 

[.00 1.00 .80 40.8 180.0 .81245 -.06488 .747569 .9345 

1.00 1.00 .80 50.0 0.0 .0310 .08333 .087023 1.1088 

1.00 1.00 .80 50.0 45.3 .80370 .05892 .862617 1.0183 

i.00 L.00 .oO 50.0 90.0 .80370 -.00000 .803695 1.0046 
1.00 1.00 .80 50.0 135.0 .d0370 -.05892 .744773 .9310 

1.00 1.00 .80 50.0 180.0 .80370 -.08333 .720367 .9005 

1.00 1.00 .80 bO.0 0.0 .79047 .10345 .893911 1.1174 

1.00 1.00 .80 60.0 4.0 .79047 .07315 .863613 1.0795 

1.00 1.00 .80 80.0 90.0 .19041 -.00000 .190466 .9881 
1.00 1.00 .80 60.0 135.0 .79047 -.07315 .117319 .8966 

1.00 1.00 .80 6O.0 180.0 .19047 -.10345 .687021 .8588 

1.00 1.00 .80 (0.0 0.0 .76960 .12568 .895280 1.1191 

1.00 1.00 .80 70.0 45.0 .16960 .08887 .858468 1.0731 

1.00 1.00 .80 10.0 90.0 .16960 -.00000 .169595 .9620 

1.00 1.00 .80 70.0 135.0 .18960 -.08887 .680723 .8509 

1.00 1.00 .80 70.0 100.0 .76960 -.12568 .643910 .8049 

1.00 1.00 .80 60.0 0.0 .73320 .15019 .883396 1.1042 
1.00 1.00 .0 80.0 45.0 .73320 .10620 .839405 1.0493 

1.00 1.00 .80 60.0 90.0 .73320 -.00000 .733204 .9165 

1.00 1.00 .0 60.0 135.0 .73320 -.10620 .627002 .7b38 

1.00 1.00 .80 80.0 18C.0 .13320 -.15019 .563011 .7288 

1.00 1.00 .80 90.0 0.0 .63b18 .17230 .810480 1.0131 
1.00 1.00 .80 90.0 45.0 .63818 .12184 .760013 .9500 

1.00 1.00 .80 90.0 90.0 .63818 -.00000 .o38176 .7977 

1.00 1.00 .80 90.0 135.0 .63818 -.12184 .516339 .6454 

1.00 1.00 .80 90.0 180.0 .63818 -.17230 .465872 .5823

R= 1.000000 

24



APPENDIX C 

sti MUO 7H11 PHI 10 11 1 1/MOO 1.00 1.00 .60 0.0' 0.0 .59814 0.u000u .598131 
1.00 1.00 .60 10.0 0.0 .9829 .01728 .615570 1. 02 60 
1.00 1.00 .60 10.0 45.0 .59829 .01222 .610506 1.0175 1.00 1.00 .60 10.0 90.0 .59829 -.00000 .598287 .9911 1.00 1.00 .60 10.0 135.0 .59029 -.01222 .586065 .9768 1.00 1.00 .60 10.0 180.0 .59829 -.01728 .561003 .9083 
1.00 L.00 .60 20.0 0.0 .59873 .03498 .633712 1.0562 1.00 1.00 .60 20.0 45.0 .59613 .92473 .623467 1.0391 1.00 1.00 .60 20.0 90.0 .59873 -.00000 .598734 .9919 
1.00 1.00 .60 iU.0 135.0 .59673 -.02473 .574000 
1.00 1.00 .60 20.0 180.0 .59673 -.03498 .563155 .9396 
1.00 1.00 .60 30.0 0.0 .59946 .O535' .653001 1.0883 
1.00 1.00 .60 30.0 45.13 .59946 .03786 .637320 1.0622 
1.uU 1.00 .60 30.0 90.0 .59946 -.00000 .599463 .9991 
1.00 1.00 .60 30.0 135.0 .59946 -.03186 .561606 .9360 
1.00 1.00 .613 30.0 100.0 .9946 -.05354 .545925 .9099 
1.00 1.00 .60 40.0 0.0 .60042 .01351 .673935 1.1232 
1.00 1.OÔ .60 40.0 45.0 .60042 .05196 .652404 1.0873 
1.00 1.00 .60 '.0.0 90.0 .60042 -.00000 .600425 1.0007 
1.00 1.00 .60 40.0 135.0 .60042 -.05198 .548445 .9141 
1.00 1.00 .60 40.0 100.0 .b0042 -.07351 .526915 .8782 
1.00 1.00 .60 50.0 0.0 .60148 .09561 .697088 1.1618 
1.00 1.00 .60 50.0 45.0 .60148 .06761 .669085 1.1151 
1.00 1.00 .60 50.0 C.0 .60148 -.00000 .601419 1.0025 
1.Ou 1.00 .0 50.0 135.0 .60148 -.06761 .533873 .8898 
1.00 1.00 .60 50.0 180.0 .60148 -.09561 .505810 .8431 
1.00 1.00 .60 60.0 0.0 .0222 .12083 .723051 1.2051 1.00 1.00 .60 00.0 45.0 .60222 .08544 .687661 1.1461 
1.00 1.00 .60 60.0 90.0 .60222 -.00000 .602223 1.0037 1.00 1.00 .60 60.0 135.0 .60222 -.08544 .516786 .8613 
1.00 1.00 .60 60.0 180.0 .60222 -.12083 .481396 .8023 
1.00 1.00 .60 10.0 0.0 .60145 .15059 .152041 1.2534 
1.00 1.00 .60 70.0 45.0 .60145 .10648 .707934 1.1199 
1.00 1.00 .60 70.0 90.0 .60145 -.00000 .601450 1.0024 
1.00 1.00 .60 70.0 135.0 .60145 -.10648 .494966 .8249 
1.00 1.00 .60 10.0 180.0 .60145 -.15059 .450859 .7514 
1.00 1.00 .60 80.0 0.0 .59485 .18681 .181663 1.3028 
1.00 1.00 .60 80.0 45.0 .59485 .13210 .726946 1.2116 
1.00 1.00 .60 80.0 90.0 .59485 -.00000 .594849 .9914 
1.00 1.00 .60 80.0 135.0 .59485 -.13210 .462752 .1713 
1.00 1.00 .60 80.0 180.0 .59485 -.18681 .408035 .6801 
1.00 1.00 .oO 90.0 0.0 .54853 .22706 .775591 1.2927 
1.00 1.00 .60 90.0 45.0 .54853 .16055 .709081 1.1818 
1.00 1.00 .60 90.0 90.0 .5453 -.00000 .548533 .9142 
1.00 1.00 .60 90.0 135.0 .54853 -.16055 .387979 .6466 
1.00 1.00 .60 90.0 180.0 .54853 -.22706 .321476 .5358

K= 1.000000
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N 30	 = 1.00	 'iU= .80

MU 
0.00 

.05 
• 10 
• 15 
• 20 
.25 
.30 
.35 
.4'.) 
.45 
• 50 
.55 
.60 
• 6) 
• 10 
.75 
.80 
• 85 
.90 
.95 

1.00

HOt MU I 
1. 00000000 
1 .0874ó 267 
1.15012254 
1.20379348 
1.25163311 
1.29511719 
1.33511407 
1.37220201 
1.40679757 
1.43921635 
1.46970959 
1.49847867 
1.52569269 
1. 55149420 
1 • 57600548 
1.59933263 
1.62156859 
1.64279546 
1.66308624 
1.68250626 
1. 70111421

Hit MU 
1.00000000 
1.02801646 
1.04362264 
1.05515614 
1.06431520 
1.01187305 
1.0 78 268 38 
1.0831 7841 
1.088591)7 
1.09284248 
1.09663092 
1.10003301 
1. 10310813 
1.10590353 
1.10845735 
1.11080084 
1.11295989 
1.11495616 
1.1168C794 
1.11d53061 
1. 12013812 

AL}HA01.43651702	 ALPHAI	 .71178873	 C= .14515179 

X d0 MOO TFthT P1-11 10 Ii 1 1/MOO 
1.00 .80 1.00 0.0 0.0 .14750 0.00000 .147495 .1475 
1.00 .80 1.00 10.0 0.0 .14966 0.00000 .149662 .1497 
1.00 .80 1.00 20.0 0.0 .15619 0.00000 .156194 .1562 
1.00 .30 1.00 30.0 0.0 .16719 0.00000 .167185 .1672 
1.00 .80 1.00 40.0 0.0 .18215 0.00000 .182745 .1821 
1.00 .80 1.00 50.0 0.0 .20291 0.00000 .202912 .2029 
1.00 .80 1.00 60.0 0.3 .22144 0.00000 .227437 .2274 
1.00 .80 1.00 70.0 0.0 .2524 0.00000 .255241 .2552 
1.UJ .80 1.00 80.0 0.0 .28275 0.00000 .282750 .2827 
1.00 .80 1.00 90.0 0.0 .29084 0.00000 .290839 .2908

R	 .200110 
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X wo MOO EH1 NIL 10 11 1 1.00 .80 .80 0.0 0.3 .14190 0.00000 .141902 .1171. 1.00 .00 .80 10.0 0.0 .14378 .01164 .155423 .143 1.00 .80 .80 10.0 45.0 .14318 .00823 .152014 
1.00 .80 .80 10.0 0.0 .14376 -.00000 .143784 .1i7 1.00 .80 .80 10.0 135.0 .14378 -.00823 .135554 .1694 1.00 .80 .80 10.0 180.0 .14318 -.01164 .132145 .1652 1.00 .80 .60 20.0 0.0 .14948 .02349 .172971 .2162 1.00 .80. .80 20.0 45.0 .14948 .01661 .166091 .207 1.00 .i0 .0 20.0 90.0 .14948 -.00000 .149483 1.00 .80 .80 20.0 13.0 .14948 -.01661 .132874 .1661 1.00 .80 .80 20.0 100.0 .14946 -.02349 .125995 .1515 1.00 .80 .80 30.0 0.0 .15915 .03577 .194925 .2437 1.00 .80 .80 3U.0 45.0 .15915 .0229 .184448 .2306 1.00 .80 .80 30.0 90.0 .15915 -.00000 .159154 .1'189 1.Oo .0 .80 30.0 135.0 .15915 -.02529 .133860 .1673 1.00 .80 .80 30.0 180.0 .15915 -.03511 .123383 .1542 i.uu .80 .80 40.0 0.0 .173u4 .04874 .221185 .2112 
1.00 .60 .80 40.0 45.0 .11304 .03447 .201508 .2594 1.00 .8) .80 40.0 90.0 .17j04 -.00000 .173040 .2.Lt3 1.00 .80. .80 40.0 135.0 .11304 -.03441 .138572 .1132 1.00 .80 .80 40.0 180.0 .11304 -.04814 .124295 .1554 1.00 .80 .80 50.0 0.0 .19143 .06271 .254141 .3177 1.00 .80 .80 50.0 45.0 .19143 .04435 .235112 .2947 1.00 .80 .80 50.0 90.0 .19143 -.00000 .191426 
1.03 .80 .80 50.0 135.0 .19143 -.04435 .147080 .139 1.00 .80 .80 50.0 180.0 .19143 -.06271 .128712 .1609 
1.00 .30 .80 60.0 0.0 .21451 •07o05 .292561 1.00 .80	 . .80 60.0 45.0 .21451 .05519 .269700 .3311 1.00	 . .80 .0 60.0 90.0 .21451 -.00000 .214507 .2681 
1.00 .80 .80 60.0 135.0 .21451 -.05519 .159314 .1991 1.00 .60 .80 60.0 180.0 .21451 -.07005 .136452 .1706 1.uu .80 .80 10.0 0.0 .24199 .09521 .337199 .4215 1.00 .80 .80 70.0 45.0 .24199 .06132 .309313 
1.00 .80 .80 70.0 90.0. .24199 -.00000 .241992 .3025 
1.00 .80 .80 .	 70.0 135.0 .24199 -.06732 .174610. .2183 1.00 .80	 . .80 10.0 180.0 .24199 -.09521 .146784 .1835 1.00	 . .80 .80 80.0 0.0 .21168 .11452 .386201 .4825 
1.00 . .80 .80 60.0 45.0 .27168 .66098 .352658 .4408 1.00 .80 .80 80.0 90.0 .271o8 -.00000 .211618 .3396 
1.00 .80 .80 80.0 135.0 .211o8 -.08098 .190697 
1.00 .80 .80 80.0 180.0 .27166 -.11452 .157154 .1964 1.00 .80 .80 •90.0 0.0 .26665 .13356 .420209 .5253 
1.00 .80 .80 .90.0 45.0 .26665 .09444 .381092 .4764 
1.00 .80 .80 90.0 90.0 .28665 -.00000 .286654 .3563 1.90 .30 .80 .	 90.0 135.0 .28665 -.09444 .192216 .2403 
1.00 .80 .80 90.0 180.0 .28665 -.13356 .153099 .1914
R = .237571

27 



APPENDIX C 

x ,iJ MOO Il-ILl PHI 10 11 1 1/MOO 
1.00 .0 .60 0.0 0.0 .12609 0.00000 .126088 .2101 

1.30 .80 .60 10.0 0.0 .12167 .U199 .14061 .2344 

1.00 .dO .60 10.0 45.0 .1161 .00919 .136850 .2281 

1.00 .80 .60 10.0 90.0 .1L161 -.00000 .1276o9 .2128 

1.00 .80 .60 10.0 135.0 .1167 -.00919 .118482 .1975 

1.00 .80 .60 10.0 180.0 .1z161 -.01299 .114617 .1911 

1.00 .dO .60 20.0 0.0 .13248 .02630 .158186 .2646 

1.00 .80 .60 20.0 45.0 .13248 .01860 .151082 .2518 

1.00 .80 .60 20.0 90.0 .13248 -.00000 .132482 .2208 

1.00 .80 .60 20.3 135.0 .13248 -.01860 .113882 .1898 

E .80 .60 20.0 180.0 .148 -.02630 ,106178 .1770 

1.00 .80 .60 30.0 0.0 .14074 .04029 .181036 .3011 

1.00 .80 .60 30.0 45.0 .14014 .02849 .16923 .2821 

1.30 .80 .60 30.0 0.0 .14014 -.00000 .140744 .2346 

1.00 .80 .60 30.0 135.0 .14074 -.02849 .112254 .1871 

1.00 .0 .60 30.0 180.0 .14014 -.04029 .100453 .1674 

1.00 .80 .60 40.0 0.0 .15283 .05539 .208220 .3470 

1.00 .80 .60 40.0 4.0 .15283 .03916 .191997 .3200 
1.00 .80 .60 40.0 90.0 .15283 -.G0000 .152833 .2541 

1.00 .30 .60 40.0 1i5.0 .1528 -.03916 .113669 .1094 

1.03 .80 .60 40.0 180.0 .15283 -.05539 .097446 .1624 

1.oO .80 .60 50.0 0.0 .16930 .07216 .241464 .4024 

1.00 .80 .60 50.0 45.0 .16930 .05103 .220329 .3612 

1.00 .80 .60 50.0 90.0 .1690 7.00000 .169302 .2822 

1.00 .80 .60 50.0 135.0 .16930 -.05103 .118275 .1971 

1.00 .80 .60 U.0 180.0 .16930 -.07210 .091140 .1619 

L.00 .80 .60 60.0 0.0 .19088 .09143 .282313 .4705 

1.00 .80 .60 80.0 45.0 .19068 .06465 .255534 .4259 

1.00 .80 .4)0 60.0 90.0 .19086 -.00000 .190883 .3181 

1.u0 .80 .60 oO.0 135.0 .19088 -.06485 .126232 .2104 

1.0'0 .80 .60 00.3 180.0 .19088 -.09143 .099453 .1658 

1.00 .80 .60 70.0 0.0 .21836 .11440 .332760 .5546 

1.00 .80 .60 70.0 45.0 .21836 .08089 • 299253 .4988 

1.00 .80 .60 70.0 0.0 .21836 -.00000 .218360 .3639 

1.08 .80 .60 70.0 135.0 .21836 -.08089 .137468 .2291 

1.00 .80 .60 70.0 180.0 .21836 -.11440 .103961 .1733 

1.00 .80 .60 60.0 0.0 .25172 .14285 .394571 .6516 

1.03 .80 .60 80.0 45.0 .25172 .10101 .352730 .5879 

1.00 .0 .60 80.0 90.0 .25112 -.00000 .251718 .4195 

1.00 .80 .60 80.0 135.0 .25112 -.10101 .150705 .2512 

1.00 .80 .60 80.0 180.0 .25172 -.14285 .108864 .1814 

1.00 .80 .60 90.0 0.0 .27856 .17b50 .455061 .1584 

1.00 .0 .60 90.0 45.0 .2756 .12480 .403366 .8723 

1.00 .83 .60 90.0 90.0 .21856 -.00000 .278564 .4643 

1.00 .80 .60 90.0 135.0 .27856 -.12480 .153761 .253 

1.00 .80 .60 90.0 180.0 .27856 -.11650 .102066 .1701

R = .282650 
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3u	 X= 0.00	 U 1.00 

MU HOLMU) HI(MU) 
0.00 1.00000000 1.00i00000 
.05 1.13851325 1.00000000 
.10 1.247349o2 1.00000000 
.15 1.3506305 1.00000000 
.20 1.45035104 i.00000000 
.25 1.541325,7 1.00000000 
.30 i.o4252208 1.00000IUU 
.35 1.73840360 1.00000000 
.40 1.62921553 1.00000000 

1.*2134957 1.0u000000 
.3 2.0127787 1.00000000 

2.10367745 1.00000000 
.60 2.19413309 1.00000000 

2.2d421413 1.00000000 
.10 2.37397503 1.0030000C 
.15 2.'.634591 1.00000000 
.60 2.55270447 1.00000000 

2.b41i34 1.00000000 
.90 2.7305b75 1.00000000 
.95 .6197252 1.00000000 
1.00 2.90161013 1.00000000 

ALPHAU2.00U00000	 ALPHA1=1.1541005'.	 C=0.00000000 

X wo MOO 1Ht PHI 10 II I 1/MOO 
0.00 1.00 1.00 0.0 0.0 1.05692 0.00000 1.056920 1.059 
0.00 1.00 1.00 10.0 0.0 1.05516 0.00000 1.055163 1.0552 
0.00 1.00 1.00 20.0 0.0 1.04915 0.00000 1.049152 1.0490 
0.00 1.00 i.0u iu.0 0.0 1.04025 u.00000 1.040251 1.0403 
0.00 1.00 1.00 40.0 0.0 1.03 0.00000 1.025826 1.0256 
0.00 1.00 1.00 50.0 0.0 1.00505 0.00000 1.005u51 1.0051 
0.00 1.00 1.00 oO.0 0.0 .1546 0.00000 .915403 
0.00 1.00 1.00 10.0 0.0 .9351 0.00000 .325Ud .9325 
0.Oo 1.00 1.00 80.0 0.0 .86009 0.00000 .686092 .861 
0.00 i.00 1.00 90.0 0.0 .12o95 0.00000 .16953 .7270

R= 1.000000
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A U glUt) rHET PHI 10 11 1 1/MOO 
0.00 1 j .80 0.0 0.0 .2475 0.00000 .824753 1.0309 
0.00 1.00 .00 10.0 0.0 .62406 0.00000 .824083 1.0301 
0.00 1.00 .80 20.0 0.0 .82200 0.00000 .o2000 1.0215 
0.00 1.00 .80 30.0 0.0 .61b.7 0.00000 .618273 1.0228 
0.00 1.30 .80 40.0 0.0 .o1245 0.00000 .o12448 1.0156 
0.00 1.00 .83- 50.0 0.0 .80310 0.Ou000 .00369 1.0046 
0.00 j.00 .80 0.0 0.0 • 19041 0.00000 • 19O4o .9881 
0.00 1.00 .80 10.0 0.0 .1660 u.00000 .169595 .9620 
0.00 1.00 .80 80.0 0.0 •7330 0.00000 .733204 .165 
0.00 1.00 .80 90.0 0.0 .63818 0.00000 .638116 .1917 

R=	 1.000030 

A MOO rHET PHI 10 Ii 1 1/MOO 
0.00 1.00 .60 0.0 0.0 .314 0.00000 .598131 .9969 
U.Uu 1.00 .60 10.0 0.0 .929 0.U0000 .98261 .9971 
0.00 1.00 •o0 20.0 0.3 .59873 0.00000 .598734 .9979 
0.30 1.00 .60 30.0 0.0 .59946 0.00000 .599463 .9991 
0.00 1.00 .60 40.0 0.0 .60042 0.00000 .600425 1.0001 
0.00 1.00 .60 .50.0 0.0 .o0148 0.00000 .'01419 1.0025 
0.00 1.JO- .60 c0.0 0.0 .&0222 0.00000 .602223 1.0031 
0.30 1.00 .60 (0.o 0.0 .60145 0.00000 •.601450 1.0024 
0.00 1.30 .60 80.0 0.0 .59485 0.00000 .594849 .9914 
0.03 1.00 .oO 90.0 0.0 .54653 0.uOuOU .548533.'. .9142

R = 1.000000 
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N	 30 A=	 0.00	 u= .00 

MU h0(MU) ii(MU) 
0.00 1.00000000 1.00000000 
.03 i.Jii133U 1.00000000 
.iO 1.1uI05 1.00000000 

1.1d0o3io9 1.00000000 
i.226349 1.00000000 

.25 1.6b32226 i.00000000 

. 3v 1.i00b13 1.00000000 

.35 1.33203394 1.00000000 

.40 1.36106962 1.00000000 
1.3808059 1.00000000 

.50 1.41320253 1.00000000 
i.4364200 1.00000000 

.Ou 1.45696,J48 1.00000000 

.05 1.47411 1.000CGOCO 

.70 1.49953974 1.00000000 

.75 1.51816929 1.00000000 
1.3627*3 1.u0000000 
1.5255o0 1.01000000 
1.568542d0 1.00000000 

.95 1.83131, 1.00000000 
1.00 1.5982195 1.0Uo00300 

ALPHAO=1.38196001 	 ALI'HA1	 .1356151	 C=0.00000030 

X WU MU0 THtT PHI 10 11 1 1/MOO 
0.00 .dU i.0U 0.0 0.0 .25543 0.00000 .255431 .2554 
0.00 .60 1.00 10.0 0.0 .25u09 0.00000 .25668b .25t7 
0.05 .dU 1.00 20.0 0.0. .20048 0.00000 .2o0479 .2605 
0.00 .50 1.00 30.0 0.0 .2664 0.00000 .26b45 .2068 
0.00 .0 1.00 40.0 0.0 .2102 0.00000 .275824 .215o 
0.00 .0 1.00 50.0 0.0 .28(37 0.00000 .2673t,9 .2874 
0.00 .50 1.00 tO.0 0.0 .30116 u.u0000 .301161 .3012 
0.00 .s0 1.00 70.0 0.0 .31611 0.00000 .316111 .3161 
0.00 .80 1.00 80.0 0.0 .32876 0.00000 .328759 .32813 
0.0u .50 1.00 90.0 0.0 .31964 0.00030 .319644 .3190

1=	 .2o524
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X 04 U MOO 1 fit Pii 10 II I I /u() 

0.00 .0 .00 0.0 0.3 .2115 0.00030 .21o186 .127 

0.00 .00 .00 10.0 0.3 .21545 U.000u0 .215441 .2743 

0.30 .00 .00 20.0 0.) .22i21 0.u0030 .423269 .2151 

0.00 .60 .0 30.0 U.0 .417 0.00000 .2291o9 .4014 

0.00 .oO .00 40.0 0.0 .1913 0.00000 .239125 .2969 

0.00 .00 .0 s0.0 0.0 .25154 0.00000 .5145 .3144 

0.00 .00 .60 00.0 0.0 .26114 0.00000 .261142 .3339 

0.00 .oO .80 10.0 0.0 .2b550 0.00000 .205515 .3510 

0.00 .00 • 00 oO.0 0.0 . 30Oo 0.u0000 .304b56- .3006 

0.00 .0 .0 '0.0 0.0 .30(17 0.00300 .307100 .3040 

R =	 .313151 

u tU0 IHEE Pr-iL 10 Li I 1/MOO 

0.00 .0 .b0 0.0 0.0 17,40' t 0.00300 .114004 .2s 15 

0.00 .00 .00 10.0 0.0 .1-1600 0.00000 .116002 

0.00 .50 cU.0 0.0 .11014 0.00000 .119131 .2996 

0.00 .oO .o) -)O.0 0.0 .16604 u.u0000 .100038 .3101 

0.00 .00 .00 40.0 0.0 .1o5i2 0.00000 .195315 .3255 

0.00 .00 .60 50.0 0.3 .20o06 0.00000 .	 .200061 .3408 

0.00 .00 .oU bO.0 0.0 .22't94 0.00000 .224930 .3149 

0.00 .oO .60 10.0 0.0 .24006 0.00000 .240003 .4111 

0.00 .00 .oO 50.0 0.0 .41317 0.00000 .273114 .4553 

0.00 .00 .60 90.0 0.0 .29100 0.00000 .291790 •4663

R	 .347520 
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N 30	 (=-1.00	 J 1.00 

MU HO(MU) Hl(MU) 
0.00 1.00000000 1.00000000 
.05 1.13657325 .91024002 
.10 1.24734962 .95545367 
.15 i.350d305 .9424536 
.20 1.45035104 .93746059 
.25 1.54132597 .93125460 
.30 1.64252208 .9261481 

1.73b40o0 .92185205 
.40 1.62927553 .91817326 
.t5 1.213491 .91498020 
.50 2.01271878 .91211756 
.55 2.10367745 .90969448 
.00 2.19413309 .90747693 
.6t) Z.Z84ZltlL3 .90548284 
.70 2.31397503 .90367d6 
.75 2.46345961 .9UO3U16 
.80 2.5270447 
.85 2.64173884 .816298 
.90 2.13058785 .89785546 
.95 2.81927252 .89612369 

1.00 2.90781073 

ALPHA02.00000000	 ALPhiU=1.15410054	 C=0.00000000 

X W(J MOO THET PrIl 10 11 1 1/MUO 
-1.00 1.00 1.00 0.0 0.0 1.05692 0.00000 1.056920 1.0569 
-1.00 1.00 1.00 10.0 0.0 1.05516 0.00000 1.055163 1.0552 
-1.00 1.00 1.00 20.0 0.0 1.04915 0.00000 1.049752 1.0498 
-1.00 1.00 1.00 30.0 0.0 1.04025 0.00000 1.040251 1.0403 
-1.00 1.00 1.00 40.0 0.0 1.02583 0.00000 1.025826 1.0258 
-1.00 1.00 1.00 50.0 0.0 1.00505 0.00000 1.005051 1.0051 
-1.00 1.00 1.00 60.0 0.0 .97546 0.00000 .975463 .9755 
-1.00 1.00 i.00 10.0 0.0 .93251 0.00000 .932508 .9325 
-1.30 1.00 1.00 80.0 0.0 .86005 0.00000 .o66092 .8661 
-1.00 1.00 1.00 90.0 0.0 .72695 0.00000 .126953 .7270

R 1.000000
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X .3 MOO 1H17 P1-U 10 Ii 1I 1/MOO 
-1.00 1.00 .80 0.0 0.0 .ak415 0.00000 .824753 1.0309 
-1.00 1.00 .60 10.0 0.0 .82408 -.00942 .814663 1.0183 
-1.00 1.00 .80 10.0 45.0 .6240.8 -.00666 .617422 1.0218 
-1.00 1.00 .66 10.0 90.0 .82408 .00000 .824083 1.0301 
-i.00 1.00 .80 10.0 135.0 .82406 .00866 .830744	 - 1.0364 
-1.00 1.00 .80 i0.0 180.0 .2408 .00942 .d33503 1.0419 
-1.00 1.00 .80 20.0 0.0 .62200 -.01908 .802943 1.0037 

.00 .8u 20.0 45.0 .200 -.0131.7 .608525 1.0107 
-1.00 1.00 .60 20.0 90.0 .82200 .00000 .622000 1.0275 
-1.00 1.00 .80 20.0 135.0 .82200 .01347 .835474 1.0443 
-1.00 1.00 .60 20.0 160.0 .62200 .01906 .841056 1.0513 
-1.00 1.00 .60 30.0 0.0 .81821 -.02915 .789125 .9864 
-1.00 1.00 .60 30.0 45.0 .61627 -02061 .191663 .9911 
-1.00 L.00 .60 30.0 -0.0 .o1o27 •OOouO .818273 1.022a 
-1.00 1.00 .80 30.0 136.0 .61627 .02061 .38884 1.0466 
-1.00 1.00 .80 30.0 180.0 .o1827 .02915 .647421 1.0593 
-1.00 1.00 .80 40.0 u.0 .61245 -.03999 .712480 .9056 
-1.00 1.00 .80 40.0 45.0 .81245 -.02628 .784172 .9802 
-1.00 1.00 .60 40.0 90.0 .81245 .00000 .812448 1.0156 
-1.00 1.00 .80 40.0 135.0 .61245 .02628 640724 1.0509 
-1.00 1.00 .80 40.0 180.0 .81245 .03999 .852437 1.0655 
-1.00 1.-00 .80 50.0 0.0 .80370 -.05197 .751726 .9391 
-1.00 1.00 .80 50.0 '.5.0 .80310 -.03615 .766941 .9587 

1.00 .80 50.0 90.0 .cs0370 .00000 .603695 1.0046 
-1.00 1.00 .80 5O.o 135.0 .80310 .03815 .840443 1.0506 
-1.00 1.00 .80 50.0 160.0 .60370 .05197 .855665 1.0696 
-1.00 1.00 .80 00.0 0.0 .19047 -.06581 .124199 .9000 
-1.00 1.00 .80 uO.0 45.0 .1904? -.04863 .744032 .9300 
-1.00 1.30 .80 60.0 90.0 .79047 .u0000 .790486 .9861 
-1.00 1.00 .80 60.0 135.0 .79047 .04643 .836900 1.0461 
-1.00 1.00 .80 60.0 180.0 .79047 .0667 .856134 1.0702 
-1.00 1.00 .80 70.0 0.0 .76960 -.08203 .687566 .8595 
-1.00 1.30 .80 70.0 45.0 .76960 -.05800 .711593 .8695 
-1.00 1.00 .80 70.0 90.0 .70960 .00000 .769595 .9620 
-1.00 1.00 .80 10.0 135.0 .76980 .05800 .827597 1.0345 
-1.00 1.00 .80 10.0 180.0 .76960 .08203 .851623 1.0645 
-1.00 1.00 .80 80.0 0.0 .13320 -.102d9 .630314 .7879 
-1.00 1.00 .60 80.0 45.0 .73320 -.01275 .660449 .8256 
-1.00 1.30 .80 oO.0 90.0 .73320 .00000 .733204 .9165 
-1.00 i.00 .80 80.0 135.0 .73320 .07275 .805958 1.0074 
-1.00 1.00 .60 00.0 180.0 .73320 .10289 .836093 1.0451 
-1.00 1.00 .20 90.0 0.0 .63618 -.13508 .503095 .6269 
-1.00 1.00 .80 90.0 45.0 .63818 -.09552 .542660 .6783 
-1.00 1.00 .80 90.0 90.0 .63818 .00000 .638116 .1977 
-1.00 1.03 .80 90.0 135.0 .63818 .09552 .733693 .9171 
-1.00 L.00 .80 0.0 160.0 .63818 .13508 .773257 .9606

i( 1.000000 
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X wi MOO FHbT PH! 10 11 L I/MOO -1.00 1.00 .60 0.0 0.0 .5'814 0.00000 .598131 .9969 
-1.00 1.00 •00 10.0 0.0 .51id9 -.01069 .561596 .9193 
-1.00 1.00 .60 10.0 4.0 ..929 -.00156 .590727 .945 
-1.00 1.00 .60 10.0 10.0 .5982 .00000 .598287 .9911 
-1.00 1.00 .60 10.0 135.0 .9829 .00756 .605646 1.0097 -1.00 1.00 .60 10.0 180.0 .59829 .01069 .606977 1.0150 
-1.00 1.00 .60 20.0 0.0 .9673 -.02110 .577036 .9617 
-1.1j) 1.00 .60 20.0 45.0 .59613 -.01534 .583391 .9723 
-1.00 1.00 .61) 20.0 90.0 .59813 .00000 .598734 •9974 
-1.00 1.00 .60 20.0 135.0 .59673 .01534 .614016 1.0235 
-1.00 1.00 .60 20.0 IaO.3 .59813 .02110 .620431 1.0341 
-1.00 1.00 .60 30.0 0.0 .59946 -.033b .568083 .9435 
-1.00 1.00 .60 3U.J 4.0 .59946 -.02360 .575060 .9590 
-1.00 1.30 .60 30.0 0.0 .946 .00000 .599463 .99c1 
-1.00 1.00 .60 30.0 135.0 .59946 .02360 .623066 1.0384 
-1.00 1.30 .60 0.0 180.0 .59946 .03338 .632842 1.0541 
-1.00 1.00 .60 40.o 0.0 .60042 -.04o20 .554229 .9237 
-1.00 1.00 .60 40.0 45.0 .60042 -.03zo1 .567759 
-1.00 1.00 .60 40.0 90.0 .60042 .00000 .800425 1.0007 
-1.00 1.00 .60 40.0 135.0 .0042 .03267 .633091 1.0552 
-1.00 1.00 .60 40.0 180.0 .60042 .04620 .646621 1.0771 
-1.00 1.00 .60 50.0 0.0 •o0148 -.06080 .5406u2 .9011 
-1.00 1.00 .60 50.0 45.0 .60148 -.04299 .558489 .9303 
-1.00 i.uO .00 5O.0 90.0 .60148 .00uOO .601479 1.0025 
-1.00 1.00 .60 50.0 135.0 .00140 .04299 .644469 1.0741 
-1.00 1.00 .60 5O.o 18u.0 .60148 .06080 .682277 1.1038 
-1.00 1.00 .80 60.0 0.0 .60222 -.07o20 .524018 .8134 
-1.00 1.00 .60 oO.0 's5.iJ .60222 -.05530 .546924 .9115 
-1.00 1.00 .60 60.0 90.0 .60222 .00000 .602223 1.0037 
-1.00 1.00 .60 UU.0 135.0 .60222 .05530 .65123 1.0959 
-1.00 1.00 .60 oO.0 180.0 .60222 .07620 .860428 1.1340 
-1.00 1.00 .bO 70.0 0.0 .80145 -.10021 .501242 .8354 
-1.00 1.00 .00 70.0 45.0 .60145 -.0(086 .530592 .8843 
-1.00 1.00 .oO 70.0 90.0 .0145 .00000 .o01450 1.0024 
-1.00 1.00 .60 70.0 135.0 .80145 .07086 .672308 1.1205 
-1.00 1.00 .60 100 180.0 .60145 .10021 .701659 1.1694 
-1.00 1.00 .80 60.0 0.0 .594o5 -.13049 .464363 .7739 
-1.00 1.00.. .60 80.0 45.0 .59485 -.09227 .502581 .6376 
-1.00 1.00 .60 60.0 90.0 .59485 .00000 .594849 .9914 
-1.00 1.00 .60 80.0 135.0 .59485 .09227 .687117 1.1452 
-1.00 1.00 .60 oO.0 idU.0 .59485 .13049 .725335 1.2069 
-1.00 1.30 .60 90.0 0.0 .54853 -.18150 .367038 .6117 
-1.00 1.00 .80 90.0 45.0 .5403 -.12834 .420197 .7003 
-1.00 1.00 .60 'p0.0 90.0 .4b53 .00000 .548533 .9142 
-1.00 1.30 .60 90.0 135.3 .54o53 .12834 .876870 1.1281 
-1.00 1.00 .60 90.0 180.0 .5483 .18150 .730029 1.2167

R= 1.000000
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N =	 30 X-1.00	 WU .80 

MU H0 (MU) HI (MU I 
0.00 1.00000000 1.00000000 
.05 1.07110292 .97582090 
.10 1.12908119 .96310523 
.15 1.11202865 .95523151 
.20 1.20920603 .94078001 

1.c4216012 .94361658 
.30 1.21182443 .'3935823 
.35 1.2981d6o4 .93576146 
.40 1.32346815 .93268795 

1.34o25638 .93001116 
.50 1.36734683 .927b5870 

1.38696449 .92557216 
.0 1.40527733 .92310692 
.65 1.42242530 .92202815 
.10 1.'3o52664 .92050823 
.15 1.45368239 .91912489 
.80 1.46191974 .91185996 
.85 1.48149453 .91669843 
.90 1.49429322 .9152781 
.95 1.,0643439 .91463156 

0U 1.51791001 .91311816 

ALPHA01.33809785	 ALIH41= .70716547	 C=-.12172548 

A w U MOO THT PHI 10 11 1 1/MOO 
-1.00 .80 1.00 0.0 0.0 .33260 u.00000 .332605 .3326 

-1.00 .80 1.00 10.0 0.0 .33326 0.00000 .333258 .3333 
-1.00 .80 1.00 40.0 0.0 .33522 0.00000 .335218 .3352 

-1.00 .80 1.00 30.0 0.0 .33848 0.00000 .338481 .3385 
-1.00 .80 1.00 40.0 0.0 .34300 0.00000 .343005 .3430 
-1.00 .80 1.00 50.0 0.0 .34864 0.00000 .348639 .3486 

-1.00 .80 1.00 60.0 0.0' .35495 0.00000 .354951 .3550 
-1.00 .80 1.00 70.0 0.0 .36075 0.00000 .360754 .3608 
-1.00 .80 1.00 60.0 0.0 .36256 0.00000 .362556 .3626 
-1.00 .80 1.00 90.0 0.0 .34055 0.00000 .340549 .3405

R = .346774 
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X wu MW) 1ithT PHI to II I I/MOO 
-1.00 .80 .80 0.0 0.0 .21311 0.00000 .273167 .3415 
-1.00 .80 .80 10.0 0.0 .21401 -.007o4 .266179 .3321 
-1.00 .oO .80 10.0 45.0 .27401 -.00554 .268474 .3356 
-1.00 .80 •dO iO.o 90.0 .21401 .00000 .214014 .3425 
-1.00 .80 .80 10.0 135.0 .27401 .00554 .279555 .3494 
-1.00 .80 .80 10.0 180.0 .27401 .00784 .281850 .3523 
-1.00 .80 .80 20.0 0.0 .21058 -.01585 .260734 .3259 
-1.00 .0 .80 20.0 45.0 .27658 -.01121 .265376 .3317 
-1.00 .80 .80 20.0 90.0 .27056 .00000 .27o582 .3457 
-1.00 .80 .80 20.0 135.0 .27858 .01121 .287788 .3597 
-1.00 .80 .80 20.0 180.0 .27658 .01585 .292430 .3655 
-1.00 .80 .) 30.0 0.0 .26095 -.02423 .256116 .3209 
-1.00 .80 .0 30.0 45.0 .26095 -.01713 .263814 .3298 
-1.00 .80 .80 30.0 90.0 .28095 .00000 .280949 .3512 
-i.Uu .80 .80 30.0 135.0 .28095 .0111.3 .298084 .3126 
-1.00 .80 .80 iO.0 180.0 .26095 .02423 .305181 .3815 
-1.00 .80 .80 4U.0 0.0 .8723 -.03323 .254003 .3175 
-1.00 .80 .80 .0.0 45.0 . 28 72 3 -.02349 .263735 .3297 
-1.00 .80 .80 40.0 90.0 .28723 .00000 .287230 .3590 
-1.00 .80 .80 40.0 135.0 .28723 .02349 .310725 .3884 
-1.00 .80 .80 40.0 180.0 .26723 .03323 .320457 .4006 
-1.00 .80 .80 50.0 0.0 .29554 -.04315 .252397 .3155 
-1.00 .80 .80 50.0 45.0 .29554 -.03051 .265034 .3313 
-1.00 .80 .80 50.0 90.0 .29554 .00000 .295544 .3694 
-1.00 .80 .80 50.0 135.0 .29554 .03051 .328054 .4076 
-1.00 .80 .80 50.0 180.0 .29554 .04315 .338691 .4234 
-1.00 .80 .80 60.0 0.0 .30590 -.05445 .251448 .3143 
-1.OU .80 .80 60.0 45.0 .30590 -.03850 .207397 .3342 
-1.00 .80 .80 80.0 90.0 .30590 .00000 .305901 .3824 
-1.00 .80 .80 60.0 135.0 .30590 .03850 .344405 .4305 
-1.00 .80 .80 UU.0 180.0 .30590 .05445 .360354 .4504 
-1.00 .80 .80 70.0 0.0 .31785 -.00189 .249967 .3125 
-1.00 .80 .80 10.0 45.0 .31785 -.04800 .289850 .3373 
-1.00 .80 .80 70.0 90.0 .31785 .00000 .317852 .3973 
-1.00 .80 .dO 10.0 135.0 .31785 .04800 .365854 .4573 
-1.00 .80 .80 70.0 180.0 .31185 .06789 .385738 .4822 
-1.00 .80 .80 60.0 0.0 .32913 -.08485 .244281 .3054 
-1.00 .80 .80 80.0 45.0 .32913 -.05999 .269131 .3364 
-1.00 .80 .80 00.0 90.0 .32913 .00000 .329126 .4114 
-1.00 .80 .80 80.0 135.0 .32913 .05999 .389121 .4864 
-1.00 .80 .80 80.0 180.0 .32913 .08485 .413971 .5115 
-1.00 .80 .80 90.0 0.0 .32219 -.11014 .212043 .2651 
-1.Oo .80 .80 90.0 45.0 .32219 -.07788 .244303 .3054 
-1.00 .80 .80 90.0 90.0 .32219 .00000 .322186 .4021 
-1.00 .80 .80 90.0 135.0 .32219 .077ob .400069 .5001 
-1.00 .80 .80 90.0 180.0 .32219 .11014 .432330 .5404

R= .368286
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X 040 MUO TI-lET PHI 10 11 1 L/MUo 
-1.00 .80 .00 0.0 0.0 .21035 0.00000 .210346 .350 

-1.00 .80 .60 10.0 0.0 .21129 -.00668 .202408 .3373 

-1.00 .30 .60 10.0 45.0 .21129 -.00628 .205009 .3411 

-1.00 .80 .o0 10.0 90.0 .21129- .00000 .211288 .3521 

-1.00 .60 .60 10.0 135.0 .21129 .00628 .211568 .3626 

-1.00 .80 .60 10.0 180.0 .21129 .00688 .220169 .3669 

-1.00 .80 .60 20.0 0.0 .21417 -.01802 .196145 .3269 

-1.00 .80 .60 20.0 45.0 .21417 -.01274 .201427 .3357 

-1.00 .80 .60 20.0. 90.0 .21417 .00000 .214169 .3569 

-1.00 .80 .60 20.0 135.0 .21417 .01214 .22o911 .3782 

-1.00 .80 .60 20.0 180.0 .21417 .01802 .232189 .3870 

-1.00 .80 .60 30.0 0.0 .21915 -.02711 .191436 .3191 

-1.00 .0 .60 30.0 45.0 .21915 -.01960 .199553 .3326 
-1.00 .80 .60 30.0 90.0 .21915 .00000 .219149 .3652 

-1.00 .0 •oO 30.0 135.0 .21915 .01960 .238746 .3979 

-1.00 .80 .60 30.0 180.0 .21915 .02771 .24863 .4114 

-1.00 .80 .60 40.0 0.0 .22651 -.03833 .188180 .3136 

-1.00 .80 .0 40.0 45.0 .2265-1- -.02111 .199408 .3323 

-1.00 .80 .60 40.0 90.0 .22651 .00000 .226514 .3775 

-1.Oo .80 .60 40.0 135.0 .22651 .02711 .253621 .4227 

1.00 .80 .60 40.0 10U.0 .22651	 : .03833 .264848 .4414 
-1.00 .80 .60 50.0- 0.0 .23669 -.05041 .186283 .3105 

-1.00 .80 .60 50.0- 45.0 .23669 -.03565 .201046 .3351 

-1.00 .30 .60 20.0 90.0 .23669 .00000 .236693. .3945 

-1.00 .80 . .60 50.0 135.0 .236o9 .03565 .212338 .4539 

-1.00 .80 .60 50.0 180.0 .23669 .05041 .2b7103 .4785 

-1.00 .80 .60 sO.0 0.0 .25026 -.06476 •165499 .3092 
-1.00 .60 .60 60.0 45.0 .25026 -.04519 .204468 .3408 
-1.00 .80 .60 60.0 90.0 .25026 .00000 .250263 .4111 

-1.00 .80 .60 60.0 135.0 .25026 .04579 .296058 .4934 
-1.00 .80 .60 -60.0 180.0 .25026 .06476 .315021 .5250 
-1.00. .dO .60 10.0 0.0 .26784 -.08282 .185022 .3084 
-1.00 .80 .60 70.0 45.0 .26784 -.05856 .209280 .3468 
-1.00 .80 .60 70.0 90.0 .26784 .00000 .267844 .4464 
-1.00 .60 .60 70.0 135.0 .26784 . .0585& .326409 .5440 
-1.00 .0 .60 :'o.0 180.0 .26784 .08282 .350667 .5844 

-1.00. . .80. .60 80.0 0.0 .28927 -.10746 .181811 .3030 
-1.00 .80 .60 80.0 45.0 •2o927 -.07599 .213285	 . .3555 
-1.00 .80 .60 80.0 90.0 .2b927- •00000 .289210 .4821 

-1.00 .60. .60 uO.0 135.0 .2892 7 .07599 .365256 . .6008 
-i.00 .80 .60 80.0 180.0 .2o92-7 .1074o .396730 .6612 

-1.00 .80 .60 90.0 0.0 .30158 -.14779 .153739 .2563 
-1.00 .80 .bO 90.0 45.0 .30158 -.10451 .197071 .32 ' 85 
-1.00 .80 .60 90.0 90.0 .30158 .00000 .301582 .5026 

-1.00 .80 .60 90.0 135.0 .30158 • 10451 .406088 .6168 
-1.00 .80 .60 90.0 180.0 .30158 .14779 .449376 .1490

R= .3952o9 
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TABLE I. - H(0) FUNCTIONS OBTAINED BY THE METHOD 

OF REFERENCE 1 AND PRESENT METHOD 

x=0 x=1 

wo = 0.8 wo = 1.0 Wo = 0.8 

Method of l 
1 Present method Method of 

reference 1 resent method Method of 
reference 1 Present method 

reference 

0.05 1.0820 1.08191 1.1368 1.136 57 1.0876 1.087 46 

.10 1.1388 1.138 81 1.2474 1.247 35 1.1501 1.150 12 

.20 1.2286 1.228 64 1.4503 1.450 35 1.2516 1.251 63 

.50 1.4132 1.413 27 2.0128 2.012 78 1.4697 1.469 71 

1.00 1.5982 1.598 22 2.9078 2.907 81 1.7011 1.701 11 

TABLE II. - H(1 FUNCTIONS OBTAINED BY THE METHOD 

OF REFERENCE 1 AND PRESENT METHOD 

xw0 = 1.0 xw0 = 0.8 xw0 = -0.8 xw0 = -1.0 

Method of Present Method of Present Method of Present Method of Present 
reference 1 method reference 1 method reference 1 method reference 1 method 

0.05 1.0359 1.035 82 1.0281 1.028 02 0.9758 0.975 82 0.9702 0.970 24 

.10 1.0561 1.056 10 1.0436 1.043 62 .9637 .963 71 .9555 .955 49 

.20 1.0832 1.083 31 1.0642 1.064 32 .9488 .948 78 .9375 .937 46 

.50 1.1265 1.126 52 1.0966 1.096 63 .9277 .927 66 .9122 .912 18 

1.00 1.1586 1.158 52 1.1201 1.120 14 .9137 .913 72 .8956 .895 64

40	 NASA-Langley, 1975 L-10153 
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